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Abstract

This paper provides a characterization for the set of outcomes which can be sustained by
subgame perfect equilibrium strategies in repeated games with M-period bounded memory,
pure strategies, no discounting and finite number of action profiles. The characterization

Ž .indicates that the equilibrium set expands very fast in an ‘exponential’ fashion as the
Ž .memory increases and slowly in a ‘polynomial’ fashion as the set of action profiles

available to the players at each stage expands. q 1998 Elsevier Science S.A. All rights
reserved.
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1. Introduction

Ž .In any repeated game RG , a large number of outcome paths can be supported
as subgame perfect equilibria because the players can choose history-dependent
strategies which punish any player who does not adhere to the appropriate
equilibrium outcome path. Therefore the possibility of punishments and thus the
existence of a large number of equilibria arises because players can choose
history-dependent strategies. Moreover, each player rationally chooses a history-
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dependent strategy because the others condition their actions on the history. Since
there are a large number of histories, one can construct many subgame perfect

Ž . Ž . 1equilibrium SPE strategies some of them extremely complicated .
One research strategy for dealing with the large number of equilibria in RGs is

to impose restrictions on the way the strategies depend on the history. One
justification for imposing restrictions on RG strategies is in terms of limitations of

Ž .human computational and storage ability ‘bounded rationality’ . For example, in
recent years many have considered RG strategies which are implementable by

Ž .finite automata. See Kalai, 1990 for a survey . In this paper, however, the bound
Ž .is on the memory of the players the number of periods they can recall and not on

their computational abilities. There are simply limits to storage and organization of
information.

Ž .In Sabourian 1989b , a series of sufficiency conditions for an outcome to be a
one-period memory SPE is provided. Moreover, the paper demonstrates a Folk-
theorem-type result: with no discounting any individually rational profile of
actions can be supported as a SPE with one-period memory if either the stage

Ž .game contains a ‘large’ number of elements if it is a connected set andror if
Ž .randomization public or private is allowed.

When the number of actions available in the stage game is small, restricting the
Žmemory does reduce the size of pure SPE set and captures some aspects of

.bounded rationality . This paper provides a characterization for the set of M-period
memory pure SPE strategies when the set of actions is finite. 2 The characteriza-

Ž Ž .tion which is a generalization of the one obtained in Sabourian 1989b for the
. Žone-memory case indicates that in obtaining Folk-Theorem-type results without

.randomization one faces a trade-off between the number of elements of the action
space of the stage game and the length of the memory. One needs either a long
memory or an action space with ‘many’ elements to establish a Folk-Theorem

Žresult. Moreover, the results indicate that the size of SPE set expands very fast in
. Žan ‘exponential’ fashion as the memory increases and slowly in a ‘polynomial’

.fashion as the action space expands.

2. The game

Ž .nConsider the one-shot game Gs A Pp where A and p are the strategyi i is1 i i
Ž . naction space and the payoff function of player i, respectively. Let AsŁ Ais1 i

Ž .and ps p , . . . , p . Thus p is a function from A to R. I assume that A is1 n i i
Ž .finite ; i. I define x as any n-tuple xs x , . . . , x without its ith element.yi 1 n

1 Ž . Ž .See Pearce 1992 and Sabourian 1989a for surveys of the literature.
2 The sufficiency condition in this paper does not depend on the finiteness assumption and is proved

by constructing appropriate Eulerian graphs.
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For any action profile a´ A, define the maximum payoff i can obtain by deviating
as

Xu a s max p a ,a . 1Ž . Ž . Ž .i i i yiXa gAi i

Consider the infinite repetition of G. Let the set of histories up to period t be
H t. Thus H 1 sB and H t sAty1, where B is the empty set and Aty1 is the
Ž .ty1 -fold cartesian product of A. The set of supergame strategies of i, when
there is no bound on the memory, is denoted by F with typical elementi

� tŽ .4` t t Ž tŽ t. t Ž t.. tŽ t.f s s P , where s :H ™A . I denote s h , . . . , s h by s h andi i ts1 i i 1 n

Ł n F by F.is1 i

� tŽ .4` ŽDefinition 1: A supergame strategy f s s P has M-period memory M isi i ts1
.an integer if for all integers t and t greater than M and for any two histories

t 1 ty1 t 1 ty1 tym tymŽ . Ž .h s a , . . . , a and h s a , . . . , a , if a sa ; integers mFM
t t t tŽ . Ž .then s h ss h .i i

Thus the choice of action at any stage t for M-period memory strategies
Ždepends only on the last M stages of the supergame and not on t stationary

.bounded memory . Denote the set of M-period memory supergame strategies for i
by F M and let F M sŁ n F M.i is1 i

1Ž . 1Ž .Given any profile of supergame strategies f , s f ss B denotes the
tŽ . tŽ 1Ž . ty1Ž ..outcome at time ts1 and s f ss s f , . . . , s f denotes the outcome

Ž tŽ ..` Ž .at t)1. Moreover, I shall denote the sequence s f by s f and refer to itts1
tŽ . tXŽ .as the outcome path. Any fgF is said to be stationary if s f ss f ; t and

tX.
Ž tŽ ..`Given any fs s P the supergame strategies determined by f after anyts1

t Ž 1 ty1. < thistory h s a , . . . , a is denoted by f h .
I shall assume players do not discount the future and use the Limit-of-the-Mean

criterion. Thus the supergame payoff of i if the sequence of action profiles
11 2 ` T tŽ . Ž . Ž . Žhs a , a , . . . occurs is p h s lim inf Ý p a it makes no differ-i T ™` ts1 iT

.ence which limit point of the average payoffs is used .

Definition 2: A supergame strategy fgF M is an M-memory SPE if

` t ` ˜ t t ˜ M< <p s f h Gp s f , f h , ; i , ;h , and ; f gF . 2Ž .Ž .Ž . Ž .ž /i i i yi i i

< tSince in the above definition f h has M-period memory it follows fromyi

standard theorems on Markov decision problems that there exists an optimal
Ž . < tstrategy in the class of all strategies for player i, given f h , which hasyi

M-period memory. Thus I could define a M-memory SPE as a profile of strategies
M ˜ ˜ MŽ . ŽfgF such that the inequality in Eq. 2 holds ; f gF and not only ; f gFi i i i

Ž .. M M X X Mas in Eq. 2 . Since F :F for all M )M, if fgF is an M-period SPE
then f is also an M X-period SPE for any M X

)M.
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Ž . Ž 1 R. RFor any finite path string of action profiles cs a , . . . , a gA , denote the
Ž . mmth element mFR of the path and the average payoff player i receives by c

m mŽ .and p c , respectively. Thus c sa andi

R1
rp c s p a 3Ž . Ž . Ž .Ýi iR rs1

Since M-period memory strategies depend only on the previous M-period history,
Ž 1 R. Rfor any action path cs a , . . . , a gA , I need to define the M-period history

Ž . Žcycle path induced by c the set of adjacent strings of action profiles of length M
.in c . Formally, define the M-period history cycle and the M-period history path

Ž Ž . Ž .. Ž Ž . Ž ..induced by c as cs e 1 , . . . , e R and cs e 1 , . . . , e RyM respectively,ˆ
where

e r s ar , . . . , arqMy1 for every integer rFR , 4Ž . Ž . Ž .
and aRqt sat for any integer t-M. Following the computer science literature
Ž .see Hall, 1968 or Golomb, 1967 , I shall refer to the M-period history cycle
Ž . Ž .path as the M-string shift register cycle path induced by c or more simply by

Ž .SR cycle path induced by c. Clearly, for any adjacent pair of strings of length M
Ž . Ž .in c or in c , the last My1 elements of the first string coincide with the firstˆ

Ž .My1 elements of the second string. Notice also that the sum of the payoffs i
Ž 1 R.obtains when any path cs a , . . . , a is chosen is equal to the sum of the

Ž Ž . Ž ..aÕerage payoffs i obtains when all elements of cs e 1 , . . . , e R occur. Thusˆ
R R M R1

r m 3p a s p e r s p e r P 5Ž . Ž . Ž . Ž .Ž . Ž .Ý Ý Ý Ýi i iMrs1 rs1ms1 rs1

Ž .Since A and M are finite, the path s f induced by any M-memory strategy
profile f´ F M is ultimately periodic, and the length of any such cycle does not

< < M 4 Mexceed A . For any fgF , I shall refer to the cycle paths generated by f by
Ž . Ž . Ž 1 R. Ž Ž . Ž ..S f . Note that if S f s a , . . . , a and if e 1 , . . . , e R is the SR cycle

1` RŽ . Ž . Ž Ž .. Ž Ž ..induced by S f , then p f sp S f s Ý p e r and for every pair ofi i rs1 iR
X Ž . Ž X. X Žintegers r and r less than R, e r /e r if r/r . Otherwise f enters a cycle

Ž . .before playing all members of S f . I can now define the set of cycle paths that
are implementable by M-memory strategy profiles as

M 1 R R < X XC s a , . . . , a ´ A e r /e r , ;r/r FR where e r and� Ž . Ž . Ž . Ž .
=e rX satisfy equation 4 64Ž . Ž .

Finally, note also that any path of action profiles which appear along an outcome
path generated by M-memory strategy profile must be such that the elements of its

3 r mŽ .The first equality follows from the fact that any a gc occurs M times in c. Notice that e rˆ
Ž .refers to the mth element of the M-string e r .

4 < <For any set K , K refers to the cardinality of that set.
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SR path, other than the last My1 elements, do not coincide. Therefore I define
the set of such paths as

X XM 1 R R <C s a , . . . , a ´ A e r /e r , ;r/r FRyM where e r� Ž . Ž . Ž . Ž .

Ž X . 4 Ž .and e r satisfy equation 4 7

3. Some intuition for the sufficiency condition

To support an outcome path as a SPE of a RG one needs to construct strategies
which punish deviations from the equilibrium path and induce punishers to punish
the deviator. In some cases it may be more costly for player j to punish a deviator
i than to be punished. As a result, in order to induce j to punish i one needs to

Ž .‘reward’ j after punishing i. Therefore, in general see Sabourian, 1989a one may
need to construct finite punishment paths which punish any deviator a finite

Žnumber of times and return to the ‘reward’ phase which may be the original
.equilibrium path .

To sustain an action profile agA as a stationary M-memory SPE, I consider a
supergame strategy profile fgF which plays a forever on the equilibrium path
and punishes any deviator i by first playing a finite sequence of action profiles
Ž . Ž .c i and then returns to a forever. Further deviations, by player j from c i are

Ž . Ž Ž .punished by starting c j and then reverting to a forever thus the sequence c i
.is the punishment phase for i and a is the ‘reward phase’ . To show that such a

Ž .strategy profile fs f , f is a M-memory SPE note the following two points.i yi

Firstly, with the Limit-of-the-Mean criterion one only needs to show that it does
not pay i to deviate infinitely often from f , given f , after any history. Sincei yi

Ž .after every history all players who are adhering to f are either playing a or c j
for some j, it follows that f is a SPE if it does not pay i to deviate infinitely often

Ž .from a or from c j ; j. But one does not need to consider infinite deviations by i
Ž . Ž .from c j for j/ i. This is because if i deviates once from c j , given that other

Ž .players follow f , c i will be invoked and any further deviations will be fromyi
Ž .either c i or a. Thus given that others follow f , i can not deviate infinitelyyi

Ž .often from c j when j/ i. Therefore f is a SPE if for every i it does not pay i
Ž . Ž .to deviate infinitely often either from a or from c i . See Remark 4 below.

