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Abstract

This paper provides a characterization for the set of outcomes which can be sustained by
subgame perfect equilibrium strategies in repeated games with M-period bounded memory,
pure strategies, no discounting and finite number of action profiles. The characterization
indicates that the equilibrium set expands very fast (in an ‘exponential’ fashion) as the
memory increases and slowly (in a ‘polynomial’ fashion) as the set of action profiles
available to the players at each stage expands. © 1998 Elsevier Science S.A. All rights
reserved.

JEL classification: C72; C73; C79
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1. Introduction

In any repeated game (RG), a large number of outcome paths can be supported
as subgame perfect equilibria because the players can choose history-dependent
strategies which punish any player who does not adhere to the appropriate
equilibrium outcome path. Therefore the possibility of punishments and thus the
existence of a large number of equilibria arises because players can choose
history-dependent strategies. Moreover, each player rationally chooses a history-
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dependent strategy because the others condition their actions on the history. Since
there are a large number of histories, one can construct many subgame perfect
equilibrium (SPE) strategies (some of them extremely complicated). *

One research strategy for dealing with the large number of equilibriain RGsis
to impose restrictions on the way the strategies depend on the history. One
justification for imposing restrictions on RG strategies is in terms of limitations of
human computational and storage ability (‘ bounded rationality’). For example, in
recent years many have considered RG strategies which are implementable by
finite automata. (See Kalai, 1990 for a survey). In this paper, however, the bound
is on the memory of the players (the number of periods they can recall) and not on
their computational abilities. There are simply limits to storage and organization of
information.

In Sabourian (1989b), a series of sufficiency conditions for an outcome to be a
one-period memory SPE is provided. Moreover, the paper demonstrates a Folk-
theorem-type result: with no discounting any individually rational profile of
actions can be supported as a SPE with one-period memory if either the stage
game contains a ‘large’ number of elements (if it is a connected set) and/or if
randomization (public or private) is alowed.

When the number of actions available in the stage game is small, restricting the
memory does reduce the size of pure SPE set (and captures some aspects of
bounded rationality). This paper provides a characterization for the set of M-period
memory pure SPE strategies when the set of actions is finite. > The characteriza-
tion (which is a generalization of the one obtained in Sabourian (1989b) for the
one-memory case) indicates that in obtaining Folk-Theorem-type results (without
randomization) one faces a trade-off between the number of elements of the action
space of the stage game and the length of the memory. One needs either a long
memory or an action space with ‘many’ elements to establish a Folk-Theorem
result. Moreover, the results indicate that the size of SPE set expands very fast (in
an ‘exponential’ fashion) as the memory increases and slowly (in a ‘ polynomid’
fashion) as the action space expands.

2. The game

Consider the one-shot game G = (A, - 7;)[_, where A, and 7, are the strategy
(action) space and the payoff function of player i, respectively. Let A=TI", A,
and w= (a4, ..., m,). Thus =, is afunction from A to R. | assume that A, is
finite Vi. | define x_; as any n-tuple x=(x,, ..., X,) without its ith element.

! See Pearce (1992) and Sabourian (1989a) for surveys of the literature.
2 The suffici ency condition in this paper does not depend on the finiteness assumption and is proved
by constructing appropriate Eulerian graphs.
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For any action profile ac A, define the maximum payoff i can obtain by deviating
as
Ui(a)=gﬁgx_77i(a/iva—i)- (1)

Consider the infinite repetition of G. Let the set of histories up to period t be
H. Thus H'=C and H'= A" where & is the empty set and A" ! is the
(t — D-fold cartesian product of A. The set of supergame strategies of i, when
there is no bound on the memory, is denoted by F, with typical element
f,={s'(-)}f_;, where s:H'— A,.. | denote (sj(h"), ..., si(h")) by s'(h") and

i_.F by F.

i=1%1i

Definition 1: A supergame strategy f, = {s'(-)f_, has M-period memory (M is
an integer) if for all integers t and 7 greater than M and for any two histories
hi=(a!, ...,a Dad h=(a, ..., a Y, if a""=a "™ Vintegers m< M
then s'(h) = s7(h").

Thus the choice of action at any stage t for M-period memory strategies
depends only on the last M stages of the supergame and not on t (stationary
bounded memory). Denote the set of M-period memory supergame strategies for i
by FM and let FM =TT, FM.

Given any profile of supergame strategies f, o(f)=sY() denotes the
outcome at time t=1and o '(f) =s'(o*(f), ..., o'~ *(f)) denotes the outcome
at t> 1. Moreover, | shall denote the sequence (o '(f));_; by o (f) and refer to it
as the outcome path. Any f € F is said to be stationary if o '(f) = '(f) Vt and
t.

Given any f=(s'(-));_, the supergame strategies determined by f after any
history h'=(a?, ..., a'"~ ') is denoted by f|h'.

| shall assume players do not discount the future and use the Limit-of-the-Mean
criterion. Thus the supergame payoff of i if the sequence of action profiles
h=(al, @, ...) occursis 7°(h) = lim; _, inf 3X7_,7;(a") (it makes no differ-
ence which limit point of the average payoffs is used).

