
Rswlpdo Wd{dwlrq/ Suxghqfh dqg Ulvn0Vkdulqj�

Kdplvk Orz

Xqlyhuvlw| ri Fdpeulgjh dqg Lqvwlwxwh iru Ilvfdo Vwxglhv

Gdqlho Pdogrrp

GrwHfrq Owg1

Vhswhpehu 5335

Devwudfw

Wklv sdshu dqdo|vhv rswlpdo lqfrph wd{dwlrq dv d wudgh0r� ehwzhhq

wkh lqfhqwlyh h�hfwv ri lqfuhdvhg xqfhuwdlqw| dqg wkh zhoiduh ehqh�wv

ri vrfldo lqvxudqfh1 Juhdwhu suxghqfh lqfuhdvhv oderu vxsso| ehfdxvh

ri suhfdxwlrqdu| lqfhqwlyh h�hfwv zklfk uhgxfh wkh surjuhvvlylw| ri wkh

rswlpdo lqfrph wd{ vfkhgxoh1 Lqfuhdvhg xqfhuwdlqw| lqfuhdvhv surjuhv0

vlylw| ri wkh lqfrph wd{ vfkhgxoh ehfdxvh ri d juhdwhu ydoxh ri vrfldo

lqvxudqfh1 Rswlpdo wd{ surjuhvvlylw| ghshqgv rq wkh udwlr ri suxghqfh

wr ulvn dyhuvlrq= zkhq wklv udwlr lv kljk/ lqfhqwlyh h�hfwv grplqdwh wkh

vrfldo lqvxudqfh h�hfw/ ohdglqj wr ghfolqlqj rswlpdo lqfrph wd{ udwhv1

MHO= K541 Nh|zrugv= suxghqfh/ ulvn vkdulqj/ rswlpdo wd{dwlrq

WZh duh judwhixo wr Wlp Ehvoh|/ Pduwlq Eurzqlqj/ Md|dvul Gxwwd/ Mlp Pluuohhv/ Jduhwk

P|ohv/ Dodq Vxwkhuodqg/ wzr dqrq|prxv uhihuhhv dqg ydulrxv vhplqdu sduwlflsdqwv iru khos0

ixo frpphqwv1 Fruuhvsrqghqfh wr= Kdplvk Orz/ Idfxow| ri Hfrqrplfv/ Xqlyhuvlw| ri Fdp0

eulgjh/ Vlgjzlfn Dyhqxh/ Fdpeulgjh/ FE6 <GG/ XN1 hpdlo= kdplvk1orzChfrq1fdp1df1xn

ru Gdq Pdogrrp/ GrwHfrq Owg/ 4380439 Qhz Erqg Vw/ Orqgrq/ Z4V 4GQ/ XN1 hpdlo=

gdq1pdogrrpCgrwhfrq1frp
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4 Lqwurgxfwlrq

Wklv sdshu dqdo|vhv wkh wudgh0r� ehwzhhq wkh lqfhqwlyh h�hfw ri xqfhuwdlqw|

dqg wkh zhoiduh ehqh�w ri vrfldo lqvxudqfh lq wkh ghvljq ri rswlpdo wd{ vfkhg0

xohv1 Uhglvwulexwlyh wd{ vfkhphv vkduh ulvn dqg vr uhgxfh wkh yduldqfh ri qhw

lqfrph1 Krzhyhu/ xqfhuwdlqw| pd| lqgxfh shrsoh wr lqfuhdvh wkhlu h�ruw iru

suhfdxwlrqdu| uhdvrqv/ dqg vr vrfldo lqvxudqfh pd| eoxqw lqfhqwlyhv1 Wkh

pdlq frqwulexwlrq ri wklv sdshu lv wr fkdudfwhulvh wkh wudgh0r� ehwzhhq wkh

lqfhqwlyh h�hfw ri xqfhuwdlqw| dqg wkh zhoiduh ehqh�w ri vrfldo lqvxudqfh/

sduwo| wkurxjk qxphulfdo vroxwlrqv1 Lq sduwlfxodu/ zh vkrz krz wkh rswl0

pdo dprxqw ri vrfldo lqvxudqfh ghshqgv rq wkh vwuhqjwk ri suhfdxwlrqdu|

prwlyhv uhodwlyh wr ulvn dyhuvlrq1

Wkh irfxv ri vwdqgdug rswlpdo wd{ dqg sulqflsdo0djhqw prghov kdv ehhq

rq krz fkdqjhv wr wkh h{shfwhg uhwxuq wr h�ruw d�hfwv lqfhqwlyhv1 Wkh

nh| srlqw ri wklv sdshu lv wkdw fkdqjhv lq wkh yduldqfh ri uhwxuqv wr hi0

iruw dovr kdyh lqfhqwlyh h�hfwv1 Wklv wudgh0r� ehwzhhq xqfhuwdlqw| dqg ulvn

vkdulqj xqghuolhv wkh txhvwlrq ri krz pxfk lqvxudqfh vkrxog eh surylghg

wkurxjk wkh wd{ v|vwhp/ dv glvfxvvhg e| Yduldq +4<;3,= surjuhvvlyh wd{dwlrq

surylghv lqvxudqfh e| uhgxflqj wkh yduldqfh ri qhw lqfrph/ exw wklv lqvxu0

dqfh uhgxfhv wkh lqfhqwlyh wr vhoi0lqvxuh wkurxjk vdylqj1 Yduldq suhvhqwv

vrph olplwhg frpsdudwlyh vwdwlf uhvxowv/ kroglqj fhuwdlq hqgrjhqrxv ydul0

deohv �{hg1 Vwudzf}|qvnl +4<<;, ixuwkhu dqdo|vhv wkh h�hfw ri suhfdxwlrqdu|

prwlyhv rq rswlpdo wd{ vfkhgxohv/ dvvxplqj d olqhdu wd{ vfkhgxoh1 Erwk

uhdfk wkh frqfoxvlrq wkdw suhfdxwlrqdu| ehkdylrxu ohdgv wr pruh surjuhv0

vlyh wd{ vfkhgxohv1 Lq wklv sdshu zh vkrz wkdw lw lv ulvn dyhuvlrq wkdw ohdgv

wr pruh surjuhvvlyh wd{ vfkhgxohv zkloh suhfdxwlrqdu| prwlyhv uhgxfh sur0

juhvvlylw|1 Suhfdxwlrqdu| prwlyhv lqgxfh pruh zrun dqg vr d surjuhvvlyh

wd{ vfkhgxoh surylglqj vrfldo lqvxudqfh zrxog uhgxfh wklv prwlyh iru zrun1

Wkh irupxodwlrq lq wklv sdshu xvhv d iudphzrun vlplodu wr wkdw ri Yduldq

+4<;3,1 Xqolnh Yduldq/ zh xvh d prgho wkdw lqfoxghv suhfdxwlrqdu| h�hfwv rq

h�ruw/ dq hohphqw wkdw zdv qrw frqvlghuhg lq Ydludq*v prgho zklfk lv edvhg
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rq d fkrlfh ehwzhhq frqvxpswlrq dqg vdylqjv/ dv rssrvhg wr frqvxpswlrq

dqg ohlvxuh1 D prgho zlwk erwk fkrlfh ehwzhhq frqvxpswlrq dqg ohlvxuh

dqg lqfrph xqfhuwdlqw| zdv xvhg e| Wxrpdod +4<;7,/ exw klv sdshu grhv

qrw frqvlghu suhfdxwlrqdu| h�hfwv rq oderu vxsso|1

Zh rewdlq frpsdudwlyh vwdwlf uhvxowv rq wkh rswlpdo wd{ vfkhgxoh/ ydu|0

lqj ulvn dyhuvlrq dqg xqfhuwdlqw|1 Wkh wudgh0r� dw wkh khduw ri wkh prgho

lv ehwzhhq lqgxflqj sduwlfxodu lqglylgxdov wr h{huw juhdwhu suhfdxwlrqdu| hi0

iruw e| pdnlqj wkhlu lqfrph pruh xqfhuwdlq4 dqg surylglqj vrfldo lqvxudqfh1

Wkhuhiruh/ wkh udwlr ri wkh frh!flhqw ri suxghqfh wr wkh frh!flhqw ri ulvn

dyhuvlrq lv fuxfldo= zkhq wklv udwlr lv odujh/ wkh lqfhqwlyh h�hfw ri suhfdxwlrq0

du| prwlyhv grplqdwhv dqg wkh pdujlqdo wd{ udwh idoov zlwk lqfrph> zkhq

wklv udwlr lv vpdoo/ ulvn dyhuvlrq grplqdwhv dqg pdujlqdo wd{ udwhv ulvh zlwk

lqfrph1 Zh dovr vkrz wkdw rswlpdo ulvn vkdulqj furzgv rxw vhoi0lqvxudqfh/

sduwlfxoduo| dw kljk ohyhov ri ulvn dyhuvlrq1 Zh frqvlghu lqfuhdvhv lq wkh

dprxqw ri h{rjhqrxv xqfhuwdlqw| dqg vkrz wkdw wklv kdv d gluhfw h�hfw rq

h�ruw/ ohdglqj wr juhdwhu h�ruw iru suhfdxwlrqdu| uhdvrqv zlwk d jlyhq wd{

vfkhgxoh/ dqg dq lqgluhfw h�hfw/ dowhulqj wkh wd{ vfkhgxoh wr surylgh juhdwhu

vrfldo lqvxudqfh dqg uhgxflqj h�ruw1 Wkh �uvw h�hfw lv vkrzq wr grplqdwh1

Ilqdoo|/ wkh frqfdylw| ri wkh olnholkrrg udwlr lv lpsruwdqw iru wkh surjuhv0

vlylw| ri wkh pdujlqdo wd{ udwh= juhdwhu frqfdylw| phdqv pruh surjuhvvlylw|1

Dvvxplqj frqfdylw| lq rughu wr vdwlvi| wkh Mhzlww +4<;;, vx!flhqw frqglwlrqv

iru wkh ydolglw| ri wkh �uvw0rughu dssurdfk uhvwulfwv wkh fodvv ri wd{ vfkhgxohv

wkdw fdq eh frqvlghuhg1

Vhfwlrq 5 suhvhqwv wkh prgho1 Vhfwlrq 6 lghqwl�hv vrph surshuwlhv ri wkh

rswlpdo wd{ vfkhgxoh dqdo|wlfdoo|/ dqg pruh frpsohwh surshuwlhv wkurxjk

qxphulfdo phwkrgv1 Vhfwlrq 7 frqfoxghv1

4Wkh qrwlrq wkdw ulvn lqfuhdvhv h�ruw iru suhfdxwlrqdu| uhdvrqv lv dqdo|vhg lq Orz

