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GRQDOG UREHUWVRQ DQG MDPHV V\PRQV

Devwudfw1 Wklv sdshu ghvfulehv d phwkrg iru hvwlpdwlqj sdqhov e| lpsrvlqj

d idfwru vwuxfwxuh rq wkh uhvlgxdov1 Wkh phwkrg doorzv VXU hvwlpdwlrq ri

sdqho prghov e| surylglqj d ixoo0udqn hvwlpdwru ri wkh v|vwhp fryduldqfh pd0

wul{ zkhq wkh xvxdo hvwlpdwh lv udqn0gh�flhqw1 Zh fkdudfwhulvh frpsohwho| wkh

flufxpvwdqfhv zkhq wklv lv srvvleoh1 Zkhq wkh xvxdo hvwlpdwru lv ri ixoo udqn/

rxu surfhgxuh surylghv d pruh sduvlprqlrxv uhsuhvhqwdwlrq ri wkh fryduldqfh

pdwul{/ zklfk fdq ohdg wr h!flhqf| jdlqv lq �qlwh vdpsohv1 Prqwh Fduor dqdo0

|vlv ri frqyhujhqfh uhjuhvvlrqv dqg SSS uhjuhvvlrqv lq wkh Khvwrq0Vxpphuv

gdwd0vhw lqglfdwhv wkdw wkh sursrvhg hvwlpdwru kdv ehwwhu shuirupdqfh lq whupv

ri UPVH dqg eldv wkdq vwdqgdug sdqho ru VXU hvwlpdwruv +zkhuh dydlodeoh,/

dv zhoo dv r�hulqj xqeldvhg lqihuhqfh1

41 Lqwurgxfwlrq

Wkh lqfuhdvlqj dydlodelolw| ri gdwd vwuxfwxuhv zlwk erwk wlph0vhulhv dqg furvv0

vhfwlrqdo glphqvlrqv dqg wkh srvvlelolw| ri ryhufrplqj wkh gl!fxowlhv dvvrfldwhg

zlwk erwk sxuh wlph vhulhv dqg sxuh furvv vhfwlrqdo zrun kdyh jlyhq uhqhzhg lqwhuhvw

wr wkh hfrqrphwulf lvvxhv wkdw dulvh zlwk vxfk vwuxfwxuhv1 Lq wklv sdshu zh sursrvh

dq dowhuqdwlyh phwkrg iru wkh hvwlpdwlrq ri uhjuhvvlrq prghov rq vxfk gdwd0vhwv1

Wkh vwdqgdug prgho fkdudfwhulvhv wkh uhodwlrqvkls ehwzhhq wkh ghshqghqw ydul0

deoh dqg h{sodqdwru| yduldeohv dv d olqhdu uhjuhvvlrq zlwk udqgrp huuruv

|lw @ �l . �3{lw . xlw l @ 4> ===q> w @ 4> ===W+4,

Ghshqglqj rq wkh gdwd vwuxfwxuh dydlodeoh/ ixuwkhu dvvxpswlrqv duh jhqhudoo|

pdgh wr lghqwli| wkh sdudphwhuv lq +4,1 Li W lv vx!flhqwo| odujh dqg wkh dvvxps0

wlrq pdgh wkdw wkh huuruv duh xqfruuhodwhg ryhu wlph +l1h1 H+xx3, @ 	 zkhuh

x
3 @ +x4w> x5w> ===xqw, iru doo w,/ wkh v|vwhp fdq eh wuhdwhg dv vhhplqjo| xquhodwhg uh0

juhvvlrq htxdwlrqv +]hooqhu/ 4<95, dqg �l/ �/ dqg wkh yduldqfh0fryduldqfh pdwul{ ri

wkh huuruv 	 fdq eh vwudljkwiruzdugo| hvwlpdwhg1 Li/ ixuwkhu/ wkh huuruv duh dvvxphg

wr eh mrlqwo| qrupdoo| glvwulexwhg/ hvwlpdwhv duh dydlodeoh e| pd{lpxp olnholkrrg1

Li W lv qrw vx!flhqwo| odujh/ dqg lq sduwlfxodu li q A W / wkhq vxfk dq dssurdfk

lv qrw ihdvleoh/ ehfdxvh wkh xvxdo hvwlpdwru ri wkh huuru fryduldqfh pdwul{ lv udqn0

gh�flhqw1 Wkhuh duh d ydulhw| ri whfkqltxhv glvfxvvhg lq wkh olwhudwxuh iru ghdolqj

zlwk wkh q A W fdvh1 Rqh phwkrg lv wr dvvxph wkdw 	 lv gldjrqdo1 Li lw lv ixuwkhu

Gdwh = Qryhpehu 58wk 53331

Nh| zrugv dqg skudvhv1 Sdqho gdwd1 Furvv vhfwlrqdo fruuhodwlrq1 Idfwru dqdo|vlv1

Sduw ri wklv zrun zdv frpsohwhg zklovw Urehuwvrq zdv d Mhdq Prqqhw Ihoorz dw wkh Hxurshdq

Xqlyhuvlw| Lqvwlwxwh/ Ioruhqfh1 Zh duh judwhixo wr Kdvkhp Shvdudq/ Qlfn Udx dqg Urq Vplwk iru

khosixo frpphqwv dqg vxjjhvwlrqv/ dqg wr vhplqdu sduwlflsdqwv dw Eulvwro/ Vxvvh{ dqg HXL1 Doo

uhpdlqlqj huuruv duh rxu rzq1

4
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dvvxphg wkdw 	 lv d vfdodu pdwul{/ rqh kdv wkh xvxdo sdqho hvwlpdwru1 Wklv uh0

vwulfwhg vwuxfwxuh lv wkh rqh0zd| huuru frpsrqhqwv prgho1 Wkh sdudphwhuv �l fdq

eh wuhdwhg dv �{hg ru udqgrp/ dqg wkh prgho hvwlpdwhg e| ROV/ JOV/ ru/ li rqh lv

zloolqj wr vshfli| d mrlqw glvwulexwlrq iru wkh xlw dqg wkh �l> pd{lpxp olnholkrrg1

Lq wkhvh flufxpvwdqfhv rqh fdq dovr doorz iru wlph �{hg h�hfwv +wkh wzr0zd| huuru

frpsrqhqwv prgho,1 Li wkh h{sodqdwru| yduldeohv lqfoxgh d odjjhg ghshqghqw ydul0

deoh/ hvwlpdwlrq lv frpsolfdwhg lq wkh �{hg h�hfwv irupxodwlrq= vhh Qlfnhoo +4<;4,1

Lq erwk VXU dqg sdqho hvwlpdwlrq/ lw lv srvvleoh wr doorz iru vrph uhvwulfwhg vh0

uldo fruuhodwlrq lq wkh huuru surfhvv +vhh iru h{dpsoh Oldqj dqg ]hjhu +4<;9, iru

wkh vwdwlf fdvh/ Nhdqh dqg Uxqnoh +4<<5, iru wkh g|qdplf fdvh,1 Li rqh uhod{hv

wkh dvvxpswlrq wkdw wkh huuru yduldqfhv duh htxdo/ rqh fdq zhljkw revhuydwlrqv df0

fruglqjo| wr rewdlq ZOV hvwlpdwruv dv lq Ilvkhu +4<<6,1 Iru 	 qrq0gldjrqdo/ rqh

frxog dozd|v froodsvh vrph ri wkh furvv0vhfwlrqdo xqlwv lqwr jurxs dyhudjhv wr pdnh

q ? W / dv lv riwhq grqh iru PO hvwlpdwlrq ri wkh idfwru prgho lq �qdqfh1 D ixuwkhu

srvvlelolw| lv wr uhsodfh wkh uhtxluhg lqyhuvh ri 	 e| lwv jhqhudolvhg lqyhuvh1 Xqghu

fhuwdlq frqglwlrqv wklv lv d EOXH hvwlpdwru +vhh Wkhlo/ 4<:4,/ dqg eulqjv wkh q A W

fdvh zlwklq wkh udqjh ri VXU hvwlpdwlrq/ wkrxjk zh nqrz ri qr dssolfdwlrqv ri wklv

whfkqltxh lq d sdqho frqwh{w1 Wkh dgydqwdjh ri wkh idfwru dssurdfk zh sursrvh

ylv0ã0ylv wklv srvvlelolw| olhv lq lwv sduvlprq|= zh vkdoo vhh wkdw wkh idfwru dssurdfk

lv pxfk pruh h!flhqw lq vpdoo vdpsohv/ hyhq lq wkh ixoo0udqn fdvh/ dw ohdvw iru wkh

fdvhv zh frqvlghu41

Wkh dvvxpswlrqv rq wkh fruuhodwlrq vwuxfwxuh 	 duh xvxdoo| pdgh iru lghqwl�d0

elolw| uhdvrqv/ udwkhu wkdq ghvfulswlyh dffxudf|1 Lq sduwlfxodu wkh sdqho dssurdfk

lpsrvhv }hur fruuhodwlrq rq wkh vkrfnv wr wkh furvv0vhfwlrqdo xqlwv dw hdfk gdwh

vr wkdw hvwlpdwlrq fdq surfhhg1 Wkh krsh/ suhvxpdeo|/ lv wkdw e| frqglwlrqlqj

rq vx!flhqwo| pdq| h{sodqdwru| yduldeohv {lw> zkdw uhpdlqv fdq eh wuhdwhg dv d

sxuho| lglrv|qfudwlf vkrfn/ xqfruuhodwhg ryhu wlph dqg wkh furvv0vhfwlrqdo glphq0

vlrq/ wkrxjk zlwk shukdsv d w vshfl�f h�hfw dqg d l vshfl�f h�hfw1 Lq sudfwlfh/

li wkh lqglylgxdo xqlwv duh frxqwulhv/ �upv ru hyhq lqglylgxdov/ wklv lv xqolnho| wr

eh wkh fdvh1 Wkh hfrqrphwulfldq uduho| kdv vx!flhqw h{sodqdwru| yduldeohv wr uh0

pryh doo fruuhodwhg ehkdylrxu/ dqg zkdw lv ohiw ryhu pd| qrw eh zhoo ghvfulehg e| dq

�l.iw.�lw irupxodwlrq
51 Lghdoo| rqh zrxog olnh wr doorz iru vrph vruw ri fruuhodwlrq

sdwwhuq dfurvv wkh vkrfnv1 Lq d wlph vhulhv/ lw lv qdwxudo wr vshfli| wkh fruuhodwlrqv

ehwzhhq glvwxuedqfhv wr eh ixqfwlrqv ri glvwdqfh/ phdvxuhg e| wlph/ dqg d vpdoo

vhw ri sdudphwhuv +vxfk dv lq dq DUPD surfhvv,1 Lq d furvv0vhfwlrq/ krzhyhu/ wkhuh

lv riwhq qr xqdpeljxrxv frqfhsw ri glvwdqfh1 Rqh dssurdfk lv wr gh�qh d phwulf rq

wkh furvv0vhfwlrq xvlqj vrph qrwlrq ri sk|vlfdo glvwdqfh dqg doorz iru d fruuhodwlrq

vwuxfwxuh zlwk wklv phdvxuh sod|lqj wkh sduw ri vhsdudwlrq lq d wlph vhulhv +vhh h1j1

Frqoh| +4<<<, zkr glvfxvvhv wkh frqvlvwhqf| ri JPP hvwlpdwlrq lq wkhvh flufxp0

vwdqfhv,1 Wkxv/ iru h{dpsoh/ zlwk d gdwd0vhw frqvlvwlqj ri pdq| frxqwulhv/ rqh frxog

doorz iru fruuhodwhg vkrfnv rq dgmdfhqw frxqwulhv/ zlwk }hur fruuhodwlrq dw juhdwhu

glvwdqfhv1 Wklv dssurdfk lv suhglfdwhg rq irupxodwlqj dq dssursuldwh frqfhsw ri

qhduqhvv exw fohduo| rqh frxqwu| pd| eh qhdu d vhfrqg iru vrph sxusrvhv/ exw qrw

iru rwkhuv1 Lq wkh VXU iudphzrun wkh srvvlelolw| ri fruuhodwhg vkrfnv lv doorzhg iru

wkurxjk wkh fryduldqfh pdwul{ 	1 Krzhyhu hvwlpdwlrq ri wklv pdwul{ fdq riwhq eh

�Lw lv wr eh hpskdvlvhg wkdw wklv lv d vpdoo vdpsoh surshuw|1 Lw lv zhoo nqrzq wkdw/ zlwk d

plqru fdyhdw/ lpsrvlqj uhvwulfwlrqv rq P eulqjv qr h!flhqf| jdlqv lq odujh vdpsohv1 Vhh Juhhqh/

4<<31
2Iuhhv +4<<8, glvfxvvhv whvwlqj furvv vhfwlrqdo fruuhodwlrq lq sdqho gdwd
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h{shqvlyh lq whupv ri ghjuhhv ri iuhhgrp/ dqg d srru hvwlpdwh ri wklv pdwul{ pd|
frqwdplqdwh wkh hvwlpdwlrq ri wkh sdudphwhuv ri lqwhuhvw lq 41

Lq wklv sdshu zh sursrvh d phwkrg wkdw uhwdlqv wkh  h{lelolw| ri wkh VXU ds0
surdfk lq doorzlqj iru fruuhodwhg vkrfnv/ |hw lv pruh sduvlprqlrxv wkdq VXU/ vr
fdq eh h{shfwhg wr eh pruh h!flhqw lq jhqhudo1 Lw fdq eh lpsohphqwhg zkhq q A W /
dqg surylghv d pruh jhqhudo vshfl�fdwlrq wkdq wkh sdqho dssurdfk1 Zh lpsrvh d
idfwru vwuxfwxuh rq wkh fryduldqfh pdwul{ dqg hvwlpdwh wkh idfwruv e| pd{lpxp
olnholkrrg whfkqltxhv1 Wklv surfhgxuh fdq jlyh dq lpsuryhphqw lq erwk eldv dqg
UPVH ri hvwlpdwruv1 Wkh hvwlpdwlrq surfhgxuh lv hvvhqwldoo| ihdvleoh JOV dqg vr
kdv wkh xvxdo h!flhqf| surshuwlhv iru odujh W 16 Lq Vhfwlrq 5 zh vhw rxw wkh ghwdlov
ri wkh phwkrg1 Vhfwlrq 6 dssolhv wkh phwkrg wr Eduur0w|sh frqyhujhqfh uhjuhvvlrqv
dqg SSS uhjuhvvlrqv lq wkh Khvwrq0Vxpphuv gdwd0vhw1 Vhfwlrqv 7 dqg 8 dvvhvvhv wkh
shuirupdqfh ri wkh idfwru dssurdfk e| Prqwh Fduor dqg vxjjhvw vrph dssur{lpdwh
phwkrgv1 Vhfwlrq 9 frqfoxghv1

51 D Idfwru Uhvlgxdo Dssurdfk

Zh vshfli| wkh prgho dv iroorzv

|w @ [w� . xw w @ 4> ===W+5,

zkhuh |w dqg xw duh q � 4 yhfwruv/ [w lv dq q � y pdwul{ ri h{sodqdwru| yduldeohv
revhuyhg dw w/ � lv d yhfwru ri xqnqrzq sdudphwhuv wr eh hvwlpdwhg/ xw lv d yhfwru
zklwh qrlvh surfhvv zlwk H+xwx

3

w
, @ 	> dqg H+[lmwxnw, @ 3 doo l> m> n> w=

Zh pdnh wkh ixuwkhu dvvxpswlrq wkdw

	 @ ��3 .�+6,

zkhuh � lv d q�ppdwul{ ri vr0fdoohg idfwru ordglqjv dqg� lv d gldjrqdo q�qpdwul{
zlwk gldjrqdo hohphqwv #

4
> #

5
> ===#

q
/ zkhuh #

l
A 3 uh hfwv lglrv|qfudwlf h�hfwv1

Wklv doorzv iru vrph frqwhpsrudqhrxv fruuhodwlrq ehwzhhq vkrfnv/ h{suhvvhg dv
d ixqfwlrq ri ihzhu sdudphwhuv wkdq wkh xqfrqvwudlqhg 	 li p ? q1 Qrwh wkdw
wkh idfwru prgho jhqhudolvhv �{hg h�hfwv prghov gluhfwo|/ dv wkh �{hg h�hfwv fdq eh
hqwhuhg dv hohphqwv ri [1 D wlph udqgrp0h�hfwv prgho lv htxlydohqw wr d rqh0idfwru
prgho zlwk � gldjrqdo dqg � sursruwlrqdo wr +4> 4> 4> ===4,3= � vfdodu dqg p @ 3

jlyhv wkh xvxdo sdqho irupxodwlrq1
Wkh idfwru prgho kdv dq dwwudfwlyh lqwhusuhwdwlrq ehfdxvh lw dprxqwv wr vshfl0

i|lqj wkdw wkh uhvlgxdov wdnh wkh irup xw @ �4!
4

w
. �5!