Definition 2: A supergame strategy f€ FM is an M-memory SPE if
a (o (flh)) = =7 (o (f.1]0)), Vi, V', and Vf € FM. (2)

Since in the above definition f_;|h' has M-period memory it follows from
standard theorems on Markov decision problems that there exists an optimal
strategy (in the class of all strategies) for player i, given f_,|h', which has
M-period memory. Thus | could define a M-memory SPE as a profile of strategies
f e FM such that the inequality in Eq. (2) holds Vf; € F; (and not only Vf, € FM
asin Eq. (2)). Since FM cFM for al M’'> M, if feF™ isan M-period SPE
then f isaso an M'-period SPE for any M’ > M.
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For any finite path (string) of action profiles c = (&, ..., a®) € AR, denote the
mth element (m < R) of the path and the average payoff player i receives by c™
and 77;(c), respectively. Thus ¢c™ = a™ and

1 R
m(c) =E§1’Ti<ar) (3)

Since M-period memory strategies depend only on the previous M-period history,
for any action path c=(al, ..., a®) € AR, | need to define the M-period history
cycle (path) induced by c (the set of adjacent strings of action profiles of length M
in ¢). Formally, define the M-period history cycle and the M-period history path
induced by c as €= (&), ..., e(R) and T= (&), ..., (R— M)) respectively,
where

e(r)y=(a’,...,a""M1) for every integer r <R, (4)

and aR*"=a" for any integer < M. Following the computer science literature
(see Hall, 1968 or Golomb, 1967), | shall refer to the M-period history cycle
(path) as the M-string shift register cycle (path) induced by ¢ or more simply by
SR cycle (path) induced by c. Clearly, for any adjacent pair of strings of length M
in € (or in ©), the last (M — 1) elements of the first string coincide with the first
(M — 1) elements of the second string. Notice also that the sum of the payoffs i

obtains when any path c=(al, ..., a®) is chosen is equal to the sum of the
average payoffs i obtains when al elements of €= (e(2), ..., e(R)) occur. Thus
R 1 R M R
Zm(af)=mz Y m(en(r)) = L m(e(r)) (5)
r=1 r=1im=1 r=1

Since A and M are finite, the path o (f) induced by any M-memory strategy
profile feFM is ultimately periodic, and the length of any such cycle does not
exceed | A/™. # For any f& FM, | shall refer to the cycle paths generated by f by
3(f). Note that if 3(f)=(al, ..., a®) and if (e(1), ..., e(R)) is the SR cycle
induced by 3(f), then 7°(f) = 7,(3(f)) = LR ,7,(e(r)) and for every pair of
integers r and 1’ lessthan R, e(r) # e(r’) if r #r’. (Otherwise f enters a cycle
before playing al members of 3(f).) I can now define the set of cycle paths that
are implementable by M-memory strategy profiles as

cM={(a!, ..., a")eARle(r) #e(r'), Vr #r' < R where e(r) and
xe(r") satisfy equation 4} (6)

Finally, note also that any path of action profiles which appear along an outcome
path generated by M-memory strategy profile must be such that the elements of its

% The first equality follows from the fact that any a’ € ¢ occurs M times in & Notice that e™(r)
refers to the mth element of the M-string e(r).
4 For any set K, |K| refers to the cardinality of that set.
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SR path, other than the last M — 1 elements, do not coincide. Therefore | define
the set of such paths as

CM={(a,...,a")eARle(r) #e(r'), Vr #r' < R— M where e(r)

and e(r') satisfy equation 4} @)

3. Some intuition for the sufficiency condition

To support an outcome path as a SPE of a RG one needs to construct strategies
which punish deviations from the equilibrium path and induce punishers to punish
the deviator. In some cases it may be more costly for player j to punish a deviator
i than to be punished. As a result, in order to induce j to punish i one needs to
‘reward’ | after punishing i. Therefore, in general (see Sabourian, 1989a) one may
need to construct finite punishment paths which punish any deviator a finite
number of times and return to the ‘reward’ phase (which may be the original
equilibrium path).

To sustain an action profile a € A as a stationary M-memory SPE, | consider a
supergame strategy profile f € F which plays a forever on the equilibrium path
and punishes any deviator i by first playing a finite sequence of action profiles
c(i) and then returns to a forever. Further deviations, by player j from c(i) are
punished by starting c(j) and then reverting to a forever (thus the sequence c(i)
is the punishment phase for i and a is the ‘reward phase’). To show that such a
strategy profile f=(f;,f_;) is a M-memory SPE note the following two points.
Firstly, with the Limit-of-the-Mean criterion one only needs to show that it does
not pay i to deviate infinitely often from f;, given f_,, after any history. Since
after every history all players who are adhering to f are either playing a or c(j)
for some j, it followsthat f isa SPE if it does not pay i to deviate infinitely often
from a or from c(j) Vj. But one does not need to consider infinite deviations by i
from c(j) for j+i. Thisis because if i deviates once from c(j), given that other
players follow f_;, c(i) will be invoked and any further deviations will be from
either c(i) or a. Thus given that others follow f_;, i can not deviate infinitely
often from c(j) when j #i. Therefore f is a SPE if for every i it does not pay i
to deviate infinitely often either from a or from c(i). (See Remark 4 below.)
Secondly, with M-period memory to construct strategies which punish a deviator
for a finite number of periods and then return to the ‘reward phase’, the elements
of the SR path (M-period histories/strings)) induced by the punishment phase
c(i) need to be distinct—c(i) must be an element of CM (or CM); otherwise, the
punishment phase enters a cycle and never returns to the ‘reward phase’ a.