+4<<<, dqg lv dqdorjrxv wr wkh suhfdxwlrqdu| vdylqj ehkdylrxu dqdo|vlv ri Nlpedoo +4<<3,

dqg rwkhuv1
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5 Wkh prgho

Zh frqvlghu d vlpsoh sulqflsdo0djhqw prgho lq zklfk wkhuh lv d frqwlqxxp ri

lghqwlfdo djhqwv1 Hdfk djhqw surgxfhv dq rxwsxw wkdw ghshqgv rq klv ru khu

rzq h�ruw dqg dq lglrv|qfudwlf vkrfn1 Doo rxwsxw ulvnv duh srwhqwldoo| ixoo|

glyhuvl�deoh/ dowkrxjk lw zloo qrw eh rswlpdo wr gr vr ehfdxvh ri lqfhqwlyh

lvvxhv1

Djhqwv duh lqgh{hg e| l 5 ^3> 4`1 Djhqw l*v rxwsxw/ {�/ lv d ixqfwlrq ri

h�ruw/ h�/ dqg d udqgrp vkrfn1 Wkh rxwsxwv ri djhqwv duh lqghshqghqwo|

glvwulexwhg1 Ohw I +{� m h�, eh wkh glvwulexwlrq ixqfwlrq ri {� li h�ruw h�

lv h{shqghg/ zlwk frqwlqxrxvo| gl�huhqwldeoh suredelolw| ghqvlw| i +{� m h�,1

Doo djhqwv kdyh lghqwlfdo xwlolw| ixqfwlrqv/ zklfk duh dgglwlyho| vhsdudeoh

lq h�ruw dqg lqfrph> ohw x +|, eh wkh xwlolw| ri lqfrph | dqg j +h, eh wkh

glvxwlolw| ri h�ruw h=

Zh frqvlghu rswlpdo phfkdqlvpv iru uhglvwulexwlqj rxwsxw wkdw suhvhuyh

wkh yhlo ri ljqrudqfh> wkh doorfdwlrq phfkdqlvp vkrxog |lhog wkh vdph lq0

frph iru hdfk djhqw hyhq li wkh djhqwv duh uhodehoohg +l1h1 wkh lqglfhv l duh

shupxwhg,1 Vxfk d phfkdqlvp pd| rqo| frqglwlrq dq djhqw*v lqfrph rq

wkdw djhqw*v rzq rxwsxw dqg wkh glvwulexwlrq ri doo djhqwv* rxwsxwv1 Zlwk

dq lq�qlwh qxpehu ri djhqwv h{shulhqflqj lqghshqghqw rxwsxw vkrfnv/ wkh

odz ri odujh qxpehuv lpsolhv wkdw wkh glvwulexwlrq ri doo djhqwv* rxwsxwv lv

qrq0vwrfkdvwlf1 Wkhuhiruh/ zh qhhg rqo| frqvlghu phfkdqlvpv lq zklfk hdfk

djhqw*v lqfrph pd| eh zulwwhq dv d ixqfwlrq v +{, ri wkdw djhqw*v rzq rxwsxw

{15

Wkh wrwdo sd|phqw wr djhqwv fdq eh qr pruh wkdq wrwdo rxwsxw lq dq|

frqwlqjhqf|1 Zh dvvxph wkdw wkh uxoh rqo| lpsohphqwv Sduhwr rswlpdo glv0

wulexwlrqv/ vr wrwdo sd|phqwv pxvw h{dfwo| htxdo wrwdo rxwsxw1 Li d wd{

5 Lq rughu wr frqvlghu wkh lqfhqwlyh frpsdwlelolw| ri wkh rswlpdo vkdulqj uxoh/ zh zloo

qhhg wr frqvlghu k|srwkhwlfdo fkdqjhv lq h�ruw e| d vlqjoh djhqw1 Dv wkhuh duh dq lq�qlwh

qxpehu ri djhqwv/ hyhq xqghu vxfk k|srwkhwlfdo ghyldwlrqv zh qhhg rqo| frqvlghu wkh

ghshqghqf| ri wkh vkdulqj uxoh rq dq djhqwv* rzq rxwsxw dqg pd| vxssuhvv dq| ghshqghqf|

rq rwkhu djhqwv* rxwsxwv1
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vfkhgxoh zlwkkhog sduw ri wkh rxwsxw/ d Sduhwr lpsurylqj vfkhgxoh zrxog

doorfdwh wklv vxusoxv wr wkh wrs hduqhu zlwkrxw zruvhqlqj lqfhqwlyhv16

Wkh rswlpdo wd{ vfkhgxoh lv irxqg e| vroylqj wkh rswlplvdwlrq sureohp

pd{
rEu�ceW

]
x +v +{,, gI +{ m hW,� j +hW, +4,

v1w1 hW 5dujpd{
e

]
x +v +{,, gI +{ m h,� j +h, +5,

]
v +{, gI +{ m hW, @

]
{gI +{ m hW, = +6,

zkhuh frqglwlrq +5, lv wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw dqg htxdwlrq +6,

lv wkh dgglqj0xs frqglwlrq1 Wklv fdq eh lqwhusuhwhg dv d vwdqgdug sulqflsdo0

djhqw sureohp ri wkh w|sh �uvw xvhg e| Pluuohhv +4<:7,17

Zh zloo uhvwulfw wkh fodvv ri glvwulexwlrqv I +{ m hW, vxfk wkdw wkh �uvw

rughu dssurdfk lv ydolg dqg vr wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw fdq eh

uhsodfhg e| ]
x +v +{,, gIe +{ m h

W, @ j� +h, +7,

Wkh Odjudqjldq ri wklv sureohp lv

O @

]
^x +v +{,, . �{� v+{,`gI +{ m hW,� j +hW, +8,

.�

�]
x +v +{,, gIe +{ m h

W,� j� +hW,

�
6Wkh vwdqgdug qdwxuh ri wkh iudphzrun phdqv wkdw wkh Kropvwurp +4<:<, vx!flhqw

vwdwlvwlf uhvxow dssolhv= dq rswlpdo vkdulqj uxoh vkrxog qrw frqglwlrq rq dq| udqgrp ydul0

deoh wkdw grhv qrw surylgh lqirupdwlrq derxw dq djhqw*v h�ruw1 Lqwurgxflqj udqgrplvdwlrq

wr wkh vkdulqj uxoh lv qhyhu rswlpdo1
7Wkh gxdo ri wklv sureohp lv d vwdqgdug vlqjoh ulvn0qhxwudo sulqflsdo dqg vlqjoh ulvn0

dyhuvh djhqw sureohp1

4@ 
rE%�ce�

]
d%3 r E%�o _8 E% � e

W

�

v1w1 e
W

M@h} 4@ 
e

]
� Er E%�� _8 E% � e�3 e

]
� Er E%�� _8 E% � e�3 e D �

W

zkhuh �
W lv wkh ohyho ri xwlolw| wkdw vroyhv wkh sureohp lq wkh wh{w1
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zkhuh � lv wkh Odjudqjh pxowlsolhu rq wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw

dqg � wkdw rq wkh dgglqj0xs frqglwlrq1 Erwk � dqg � vkrxog eh srvlwlyh

+vhh Pluuohhv/ 4<:7> Mhzlww/ 4<;;,1 Wkhq v +�, pxvw eh fkrvhq wr pd{lplvh

wkh lqwhjudo]
i^x +v +{,,� �v+{,` i +{ m h, . �x +v +{,, ie +{ m h,jg{>

srlqwzlvh pd{lplvdwlrq ri zklfk jlyhv wkh �uvw rughu frqglwlrq

x� +v +{,, ^i +{ m h, . �ie +{ m h,`� �i +{ m h, @ 3=

Wklv jlyhv d vroxwlrq iru wkh ixqfwlrq v+�, lq whupv ri wkuhh uhdo vfdodu ydul0

deohv h> � dqg �=

x� +v +{,, @
�

4 . �k +{ m h,
zkhuh k +{ m h, @

ie +{ m h,

i +{ m h,
= +9,

Wkh xqnqrzqv lq htxdwlrq +9, duh ghwhuplqhg e| wkh �uvw0rughu frqglwlrq

zlwk uhvshfw wr h�ruw/]
^x +v +{,, . � +{� v +{,,` ie +{ m h, g{ � j� +h,

.�

]
x +v +{,, iee +{ m h,g{� �j�� +h, @ 3> +:,

wkh dgglqj0xs frqvwudlqw +6, dqg wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw +7,1

Lq jhqhudo/ lw lv qrw srvvleoh wr jlyh d forvhg0irup vroxwlrq iru v+�,> hyhq zlwk

vlpsoh xwlolw| ixqfwlrqv1

Vroxwlrq +9, fruuhvsrqgv wr wkh vroxwlrq lq Yduldq +4<;3,1 Zh fdq lq0

whusuhw �/ wkh Odjudqjh pxowlsolhu rq wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw/

dv phdvxulqj wkh h{whqw wr zklfk wkh rswlpxp ghyldwhv iurp frpsohwh lq0

vxudqfh +� @ 3, = Zkhwkhu dq lqglylgxdo grhv ehwwhu ru zruvh wkdq xqghu

frpsohwh lqvxudqfh ghshqgv rq wkh vljq ri wkh olnholkrrg udwlr/ k +{ m h, >

zklfk phdvxuhv wkh lpsdfw ri xqrevhuydeoh h�ruw rq wkh orj0olnholkrrg ri

rxwsxw/ dv lq Kropvwurp +4<:<,1 Dv k gl�huv iurp }hur/ wkh lpsdfw ri dg0

glwlrqdo h�ruw fdq eh pruh uholdeo| lghqwl�hg dqg lw lv rswlpdo iru wkh wd{

vfkhgxoh wr surylgh ohvv vrfldo lqvxudqfh1
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Plojurp +4<;4, �uvw glvfxvvhg krz wkh olnholkrrg udwlr k fkdqjhv dv

{ lqfuhdvhv1 Iru dq lqglylgxdo*v qhw lqfrph wr eh lqfuhdvlqj lq {> k pxvw

eh lqfuhdvlqj lq { +wkh prqrwrqh olnholkrrg udwlr surshuw|,1 Mhzlww +4<;;,

lpsrvhv frqfdylw| ri k dv rqh ri wkh vx!flhqf| frqglwlrqv iru wkh �uvw0rughu

dssurdfk wr eh ydolg1 Dgglwlrqdoo|/ zh zlvk wr uxoh rxw wkh srvvlelolw| ri

frplqj duelwudulo| forvh wr wkh �uvw ehvw e| sxwwlqj d yhu| odujh shqdow|

rq wkh zruvw rxwfrph/ zkloh doorzlqj doprvw ixoo ulvn vkdulqj iru dq| rwkhu

uhdolvdwlrq ri { +Pluuohhv/ 4<:7,1 Wklv vroxwlrq zrxog lqydolgdwh wkh lqwhulru

vroxwlrq +9, ehfdxvh wkh vkdulqj uxoh lv glvfrqwlqxrxv1 Wklv uhtxluhv wkdw

k pxvw eh erxqghg ehorz rq wkh vxssruw ri rxwsxw1 Zh glvfxvv wkhvh

uhvwulfwlrqv ixuwkhu lq vhfwlrq 614 ehorz1

6 Rswlpdo Vrfldo Lqvxudqfh

Lq wklv vhfwlrq/ zh frqvlghu krz pxfk vrfldo lqvxudqfh lv rswlpdo/ dqg krz

wklv ghshqgv rq wkh vwuhqjwk ri wkh suhfdxwlrqdu| prwlyh dqg wkh h{whqw ri

xqfhuwdlqw|1 Zh fdqqrw dqvzhu wkhvh txhvwlrqv zlwkrxw vroylqj h{solflwo|

iru wkh rswlpdo ohyho ri h�ruw dqg wkh ydoxh ri wkh wzr Odjudqjh pxowlsolhuv1

Yduldq +4<;3, grhv surylgh vrph dqvzhuv wr wkhvh frpsdudwlyh vwdwlf txhv0

wlrqv exw wuhdwv wkh Odjudqjh pxowlsolhuv dv �{hg zkhq fkdqjlqj wkh prgho

sdudphwhuv1 Dv kh uhfrjqlvhv/ wklv lv dw ehvw dq dssur{lpdwlrq1

Lw lv srvvleoh/ krzhyhu/ wr vroyh iru wkh pdujlqdo wd{ udwh dqg wkh zd|

wkh pdujlqdo wd{ udwh fkdqjhv zlwk lqfrph/ dv ixqfwlrqv ri wkh hqgrjhqrxv

yduldeohv/ dvvxplqj wkh �uvw rughu dssurdfk wr eh ydolg1 Wkh pdujlqdo wd{

udwh/ 4�v� +{, > fdq eh irxqg e| gl�huhqwldwlqj vroxwlrq +9, dqg uhduudqjlqj1

PWU @ 4�
4

�
���

��

�

4 . �k

Ck

C{
? 4 +;,

Wkh POUS lpsolhv Y�

Y%
A 3 dqg vr uhvwulfwv wkh pdujlqdo wd{ udwh wr eh ohvv

wkdq 433(1

Yduldq +4<;3, shuirupv frpsdudwlyh vwdwlfv rq PWU e| fkdqjlqj ulvn

dyhuvlrq/ ��
��

��
> kroglqj h> � dqg � frqvwdqw dqg �qgv wkdw dq lqfuhdvh lq

:



ulvn dyhuvlrq lqfuhdvhv pdujlqdo wd{ udwhv1 Krzhyhu/ wklv dssurdfk lv qrw lq

jhqhudo ydolg ehfdxvh ri wkh h�hfw ri fkdqjhv lq ulvn dyhuvlrq rq h> � dqg �>

dv vkrzq e| wkh qxphulfdo h{dpsohv ehorz1

Lw lv srvvleoh wr ghulyh dq h{suhvvlrq iru krz wkh pdujlqdo wd{ udwh

fkdqjhv dv lqfrph fkdqjhv1 Wdnlqj wkh ghulydwlyh ri htxdwlrq +;, dqg uhdu0

udqjlqj xvlqj htxdwlrq +9,/
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Li S +v, lv vx!flhqwo| odujh wkhq Y�A-