Secondly, with M-period memory to construct strategies which punish a deviator
for a finite number of periods and then return to the ‘reward phase’, the elements

Ž ..of the SR path M-period historiesrstrings induced by the punishment phase
M MŽ . Ž . Ž .c i need to be distinct—c i must be an element of C or C ; otherwise, the

punishment phase enters a cycle and never returns to the ‘reward phase’ a.
To find the weakest conditions which ensure that an action profile a can be

sustained as a M-memory SPE, one needs to find for all i the worst finite credible
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MŽ .punishment phase c i belonging to C . To do this, consider first any set of
Ž . � rŽ .4RŽ i.distinct action profiles B i s b i :A such thatrs1

rp a Gp b i , ;rFR i 8Ž . Ž . Ž . Ž .Ž .i i

and find the longest cycle path which is implementable with M-memory and
Ž .involves action profiles belonging to the set B i . Clearly, such a path belong to

M Ž .MC and the elements of its M-string SR cycle belong to B i —the M-fold
Ž .cartesian product of B i . It turns out that there exists a cycle path which can be

implementable by a M-memory strategy profile and whose SR cycle coincide with
Ž .Mthe set of all M-strings belonging to the set B i . Such a maximal cycle path are

called de Bruijn sequences and the existence of them was first proved by Good
Ž . Ž .1946 and de Bruijn 1946 . Clearly, the length of such a maximal sequence is the

Ž .M Ž M . Ž . My 1cardinality of B i sR and any element of B i occurs R times in such
Ž Ž .a maximal path this is because every element of B i occurs an equal number of

.times .
Ž .Now suppose that the punishment phase c i consists of the above maximal

1Ž . t Ž .sequence and that it starts by playing b i , M times and then plays every b i ,
My 1 Ž . Ž .R times as suggested above . Clearly, if after playing the last element of c i

1Ž .the profile b i is played M times the cycle restarts. If, on the other hand, after
Ž . 1Ž . Ž .playing the last element of c i the profile b i is played My1 times followed

Ž .by afB i , the cycle does not restart and the path can return to a. Thus the
Ž . Ž . My 1punishment path c i can consist of playing every element of B i , R times

1Ž . Ž . 5followed by playing b i an extra My1 times. Clearly with the above
punishment path it does not pay i to deviate infinitely often from a if

R1
1 My1 tp a G u a q My1 p b i qR p b iŽ . Ž . Ž . Ž . Ž .Ž .Ž . Ýi i i iM ½ 5MqR

ts1

9Ž .

Condition 9 says that i prefers a to the average payoff associated with deviating
Ž .from a and then facing the punishment sequence c i when the latter consists of

Ž .playing the maximal de Bruijn sequence associated with the set B i followed by
1Ž .b i played My1 times.

Ž . ŽTo ensure that i does not deviate from c i described above and thus the
. Ž .strategy profile f is SPE , consider first the case of one-memory. In this case c i

Ž . rŽ .consists of playing each element of B i once. Thus if i deviates from say b i at
time t, then the average payoff i obtains between the last time he deviated before

5 MŽ .In other words, the punishment path c i need to belong to the set of M-memory paths C and
M Ž . Ž 1 K .not necessarily to the set of cycle paths C . As a result, to implement c i s a , . . . , a by a

Ž .M-memory strategy profile one needs all the M-period adjacent strings e k to be distinct for every
kF K y M.
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1 r ry1 t� Ž Ž .. Ž Ž ..4t and t is u b i qÝ p b i . Thus it does not pay to deviate infinitelyi ts1 ir

Ž .often from c i if

ry11
r tp a G u b i q p b i 10Ž . Ž . Ž . Ž .Ž . Ž .Ýi i i½ 5r

ts1

Ž .In the M-memory case, the above condition for i not deviating from c i can be
weakened to ;rFR

1
r 1p a G u b i q My1 p b iŽ . Ž . Ž . Ž .Ž . Ž .i i iM ½Mq ry1Ž .

ry1
My 1 tq ry1 p b i 11Ž . Ž . Ž .Ž .Ý i 5

ts1

Ž 1Ž ..where the RHS of the above stands for u b i if rs1. The RHS of conditioni
t Ž . Ž .11 is the same as that of condition 10 except that every b i tFry1 occurs

Ž .My 1r-1 times on the RHS of condition 11 rather than once as in condition 10
Ž . Ž 1Ž ..and there is the extra term My1 p b i . This weakening can be done byi

Ž .Mplaying the de Bruijn sequence for the M-strings belonging to B i described
above in the following sequence of phases: in the first phase play all the M-strings

Ž 1Ž ..Mbelonging to b i , in the second phase play all the M-strings belonging to
Ž 1Ž . 2Ž ..M Ž .Mb i ,b i not already played and so on until all M-strings of B i are

Ž Ž . . 1Ž .chosen once this is done in the R i th phase ; also play b i , My1 times at the
end of each phase. Such a punishment phase insures that if a player deviates from

rŽ .b i at time t, then the average payoff i obtains between the last time before t at
which i deviated and t does not exceed the RHS of condition 11. It turns out that

Ž .if B i satisfies condition 8, conditions 9 and 11 are the weakest conditions which
ensure that the above strategy profile is a SPE.

Ž .Notice that so far I have assumed that i prefers a to the elements of B i
Ž . Žcondition 8 . One may be able to make the finite punishment phase longer and

.possibly worse from i’s point of view , without entering a cycle, by allowing
action profiles which make i better off than at a. For example, suppose for some

X X X1Ž . Ž . Ž . Ž . Ž . Ž .a´ A, p a )p a and My1 p b qp a -Mp a . Then the punishmenti i i i i
Ž .phase can be made longer and possibly worse from i’s point of view by playing

X 1Ž . Ž .a new M-string consisting of a followed by b i , played My1 times. Thus it
seems that one may be able to weaken conditions 9 and 11 by considering all

Ž .M-strings which generate an average payoff less than p a . In Section 4, it isi

shown that there exists M-memory strategy profile f with finite punishment path
Ž . Ž . Ž . Ž 1Ž ..c i such that the sum of the payoffs of the path c i is equal to My1 p b ii

Ž .Mplus the sum of the average payoff of all M-strings belonging to any set B i
Ž .and whose average payoff are less than p a . Formally, define for any i, for anyi
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p and for any finite set of action profiles B:A, the set of M-strings belongingi

to B M whose average payoff is less than p as followsi

M <E p , B s egB p e -p . 12Ž . Ž . Ž .� 4i i i

Ž .The finite punishment path c i of length K that is constructed below consists of
Ž . � t Ž .4RŽ i.playing a sequence of action profiles belonging to some subset B i s b i ts1

1Ž Ž .. Ž . Ž Ž .. Ž .of A such that Kp c i s My1 p b i qÝ p e . To ensure thati i eg EŽp , BŽ i.. ii

Ž .it does not pay i to deviate from c i , when a condition similar to condition 11 is
Ž . 1Ž .satisfied, c i is constructed such that it consists of playing b i for the first

Ž . Ž .My1 periods followed by playing a sequence of actions involving R i
Ž .different phases. The sequence of actions in each phase rFR i is such that the

elements of the SR cycle induced by the action profiles in this phase are the same
� Ž Ž .. < Ž Ž ..4as those of the set egE p , B i efE p , B i wherei r i ry1

rtB i s b i , ;rFR i 13� 4Ž . Ž . Ž . Ž .ts1r

Ž Ž .. Ž Ž .. Ž .Since E p , B i :E p , B i , the above construction of c i is such that thei ry1 i r
Ž . Ž . Ž 1Ž ..sum of the payoff i receives when c i is played is My1 p b i qi

6Ž . Ž .Ý p e . In Section 4, it is shown that c i described above can beeg EŽp , BŽ i.. ii

implemented by a M-memory strategy profile.

4. Sufficiency conditions for stationary equilibria

Before turning to the formal statement of the Theorem, note that if the
punishment paths for different players differ, to implement the above strategy
profile with M-memory, at any time the players, by observing the past, must also
be able to deduce who, if any, they should punish. Thus the players need to know
who was the last deviator. With unbounded memory this is always possible. With
bounded memory this is possible if elements of the following phases differ: the

Ž . Ž .equilibrium phase a, the punishment paths c j js1, . . . , n , and phases
Ž . Ž .involving deviations from a or c j . Formally, let X i be the set of action

Ž Ž .profiles involving deviations by i from the above strategy profile from a or c j
t RŽ i.. Ž . � Ž .4for all js1, . . . , n ; thus for any a´ A and for any set B i s b i :A letts1

<X i s agA a sa and a /a jX i 14Ž . Ž . Ž .� 4yi yi i i

r rŽ . � < Ž . Ž .where X i ' agA a sb j and a /b j for some integers jFn andyi yi i i
Ž .4rFR j . The following condition ensures that players can, when necessary,

6 Ž . Ž .Note that the set B i is the same as the set B i .RŽ i.



( )H. SabourianrJournal of Mathematical Economics 30 1998 1–35 9

deduce the current phase of the game and thus they can implement the strategy
profile described in Section 3 with bounded memory:

X t t
X ¶; i , j, t and t if b i sb j ´B i sB j aŽ . Ž . Ž . Ž . Ž .

t •; i , j and t , b j f X i bŽ . Ž . Ž . 15Ž .ß
; i/ j, if X i lX j is not empty´B i sB j cŽ . Ž . Ž . Ž . Ž .

t Ž . t
XŽ .Condition 15a is assumed because with M-memory strategies if b i sb i ,

t Ž .then the outcome path which can be implemented after observing b i M times
t

XŽ .and after observing b j M times have to be the same. Condition 15b is
Ž .assumed so that players, by only observing the last period action profiles, can

Ždetermine whether there has been a deviation in the previous period or not if
t Ž . Ž . t Ž .b j gX i , then the action profile b j is indistinguishable from an outcome

.which involves player i deviating from the prescribed strategy after some history .
Condition 15c is assumed so that if players, by observing the last period’s actions,

Ž Ž . Ž . .can not determine whether i or j has deviated X i lX j is not empty , then
Ž . Ž . Žthe punishment path for both players has to be the same—B i sB j see

Sabourian, 1989b Remark 1 and also Remark 3 below for a further discussion of
.this condition .

I can now state the first sufficiency result.

n( )Theorem 1: Let psp a for some action profile agA. Then p´R can be
supported as a M-memory SPE if ; i there exists a set of action profiles

t R(i)( ) { ( )} ( )B i s b i :A s.t. afB i andt s1

1
1i p G u a q My1 p b iŽ . Ž . Ž . Ž .Ž .i i i½< <Mq E p , B iŽ .Ž .i

q p e 16Ž . Ž .Ý i 5
Ž Ž ..egE p , B ii

ii p Gu b1 i 17aŽ . Ž . Ž .Ž .i i

1
r 1p G u b i q My1 p b iŽ . Ž . Ž .Ž . Ž .i i i½< <Mq E p , B iŽ .Ž .i ry1

q p e ;r)1 17bŽ . Ž .Ý i 5
Ž Ž ..egE p , B ii ry1

iii Condition 15 holds.Ž .
Ž . Ž Ž ..Condition i Eq. 16 says that the payoff i obtains when a is chosen

< Ž Ž .. <Mq E p , B i number of times is no less than the payoff i obtains fromi
1Ž . Ž .deviating from a and then receiving the payoff when b i is chosen My1

Ž Ž ..times plus the sum of the average payoffs of all elements of E p , B i . Thisi
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condition will ensure that it would not pay i to deviate infinitely often from a.
Ž . Ž Ž . Ž ..Similarly, condition ii Eqs. 17a and 17b says the payoff i obtains when a is

< Ž Ž .. <chosen Mq E p , B i number of times is no less than the payoff i obtainsi ry1
r 1Ž .from deviating from b and then receiving the payoff when b i is chosen

Ž . Ž Ž ..My1 times plus the sum of the average payoffs of all elements of E p , B i .i ry1
Ž . ŽIf the elements of the punishment path c i occurs in a certain order to be

.described below , this condition will ensure that it would not pay i to deviate
Ž . Ž .infinitely often from the c i phase. The reason for making condition iii was

given in the previous paragraph—namely to make the required strategy profile
well-defined.

Ž Ž ..Point of notation: Henceforth, I shall refer to the set E p , B i and itsi r
Ž . Ž . Ž .cardinality by E p ,r and t i,r , respectively. I shall also define t i,0 to bei

equal to zero.