To find the weakest conditions which ensure that an action profile a can be
sustained as a M-memory SPE, one needs to find for all i the worst finite credible



6 H. Sabourian / Journal of Mathematical Economics 30 (1998) 1-35

punishment phase c(i) belonging to CM. To do this, consider first any set of
distinct action profiles B(i) = {b"(i)}) c A such that

m () = m(b'(i)), Vr <R(i) (8)

and find the longest cycle path which is implementable with M-memory and
involves action profiles belonging to the set B(i). Clearly, such a path belong to
CM and the elements of its M-string SR cycle belong to B(i)¥—the M-fold
cartesian product of B(i). It turns out that there exists a cycle path which can be
implementable by a M-memory strategy profile and whose SR cycle coincide with
the set of all M-strings belonging to the set B(i)M. Such a maximal cycle path are
called de Bruijn sequences and the existence of them was first proved by Good
(1946) and de Bruijn (1946). Clearly, the length of such a maximal sequence is the
cardinality of B(i)" (=RM) and any element of B(i) occurs RM~* timesin such
amaxima path (this is because every element of B(i) occurs an equal number of
times).

Now suppose that the punishment phase c(i) consists of the above maximal
sequence and that it starts by playing b(i), M times and then plays every b7(i),
RM~1 times (as suggested above). Clearly, if after playing the last element of c(i)
the profile b*(i) is played M times the cycle restarts. If, on the other hand, after
playing the last element of c(i) the profile b*(i) is played (M — 1) times followed
by a & B(i), the cycle does not restart and the path can return to a. Thus the
punishment path c(i) can consist of playing every element of B(i), R™~ ! times
followed by playing b(i) an extra (M — 1) times. °> Clearly with the above
punishment path it does not pay i to deviate infinitely often from a if

1
wi(é)>M = u(a) + (M—-1)m(b'(i)) + R~ 12 m (b7(i))
(9)

Condition 9 says that i prefers a to the average payoff associated with deviating
from a and then facing the punishment sequence c(i) when the latter consists of
playing the maximal de Bruijn sequence associated with the set B(i) followed by
b(i) played M — 1 times.

To ensure that i does not deviate from c(i) described above (and thus the
strategy profile f is SPE), consider first the case of one-memory. In this case c(i)
consists of playing each element of B(i) once. Thusif i deviatesfrom say b"(i) at
time t, then the average payoff i obtains between the last time he deviated before

® In other words, the punishment path c(i) need to belong to the set of M-memory paths C™ and
not necessarily to the set of cycle paths CM. As a result, to implement c(i)=(al, ..., a%) by a
M-memory strategy profile one needs al the M-period adjacent strings e(k) to be distinct for every
k< K- M.
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t and t is Hu,(b"(i)) + X'Z}m,(b7(i))}. Thus it does not pay to deviate infinitely
often from c(i) if

1 r—1
Wi(a)z?{ui(br(i))+Zﬂi(bT(i))} (10)

=1

In the M-memory case, the above condition for i not deviating from c(i) can be
weakened to Vr < R

{ui(br(i)) + (M= 1)m(b*(i))

"

r-1
+(r—1)M_1217Ti(b’(i))} (11)

where the RHS of the above stands for u;(b'(i)) if r = 1. The RHS of condition
11 is the same as that of condition 10 except that every b™(i) (r<r — 1) occurs
(r-DM~* times on the RHS of condition 11 rather than once as in condition 10
and there is the extra term (M — 1)a,(b'(i)). This weakening can be done by
playing the de Bruijn sequence for the M-strings belonging to B(i)™ described
above in the following sequence of phases: in the first phase play al the M-strings
belonging to (b(i))M, in the second phase play all the M-strings belonging to
(b(i),b?(i)M not already played and so on until all M-strings of B(i)" are
chosen once (this is done in the R(i)th phase); aso play b'(i), M — 1 times at the
end of each phase. Such a punishment phase insures that if a player deviates from
b"(i) at time t, then the average payoff i obtains between the last time before t at
which i deviated and t does not exceed the RHS of condition 11. It turns out that
if B(i) satisfies condition 8, conditions 9 and 11 are the weakest conditions which
ensure that the above strategy profile is a SPE.