5

w
. == . �p!

p

w
. %w zkhuh

H+!l
w
!m
v
, @ �lm�wv dqg H+%w%

3

v
, @ �wv� dqg �n lv d froxpq yhfwru ri zhljkwv1 Wkh !v

fdq eh lqwhusuhwhg dv p frpprq vkrfnv dqg wkh hohphqwv ri hdfk �n jlyh wkh ordg0

lqj ru lpsdfw ri hdfk ri wkhvh vkrfnv rq wkh furvv vhfwlrqdo xqlwv1 Iru h{dpsoh/ li wkh
xqlwv duh hfrqrplhv/ wkh �uvw idfwru !4

w
pljkw uhsuhvhqw d zruog ghpdqg vkrfn zlwk

�4 dv wkh uhodwlyh rshqqhvv ri wkh hfrqrplhv/ wkh vhfrqg idfwru !5w dq djulfxowxudo
vkrfn hwf1 Iru p @ q vxfk d ghfrpsrvlwlrq fdq wulyldoo| eh rewdlqhg> wkh xvhixo0

qhvv ri wklv ghfrpsrvlwlrq dulvhv zkhq p pd| eh wdnhq wr eh pxfk vpdoohu wkdq

q1 Wkhvh frpprq vkrfnv surylgh furvv0vhfwlrqdo fruuhodwlrq lq wkh huuru vwuxfwxuh/
zlwk wkh %w dgglqj dq lglrv|qfudwlf whup1

Jlyhq dq hvwlpdwh V ri 	> wkh olnholkrrg ixqfwlrq xs wr dq dgglwlyh frqvwdqw lv

O+	, @ O+�>�> V, @ �
W

5

�
orj ghw	. wu

�
	�4V

��
+7,

�Iru �{hg Ac wkh hvwlpdwruv dv ? jurzv pd| ru pd| qrw eh frqvlvwhqw1
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+vhh Odzoh| dqg Pd{zhoo/ 4<96,1

Wkh �uvw0rughu frqglwlrqv duh +Odzoh| dqg Pd{zhoo ru M
11

ruhvnrj/ 4<9:,

CO

C�
@ �5	�4+	� V,	�4� @ 3+8,

CO

C�
@ �gldj+	�4+	� V,	�4, @ 3

Fodvvlfdo idfwru dqdo|vlv dvvxphv wkdw V lv ri ixoo udqn/ dqg wkhuhe| rewdlqv

hvwlpdwhv ri � dqg � e| pd{lpxp olnholkrrg= Wkh uhvxowv fdqqrw lpphgldwho|

eh jhqhudolvhg wr wkh udqn0gh�flhqw fdvh1 Wkhuh duh phwkrgv lq wkh olwhudwxuh iru

ghdolqj zlwk wklv vlwxdwlrq> iru lqvwdqfh/ Pd{zhoo +4<;4, vxjjhvwv hvwlpdwlrq yld

qrup0plqlplvdwlrq7 Lw lv dovr eh srvvleoh wr rewdlq idfwruv dv sulqflsdo frpsrqhqwv/

hyhq lq wkh udqn0gh�flhqw fdvh1 Lq wkh �qdqfh olwhudwxuh/ Frqqru dqg Nrudmf|n

+4<;9/ 4<;;, hvwlpdwh idfwruv xvlqj wkh Fkdpehuodlq dqg Urwkvfklog +4<;6, phwkrg

ri dv|pswrwlf sulqflsdo frpsrqhqwv lq wkh udqn0gh�flhqw fdvh1 Wkhvh idfwruv duh

lghqwl�hg iru dv|pswrwlfdoo| odujh q jlyhq fhuwdlq dvvxpswlrqv1 Wkh dgydqwdjh ri

pd{lpxp olnholkrrg lv wkdw rqh kdv/ lq odujh vdpsohv dw ohdvw/ d qdwxudo edvlv iru

lqihuhqfh dqg prgho vhohfwlrq1 Wkh whfkqlfdo frqwulexwlrq ri wklv sdshu lv wr vkrz

wkdw/ vxemhfw wr fhuwdlq uhvwulfwlrqv rq wkh qxpehu ri �wwhg idfwruv/ wkh olnholkrrg

ixqfwlrq lv erxqghg dqg dwwdlqv lwv erxqg dw dq lqyhuwleoh 	/ luuhvshfwlyh ri wkh

udqn ri V1 Khqfh pd{lpxp0olnholkrrg hvwlpdwruv ri � dqg � fdq eh rewdlqhg iurp

gluhfw pd{lplvdwlrq ri wkh olnholkrrg ixqfwlrq/ hyhq lq wkh udqn0gh�flhqw fdvh81 Wkh

olnholkrrg lv lqyduldqw wr pxowlsolfdwlrq ri � e| d xqlwdu| pdwul{ vr wkh pdwulfhv

� dqg � duh lghqwl�hg rqo| xs wr vxfk d pdwul{1 Wklv fdq eh uhvroyhg e| �{lqj

� wr kdyh }hurv deryh wkh gldjrqdo/ wkxv uhprylqj wkh gl!fxow| lq hvwlpdwlrq>

wkrxjk li rqh zlvkhg wr r�hu lqwhusuhwdwlrq ri wkh idfwruv lw zrxog/ ri frxuvh/ eh

sureohpdwlfdo1

Zh vxppdulvh rxu uhvxowv frqfhuqlqj wkh olnholkrrg ixqfwlrq lq wkh iroorzlqj1 Li

V kdv ixoo udqn wkhuh lv qr sureohp lq pd{lplvlqj wkh olnholkrrg +vhh h1j1 M
11

ruhvnrj/

+4<9:,,1 Zh vkrz lq wkh dsshqgl{ wkdw/ dv orqj dv rqh grhv qrw dwwhpsw wr �w wrr

pdq| idfwruv/ wkh olnholkrrg ixqfwlrq iru wkh jhqhudo idfwru prgho lv erxqghg dqg

dwwdlqv lwv erxqg/ hyhq li wkh lqlwldo hvwlpdwh ri wkh yduldqfh0fryduldqfh pdwul{ lv

udqn0gh�flhqw1 Wkh hvwlpdwru ri wkh fryduldqfh pdwul{ wkxv rewdlqhg kdv ixoo udqn1

Wklv uhvxow fohduo| kdv dssolfdwlrqv eh|rqg wkrvh zh h{soruh ehorz1 Wr rewdlq

hvwlpdwhv ri wkh idfwruv zh fdq wkhuhiruh rshudwh gluhfwo| rq wkh olnholkrrg ixqfwlrq

+7,1 Dv lv zhoo nqrzq lq wkh fdvh V kdv ixoo udqn/ lw fdq eh gl!fxow wr �qg wkh

pd{lpxp ri wkh olnholkrrg ixqfwlrq qxphulfdoo|1 Wkh vlwxdwlrq lv wkh vdph zkhq

V lv udqn0gh�flhqw1 Wkh jhrphwu| ri wkh olnholkrrg ixqfwlrq lv h{soruhg ixuwkhu lq

wkh dsshqgl{1

Lq wkh vlwxdwlrq zkhuh wkh olnholkrrg lv erxqghg/ wkh jhqhudo vkdsh lv dnlq wr

wkh srvlwlyh ruwkdqw ri d pxowl0glphqvlrqdo yrofdqr1 Wkh pd{lpxp lv rewdlqhg rq

wkh ulp ru rq wkh erxqgdu| ri wkh dgplvvleoh uhjlrq +wkhvh duh nqrzq dv Kh|zrrg

vroxwlrqv,1 Fohduo| vhdufk dojrulwkpv zloo xvxdoo| kdyh juhdw gl!fxow| zlwk wklv

eWkh qrup lq txhvwlrq ehlqj 8�8 ' E|o����
4

5 / vr wkdw rqh zrxog plqlplvh

87 3P82 '
[

�c�

E7�� 3 P���
2�

DJlyhq wkh idfwru ordglqj pdwul{ \ dqg [c wkh idfwruv fdq wkhq eh uhfryhuhg e| uhjuhvvlrq/ li

ghvluhg1
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vxuidfh1 Prwlydwhg e| wklv/ zh sursrvh d pl{wxuh ri vhdufk dojrulwkpv wr hqvxuh

frqyhujhqfh1 Wkh qxphulfdo whfkqltxh lv glvfxvvhg lq ghwdlo lq wkh dsshqgl{1

Kdylqj rewdlqhg hvwlpdwhv ri wkh idfwruv/ hvwlpdwhv ri � fdq wkhq eh rewdlqhg e|

ihdvleoh JOV/ e| plqlplvlqj
S

W

w@4
+|w �[w�,

3 e	�4 +|w �[w�,/ zkhuh e	 @ e�e�3 . e�
wr jlyh a� @

�S
W

w@4
[ 3

w
a	�4[w

�
�4SW

w@4
[ 3

w
a	�4|w= Rqh frxog lq sulqflsoh lwhudwh wklv

dssurdfk +dv lv xvxdoo| grqh lq d VXU iudphzrun, wr rewdlq ixoo pd{lpxp olnholkrrg

hvwlpdwhv1 Vwdqgdug huuruv fdq eh rewdlqhg iurp wkh xvxdo JOV irupxod1

Dv|pswrwlf frqvlvwhqf| uhvxowv duh frpsolfdwhg e| wkh lqflghqwdo sdudphwhu

sureohp +Qh|pdq dqg Vfrww/4<79, dulvlqj sduwlfxoduo| lq wklv frqwh{w zkhq wlph ru

lqglylgxdo �{hg h�hfwv duh lqfoxghg lq wkh prgho1 Iru W 0dv|pswrwlfv zlwk �{hg q/ li

zh ehjlq zlwk dq lqlwldo W 0frqvlvwhqw hvwlpdwh ri 	> wkh hvwlpdwhv ri � dqg � zloo eh

W 0frqvlvwhqw li wkh idfwru prgho lv wuxh9= Khqfh rxu JOV hvwlpdwru ri � lqkhulwv wkh

W 0dv|pswrwlf surshuwlhv ri JOV1 Wkxv/ zkhuhdv hvwlpdwhv ri wlph �{hg h�hfwv zloo

qrw eh W 0frqvlvwhqw/ rwkhu sdudphwhu hvwlpdwruv w|slfdoo| zloo eh frqvlvwhqw1 Wkh

jdlq khuh lv d pruh sduvlprqlrxv uhsuhvhqwdwlrq ri wkh fryduldqfh pdwul{/ ohdglqj/

dv zh vkdoo vhh/ wr srwhqwldo h!flhqf| jdlqv hyhq zkhq W lv prghudwh1

Wkh fdvh ri q0dv|pswrwlfv lv d olwwoh pruh pxun|1 Fohduo| rqh frxog qrw h{shfw

wr rewdlq q0frqvlvwhqw hvwlpdwhv ri lqglylgxdo �{hg h�hfwv/ iru jlyhq W= Eh|rqg wklv/

wkh Qlfnhoo uhvxow vkrzv wkdw/ lq wkh suhvhqfh ri lqglylgxdo �{hg0h�hfwv/ hvwlpdwhv

ri wkh vwuxfwxudo sdudphwhuv fdq eh q0lqfrqvlvwhqw1 Li glp+�, lv �{hg dv q jurzv/

krzhyhu/ rqh pljkw krsh wr vd| vrphwklqj/ exw zh kdyh qr uhvxowv dv |hw1 Rqh

frxog dv zhoo vhhn dv|pswrwlfv iru odujh W exw odujhu q= Lw lv wuxh wkdw/ li wkh gdwd

duh �{hg lq uhshdwhg vdpsohv dqg V lv rewdlqhg e| ROV rq hdfk ri wkh q htxdwlrqv/

wkhq wkh JOV hvwlpdwh ri a� � � zloo eh dq rgg ixqfwlrq ri wkh uhvlgxdov/ dqg

khqfh phgldq0xqeldvhg1 Krzhyhu/ luuhvshfwlyh ri wkhvh frqvlghudwlrqv/ zh vkdoo vhh

ehorz wkdw/ iru �{hg vdpsoh vl}h/ wkh sursrvhg hvwlpdwru kdv ehwwhu shuirupdqfh

phdvxuhg e| vwdqgdug orvv ixqfwlrqv wkdq erwk frqyhqwlrqdo VXU +zkhuh ihdvleoh,

dqg sdqho phwkrgv/ dqg lq wklv vhqvh fdq surylgh vxshulru hvwlpdwhv1 Wkh hpslulfdo

frqwulexwlrq ri wklv sdshu lv wkxv wr vxjjhvw wkh xvh ri wklv idfwru0uhvlgxdo prgho lq d

VXU iudphzrun/ shuplwwlqj hvwlpdwlrq ri sdqho prghov doorzlqj iru furvv0vhfwlrqdo

ghshqghqfh1 Zh looxvwudwh zlwk dq hpslulfdo h{dpsoh1

61 Dq Dssolfdwlrq= Frqyhujhqfh Uhjuhvvlrqv

Zh looxvwudwh wkh deryh whfkqltxhv e| dsso|lqj wkh phwkrg wr vwxg| frqyhu0

jhqfh lq wkh Khvwrq0Vxpphuv gdwd0vhw1 Zh vhhn wr phdvxuh frqyhujhqfh lq JGS

shu fdslwd uhodwlyh wr wkh XV1 Wklv sureohp kdv ehhq vwxglhg e| pdq| dxwkruv

+Eduur/ 4<<4/ Pdqnlz Urphu Zhlo/ 4<<5/ Hydqv dqg Nduudv/ 4<<9/ Lvodp/ 4<<8/

Ohh/ Shvdudq dqg Vplwk/ 4<<8/ Fdvhool hw do1/4<<9/ dprqj rwkhuv, pdlqo| xvlqj wkh

Khvwrq0Vxpphuv gdwdedvh1 Eduur0w|sh uhjuhvvlrqv fruuhodwh dyhudjh jurzwk udwhv

dqg lqlwldo ydoxhv> rwkhuv dwwhpsw wr frqwuro iru h{wud uljkw0kdqg0vlgh yduldeohv

vxfk dv kxpdq fdslwdo/ vdylqjv udwhv hwf1 dqg vwxg| frqglwlrqdo frqyhujhqfh1 D

w|slfdo Eduur uhvxow lv frqyhujhqfh dw derxw 5( shu dqqxp> pruh uhfhqwo| d qxp0

ehu ri sdqho vwxglhv kdyh vxjjhvwhg d vrphzkdw kljkhu udwh ri frqyhujhqfh +vhh

Hydqv dqg Nduudv/ 4<<9/ Lvodp1 4<<8/ Ohh/ Shvdudq dqg Vplwk/ 4<<8/ Fdvhool hw do1/

SE| dssolfdwlrq ri Voxwvn|*v Wkhruhp/ jlyhq wkdw/ dv lv hdvlo| vkrzq/ wkh pdsslqj 7 <

eP8@S|Jor lv frqwlqxrxv dqg wdnhv wkh ydoxh P dw 7 ' P�
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4<<9,1 Zh h{sorlw wkh ixoo wlph0vhulhv dqg furvv0vhfwlrqdo glphqvlrqv ri wkh Khvwrq0