As was mentioned before, to ensure that it does not pay i to deviate from the
Ž . Ž .punishment path, c i is constructed as follows. For any set B i :A, the

Ž .punishment path for i will involve for reasons which will become clear shortly
Ž . Ž 1 K . K Ž Ž ..playing a sequence of actions c i s s , . . . , s gA where Ks t i, R i q

MŽ . Ž .My1 s.t. c i ´ C it is implementable by a M-memory strategy profile and for
Ž .any integer rFR i

a s tŽ i ,ry1.qM sbr and s t´ B i for all t- t i ,r qMŽ . Ž . Ž .r

Ž .t i ,r qMy1
m 1b p s s My1 p b i q p eŽ . Ž . Ž . Ž . Ž .Ž .Ý Ýi i i

ms1 Ž .egE p ,ri

ty1
t r mc if s sb i and t) t ry1,i qM then p sŽ . Ž . Ž . Ž .Ý i

Ž .mst i ,ry1 qM

F ty t i ,ry1 yM p .Ž .Ž . i

M 1Ž . Ž . Ž .Since c i ´ C , condition a says that the path c i consists of playing b for
Ž . Ž .the first My1 periods followed by R i different phases: each phase rFR i

r Ž . Ž Ž . .begins by playing b at period t i,ry1 qM, it ends at period t i,r qMy1
Ž .and it involves playing elements of the set B . Given that the path c i consists ofr

1 Ž .playing b for the first My1 periods, condition b implies that the sum of the
Ž .payoff that i receives from the beginning of phase 1 from period M to the end

Ž . Ž .of phase r is equal to Ý p e .. Condition c says that the average payoffeg EŽp , B . ii r
rŽ . Ž Ž . .to i between the first time b i occurs at period t i,ry1 qM and any other

Ž .time it occurs on the path is less than p . Informally, the reason I need c i toi
Ž . Ž . Ž . Ž . Ž . Ž .satisfy a – c is as follows. Given Eqs. 16 , 17a and 17b , c i should be such

Ž .that i receives a payoff not greater than the RHS of Eq. 16 if he deviates
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Ž . Ž .infinitely often from a and a payoff not greater than the RHS of Eqs. 17a and
Ž . Ž . rŽ . Ž .17b , if he deviates infinitely often from b i . Condition b implies that the
punishment path is such that after a deviation by i, he receives a payoff

1Ž . Ž Ž .. Ž .My1 p b i qÝ p e during the punishment period. Thus giveni eg EŽp , BŽ i.. ii

Ž .Eq. 16 , it does not pay i to deviate infinitely often from a.
Now, consider the case in which player i deviates infinitely often from say s t

Ž . t rŽ .during the punishment phase c i . Suppose that s sb i , then it follows from
Ž . Ž .condition a that tG t i,ry1 qM. Denote the maximum payoff that i gets in

Žthis punishment phase up to and including the period of deviation t the maximum
. ty1 Ž m.payoff i obtains between the last time i deviated and t by D'Ý p s qms1 i

Ž rŽ ..u b i . If this sum is less than tp then it does not pay i to deviate infinitelyi i
t rŽ . Ž Ž ..often from s sb i and thus from c i . But

Ž .t i ,ry1 qMy1 ty1
m m rD' p s q p s qu b iŽ . Ž . Ž .Ž .Ý Ýi i i

ms1 Ž .mst i ,ry1 qM

1s My1 p b i q p eŽ . Ž . Ž .Ž . Ýi i
Ž .egE p ,ry1i

ty1
m rq p s qu b iŽ . Ž .Ž .Ý i i

Ž .mst i ,ry1 qM

1F My1 p b i q p e q ty t i ,ry1 yM pŽ . Ž . Ž . Ž .Ž .Ž . Ýi i i
Ž .egE p ,ry1i

rqu b i F tpŽ .Ž .i i

Ž .The equality in the above follows from condition b above, the first inequality
Ž .follows from condition c above and the second inequality follows from Eqs.

Ž . Ž . Ž . Ž . Ž . Ž .17a and 17b . Thus, very informally, a – c and Eqs. 17a and 17b ensure
Ž . Žthat it does not pay i to deviate during the punishment paths c i . Since players

Ž . Ž .do not discount the future and a single deviation from c j invokes c i phase, I
Ž .do not need to consider deviations of i from c j , for j/ i—see Remark 4 below

.for a further discussion of this point.
The difficulty in the proof of Theorem 1 is to show that for all i there exists a

Ž . Ž 1 K .path c i s a , . . . , a which is implementable by a M-memory strategy profile
Ž . Ž .and satisfies the a – c above. The next Lemma demonstrates the existence of

such a path.

{ t}R { t}rLemma 1: For any finite set B s b :A and for any rFR, let B s b ,R t s1 r t s1
M( ) { ( ) < Ž . } ( ) < ( )<E p ,r s eg B p e -p and t r s E p ,r . Then there exists an out-i r i i i

1 t(R )q My1 M( ) ( )come path cs s , . . . , s such that cgC and ;rFR if E p ,r isi

not empty then:
( ) tŽ ry1.qM r t Ž .a s sb and s ´ B for all t- t r qM;r
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( ) Ž tŽ ry1.qM tŽ r .qMy1. Ž . 7b the SR cycle induced by s , . . . , s is equal to G p ,r ,i
Ž .where G p ,r is defined byi

<G p , P ' e´ E p ,r efE p ,ry1 18� 4Ž . Ž . Ž . Ž .i i i

( ) t r ( ) ( )c If s s b for some t s.t. t r y 1 q M - t - t R q M then
ty1 Ž m.. Ž Ž . .Ý p s F ty t ry1 yM p .mstŽ ry1.qM i i

{ ( ) ( )} ( )Remark 1: Clearly, G p ,1 , . . . , G p ,r is a partition of the set E p ,r .i i i
Ž . Ž . XTherefore, if conditions a and b of Lemma 1 are satisfied for all r Fr then

Ž .t i ,r qMy1
X t 1b p s s My1 p b q p e q . . .Ž . Ž . Ž . Ž . Ž .Ý Ýi i i

ts1 Ž .egG p ,1i

1q p e s My1 p b q p eŽ . Ž . Ž . Ž .Ý Ýi i i
Ž . Ž .egG p ,r egE p ,ri i

The proof of Lemma 1 can be found in Appendix A; here, I shall provide a
sketch of the proof.

Sketch of the Proof of Lemma 1: The proof is established by induction.
Ž .Demonstrating the result when Rs1 B is a singleton set is trivial. The nextR

1 tŽPy1.qMy1 MŽ .step is to show that if there exists a path cs s , . . . , s gC
� r4Py1which satisfies Lemma 1 for the set B s b for any PFR, then therePy1 rs1

M r P� 4exists a path cgC which satisfies Lemma 1 for the set B s b .P rs1
MThe required path c for the set B is obtained by amalgamating of cgCP

1 T MŽ .with an outcome path ds a , . . . , a ´ C as follows. The new path c has the
Ž .same sequence of outcomes as that of the path c up to period t Py1 qM and

1 TŽ . Ž .then plays the sequence ds a , . . . , a . Thus cs c,d . To ensure that c
satisfies the conditions of Lemma 1, d is constructed so that it satisfies certain

ˆconditions. Firstly, the elements of the SR cycle induced by d, denoted by d, has
Ž .to be the same as those of the set G p , P :i

d̂sG p , P 19Ž . Ž .i

Ž . Ž .Since c satisfies conditions a and b of the Lemma for the set B , the abovePy1
1 P Ž .condition together with setting a sb ensure that c satisfies conditions a and

Ž .b of the Lemma for the set B .P

Secondly, to ensure that the new path can be implemented by a M-memory
MŽ .strategy profile c´ C , d needs to be implementable by a M-period memory

strategy profile and the elements of the SR path induced by c and d should not
MŽ .coincide. However, these two conditions together with c´ C are not sufficient

7 Two sets are equal if they have identical elements.
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Mto ensure that c´ C . This is because for some m-M the M-period sequence
Ž tŽPy1.qm tŽPy1.qMy1 1 m.s , . . . , s , a , . . . , a may occur more than once on the

ˆŽ . Ž Ž . Ž ..SR path induced by cs c,d . Thus c has to be such that if ds e 1 , . . . , e T
then

e t / s tŽPy1.qm , . . . , s tŽPy1.qMy1 , a1 , . . . , am , ;m-M , ; tFTyMŽ . Ž .
20Ž .

Ž .Finally, to ensure that c satisfies condition c of Lemma 1 for the set B , theP

path d needs to satisfy

ty1
t P mif a sb for some t)1, then p a F ty1 p 21Ž . Ž . Ž .Ý i i

ms1

Lemma A3 in Appendix A demonstrates the existence of a sequence of action
profiles d which is implementable by a M-memory strategy profile and satisfies

Ž .conditions 19–21. Notice that d satisfies Eq. 19 if the SR path it induces
Ž .traverses every element of G p , P once and only once. The existence of such ai

path can be demonstrated by constructing a directed Eulerian graph 8 such that the
Ž .edges of the graph correspond to elements of G p , P . The existence of such ai

SR path is only sufficient to guarantee condition 19. In order for conditions 20 and
21 to be satisfied, one may need such a SR path of d to traverse the elements of
Ž .G p , P in a certain order. This is for two independent reasons. Firstly, ifi

Ž tŽPy1.qm tŽPy1.qMy1 1 m. Ž .s , . . . , s , a , . . . , a gG p , P for some m-M theni
Ž . Ž tŽPy1.qm tŽPy1.qMy1 1the sequence d should be such that if e t s s , . . . , s , a ,

m. Ž .. . . , a then t)TyM otherwise, condition 20 will be violated . Thus if
Ž tŽPy1.qm tŽPy1.qMy1 1 m. Ž .s , . . . , s , a , . . . , a gG p , P , the SR path of d shouldi

Ž . Ž .traverse elements of G p , P such that the last Mym elements of d arei
Ž tŽPy1.qm tŽPy1.qMy1.s , . . . , s . Secondly, if t in condition 21 is not an integer

Ž .multiple of M, d may not satisfy condition 21, unless d traverses G p , P in ai

certain order. To demonstrate the problem, suppose that t is the maximum integer
s.t. tst Mqk for some kG0, then

ty1 t M ty1
m m mp a s p a q p aŽ . Ž . . Ž .Ý Ý Ýi i i

ms1 ms1 mst Mq1

ty1 ty1
ms Mp e mMq1 q p a .Ž . Ž .Ž .Ý Ýi i

ms0 mst Mq1

Ž . Ž .Since condition 19 implies that e t ´ G p , P ; tFT , the first term on the RHSi
ty1 Ž m.of the last equation is no more than t Mp . But the second term, Ý p a ,i mst Mq1 i

8 A directed graph is Eulerian if there is a path which traverses every edge of the graph once and
only once.
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Ž .may not be less than tyt My1 p and thus the RHS of the last expression mayi
Ž . 9not be less than ty1 p , as is required by condition 21. To overcome thisi

ˆŽ . Ž .problem and thus satisfy condition 21 , one needs d to traverse G p , P in suchi
Ž . Ž .a way that the worse outcomes from i’s point of view occur at the first My1

period of d. It turns out that this together with condition 19 ensure that condition
21 is satisfied.

ˆ Ž .To ensure that d traverses every element of G p , P once and only once andi

that the order of the traverse is such that d satisfies conditions 20 and 21, I
Ž .partition G p , P and then ensure that the traverse goes through the elements ofi

the partition sequentially. Appendix A makes this precise.

Having completed a sketch of the proof of Lemma 1, let me henceforth refer to
Ma path cgC which satisfies the conditions of Lemma 1, for any set B , as theR

path which implements Lemma 1 for the set B . For any i, consider the setR
Ž . � rŽ .4RŽ i.B i s b i which satisfy the assumptions of Theorem 1. Denote the pathrs1

Ž . Ž . Ž 1Ž . K Ž i.Ž ..which implements Lemma 1 for the set B i by c i s a i , . . . , a i where
Ž . < Ž Ž .. <K i s E p , B i qMy1.

t `� Ž .4 ŽNow define the strategy profile fs s P which supports agA satisfyingts0
.the conditions of Theorem 1 as a M-memory SPE as follows. Play a if a is

observed in the previous period. If player i deviates from a, f dictates playing
Ž . Ž . < Ž Ž .. <c i punishing i for E p , B i qMy1 period and then returns to a. If playeri

Ž . Ž .i deviates, when c j is to be played, then c i —the punishment phase for i for
< Ž Ž .. <E p , B i qMy1 periods—will be invoked. More formally, for any historyit Ž 1 ty1.h s a , . . . , a ,

kŽ . tyk Ž . tykq1 ty1 1Ž . ky1Ž .a i if a g X i and a , . . . , a s a i , . . . , a i for some k F M or ifŽ . Ž .
t t tyM ty1 kyM ky1s h sŽ . < <Ž . Ž . Ž .a , . . . , a s a i , . . . , a i for some k s.t. M - k - E p , B i q MŽ . Ž .Ž . i½

a otherwise

22Ž .
Ž . Ž .where, as before, X i defined in Eq. 14 is the set of all action profiles which

tŽ Ž . .involve a deviation by i. Finally, note that f supports a s f sa ; t and f is
MŽ Ž .well-defined and needs M-period memory only this follows from c i gC ,

Ž . Ž . .afB i and condition iii of Theorem 1 .