Notice that so far | have assumed that i prefers a to the elements of B(i)
(condition 8). One may be able to make the finite punishment phase longer (and
possibly worse from i’s point of view), without entering a cycle, by alowing
action profiles which make i better off than at a. For example, suppose for some
deA, m(a) > 7,(a) and (M — Dmr(b) + 7,(a) < Mr,(3). Then the punishment
phase can be made longer (and possibly worse from i’s point of view) by playing
anew M-string consisting of & followed by b'(i), played (M — 1) times. Thus it
seems that one may be able to weaken conditions 9 and 11 by considering all
M-strings which generate an average payoff less than (2. In Section 4, it is
shown that there exists M-memory strategy profile f with finite punishment path
c(i) such that the sum of the payoffs of the path c(i) is equal to (M — D, (b*(i))
plus the sum of the average payoff of all M-strings belonging to any set B(i)M
and whose average payoff are less than r;(a). Formally, define for any i, for any
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7, and for any finite set of action profiles B C A, the set of M-strings belonging
to BM whose average payoff is less than 7, as follows

E(m;,B) ={eeB 7 (e) < m}. (12)

The finite punishment path c(i) of length K that is constructed below consists of
playing a sequence of action profiles belonging to some subset B(i) = {b™(i)}*)
of Asuchthat K77,(c(i)) = (M — Dmy(b'()) + Eec g, iy, 7i(€). To ensure that
it does not pay i to deviate from c(i), when a condition similar to condition 11 is
satisfied, c(i) is constructed such that it consists of playing b*(i) for the first
(M —1) periods followed by playing a sequence of actions involving R(i)
different phases. The sequence of actions in each phase r < R(i) is such that the
elements of the SR cycle induced by the action profiles in this phase are the same
as those of the set {e € E(7r;,B,(i))|e & E(ar;,B,_,(i))} where

B.(i) = {b7(i)}7-1, Y1 <R(i) (13)

Since E(r, B, _,(i)) € E(r,,B,(i)), the above construction of c(i) is such that the
sum of the payoff i receives when c(i) is played is (M — Dm(b*(i)) +
Lec e, 8y7i(©). ® In Section 4, it is shown that c(i) described above can be
implemented by a M-memory strategy profile.

4. Sufficiency conditions for stationary equilibria

Before turning to the formal statement of the Theorem, note that if the
punishment paths for different players differ, to implement the above strategy
profile with M-memory, at any time the players, by observing the past, must also
be able to deduce who, if any, they should punish. Thus the players need to know
who was the last deviator. With unbounded memory this is aways possible. With
bounded memory this is possible if elements of the following phases differ: the
equilibrium phase 3, the punishment paths c(j) (j=1, ..., n), and phases
involving deviations from a or c(j). Formally, let X(i) be the set of action
profiles involving deviations by i from the above strategy profile (from a or c(j)
foral j=1, ..., n); thusfor any asA and for any set B(i) = {b" ()} C A let

X(i)={aeAa ;=3 ada+3}UX(i) (14)
where X(i)={acAla_;=b",(j) and a; +b(j) for some integers j <n and
r <R(j)}. The following condition ensures that players can, when necessary,

® Note that the set B(i) is the same as the set Bg;,(i).
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deduce the current phase of the game and thus they can implement the strategy
profile described in Section 3 with bounded memory:

Vi, j,7and 7 if b(i)=b"(j)=B(i)=B(j) (a)
Vi,jand 7, b7(j) & X(i) (b) (15)
Vi=#j,if X(i)NnX(j)isnotempty=B(i)=B(j) (c)

Condition 15a is assumed because with M-memory strategies if b7(i) = b7 (i),
then the outcome path which can be implemented after observing b™(i) M times
and after observing b”(j) M times have to be the same. Condition 15b is
assumed so that players, by (only) observing the last period action profiles, can
determine whether there has been a deviation in the previous period or not (if
b™(j) € X(i), then the action profile b™(j) is indistinguishable from an outcome
which involves player i deviating from the prescribed strategy after some history).
Condition 15c is assumed so that if players, by observing the last period’s actions,
can not determine whether i or j has deviated (X(i) N X(j) is not empty), then
the punishment path for both players has to be the same—B(i) = B(j) (see
Sabourian, 1989b Remark 1 and also Remark 3 below for a further discussion of
this condition).
| can now state the first sufficiency result.

Theorem 1. Let 7= 7(a) for some action profile 2 A. Then m¢R" can be
supported as a M-memory SPE if Vi there exists a set of action profiles
B(i) = {b"(i)}R%) c A st. a¢ B(i) and

(i) m = M+|E(wi,B(i))|{ui(a)+(M_1)7T‘(b1(i))
+ X 7‘Ti(<%)} (16)
e€ E(m;,B(i)

(i) = u (b)) (172)

"> TR B ) (b (1) + (M= (5()

+ Y %i(e)}Vr>1 (17b)

e E(m;,B,_ (i)
(iii) Condition 15 holds.

Condition (i) (Eq. (16)) says that the payoff i obtains when a is chosen
M +|E(a;,B(i))| number of times is no less than the payoff i obtains from
deviating from a and then receiving the payoff when b'(i) is chosen (M — 1)
times plus the sum of the average payoffs of all elements of E(a;,B(i)). This
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condition will ensure that it would not pay i to deviate infinitely often from a.
Similarly, condition (ii) (Egs. (17a) and (17b)) says the payoff i obtainswhen ais
chosen M + |E(ar;, B, _ (i))] number of times is no less than the payoff i obtains
from deviating from b" and then receiving the payoff when b(i) is chosen
(M — 1) times plus the sum of the average payoffs of al elementsof E(w,,B, _,(i)).
If the elements of the punishment path c(i) occurs in a certain order (to be
described below), this condition will ensure that it would not pay i to deviate
infinitely often from the c(i) phase. The reason for making condition (iii) was
given in the previous paragraph—namely to make the required strategy profile
well-defined.