Y%
? 31 Lq wkh fdvh ri wkh olnholkrrg udwlr

k ehlqj olqhdu lq {> Y�A-

Y%
? 3 li dqg rqo| li S +v, A 5=Zh fdq lqwhusuhw S +v,

dv phdvxulqj wkh uhodwlyh lpsruwdqfh ri suhfdxwlrqdu| lqfhqwlyhv dqg vrfldo

lqvxudqfh1 Li S +v, lv vx!flhqwo| odujh/ wkh lqfhqwlyh h�hfwv ri xqfhuwdlqw| lq

srvw0wd{ lqfrph grplqdwh dq| orvv ri lqvxudqfh/ dqg wkh pdujlqdo wd{ udwh

ghfolqhv zlwk lqfrph1 Lq rwkhu zrugv/ vwurqjhu suhfdxwlrqdu| prwlyhv ohdgv

wr d ohvv surjuhvvlyh rswlpdo wd{ vfkhgxoh1

Wkh h{suhvvlrq S +v, lv rewdlqhg e| wdnlqj wkh ghulydwlyh ri ulvn wrohudqfh

zlwk uhvshfw wr v/

S +v, @ 4 .
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Vlqfh wkh KDUD fodvv ri xwlolw| ixqfwlrqv lv gh�qhg e| ulvn wrohudqfh/ � �
�

���
/

ehlqj olqhdu lq zhdowk/ wklv lpsolhv S +v, lv d frqvwdqw= Iru lvrhodvwlf xwlo0

lw|/ S +v, @
�n�

�
>zklfk ghfolqhv dv �> wkh frh!flhqw ri uhodwlyh ulvn dyhuvlrq/

lqfuhdvhv1 Li k +{ m h, lv olqhdu lq {> wkh wd{ vfkhgxoh zloo kdyh d ghfolqlqj

pdujlqdo wd{ udwh li � ? 4> dqg dq lqfuhdvlqj pdujlqdo wd{ udwh li � A 4 dv

vkrzq e| Wxrpdod +4<;7,1 Zlwk orjdulwkplf xwlolw|/ wkh pdujlqdo wd{ udwh

zloo eh frqvwdqw1 Li x��� +v, @ 3 dqg vr wkhuh duh qr suxghqfh h�hfwv +iru

h{dpsoh li xwlolw| lv txdgudwlf, dqg li Y
2
�

Y%2
@ 3/ lw lv xqdpeljxrxv wkdw wkh

pdujlqdo wd{ udwh zloo lqfuhdvh zlwk {= Wkhuhiruh/ doorzlqj iru suhfdxwlrqdu|

;



prwlyhv uhgxfhv wkh surjuhvvlylw| ri wkh wd{ vfkhgxoh18 Vwudzf}|qvnl +4<<;,

frpsduhv rswlpdo olqhdu wd{hv xvlqj d orjdulwkplf xwlolw| ixqfwlrq zlwk rs0

wlpdo wd{hv xvlqj d txdgudwlf xwlolw| ixqfwlrq/ dqg frqfoxghv wkdw pdujlqdo

wd{ udwhv zloo eh juhdwhu zkhq wkh suhfdxwlrqdu| prwlyh lv wdnhq lqwr df0

frxqw +wkhuh lv qr suhfdxwlrqdu| prwlyh zlwk txdgudwlf xwlolw|,1 Krzhyhu/

wklv frpsdulvrq ydulhv pruh wkdq vlpso| wkh suhfdxwlrqdu| prwlyh/ dqg vr

lw lv kdug wr dwwulexwh wkh juhdwhu pdujlqdo wd{ udwhv wr wkh h{lvwhqfh ri sux0

ghqfh1 Pruhryhu/ klv prgho grhv qrw lqfoxgh ohlvxuh lq wkh xwlolw| ixqfwlrq/

dqg wkxv glvuhjdugv wkh lqfhqwlyh h�hfwv ri xqfhuwdlqw|1 Lq jhqhudo/ kljkhu

pdujlqdo wd{ udwhv duh gxh wr juhdwhu ulvn dyhuvlrq zklfk phdvxuhv wkh zho0

iduh frvw ri xqfhuwdlqw| udwkhu wkdq gxh wr suxghqfh zklfk phdvxuhv wkh

lqfhqwlyh h�hfw ri xqfhuwdlqw|1

Htxdwlrq +<, lv ydolg rqo| li lw lv dssursuldwh wr xvh wkh �uvw0rughu ds0

surdfk1 Vx!flhqw frqglwlrqv iru wklv jlyhq e| Mhzlww +4<;;, uhtxluh uhvwulf0

wlrqv rq wkh glvwulexwlrq ri rxwsxw dqg rq wkh xwlolw| ixqfwlrq1 Wkh Mhzlww

frqglwlrqv uhtxluh wkh olnholkrrg udwlr wr eh frqfdyh lq rxwsxw dw dq| h�ruw

ohyho zklfk lq wxuq uhvwulfwv wkh rswlpdo vkdulqj uxoh> rwkhu wklqjv ehlqj

htxdo/ wkh pdujlqdo wd{ udwh zloo eh lqfuhdvlqj lq {1 Frqfdylw| ri k phdqv

wkdw zkhq { lv kljk lqfuhdvhv lq { |lhog olwwoh h{wud lqirupdwlrq derxw h�ruw/

dqg vr wkhuh lv qr lqfhqwlyh iurp uhzduglqj vxfk lqfuhdvhv1 E| frqwudvw/ li k

lv frqyh{/ dw kljk ydoxhv ri { fkdqjhv lq { frqwdlq pruh lqirupdwlrq derxw

h�ruw dqg vr wkh vkdulqj uxoh vkrxog uhzdug vxfk lqfuhdvhv1 Lpsrvlqj frq0

fdylw| ri k lv xqqhfhvvdulo| uhvwulfwlyh ehfdxvh wkh Mhzlww frqglwlrqv duh vxi0

8 Li zh xvh qrq0KDUD xwlolw|/ wkhq wkh udwlr � Er� zloo ghshqg rq r� Rqh dvvxpswlrq

zrxog eh wkdw ulvn wrohudqfh lqfuhdvhv dw dq lqfuhdvlqj udwh zlwk frqvxpswlrq/ zklfk

lpsolhv wkdw �
� Er� : f� Wkh vlpsohvw h{dpsoh zkhuh ulvn wrohudqfh lqfuhdvhv zlwk r dw

dq lqfuhdvlqj udwh lv jlyhq e|=
Y

�
3

x
3+v,

x
33+v,

�

Yr
' 3� n &r� Wklv phdqv wkdw dw orz zhdowk/

uhodwlyh ulvn dyhuvlrq lv kljk/ exw dv zhdowk lqfuhdvhv/ uhodwlyh ulvn dyhuvlrq idoov1 Djdlq

pdlqwdlqlqj wkh dvvxpswlrq wkdw Y5�
Y%5

' fc htxdwlrq +<, wkhq vxjjhvwv wkdw dw orz ydoxhv

ri % wkh pdujlqdo wd{ udwh zloo eh lqfuhdvlqj zlwk %c exw dw kljk ydoxhv/ wkh pdujlqdo wd{

udwh zloo eh ghfuhdvlqj1
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�flhqw exw qrw qhfhvvdu| dqg zh pd|/ e| frqvwuxfwlrq/ uxoh rxw fdvhv zkhuh

wkh pdujlqdo wd{ udwh lv ghfolqlqj zlwk rxwsxw1 E| frqwudvw/ lq rxu qxphulfdo

dqdo|vlv/ zh fduu| rxw frpsdudwlyh vwdwlfv rq wkh frqfdylw|2frqyh{lw| ri wkh

olnholkrrg udwlr/ zkloh fkhfnlqj qxphulfdoo| wkdw wkh �uvw0rughu dssurdfk lv

vwloo ydolg1 Wklv phdqv zh lpsrvh zhdnhu uhvwulfwlrqv rq wkh olnholkrrg udwlr

wkdq wkrvh uhtxluhg e| wkh Mhzlww vx!flhqw frqglwlrqv1

Zh qhhg wr xvh qxphulfdo phwkrgv wr rewdlq frpsdudwlyh vwdwlf uhvxowv

lq zklfk wkh hqgrjhqrxv yduldeohv/ �> � dqg htxloleulxp h�ruw ydu|1 Lq

sduwlfxodu/ zh frpsxwh krz pxfk vrfldo lqvxudqfh lv surylghg e| wkh wd{

vfkhgxoh1 Krzhyhu/ wkhuh duh pdq| phwulfv iru lqvxudqfh1 Vlpso| frpsdulqj

wkh glvwulexwlrqv ri suh0wd{ dqg srvw0wd{ lqfrphv kdv wkh sureohp wkdw wkh

glvwulexwlrq ri suh0wd{ lqfrph lv lwvhoi d�hfwhg e| wkh dprxqw ri lqvxudqfh

vhoi0surylghg wkurxjk fkdqjhv lq htxloleulxp h�ruw1 Zkhq suh0wd{ lqfrph

lv hqgrjhqrxv/ lw lv pruh uhdvrqdeoh wr frpsduh wkh glvwulexwlrq ri lqfrph

xqghu dxwdun| +zkhq hyhu| djhqw frqvxphv wkhlu rzq rxwsxw, zlwk wkh glv0

wulexwlrq ri qhw lqfrph xqghu wkh rswlpdo vrfldo lqvxudqfh1 Lq wkh qxphulfdo

vlpxodwlrqv ehorz/ zh uhsruw Jlql frh!flhqwv iru wkh dxwdunlf glvwulexwlrq

dqg wkh rswlpdo vkdulqj glvwulexwlrq1 Krzhyhu/ d ixuwkhu sureohp lv wkdw

frpsdulqj glvwulexwlrqv ri qhw lqfrph frxog ohdg wr gl�huhqw uhvxowv iurp

frpsdulqj glvwulexwlrqv ri xwlolw| ehfdxvh h�ruw xqghu dxwdun| gl�huv iurp

h�ruw xqghu rswlpdo vrfldo lqvxudqfh1 Wkxv/ vwdqgdug frpsdulvrqv ri lqfrph

glvwulexwlrqv/ vxfk dv Jlql frh!flhqwv/ pd| eh plvohdglqj ehfdxvh wkh| lj0

qruh wkh zhoiduh frvw ri gl�huhqw h�ruw ohyhov1 Wkhuhiruh/ zh dovr uhsruw d

phdvxuh ri wkh prqhwdu| htxlydohqw ri wkh lqvxudqfh surylghg e| wkh wd{

vfkhgxoh wkdw wdnhv dffrxqw ri wkh gl�huhqfh lq h�ruw1 Gh�qh � e|]
x +v +{,� �, i +{ m hr, g{� j +hr, @