M Ž .Lemma 2: The strategy vector fgF , defined by Eq. 22 , is a SPE.

t 1 ty1 ` tŽ . Ž Ž < .. Ž .Proof: Consider any history h s a , . . . , a . Since p s f h sp a si i
` ˜ t ˜ MŽ Ž < ..p , I need to show that p Gp s f , f h ; i and ; f gF . With the Limit-i i i i yi i

˜ t<of-the-Mean criterion, I only need to consider f which deviates from f hi i
` ˜ t t tŽ Ž Ž < .. .infinitely often. With finite deviations p s f , f h sp . Let a ss˜i i yi i

9 Note that if t is an integer multiple of M, then the second term vanishes and thus condition 21 is
satisfied irrespective of the order of the traverse.
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˜ t ˜ t tŽ < . < <f , f h ;tG t. Since f h deviates from f h infinitely often, there exists ai yi i i
� t 4` Žsequence m such that for every integer tG1 the following holds thets1
� t 4` .sequence m correspond to periods of deviation by player i .ts1

t tm mi Either a sa and a /aŽ . ˜ ˜yi yi i
t tm r m rOr a sb i and a /b i for some rFR i ,Ž . Ž . Ž .˜ ˜yi yi i i

tm qk k tq1 tii a sa i gB i if k-min E p ,r qM , m ym ,Ž . Ž . Ž . Ž .� 4˜ r i

tm qk tq1 tiii a sa if E p , B i qMFk-m ym .Ž . Ž .Ž .˜ i

Ž . Ž .Conditions i – iii follow immediately from the definition of f and from
t ` ˜ iŽ Ž < .deviations taking place at periods m for all t . Now, p s f , f h si i yi

Ž nq1 1. n mtq1 Ž m.tlim 1r m ym Ý Ý p a . Therefore the proof is complete if˜n™` ts1 msm q1 i
mtq1 Ž m. Ž tq1 t .tÝ p a F m ym p for any integer t . There are two possible cases˜msm q1 i i

to consider.
Ž . tq1 t < Ž Ž .. <Case a : m ym G E p , R i qM. By the definition of f the punishmenti
Ž . Ž .phase c i implements Lemma 1 for the set B i . Therefore, it follows from

Ž Ž X.. Ž . Ž .Remark 1 condition b together with ii and iii above that

mtq1

m 1p a s My1 p b i q p eŽ . Ž . Ž . Ž .˜ Ž .Ý Ýi i i
t Ž Ž ..msm q1 egE p , B ii

tq1 t < <q m ym y E p , B i yM p a qu aŽ . Ž . Ž .Ž .Ž .i i i

23Ž .
Ž . Ž . Ž tq1 t .But Eq. 16 implies that the RHS of Eq. 23 is less than m ym p .i
Ž . tq1 t < Ž Ž .. < mtq1 r Ž .Case b m ym - E p , R i qM. In this case a sb i for somei yi yi

Ž . Ž . tq1 t < Ž . < .rFR i . Thus it follows from ii above that m ym G E p ,ry1 qM .i
Ž X.Therefore, it follows from the definition of f and b of Remark 1 that

mtq1

m 1p a s My1 p b i q p eŽ . Ž . Ž . Ž .˜ Ž .Ý Ýi i i
t Ž .msm q1 egE p ,ry1i

mtq1y1
m rq p a qu b 24Ž . Ž . Ž .˜Ý i i

t < Ž . <msm q E p ,ry1 qMi

Ž . Ž . Ž .Since c i implements Lemma 1 for the set B i , c of Lemma 1 implies that the
Ž . Ž tq1 t < Ž . < .third term on the RHS of Eq. 24 F m ym y E p ,ry1 yM p . There-i i

Ž . Ž . Ž . ŽŽ tq1 .t .fore, by Eqs. 17a and 17b the RHS of Eq. 24 F m ym p . Q.E.D.i

The above Lemma completes the proof of Theorem 1.

Remark 2: The proof of Theorem 1 does not depend on the finiteness of the
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Ž .action set A. What is needed to prove Theorem 1 is that ; i the set B i , from
which the punishment for i is chosen, has to be finite.

Ž . 1Remark 3: As in Sabourian 1989b , conditions 15b and 15c are satisfied if ;a
2 n 1 2Ž Ž . .and a g D B i ja , a /a , the following two conditions hold:is1

a1 and a2 differ in at least two components, 25Ž .
if a1 sa2 , then B i sB j . 26Ž . Ž . Ž .yi j yi j

It is easy to demonstrate that condition 25 is equivalent to condition 15b and
condition 26 is equivalent to condition 15c. Notice also that when ns2, al isyi j

Ž . Ž . Ž .empty for ls1, 2: thus condition 26 or condition 15c implies that B i sB j .
Therefore for ns2, Theorem 1 requires that the punishment paths for both
players be identical.

Remark 4: As was mentioned before, since I assume that players use the
Limit-of-the-Mean criterion, I do not need to consider finite number of deviations
by any player. As a result, in the proof of Theorem 1, deviations by any player i

Ž .from the punishment path c j of another player j need not be taken into account
Ž Ž . Ž .this is because i can deviate from c j only once before the punishment path c i

. 10 Ž .is invoked . If players use the Over-Taking criterion see Rubinstein, 1979 or if
Ž .players discount the future see Fudenberg and Maskin, 1986 deviations by i

Ž .from c j matter. Thus to extend Theorem 1 to these cases, one needs a further
�Ž kŽ . .condition to ensure that player i does not prefer the infinite path a ,a j ;i yi

1 K Ž i. k K Ž i.Ž . 4 � Ž . Ž .a i ; . . . , a ; a; a; a; . . . to the infinite path a j ; . . . ; a j ; a; a; a;
4 Ž .. . . for any i, for any a , for any j/ i and for any kFK i . For example, in thei

Ž . Ž .case of the Over-Taking criterion, if K i GK j then the following condition
Ž .ensures that it does not pay i to deviate from c j for any j/ i

Ž .K j
t kp a j q K i yK j qk p a Gu a jŽ . Ž . Ž . Ž . Ž .Ž . Ž . Ž .Ý i i i

tsk

Ž .K i
tq p a i , ;kFK j .Ž . Ž .Ž .Ý i

ts1

10 Ž .Clearly, if two players could coordinate on such deviations—if i deviates from c j and then j
Ž .deviates from c i and so on—then one would need a further condition to ensure that it does not pay i
Ž .to deviate from c j . Here, one does not need to consider such coordinated deviations because in this

paper the equilibrium concept I use is subgame perfect equilibrium. Clearly, if one uses a different
Ž .equilibrium concept involving noise e.g., extensive form of trembling-hand perfect equilibrium or an

Ž .equilibrium concept involving deviations by a coalition of players e.g., strong perfect equilibrium ,
then one may need to consider the possibility of coordinated deviations and thus one may need to

Ž .impose additional conditions to ensure that i does not deviate from c j .
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Ž . Ž Ž . Ž ..Remark 5: Note that if Ms1, then c i s b i , . . . , b i . Thus, Theorem 11 R
Ž .is the same as Theorem 1 of Sabourian 1989b for the case of Ms1.

Ž Ž .. Ž .MRemark 6: Notice that E p , B i is the set of all strings of length M in B ii

with average payoff less than p . Therefore it could be said, informally, that thei

punishment path for player i in the proof of Theorem 1 uses all punishment strings
Ž .of length M that can be imposed on i using elements of the set B i .

Ž . Ž . Ž .Remark 7: Note that if B i is such that ;agB i , p a -p thenr r i i
M My1 r tŽ Ž .. Ž Ž ). Ž . Ž Ž ..E p , B i s B i and thus Ý p e sr Ý p b i . There-i r r eg EŽp , B Ž i.. i ts1 ii r

Ž . Ž . Ž .fore, if p a -p ;agB i condition 8 , conditions 16 and 17 in Theorem 1i i
Ž . �are the same as conditions 9 and 11. More generally, suppose B i s agr

Ž . < Ž . 4B i p a -p thenr i i

r
tp e s n p b i , for some n 27Ž . Ž . Ž .Ž .Ý Ýi t i t

Ž Ž .. ts1egE p , B ii r

My 1 My1 My1< Ž . < < Ž . <where for every t , B i Fn F B i sr . Thus the number ofr t r
t Ž . Ž . Ž .times any b i gB i occurs in the punishment phase c i in the proof of

My 1 My1< Ž . < < Ž . <Theorem 1, is bounded below and above by B i and B i , respec-R
Žtively. Therefore, it could be said, very loosely, that conditions 16 and 17 or

.conditions 9 and 11 , and the above discussion illustrate that the size of SPE
Ž . Žincreases very rapidly ‘exponentially’ as the memory increases, and slowly in a

. < Ž . <‘polynomial’ fashion as the cardinality of the punishment set B i increases.

Finally, one can establish a Folk-Theorem-type result if there is a ‘large’
Ž . Ž .number of action profiles the set A is connected as in Sabourian 1989b or if

th e m em o ry is su ffic ien tly la rg e as fo llo w s. L e t g g
Ž .arg min max p a ,a . Any action profile a´ A is said to be ana g A a g A i i yiyi y i i i

Ž . Ž . Ž . Ž .strictly individually rational IR if for all i, p a )p g . Also any payoffi i
Ž .vector p is IR if psp a for some IR action profile a´ A.

Corollary 1: There exists a finite M such that any IR outcome agA with its
( )associated IR payoff psp a can be supported as a M-memory SPE for all

MGM.

Proof: Let M be such that for every IR outcome agA and for all MGM

1
ip a G u a q My1 p g 28Ž . Ž . Ž . Ž .� 4Ž .i i iM

iŽ . Ž .Since p a )p g and A is finite, M exists. Now, use Theorem 1 to prove thei i
Ž . iresult as follows. Define the set B i to be g . Condition 28 implies that condition

Ž . Ž . Ž .i of Theorem 1 is satisfied. Conditions ii – iii of Theorem 1 are automatically
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iŽ . Ž . Ž .satisfied because for every i, B i contains one element and p a )p g si i
Ž i.u g . Q.E.D.i

5. Sufficiency conditions for nonstationary M-memory SPE

In Section 4, Theorem 1 was proved by constructing M-memory strategies
which play the stationary outcome agA in equilibrium and punish any deviator
by playing a finite punishment path and then return to the a forever. Theorem 1
can be weakened in two ways. Firstly, one can allow for strategies which are
nonstationary on the equilibrium path. Secondly, to support an outcome path as a
SPE, one does not need to consider only strategies which revert to the original
equilibrium path after punishing a deviator. What is needed after a punishment
phase is to revert to another equilibrium path, which gives the deviator an average
payoff no more than that obtained from the original equilibrium path.

( ) M ( Ž . M)Theorem 2: Any path d 0 gC see Eq. 6 for the definition of C and the
0 Ž Ž Ž . Ž Ž ...associated payoff Õector p s p d 0 , . . . , p d 0 can be sustained as a1 n

M-memory SPE, if for each player is1 , . . . ,n there exists an outcome path
1 Q(i) M( ) ( ( ) ) Ž Ž ..d i s a i , . . . , a gC , with an aÕerage payoff p sp d i , and a set ofi i

( ) { t( ))}R(i)action profiles B i s b i ;A such that ; js0, 1 , . . . , n and for anyt s1
( )integer qFQ i , the following holds.

Ž . Ž Ž .. Ž Ž Ž ...i p d j Gp sp d i .i i i
Ž . � w Ž . < Ž Ž .. <x4� Ž qŽ .. qy1 Ž t Ž .. Žii p G 1r qq My1 q E p , B i u a i qÝ p a i q Myi i i ts1 i

1. Ž Ž .. Ž .41 p b i qÝ p e .i eg EŽp , BŽ i.. ii

Ž . Ž 1Ž ..iii p Gu b i and for any r such that 1-rFRi i

1
r 1p G u b i q My1 p b iŽ . Ž . Ž .Ž . Ž .i i i½< <Mq E p , B iŽ .Ž .i ry1

q p e .Ž .Ý i 5
Ž Ž ..egE p , B ii ry1

Ž . Ž . rŽ . rXŽ .iv a Condition 15a holds and for any e i and e j belonging to the SR
Ž . Ž . rŽ . rXŽ . Ž rŽ .path generated by d i and d j , respectively, if e i se j then a i , . . . ,

QŽ i.Ž .. Ž rXŽ . QŽ j.Ž ..a i s a j , . . . , a j .
r ) ) qŽ . Ž . Ž . Ž . Ž . Ž . � < Ž .b ;rFR j , b j fX i where X i sX i j a a sa j andyi yi

qŽ . 4 Ž .a /a j for some j and q and X i is defined as in condition 14.i i
Ž . ) Ž . ) Ž . Ž . Ž .c If X i lX j is not empty then B i sB j .