Point of notation: Henceforth, | shal refer to the set E(s,B.(i)) and its
cardinality by E(a,,r) and t(i,r), respectively. | shal also define t(i,0) to be
equal to zero.

As was mentioned before, to ensure that it does not pay i to deviate from the
punishment path, c(i) is constructed as follows. For any set B(i) CA, the
punishment path for i will involve (for reasons which will become clear shortly)
playing a sequence of actions c(i) = (o?, ..., o ¥) € AX where K =1t(i,R(i)) +
M — 1 st. c(i)eCM (it isimplementable by a M-memory strategy profile) and for
any integer r < R(i)

(a) o' T V*M=p" and ¢'eB, (i) foral t<t(i,r) +M

tGi,r)+M-1
(b) 2_:1 m(o*) = (M=1)m(b'(i)) + (Z)TTi(e)

t—-1
(c)if o'=b'(i)and t>t(r—1,i) + M then Y m(o™)
p=t(i,r—D+M

<(t—t(i,r—1) —M)m,.

Since c(i)eCM, condition (a) says that the path c(i) consists of playing b* for
the first M — 1 periods followed by R(i) different phases: each phase r < R(i)
begins by playing b" at period t(i,r — 1) + M, it ends at period (t(i,r) + M —1)
and it involves playing elements of the set B,. Given that the path c(i) consists of
playing b! for the first M — 1 periods, condition (b) implies that the sum of the
payoff that i receives from the beginning of phase 1 (from period M) to the end
of phase r isequal to X ¢ g, g 7;(€).. Condition (c) says that the average payoff
to i between the first time b"(i) occurs (at period t(i,r — 1) + M) and any other
time it occurs on the path is less than ;. Informally, the reason | need c(i) to
satisfy (a)—(c) is as follows. Given Egs. (16), (17a) and (17b), c(i) should be such
that i receives a payoff not greater than the RHS of Eq. (16) if he deviates
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(infinitely often) from a and a payoff not greater than the RHS of Egs. (17a) and
(17b), if he deviates (infinitely often) from b"(i). Condition (b) implies that the
punishment path is such that after a deviation by i, he receives a payoff
(M = Dar(b*() + Eec gr, 5y 7i(€) during the punishment period. Thus given
Eq. (16), it does not pay i to deviate infinitely often from a.

Now, consider the case in which player i deviates infinitely often from say o'
during the punishment phase c(i). Suppose that o' = b'(i), then it follows from
condition (a) that t > t(i,r — 1) + M. Denote the maximum payoff that i getsin
this punishment phase up to and including the period of deviation t (the maximum
payoff i obtains between the last time i deviated and t) by D =X! 47 (c*) +
u,(b"(i)). If this sum is less than tsr; then it does not pay i to deviate infinitely
often from o '=b'(i) (and thus from c(i)). But

ti,r—D+M—-1 t—1
b= Y m(em+ L m(er)+u(bl(i)
u=1 p=t(,r=D+M
= (M=) (b(i)) + (Z )7_Ti(e)

+ )y mi(ah) +u(b'(i))
p=tl,r—1D+M
<(M=Dm(bi(i))+ ¥ 7(e)+(t—t(i,r —1) - M)m

ecE(m,r—1
+u(b"(i)) <tm

The equdlity in the above follows from condition (b) above, the first inequality
follows from condition (c) above and the second inequality follows from Egs.
(17a) and (17b). Thus, very informally, (a)—(c) and Egs. (17a) and (17b) ensure
that it does not pay i to deviate during the punishment paths c(i). (Since players
do not discount the future and a single deviation from c(j) invokes c(i) phase, |
do not need to consider deviations of i from c(j), for j # i—see Remark 4 below
for a further discussion of this point.)

The difficulty in the proof of Theorem 1 is to show that for all i there exists a
path c(i) =(a', ..., a*) which isimplementable by a M-memory strategy profile
and satisfies the (a)—(c) above. The next Lemma demonstrates the existence of
such a path.

Lemma 1: For any finite set By ={b"}* ; cAandfor anyr <R, let B, = {b'}{_,,
E(r, 1) ={ee (B,)"|7,(e) < m,} and t(r) = |E(m, r)|. Then there exists an out-
come path c=(a?, ..., o' ™®*M-1) gych that ce CM and Vr < R if E(m; 1) is
not empty then:

(@ """ V*M=p" and o'¢B, for all t <t(r)+ M;
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(b) the SR cycle induced by (""" DM || g ¥D*+*M~1) jsequal to G(m,,r), ’
where G(7r;,r) is defined by
G(m;,P) ={ecE(m,r)le E(m,r — 1)} (18)

(¢ If ot=Db" for some t st tr—1)+M<t<t(R +M then
X i pemm(o ) <(t—t(r — 1) — M),

Remark 1. Clearly, {G(#;,1), ..., Gl 1)} is a partition of the set E(m,,r).
Therefore, if conditions () and (b) of Lemma 1 are satisfied for al r’ <r then
ti,r)+M-1
)y X m(o)=(M-Dm(b)+ X m(e)+...
=1 ee G(m;,1)
+ X m(e)=(M-1m(b)+ X m(e)
ee G(m;,r) e E(m;,r)

The proof of Lemma 1 can be found in Appendix A; here, | shall provide a
sketch of the proof.