Vxpphuv gdwd0vhw/ dqg vwxg| xqfrqglwlrqdo frqyhujhqfh/ wkrxjk rxu phwkrgrorj|

frxog vwudljkwiruzdugo| eh dssolhg wr vwxg| frqglwlrqdo frqyhujhqfh1 Lpsrvlqj d

idfwru vwuxfwxuh phdqv zh fdq doorz iru wkh vkrfnv wkdw glvwxue wkh v|vwhp wr eh

fruuhodwhg dfurvv frxqwulhv � iru lqvwdqfh rlo sulfh vkrfnv ru �qdqfldo fulvhv1 Zh

vshfli| wkh prgho dv

|lw @ �|lw�4 . %lw+9,

zkhuh |lw @ oq+JGS shu fdslwd dv shufhqwdjh ri XV,1 Zh vkdoo lpsrvh d idfwru
vwuxfwxuh rq wkh %lw/ doorzlqj iru fruuhodwhg vkrfnv1 Qrwh wkdw zh gr qrw doorz
iru lqglylgxdo �{hg0h�hfwv1 Dv glvfxvvhg deryh/ wkhvh zrxog fdxvh sureohpv lq d
g|qdplf uhjuhvvlrq li W zhuh vpdoo +vhh Qlfnhoo/ 4<;4,/ wkrxjk wkhuh lv d ghyhorslqj
olwhudwxuh dgguhvvlqj wklv sureohp e| dsso|lqj JPP whfkqltxhv wr wkh gl�huhqfhg
htxdwlrq +vhh Lvodp/ dqg Fdvhool hw do1,1 Lq dq xqfrqglwlrqdo frqyhujhqfh uhjuhvvlrq/
wkh qdwxudo irupxodwlrq grhv qrw lqyroyh lqglylgxdo lqwhufhswv1: Lq hvwlpdwlrq zh
lqfoxgh d vlpsoh lqwhufhsw1

6141 Uhvxowv dqg vhohfwlrq ri qxpehu ri idfwruv1 Zh hvwlpdwh wklv prgho iru
wkh vxevhw ri wkh RHFG frxqwulhv +q @ 55> W @ 74, dqg iru wkh zkroh gdwd0vhw
+q @ 436> W @ 64,1 Zh dovr hvwlpdwh +9, xvlqj d sdqho hvwlpdwru +l1h1 dsso|lqj ROV
wr wkh vwdfnhg gdwd/ dssursuldwh zkhq 	 lv d vfdodu pdwul{, iru erwk wkh RHFG
dqg zruog vxevhwv/ dqg xvlqj VXU iru wkh RHFG frxqwulhv1 Rqh nh| lvvxh lv wkh
vhohfwlrq ri wkh qxpehu ri idfwruv wr eh �wwhg1 Olnholkrrg udwlr whvwv duh dydlodeoh/
dv zhoo dv lqirupdwlrq fulwhuld vxfk dv Dndlnh/ Vfkzdu}0Ed|hv ru Kdqqdq0Txlqq;1
Zh glvfxvv wkh shuirupdqfh ri wkhvh lqirupdwlrq fulwhuld odwhu1

Iru wkh RHFG vxevhw/ wkh hvwlpdwh V ri wkh pdwul{ 	 lqglfdwhv frqvlghudeoh fru0
uhodwhg vwuxfwxuh lq wkh huuruv1 Wkh dyhudjh prgxoxv ri wkh r�0gldjrqdo fruuhodwlrqv
lq wklv pdwul{ lv 316:81 Zlwk fruuhodwlrqv ri wklv pdjqlwxgh/ sdqho2ROV hvwlpdwlrq
zloo surgxfh eldvhg vwdqgdug huuruv/ dqg eh ohvv h!flhqw wkdq xquhvwulfwhg VXU
+vhh Gl Olehuwr ) V|prqv/ 4<<;, Wkh hvwlpdwlrq uhvxowv duh vhw rxw lq Wdeoh 41

.
Wkrxjk lq sulqflsoh wkhuh zrxog eh qr gl!fxow| lq frpelqlqj dq| �{hg h�hfwv hvwlpdwru zlwk

rxu idfwru uhvlgxdo prgho e| suhpxowlso|lqj +9, e| eP
3�*2c dv orqj dv dq lqlwldo frqvlvwhqw hvwlpdwh

ri P lv dydlodeoh1
HWkhvh fulwhulrq ixqfwlrq duh ri wkh irup uJ}u�&e,��JJ_ 3 sEA ��ErR@o@6r� zkhuh sEA � ' �

iru Dndlnh/ sEA � ' �

2
*?EA � iru Vfkzdu}/ dqg zh xvh sEA � ' *?E*?EA �� iru Kdqqdq0Txlqq1
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Ilwwhg 	 lqwhufhsw e�
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olnholkrrg
DLF VEF KTF

vfdodu+ROV,
3=45859

+=34647,

3=<:567

+=33656,
3 �4=33 �4=;7 �4=64

30idfwru+ZOV,
3=45;7:

+=34654,

3=<:49:

+=33655,
93=34 6;=34 4<=76 64=5<

40idfwru
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3=<:755
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599=69 555=69 4;8=53 53;=<5

50idfwru
3=44:35

+=34458,

3=<:796

+=33593,
638=63 573=63 4;8=74 553=78

60idfwru
3=44778

+=343<3,

3=<:85:

+=33585,
655=67 56:=67 498=89 544=6;

70idfwru
3=45<3;

+=344<4,

3=<:4:8

+=335:;,
66<=6: 568=6: 47:=88 536=95

80idfwru
3=465<:

+=344<;,

3=<:3;8

+=335:<,
687=77 565=77 45<=75 4<8=4<

90idfwru
3=46649

+=344;4,

3=<:3:4

+=335:<,
6:3=<6 564=<6 447=89 4;<=83

:0idfwru
3=45<35

+=344:;,

3=<:49<

+=335;3,
6;5=:: 55:=:: <9=;; 4;3=77

;0idfwru
3=45;<9

+=3443<,

3=<:4:9

+=33597,
6<7=77 557=77 ;3=;< 4:5=87

4<0idfwru
3=4656<

+=33<57,

3=<:3:9

+=33554,
778=:: 4:9=:: �83=6< <7=97

530idfwru
3=4656<

+=33<57,

3=<:3:9

+=33554,
778=:: 4:6=:: �88=<5 <3=:5

q0idfwru+VXU,
3=4656<

+=33<57,

3=<:3:9

+=33554,
778=:: 4<5=:: �53=;; 448=85

Wdeoh 4= Idfwru Uhvlgxdo/ VXU dqg ROV2Sdqho Frqyhujhqfh Uhjuhvvlrqv iru wkh

RHFG vxevhw ri Khvwrq0Vxpphuv

Qrwhv= +l, 	 vfdodu lv Sdqho2ROV> 30idfwru lv zhljkwhg ROV> q0idfwru lv VXU1 +ll, Orj0

olnholkrrg lv qrupdolvhg wr eh 3 iru 	@vfdodu +ROV,1 +lll, Vlqfh � lv uhvwulfwhg wr eh xsshu

gldjrqdo/ dgglqj d ixuwkhu idfwru dggv ihzhu wkdq 55 sdudphwhuv1 +ly, Qrplqdo vwdqgdug

huuruv lq sduhqwkhvhv/ fdofxodwhg dv e�
5+[ 3

e	�4
[,�4 iru e	 lq hdfk urz1 Wkhvh vwdqgdug

huuruv duh idluo| gxelrxv d sulrul iru d surfhvv vr forvh wr wkh xqlw flufoh1

Wkh uhvxowv duh olvwhg e| ghfuhdvlqj ghjuhh ri uhvwulfwlrq rq wkh fryduldqfh pdwul{1

Li 	 lv uhvwulfwhg wr eh d vfdodu pdwul{/ rqh kdv ROV> li 	 lv gldjrqdo +30idfwruv,

rqh kdv zhljkwhg ohdvw vtxduhv> hdfk idfwru prgho lv qhvwhg lq d kljkhu0rughu prgho>

VXU +q0idfwru, lv wkh ohdvw uhvwulfwhg1 ROV dqg ZOV duh vwurqjo| uhmhfwhg djdlqvw

prghov zlwk qrq0}hur fryduldqfh vwuxfwxuh e| olnholkrrg udwlr whvwv1 Wkh uhvwulfwlrq

iurp vhyhq wr vl{ idfwruv zrxog qrw eh uhmhfwhg dw wkh 8( ohyho e| olnholkrrg udwlr/

exw ixuwkhu uhvwulfwlrqv zrxog eh uhmhfwhg1 Xvlqj wkh lqirupdwlrq fulwhuld/ Dndlnh/

Vfkzdu} dqg Kdqqdq0Txlqq doo vhohfw wkh wzr0idfwru prgho1 Olnholkrrg0udwlr whvwv

ri frqvwdqw vl}h zloo qrw ohdg wr frqvlvwhqw rughu vhohfwlrq/ xqolnh VEF dqg KTF1
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Iru wkh hqwluh Khvwrq0Vxpphuv gdwd0vhw +q @ 436> W @ 64, zh rewdlq wkh uhvxowv

lq Wdeoh 51

Ilwwhg 	 lqwhufhsw e�
orj

olnholkrrg
DLF VEF KTF

vfdodu+ROV,
�3=34::7

+=336<;,

4=3394:

+=33467,
3 �4=33 �4=:3 �4=55

30idfwru+ZOV,
�3=348;4

+=33654,

4=33897

+=333<4,
959=<4 856=<4 784=:8 833=;6

40idfwru
�3=34<86

+=33659,

4=3393;

+=333:9,
4334=48 :<8=48 983=;6 :7;=<;

50idfwru
�3=34789

+=33643,

4=33795

+=333:6,
4478=5: ;6:=5: 954=7< :9;=57

60idfwru
�3=349;7

+=33633,

4=338;<

+=333:6,
45:7=;; ;98=;; 8:<=67 ::7=54

70idfwru
�3=34:53

+=335;9,

4=338<:

+=333:4,
46:9=<6 ;9:=<6 844=65 :86=;8

80idfwru
�3=349;4

+=335;3,

4=338;;

+=3339<,
47:7=89 ;99=89 773=93 :63=5<

90idfwru
�3=349<5

+=33593,

4=338<8

+=33399,
48:6=;8 ;9:=;8 6:6=56 :3<=95

Wdeoh 5= Idfwru Uhvlgxdo dqg ROV2Sdqho Frqyhujhqfh Uhjuhvvlrqv iru wkh

Khvwrq0Vxpphuv Gdwd0vhw1

Qrwhv= Dv iru Wdeoh 4/ h{fhsw wkdw VXU lv rplwwhg vlqfh q A W=

Dndlnh lv idluo|  dw ehwzhhq wkh wkuhh/ irxu dqg �yh idfwru prghov iru wkh zruog

uhjuhvvlrqv/ Kdqqdq0Txlqq vhohfwv wkuhh idfwruv dqg Vfkzdu} srlqwv wr d rqh0idfwru

prgho/ uh hfwlqj wkh khdylhu zhljkw sodfhg rq h{wud sdudphwhuv e| wklv fulwhulrq

Djdlq d vfdodu ru gldjrqdo fryduldqfh pdwul{ lv vwurqjo| uhmhfwhg1

Wkh sdudphwhu hvwlpdwhv duh lq olqh zlwk wkrvh rewdlqhg e| rwkhu dxwkruv/ dqg wkh

olwhudwxuh rq frqyhujhqfh foxev1 Zh �qg d srlqw hvwlpdwh ri wkh udwh ri frqyhujhqfh

ri dssur{lpdwho| 518( shu dqqxp iru wkh RHFG frxqwulhv/ dqg qr frqyhujhqfh iru

wkh ixoo Khvwrq Vxpphuv gdwd0vhw1

6151 Frq�ghqfh Lqwhuydov iru wkh Frqyhujhqfh Sdudphwhuv1 Zh frqvwuxfw

frq�ghqfh lqwhuydov iru wkh wkuhh hvwlpdwhv ri wkh frqyhujhqfh sdudphwhu iru wkh

RHFG vxevhw e| Prqwh Fduor1 Zh gh�qh d <8( frq�ghqfh lqwhuydo dv wkh srlqwv

o|lqj ehwzhhq wkh 518 shufhqwloh dqg <:18 shufhqwloh srlqwv ri wkh vdpsolqj glv0

wulexwlrq rewdlqhg iurp 4333 uhshwlwlrqv ri hdfk hvwlpdwlrq surfhgxuh dssolhg wr

duwl�fldo gdwd jhqhudwhg e| wkh uhohydqw hvwlpdwhg sdudphwhuv lq Wdeoh 4 dqg wkh

ruljlqdo hvwlpdwhg yduldqfh0fryduldqfh pdwul{ V wr jhqhudwh wkh huuruv<1 Iru wkh

idfwru prgho/ zh vhohfw wkh hvwlpdwhg sdudphwhu ydoxhv iurp wkh +suhihuuhg, wzr0

idfwru prgho iru wkh Prqwh Fduor/ dqg dozd|v hvwlpdwh wzr0idfwru prghov rq wkh

jhqhudwhg gdwd1 Wkh uhvxowv duh vhw rxw lq Wdeoh 61

b
Wkdw lv/ zh gr qrw jhqhudwh wkh gdwd xvlqj dq xqghuo|lqj idfwru uhvlgxdo prgho1 Wklv zloo

hqvxuh wkdw zh duh qrw eldvlqj wkh Prqwh Fduor lq idyrxu ri vxfk prghov1
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wuxh sdudphwhu 5=8 shufhqwloh phdq <:=8 shufhqwloh
ROV

� 3=45859 3=3<683 3=46438 3=4:639

� 3=<:567 3=<93<: 3=<:3<6 3=<;333

VXU

� 3=4656< 3=439:; 3=46947 3=48<38

� 3=<:3:9 3=<94<; 3=<9<;9 3=<:9;9

Idfwruv

� 3=44:35 3=3<94< 3=44:88 3=47358

� 3=<:796 3=<9<7: 3=<:77< 3=<:<5:

Wdeoh 6= Hpslulfdo Frq�ghqfh Lqwhuydov iurp 4333 uhshwlwlrqv143

Lw zloo eh revhuyhg wkdw wkh <8( frq�ghqfh lqwhuydov iru wkh idfwru prgho duh

derxw kdoi wkh zlgwk ri wkh ROV frq�ghqfh lqwhuydov dqg wzr0wklugv ri wkh VXU
ydoxh1 Lw lv xvhixo wr frpsduh wkhvh lqwhuydov zlwk wkh dssduhqw frq�ghqfh lqwhuydov

+hvwlpdwh soxv ru plqxv wzr hvwlpdwhg vwdqgdug huuruv, iurp Wdeoh 41 Dssduhqw

frq�ghqfh lqwhuydov iru ROV duh h{shfwhg wr eh zurqj/ hyhq dv|pswrwlfdoo|/ zkhq
	 lv qrq0gldjrqdo/ zkloh VXU zloo eh fruuhfw lq odujh vdpsohv exw zurqj lq vpdoo

vdpsohv zkhq dq hvwlpdwh ri 	 lv xvhg lq sodfh ri lwv wuxh ydoxh wr frpsxwh vwdqgdug

huuruv1 Rqh �qgv wkdw wkh dssduhqw frq�ghqfh lqwhuydo zlgwk e| ROV lv derxw :3(
ri lwv wuxh ydoxh/ iru VXU derxw 93(1 Idfwruv/ lq frqwudvw/ hvwlpdwhv wkh wuxh

frq�ghqfh lqwhuydo doprvw h{dfwo|1 Iru wklv h{dpsoh dw ohdvw/ wkh idfwru phwkrg
r�huv pxfk vxshulru lqihuhqfh1 Zh uhwxuq wr wklv lvvxh ehorz1