]
x +{, i +{ m h@,g{� j +h@, +44,

zkhuh hr lv h�ruw xqghu rswlpdo vrfldo lqvxudqfh dqg h@ h�ruw xqghu dxwdun|1

� lv d prqhwdu| phdvxuh ri wkh ehqh�w wr wkh uhsuhvhqwdwlyh djhqw ri vrfldo

lqvxudqfh djdlqvw lqfrph  xfwxdwlrqv19 Jlyhq wkh zhoo nqrzq sureohpv ri

9Wklv phdvxuh lv dssursuldwh ehfdxvh lqglylgxdov duh h{0dqwh lghqwlfdo1 Fohduo| wkh
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xvlqj vlqjoh lqgh{ phdvxuhv wr frpsduh lqfrph glvwulexwlrqv/ zh dovr vkrz

gldjudpv ri krz qhw lqfrph dqg wkh pdujlqdo wd{ vfkhgxoh fkdqjh zlwk jurvv

lqfrph1

614 Sdudphwhulvdwlrq

Wkh prgho lv dqdo|wlfdoo| lqwudfwdeoh lq lwv jhqhudo irup/ dqg vr zh xvh d

sduwlfxodu/ |hw  h{leoh/ sdudphwhulvdwlrq1

Suhihuhqfhv Zh dvvxph wkdw wkh xwlolw| ri frqvxpswlrq dqg glvxwlolw| ri

h�ruw kdyh wkh irupv

x +f, @
f�3�

4� �
> � A 4

j +h, @ h=

Wkh xwlolw| ixqfwlrq lv ri wkh KDUD fodvv wr dlg lqwhusuhwdwlrq ri wkh uhvxowv1

Zh vshfli| wkh glvxwlolw| ri h�ruw wr eh olqhdu dqg lq wkh qh{w vxevhfwlrq

zh vshfli| wkh zd| wkdw h�ruw d�hfwv rxwsxw1 Wkh uhodwlrqvkls ehwzhhq wkh

glvxwlolw| ri h�ruw dqg rxwsxw ghshqgv rq erwk wkh ixqfwlrq j dqg wkh h�ruw0

rxwsxw uhodwlrqvkls1 Ghfuhdvlqj uhwxuqv wr h�ruw fdq eh h{suhvvhg hlwkhu e|

pdnlqj wkh glvxwlolw| ri h�ruw frqyh{ ru e| pdnlqj wkh h�hfw ri h�ruw rq

rxwsxw frqfdyh1 Wkh wzr dssurdfkhv duh htxlydohqw dqg zh iroorz wkh odwwhu1

Wkh uhodwlrqvkls ehwzhhq h�ruw dqg rxwsxw Wkh qxphulfdo vroxwlrq

iru wkh rswlpdo vkdulqj uxoh/ +9,/ uhtxluhv wkdw wkh �uvw0rughu dssurdfk eh

ydolg dqg wkdw dq lqwhulru vroxwlrq h{lvwv +lq rwkhu zrugv/ wkdw d Pluuohhv0vw|oh

shqdow| vroxwlrq lv qrw rswlpdo,1 Rqh zd| ri hqvxulqj wkdw wkh �uvw0rughu

dssurdfk lv ydolg zrxog eh wr fkrrvh ixqfwlrqdo irupv zklfk vdwlvi| wkh Mh0

zlww +4<;;, vx!flhqw frqglwlrqv1 Wklv kdv wzr sureohpv1 Iluvw/ dv glvfxvvhg

deryh/ wkhvh vx!flhqw frqglwlrqv uxoh rxw fhuwdlq w|shv ri rswlpdo vkdulqj

lqfoxvlrq ri 4 zloo fkdqjh wkh rswlpdo fkrlfh ri er dqg r E%�/ exw zh ljqruh wkhvh vhfrqg

rughu h�hfwv lq wklv fdofxodwlrq1
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uxoh e| frqvwuxfwlrq1 Lq sduwlfxodu/ fdvhv zkhuh wkh rswlpdo vkdulqj uxoh lv

pruh olnho| wr eh uhjuhvvlyh duh uxohg rxw e| wkh dvvxpswlrq ri frqfdylw|

ri wkh olnholkrrg udwlr/ hyhq wkrxjk wklv lv qrw d qhfhvvdu| frqglwlrq iru

wkh �uvw rughu dssurdfk wr eh ydolg1 Vhfrqg/ wkh Mhzlww frqglwlrqv gr qrw

jxdudqwhh wkdw dq lqwhulru vroxwlrq wr wkh sureohp h{lvwv/ rqo| wkdw zkhq

vxfk d vroxwlrq h{lvwv wkh �uvw rughu dssurdfk lv ydolg1 Iru dq lqwhulru vr0

oxwlrq wr h{lvw/ zh uhtxluh wkdw wkh olnholkrrg udwlr lv erxqghg ehorz1 Rxu

dssurdfk lv wr vshfli| d fodvv ri glvwulexwlrqv iru zklfk wkh olnholkrrg udwlr lv

erxqghg/ dqg wkhq fkhfn qxphulfdoo| wkdw wkh �uvw0rughu dssurdfk lv ydolg1:

Wklv phdqv wkdw zh duh qrw uhvwulfwhg wr fdvhv vdwlvi|lqj wkh Mhzlww +4<;;,

vx!flhqw frqglwlrqv dqg duh deoh wr fduu| rxw frpsdudwlyh vwdwlfv rq wkh

ghjuhh ri frqfdylw| ru frqyh{lw| ri wkh olnholkrrg udwlr zlwkrxw lpsrvlqj

dq| xqqhfhvvdu| uhvwulfwlrqv rq wkh surjuhvvlylw| ri wkh wd{ vfkhgxoh1

Zh dvvxph wkdw rxwsxw lv glvwulexwhg ryhu d frpsdfw vxssruw { 5 ^3> 4`

zlwk d gl�huhqwldeoh sgi1 Fkdqjhv lq h�ruw prgli| wkh sgi dqg wklv ghirupd0

wlrq ri wkh rxwsxw glvwulexwlrq fdq eh fkdudfwhulvhg e| d sduwldo gl�huhqwldo

htxdwlrq

ie +{m h, @ �
C

C{
+� +{m h, i +{m h,, = +45,

Wkh pdujlqdo h�hfwlyhqhvv ri h�ruw lq vkliwlqj wkh glvwulexwlrq ri rxwsxw

wr wkh uljkw lv jlyhq e| � +{m h, = Iru frqyhqlhqfh/ zh dvvxph wkdw � wdnhv

wkh pxowlsolfdwlyho| vhsdudeoh irup � +{m h, @ d +{, e +h, > zklfk shuplwv dq

h{solflw vroxwlrq ri wkh SGH/ dv vkrzq lq wkh dsshqgl{1 Zh uhtxluh wkdw

d +{, $ 3 dv { $ 3> 4> vr wkdw wkh vroxwlrq lv d zhoo0gh�qhg suredelolw|

ghqvlw| iru doo h= Wkh ixqfwlrq e +h, fdswxuhv wkh pdujlqdo h�hfwlyhqhvv ri

h�ruw dqg lv dvvxphg wr eh ghfuhdvlqj1

Lq rughu wr vroyh wkh SGH/ zh uhtxluh d erxqgdu| frqglwlrq vshfli|0

lqj d glvwulexwlrq ri rxwsxw dqg khqfh wkh fxuydwxuh ri wkh olnholkrrg dw

d jlyhq h�ruw ohyho1 Lq wkh dsshqgl{/ zh vkrz wkdw erwk erxqghgqhvv dqg

:Wkh ydolglw| ri wkh �uvw0rughu dssurdfk lv fkhfnhg e| �qglqj d vroxwlrq dvvxplqj wkh

�uvw0rughu dssurdfk dqg wkhq fkhfnlqj wkdw h{shfwhg xwlolw| lv frqfdyh lq h�ruw dw wkh

rswlpdo vkdulqj uxoh1
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prqrwrqrflw| ri wkh olnholkrrg frqyhqlhqwo| ghshqg rqo| rq wklv erxqgdu|

frqglwlrq dqg wkh ixqfwlrq d +{, =

Vshfl�fdoo|/ zh wdnh d +{, @ { +4� {, dqg vxssrvh wkdw rxwsxw lv Ehwd0

glvwulexwhg dw d uhihuhqfh h�ruw ohyho1; Wklv uhihuhqfh h�ruw ohyho lv vhw e|

d sdudphwhu � zklfk ghwhuplqhv wkh fxuydwxuh ri wkh olnholkrrg udwlr= Iru

� A 3> li h @ �
�
# > wkhq wkh olnholkrrg udwlr lv olqhdu dqg zh uhihu wr wklv h�ruw

ohyho dv wkh olqhdu olnholkrrg udwlr +OOU, h�ruw ohyho1 Li h�ruw lv juhdwhu wkdq

wklv uhihuhqfh ohyho dqg vr h A �
�
# > wkhq wkh olnholkrrg udwlr ehfrphv frqyh{>

zkhuhdv li h ? �
�
# > wkh olnholkrrg udwlr ehfrphv frqfdyh1 E| ydu|lqj �> zh

fdq fkdqjh wkh fxuydwxuh ri wkh olnholkrrg udwlr dw dq| jlyhq h�ruw ohyho1 Iru

� ? 3> wkh olnholkrrg udwlr zloo eh frqyh{ iru doo srvlwlyh h�ruw ohyhov1 Zh

vkrz lq wkh dsshqgl{ wkdw wklv irupxodwlrq vdwlv�hv wkh POUS dqg kdv d

erxqghg olnholkrrg udwlr1

Wkh sdudphwhuv ri wkh Ehwd glvwulexwlrq/ t dqg u> duh fkrvhq vr wkdw wkh

glvwulexwlrq lv vnhzhg uljkw dw OOU h�ruw/ exw dv h�ruw lqfuhdvhv/ suredelolw|

pdvv pryhv wr wkh uljkw/ dqg wkh glvwulexwlrq ehfrphv lqfuhdvlqjo| v|pphw0

ulf dqg xowlpdwho| ohiw vnhzhg1 Lw lv gl!fxow wr xvh gdwd wr prwlydwh wkhvh

dvvxpswlrqv dv revhuyhg lqfrph glvwulexwlrqv uh hfw gl�huhqfhv lq delolw| dv

zhoo dv gl�huhqfhv lq h�ruw1 Wkhuhiruh/ wkh edvholqh glvwulexwlrq lv qrw dv

vnhzhg dv revhuyhg jurvv lqfrph glvwulexwlrqv1 Wkh fkdudfwhulvdwlrq xvhg

khuh phdqv wkdw h�ruw whqgv wr pryh lqglylgxdov xs wkh lqfrph glvwulexwlrq/

dqg dyhudjh rxwsxw lv lqfuhdvlqj lq h�ruw1 Ixuwkhu/ dq lqfuhdvh lq h�ruw fdq

ohdg wr d uhgxfwlrq lq wkh yduldqfh ri rxwsxw1 Glvwulexwlrqv ri rxwsxw jlyhq

h�ruw duh vkrzq lq �jxuh 41

Xvlqj wklv irupxodwlrq/ zh vroyh qxphulfdoo| iru hW> � dqg � xvlqj wkh

�uvw0rughu frqglwlrq +:,/ dqg wkh frqvwudlqwv +6, dqg +7,1 Sdudphwhuv xvhg

duh jlyhq lq wdeoh 41 Wkh ydoxhv ri � frqvlghuhg hqfrpsdvv wkh udqjh ri

hvwlpdwhv frpprqo| irxqg lq wkh olwhudwxuh iru wkh ghjuhh ri ulvn dyhuvlrq

ryhu frqvxpswlrq +glvfxvvhg lq Dwwdqdvlr/ 4<<<,1 Wkh ohyho ri xqfhuwdlqw| lv

;Wkh ixqfwlrq K Ee� lv vhw vr wkdw wkh �uvw0rughu dssurdfk lv ydolg ryhu wkh udqjh ri

sdudphwhuv frqvlghuhg1 Lq sudfwlfh/ K Ee� ' #e
#3� zlwk d ydoxh ri # ' f�2�
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Iljxuh 4= Wkh H�hfw ri H�ruw rq wkh Glvwulexwlrq ri Rxwsxw

0.2 0.4 0.6 0.8

0.5

1.0

1.5

2.0

2.5

( )exf
0=e

3.0=e 6.0=e

9.0=e

Wkh judsk vkrzv krz h�ruw fkdqjhv wkh suredelolw| glvwulexwlrq1 Wkh h�ruw
ohyho jlylqj d olqhdu olnholkrrg udwlr lv vhw dw 3 +lh1 � @ 3=3 , vr wkh olqh %h@3%
lv wkh glvwulexwlrq li OOU h�ruw lv h{shqghg Wklv edvholqh glvwulexwlrq lv
jlyhq e| wkh Ehwd Glvwulexwlrq zlwk sdudphwhuv t @ 6 dqg u @ 91
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wkh yduldqfh ri rxwsxw dw OOU h�ruw= rxu edvholqh fdvh kdv d Jlql frh!flhqw

ri 31591 Wklv lv ohvv wkdq wkh ohyho ri lqhtxdolw| w|slfdoo| revhuyhg= iru

h{dpsoh/ iru 4<<;/ wkh Fhqvxv Exuhdx uhsruw d suh0wd{ Jlql iru wkh XV ri

31791 Krzhyhu/ lq rxu prgho lqglylgxdov duh h{0dqwh lghqwlfdo/ dqg edvholqh

lqhtxdolw| lv gxh rqo| wr gl�huhqw uhdolvdwlrqv ri xqfhuwdlqw|/ dqg vr zh vhw

d orzhu ydoxh wkdq wkh revhuyhg Jlqlv1

Wdeoh 4= Sdudphwhuv iru Qxphulfdo Vroxwlrq

Sdudphwhu Edvholqh Dowhuqdwlyhv

� 418 415/ 613/ 813

�2 31355 +3159, 31377+3169,/ 31344+314;,/ 313355+313;,

� 313 0413/ 413

Ydoxhv ri wkh yduldqfh duh iru wkh glvwulexwlrq dw h�ruw htxdo wr wkh olqhdu
olnholkrrg udwlr ohyho zlwk w ' f�f1 Fruuhvsrqglqj Jlql frh!flhqwv duh jlyhq
lq eudfnhwv1 Fkdqjhv lq wkh ydoxh ri wkh yduldqfh duh lqwurgxfhg wkurxjk
fkdqjlqj wkh sdudphwhuv ri wkh Ehwd glvwulexwlrq +^ dqg o,/ nhhslqj wkh phdq
frqvwdqw1