Ž . Ž .In the above Theorem, d 0 is the equilibrium cycle path. As before, B i is the
Ž .set of actions which are used to punish i in the finite punishment phase c i and

Ž .d i is the equilibrium cycle path which will be played after the punishment phase
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0Ž . Ž . Ž Ž ..c i . Condition i of Theorem 2 says that the equilibrium payoff p sp d 0 isi i
Ž .no less that the payoff i receives when the path d i is played and that i weakly

Ž . Ž . Ž . Ž . Ž .prefers d j to d i for any j s1, . . . , n . Conditions ii – iv are generaliza-
Ž . Ž .tions of i – iii of Theorem 1, respectively and are assumed for the same reasons

as those use in Section 4. The proof of Theorem 2 is very similar to that of
Theorem 1. It involves constructing a strategy profile f which satisfies the
following.

Ž . Ž .i It plays the cycle d 0 along the equilibrium path.
Ž .ii It punishes any deviation by i by playing the same finite punishment phase

Ž . Ž Ž .c i as in the proof of Theorem 1 by playing c i , the path which implements
Ž . < Ž Ž .. < .Lemma 1 for the set B i for My1q E p , B i periods and then plays thei

Ž . Ž .cycle path d i instead of the original equilibrium cycle d 0 .
Ž . Ž . Ž .iii It punishes any deviation by player j from c i or d i by restarting the

Ž .punishment phase with j as the player to be punished—c j will be played for
< Ž Ž .. < Ž .My1q E p , B j periods—and then plays the cycle d j .j

M MŽ . Ž .Since d i gC ; is0, . . . , n and c i gC , the above strategy profile f
requires M-period memory. To show that f is also a SPE, follow the proof of

Ž .Lemma 2 and firstly replace a in the text by ‘;agd i for is0, . . . , n’ and
Ž . Ž . Ž . Ž .then appeal to i – iii of Theorem 2, instead of i and ii of Theorem 1, to show

Ž . Žthat it does not pay any i to deviate from d j ; js0, . . . , n. A formal proof can
.be found in Sabourian, 1989c .

Using nonstationary strategies, one can trivially extend Corollary 1 to show that
nŽ .there exists a M such that any vector of payoffs ps p , . . . , p gR can bei n

iŽ . Ž .sustained as a M-memory SPE for all MGM if ; i, p )p g and p sp di i i i
Ž 1 R. Mfor some finite sequence of action profiles ds a , . . . , A gC .

Ž .The sufficiency conditions in Theorem 2, turn out to be almost necessary for a
Ž . Ž .path to be a M-memory SPE. Section 6 demonstrates that i – iii of Theorem 2

Ž .are almost necessary conditions.

6. Necessary conditions for M-memory SPE

To provide a converse result to Theorem 2, I need to find for each i, the SPE
outcome which generates the lowest payoff for player i in the class of SPE

`Ž . Ž Ž ..outcomes. See Abreu, 1984. Let n s min p s f and P si f g P i i
`Ž Ž ..arg min p s f , where P is the set of M-memory SPE strategy profiles.f g P i

Thus Õ and P denote the optimal penal payoff and the set of optimal penal codesi i
< <for i, respectively. Note that P is not empty because A and M are finite.i

MProposition 1: For each player i there exists an optimal penal code fgF with
1 Q( ) ( )cycle path S f s a , . . . , a and a set of punishment action profiles Bs

{ t}Rb :A such that for any integer qFQ, the following holds.t s1
q qy1 t lŽ . { w < Ž . <x}{ Ž . Ž . Ž . Ž .i Õ G 1r q q M y 1 q E Õ , B u a qÝ p a q M y 1 p bi i i ts1 i i

lŽ .}qÝ p e for some b´ B.eg EŽÕ , B . ii
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Ž . Ž 1Ž .. { wii Õ G u b i and for any r s.t. 1 - r F R, Õ G 1r M qi i i
r l l< Ž . <x}{ Ž . Ž . Ž . Ž .}E Õ , B u b q My1 p b qÝ p e for some B gi ry1 i i yeg EŽÕ , B . ii ry1

B .ry1
� t 4 ry1Where, as before, B ' b .ry1 ts1

See Appendix B for the proof of Proposition 1.

( ) ( ) 0Theorem 3: Suppose the cycle path d 0 and the associated payoff p si
MŽ Ž .. ( )p d 0 , ; i, can be supported as a M-memory SPE, then d 0 gC and ; is1 ,i

( ) ( 1( ) Q(i)) M. . . , n there exists an outcome path d i s a i , . . . , a gC , with the
t R(i )Ž Ž .. ( ) { ( )}aÕerage payoff p sp d i and a set B i s b i :A s.t. ; js0 , 1 , . . . ,i i t s1

n, the following holds.
Ž . Ž Ž ..i p d j Gp .i i
Ž . Ž . lŽ . Ž . { w Ž .ii For any integer qFQ i and for some b i ´ B i , p G 1r qq My1i

q qy1 t l< Ž Ž .. <x}{ Ž Ž .. Ž Ž .. Ž . Ž Ž .. Ž .}q E p , B i u a i qÝ p a i q My1 p b i qÝ p e .i i ts1 i i eg EŽp , BŽ i.. ii

Ž . Ž 1Ž .. Ž . { wiii p G u b i and for any r s.t. 1 - r F R i , p G 1r M qi i i
r l< Ž Ž .. <x}{ Ž Ž .. . Ž Ž .. Ž .}E Õ , B i u b i q M y 1 p b i qÝ p e for somei ry1 i i eg EŽÕ , B Ž i.. ii ry1

lŽ . Ž . { t Ž .}ry1b i gB i ' b i .ry1 ts1

Ž . Ž .The necessary conditions i – iii in Theorem 3 are identical to conditions
Ž . Ž . Ž .i – iii in Theorem 2 the sufficiency result except that the RHS of the

Ž . Ž . Žinequalities in conditions ii and iii in Theorem 3 contain the term My
. Ž lŽ .. lŽ .1 p b i for some b i , whereas the RHS of the equivalent inequalities ini

Ž . Ž 1Ž ..Theorem 2 contain the term My1 p b i . Also as was mentioned before,i
Ž .condition iv in Theorem 2 is assumed to ensure that the strategy profile needed
Ž .to support d 0 in Theorem 2 is implementable with M-memory.

Proof of Theorem 3: Proposition 1 implies that there exists an optimal penal code
Ž . Ž . Ž .f i for i which satisfies i and ii of Proposition 1. For each is1, . . . , n,

Ž . Ž . Ž 1Ž . QŽ i..denote the cycle path that f i generates by d i s a i , . . . , a and denote
Ž Ž .. Ž . Ž .p d i by p . Then it follows from conditions i and ii of Proposition 1 thati i

Ž . � t Ž .4RŽ i. Ž . Ž . Ž .for each i there exists a set B i s b i :A s.t. d i and B i satisfy iits1
Ž . Ž .and iii of Theorem 3. Since d 0 can be supported as a M-memory SPE, it

M 0Ž . Ž Ž .. Ž Ž .. Ž .follows that d 0 gC and p sp d 0 GÕ sp d i . Moreover, since d ji i i i
Ž . Ž .is the cycle path of the SPE profile f j and d i is the cycle path of an optimal

Ž Ž .. Ž Ž ..penal code for i, p d j Gp d i , ; i and jG1. Q.E.D.i i
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Appendix A. Proof of Lemma 1

First a few definitions and a result from graph theory. A path in a graph is a
Ž 1 1 2 2 Ky1 K .sequence Õ , e , Õ , e , . . . , e , Õ of alternating vertices and edges such

that for all positive integer k-K , ek connects vertices Õ k and Õ kq1. 11 This path
is a cycle if Õ sÕ . A directed graph is said to be Eulerian if it has a directed1 K

path or a directed cycle which traverses every edge of the graph once and only
Ž . Ž .once. Such a directed path cycle is referred to as an Eulerian path cycle . An

undirected graph is connected if all pairs of vertices can be joined by a path. A
directed graph is connected if its underlying undirected graph is connected—if all

Ž .pairs of vertices can be joined by a path not necessarily a directed path . Finally,
™Ž .for any vertex Õ of a graph, denote the set of edges entering and exiting Õ by r Õ

§Ž .and r Õ , respectively.

Lemma A1: A connected directed graph has an Eulerian cycle if for eÕery Õertex
Õ of the graph

™ §< < < <r Õ s r Õ . A1Ž . Ž . Ž .

A connected directed graph has an Eulerian path with initial vertex Õ and terminal
™ §Ž . Ž .vertex v if every vertex Õ/Õ or Õ satisfies condition A1, r Õ q1sr Õ and

™ §Ž . Ž . Ž .r v sr v q1. See section 5.4 of Swamy and Thulasiraman, 1981 .

As was mentioned in the induction argument in Section 4 on the sketch of the
proof of Lemma 1, I need to construct a path d which satisfies conditions 19–21
discussed in the section on sketch of the proof of Lemma 1. The existence of a

Ž .path which traverses every element of G p , P is only sufficient to guaranteei

condition 19. In order for conditions 20 and 21 to be satisfied, one needs the
Ž .elements of G p , P in this traverse to occur in a certain order. For this purpose,i

11 In this appendix, I will not explicitly refer to the edges of a path and simply refer to a sequence of
Ž 1 K . k kq1vertices Õ , . . . , Õ as a path if all the adjacent vertices Õ and Õ are connected by an edge, for

all kF K.
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Ž 1 My1. My 1for any sequence of action profile a' a , . . . , a ´ A let us partition
Ž .G p , P intoi

m My1 P<f P ,a s egG p , P e/ a , PPP , a , b , lŽ . Ž .½ ž /
my1

for some integer m-M A2Ž .5
<and G p , P ,a s egG p , P eff P , A3� 4Ž . Ž . Ž . Ž .i i

l l lŽwhere m stands for a string of length m consisting of b s only b appearing m
. ltimes and b is such that

lb garg min p a A4Ž . Ž .i
agBP

Ž . Ž .Also define m P,a and h P as follows

m My1 P< Ž .min m- M a , PPP , a , b , l ´ G if f P ,a is not empty� 4Ž .Ž .m P ,a ' my1½
M otherwise

A5Ž .

h P g arg min p a A6Ž . Ž . Ž .i
X X l� < 4ag a gB a /bP

Ž .Point of Notation: When the meaning is not ambiguous, I shall refer to G p , P ,i
Ž . Ž . Ž . Ž .f P,a , G p , P,a , m P,a , and h P by G, f, G, m, and h, respectively. Fori

the next two Lemmas the sequence a is fixed.

( ) Ž .Property g : G is said to satisfy property g if

p b P qp h q My2 p bl -Mp A7Ž . Ž . Ž . Ž . Ž .i i i i

( )Lemma A2: Suppose G satisfies property g . Then there exist a M-string path
M{ ( ) ( < < )} ( ) ( ) ( )Qs e 1 , . . . , e G such that e r ´ B the M-fold cartesian product of BP P

X X< < ( ) ( );rF G , e r /e r ;r /r and
Ž .i the elements of Q are the same as those of the set G;
Ž . Ž . Ž P .ii e 1 s b , l ,a for some agB ;P

My2
X m My1 PŽ . Ž < <. Ž .iii if f is nonempty then e G s a , a , PPP , a , b , l for some

my2
aX

´ B .P

Proof: The above is proved by first constructing a directed graph whose edges
Ž .correspond to the elements of G and then showing a if f is not empty then the

Ž P .directed Graph has an Eulerian path with the initial vertex Õ' b , l and a
My2



( )H. SabourianrJournal of Mathematical Economics 30 1998 1–35 23

m My1 PŽ . Ž . Ž .final vertex v' a , PPP , a , b , l and b if f P is empty then the
my2

Žgraph has a Eulerian cycle with the initial vertex Õ. The proof is similar to
.proving the existence of de Bruijn sequences, see Golomb, 1967 or Hall, 1968 .