6161 D Ixuwkhu Dssolfdwlrq= SSS1 Zh looxvwudwh wkh whfkqltxh zlwk d ixu0

wkhu dssolfdwlrq/ orrnlqj dw SSS lq wkh Khvwrq Vxpphuv gdwd0vhw1 Wkh h{lvw0
lqj olwhudwxuh �qgv pl{hg hylghqfh iru SSS xvlqj wlph0vhulhv/ frlqwhjudwlrq dqg

sdqho phwkrgv1 Xvlqj uhdo h{fkdqjh udwh gdwd iurp Khvwrq Vxpphuv/ zh kdyh
q @ 436> W @ 64 +fruuhvsrqglqj wr wkh |hduv 4<9304<<3,1 Zh wdnh dv rxu ghshqghqw

yduldeoh oq+h{fkdqjh udwh, dqg qrupdolvh e| vxewudfwlqj iurp hdfk wlph vhulhv lwv

dyhudjh ydoxh ryhu 4<9709<1 Wkh lqwhqwlrq lv wkxv wr prgho ghyldwlrqv ri h{fkdqjh
udwhv iurp vrph �qrupdo� ohyho/ khuh wdnhq dv wkh dyhudjh ryhu wkh vhfrqg kdoi ri

wkh vl{wlhv1 Wklv lv d frpsurplvh ehwzhhq doorzlqj iru lqglylgxdo frxqwu| �{hg

h�hfwv +htxlydohqw wr vxewudfwlqj wlph dyhudjhv ri wkh gdwd iru hdfk frxqwu|,/ hq0
wdlolqj sureohpv ri eldv lq d g|qdplf sdqho/ dqg qrupdolvlqj wkh h{fkdqjh udwhv

rq d sduwlfxodu |hdu zklfk kdv wkh ulvn ri fkrrvlqj dq dqrpdorxv uhihuhqfh srlqw1
Zh djdlq hvwlpdwh dq DU+4, uhjuhvvlrq/ �wwlqj dq lqwhufhsw +zklfk vkrxog eh }hur

li SSS krogv,1 Wkh dyhudjh prgxoxv ri wkh fruuhodwlrqv lq wkhvh gdwd lv 315:8/

lqglfdwlqj frqvlghudeoh furvv0vhfwlrqdo ghshqghqfh1 Wkxv/ dv iru wkh frqyhujhqfh
uhjuhvvlrqv/ frqyhqwlrqdo sdqho phwkrgv duh olnho| wr ohdg wr glvwruwhg lqihuhqfh dqg

orvv ri h!flhqf|1

Wkh uhvxowv duh lq Wdeoh 71

�fLq idfw/ VXU dqg ROV duh edvhg rq 8333 uhslwlwlrqv/ idfwruv 43331
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Ilwwhg 	 lqwhufhsw e�
orj

olnholkrrg
DLF VEF KTF

vfdodu+ROV,
3=33538

+=3357<,

3=<3867

+=33<44,
3 �4=33 �4=:3 �4=55

30idfwru+ZOV,
�3=33348

+=33494,

3=<8555

+=33::9,
;38=76 :35=76 963=5: 9:<=67

40idfwru
�3=34;3<

+=334<:,

3=<8;43

+=33:55,
48<9=39 46<3=39 4578=:6 4676=;<

50idfwru
3=33:9:

+=3355:,

3=;95<3

+=33<63,
4;68=3; 485:=3; 4644=5< 478;=38

60idfwru
3=33677

+=3356:,

3=;88;7

+=33<78,
5333=:8 48<4=:8 4638=54 4833=3;

70idfwru
3=3365;

+=3355;,

3=;8;;:

+=33<5<,
5387=4; 4878=4; 44;;=8; 4764=43

80idfwru
3=33595

+=33557,

3=;9799

+=33<34,
54:6=<; 4898=<; 4473=35 475<=:4

90idfwru
3=334<4

+=3354:,

3=;7499

+=33<:8,
55:5=<8 4899=<7 43:5=65 473;=:4

Wdeoh 7= Idfwru Uhvlgxdo dqg ROV2Sdqho SSS Uhjuhvvlrqv iru wkh Khvwrq

Vxpphuv Gdwdvhw1

Qrwh= Qrplqdo vwdqgdug huuruv lq sduhqwkhvhv1

Erwk Dndlnh dqg Kdqqdq0Txlqq vhohfw d wkuhh idfwru prgho/ zkhuhdv Vfkzdu}

pdujlqdoo| suhihuv wzr idfwruv1 Zklovw sdqho2ROV jlyhv dq DU sdudphwhu ri 31<4/

doorzlqj iru wkh fruuhodwhg huuru vwuxfwxuh uhyhdov e� @ 3=;9= Wkh gl�huhqfh ehwzhhq

wkh kdoi0olyhv ri ghyldwlrqv iurp SSS lpsolhg e| wkhvh hvwlpdwhv lv ri hfrqrplf

vljql�fdqfh1

71 Prqwh Fduor dqdo|vlv ri wkh phwkrg1

7141 Ghflglqj rq wkh qxpehu ri idfwruv1 Zh wdnh wkh �wwhg wkuhh0idfwru fr0

yduldqfh pdwul{ iurp wkh Khvwrq Vxpphuv SSS uhjuhvvlrqv dqg xvh wklv wr jhqhudwh

436 � 64 pdwulfhv ri fruuhodwhg qrupdo yduldwhv1 Wkhvh duh xvhg wr jhqhudwh duwl0

�fldo DU+4, wlph vhulhv ri ohqjwk 64/xvlqj wkh sdudphwhuv lq Wdeoh 41 Dq DU+4,

prgho lv wkhq �wwhg wr hdfk ri wkh 436 wlph vhulhv dqg wkh uhvlgxdov xvhg wr irup d

udqn0gh�flhqw 436 � 436 yduldqfh0fryduldqfh pdwul{ 1 DLF/ VEF ) KTF duh wkhq

fdofxodwhg wr vhh zkhwkhu wkh| duh deoh wr lghqwli| wkh fruuhfw qxpehu ri idfwruv/

khuh wkuhh1 Wklv surfhgxuh lv udwkhu wlph0lqwhqvlyh= wkh �yh0 dqg hvshfldoo| wkh

vl{0idfwru prghov duh dxwrpdwlfdoo| khdylo| ryhusdudphwhulvhg dqg wklv vhhpv wr

fdxvh frqyhujhqfh wr eh yhu| vorz1 Zh wkhuhiruh olplw wkh qxpehu ri uhshwlwlrqv wr

4331 Wdeoh 8 jlyhv wkh iuhtxhqf| ri vhohfwlrq ri gl�huhqw qxpehuv ri idfwruv e| wkh

wkuhh lqirupdwlrq fulwhuld1

Iuhtxhqf| ri �wwhg idfwruv= 4 5 6 7 8 9

Fkrvhq e| DLF 3 4 <8 7 3 3

Fkrvhq e| VEF 3 4< ;4 3 3 3

Fkrvhq e| KTF 3 4 <; 4 3 3
Wdeoh 81 Shuirupdqfh ri ydulrxv lqirupdwlrq fulwhuld lq lghqwli|lqj fruuhfw idfwru

prgho1

Uhvxowv iurp 433 uhshwlwlrqv ri xqghuo|lqj 60idfwru prgho1
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Wkh KTF grhv dvwrqlvklqjo| zhoo/ jhwwlqj wkh qxpehu ri idfwruv fruuhfw <;24331

DLF lv qhduo| dv jrrg1 VEF whqgv riwhq wr fkrrvh vpdoohu prghov1

7151 Idfwruv yv VXU yv ROV 0 zkr grhv ehvwB Zh jhqhudwh Prqwh Fduor

uhsolfdwlrqv ri wkh gdwd xvlqj dv lqlwldo ydoxhv wkh 4<83 ydoxhv ri orj JGS iru wkh

RHFG vxevhw ri Khvwrq0Vxpphuv1 Zh jhqhudwh vhulhv iru |lw yld

|lw @ �. �|lw�4 . %lw

zkhuh � dqg � duh wkh hvwlpdwhg sdudphwhuv iurp wkh VXU ri wklv htxdwlrq dqg wkh

%lw duh fruuhodwhg qrupdoo| glvwulexwhg udqgrp qxpehuv zlwk yduldqfh0fryduldqfh

pdwul{ dv hvwlpdwhg iurp wkh uhvlgxdov ri wkh VXU1 Zh xvh dq hpslulfdo yduldqfh0
fryduldqfh pdwul{ iru wkhvh Prqwh Fduor/ udwkhu wkdq jhqhudwlqj gdwd zlwk d jlyhq

idfwru vwuxfwxuh/ wr hqvxuh wkdw wkh h{shulphqwv duh qrw eldvhg lq idyrxu ri idfwruv1
Zh jhqhudwh wlph vhulhv ri gl�huhqw ohqjwkv W kroglqj q @ 55= Rq wkhvh jhqhudwhg

gdwd zh hvwlpdwh DU+4, frqyhujhqfh uhjuhvvlrqv e| ROV2Sdqho/ VXU +zkhqhyhu

q ? W , dqg wkh idfwru dssurdfk/ dvvxplqj d wzr0idfwru prgho/ dv vxjjhvwhg e|
Wdeoh 4/ d rqh0idfwru prgho dqg d }hur0idfwru prgho +ZOV,1 Jlyhq wkdw wlph �{hg0

ru udqgrp0h�hfwv zloo jhqhudwh d prgho forvh wr wkh rqh0idfwru vshfl�fdwlrq/ lw lv ri

lqwhuhvw wr fkhfn wkh shuirupdqfh ri wkh idfwru vshfl�fdwlrq djdlqvw d prgho zkhuh
furvv0vhfwlrqdo ghshqghqfh lv prghoohg dv wlph �{hg0h�hfwv dqg wklv lv dovr fdofx0

odwhg1 Wkh urrw0phdq0vtxduhg0huuru dqg eldv iurp 4333 uhshwlwlrqv duh judskhg lq
Iljxuhv 4 dqg 51 Qrwh �uvw wkdw wkhuh lv qrwklqj ehwzhhq wkh rqh0 dqg wzr0idfwru

prghov1 Wkh idfwru0uhvlgxdo dssurdfk ehdwv ROV2Sdqho dqg VXU lq UPVH dqg

eldv iru q @ 55 dqg W uxqqlqj iurp 8 wr derxw 93= Rqh0 dqg wzr0idfwru prghov
rxwshuirup wlph �{hg0h�hfwv lq UPVH/ zlwk vlplodu eldv shuirupdqfh1 Hyhqwxdoo|/

dv W ulvhv/ VXU vwduwv wr grplqdwh/ wkrxjk ri frxuvh wklv lv kroglqj wkh qxpehu

ri idfwruv �{hg1 Li wkh qxpehu ri idfwruv zhuh doorzhg wr ulvh dv W juhz/ wklv pd|
qr orqjhu krog1 Vlqfh lq wkhvh Prqwh Fduor h{shulphqwv wkh yduldqfh0fryduldqfh

pdwul{ jhqhudwlqj wkh gdwd lv/ lq idfw/ d jhqxlqh hpslulfdo pdwul{ dqg lv wkxv suh0

vxpdeo| d 550idfwru prgho44/ d frqvlvwhqw vhohfwlrq fulwhulrq vxfk dv VE ru KT
zrxog xowlpdwho| vhohfw p @ 55 dqg �w wkh prgho dv zhoo dv VXU1 Wkxv wkh vxsh0

ulru shuirupdqfh ri idfwruv iru W xs wr 93 looxvwudwhv wkh h!flhqf| jdlq ri sduvlprq|/
hyhq/ dv khuh/ dw wkh h{shqvh ri plvvshfl�fdwlrq1

Zklovw rqh0 dqg wzr0idfwru prghov shuirup derxw htxdoo| zhoo lq UPVH whupv/

udwkhu xqh{shfwhgo|/ zh �qg lq Iljxuh 4 wkdw ZOV grhv zruvh hyhq wkdq ROV
iru vrph vdpsoh vl}hv1 Lq jhqhudo/ wudqviruplqj wkh gdwd vr wkdw wkh uhvlgxdov duh

krprvfhgdvwlf grhv qrw dozd|v ohdg wr dq lqfuhdvh lq h!flhqf| zkhq 	 lv qrq0

gldjrqdo145 Wklv lv d xvhixo h{shulphqw ehfdxvh lw vkrzv wkdw wkh h!flhqf| jdlqv
iurp wkh idfwru dssurdfk duh gxh wr h{sorlwlqj wkh qrq0gldjrqdo qdwxuh ri 	 udwkhu

wkdq wkh lqhtxdolw| ri wkh whupv dorqj wkh pdlq gldjrqdo1 Wkh idfw wkdw wkh rqh0

��Hyhq wkrxjk/ lq Wdeoh 4/ wuhdwlqj wklv pdwul{ dv wkh vdpsoh hvwlpdwh ri dq xqghuo|lqj 6

idfwru prgho/ zh vhohfwhg 6 ' 21
�2Dvvxph 5 frqwdlqv mxvw rqh lqghshqghqw yduldeoh %| zlwk fryduldqfh pdwul{ T ' .E%|%

�

|
�1

Wkhq ROV lv wkh ehvw dprqj doo hvwlpdwruv wkdw zhljkw wkh gdwd e| d gldjrqdo pdwul{ +wkxv

lqfoxglqj ZOV, li

_�@}ETP� ' b_�@}ET �

iru vrph b : f� H{dplqdwlrq ri wklv frqglwlrq vkrzv wkdw iru ROV wr eh erwk ehvw dqg gl�huhqw

wr ZOV uhtxluhv erwk T dqg P wr eh qrq0gldjrqdo1 Wklv dsduw/ wkh frqglwlrq fdq fhuwdlqo| krog/

zklfk lpsolhv wkdw wkhuh duh uhjlrqv ri TcP vsdfh zkhuh ROV lv ehwwhu wkdq ZOV1 Wkhvh uhvxowv

duh iru wkh fdvh ri nqrzq P�
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dqg wzr0 idfwru prghov shuirup htxdoo| zhoo phdqv suhvxpdeo| wkdw wkh h!flhqf|

jdlqv iurp sduvlprq| duh r�0vhw e| orvvhv lqfxuuhg e| wkh lpsrvlwlrq ri uhmhfwdeoh

uhvwulfwlrqv rq wkh fryduldqfh pdwul{1
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RMSE: OLS vs WLS vs SUR vs Factors vs Time Fixed Effects
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Bias: OLS vs WLS vs SUR vs Factors vs Time Fixed Effects
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7161 Dfwxdo yhuvxv fdofxodwhg vwdqgdug huuruv iru wkh ydulrxv hvwlpdwlrq

surfhgxuhv1 Iru wkh Prqwh Fduor ghvfulehg deryh zh fdofxodwh wkh vdpsolqj vwdq0

gdug vwdqgdug huuru ri wkh hvwlpdwhg sdudphwhu e� iurp 4333 uhshwlwlrqv iru wkh ROV/

VXU dqg wzr0idfwru prgho1 Zh dovr rewdlq wkh dyhudjh fdofxodwhg vwdqgdug huuru

iurp wkh a�5+[ 3[,�4 irupxod iru hdfk hvwlpdwru1 Wkh udwlr ri wkh hvwlpdwhg wr wkh
wuxh vwdqgdug huuru dv wkh vdpsoh ohqjwk +W , ydulhv lv judskhg lq Iljxuh 61Zh �qg

wkdw ROV dqg VXU surylgh vhulrxvo| eldvhg lqihuhqfh ryhu d zlgh udqjh ri vdpsoh

vl}hv/ lq erwk fdvhv fdofxodwhg vwdqgdug huuruv vxevwdqwldoo| xqghuvwdwlqj wkh wuxh
vdpsolqj yduldwlrq ri wkh hvwlpdwru1 Iru lqvwdqfh/ zlwk d vdpsoh vl}h ri 48 +vr wkdw

wkh sdqho kdv q@55/ W@48,/ ROV fdofxodwhg vwdqgdug huuruv duh dssur{lpdwho| kdoi
wkh vdpsolqj vwdqgdug huuru iurp wkh 4333 uhshwlwlrqv1 Wkh idfwru uhvlgxdo ds0

surdfk surylghv d pxfk vxshulru jxlgh wr wkh wuxh vdpsolqj yduldwlrq/ wkrxjk vwloo

whqgv wr xqghuhvwlpdwh vrphzkdw1 Wkh shuirupdqfh ri VXU zkhq wkh wlph dqg
furvv vhfwlrqdo glphqvlrqv ri wkh gdwd duh ri frpsdudeoh pdjqlwxgh lv yhu| srru1