615 Frpsdudwlyh Vwdwlfv rq Vrfldo Lqvxudqfh

Zh qrz frqvlghu wkh h{whqw wr zklfk wkh rswlpdo wd{ surylghv vrfldo lqvxu0

dqfh1 Wkh vhfwlrq �uvw glvfxvvhv vrfldo lqvxudqfh dw wkh edvholqh sdudph0

whulvdwlrq1 Zh wkhq suhvhqw frpsdudwlyh vwdwlfv fkdqjlqj �> wkh yduldqfh ri

wkh glvwulexwlrq ri rxwsxw dqg �qdoo|/ wkh fxuydwxuh ri wkh olnholkrrg udwlr1

Wkhuh lv qr suhvxpswlrq wkdw wkh rswlpdo wd{ vfkhgxoh vkrxog surylgh lq0

vxudqfh dw doo lqfrph ohyhov> iru h{dpsoh/ lw pljkw eh rswlpdo wr lqfuhdvh

xqfhuwdlqw| ryhu sd|r�v uhodwlyh wr dxwdun| e| kdylqj qhjdwlyh pdujlqdo

wd{ udwhv dw vrph lqfrph ohyhov1 Iru hdfk frpsdudwlyh vwdwlf h{huflvh/ zh

frpsduh lqfrph glvwulexwlrqv/ dqg suhvhqw uhvxowv rq wkh pdujlqdo wd{ udwhv

dfurvv wkh hqwluh lqfrph glvwulexwlrq1
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Wkh edvholqh sdudphwhulvdwlrq Uhvxowv iru wkh edvholqh sdudphwhulvd0

wlrq duh vkrzq lq erog lq wdeoh 5 dqg lq wkh xqeurnhq olqhv lq �jxuh +5,1

Wkh �uvw wzr froxpqv lq wdeoh +5, frpsduh h�ruw xqghu dxwdun| zlwk h�ruw

xqghu wkh rswlpdo wd{ vfkhgxoh= doorzlqj iru rswlpdo vrfldo lqvxudqfh uh0

gxfhv h�ruw uhodwlyh wr dxwdun|1 Zkhq lqglylgxdov duh suxghqw/ xqfhuwdlqw|

lqfuhdvhv h{shfwhg pdujlqdo xwlolw| dqg fdxvhv lqglylgxdov wr sxw lq h{wud

h�ruw1 Vlqfh vrfldo lqvxudqfh uhgxfhv xqfhuwdlqw|/ wklv uhgxfhv wkh qhhg iru

suhfdxwlrqdu| h�ruw1 Wklv gl�huhqfh lq h�ruw ohyhov lv d phdvxuh ri wkh h{0

whqw wr zklfk vrfldo lqvxudqfh uhgxfhv vhoi0lqvxudqfh1 Wkh wdeoh dovr uhsruwv

Jlql frh!flhqwv= xqghu dxwdun|/ vhoi0lqvxudqfh uhgxfhv wkh Jlql iurp 3159

wr 3153/ zkloh vrfldo lqvxudqfh uhgxfhv wkh Jlql vxevwdqwldoo| pruh wr 313<1

Ixuwkhu/ lqglylgxdov duh zloolqj wr sd| ;17( ri phdq rxwsxw wr dyrlg kdylqj

wr vhoi0lqvxuh +wkh ydoxh ri �> wkh prqhwdu| ydoxh ri vrfldo lqvxudqfh gh�qhg

lq htxdwlrq 44,1 Wkh lqfuhdvh lq wkh jurvv lqfrph Jlql xqghu vrfldo lqvxudqfh

+3155, uhodwlyh wr wkh Jlql xqghu dxwdun| +3153, vkrzv wkh h{whqw wr zklfk

vhoi0lqvxudqfh lv furzghg rxw1 Wklv lv lq frqwudvw wr Vlqq +4<<9,/ zkr vkrzv

wkdw vrfldo lqvxudqfh fdq lqfuhdvh srvw0wd{ lqhtxdolw| e| hqfrxudjlqj ulvn0

wdnlqj dfwlylwlhv1 Lq wklv edvholqh sdudphwhulvdwlrq/ pdujlqdo wd{ udwhv duh

ghfolqlqj zlwk rxwsxw/ iurp 98( wr 73(/ dv vkrzq lq �jxuh +5,1 Pdujlqdo

wd{ udwhv duh kljk iru doo rxwsxw ohyhov uhodwlyh wr hvwlpdwhv iurp prghov ri

dgyhuvh vhohfwlrq +Pluuohhv/ 4<:4,1

Lqfuhdvlqj � Wkh h�hfwv ri lqfuhdvlqj � duh vkrzq lq wdeoh 5 dqg lq �jxuh

51 Erwk xqghu dxwdun| dqg xqghu vrfldo lqvxudqfh/ d kljkhu ydoxh ri � ohdgv

wr juhdwhu h�ruw1 Xqghu dxwdun|/ d kljkhu � phdqv lqglylgxdov duh pruh

suxghqw/ dqg vr duh pruh zloolqj wr sxw lq h�ruw1 Wklv gluhfw lqfhqwlyh

h�hfw ri lqfuhdvhg suxghqfh rffxuv xqghu vrfldo lqvxudqfh/ exw lq wklv fdvh

wkhuh lv dovr dq lqgluhfw h�hfw wkurxjk fkdqjhv wr wkh rswlpdo dprxqw ri

vrfldo lqvxudqfh1 D kljkhu � phdqv d idoo lq wkh udwlr ri suxghqfh wr ulvn

dyhuvlrq/ S +v, > dqg vr wkh zhoiduh frvw ri xqfhuwdlqw| lv juhdwhu uhodwlyh wr

wkh lqfhqwlyh h�hfw/ lqfuhdvlqj wkh rswlpdo dprxqw ri vrfldo lqvxudqfh1 Wklv
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juhdwhu vrfldo lqvxudqfh uhgxfhv h�ruw/ r�vhwwlqj wkh gluhfw lqfhqwlyh h�hfw

ri lqfuhdvhg suxghqfh1 Wdeoh 5 vkrzv wkdw wkh gluhfw h�hfw ri lqfuhdvhg

suxghqfh grplqdwhv1

Wdeoh 5= H{whqw ri Vrfldo Lqvxudqfh ydu|lqj �

H�ruw Jlql Frh�
4

6e@? J�|R�|

Prgho Dxw Vrf Lqv Dxw Vrf Lqv Jurvv OOU

� @ 4=5 318< 317: 3154 313<; 3155 3159 3138:

� @ 4=8 3198 3183 3153 313;; 3155 3159 313;7

� @ 6=3 31<9 3196 314; 3139< 3154 3159 31538

� @ 8=3 51:7 31;5 3139 31387 314< 3159 317;;

Froxpqv zlwk Dxw jlyh uhvxowv xqghu dxwdun|/ froxpqv zlwk Vrf Lqv jlyh uhvxowv
xqghu rswlpdo vrfldo lqvxudqfh/ wkh froxpq zlwk Jurvv jlyhv wkh Jlql iru wkh
glvwulexwlrq ri rxwsxw ehiruh wkh wd{ vfkhgxoh uhdoorfdwhv/ dqg wkh froxpq zlwk
OOU jlyhv wkh jurvv Jlql frh!flhqw dw wkh olqhdu olnholkrrg udwlr h�ruw ohyho/
e ' f�f1 Rwkhu sdudphwhu ydoxhv= ^ ' ��fc o ' S�fc w ' f�f1

Wkh uhpdlqlqj froxpqv lq wdeoh 5 vkrz wkh h�hfw rq vhoi0lqvxudqfh dqg

vrfldo lqvxudqfh ri fkdqjhv lq �1 Lqfuhdvhv lq � lqfuhdvh wkh dprxqw ri vhoi0

lqvxudqfh vxevwdqwldoo|= dw � @ 8=3> vhoi0lqvxudqfh uhgxfhv wkh Jlql iurp 3159

wr 3139/ frpsduhg wr d uhgxfwlrq ri 3159 wr 3153 dw wkh edvholqh1 Lqfuhdvhv

lq � dovr lqfuhdvh wkh dprxqw ri vrfldo lqvxudqfh/ uhgxflqj wkh Jlql wr 313;;

dw wkh edvholqh dqg wr 31387 dw � @ 8=3= Wkhuh lv dovr vxevwdqwldo furzglqj0

rxw ri vhoi0lqvxudqfh e| vrfldo lqvxudqfh dw � @ 8=3 = h�ruw idoov wr 63( ri

lwv dxwdunlf ohyho dqg wkh Jlql iru jurvv lqfrph lv 314</ frpsduhg wr 3139

xqghu dxwdun|1 Ixuwkhu/ iru kljk �> vhoi0lqvxudqfh fdq surylgh vlplodu ohyhov

ri lqvxudqfh dv vrfldo lqvxudqfh/ exw wkh kljk h�ruw uhtxluhg kdv d odujh

zhoiduh frvw= dw � @ 8=3> lqglylgxdov zrxog eh zloolqj wr sd| doprvw 83( ri

jurvv lqfrph wr dyrlg kdylqj wr vhoi0lqvxuh1

Rqh sureohp zlwk wkh uhvxowv lq wdeoh 5 lv wkdw vlqjoh lqgh{ phdvxuhv ri
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Iljxuh 5= Vrfldo Lqvxudqfh Ydu|lqj �
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Wkh �uvw judsk vkrzv krz wkh qhw rxwsxw ydulhv zlwk jurvv rxwsxw iru gli0
ihuhqw ydoxhv ri �1 Wkh vhfrqg judsk vkrzv krz wkh pdujlqdo wd{ udwh ydulhv
zlwk jurvv rxwsxw1 Rwkhu sdudphwhuv= t @ 6> u @ 9 dqg � @ 3=3
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wkh glvwulexwlrq jlyh olwwoh lqglfdwlrq ri wkh surjuhvvlylw| ru rwkhuzlvh ri wkh