Sketch of the Proof of Lemma 1. The proof is established by induction.
Demonstrating the result when R=1 (By is a singleton set) is trivia. The next
step is to show that if there exists a path c=(o?!, ..., ¢!P" VM- CM
which satisfies Lemma 1 for the set B,_, = {b"}7-;! for any P <R, then there
exists a path ¢ € CM which satisfies Lemma 1 for the set B, = {b"}"_,.

The required path ¢ for the set B, is obtained by amalgamating of Ce& cM

with an outcome path d = (&', ..., a")eCM as follows. The new path ¢ has the
same sequence of outcomes as that of the path € up to period t(P— 1) + M and
then plays the sequence d=(a', ..., a"). Thus c=(t,d). To ensure that c

satisfies the conditions of Lemma 1, d is constructed so that it satisfies certain
conditions. Firstly, the elements of the SR cycle induced by d, denoted by d, has
to be the same as those of the set G(;,P):

d=G(m,,P) (19)
Since €T satisfies conditions (a) and (b) of the Lemma for the set B,_ ,, the above
condition together with setting a' = b® ensure that ¢ satisfies conditions (a) and
(b) of the Lemma for the set B..

Secondly, to ensure that the new path can be implemented by a M-memory
strategy profile (ceCM), d needs to be implementable by a M-period memory

strategy profile and the elements of the SR path induced by € and d should not
coincide. However, these two conditions (together with csCM) are not sufficient

" Two sets are equal if they have identical elements.
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to ensure that ceCM. This is because for some m< M the M-period sequence
(gtP=Dim - gUP=DEM-1 gl a™) may occur more than once on the
SR path mduced by c=(g,d). Thus c has to be such that if d = (e(2), ..., &T))

then

e(t) # (oPDFm | GUP=DHM-L gl gm) ymo M, Vi< T—M
(20)

Finally, to ensure that c satisfies condition (c) of Lemma 1 for the set B, the
path d needs to satisfy
t—1
if a'=b" forsomet> 1, then ) 7 (a*) <(t—1)m, (21)
n=1

Lemma A3 in Appendix A demonstrates the existence of a sequence of action
profiles d which is implementable by a M-memory strategy profile and satisfies
conditions 19-21. Notice that d satisfies Eq. (19) if the SR path it induces
traverses every element of G(;,P) once and only once. The existence of such a
path can be demonstrated by constructing a directed Eulerian graph & such that the
edges of the graph correspond to elements of G(ar;,P). The existence of such a
SR path is only sufficient to guarantee condition 19. In order for conditions 20 and
21 to be satisfied, one may need such a SR path of d to traverse the elements of
G(ar;,P) in a certain order. This is for two independent reasons. Firstly, if
(gtP=brm | gtP-DEM=1 gl .., am) € G(m,,P) for some m<M then
the sequence d should be such that if e(t) (o'P- 1’”” o, g UPTDEM=L ST
a™ then t>T—M (otherwise, condition 20 WI|| be violated). Thus if
(a‘“’*l)*m, o, gPTDEMLRL L, @™ € G(ar;, P), the SR path of d should
traverse elements of G(sr;,P) such that the last (M —m) elements of d are
(gt P=brm . g P=D+*M-1) Secondly, if t in condition 21 is not an integer
multiple of M, d may not satisfy condition 21, unless d traverses G(#;,P) in a
certain order. To demonstrate the problem, suppose that 7 is the maximum integer

st. t=7M+ k for some k> 0, then

t—1 ™ t—-1

Yo m(ar) =)} m(a*)+ Y m(a*)

nw=1 n=1 w=7TM+1

t—-1

- Y MA(e(uM+ D)+ L m(a),

w=0 p=TM+1

Since condition 19 implies that e(t)sG(m;,P) Vt < T, the first term on the RHS
of the last equation is no more than TMr;. But the second term, £ ", , 7 (a*),

8 A directed graph is Eulerian if there is a path which traverses every edge of the graph once and
only once.
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may not be less than (t — M — 1), and thus the RHS of the last expression may
not be less than (t — 1)m;, as is required by condition 21. °® To overcome this
problem (and thus satisfy condition 21), one needs d to traverse G(ar;,P) in such
away that the worse outcomes (from i’s point of view) occur at the first (M — 1)
period of d. It turns out that this together with condition 19 ensure that condition
21 is satisfied. R

To ensure that d traverses every element of G(;,P) once and only once and
that the order of the traverse is such that d satisfies conditions 20 and 21, |
partition G(r;,P) and then ensure that the traverse goes through the elements of
the partition sequentially. Appendix A makes this precise.