Ri frxuvh wkhvh uhvxowv ghshqg rq wkh fruuhodwlrq vwuxfwxuh lq wkh xqghuo|lqj Prqwh

Fduor/ zklfk khuh lv gudzq iurp wkh hvwlpdwhv ri wkh DU+4, prgho iru JGS shu
fdslwd rq wkh RHFG vxevhw ri wkh Khvwrq dqg Vxpphuv gdwdedvh1 Exw zh kdyh

qr uhdvrq wr wklqn wkdw wklv lv d sduwlfxoduo| h{fhswlrqdo gdwdedvh lq whupv ri huuru
fruuhodwlrq vwuxfwxuh/ vr wkhvh uhvxowv pxvw fdvw uhdo grxew rq lqihuhqfh lq h{lvwlqj

sdqho vwxglhv461

Ratio of empirical (true) to calculated standard errors (1000 repetitions)
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7171 Qrupdolw| ri wkh glvwulexwlrq ri wkh ydulrxv hvwlpdwruv1 Iru hdfk ri

wkh Prqwh Fduor deryh zh lqyhvwljdwhg wkh glvwulexwlrq ri wkh 4333 hvwlpdwhv ri

wkh frh!flhqw �1 Lq jhqhudo hvwlpdwhv ghulyhg iurp wkh idfwru uhvlgxdo whfkqltxh
vkrzhg ohvv ghsduwxuh irup qrupdolw| wkdq rwkhuv1 Iru h{dpsoh/ iru wkh vdpsoh

q @ 55> W @ 58 zh rewdlq wkh iroorzlqj klvwrjudpv dqg gldjqrvwlfv

��Gulvfroo dqg Nudd| +4<<;, kdyh uhfhqwo| jlyhq d phwkrg ri rewdlqlqj dv|pswrwlfdoo| fruuhfw

vwdqgdug huuruv iru ROV1
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Series: SURAR25
Sample 1 1000
Observations 1000

Mean  0.970953
Median  0.971200
Maximum  0.982900
Minimum  0.954000
Std. Dev.   0.004307
Skewness  -0.250908
Kurtosis   3.294475

Jarque-Bera  14.10559
Probability  0.000865

Iljxuh 7 VXU Hvwlpdwlrq
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Series: OLSAR25
Sample 1 1000
Observations 1000

Mean  0.970641
Median  0.970700
Maximum  0.984200
Minimum  0.952000
Std. Dev.   0.004810
Skewness  -0.210691
Kurtosis   3.185844

Jarque-Bera  8.837534
Probability  0.012049

Iljxuh 8 ROV Hvwlpdwlrq
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Series: FACAR25
Sample 1 1000
Observations 1000

Mean  0.971800
Median  0.971900
Maximum  0.983900
Minimum  0.960400
Std. Dev.   0.003536
Skewness  -0.092923
Kurtosis   2.936939

Jarque-Bera  1.604798
Probability  0.448252

Iljxuh 9 Idfwruv Hvwlpdwlrq

Qrwhv wr Iljxuhv 7/ 8 dqg 9= Klvwrjudpv ri 4333 hvwlpdwhv ri DU4 frh!flhqw e| wkh

ydulrxv hvwlpdwlrq whfkqltxhv1 Vdpsoh ghvljq q @ 55> W @ 58 dqg xqghuo|lqj sdudphwhuv

ri ROV hvwlpdwh ri DU4 frqyhujhqfh uhjuhvvlrq lq Khvwrq Vxpphuv RHFG gdwdedvh1
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VXU dqg ROV duh jhqhudwh d ghwhfwdeo| qrq0qrupdo glvwulexwlrq ri hvwlpdwhv/

zklovw iru wkh idfwru uhvlgxdo dssurdfk lw lv qrw srvvleoh wr uhmhfw wkh qxoo ri qru0

pdolw| ri wkh hvwlpdwru dw frqyhqwlrqdo ohyhov1

Wkh Prqwh Fduor ghvfulehg deryh lv iru d sduwlfxodu vhw ri sdudphwhu ydoxhv dqg d

sduwlfxodu ghvljq/ dqg zh pxvw eh zdu| ri jhqhudolvlqj wrr iuhho| iurp wkhvh uhvxowv1

Krzhyhu wkh frqfoxvlrq ri wkhvh lqyhvwljdwlrqv lv fohdu1 Wkh idfwru uhvlgxdo dssurdfk

lv vxshulru lq UPVH dqg eldv wr erwk ROV dqg VXU +zkhuh dydlodeoh, ryhu d odujh

udqjh ri vdpsoh vl}hv/ wkh hvwlpdwhv ghulyhg iurp wkh idfwru uhvlgxdo dssurdfk iroorz

pruh forvho| d qrupdo glvwulexwlrq zkhq wkh xqghuo|lqj huuruv duh qrupdo/ dqg wkhlu

hvwlpdwhg vwdqgdug huuruv surylgh d pruh uholdeoh jxlgh iru lqihuhqfh1

81 Dssur{lpdwh Idfwru Whfkqltxhv

Ixoo pd{lpxp olnholkrrg hvwlpdwlrq ri wkh idfwru prgho fdq eh udwkhu fxpehu0

vrph dqg wlph0frqvxplqj gxh wr wkh qdwxuh ri wkh olnholkrrg vxuidfh1 Lq wklv vhfwlrq

zh eulh | glvfxvv vrph whfkqltxhv wkdw surylgh dq dssur{lpdwlrq wr pd{lpxp olnh0

olkrrg1 Zh dovr vhw rxw wkh dgydqwdjhv dqg gudzedfnv ri wkhvh dssur{lpdwlrqv dv

wkh| dsshdu wr xv1

8141 Sulqflsdo Frpsrqhqwv1 Rqh fdq hdvlo| dssur{lpdwh wkh udqn gh�flhqw V

pdwul{ e| lwvp sulqflsdo frpsrqhqwv dqg gh�qlqj wkh fruuhvsrqglqj �pdwul{ wr �w

wkh gldjrqdo h{dfwo|1 Wklv lv yhu| vlpsoh wr lpsohphqw/ yhu| txlfn dqg zloo xvxdoo|

surgxfh dq lqyhuwleoh hvwlpdwru e	1 Zh kdyh h{shulphqwhg zlwk vxfk d sulqflsdo

frpsrqhqw vfkhph/ �wwlqj wkh vdph qxpehu ri sulqflsdo frpsrqhqwv dv wkh idfwru

prgho vhohfwv/ dqg �qg wkdw lw surgxfhv yhu| vlplodu uhvxowv lq whupv ri upvh hwf1

Wkxv sulqflsdo frpsrqhqwv r�huv d vwudljkwiruzdug phwkrg wr fdswxuh fruuhodwhg

huuru vwuxfwxuhv lq sdqho gdwd/ wkh gl!fxow| ehlqj ri frxuvh wkdw/ lq frqwudvw wr PO/

rqh kdv qr reylrxv gldjqrvwlf iru wkh fkrlfh ri wkh qxpehu ri sulqflsdo frpsrqhqwv1

8151 Qrup Plqlplvdwlrq1 Sulqflsdo Frpsrqhqwv fdq eh lwhudwhg wr plqlplvh

n	� Vn zkhuh 	 @ ��3 . �1 Iru jlyhq � zh wdnh wkh hljhqyhfwruv fruuhvsrqg0

lqj wr wkh odujhvw hljhqydoxhv ri V � � dv rxu hohphqwv ri �= Zh wkhq gh�qh

d qhz � wr pdwfk wkh gldjrqdo hohphqwv ri V h{dfwo| jlyhq wklv �1 l1h1 vhw

� @ pd{ gldj+V � ��3> 3,= Wklv surfhgxuh surgxfhv d qrq0lqfuhdvlqj vhtxhqfh

ri ydoxhv ri wkh qrup dqg zloo frqyhujh wr vrph a	1 Lw lv djdlq vlpsoh wr surjudp

dqg whqgv wr frqyhujh txlwh txlfno|1 Wkh sureohp zlwk qrup0plqlplvdwlrq lv wkdw/

xqolnh PO/ lw lv qrw jxdudqwhhg wr �qg dq lqyhuwleoh a	= Zh kdyh duwl�fldo h{dp0

sohv ri fryduldqfh pdwulfhv V zkhuh/ li rqh idfwru lv �wwhg/ Kh|zrrg vroxwlrqv ri

pxowlsolflw|47 juhdwhu wkdq xqlw| duh irxqg e| qrup0plqlplvdwlrq1 Lq wklv fdvh wkh

hvwlpdwhg a	 fdqqrw eh lqyhuwleoh148 Wklv lv lqfrqyhqlhqw exw qrw qhfhvvdulo| idwdo

dv d jhqhudolvhg lqyhuvh frxog dozd|v eh xvhg iru wkh JOV1

�eWkh pxowlsolflw| ri d Kh|zrrg vroxwlrq lv wkh qxpehu ri }hur frpsrqhqwv ri 	[�

�DDq lqwxlwlrq iru wkh vlqjxodulw|0kdwlqj ehkdylru ri PO fdq eh rewdlqhg iurp frqvlghudwlrq

ri +7,= dv dq hljhqydoxh ri P dssurdfkhv }hur/ wkh vhfrqg whup rq wkh uljkw frqwulexwhv d qhjdwlyh

lq�qlw| ri kljkhu rughu wkdq wkh srvlwlyh lq�qlw| frqwulexwhg e| wkh �uvw whup1 Wklv whqgv wr

fdxvh PO wr fkrrvh qrq0vlqjxodu Pv1 Wkh qrup/ lq frqwudvw/ kdv qr vxfk uhdvrq wr vkxq vlqjxodu

pdwulfhv1
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91 Frqfoxvlrq

Lq hpslulfdo zrun xvlqj gdwd vwuxfwxuhv zlwk wlph dqg furvv0vhfwlrqdo glphqvlrqv/

lw lv riwhq gl!fxow wr hvwlpdwh fruuhodwlrqv lq wkh huuruv dffxudwho|1 Wkh vroxwlrq

ri vhwwlqj wkhvh fruuhodwlrqv wr }hur pd| qrw/ krzhyhu/ eh wkh zlvhvw frxuvh1 Wklv

sdshu vxjjhvwv d whfkqltxh zkhuhe| hvwlpdwlrq fdq h{sorlw fruuhodwlrqv lq wkh hu0

uru vwuxfwxuh dfurvv furvv0vhfwlrqdo xqlwv1 E| lpsrvlqj d idfwru vwuxfwxuh/ zklfk

fdq kdyh dq dsshdolqj hfrqrplf lqwhusuhwdwlrq/ zh surylgh d ixoo0udqn hvwlpdwru

ri wkh fryduldqfh pdwul{1 Prqwh Fduor vkrzv wkdw wkh sdudphwhu hvwlpdwru wkxv

rewdlqhg kdv vxevwdqwldo jdlqv lq h!flhqf| ryhu wkh vwdqgdug dowhuqdwlyh surfhgxuhv

iru wkh gdwd0vhwv frqvlghuhg/ dv zhoo dv r�hulqj xqeldvhg lqihuhqfh1 Rxu vxjjhvwlrq

lv wkdw wkh sursrvhg idfwru0uhvlgxdo phwkrg ri hvwlpdwlrq surylghv dq lpsruwdqw

jhqhudolvdwlrq ri vwdqgdug sdqho whfkqltxhv/ dqg wkdw hyhq lq vlwxdwlrqv zkhuh wkh

frqyhqwlrqdo hvwlpdwru ri wkh fryduldqfh pdwul{ ri wkh uhvlgxdov kdv ixoo udqn/ lw

fdq surylgh d pruh sduvlprqlrxv dqg h!flhqw hvwlpdwlrq whfkqltxh1
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Dsshqgl{ D1 Dsshqgl{

Surshuwlhv ri wkh Olnholkrrg Ixqfwlrq ri wkh Idfwru Prgho

Rxu dlp lq wklv Dsshqgl{ lv wr jlyh d ghvfulswlrq ri wkh jhrphwu| ri wkh olnholkrrg

vxuidfh ri wkh idfwru prgho/ sd|lqj sduwlfxodu dwwhqwlrq wr wkh fdvh zkhq V lv udqn

gh�flhqw1 Zkhq V lv ri ixoo udqn lw lv srvvleoh wr vkrz e| frpsohwho| hohphqwdu|

phwkrgv wkdw wkh olnholkrrg ixqfwlrq lv erxqghg +Wkhruhp 5 +l,,1 Zh gr qrw kdyh

d vlplodu vlpsoh ghprqvwudwlrq wkdw wkh pd{lpxp lv dwwdlqhg +shukdsv rq wkh

erxqgdu|,1 Wklv lv wuxh/ krzhyhu/ dqg fdq eh vkrzq e| xvh ri wkh frqfhqwudwlrq

ri O lqwurgxfhg e| Odzoh|1 Zkhq V lv qrw ri ixoo udqn/ lw uhpdlqv wuxh wkdw O lv

erxqghg dqg dwwdlqv lwv pd{lpxp surylghg wkdw qrw wrr pdq| idfwruv duh �wwhg/

exw khuh wkh wulfn| sduw lv wr vkrz O lv erxqghg1 Zh dfklhyh wklv e| vwxg|lqj wkh

ehkdylrxu ri Odzoh|*v frqfhqwudwhg O rq wkh ulp/ wkh vhw ri 	v pd{lplvlqj O dorqj

ud|v iurp wkh ruljlq1

Gh�qlwlrqv dqg Vlpsoh Uhvxowv

Ohw pdwul{ V @ [3[ zkhuh [ lv W � q1 Fdoo V dgplvvleoh li qr froxpq ri [

frqvlvwv hqwluho| ri 3v1 Gh�qh wkh ixqfwlrq

O @ O +�>�> V, @ �
�
orj ghw	 . wu	�4V

�
+:,

zkhuh � lv dq| q�p pdwul{/ � lv q�q gldjrqdo zlwk hqwulhv #l A 3 dqg 	+�>�, @

��3.�1 Qrwh 	 lv wkh vxp ri d srvlwlyh gh�qlwh pdwul{ dqg d qrq0qhjdwlyh gh�qlwh

pdwul{ dqg lv wkxv lwvhoi srvlwlyh gh�qlwh dqg khqfh lqyhuwleoh1 Dv gh�qhg/ O lv wkh

olnholkrrg ixqfwlrq +glylghg e| W@5, ri wkh p0idfwru prgho jhqhudwhg e| q qrupdo

yduldwhv1

Vrph pruh whuplqrorj|1 Ghqrwh e| O wkh vhw ri q �p pdwulfhv/ e| S wkh vhw

ri q � q srvlwlyh gldjrqdo pdwulfhv/ dqg e| T wkh udqjh ri wkh ixqfwlrq 	+=> =,

vr wkdw 	 = O � S $ T1 Wklv ixqfwlrq lv qrw rqh0wr0rqh zklfk phdqv wkdw �>�

duh qrw lghqwl�hg e| nqrzohgjh ri 	+�>�,1 Lq sduwlfxodu 	+�X>�, @ 	+�>�, iru

dq| xqlwdu| X 1 Li uhtxluhg/ wklv sureohp fdq eh vroyhg e| uhvwulfwlrqv rq O h1j1

wkdw lw frqvlvw ri �v zklfk duh qrq0qhjdwlyh dqg ghfuhdvlqj dorqj wkh gldjrqdo/ dqg