Ž .Consider the directed graph V, E , where V is the vertex set and E is the edge
set, defined as

My1° ¶
mi p Õ qp a -Mp for some agBŽ . Ž . Ž .Ý i i i P

ms1My 1~ •Vs Õg BŽ .P My1
P m Pii if b fÕ then p Õ qp b -MpŽ . Ž . Ž .Ý i i i¢ ß

ms1

A8Ž .
mq 1 m° ¶i Õ sw , 1Fm-My1Ž .
P Pii b gÕ or b gwŽ .

My12~ •Es Õ ,w gV A9Ž . Ž .m My1iii p Õ qp w -MpŽ . Ž . Ž .Ý i i i
ms1

My 1¢ ßiv Õ ,w ffŽ . Ž .

Ž . Ž 1 M . MEach edge Õ,w gE can thus be labelled by a M-tuple es e , . . . , e gB ,P

where e1 sÕ1, em sÕm sw my 1
;m s.t. 1-m-M and e M sw My 1. Moreover,

1P M mŽ . Ž . Ž . Ž .ii – iv of Eq. A9 imply that for any such edge egE, b ge, Ý p ems 1 iM
1M m� Ž . < Ž .-p and eff, respectively. Since the set G is simply eg B Ýp ei P iM

P 4-p , b ge and eff , it follows that we can label the edges of the graphi
Ž .V, E uniquely by the elements of G.

Ž .Next I need to show that V, E has an Eulerian path with an initial vertex
P m My1 PŽ . Ž .Õs b , l and a terminal vertex vs a , PPP , a , b , l if f is not

My2 my2
empty and it has an Eulerian cycle, otherwise. It follows from Lemma A1 that
Ž . 12V, E has such a path or cycle if it is connected and the number of edges
entering and exiting any vertex Õ satisfies the conditions of Lemma A1. I shall
consider these in turn.

Ž .Step 1: Connectedness of V,E .
It follows from the definition of b1 in condition A4 that if G is nonempty then

PŽ . Ž . Ž .b , l gG. Therefore l gV. Now to show that V, E is connected, I
My1 My1

Ž .need to show that for any ÕgV such that v/ l there is a directed path from
My1

Ž . My 1Õ to l gA .. To show the existence of such a path, I consider seven
My1

Ž .different cases these cases exhaust all the possibilities .

12 Ž .In the rest of this proof, paths and cycles refer to paths and cycles in the graph V, E .



( )H. SabourianrJournal of Mathematical Economics 30 1998 1–3524

l pŽ .Case 1: vs m,b , l for some non-negative integer mFMy2 and
Mymy2

a My 1 /bl. Since Õ´V, it follows from the definition of bl—condition A4—and
My 1 l Ž .a /b that the following path of vertices belong to the graph V, E

l P P P Pm , b , l l , b , l PPP l, b , l b , l lž /ž / ž / ž /ž /
Mymy2 my1 Mymy1 1 My3 My2 My1

A10Ž .
l PŽ . Ž .Therefore Õ s m , b , l is connected to l .

Mymy2 My1

l PŽ .Case 2: vs m, b , l for some non-negative integer mFMy2 and
Mymy2

a My 1 sbl. It follows from definitions of bl and h—conditions A4 and A6,
Ž .respectively—and property g that the following path of vertices belong to the

Ž .graph V, E :

P P Pl,b , l l ,b , l ,h l ,b , l ,h ,lž / ž / ž /
m Mymy2 my1 Mymy2 my2 Mymy2 1

P PPPP l,b , l ,h , l b , l ,h , l A11Ž .ž / ž /
1 Mymy2 my2 Mymy2 my1

Ž . Ž .Moreover, it follows from property g and the definition of V, E that the
Ž .following path belong to the graph V, E

P Pl ,h , l ,h l ,h , l ,h ,b l ,h , l ,h ,b ,lž / ž / ž /
Mymy2 my1 Mymy3 my1 Mymy4 my1 1

P P. . . h ,b , l b , l l A12Ž .ž /ž / ž /
My3 My2 My1

Ž . Ž .It also follows from property g that the last vertex in A11 is connected to the
Ž . Ž .first vertex of the path in A12 . Therefore Õ, the first vertex in A11 , is

Ž . Ž . 13connected to l , the last vertex in A12 .
My1

Case 3: b P
fV. Since Õ´V and b P

fÕ, it follows from the definition of V
Ž P 1 My2 . Ž 1 My1.that there is an edge connecting b , Õ , . . . , Õ to Õs Õ , . . . , Õ . Now

� < m l4 Ž .define m'min m-M Õ /b . Since Õ/ l , it follows that m is well˜ ˜
My1

defined. Then it follows from the definition of bl—condition A4—that the
Ž .following path of vertices belong to the underlying undirected graph of V, E

1 My1 P 1 My2 P 1 My3Õ , . . . ,Õ b ,Õ , . . . ,Õ l,b ,Õ , . . . ,ÕŽ . Ž . ž /
1

P 1 m P 1 my1˜ ˜. . . l ,b ,Õ , . . . ,Õ l ,b ,Õ , . . . ,Õž / ž /
Mymy2 Mymy1˜ ˜

ŽNote that none of the edges defined by the above path belong to f because
m̃ l .Õ /b . But it follows from the definition of m that the last vertex in the above˜

13 Ž .It is easy to demonstrate that in this case if Property g does not hold then Õ may not be
l

connected to My1.
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Ž P .path is l ,b , l . Thus, by Case 1 or Case 2 the last vertex of the above
my1˜Mymy1˜
Ž . Ž .path is connected to l . Therefore Õ is connected to l .
My1 My1

Case 4: For some mG1, Õm sb P, ÕmX

/bl for some mX
)m and ÕmX

/b P

;mX
)m. Since ÕmX

/bl for some mX
)m and bl satisfies condition A4, it follows

Ž .that the following path with the initial vertex Õ belong to the graph V, E :

1 my1 P mq1 My1 2 my1 P mq1 My2Õ , . . . ,Õ ,b ,Õ , . . . ,Õ Õ , . . . ,Õ ,b ,Õ , . . . ,Õ ,lŽ . ž /
1

my 1 P mq1 My2 P mq1 My1. . . Õ ,b ,Õ , . . . ,Õ , l b ,Õ , . . . ,Õ , lž / ž /
my2 my1

mq 1 My1Õ , . . . ,Õ ,lž /
m

ŽNote that none of the edges defined by the above path belong to f because
mX l X . PÕ /b for some m )m. But b does not belong to the last vertex of the above

path. Therefore, it follows from Case 3 above that the last vertex of the above path
Ž . Ž .is connected to l .. Thus Õ is connected to l ..
My1 My1

Case 5: For some mG1, Õm sb P, ÕmX

sbl, ;mX
)m and Õ is connected to

Ž 2 My1 . Ž 2 My1 .Õ , . . . , Õ , h . Since Õ is connected to Õ , . . . , Õ , h , it follows from
Ž . P Ž 2Cases 3 and 4 that Õ is connected to l .. This is because either b f Õ , . . . ,
My1

My 1 . Ž 2 My1 . P Ž 2Õ , h in which case Õ , . . . , Õ , h satisfies Case 3 or b ´ Õ , . . . ,
My 1 . Ž 2 My1 .Õ , h , in which case Õ , . . . , Õ , h satisfies conditions of Case 4.

Case 6: For some mG1, Õm sb P, ÕmX

/b P
;mX

-m, ÕmX

sbl
;mX

)m and Õ

Ž 2 My1 .is not connected to Õ , . . . , Õ , h . In this case, I shall first try to show

bl ,Õ1 , . . . ,Õmy 1 / a My my1 , . . . ,a My 1 A13Ž . Ž . Ž .
Ž 1 my1 P . Ž 2This is because if v' v , . . . ,v ,b , l is not connected to Õ , . . . ,

Mymy1
My 1 . Ž l 1 My2 . Ž 2Õ , h then it must be connected either to b , Õ , . . . , Õ or to Õ , . . . ,
My 1 l. ŽÕ , b . Otherwise, it will not be connected to any vertex, which contradicts

. Ž l 1Õ´V. Now consider each of the two possibilities. If Õ is connected to b , Õ , . . . ,
My 2 . Ž l 1 my1 P .Õ then b ,v , . . . ,v ,b , l ff. Thus condition A13 follows imme-

Mymy1
Ž 2diately from the definition of f. In the case in which Õ is connected to Õ , . . . ,

My 1 l. Ž 1 My1 l.Õ , b it must be that Õ , . . . , Õ , b ff. But this together with
Ž 1 my1 P .v' v , . . . ,v ,b , l and the definition of f implies condition A13.

Mymy1
Ž 1 My1.But condition A13 implies that l ,v , . . . ,v ,

1
Ž 1 My2 . Ž 1 m .l ,v , . . . ,v . . . l ,v , . . . ,v do not belong to f. Hence it follows

2 My1ym
Ž .that the following path belong to the graph V, E

Õ1 , . . . ,ÕMy 1 l ,Õ1 , . . . ,ÕMy 2 . . . l ,Õ1 , . . . ,ÕmŽ . ž / ž /
1 Mymy1

l ,Õ1 , . . . ,Õmy 1ž /
Mym
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P ŽSince in this case the last vertex in the above path does not contain b by
. Ž .assumption , it follows from Case 3 that it is connected to l .. Thus Õ is

My1
Ž .connected to l .
My1

Case 7: There exist m and mX
-M such that mX

/m, Õm sb P and ÕmX

sb P.
1 � X < mX P4 2 � X 1 < mX P4Let m smax m -M Õ sb and m smax m -m Õ sb . By assump-

tion m1 and m2 exist. Now consider two subcases. If ÕmY

/bl for some mY
)m1

Ž . mY 1then it follows from Case 4 that Õ is connected to l . If Õ sb for all
My1Y 1 Ž 2 .m )m )m , consider the following path

Õ1 , . . . ,ÕMy 1 Õ2 , . . . ,ÕMy 1 ,l . . . Õm2
, . . . ,ÕMy 1 , lŽ . ž / ž /21 m y1

Õm2q1 , . . . ,ÕMy 1 ,lž /2m

Ž .This path belongs to the graph V, E because every vertex in the above expres-
sion, other than the last one, contain b P twice. Moreover, it follows from Case 5

Ž .or Case 6 that the last vertex in the above path, and thus Õ, is connected to l ..
My1

P m My1 PŽ . Ž .Step 2: If f is not empty then Õs b , l and vs a , . . . ,a ,b , l
My1 my2

™ § ™ §Ž . Ž . Ž . Ž .satisfy r Õ q1sr Õ and r v sr v q1, respectively.
§ ™Ž . <� <Ž . Ž . Ž . 4 < Ž . <�Clearly r Õ s a g B M y 1 p Õ q p a F Mp and r Õ s a gP i i i

™ §My 1<Ž . Ž . Ž . 4 < Ž . Ž .B My1 p Õ qp a FMp and a/a . Therefore r Õ q1sr Õ .P i i i
™Ž . <�Also it follows from the definition of m—condition A5—that r v s ag

§<Ž . Ž . Ž . 4 < Ž . <� <Ž . Ž . Ž .B My1 p v qp a FMp and r v s a gB My1 p v qp a FP i i i P i i
™ §l4 < Ž . Ž .Mp and a/b . Therefore r v sr v q1.i

Step 3: If f is not empty then for any Õ´V, different from Õ and Õ,
™ §Ž . Ž .r v sr v .