Having completed a sketch of the proof of Lemma 1, let me henceforth refer to
apath c € CM which satisfies the conditions of Lemma 1, for any set Bg, as the
path which implements Lemma 1 for the set Bg. For any i, consider the set
B(i) = {b"(i)}X") which satisfy the assumptions of Theorem 1. Denote the path
which implements Lemma 1 for the set B(i) by c(i) = (a(i), ..., ak@(i)) where
K@) =|E(7,B(i)+M— 1.

Now define the strategy profile f = {s'(-)}7_, which supports a € A (satisfying
the conditions of Theorem 1) as a M-memory SPE as follows. Play a if a is
observed in the previous period. If player i deviates from a, f dictates playing
c(i) (punishing i) for |E(r;,B(i))|+ M — 1 period and then returnsto a. If player
i deviates, when c(j) is to be played, then c(i)—the punishment phase for i for
|E(7-r,,B(|))| + M )1 periods—will be invoked. More formally, for any history

=(at, ..., a"
ak(i) if al"keX(i)and (a=**1, ..., a7 ) = (al(i), ..., ak"%(i)) for some k < M or if
s'(thh = (@M, ... a7 = (a“ M), ..., a""1(i)) for some k s.t. M < k< |[E(7;,B(I))|+ M
a otherwise
(22)

where, as before, X(i) defined in Eq. (14) is the set of al action profiles which
involve a deviation by i. Finally, note that f supports a(o'(f)=aVt) and f is
well-defined and needs M-period memory only (this follows from c(i) € C,
a ¢ B(i) and condition (iii) of Theorem 1).

Lemma 2: The strategy vector f € F™, defined by Eq. (22), is a SPE.

Proof: Consider any history h'=(a, ..., a'~*). Since 7"(a(f|h")) = m(3) =

, | need to show that 7, > 7*(o (f,, f_ |h‘))V| and vf, € FM. With the Limit-
of theMean criterion, | only need to consder f wh|ch deviates from f,|h'
infinitely often. (With finite deviations w*(a(fl,f,ilht))=7ri.) Let & =o'

® Note that if t isan integer multiple of M, then the second term vanishes and thus condition 21 is
satisfied irrespective of the order of the traverse.
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(f,,f_,/h) Vr>t. Since f,|h' deviates from f,|h' infinitely often, there exists a
sequence { u"Y"_; such that for every integer 7> 1 the following holds (the
sequence { u"}"_,; correspond to periods of deviation by player i).

(i) Either 8*=a_; and 8" # 3

Or 8% =b" (i) and " # b/ (i) for some r < R(i),
(i) @~k =ak(i) € B.(i) if k<min{|E(m;,r)|+M, u "t — 7},
(iii) @~k =aif |E(m,B(i))|+ M <k< p ™= pu.

Conditions (i)—(iii) follow |mmed|ately from the definition of f and from
deviations taking place at perlods w” for al 7. Now, rr“(a(f,,f Jh) =
I|mrl%1/( pu'tt = pHE!_ e - m(8*). Therefore the proof is complete if
rh g (@ )<(utl—pu )7r for any integer 7. There are two possible cases
to consder

Case(a): u™*t — u" = |E(;,R(i))| + M. By the definition of f the punishment
phase c(i) implements Lemma 1 for the set B(i). Therefore, it follows from
Remark 1 (condition (b')) together with (ii) and (iii) above that

T+l

Y m(8)=(M-Dm(b'(i))+ Y 7(e)
p=u"+1 e E(m;,B(i))
(W = B, B~ M) (8) + u(3)
(23)

But Eq. (16) |mpI|esthat the RHS of Eq. (23) is less than (,u”l — .

Case (b) w™**— u” <|E(m,,R())|+ M. In this case a*; =b" (i) for some
r <R(i). Thus it follows from (ii) above that u™**— u zIE(wi,r — D+ M).
Therefore, it follows from the definition of f and (b') of Remark 1 that

T+l

Y m(8)=(M-Dm(b'(i))+ X 7(e)
p=pu"+1 ecE(m,r—1
MT+1_1
+ z m(8") +u(b") (24)

pu=pu"+|E(m,r—=D+M
Since c(i) implements Lemma 1 for the set B(i), (¢) of Lemma 1 implies that the
third term on the RHS of Eq. (24) <(u™**— u” —|E(w,,r — DI — M)r,. There-
fore, by Egs. (17a) and (17b) the RHS of Eq. (24) <((u™"!— w))m,. QE.D.
The above Lemma completes the proof of Theorem 1.

Remark 2: The proof of Theorem 1 does not depend on the finiteness of the
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action set A. What is needed to prove Theorem 1 is that Vi the set B(i), from
which the punishment for i is chosen, has to be finite.

Remark 3: As in Sabourian (1989b), conditions 15b and 15c are satisfied if Va’
and a2 (U"_,B(i) U a), a* + a?, the following two conditions hold:

a' and a? differ in at least two components, (25)
It is easy to demonstrate that condition 25 is equivalent to condition 15b and
condition 26 is equivalent to condition 15c. Notice also that when n=2, a' | is
empty for | = 1, 2: thus condition 26 (or condition 15¢) implies that B(i) = B( ).
Therefore for n=2, Theorem 1 requires that the punishment paths for both
players be identical.