}hur deryh lw1 Vr uhvwulfwhg/ wkh ixqfwlrq 	+=> =, lv el0frqwlqxrxv1 Wklv lv qrw dq

lpsruwdqw lvvxh iru rxu sxusrvhv dv zh vhhn wkh 	v udwkhu wkdq wkh �v dqg �v zklfk

jhqhudwh wkhp1

Li G lv d �{hg q� q gldjrqdo pdwul{ wkhq/ xs wr d frqvwdqw ghshqglqj rq G>

O +�>�> V, @ O +G3�> G3�G>G3VG,

Wkxv/ iru wkh vwxg| ri erxqghgqhvv dqg wkh h{lvwhqfh ri pd{lpd/ qr jhqhudolw| lv

orvw e| uh0vfdolqj wkh urzv dqg froxpqv ri V1 Zkhq V lv dgplvvleoh/ wkh hohphqwv

dorqj wkh pdlq gldjrqdo duh qrq0}hur dqg V pd| eh uh0vfdohg wr d fruuhodwlrq pdwul{1

Wklv lv riwhq frqyhqlhqw1

D uhvxow zh vkdoo qrw qhhg/ exw jlyhv vrph lqvljkw lqwr wkh fkdudfwhu ri wkh

olnholkrrg vxuidfh lv=

WKHRUHP 41 Wkh ixqfwlrq O kdv qr orfdo plqlpd1
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SURRI1 Li �3>�3 zhuh d orfdo plqlpxp wkhq O uhvwulfwhg wr
s
� �3> ��3> � A 3

kdv d orfdo plqlpxp iru � @ 41 H{dplqdwlrq ri O+�, @ O+
s
��3> ��3, vkrzv wklv

ixqfwlrq kdv qr orfdo plqlpxp1�

Lw lv zhoo0nqrzq wkdw O fdq kdyh pxowlsoh pd{lpd +h1j1 Mùuhvnrj/ 4<9:,1 Wkxv

olnholkrrg vxuidfhv fdq kdyh udylqhv exw/ dffruglqj wr Wkhruhp 4/ qr odnhv1

Zh qrz vhw rxw wkh erxqghgqhvv surshuwlhv ri wkh olnholkrrg ixqfwlrq1

SURSRVLWLRQ 41 Li V lv lqdgplvvleoh/ O lv xqerxqghg1

SURRI1 Li V lv lqdgplvvleoh wkhq wkh mwk +vd|, urz dqg froxpq frqvlvw ri 3v1

Fkrrvh � @ 3/ vr wkdw O @ � +
Sq

l@4 orj#l .
Sq

l@4 vll@#l, dqg ohw #m $ 31 Wkhuh

lv d whup lq O> � orj#m / zklfk lv xqpdwfkhg e| d whup �4@#m vr wkdw O$41 �

SURSRVLWLRQ 51 Li udqn+V, @ q> wkhq O lv erxqghg1

SURRI 1 Fkrrvh xqlwdu| X wr gldjrqdolvh 	+�>�, vr wkdw

O @ �
q[
l@4

+orj �l . {
3

l
V{l@�l,

zkhuh �4 � �5 === � �q A 3 duh wkh hljhqydoxhv ri 	 zlwk fruuhvsrqglqj hljhqyhfwruv

{l1 Vlqfh {3V { wdnhv ydoxhv lq ^vq> v4` +zkhuh vl ghqrwhv wkh hljhqydoxhv ri V dqg

v4 � v5 === � vq A 3, iru yhfwruv { zlwk n { n @ 4/

O � �

q[
l@4

+orj �l . vq@�l, � �q +orj vq . 4,

ehfdxvh � +orj�l . vq@�l, lv pd{lplvhg dw �l @ vq=�

SURSRVLWLRQ 61 Li udqn+V, @ u ? q dqg p @ u wkhq O lv xqerxqghg1

SURRI1 Frqvlghu/ iru � A 3/

	� @ � L . {4{
3

4 . === . {u{
3

u

zkhuh u @ udqn V dqg {l> l @ 4> ===> u duh wkh qrupdolvhg hljhqyhfwruv ri V ri qrq0

}hur hljhqydoxhv vl1 Lw iroorzv wkdw 	� 5 T1 Qrz wkh hljhqyhfwruv ri 	 duh suhflvho|

wkrvh ri V zlwk hljhqydoxhv �.4 iru l @ 4> ===u/ dqg � rwkhuzlvh1 Lw iroorzv wkdw zh

pd| vlpxowdqhrxvo| gldjrqdolvh 	� dqg V lq +:, wr rewdlq

O @ �

#
u orj +4 . �, . +q� u, orj �.

u[
l@4

vl@+4 . �,

$

$ 4 dv �$ 3=�

Li zh zhuh wr �w p idfwruv lq Sursrvlwlrq 6 zkhuh p � u ? q wkhq wkh olnholkrrg

ixqfwlrq wdnhv wkh irup

O @ �

#
p orj +4 . �, . +q�p, orj �.

p[
l@4

vl

4 . �
.

u[
l@p.4

vl

�

$
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dqg lw lv hdv| wr vhh wkdw wklv ixqfwlrq lv erxqghg dv d ixqfwlrq ri � dv orqj dv

p ? u= Wklv pljkw ohdg rqh wr frqmhfwxuh wkdw O lv erxqghg surylghg rqh �wv ihzhu

wkdq u idfwruv1 Krzhyhu wklv lv lqfruuhfw= fhuwdlq qxoo vsdfh vwuxfwxuhv ri wkh pdwul{

V ixuwkhu uhgxfh wkh qxpehu ri srvvleoh idfwruv1 Wr vhh wklv vxssrvh wkdw iru doo

} 5 Q +V, +wkh qxoo vsdfh ri V,/ }m @ 3 iru vrph lqgh{ m> 4 � m � q/ l1h1 wkh qxoo

vsdfh kdv d urz ri }hurv dw wkh mwk srvlwlrq149 Wklv lpsolhv wkdw hmBQ +V, zkhuh
hm lv wkh mwk hohphqw ri wkh fdqrqlfdo edvlv ri Uq1 Lw iroorzv wkdw hm lv d olqhdu

frpelqdwlrq ri wkh hljhqyhfwruv ri V ri qrq0}hur hljhqydoxh zkhqfh

u[

l@4

{l{
3

l . �L @
u�4[

l@4

|l|
3

l .�

zkhuh wkh |l duh olqhdu frpelqdwlrqv ri wkh {l> dqg � lv gldjrqdo1 Wklv hqdeohv wkh

olnholkrrg iru wkh u0idfwru prgho wr eh zulwwhq dv dq u � 4 idfwru prgho1 Vlqfh iru

udqn+V, @ u/ wkh u0idfwru prgho jlyhv dq xqerxqghg olnholkrrg/ hdfk urz ri }hurv

lq wkh qxoo vsdfh uhgxfhv e| rqh wkh qxpehu ri idfwruv wkdw fdq eh �wwhg1 Wkxv wkh

vwuxfwxuh ri wkh qxoo vsdfh sod|v d nh| sduw lq ghwhuplqlqj wkh qxpehu ri idfwruv

wkdw fdq eh �wwhg1 Lw wxuqv rxw wkdw wkh dssursuldwh frqglwlrq lv d jhqhudolvdwlrq ri

wkh qxpehu ri urzv ri }hur lq wkh qxoo vsdfh zklfk zh qrz ghyhors1 Iru frqyhqlhqfh

zh vwdwh wkh pdlq uhvxow1

WKHRUHP 51 Li V lv lqdgplvvleoh wkhq O lv xqerxqghg1 Li V lv dgplvvleoh=

+l, Li udqn+V, @ q wkhq O lv erxqghg

+ll, Li udqn+V, @ u ? q dqg p � u � g+V, wkhq O lv xqerxqghg

+lll, Li udqn+V, @ u ? q dqg p ? u � g+V, wkhq O lv erxqghg

zkhuh g+V, lv wkh ghihfw ri pdwul{ V/ gh�qhg ehorz1

Sursrvlwlrqv 406 hvwdeolvk wkh �uvw sduw1 Zh qrz surfhhg wr wkh surri ri sduwv +ll,

dqg +lll,1 Wklv exlogv rq wkh frqfhqwudwlrq ri wkh olnholkrrg lqwurgxfhg e| Odzoh|1

Odzoh|*v Pdfklqhu|

Wkh iroorzlqj uhvxowv duh hvvhqwldoo| gxh wr Odzoh| +4<73/ 4<75/ 4<76,> Odzoh| dqg

Pd{zhoo +4<96, jlyh d frqyhqlhqw frqghqvhg yhuvlrq> Mùuhvnrj +4<9:, dovr surylghv

d xvhixo dffrxqw=

Dvvxph 	 @ 	+�>�,1 Wkhq/ e| urxwlqh fdofxodwlrq/

CO@C� @ �5	�4+	� V,	�4�+;,

CO@C� @ �gldj
�
	
�4 +	� V,	�4

�
+<,

	�4 @ ��4 ���4�
�
Lp .�3��4�

�
�4

�3��4+43,

Li lq dgglwlrq/ CO@C� @ 3/ wkhq d olwwoh dojheud vkrzv

V��4�
�
L
p
.�3��4�

�
�4

@ �+44,

	
�4 +	� V,	�4 @ ��4 +	� V,��4+45,

CO@C� @ ���4gldj +	� V,��4+46,

�SDq dexvh ri whuplqrorj| wkdw zh zloo riwhq �qg/ dv khuh/ wrr frqyhqlhqw wr uhvlvw lv wr lghqwli|

d olqhdu vsdfh zlwk lwv edvlv yhfwruv zulwwhq dv d pdwul{1
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Zh pdnh wkh qrupdolvdwlrqv V� @ ��
4

5 V ��
4

5 >�� @ ��
4

5�= Wkhq +44, lv wudqv0

iruphg wr

V��� +Lp .����3,
�4

@ ��+47,

Htxdwlrq +47, lv hvvhqwldoo| d froohfwlrq ri hljhqyhfwru htxdwlrqv iurp zklfk

rswlpdo �� fdq eh rewdlqhg iru hdfk ydoxh ri �= Odzoh|0Mùuhvnrj edvh dq PO

surfhgxuh rq +47,/ vhdufklqj ryhu �= Wklv lv iru wkh ixoo0udqn fdvh zkhuhlq wkh

h{lvwhqfh ri dq PO vroxwlrq lv jxdudqwhhg dffruglqj wr Sursrvlwlrq 61 Lq wkh udqn0

gh�flhqw fdvh/ zlwk qr vxfk dvvxudqfh lq jhqhudo/ zh qhhg wr surfhhg zlwk d olwwoh

pruh fduh1 Qhyhuwkhohvv/ zh vkdoo vhh ehorz wkdw/ iru jlyhq �/ rswlpdo � duh lqghhg

ghwhuplqhg e| +47,

Frqfhqwudwlqj rxw �

Vxevwlwxwlrq iurp +43, lqwr +:, dqg d olwwoh pdqlsxodwlrq |lhogv

O @ �
k
orj ghw� . orj ghw+Lp .�

�
3

�
�
, . wu V

�
� wu �

�
3

V
�
�
�
+Lp .�

�
3

�
�
,
�4

l+48,

Vlqfh O+�>�X, @ O+�>�, iru dq| frqirupdeoh ruwkrjrqdo pdwul{ X lw iroorzv wkdw

zh pd| uhsodfh �
� e| �

�
X lq +48,/ fkrrvlqj X vr wkdw wkh froxpqv ri ��

X duh

ruwkrjrqdo yhfwruv ru 3v1 Dvvxph wklv kdv ehhq grqh dqg h{wudfw wkh whupv lq �
�

iurp +48,=

O
3
@ �

p[
l@4

^ orj+4 . {
3

l
{
l
,� {

3

l
V
�
{
l
2 +4 . {

3

l
{
l
,`

zkhuh wkh {l duh wkh froxpqv ri ��1 Zh zlvk wr pd{lplvh O
3
ryhu doo v|vwhpv

ri yhfwruv {l> l @ 4> ===> q zkhuh wkh {l duh }hur ru sdluzlvh ruwkrjrqdo1 Krog hdfk

{
3

l
{
l
�{hg dqg uhjdug O

3
dv d ixqfwlrq ri wkh qrupdolvhg {

l
1 Vlqfh wkh vxsuhpxp

ri
S

p

l@4
{

3

l
V
�
{
l
lv dwwdlqhg dw hljhqyhfwruv ri V� ru }hur yhfwruv +Udr/ sdjh 96, lw

iroorzv wkdw O
3
lv d vxp ri whupv ri wkh irup= v

�

l
{
3

l
{l@+4 . {

3

l
{l, � orj+4 . {

3

l
{l,1

Wkhvh whupv frqwulexwh qrq0qhjdwlyho| li dqg rqo| li v�
l
� 41 Li v�

l
? 4 wkhq O

3
lv

pd{lplvhg e| fkrrvlqj {l @ 31 Wkh rswlpdo v|vwhp ri {
l
> l @ 4> ===>p wkhq frqvlvwv

ri wkh vhw ri hljhqyhfwruv ri V� zlwk prgxoxv ghwhuplqhg e|

4 . {
3

l
{l @ pd{+4> v

�

l
,+49,

Ohw �+V�, eh wkh qxpehu ri hljhqydoxhv ri V� juhdwhu wkdq 4 dqg gh�qh p
3
@

plq+�+V
�
,>p,1 Wkh froxpqv ri wkh rswlpdo ��

@ �
�
+�, lq +48, wkxv frqvlvw ri

wkh �uvw p
3
hljhqyhfwruv ri V�/ zlwk prgxoxv ghwhuplqhg e| +49,/ 3v hovhzkhuh1

Gh�qh �+�, @ �
4

5�
�
+�,1 Wkh frqfhqwudwhg olnholkrrg ixqfwlrq lv qrz O

f
+�, @

O+�>�+�,,1 Wklv ixqfwlrq lv zhoo�gh�qhg iru doo V/ eh lw ixoo0udqn ru udqn0gh�flhqw/

dgplvvleoh ru lqdgplvvleoh1

Vxevwlwxwlqj lq +48,/ rqh �qgv/ xs wr d frqvwdqw/

O
f

+�, @ �

%
orj ghw� .

pr[

l@4

+orj v�l � v�l , . wuV�

&
+4:,

Wklv lv wkh ixqfwlrq zh qhhg wr erxqg1
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Gh�qh I @ i� 5 S >#l � vllj1 Wkhq vlqfh CO@C� @ 3 dw +�>�+�,, dqg COf@C� @