There are three subcases to consider.
Ž . P Ž . My 1 P Ž . 1 Pa If b fÕ then Õ,w gE´w sb and w,Õ gE´w sb . There-

™ §Ž . Ž .fore r v sr v s1.
Ž . P Ž .b If b e Õ and Õ,a ff for all agB then it follows from Õ being differentP

™ §Ž . <� <Ž . Ž . Ž . 4 < Ž .from Õ and from Õ that r v s agB My1 p v qp a FMp sr Õ .P i i i
Ž . P Ž .c If b ´ Õ and Õ,a ´f for some agB then it follows from Õ beingP

m My1 P l lŽ . Ž .different from Õ and from Õ that Õ,a s a , . . . , a , b , b , . . . , b for
™Ž . Ž . <�some m such that m-m-M m)m because Õ/Õ . Therefore r v s ag

§l<Ž . Ž . Ž . 4 < Ž . <� <Ž . Ž .B My1 p v qp a FMp and a/b and r v s agB My1 p vP i i i P i
™ §my 1Ž . 4 < Ž . Ž .qp a FMp and a/a . Clearly, in this case r v sr v .i i

™ §Ž . Ž .Step 4: If f is empty then for any Õ´V r v sr v .
™ § PŽ . Ž .This follows from both r v and r v being equal to one if b fÕ and from

<� <Ž . Ž . Ž . 4 <both being equal to agB My1 p v qp a FMp , otherwise.P i i i
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Ž .Steps 1–4 above imply that the graph V, E has an Eulerian path or an
� Ž . Ž < <.4 � Ž .Eulerian cycle Qs e 1 , . . . , e G which traverses E according to e 1 , . . . ,

l XPŽ < <.4 Ž . Ž . Ž < <. Že G , e 1 s b ,My2,a for some a´ B and if f is not empty e G s a ,P
Xm My1 P l l. Ž .a , . . . , a , b , b , . . . , b for some a gB . Since each edge e jP

corresponds to some unique element of G, the Eulerian path Q satisfies Lemma
A2. Q.E.D.

( 1 M y1) ( )M y1Lemma A3: Suppose G is not empty and a' a , . . . , a ´ B .P y1
( 1 <G < )) MThen there exists a path of action profiles ds a , . . . , a ´ C with SR cycle

ˆ ( ( ) ( < < )ds e 1 , . . . , e G such that
Ž . Ž . Ž m My1 1 m.i e t / a , . . . , a , a , . . . , a ;m and t such that 1Fm-M and

< <tF G yM.
1 P ˆŽ .ii a sb and the elements of d are the same as those of G.

Ž . t P ty1 Ž t . Ž .iii if a sb for some t)1 then Ý p a F ty1 p .ts1 i i

Proof of Lemma A3: There are four cases to consider.
Ž .Case 1: G does not satisfy property g and every e´ G is a permutation of

Ž P .b , l
My1

Ž P . Ž .MIn this case, let ds b , l g B . Clearly, d satisfies conditions of theP
My1

Lemma.
Ž . PCase 2: G does not satisfy property g and h/b .

Consider the following paths.

P P P P Pd 0 s b ,h , l ,b ,l,h , l ,b ,l,h , l ,b , . . . ,b ,Ž . ž
My2 1 My3 2 My4

Pl ,h ,b , l /My2 My1

P P P P Pd m s b ,l,h , l ,b , l ,h , l ,b , . . . ,h ,b , l ,b ,h ,Ž . ž
m Mymy2 mq1 Mymy3 My1

P Pl ,b ,l,h , l , . . . ,b , l ,h , l , ;m s.t. 0-m-M/My2 2 My3 my1 Mymy1

Ž .It is clear by inspection that in this case that for any m s0, 1, . . . , My1 ,
P Ž .b occurs every M periods along the path d m and that the elements of the SR

Ž̂ . Ž .cycle d m generated by d m are the same as the elements of G. The difference
ˆ ˆ ˆŽ . Ž . Ž .between d 0 , d 1 , . . . and d My1 is simply that the order the elements of G

ˆ PŽ . Ž .appear along these paths are different. The first element of d 0 is b ,h, l
My2

ˆ PŽ . Ž .whereas the first element of d m is b ,l ,h, l . Now define the required
m Mymy2

path d as follows

m My1°d m if a , . . . , a s h , lŽ . Ž . ž /~ Mymy1ds¢d 0 otherwiseŽ .
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Ž . Ž .It is clear by inspection that d satisfies conditions i and ii of the Lemma. To
Ž .show that condition iii of the Lemma is satisfied denote the elements of d and its

Ž 1 G. Ž Ž . Ž .. t PSR path by a , . . . , a and e 1 , . . . , e G , respectively. Now if a sb and
t)1, then it is clear by inspection that tskMq1 for some integer k and

ty1
tp a sM p e 1 qp e Mq1 q . . . qp e M ky1 q1� 4Ž . Ž . Ž Ž . Ž .Ž . Ž .Ž .Ý i i i i

ts1

Ž . Ž Ž ..Since e t gG, p e t -p for every t ; thus the RHS of the last equality isi i
Ž .less than Mkp s ty1 p .i i

P PŽ . Ž .Case 3: G does not satisfy property g , b ,h, l gG and hsb .
My2

Ž P . MIn this case any element of G is either a permutation of b , l gA or a
My1

Ž P P . Mpermutation of b ,b , l gA . A simple permutation exercise demonstrates
My2

< < Ž .Ž 2 .that G s 1r2 M qM . Suppose that M is even. Let ksMr2. Now consider
the following path of actions.

lP P P P P P P P P Pdsb l b lb l b l b l b l , . . . ,b 1 b l b b l
ky1 k ky2 kq1 ky3 kq2 2 ky2 My1

Ž 1 T .If we denote the elements of d by a , . . . , a then for every integer tFT.

° Pb if either ts1qt Mq1 or ts1qt Mq1 qkytŽ . Ž .
t ~a s for some t s.t. 0FtFk¢ lb otherwise

A14Ž .

Ž .A simple inspection of the sequence confirms that when M is even the length of
Ž 2 . < <d is T' M qM r2s G , no string of length M occurs more than once in d

Ž P . Mand every string of length M of d is either a permutation of b , l gA or a
My1

Ž P P . Mpermutation of b ,b , l gA . Therefore the SR path induced by d coincides
My2

1 P Ž .with the set G. Thus, given that a sb , d satisfies condition ii of the Lemma.
Ž . Ž Ž . Ž ..To show that d satisfies condition i denote the SR path of d by e 1 , . . . , e T .

Ž m My1 1 m. Ž .Now I need to show that a , . . . , a , a , . . . , a /e t ;m-M and
� < m l4; tFTyM. Let msmax m-M a /b . Then it is clear by inspection that if˜

Ž m My1 1 m.m)m or if m does not exist then a , . . . , a , a , . . . , a s˜ ˜
Ž 1 m. Ž . Ž . ml ,a , . . . ,a se TyMqmq1 /e t ; tFTyM. Moreover, since a /
Mym

P 1 P Ž . Ž P l l.b ;m-M, a sb and e t is either a permutation of b , b , . . . , b or
Ž P P . Ž m My1 1 m. Ž .b ,b , l , it follows that a , . . . , a , a , . . . , a /e t ;mFm and for˜

My2
all t.

Ž .To demonstrate that c satisfies condition iii of the Lemma, note that if
t P Ž .a sb then it follows from condition A14 that either ts1qt Mq1 or
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Ž .ts1qt Mq1 qkyt for some non-negative integer tFk. In the case in
Ž .which ts1qt Mq1

ty1
m l Pp a st 2ky1 p b q2p bŽ . Ž . Ž . Ž .� 4Ý i i i

ms1

st My1 p bl q2p b P A15Ž . Ž . Ž . Ž .� 4i i

Ž l. Ž . Ž l. Ž P . ŽBut p b F p and M y 2 p b q 2p b F Mp this follows fromi i i i i
Ž P P . .. Ž . Žb ,b , l gG . Therefore the RHS of Eq. A15 is less or equal to t Mq

My2
. Ž .1 p s ty1 p .i i

Ž .If, on the other hand, ts1qt Mq1 qkyt and t)1, then
ty1

m l Pp a s t 2ky1 qkyty1 p b q 2tq1 p bŽ . Ž . Ž . Ž . Ž .Ž .Ý i i i
ms1

s 2tq1 ky1 p bl qp b P F ty1 pŽ . Ž . Ž . Ž . Ž .� 4i i i

Ž Ž . Ž l. Ž P . .the last inequality follows from My2 p b q2p b -p .i i i
1If M is odd set ksMr2q and consider the following path:2

lP P P P P P P P Pdsb l b l b lb l b l , . . . ,b 1 b l b b l
ky1 ky2 k ky3 kq1 2 ky3 My1

The same reasoning as in the case when M even establishes that the above path
Ž . Ž .satisfies conditions i – iii of the Lemma when M is odd.

Ž .Case 4: G satisfies property g .
� Ž . Ž < <.4 Ž .Let Qs e 1 , . . . , e G be the path cycle satisfying Lemma A2 and let

< <Ts G qMym, where m is defined as in condition A5. Now define the
Ž 1 T .sequence ds a , . . . , a as follows

1t < <a se t for any integer tF G A16Ž . Ž .
mq 1

<G <qm < <a se G for any integer mFMym A17Ž .Ž .
Ž . i Ž .where e t is the ith element of the M-string e t . It follows from the definition

< <of m—condition A5—that if f is empty then msM and thus Ts G . Also it
Ž . Ž .follows from ii and iii of Lemma A2 that

l1 My1 P Ma , . . . ,a s b , My2,a A18aŽ . Ž .Ž .
<G <q1 <G <qMym m My1and if f is not empty then a , . . . ,a s a , . . . ,aŽ .Ž .

A18bŽ .
Ž < < .For any mFMym, define e G qm as

mq my1 mqm M P< <e G qm s a ,a , . . . ,a ,b , l A19Ž .Ž . ž /
mqmy2

Ž . Ž . Ž . Ž . Ž Ž .Clearly, it follows from Eqs. A16 , A17 , A18a and A18b that e 1 , . . . ,
Ž < < .. Ž .e G qMym is the SR cycle induced by d. Condition A19 implies that
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Ž Ž < < . Ž < < .. Ž .e G q1 , . . . , e G qMym sf. Also i of Lemma A2 implies that
Ž Ž . Ž < <..Qs e 1 , . . . , e G sG. Since Glf is empty, it follows that d satisfies

1 PŽ .condition i of Lemma A3. Moreover, since GjfsG and a sb it follows
Ž .that d satisfies condition ii of Lemma A3.

Ž .Finally, to show that d satisfies condition iii of Lemma A3, suppose that
t P � Ž . Ž .4a sb for some tFT. Now let e 1 , . . . , e ty1 be a SR cycle induced by

Ž 1 ty1.a , . . . , a . Clearly,

ty1 ty1 tyM ty1
tp a s p e t s p e t q p e t A20Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .Ý Ý Ý Ýi i i i

ts1 ts1 ts1 tstyMq1

1 My1Ž Ž . Ž . . Ž .The last equality follows from e t se t ;tF tyM . Since a , . . . , a
P t PŽ . Ž .s b , l and a sb , it follows that for any integer t-M, e tyMqt

My2
Ž tyMqt ty1 P . Ž . Ž tyMqt ty1 P tq1s a , . . . ,a ,b ,l and e tyMqt s a , . . . , a , b , a ,

t
tqty1. 14 l. . . , a . Thus it follows from the definition of b that

p e tyMqt Fp e tyMqt , ;t-MŽ . Ž .Ž . Ž .i i

Ž .This together with e t ´ G for all tFT imply that

ty1

the RHS of Eq. A20F p e t F ty1 pŽ . Ž .Ž .Ý i i
ts1

Ž .Thus d satisfies condition iii of Lemma A3. Q.E.D.
Finally I come to the proof of Lemma 1. The proof, as was mentioned before, is

by induction on the number of the elements of the set B . Clearly, the result isR
Ž .true if Rs1 B contains one element . Suppose the Lemma holds for the caseR

1 tŽPy1.qMy1Ž . Ž .when Rs Py1 . Therefore, there exists a path cs s , . . . , s g
MC which satisfies Lemma 1 for the set B . It also follows that there exists aPy1

Ž 1 <G <. M Ž . Ž .path ds a , . . . , a ´ C satisfying conditions i – iii of Lemma A3 for the
sequence a defined by

a' s tŽPy1.q1 , . . . ,s tŽPy1.qMy1 A21Ž . Ž .

I can define a new path c, which satisfies the conditions of Lemma 1, by
amalgamating c and d as follows. Let

1 tŽPy1.qMy1 1 <G <c' c,d s s , . . . ,s ,a , . . . ,aŽ . Ž .
t t ŽPy1.qMy1qt < <To simplify the notation, I will denote a by s , ;tF G . Thus let

Ž 1 K . Ž . < < Ž Ž .cs s , . . . , s where K' t Py1 qMy1q G . Also let c' e 1 , . . . ,ˆ
Ž ..e K be the SR cycle induced by c.