wd{ vfkhgxoh1 Wkhuhiruh/ �jxuh 5 vkrzv erwk wkh vrfldo lqvxudqfh vfkhgxoh

dqg wkh pdujlqdo wd{ udwh dv rxwsxw fkdqjhv1 Wkh judsk ri pdujlqdo wd{

udwhv vkrzv d uhvxow vlplodu wr wkdw lq htxdwlrq +<, deryh=< zkhq wkh udwlr

S +v, lv kljk +l1h1 � lv orz,/ suxghqfh h�hfwv grplqdwh dqg wkh pdujlqdo

wd{ udwh idoov zlwk rxwsxw1 Krzhyhu/ zkhq � lv odujh/ wkh lqfhqwlyh h�hfwv

ri suxghqfh duh ohvv lpsruwdqw uhodwlyh wr ulvn dyhuvlrq/ dqg pdujlqdo wd{

udwhv ulvh zlwk rxwsxw1 Ixuwkhu/ wkh h�hfw ri lqfuhdvlqj � rq pdujlqdo wd{

udwhv ydulhv dfurvv wkh lqfrph glvwulexwlrq= pdujlqdo wd{ udwhv duh orzhu

zlwk kljkhu ydoxhv ri � dw wkh erwwrp ri wkh glvwulexwlrq> exw kljkhu zlwk

kljkhu ydoxhv ri � dw wkh wrs ri wkh glvwulexwlrq1 Wklv lv lq frqwudvw wr wkh

sduwldo htxloleulxp dssurdfkhv lq Yduldq +4<;3, dqg lq htxdwlrq +;, deryh

wkdw krog h> � dqg � frqvwdqw/ zkhuh dq lqfuhdvh lq � ohdgv wr dq lqfuhdvh

lq wkh pdujlqdo wd{ udwh dfurvv wkh hqwluh glvwulexwlrq1 Wkh judsk ri vrfldo

lqvxudqfh vkrzv wkdw zkhq � lv kljk/ lqglylgxdov duh lqfhqwlylvhg wkurxjk

shqdowlhv dw orz rxwsxw zlwk vljql�fdqw lqvxudqfh hovhzkhuh> krzhyhu/ zkhq

lqglylgxdov duh ohvv ulvn dyhuvh/ wkh| duh lqfhqwlylvhg wkurxjk uhzdugv iru

kljk rxwsxw zlwk juhdwhu lqvxudqfh hovhzkhuh1

Lqfuhdvlqj xqfhuwdlqw| Wkh h�hfwv ri lqfuhdvlqj xqghuo|lqj xqfhuwdlqw|

duh vkrzq lq wdeoh 6 dqg lq �jxuh 61 Xqghu dxwdun|/ h�ruw lqfuhdvhv dv wkh

yduldqfh ri jurvv rxwsxw lqfuhdvhv1 Wklv lv vlpso| wkh suhfdxwlrqdu| pr0

wlyh dw zrun= juhdwhu xqfhuwdlqw| lqfuhdvhv h{shfwhg pdujlqdo xwlolw| dqg

vr lqglylgxdov lqfuhdvh h�ruw1 Wklv suhfdxwlrqdu| h�hfw dssolhv xqghu vrfldo

lqvxudqfh/ exw wkhuh lv dovr dq lqgluhfw h�hfw wkurxjk fkdqjhv lq wkh dprxqw

ri vrfldo lqvxudqfh1 Juhdwhu xqfhuwdlqw| phdqv wkdw d jlyhq uhdolvdwlrq ri

{ jlyhv ohvv lqirupdwlrq derxw h�ruw h{shqghg> dqg juhdwhu xqfhuwdlqw| lq0

fuhdvhv wkh zhoiduh ehqh�w ri lqvxudqfh1 Wkhvh wzr lqgluhfw h�hfwv ohdg wr

< Li h�ruw zdv dw wkh olqhdu olnholkrrg udwlr ohyho/ zh frxog xvh htxdwlrq +<, wr ghwhuplqh

krz pdujlqdo wd{ udwhv fkdqjh zlwk rxwsxw1 Lq doo fdvhv vkrzq krzhyhu/ rswlpdo h�ruw lv

kljkhu wkdq OOU h�ruw dqg vr wkh olnholkrrg lv frqyh{ dqg htxdwlrq +<, lv dpeljxrxv1

4<



pruh vrfldo lqvxudqfh/ dqg wklv uhgxfhv h�ruw/ r�vhwwlqj wkh gluhfw h�hfw

rq h�ruw ri juhdwhu suhfdxwlrqdu| h�ruw1 Lq wdeoh 6/ wkh lqgluhfw h�hfw ri

lqfuhdvhg lqvxudqfh grplqdwhv dqg h�ruw xqghu wkh rswlpdo wd{ vfkhgxoh

idoov dv xqfhuwdlqw| lqfuhdvhv1 Ixuwkhu/ lqvxudqfh lqfuhdvhv dv wkh xqghuo|lqj

xqfhuwdlqw| lqfuhdvhv1 Lq sduwlfxodu/ wkh gl�huhqfh lq wkh Jlql frh!flhqwv

ehwzhhq dxwdun| dqg vrfldo lqvxudqfh duh juhdwhvw +dqg wkh ydoxh ri � lv

dovr juhdwhvw, zkhq xqfhuwdlqw| lv juhdwhvw1 Wkhvh frqfoxvlrqv duh uhlwhudwhg

lq wkh judskv vkrzlqj pdujlqdo wd{ udwhv dqg wkh vrfldo lqvxudqfh vfkhg0

xoh lq �jxuh 61 Vrfldo lqvxudqfh dqg pdujlqdo wd{ udwhv duh juhdwhu zkhq

xqghuo|lqj xqfhuwdlqw| lv kljkhu1

Wdeoh 6= H{whqw ri Vrfldo Lqvxudqfh Fkdqjlqj wkh Yduldqfh

H�ruw Jlql Frh�
4

6e@? J�|R�|

Prgho Dxw Vrf Lqv Dxw Vrf Lqv Jurvv OOU

�2 @ 3=3355 3195 3193 3139 31385 313: 313; 31335

�2 @ 3=344 3196 3187 3147 313;3 3148 314; 3135:

�
2 @ 3=355 3198 3183 3153 313;; 3155 3159 313;7

�2 @ 3=377 319< 3178 315< 313;< 3165 3169 315;4

Froxpqv zlwk Dxw jlyh uhvxowv xqghu dxwdun|/ froxpqv zlwk Vrf Lqv jlyh uhvxowv
xqghu vrfldo lqvxudqfh/ wkh froxpq zlwk Jurvv jlyhv wkh Jlql iru wkh glvwulexwlrq
ri rxwsxw ehiruh wkh wd{ vfkhgxoh uhdoorfdwhv/ dqg wkh froxpq zlwk OOU jlyhv wkh
Jlql frh!flhqw dw e ' f�f zkhuh wkh olnholkrrg udwlr lv olqhdu1 Sdudphwhuv ^ dqg o
duh ydulhg wr nhhs wkh phdq ri wkh Ehwd glvwulexwlrq dw OOU h�ruw frqvwdqw dv wkh
yduldqfh fkdqjhv1 Rwkhu sdudphwhu ydoxhv= � ' ��Dc w ' f�f1

Ydu|lqj � dqg wkh fxuydwxuh ri wkh olnholkrrg udwlr Zh qrz frqvlghu

wkh h�hfw ri ydu|lqj wkh frqfdylw| ri wkh olnholkrrg udwlr e| fkdqjlqj wkh

sdudphwhu �= Iru � A 3> wkh olnholkrrg udwlr lv olqhdu dw h @ �
�

# = Iru � ? 3>
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Iljxuh 6= Vrfldo Lqvxudqfh Fkdqjlqj wkh Yduldqfh
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Wkh �uvw judsk vkrzv krz qhw rxwsxw ydulhv zlwk jurvv rxwsxw iru gl�huhqw
ydoxhv ri wkh xqghuo|lqj yduldqfh1 Wkh vhfrqg judsk vkrzv krz wkh pdujlqdo
wd{ udwh ydulhv zlwk jurvv rxwsxw1 Sdudphwhuv t dqg u duh ydulhg wr nhhs
wkh phdq ri wkh Ehwd glvwulexwlrq dw OOU h�ruw frqvwdqw dv wkh yduldqfh
fkdqjhv1 Rwkhu sdudphwhuv= � @ 4=8/ dqg � @ 3=3
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wkh olnholkrrg udwlr lv frqyh{ iru doo h�ruw ohyhov143 Wkh frpsdulvrq lv pdgh

kroglqj wkh phdq dqg yduldqfh ri rxwsxw frqvwdqw iru d �{hg ohyho ri h�ruw

htxdo wr rswlpdo h�ruw lq wkh edvholqh fdvh1 Wkxv gl�huhqfhv lq wkh h{whqw

ri vrfldo lqvxudqfh ru pdujlqdo wd{ udwhv duh qrw gxh wr gl�huhqfhv lq wkh

phdq ru yduldqfh ri rxwsxw/ exw udwkhu duh gxh odujho| wr gl�huhqfhv lq

wkh fxuydwxuh ri wkh olnholkrrg udwlr1 Wklv dssurdfk lv uhdvrqdeoh surylghg

rswlpdo h�ruw xqghu dowhuqdwlyh ydoxhv ri � grhv qrw gl�hu wrr idu iurp wkh

rswlpdo h lq wkh edvholqh1

Iljxuh 7 vkrzv wkh olnholkrrg udwlr iru gl�huhqw ydoxhv ri �= Zh fkrrvh d

zlgh vsuhdg iru � vr zh frqvlghu fdvhv zkhuh wkh olnholkrrg udwlr lv frqfdyh/

uhvshfwlyho| frqyh{1 Wkhvh gl�huhqfhv lq wkh olnholkrrg udwlr d�hfw wkh vkdsh

ri wkh lqvxudqfh vfkhgxoh dqg pdujlqdo wd{ udwhv vkrzq lq �jxuh 81 Zkhq

h# ? � dw htxloleulxp/ wkh olnholkrrg udwlr lv frqfdyh dqg olwwoh lv ohduqhg

derxw h�ruw dw kljk ydoxhv ri {= Wklv phdqv wkh pdujlqdo wd{ udwh lv lqlwldoo|

orz/ exw lv lqfuhdvlqj lq rxwsxw1 Zkhq h# A � dw htxloleulxp/ wkh olnholkrrg

udwlr lv frqyh{ dqg olwwoh lv ohduqhg derxw h�ruw dw orz ydoxhv ri { dqg wkh

pdujlqdo wd{ udwh vwduwv kljk/ exw lv ghfuhdvlqj lq rxwsxw1 Wkhvh uhvxowv

frq�up wkh lpsolfdwlrq ri htxdwlrq +<, wkdw d pruh frqfdyh olnholkrrg udwlr

lpsolhv pdujlqdo wd{ udwhv zloo eh ulvlqj zlwk rxwsxw1 Wdeoh 7 vkrzv wkdw

htxloleulxp h�ruw lq wkh wkuhh fdvhv lv doprvw lghqwlfdo1 Wklv dulvhv ehfdxvh

zh duh lpsrvlqj wkh vdph phdq dqg yduldqfh rq wkh glvwulexwlrq dw dq h�ruw

ohyho forvh wr wkh rswlpxp1 Jlyhq wkh h�ruw/ phdq dqg yduldqfh duh doprvw

lghqwlfdo lq wkh wkuhh prghov/ wkh dprxqwv ri lqvxudqfh lq htxloleulxp duh

vlplodu1 Wkh fxuydwxuh ri wkh olnholkrrg udwlr +derxw zklfk lw lv kdug wr

pdnh hpslulfdo vwdwhphqwv, grhv qrw kdyh d odujh h�hfw rq wkh dprxqw ri

lqvxudqfh lq htxloleulxp/ rqfh zh krog wkh phdq dqg yduldqfh frqvwdqw1

Vlploduo|/ wkh vkdsh ri wkh lqvxudqfh vfkhgxoh forvh wr phdq rxwsxw lv olwwoh

d�hfwhg1 Rq wkh rwkhu kdqg/ wkh fxuydwxuh ri wkh olnholkrrg udwlr pdnhv d

43Zh kdyh dvvxphg d �qlwh grpdlq iru rxwsxw dqg vr iru dq| ydoxh ri wc wkhuh zloo

eh vrph h�ruw ohyho dw zklfk wkh olnholkrrg udwlr ehfrphv frqyh{ +dqg wkh Mhzlww +4<;;,

frqglwlrqv iru wkh �uvw0rughu dssurdfk zloo eh ylrodwhg,1
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elj gl�huhqfh wr wkh h{wuhpdo surshuwlhv ri wkh pdujlqdo wd{ udwh= zkhq wkh

olnholkrrg udwlr lv frqfdyh pdujlqdo wd{ udwhv ulvh iurp 3 wr ;3(> zkhuhdv

zkhq lw lv frqyh{/ pdujlqdo wd{ udwhv idoo iurp ;3( wr 0;3(1

Wdeoh 7= H{whqw ri Vrfldo Lqvxudqfh ydu|lqj wkh fxuydwxuh ri wkh

olnholkrrg udwlr

H�ruw Jlql Frh�
4

6e@? J�|R�|

Prgho Dxw Vrf Lqv Dxw Vrf Lqv Jurvv OOU

� @ 4=3 3198 3183 3153 313;8 3155 3=4: 313:6

� @ 3=3 3198 3183 3153 313;; 3155 3159 313;7

� @ �4=3 3198 3183 3153 313;; 3155 �� 313<8

Froxpqv zlwk Dxw jlyh uhvxowv xqghu dxwdun|/ froxpqv zlwk Vrf Lqv jlyh uhvxowv

xqghu vrfldo lqvxudqfh/ wkh froxpq zlwk Jurvv jlyhv wkh Jlql iru wkh glvwulexwlrq

ri rxwsxw ehiruh wkh wd{ vfkhgxoh uhdoorfdwhv/ dqg wkh froxpq zlwk OOU jlyhv

wkh Jlql frh!flhqw dw e ' w
4

� 1 Zkhq w ' ��f/ rswlpdo h�ruw lv ohvv wkdq OOU

h�ruw/ dqg vr wkh jurvv Jlql lv juhdwhu wkdq wkh OOU Jlql1 � ' ��D1
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Iljxuh 7= Fkdqjlqj wkh Fxuydwxuh ri wkh Olnholkrrg Udwlr