CO@C� +wkh hqyhorsh wkhruhp, lw iroorzv iurp +46, wkdw COf@C#l ? 3 iru #l A vll
zlwk wkh lpsolfdwlrq wkdw/ iru hdfk � @5 I / wkhuh lv dq hohphqw ri I iru zklfk wkh

frqfhqwudwhg O wdnhv d kljkhu ydoxh1 Zh gh�qh wkh ulp U dv wkh vhw ri � zklfk

pd{lplvh wkh frqfhqwudwhg olnholkrrg ixqfwlrq dorqj ud|v iurp wkh ruljlq1 Dowkrxjk

rxwvlgh I doo gluhfwlrqdo ghulydwlyhv duh vwulfwo| qhjdwlyh/ wkh ulp grhv qrw qhfhvvdu0

lo| olh zlwklq wkh erxqghg vhw I > krzhyhu/ jlyhq d srlqw rq wkh ulp qrw zlwklq I /

rqh fdq �qg d grplqdwlqj srlqw zlwklq I e| prylqj dorqj d gluhfwlrqdo ghulydwlyh

wrzdugv I / vxevhtxhqwo| sdvvlqj edfn wr wkh ulp dorqj d ud| iurp wkh ruljlq1 Lw lv

hdv| wr vhh wkdw lwhudwlqj wklv surfhgxuh ohdgv wr d grplqdwlqj ydoxh lq U_ I 1 Lw

iroorzv wkdw wkh pd{lpxp lv dwwdlqhg rq U _ I ru rq wkh erxqgdu| ri I 1 Wkxv

zh kdyh=

WKHRUHP 61 Li O lv erxqghg/ lw dwwdlqv lwv pd{lpxp lq I ru IqI lq wkh vhqvh

wkdw

vxsO @ olp
s$4

Of
+�

s
,

zkhuh olps$4�
s
@ �

3
5 IqI dqg �s

5 U _ I iru doo s1

Vxfk erxqgdu| vroxwlrqv zkhuh vrph #
l
@ 3 fdq rffxu dqg duh fdoohg Kh|zrrg

vroxwlrqv1 Dw d Kh|zrrg vroxwlrq rqh qhhg qrw kdyh CO@C� @ 3= Vlqfh wkh olnhol0

krrg ixqfwlrq lv hylghqwo| frqwlqxrxv zkhuh gh�qhg/ lw fdq eh xqerxqghg rqo| dw

vxfk erxqgdu| vroxwlrqv1 Wkh vwxg| ri wkh erxqghgqhvv ri wkh olnholkrrg ixqfwlrq

wkxv frqvlvwv lq odujh sduw ri wkh vwxg| ri Kh|zrrg vroxwlrqv1 H{dplqdwlrq ri +4:,

uhyhdov zh qhhg dq dssdudwxv wr dqdo|vh wkh vlpxowdqhrxv ehkdylrxu ri wkh #
l
dqg

wkh v�
m
dv vrph ri wkh #

l
$ 3= Zh surfhhg wr wklv1

Wkh er{ gldjudp

Wr frpsohwh wkh surri ri Wkhruhp 5 zh frqvlghu wkh vshfwuxp ri V�1 Dvvxph

V lv dgplvvleoh1 Frqvlghu d vhtxhqfh �s
5 I zlwk olp

s$4

�s @ �3 zkhuh #
3

l
@ 3

iru vrph l= E| sdvvlqj wr d vxevhtxhqfh dqg uhqdplqj lqglfhv li qhfhvvdu|/ zh fdq

dvvxph

#
s

4
� #

s

5
� === � #

s

q

iru hdfk s1 Zh dvvxph #
s

m
$ 3 li dqg rqo| li m ? Q 1 Gh�qh V

s� fruuhvsrqglqj wr

�s dqg dvvxph lw kdv hljhqydoxhv v
s�

4
� v

s�

5
� === � v

s�

q
� 3 zlwk fruuhvsrqglqj xqlw

hljhqyhfwruv {
s

l
1 Li V lv udqn0gh�flhqw> u @ udqnV ? q> wkhq wkh odvw q�u ri wkh v

s�

l

duh }hur1 Gh�qh �
s

l
@ v

s�

l
�s1 Wkhq wkh hljhqydoxh htxdwlrq iru Vs� wdnhv wkh irup

V +�
s

l
,
�

4

5 {
s

l
@ +�

s

l
,
4

5 {
s

l
4 @ 4> ===> u+4;,

Iru hdfk s/ wkh v|vwhp {
s

l
> l @ 4> ===> u/ frqvwlwxwhv dq ruwkrqrupdo vhw lq Uq dqg

wkh frpsdfwqhvv ri wkh xqlw edoo lpsolhv wkhuh h{lvwv d olplw ruwkrqrupdo v|vwhp

{
3

l
> l @ 4> ===> u zkhuh {

3

l
@ olps$4 {

s

l
+sdvvlqj wr d vxevhtxhqfh li qhfhvvdu|,1

Wuhdwlqj +4;, dv dq htxdwlrq ri wkh irup V { @ |/ rqh ghgxfhv

+�
s

l
,
�

4

5 {
s

l
@ V

� +�
s

l
,
4

5 {
s

l
. }
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zkhuh } 5 Q +V,/ dqg V� lv dq| jhqhudolvhg lqyhuvh ri V/ zklfk zh pd| wdnh wr eh

srvlwlyh gh�qlwh1 Vlqfh Q +Vs�, @ +�s

l
,
4

5 Q +V,/ lw iroorzv wkdw

{s

l
@ +�s

l
,
4

5 V� +�s

l
,
4

5 {s

l
. }�+4<,

zkhuh }� 5 Q +Vs�,1 Wkxv/ vlqfh {s

l
B}�>

4 @ {s 3

l
+�s

l
,
4

5 V� +�s

l
,
4

5 {s

l
l @ 4> ===> u+53,

Lw iroorzv iurp +53, wkdw

4@v�pd{ �
�
�
�+�

s

l
,
4

5 {s

l

�
�
�

5

� 4@v�
plq

+54,

zkhuh v�
pd{

dqg v�
plq

ghqrwh wkh odujhvw dqg vpdoohvw hljhqydoxhv ri V�/ uhvshfwlyho|1

Wkxv/ sdvvlqj li qhfhvvdu| wr d vxevhtxhqfh ri �s/ zh ghgxfh wkdw #
s

m
vs�
l

dssurdfkhv

d �qlwh olplw rq wkh vxssruw ri {3
l
+wkh lqglfhv u iru zklfk {3

lu
9@ 3, dqg d qrq0}hur

olplw iru dw ohdvw rqh u lq wkh vxssruw1 Wkh olplwlqj ehkdylrxu ri #s

m
vs�
l

lv lqglfdwhg

lq wkh gldjudp=

r

r n

increasing

E

increasing s*

Iljxuh D4 Wkh Er{ Gldjudp

Wkh vkdghg duhdv lqglfdwh +l> m, sdluv iru zklfk #
m
v�
l
dssurdfkhv d qrq0}hur olplw1

Wkh gldjudp lqfrusrudwhv wkh iroorzlqj surshuwlhv=

41 Wkh sdluv +l> m, duh duudqjhg dv qrq0ryhuodsslqj er{hv1 Hdfk l � u fruuhvsrqgv

wr rqh er{1 Li +l> m, dqg +l3> m3, ehorqj wr wkh vdph er{ wkhq #
m
v�
l
@#

m3
v�l3 > #m@#m3

dqg v�l @v
�

l3 doo dssurdfk qrq0}hur olplwv1 Wr vhh wklv/ revhuyh wkdw wkh er{hv
frxog eh frqvwuxfwhg dv iroorzv1 Iru hdfk l/ wkh m iru zklfk #mv

�

l dssurdfkhv
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d qrq0}hur olplw irup d yhuwlfdo olqh0vhjphqw e| wkh prqrwrqlflw| ri #m zlwk

uhvshfw wr m1 Qh{w qrwh wkdw li wzr vxfk olqh0vhjphqwv zhuh wr ryhuods +vkduh
d frpprq m,/ wkh| zrxog olh lq d er{ zlwk wkh vwdwhg surshuwlhv1

51 Deryh wkh er{hv/ #mv
�

l $ 3= Wklv iroorzv e| frqvwuxfwlrq1

61 Ehqhdwk wkh er{hv/ {3ln @ 31 Wklv iroorzv e| frqvwuxfwlrq vlqfh #mv
�

l ds0

surdfkhv d �qlwh olplw rq wkh vxssruw ri {3l =
71 Wkh er{hv vwduw lq wkh wrs ohiw kdqg fruqhu1 Li qrw zh zrxog kdyh #

4
v�
4
$ 3

dqg khqfh #
4
v�l $ 3 iru doo l1 Exw wuV� @

Su

l@4 v
�

l @
Sq

l@4 vll@#l vr wkhq
3 @ olp#

4

Su

l@4 v
�

l � v44 A 3=

81 Wkh er{hv duh wdoo= wkhlu khljkw lv qrw h{fhhghg e| wkhlu euhdgwk1 Wr vhh wklv/
�uvw gh�qh

J+{3l , @ olp
s$4

�s 4

5{3l

dqg h{whqg wr wkh vsdq e| olqhdulw|> gh�qh dovr

K+{, @ +V�,
4

5J+{,=

Li x> y rq wkh krul}rqwdo d{lv ehorqj wr wkh vdph er{ wkhq

K+{3x,
3K+{3y, @ olp

s$4
{3x

3�s 4
5V��s 4

5{3y

9@ 3

vlqfh wkh olplwv ri �x dqg �y gl�hu e| d qrq0}hur pxowlsolfdwlyh frqvwdqw lq
wkh vdph er{1 Lw iroorzv wkdw K dqg khqfh J suhvhuyh glphqvlrq rq wkh vsdq
ri wkh {3l fruuhvsrqglqj wr hdfk er{1 Exw wkh vxssruw ri hdfk J+{3l , olhv zlwklq
vxfk d er{ vr wkh uhvxow iroorzv1

Wkh Qxoo Vsdfh

Vr idu zh kdyh qrw gh�qhg olplw hljhqyhfwruv lq wkh qxoo vsdfh Q +Vs�,= Ohw
}u.4> ===> }q eh d edvlv iru Q +V, lq uhgxfhg froxpq0hfkhorq irup dqg/ iru m @ 4> ===> q>
gh�qh Y +m, dv wkh odujhvw lqgh{ u.n iru zklfk wkh ohdglqj 4 kdv urz0qxpehu juhdwhu

wkdq ru htxdo wr m= Lq wkh hyhqw wkdw wkh edvlv kdv urzv ri }hurv dw wkh erwwrp/ zh

gh�qh Y +m, @ u iru wkhvh urzv1 Wkh vwhs0vkdshg sdwk +m> Y +m,, wkxv gh�qhv wkh

iurqwlhu ehwzhhq wkh }hur dqg qrq0}hur uhjlrqv ri Q +V,= Ohw v eh wkh plqlpxp

qxpehu ri qrq0}hur hqwulhv dprqj doo qrq0}hur yhfwruv ri Q +V, dqg gh�qh wkh

ghihfw ri V> g+V, e|

v @ u � g+V, . 4

Uhgxfwlrq wr hfkhorq irup zloo surgxfh u . 4 ru ihzhu qrq0}hur hqwulhv lq }q dqg

g+V, A 3 lqglfdwhv h{wud vwuxfwxuh lq Q +V,= Wklv fdq eh vr rqo| li dq dojheudlf

lghqwlw| krogv dprqj wkh yduldwhv xvhg wr jhqhudwh wkh fryduldqfh pdwul{ V/ w|slfdoo|

d }hur0suredelolw| hyhqw1 Qrwh wkdw hdfk urz ri }hurv lq wkh qxoo vsdfh frqwulexwhv

rqh wr wkh ghihfw1 Lw lv srvvleoh/ shukdsv kdylqj �uvw shupxwhg wkh lqglfhv l> wr zulwh

d edvlv iru Q +V, lq froxpq0hfkhorq irup vr wkdw Y +u� g+V, . 4, @ q1 Lq wklv fdvh

wkh uljkw0prvw froxpq lq wkh qxoo vsdfh kdv qrq0}hur hqwulhv iru m � u � g+V, . 4/
}hurv hovhzkhuh1 Lq jhqhudo +zlwkrxw qhfhvvdulo| shupxwlqj wkh lqglfhv,/ froxpq0

hfkhorq irup gholyhuv Y +u � g . 4, @ q iru vrph g � g+V, zkhuh u � g . 4 lv wkh

qxpehu ri whupv o|lqj deryh +dqg lqfoxglqj, wkh ohdglqj 4 lq }q1
4:

Froxpq0hfkhorq irup hqvxuhv wkh iroorzlqj surshuwlhv ri wkh ixqfwlrq Y=

41 Y +m, @ q iru m � u � g. 4=

�.
Dv gh�qhg/ _ lv lqyduldqw wr wkh sduwlfxodu froxpq0hfkhorq irup1
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51 3 � �Y +m, � �4> zkhuh �Y +m, @ Y +m,� Y +m � 4,=

61 �Y +u � g. 4, @ �4=

Qrz gh�qh I +m, e|

Y +m,� I +m, @ q� m iru m @ 4> ===> q

Wkhq I lqkhulwv wkh surshuwlhv=

41 I +m, @ m iru m � u � g. 4=

51 4 � �I +m, � 3=

61 �I +u � g. 4, @ 3=

71 l� I +m, � 4 iru m A u � g. 4>

zkhuh surshuw| 7 iroorzv iurp 5 dqg 6 lpphgldwho| deryh1

Olplw hljhqyhfwruv lq Q +Vs�
, duh frqvwuxfwhg dv iroorzv1 Lq wkh hyhqw wkdw Q �

u � g. 4 wkhq {3u.l @ �
3
4

5 }u.l / l @ 4> ===> q � u / duh olqhduo| lqghshqghqw/ hdfk d

olplw ri wkh vhtxhqfh �s 4
5 }u.l dqg ruwkrjrqdo wr {3l > l @ 4> ===> u=Zkhq Q A u�g.4/

wkh odvw q � Y +Q, yhfwruv dv gh�qhg deryh ydqlvk/ exw wkhvh fdq eh uhsodfhg e|

olps$4+�
s@#n,

4

5 }u.l / zkhuh n lv wkh urz qxpehu ri wkh ohdglqj 4 lq }u.l= Wkhvh
duh doo olplwv ri vhtxhqfhv lq Q +Vs�

, dqg kdyh vrph qrq0}hur hohphqwv iru lqglfhv
m ohvv wkdq Q= Lq erwk fdvhv zh duh ohg wr olplw qxoo0vsdfh yhfwruv {3u.4> ===> {

3
q iru

zklfk= +d, Li Q ? u � g. 4 wkhq wkh olplw yhfwruv kdyh }hurv iru lqglfhv ohvv wkdq
Q= +e, Li Q � u � g. 4 wkhq wkh olplw yhfwruv fdq eh glylghg lqwr wzr jurxsv/ rqh
zlwk }hur hohphqwv dw lqglfhv deryh Q / rqh zlwk }hur hohphqwv dw lqglfhv ehorz Q /
wkh glylglqj yhuwh{ ehlqj +Q>Y +Q,,= Wklv vwuxfwxuh lv vxppdulvhg lq wkh Iljxuh
ehorz1
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zeroszeros

r-d+1

N

zeros

zeros

r-d+1

N

zeros

zeros

Iljxuh D5 Orfdwlrq ri }hurv lq wkh olplw qxoo vsdfh

OHPPD 41 Lq wkh er{0gldjudp/ wkh uljkw0prvw er{ olhv ehqhdwk m @ Q li dqg
rqo| li I +Q, ? u . 4= Lq wklv fdvh/ wkh Qruwk0Zhvw yhuwh{ ri wkh er{ olhv rq wkh
sdwk +Q>I +Q,,=

SURRI1 Zh suryh wkh vhfrqg sduw �uvw1 Dvvxph wkhuhiruh wkdw wkh uljkw0prvw
er{ olhv ehqhdwk m @ Q 1= Wdnlqj olplwv lq +4<,/ zh ghgxfh wkdw wkh vxeyhfwruv ri
hdfk {3l > l @ 4> ===> u o|lqj deryh m @ Q ehorqj wr wkh olplw qxoo0vsdfh/ dqdorjrxvo|
wuxqfdwhg1 H{sorlwlqj wkh ruwkrjrqdolw| vwuxfwxuh lpsolflw lq Iljxuh 5/ dqg wkh
pxwxdo ruwkrjrqdolw| ehwzhhq {34> ===> {

3
u dqg {3u.4> ===> {

3
q / rqh fdq ghgxfh wkdw wkhvh

vxeyhfwruv duh lghqwlfdoo| }hur1 Lw iroorzv wkdw wkh olplw hljhqyhfwruv lq wkh uljkw0
prvw er{/ wrjhwkhu zlwk wkh olplw qxoo vsdfh yhfwruv xs wr lqgh{ Y +Q, / doo kdyh
}hurv deryh m @ Q / zkhuhdv doo rwkhu hljhqyhfwruv kdyh }hurv ehorz m @ Q= Iljxuh
6 looxvwudwhv wkh dujxphqw +qrwh zh kdyh gudzq wkh Y dqg I ixqfwlrqv dv vwudljkw
olqhv iru vlpsolflw|,1 Frqvlghudwlrqv ri glphqvlrqdolw| qrz vkrz wkdw wkh vxepdwul{
ri wkh uljkw0prvw er{ o|lqj ehqhdwk m @ Q vkrzq vkdghg lq Iljxuh 6/ wrjhwkhu zlwk
wkh fruuhvsrqglqjo| wuxqfdwhg yhfwruv lq wkh dgmdfhqw uhjlrq ri wkh olplw qxoo vsdfh/
irupv d vtxduh1 Wkh uhvxow qrz iroorzv iurp wkh gh�qlwlrq ri wkh ixqfwlrq I=
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N

r-d+1

r+1

zeros

zeros

zeros

0s

0s 0s
F

V

Iljxuh D6 Lqwhudfwlrq ehwzhhq wkh qxoo vsdfh dqg wkh uljkw0prvw er{

Li wkhuh lv qr er{ ehqhdwk m @ Q wkhq wkh deryh dujxphqw vkrzv wkdw wkh �uvw
eorfn ri wuxqfdwhg yhfwruv lq wkh qxoo vsdfh wkhpvhoyhv irup d vtxduh/ dqg duh
olqhduo| lqghshqghqw e| frqvwuxfwlrq1 Lw iroorzv wkdw