14 Note that if tqt )T then atqt is defined to be atqtyT.
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M Ž .Firstly, I need to show that c´ C . Since cs c,d , it follows from c satisfying
Ž . Ž .condition a of Lemma 1 for the set B and from d satisfying condition ii ofPy1

Lemma A3 that

E p , Py1 if t- t Py1Ž . Ž .
e t gŽ . M M½ < < <eg B ef B if t Py1 FtF t Py1 q GŽ . Ž . Ž . Ž .� 4P Py1

A22Ž .
M M Ž .Since c´ C , d´ C , d satisfies condition i of Lemma A3 for the sequence a

Ž . Ž . Ž .Mdefined by Eq. A21 and E p , Py1 : B , it follows from condition A22Py1
MŽ . Ž . Ž . < <that e t /e m ;t/m, t and mF t Py1 q G . But this implies that c´ C .

Ž . Ž .Secondly, note that c satisfies a and b of Lemma 1 for any rFPy1 and
Ž .the path d satisfies condition ii of Lemma A3. Therefore c satisfies conditions

Ž . Ž .a and b of Lemma 1 ;rFP.
Ž .Finally, to show that condition c of Lemma 1 is satisfied, suppose that

t r Ž .s sb . Clearly, I only need to show that c of Lemma 1 holds for all
Ž . Ž Ž .tG t Py1 qM this is because c satisfies condition c of Lemma 1 for the set
. Ž . Ž .B . Now if rsP, condition c follows immediately from cs c,d and fromPy1

Ž .d satisfying condition iii of Lemma A3. If, on the other hand, r-P and
Ž . Ž . Ž .tG t Py1 qM, then there exist an integer Õ- t r qM such that e v s

Ž r . Ž Ž . Ž .b , l .. This follows from satisfying conditions a and b of Lemma 1 for the
My1

.set B . ButPy1

ty1 Õy1 ty1
m m mp s s p s q p s A23Ž . Ž . Ž . Ž .Ý Ý Ýi i i

msÕŽ . Ž .mst ry1 qM mst ry1 qM

Õ rŽ .Since c satisfies c of Lemma 1 for the set B , r-P and s sb , it followsPy1

that

Õy1
mp s f Fp Õy t ry1 yM A24Ž . Ž . Ž .Ž . Ž .Ý i i

Ž .mst ry1 qM

˜ Õ ty1Ž .Now consider the sequence d' s , . . . ,s . Note that

ty1 ty1
mp s s p e m A25Ž . Ž . Ž .Ž .Ý Ýi i

msÕ msÕ

˜Ž Ž .. Ž ..where e Õ , . . . , e ty1 is the SR cycle induced by d. For any m s.t.
Õ ÕqMy1 r l lŽ . Ž . Ž . Ž .ÕFmF tyM, e m se m . Since s , . . . , s s b , b , . . . , b and

t r lŽ . Ž Ž .s sb by assumption , it follows from the definition of b that p e m Fi
Ž Ž .. Ž Ž ..p e m for any m s.t. tyM-m- t. Since p e m -p for every m, thei i i

Ž . Ž . Ž . Ž .RHS of Eq. A25 F tyÕ p . This together with Eqs. A23 and A24 implyi
Ž . t rthat c satisfies condition c of Lemma 1 for the case where s sb and r-P.

Q.E.D.
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Appendix B. Proof of proposition 1

1 r r 1 r ry1 tŽ . Ž . Ž .For any set of action profiles a , . . . ,a ´ A , let u a , . . . ,a 'Ý p a qi ts1 i
Ž r . M Ž . Ž 1 R.u a . Also for any strategy fgF with cycle path S f s a , . . . ,a definei

1 rŽ . � Ž . 4p f smax u a , . . . ,a y rv . Now for any player i consider an optimal˜ i 1F r F R i i
t `� Ž .4penal code fs s P ´ P such thatts1 i

p f Fp f , ; fgP B1Ž . Ž .˜ ˜Ž .i i i

Ž < < .Since A and M are finite such an optimal penal code exists .
Ž . t Ž 1 ty1.For any real number xgR, let D x be the set of histories h s a , . . . , a

which satisfy

r ty1 t t
; integer rF t s.t. u a , . . . ,a ,s h -Õ tyrq1 qx B2Ž . Ž . Ž .Ž .i i

x � xtŽ t.4`Define the strategy f s s h for i as:i i ts1

t t t°s h if h gD xŽ . Ž .i
x t t ~ t ts h g B3Ž . Ž .i arg max p a ,s h otherwiseŽ .Ž .i i yi¢

ai

x x 1 RŽ . Ž . Ž .Denote the cycle path f , f enters by S f , f s a , . . . , a . It followsi y i y i

from the definition of f x, that ; integer rFRi
XX Xr r r rp a su a if for some r Fr , u a , . . . ,a GÕ ryr q1 qxŽ . Ž . Ž . Ž .i i i i

B4Ž .

x 1 RŽ . Ž . Ž .Lemma B1: For any xFp f , let S f , f s a , . . . ,a . Then ' integers r˜ i i yi

and rX where rX FrFR s.t.
r

Xtp a GÕ ryr q1 qx B5Ž . Ž . Ž .Ý i i
X

tsr

Ž . Ž 1 R.Proof: It follows from Eq. B4 that a , . . . ,a satisfies condition B5 if '

integers r and rX FrFR s.t.
X Xr ru a , . . . ,a GÕ ryr q1 qx B6Ž . Ž . Ž .i i

To prove the existence of rX and r satisfying condition B6, suppose otherwise.
x xŽ .Then it follows from the definition of f that eventually f , f and f will playi i — i

t t x t tŽ . Ž < .the game in exactly the same way: ' a history h s.t. s f , f ss f hi y i
t ` x< Ž Ž ..;tG t. Since f is a SPE, f h is also a SPE. Moreover p s f , f si i y i

` t ` ` x ` xŽ Ž < .. Ž Ž .. Ž Ž .. Ž .p s f h G Õ s p s f G p s f , f . Thus p f , f s Õ andi i i i i y i i i y i i
t xŽ < . Ž .therefore f h s f , f is an optimal penal code. Hence it follows fromi y i

xŽ . Ž .condition B1 that p f ,f Gp f . Thus there exists an integer rFR s.t.˜ ˜i i yi i

1 ru a , . . . ,a GrÕ qp f B7Ž . Ž .˜ Ž .i i i
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Ž .Since xFp f ,, it follows that the LHS of condition B7 exceeds rÕ qx; but this˜ i i

contradicts the initial supposition. Q.E.D.

Ž .Lemma B2: For any xFp f ,˜ i

1
lÕ G xq My1 p b q p eŽ . Ž . Ž .Ýi i i½ 5< <My1q E Õ , A xŽ .Ž .i Ž Ž ..egE Õ , A xi

B8Ž .
l <for some b´ A x , where A x s a u a -Õ qx . B9� 4Ž . Ž . Ž . Ž .i i

x 1 RŽ . Ž .Proof: Denote S f , f by a , . . . , a . For any rFR, leti y i

r t<t r smax tGr u a , . . . ,a GÕ tyrq1 qx and tFR B10Ž . Ž . Ž . Ž .� 4i i

Ž .It follows from Lemma B1 that t r is well-defined from some rFR. Now define
Ž .sequence r , . . . ,r inductively as follows1 K

<r smin rFR t r exists� 4Ž .1

<r smin rFR r) t r and t r exists , ;k s.t. 1-kFK� 4Ž . Ž .k ky1

Ž . Ž .where K is such that for all r)r , t r does not exist. Since t r is well-definedK
Ž .for some rFR the sequence r , . . . ,r is well defined. Moreover, it follows1 K

from the definition of r , conditions B4 and B10 thatk

Ž .t rk

t r tŽ r .k kp a su a , . . . ,a GÕ t r yr q1 qx , ;kFK B11Ž . Ž . Ž . Ž .Ž .Ý i i i k k
tsrk

Now since f is a SPE, it follows that
R1

` ` x tÕ sp s f Gp s f , f s p aŽ .Ž .Ž .Ž .Ž . Ýi i i i yi iR
ts1

Ž .t rK kq11
ts p aŽ .Ý Ý iR ks1 Ž .tst r q1k

Ž . Ž . Ž Rq1 tŽrKq 1.. Ž 1 tŽr1. .where t r sRq t r and a , . . . ,a s a , . . . ,a . Thus for somekq1 1

kFK

Ž .t rkq11 1
tÕ G p a sŽ .Ýi i½ 5t r y t r t r y t rŽ . Ž . Ž . Ž .kq1 k kq1 kŽ .tst r q1k

r y1kq1

t= p a qÕ t r yr q1 qx B12Ž . Ž . Ž .Ž .Ý i i kq1 kq1½ 5
Ž .tst r q1k
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Ž Ž .. Ž Ž . Ž ..the last equality follows from Eq. B11 . Now let e 1 , . . . ,e R be the SR
1 RŽ . Ž .c y c le in d u c e d b y a , . . . , a . A l s o , l e t e t s

Ž rkq 1yt rkq 1y1 tŽrk .q1 tŽrk .qMyt. Ž Ž Ž . . Ža , . . . ,a ,a , . . . ,a . Then e t r q 1 , . . . ,e r yk kq1
tŽr .q1 r y1k kq1. Ž . Ž .. Ž .M ,e 1 , . . . ,e My1 is the SR cycle induced by a , . . . ,a . There-

Ž .fore it follows from Eq. B12 that
r y1 r yMkq1 kq1

tÕ r y t r y1 G p a qxG p e tŽ . Ž . Ž .Ž .Ž . Ý Ýi kq1 k i i
Ž . Ž .tst r q1 tst r q1k k

My1

q p e t qx B13Ž . Ž .Ž .Ý i
ts1

Ž Ž . Ž .. Ž 1 R.Since e 1 , . . . ,e R is the SR cycle induced by a , . . . ,a , it follows that

e t /e t
X , ;t/t

X B14Ž . Ž . Ž .
� < Ž . Ž . Ž . 4Now let Gs e ese t for some t s.t. t r q1FtFr yM and p e -Õ .k kq1 i i

Ž . Ž .Then, it follows from Eqs. B13 and B14 that
My11

Õ G p e q p e t qx B15Ž . Ž . Ž .Ž .Ý Ýi i i½ 5< <My1q G egG ts1

Ž t .Now it follows from the definition of r that u a -Õ qx for all t s.t.k i i
lŽ . Ž Ž .. Ž Ž .. Ž .t r FtFr y1 for all k. Thus G;E Õ , A x and p e t Gp b fork kq1 i i i

l Ž . Ž .some b gA x . Therefore it follows from Eq. B15 that

1
lÕ G xq p e q My1 p bŽ . Ž . Ž .Ýi i i½ 5< <My1q E Õ , A xŽ Ž .i Ž Ž ..egE Õ , A xi

for some bl gA x B16Ž . Ž .
Q.E.D.

Ž Ž ..Now to complete the proof of Proposition 1, let BsA p f . Denote the˜ i
� t 4R Ž 1. Ž 2 . Ž R.elements of B by b s.t. u b Fu b F . . . Fu b . Then it followsts1 i i i

Ž .from the definition of A x that
ry1r t� 4A u b yÕ sB ' b B17Ž . Ž .Ž . ts1i i ry1

Ž . Ž Ž ..Setting xsp f , it follows from Lemma B2 and BsA p f that˜ ˜i i

1
lÕ G p f q My1 p bŽ . Ž .˜ Ž .i i i½< <My1q E Õ , BŽ .i

q p e B18Ž . Ž .˜Ý i 5
Ž .e´ E Õ , Bi

l Ž . Ž .for some b´ B. Condition i of Proposition 1 follows from Eq. B18 and the
Ž . Ž .definition of p f . To demonstrate condition ii of Proposition 1, first note that˜ i

Ž 1. Ž . Ž 1 .u b Fu a for all a´ A. This follows from the definition of b . Since Õ cani i i
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Ž 1.be sustained as a SPE, Õ is individually rational and thus Õ Gu b . Now seti i i
Ž r . Ž .xsu b yÕ . Then it follows from Lemma B2 and Eq. B17 thati i

1
r lÕ G u b yÕ q My1 p bŽ . Ž . Ž .i i i i½< <My1q E Õ , BŽ .i ry1

q p eŽ .Ý i 5
Ž .e´ E Õ , Bi ry1

l Ž .for some b´ B . Condition ii of Proposition 1 follows from rearranging the lastry1
Ž 1.inequality and Õ Gu b . This completes the proof of Proposition 1.i i
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