1−=θ

0=θ

1=θ

10.0

5.0

0.0

-2.5

2.5

0.80.60.40.2 x

( )5.0=exh
(convex)

(concave)

Wkh judsk vkrzv wkh olnholkrrg udwlr ydu|lqj � hydoxdwhg dw h @ 3=81 Sd0
udphwhuv t dqg u duh ydulhg wr nhhs wkh phdq dqg yduldqfh ri wkh Ehwd
glvwulexwlrq dw h @ 3=8 frqvwdqw dv � fkdqjhv1 � @ 4=8
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Iljxuh 8= Vrfldo Lqvxudqfh fkdqjlqj Frqfdylw| ri wkh Olnholkrrg

0.80.60.40.2
x

s(x)

0.2

0.4

0.6

0.8
1−=θ 0=θ

1=θ

0.80.60.40.2 x

0.8

0.6

0.4

0.2

0.0

-0.2

MTR
1=θ

0=θ

1−=θ

Wkh �uvw judsk vkrzv krz wkh qhw rxwsxw ydulhv zlwk jurvv rxwsxw iru gli0
ihuhqw ydoxhv ri �1 Wkh vhfrqg judsk vkrzv krz wkh pdujlqdo wd{ udwh ydulhv
zlwk jurvv rxwsxw iru gl�huhqw ydoxhv ri ri �1 Sdudphwhuv t dqg u duh ydulhg
wr nhhs wkh phdq dqg yduldqfh ri wkh Ehwd glvwulexwlrq dw h @ 3=8 frqvwdqw
dv � fkdqjhv1 � @ 4=8
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7 Frqfoxvlrqv

Wklv sdshu surylghv d fkdudfwhulvdwlrq ri wkh wudgh0r� ehwzhhq wkh zhoiduh

ehqh�w ri vrfldo lqvxudqfh dqg wkh lqfhqwlyh h�hfw ri xqfhuwdlqw| lq rswlpdo

wd{ vfkhgxohv1 Vrfldo lqvxudqfh wkurxjk uhglvwulexwlyh wd{dwlrq lqfuhdvhv vr0

fldo zhoiduh/ exw uhgxfhv htxloleulxp h�ruw/ �uvwo| e| uhgxflqj wkh dyhudjh

pdujlqdo surgxfw ri h�ruw dqg vhfrqgo| e| zhdnhqlqj wkh suhfdxwlrqdu| pr0

wlyh iru h�ruw1 Wkh pdlq frqwulexwlrq ri wklv sdshu lv wr kljkoljkw wkh h�hfw

ri vrfldo lqvxudqfh rq suhfdxwlrqdu| prwlyhv/ dqg wr vkrz krz wklv suhfdx0

wlrqdu| prwlyh fdq eh h{sorlwhg lq ghvljqlqj rswlpdo wd{ vfkhgxohv1 Zh

surylgh d zd| ri vshfli|lqj sulqflsdo0djhqw sureohpv wkdw shuplwv wudfwdeoh

qxphulfdo vroxwlrqv1 Zh xvh wklv phwkrg wr fkdudfwhulvh wkh qdwxuh ri wkh

wudgh0r� ehwzhhq lqvxudqfh dqg wkh lqfhqwlyh h�hfwv ri ulvn1 E| xvlqj qx0

phulfdo phwkrgv zh duh deoh wr shuirup ixoo frpsdudwlyh vwdwlfv udwkhu wkdq

d sduwldo htxloleulxp dssurdfk kroglqj hqgrjhqrxv yduldeohv �{hg1

Wkh ohyho ri pdujlqdo wd{ udwhv lq rxu qxphulfdo vroxwlrqv duh jhqhudoo|

kljk= lqglylgxdov duh zloolqj wr idfh kljk pdujlqdo wd{ udwhv ehfdxvh ri wkh

xqfhuwdlqw| wkh| idfh1 Zkhq fkrlfhv duh pdgh diwhu xqfhuwdlqw| lv uhvroyhg

+dv lq Pluuohhv/ 4<:4,/ lqglylgxdov duh ohvv zloolqj wr idfh kljk pdujlqdo wd{

udwhv1

H�ruw lqfuhdvhv zlwk wkh frh!flhqw ri uhodwlyh ulvn dyhuvlrq/ �> dqg lq0

fuhdvhv zlwk xqfhuwdlqw|/ kroglqj wkh wd{ vfkhgxoh frqvwdqw1 H�ruw idoov li

wkh wd{ vfkhgxoh surylghv juhdwhu ulvn0vkdulqj= sxeolf lqvxudqfh furzgv rxw

vhoi0lqvxudqfh1 Lqfuhdvhv lq � uhgxfh wkh udwlr ri suxghqfh wr ulvn dyhuvlrq/

S / ohdglqj wr dq lqfuhdvh lq rswlpdo vrfldo lqvxudqfh dqg dq r�vhwwlqj idoo

lq h�ruw1 Wkh ryhudoo h�hfw ri lqfuhdvlqj � ydulhv dfurvv wkh lqfrph glvwul0

exwlrq/ orzhulqj pdujlqdo wd{ udwhv dw wkh erwwrp ri wkh glvwulexwlrq/ exw

lqfuhdvlqj wkhp dw wkh wrs1 Vlploduo|/ dq lqfuhdvh lq xqfhuwdlqw| lqfuhdvhv

rswlpdo vrfldo lqvxudqfh/ ohdglqj wr dq r�vhwwlqj idoo lq h�ruw1

Zkhwkhu pdujlqdo wd{ udwhv idoo ru ulvh zlwk lqfrph ghshqgv rq wkh

udwlr/ S= Zkhq wkh udwlr lv odujh/ wkh lqfhqwlyh h�hfwv ri suxghqfh grplqdwh
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dqg wkh pdujlqdo wd{ udwh idoov zlwk rxwsxw1 Zkhq wkh udwlr lv vpdoo/ wkh

ulvn vkdulqj ehqh�w grplqdwhv dqg wkh pdujlqdo wd{ udwh ulvhv zlwk rxwsxw1

Ilqdoo|/ zh vkrz wkdw lqfuhdvlqj wkh frqfdylw| ri wkh olnholkrrg udwlr/ kroglqj

wkh phdq dqg yduldqfh ri wkh glvwulexwlrq ri rxwsxw frqvwdqw/ kdv d vwurqj

h�hfw rq rswlpdo pdujlqdo wd{ udwhv/ fdxvlqj pdujlqdo wd{ udwhv wr lqfuhdvh

zlwk rxwsxw1

DSSHQGL[

Ghirupdwlrq phwkrg iru prghoolqj wkh h�ruw0rxwsxw uhodwlrqvkls

Rxwsxw lv glvwulexwhg ryhu d �qlwh vxssruw ^{> �{` = Dv h�ruw lqfuhdvhv wkh

suredelolw| glvwulexwlrq ri { vkliwv wrzdug kljkhu ydoxhv1 Frqvlghu wkh sure0

delolw| pdvv rq d vpdoo udqjh ri rxwfrphv +{> {. �{,/ zklfk lv dssur{lpdwho|

i +{m h, �{> dqg wkhq vxssrvh wkdw h�ruw lqfuhdvhv e| �h= Suredelolw| pdvv

pryhv wr wkh uljkw/ zlwk wkh sursruwlrqdwh udwh ri pryhphqw ehlqj jlyhq

e| � +{m h, �h= Wkxv/ wkh udqjh +{> {. �{, uhfhlyhv dq lq rz ri suredelolw|

iurp wkh ohiw ri � +{m h, i +{m h, �h dqg surgxfhv dq rxw rz wr wkh uljkw ri

� +{. �{m h, i +{. �{m h, �h= Wkhuhiruh/ wkh fkdqjh lq suredelolw| pdvv rq

+{> {. �{, lv

+i +{m h. �h,� i +{m h,, �{ @ � +� +{. �{m h, i +{. �{m h,� � +{m h, i +{m h,, �h

Wdnlqj wkh olplwv ri �{ dqg �h>

ie +{m h, @ �
C

C{
+� +{m h, i +{m h,, +46,

Lq rughu iru i +{m h, wr eh d surshuo| gh�qhg idplo| ri ghqvlw| ixqfwlrqv/

qr pdvv pxvw  rz rxw ri wkh hgjhv ri wkh vxssruw dqg vr � +{> h, @ � +�{> h, @

31 Wkxv/ li ] 7%

%

i +{ m h,g{ @ 4

iru dq| sduwlfxodu h> wklv lv wuxh iru doo h=

5:



Wkh sduwldo gl�huhqwldo htxdwlrq +46, iru wkh idplo| ri suredelolw| glvwul0

exwlrqv i fdq eh h{solflwo| vroyhg lq fhuwdlq vlpsoh fdvhv1 Iluvw/ lqwhjudwlqj

+46, zlwk uhvshfw wr { jlyhv wkdw] %

%

ie +v m h, gv @ �i +{ m h, � +{ m h,

dqg vr lqwurgxflqj wkh fxpxodwlyh glvwulexwlrq I zh rewdlq wkdw

Ie @ �I% � +47,

Wklv SGH fdq eh vroyhg h{solflwo| li zh dvvxph wkdw � wdnhv wkh vhsdud0

eoh irup � +{ m h, @ d +{, e +h, > zkhuh d +{, @ d +�{, @ 3 dqg d dqg e duh

frqwlqxrxvo| gl�huhqwldeoh1 Lq wklv fdvh zh fdq vhsdudwh +47, wr rewdlq

�
Ie +{ m h,

e +h,
@ I% +{ m h, d +{, =

Wklv kdv dq cdoprvw dgglwlyh* jhqhudo vroxwlrq ri wkh irup

I +{ m h, @ ! +D +{, .E +h,,

zkhuh ! lv dq| ixqfwlrq dqg

D� +{, @
4

d +{,
E� +h, @ �e +h, =

Wkxv wkh jhqhudo vroxwlrq ri +47, lv

I +{ m h, @ !

�] %

%W

4

d +v,
gv�

] e

7e

e +v, gv

�
= +48,

zkhuh {W lv vrph �{hg srlqw lq wkh grpdlq +{> �{,1 Wkh ixqfwlrq ! lv gh0

whuplqhg e| surylglqj d erxqgdu| frqglwlrq/ iru h{dpsoh vshfli|lqj wkh

glvwulexwlrq ri rxwsxw dw d sduwlfxodu h�ruw ohyho/ �h> zkhuh E +�h, @ 3

I +{ m �h, @ !