Y +m, @ m . u iru m @ 4> ===> Q � u

zkhqfh I +m, @ 4.u= Fohduo| wklv dujxphqw lv uhyhuvleoh/ vr wkh Ohppd lv suryhg1�
Surri ri Wkhruhp 5

Zh �uvw suryh erxqghgqhvv iru p ? u� g+V,= Dvvxph/ e| zd| ri frqwudglfwlrq/

Of lv xqerxqghg iru vrph vhtxhqfh �s $ �3= Lq fkrrvlqj wkh hohphqwv #
s

m
wr

eh prqrwrqlf lq m / zh kdyh lpsolflwo| uh0rughuhg wkh lqglfhv m= Zh kdyh krzhyhu

p ? u� g+V, � u� g zkhuh Y +u� g.4, @ q= Fohduo| zh pd| wdnh doo �s wr olh lq

U_I vr wkdw �3 5 IqI 1 Zh �uvw suryh wkh iroorzlqj1

OHPPD 51 Rq wkh ulp/

wuV� �

p3[

l@4

v�
l
@ q�p3+55,

dqg/ xs wr dq dgglwlyh frqvwdqw/
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Of @ �

#
q[
l@4

orj#
l
.

p3[
l@4

orj v�
l

$
+56,

Pruhryhu/ p @ p3> l1h1 v
�

l
� 4 iru l � p=

SURRI1 Iru � A 3/ rqh kdv iurp +4:,

Of +��, @ �

#
orj ghw� .

p3[
l@4

orj v�
l
. +q�p3, orj � . +wu V� �

p3[
l@4

v�
l
,@�

$

Qrz wuV� @
S

q

l@4
v�
l
vr wu V� A

S
p3

l@4
v�
l
lq yluwxh ri wkh dvvxpswlrq wkdw p ?

udqn V @ udqn V�= Wkh lqwhjhu p3 fdq ghshqg rq � exw/ luuhjdugohvv/ Of +��, fdq

eh pdgh duelwudulo| qhjdwlyh e| fkrlfh ri � vx!flhqwo| vpdoo ru odujh1 Frqwlqxlw|

ri Of +��, wkhq jxdudqwhhv wkdw d pd{lpxp/ dw �p vd|/ lv dwwdlqhg1 Il{lqj p3 wr

eh wkh ydoxh dw wklv pd{lpxp/ rqh ghgxfhv wkdw �p @ +wuV� �
p3S
l@4

v�
l
,@+q �p3,=

Vlqfh �p @ 4 li � douhdg| ehorqjv wr wkh ulp/ wkh �uvw uhvxow iroorzv dqg wkh vhfrqg

lv rewdlqhg e| gluhfw vxevwlwxwlrq lq 4:1 Ilqdoo|/ p3 fdq eh vpdoohu wkdq p rqo| li

vp3.4 ? 4> krzhyhu 55 lpsolhv wkdw wkh dyhudjh ri wkh qxpehuv v�
l
> l @ p3.4> ===> q>

vrph ri zklfk duh }hur/ lv xqlw|/ lqfrqvlvwhqw zlwk wklv1 �

Wkh lpsolfdwlrq ri +55, lv wkdw/ iru �s rq wkh ulp/ 3 � v�
l
� 4 iru l @p.4> ===> q1

Zh pd| wkxv fkrrvh d vxevhtxhqfh ri �s iru zklfk hdfk v�
l
frqyhujhv/ zklfk lpsolhv

wkdw #
m
v�
l
frqyhujhv wr d �qlwh olplw iru m � Q> u � l A p= +55, ixuwkhu lpsolhv

wkdw dw ohdvw rqh ri wkhvh olplwv lv qrq0}hur1 Lw iroorzv wkdw wkh uljkw0prvw er{ olhv

ehqhdwk m @ Q lq wkh er{ gldjudp dqg khqfh wkdw wkh Qruwk0Zhvw yhuwh{ ri wklv

er{ lv jlyhq e| +Q>I +Q,, zkhuh p . 4 � I +Q,= Li Q A u � g . 4 wkhq/ vlqfh

p ? u � g> zh kdyh

p. 4 ? u � g. 4 � I +Q,

e| surshuwlhv +l, dqg +ll, ri I deryh1 Wklv lv frqwudu| wr p . 4 � I +Q, dqg zh

frqfoxgh wkdw Q � u�g.4=4; Lw iroorzv wkdw I +Q, @ Q e| surshuw| +l, ri I deryh

l1h1 wkh QZ yhuwh{ ri wkh uljkw0prvw er{ olhv rq wkh gldjrqdo1 Exw vlqfh er{hv duh

�wdoo�/ doo er{hv pxvw wkhq olh dorqj wkh gldjrqdo zlwk wkh lpsolfdwlrq wkdw #
l
v�
l

frqyhujhv wr d qrq0}hur olplw iru doo l � u= Li +56, lv uhfdvw lq wkh irup

Of @ �

#
p[
l@4

orj#
l
v�
l
.

q[
l@p.4

orj#
l

$

wkhq erxqghgqhvv qrz iroorzv vlqfh Q @ I +Q, � p.4= Wklv frpsohwhv wkh surri

ri Wkhruhp 5+lll,1

Qrz dvvxph wkdw p � u � g+V, / u ? q= Zh dvvxph g A 3> iru rwkhuzlvh

xqerxqghgqhvv zrxog iroorz iurp Sursrvlwlrq 61 Wkxv p � u� 5= Zh uh0rughu wkh

lqglfhv m vr wkdw d uhgxfhg froxpq0hfkhorq irup iru Q +V, kdv ohdglqj 4 lq sodfh

u � g+V, . 4 iru }q1 Zh fkrrvh d frqyhujhqw vhtxhqfh �s zlwk Q @ p. 5 vr wkdw

q � Q A u � g+V, . 4= Qr kdup lv grqh e| dvvxplqj p3 lv �{hg dv s fkdqjhv1 Li

�H
Wklv dujxphqw kdv vkrzq/ lq idfw/ wkdw � : o3 _n� lpsolhv wkh vhtxhqfh [R

lv qrw rq wkh

ulp1
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p3 ? p / zh pxvw kdyh v
s�

p3.4
� 4/ vr lw iroorzv wkdw p3 . 4 � I +Q,= Zulwh +4:,

lq wkh irup

Of @ �

#
p3[
l@4

orj#
l
v
�

l
.

q[
l@p3.4

v
�

l
.

q[
l@p3.4

orj#
l

$

Frqvlghulqj wkhvh wkuhh whupv lq wxuq/ qrwh wkdw wkh �uvw dssurdfkhv d �qlwh olplw ru
.4 vlqfh wkh gldjrqdo lq wkh er{ gldjudp lqwhuvhfwv wkh er{hv ru olhv deryh wkhp>
wkh vhfrqg lv erxqghg ehfdxvh vlqfh p3 . 4 � I +Q,> zkloh wkh wklug frqwdlqv d
whup lq � orj#

p3.4
zklfk dssurdfkhv .4 vlqfh p3.4 ? Q= Wklv suryhv Wkhruhp

5+ll, vr wkh surri ri Wkhruhp 5 lv qrz frpsohwh1
Iljxuh 7 jlyhv wkh er{0gldjudp iru d frqyhujhqw PO hvwlpdwlrq ri wkh idfwru

prgho1

N

r-d+1

r+1

zeros

0szeros

Iljxuh D7 Wkh er{ gldjudp iru frqyhujhqw pd{lpxp olnholkrrg

Lq wkh vkdghg er{hv/ #
m
v�
l
dssurdfkhv d qrq0}hur olplw/ deryh wkhp/ }hur> ehqhdwk

wkh er{hv wkh olplw hljhqyhfwruv {3
l
kdyh }hur vxssruw1 Wkh �jxuh dovr jlyhv wkh }hur0

vwuxfwxuh iru wkh olplw qxoo vsdfh1 Zh kdyh dovr hvwdeolvkhg wkdw p � Q �4= Gh�qh
wkh pxowlsolflw| ri d Kh|zrrg vroxwlrq dv wkh qxpehu ri lqglfhv iru zklfk #

m
$ 3/

Q � 4 lq rxu whuplqrorj|1 Wkxv rxu surri ri Wkhruhp 5 kdv hvwdeolvkhg=
FRUROODU\1 Wkh pxowlsolflw| ri d Kh|zrrg vroxwlrq lv ohvv wkdq ru htxdo wr

wkh qxpehu ri �wwhg idfwruv1
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WKHRUHP 71 Dvvxph p ? u� g1 Wkhq wkhuh h{lvwv dq lqyhuwleoh 	3 lq U_I

ru lwv erxqgdu| wr pd{lplvh O=
SURRI1 E| Wkhruhpv 5 dqg 6/ li p ? u � g / wkhuh h{lvwv d vhtxhqfh �s lq
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+49,1 Ohw {sl / l @ 4> ===q / eh dq ruwkrqrupdo edvlv ri hljhqyhfwruv ri V�s / udqnhg

e| hljhqydoxh/ dqg gh�qh t
s
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zkhuh J lv dv gh�qhg lq wkh surri ri surshuw| +y, ri wkh er{0gldjudp/ #3m A 3

iru m � Q> dqg t
s
l � 41 Wkh J+{3l , duh olqhduo| lqghshqghqw lq wkh vdph er{ dqg

ruwkrjrqdo ehwzhhq er{hv/ dv zhoo dv ruwkrjrqdo wr hdfk �3
4

5{3l / l � Q / lq yluwxh ri

wkh vwuxfwxuh ri wkh er{0gldjudp1 H{sorlwlqj wkh idfw wkdw wkh �3
4

5{3l ydqlvk deryh

m @ Q iru l � Q / rqh ghgxfhv wkdw wkh �3
4

5{3l duh olqhduo| lqghshqghqw dqg wkh
uhvxow iroorzv1�

Pd{lplvlqj wkh Olnholkrrg

Wkhuh lv d yroxplqrxv olwhudwxuh rq PO hvwlpdwlrq ri wkh idfwru prgho +vhh
h1j1 Ohh dqg Mhqqulfk/ 4<:</ Uxelq dqg Wkd|hu/ 4<;5,1 Dqdo|wlf pd{lplvdwlrq
ixqfwlrq lv lqwudfwdeoh/ vr qxphulfdo whfkqltxhv duh xvhg1 Rxu sulph uhtxluhphqw
iru qxphurxv Prqwh Fduor h{shulphqwv zdv jxdudqwhhg frqyhujhqfh/ dw wkh h{shqvh/
li qhfhvvdu|/ ri vshhg1 Rxu uhdglqj ri wkh olwhudwxuh rq idfwru PO dojrulwkpv lv wkdw
fkrlfh ri dojrulwkp fdq d�hfw frqyhujhqfh vshhg e| d idfwru ri derxw 6/ wkrxjk qrw
e| idfwruv ri 43 ru pruh1 Jlyhq wkh vshhg ri prghuq pdfklqhv wklv zrxog lqglfdwh
wkdw wkh sduwlfxodu dojrulwkp fkrvhq pd| eh ri vhfrqgdu| lpsruwdqfh1 Diwhu vrph
h{shulphqwdwlrq/ zh kdyh fkrvhq d pl{wxuh ri vwhhshvw dvfhqw dqg Iohwfkhu0Srzhoo
dojrulwkpv1 Xvh ri vwhhshvw dvfhqw dorqh fdq eh yhu| wlph frqvxplqj/ wkh jhrphwu|
ri wkh olnholkrrg ixqfwlrq ehlqj vxfk wkdw d odujh qxpehu ri yhu| vpdoo vwhsv fdq
eh uhtxluhg +khp0vwlwfklqj,1 Iohwfkhu0Srzhoo/ rq wkh rwkhu kdqg/ fdq jhw vwxfn
zkhuh/ lq wkh vhdufk gluhfwlrq/ wkhuh lv qr dssuhfldeoh olnholkrrg ydoxh lpsuryhphqw/
exw wkh judglhqw lv qrq0}hur lq d gl�huhqw gluhfwlrq l1h1 wkh olnholkrrg ixqfwlrq lv
qrw zhoo0dssur{lpdwhg e| dq hoolsvrlg lq fhuwdlq uhjlrqv1 Pl{lqj wkh wzr vfkhphv
hqvxuhv wkdw wkh vshhg ri Iohwfkhu0Srzhoo lv xvhg zkhuh lw lpsuryhv wkh olnholkrrg
ixqfwlrq/ exw/ li lw uxqv lqwr sureohpv/ zh vzlwfk wr wkh pruh urexvw vwhhshvw dvfhqw
wr pryh wkh vhdufk dorqj1 Zh dovr lpsohphqw d vfkhph zkhuhe| wkh vwhs ohqjwk
lqfuhdvhv iroorzlqj d vxffhvvixo vwhs +l1h1 rqh wkdw lpsuryhv wkh olnholkrrg,1 Lw
vhhpv olnho| wkdw wkh dssursuldwh pl{ ri vwhhshvw dvfhqw dqg Iohwfkhu0Srzhoo dqg
wkh vwhs h{sdqvlrq/ lv sureohp ghshqghqw> zh kdyh qrw dwwhpswhg wr rswlplvh lq wklv
gluhfwlrq1 Zh kdyh irxqg wkdw wklv pl{wxuh surylghv d yhu| urexvw pd{lplvdwlrq
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surfhgxuh1 Iru wkh uhjuhvvlrqv lq wklv sdshu zh xvhg wkh iroorzlqj vfkhph1 Wkh
vwduwlqj ydoxhv duh ghulyhg e| dvvxplqj wkdw�3 lv vfdodu zlwk pdjqlwxgh wkh dyhudjh
ri wkh vpdoohvw q �p . 4 hljhqydoxhv ri V> dqg dv �3 wkh lpsolhg vtxduh urrw ri
V��31 Wkh vhdufk phwkrg xvhv vwhhshvw dvfhqw iru wkh �uvw 433 vwhsv/ wkhq vzlwfkhv
wr Iohwfkhu0Srzhoo1 Iroorzlqj d vxffhvvixo vwhs/ wkh vwhs0ohqjwk lv h{sdqghg e| 53(1
Frqyhujhqfh lv fkhfnhg e| wkh fkdqjh lq wkh olnholkrrg ixqfwlrq ehlqj ehorz vrph
wrohudqfh1 Dw wklv srlqw wkh judglhqw ri wkh olnholkrrg ixqfwlrq lv dovr fkhfnhg1 Li
wkh judglhqw h{fhhgv d fulwlfdo ydoxh zh vzlwfk edfn wr vwhhshvw dvfhqw iru d ixuwkhu
73 vwhsv dqg wkhq uhyhuw wr Iohwfkhu0Srzhoo1 Wklv surfhvv frqwlqxhv xqwlo erwk
wkh fkdqjh lq wkh olnholkrrg dqg wkh vorsh ri wkh olnholkrrg idoo ehqhdwk uhtxluhg
wkuhvkrogv1 Frqyhujhqfh fkdudfwhulvwlfv zlwk wklv dojrulwkp vhhp jrrg> lq vhyhudo
wkrxvdqg Prqwh Fduor zh kdyh qhyhu idlohg wr �qg d pd{lpxp1
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