�] %

%W

4

d +v,
gv

�
=

Qrwlfh wkdw ! kdv wkh zkroh uhdo olqh dv lwv grpdlq1 Vlqfh d jrhv wr }hur dw

{ dqg �{ zh kdyh wkdw

D +�{, @

] 7%

%W

4

d +v,
gv @ .4 dqg D +{, @

] %

%W

4

d +v,
gv @ �4=

5;



Sursrvlwlrq 4 Li d +{,
s%E%�7e�

sE%�7e�
lv erxqghg rq ^{> {`/ wkhq wkh olnholkrrg udwlr

k +{ m h, lv erxqghg rq ^{> {` iru dq| jlyhq h1

Surri= Gl�huhqwldwlqj +48, jlyhv

i +{ m h, @ !�

�] %

%W

4

d +v,
gv�

] e

7e

e +v, gv

�
4

d +{,

dqg vr

ie +{ m h, @ �!
��

�] %

%W

4

d +v,
gv�

] e

7e

e +v, gv

�
e +h,

d +{,
=

Wkxv

k +{ m h, @ �
!��

kU %

%W
�

@Er�
gv�

U e

7e
e +v, gv

l

!�

kU %

%W
�

@Er�
gv�

U e

7e
e +v,gv

l e +h, +49,

Wkxv/ k +{ m h, lv erxqghg li !�� +|, @!� +|, lv erxqghg1

Zh qrz qhhg vx!flhqw frqglwlrqv iru wklv1 Vlqfh ! lv gh�qhg lq whupv

ri d dqg wkh erxqgdu| frqglwlrq I +{ m �h,/ zh qhhg wr lpsrvh frqglwlrqv rq

wkhvh ixqfwlrqv1 Qrz

i% +{ m �h, @ !��

�] %

%W

4

d +v,
gv

�
4

d +{,2
� !�

�] %

%W

4

d +v,
gv

�
d� +{,

d +{,2

dqg vr
i% +{ m �h,

i +{ m �h,
@

!��

!�

4

d +{,
�
d� +{,

d +{,
=

Wkxv zh rewdlq
!��

!�
@ d� +{, . d +{,

i% +{ m �h,

i +{ m �h,
= +4:,

d� lv erxqghg deryh dqg ehorz rq ^{> �{` dv d lv frqwlqxrxvo| gl�huhqwldeoh1

Wkxv surylghg wkdw

d +{,
i% +{ m �h,

i +{ m �h,

lv erxqghg iru doo { lq wkh grpdlq/ wkhq k +{ m h, lv erxqghg/ surylqj sursr0

vlwlrq 41 �

Sursrvlwlrq 5 Li d� +{,.d +{,
s%E%�7e�

sE%�7e�
lv prqrwrqh ghfuhdvlqj lq {/ wkhq wkh

POUS lv vdwlv�hg1

5<



Surri= Lw iroorzv gluhfwo| iurp htxdwlrq +49, wkdw k +{ m h, zloo eh prqr0

wrqh lqfuhdvlqj lq { dqg wkh POUS vdwlv�hg surylglqj wkdw !�� +|, @!� +|,

lv prqrwrqh ghfuhdvlqj lq |1 Iurp htxdwlrq +4:, lw iroorzv wkdw d qhfhv0

vdu| dqg vx!flhqw frqglwlrq iru wkh POUS lv wkdw d� +{, . d +{,
s%E%�7e�

sE%�7e�
lv

ghfuhdvlqj lq {1�

Sduwlfxodu Sdudphwhulvdwlrq Wkh hdvlhvw zd| wr vshfli| dq h{dpsoh

zklfk vdwlv�hv wkhvh frqglwlrqv lv wr gh�qh wkh pdsslqj D +{, = +{> �{,$ U

vxfk wkdw { jrhv wr �4 dqg �{ jrhv wr .4= Zh gr wklv lq wkh qxphulfdo

vroxwlrq lq vhfwlrq 6 e| vhwwlqj { @ 3> �{ @ 4>

D +{, @ oq

�
{

4� {

�
d +{, @ { +4� {,

E +h, @ �h# . � e+h, @ �h#3� +4;,

Iru wkh erxqgdu| frqglwlrq/ zh vshfli| wkh glvwulexwlrq ri rxwsxw dw h @ �
�

# >

zklfk lv wkh h�ruw ohyho zkhuh wkh olnholkrrg udwlr lv olqhdu +zklfk zh fdoo

OOU h�ruw/ �h, dv kdylqj d Ehwd Glvwulexwlrq1 Lq rwkhu zrugv/

I +{ m �h, @ !

�] %

%W

4

d +v,
gv

�
@ FGI

�
�^co +{,

�
+4<,

i +{ m �h, @ !�

�] %

%W

4

d +v,
gv

�
4

d +{,
@ �^co +{, +53,

Lq jhqhudo/

i +{ m h, @ !� ^D +{, .E +h,`
4

d +{,

Xvlqj erxqgdu| frqglwlrq +53,/ zh fdq zulwh

i +{ m h, @ } +4� },
4

d +{,
�^co +},

zkhuh zh kdyh gh�qhg } @
i TE�E%�n�Ee��

�ni TE�E%�n�Ee��
= Wkh wudqvirup ri D +{,.E +h,

pdsv iurp wkh grpdlq ri ! +wkh uhdo olqh, edfn lqwr wkh grpdlq ri I dqg �

+l1h1 lq wkh lqwhuydo ^3> 4`,=

Zlwk wklv irupxodwlrq/ zh kdyh wkdw

i% +{ m �h,

i +{ m �h,
@

t

{
�

u

4� {
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vr

d +{,
i% +{ m �h,

i +{ m �h,
@ t +4� {,� u{

zklfk lv erxqghg rq ^3> 4`/ lpso|lqj wkdw wkh olnholkrrg udwlr k lv erxqghg1

Dv h�ruw pryhv dzd| iurp wkh OOU h�ruw ohyho/ wkh olnholkrrg udwlr lv

jlyhq e|

k +{ m h, @ �e +h, ^t . 4� +t . u . 5, }`

Dw OOU h�ruw/ } @ {> dqg vr k +{ m h, lv olqhdu lq {1 Ixuwkhu/

Ck +{ m h,

C{
@ ^t . u . 5` e +h,

} +4� },

{ +4� {,
A 3 +54,

dqg vr wkh POUS lv vdwlv�hg1

Wkh fxuydwxuh ri wkh olnholkrrg lv jlyhq e|

C2k +{ m h,

C{2
@ ^t . u. 5` e +h,

5} +4� },

{2 +4� {,2
+{� },

A 3 li { A }

? 3 li { ? }

+55,

Wkh frqglwlrq { A } uhtxluhv E +h, A 3 zklfk phdqv wkdw h# A �> dqg vr

wkh olnholkrrg lv frqyh{ zkhq h�ruw lv juhdwhu wkdq OOU h�ruw ru � ? 31 Li

{ ? }> E +h, lv qhjdwlyh/ h# ? � dqg wkh olnholkrrg lv frqfdyh1 Li � ? 3> E +h,

pxvw eh srvlwlyh dqg wkh olnholkrrg lv frqyh{ iru dq| h1

Frpsxwdwlrqdo Lvvxhv Wkhuh duh wkuhh xqnqrzqv lq vroylqj iru rswlpdo

vrfldo lqvxudqfh= rswlpdo h�ruw/ hW> dqg wkh Odjudqjh pxowlsolhuv/ � dqg �=

Wkhvh duh gh�qhg e| wkh dgglqj0xs frqvwudlqw +6,/ wkh lqfhqwlyh frpsdwl0

elolw| frqvwudlqw +7,/ dqg wkh �uvw rughu frqglwlrq zlwk uhvshfw wr h�ruw +:,1

Zh frqvwuxfw wkh glvwulexwlrq ri rxwsxw dv deryh wr hqvxuh dq lqwhuqdo vrox0

wlrq iru wkh rswlpdo wd{ vfkhgxoh lq htxdwlrq +9, dqg zh fkhfn wkh ydolglw|

ri wkh �uvw0rughu dssurdfk rqfh zh kdyh d vroxwlrq iru wkh wkuhh xqnqrzqv1

Lq sudfwlfh/ zh vroyh iru wkh wkuhh xqnqrzqv e| vroylqj iru wkh rswlpdo ydo0

xhv ri wkh Odjudqjh pxowlsolhuv iru d jlyhq h�ruw ohyho dqg wkhq vroylqj iru

wkh rswlpdo h�ruw ohyho1 Hdfk ri wkhvh vwhsv lv fduulhg rxw xvlqj qrqolqhdu

htxdwlrq vroyhuv zulwwhq lq Iruwudq1 Zh fkhfn wkh ydolglw| ri wkh �uvw rughu
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dssurdfk e| fdofxodwlqj h{shfwhg xwlolw| iru dq lqglylgxdo ydu|lqj wkdw lq0

glylgxdo*v h�ruw ohyho zkloh kroglqj wkh rswlpdo vrfldo lqvxudqfh vfkhph dqg

hyhu|rqh hovh*v h�ruw frqvwdqw1 Wkhuh duh wzr fkhfnv zh wkhq fduu| rxw= �uvw/

zh fkhfn wkdw h�ruw lv juhdwhu dw wkh rswlpxp wkdq dw }hur h�ruw> vhfrqg/

zh fkhfn wkdw wkhuh lv rqo| rqh wxuqlqj srlqw ri h{shfwhg xwlolw| dv h�ruw

lqfuhdvhv1 Vlqfh h�ruw kdv d glplqlvklqj h�hfw rq rxwsxw/ h{shfwhg xwlolw|

dw kljk h�ruw ohyhov qhfhvvdulo| ehfrphv yhu| orz1

Uhihuhqfhv

^4` Dwwdqdvlr/ R1 +4<<<,/ Frqvxpswlrq1 Lq Wd|oru/ M1 E1 dqg Zrrgirug/

P1/ hglwruv/ Kdqgerrn ri Pdfurhfrqrplfv/ yroxph 4/ fkdswhu 441 Qruwk0

Kroodqg1

^5` Hdwrq/ M1 dqg Urvhq/ K1 V1 +4<;3,/ Oderu vxsso|/ xqfhuwdlqw| dqg

h!flhqw wd{dwlrq1 Mrxuqdo ri Sxeolf Hfrqrplfv/ 47=698�6:71

^6` Kropvwurp/ E1 +4<:<,/ Prudo kd}dug dqg revhuydelolw|1 Ehoo Mrxuqdo ri

Hfrqrplfv/ 43=:7�<51

^7` Mhzlww/ L1 +4<;;,/ Mxvwli|lqj wkh �uvw rughu dssurdfk wr sulqflsdo0djhqw

sureohpv1 Hfrqrphwulfd/ 89=44::�44<31

^8` Nlpedoo/ P1 +4<<3,/ Suhfdxwlrqdu| vdylqj lq wkh vpdoo dqg lq wkh odujh1

Hfrqrphwulfd/ 8;=86�:61

^9` Orz/ K1 +4<<<,/ Vhoi0lqvxudqfh dqg xqhpsor|phqw ehqh�w lq d olih0

f|foh prgho ri oderu vxsso| dqg vdylqjv ehkdylrxu1 Lqvwlwxwh iru Ilvfdo

Vwxglhv Zrunlqj Sdshu/ &<<0571

^:` Plojurp/ S1 +4<;4,/ Jrrg qhzv dqg edg qhzv= Uhsuhvhqwdwlrq wkhruhpv

dqg dssolfdwlrqv1 Ehoo Mrxuqdo ri Hfrqrplfv/ 45=6;3�6<41
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^;` Pluuohhv/ M1 D1 +4<:4,/ Dq h{sorudwlrq lq wkh wkhru| ri rswlpxp lqfrph

wd{dwlrq1 Uhylhz ri Hfrqrplf Vwxglhv/ 6;=4:8�53;1

^<` Pluuohhv/ M1 D1 +4<:7,/ Qrwhv rq zhoiduh hfrqrplfv/ lqirupdwlrq dqg

xqfhuwdlqw|1 Lq Edofk/ P1/ PfIdgghq/ G1/ dqg Zx/ V1/ hglwruv/ Hvvd|v

lq Htxloleulxp Ehkdylrxu dqg Xqfhuwdlqw|1 Qruwk0Kroodqg1

^43` Vlqq/ K10Z1 +4<<9,/ Vrfldo lqvxudqfh/lqfhqwlyhv dqg ulvn0wdnlqj1 Lqwhu0

qdwlrqdo Wd{ dqg Sxeolf Ilqdqfh/ 6=58<�;31

^44` Vwudzf}|qvnl/ P1 +4<<;,/ Vrfldo lqvxudqfh dqg wkh rswlpxp slhfhzlvh

olqhdu lqfrph wd{1 Mrxuqdo ri Sxeolf Hfrqrplfv/ 9<=6:4�6;;1

^45` Wxrpdod/ P1 +4<;7,/ Rswlpdo ghjuhh ri surjuhvvlylw| xqghu lqfrph

xqfhuwdlqw|1 Vfdqglqdyldq Mrxuqdo ri Hfrqrplfv/ ;9=4;7�4<61

^46` Yduldq/ K1 +4<;3,/ Uhglvwulexwlyh wd{dwlrq dv vrfldo lqvxudqfh1 Mrxuqdo

ri Sxeolf Hfrqrplfv/ 47=7<�9;1

66