Remark 4: As was mentioned before, since | assume that players use the
Limit-of-the-Mean criterion, | do not need to consider finite number of deviations
by any player. As aresult, in the proof of Theorem 1, deviations by any player i
from the punishment path c(j) of another player j need not be taken into account
(thisis because i can deviate from c(j) only once before the punishment path c(i)
isinvoked). 1° If players use the Over-Taking criterion (see Rubinstein, 1979) or if
players discount the future (see Fudenberg and Maskin, 1986) deviations by i
from c(j) matter. Thus to extend Theorem 1 to these cases, one needs a further
condition to ensure that player i does not prefer the infinite path {(a;,a(j)_));
al(i); ..., ak"; @, a; a ...} to the infinite path {a*(j); ...; a*®(j); a; a; 3
...} forany i, for any a;, for any j #i and for any k < K(i). For example, in the
case of the Over-Taking criterion, if K(i)> K(j) then the following condition
ensures that it does not pay i to deviate from c(j) for any j #i
K(j)
Y m(ar (i) + (K(i) —K(j) +k)m(a) = u(a"(}))
7=k
K()
+ ¥ m(ar(i)), Yk=K(j).
7=1

10 Clearly, if two players could coordinate on such deviations—if i deviates from c(j) and then j
deviates from c(i) and so on—then one would need a further condition to ensure that it does not pay i
to deviate from c(j). Here, one does not need to consider such coordinated deviations because in this
paper the equilibrium concept | use is subgame perfect equilibrium. Clearly, if one uses a different
equilibrium concept involving noise (e.g., extensive form of trembling-hand perfect equilibrium) or an
equilibrium concept involving deviations by a codition of players (e.g., strong perfect equilibrium),
then one may need to consider the possibility of coordinated deviations and thus one may need to
impose additional conditions to ensure that i does not deviate from c(j).
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Remark 5: Note that if M =1, then c(i) = (by(i), ..., bg(i)). Thus, Theorem 1
is the same as Theorem 1 of Sabourian (1989b) for the case of M = 1.

Remark 6: Notice that E(r;,B(i)) is the set of all strings of length M in B(i)M
with average payoff less than ;. Therefore it could be said, informally, that the
punishment path for player i in the proof of Theorem 1 uses all punishment strings
of length M that can be imposed on i using elements of the set B(i).

Remark 7: Note that if B.(i) is such that VYaeB./(i), m(a) < then
E(m;,B,() = (B,(iD" and thus X ¢ g, 5 iy, 7i(€) =™ *EI_,m(b7(i)). There-
fore, if m,(a) < a; Yae B(i) (condition 8), conditions 16 and 17 in Theorem 1
are the same as conditions 9 and 11. More generaly, suppose B,(i)={ac
B, (i)l (a) < 7;} then

r
Y m(e)= Y. nm(b(i)),forsomen, (27)
e E(m;,B, (i) =1

where for every 7, |B.(DI" "<n_<|B.()" '=r""1 Thus the number of
times any b7(i) € B(i) occurs in the punishment phase c(i) in the proof of
Theorem 1, is bounded below and above by |B()|™ " and |B(i)|" ", respec-
tively. Therefore, it could be said, very loosely, that conditions 16 and 17 (or
conditions 9 and 11), and the above discussion illustrate that the size of SPE
increases very rapidly (‘exponentially’) as the memory increases, and slowly (in a
‘polynomial’ fashion) as the cardinality of the punishment set |B(i)| increases.

Finally, one can establish a Folk-Theorem-type result if there is a ‘large
number of action profiles (the set A is connected) as in Sabourian (1989b) or if
the memory is sufficiently large as follows. Let vy &€
agmin, ., max, c o m(a,a_;). Any action profile asA is said to be an
(strictly) |nd|V|duaIIy rational (IR) if for al i, m;(a)> 7, (y). Also any payoff
vector 7 is IR if == mr(a) for some IR action profile asA.

Corollary 1: There exists a finite M such that any IR outcome @< A with its
associated IR payoff 7= 7(a) can be supported as a M-memory SPE for all
M > M.

Proof: Let M be such that for every IR outcome @< A and for al M > M
1 .
Wi(a)ZM{ui(a)+(M_1)7Ti(7|)} (28)
Since m,(a) > m(y") and A isfinite, M exists. Now, use Theorem 1 to prove the

result as follows. Define the set B(i) to be y'. Condition 28 implies that condition
(i) of Theorem 1 is satisfied. Conditions (ii)—(iii) of Theorem 1 are automatically
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satisfied because for every i, B(i) contains one element and m,(a) > m(y') =
u,(y"). Q.ED.

5. Sufficiency conditions for nonstationary M-memory SPE

In Section 4, Theorem 1 was proved by constructing M-memory strategies
which play the stationary outcome a € A in equilibrium and punish any deviator
by playing a finite punishment path and then return to the a forever. Theorem 1
can be weakened in two ways. Firstly, one can alow for strategies which are
nonstationary on the equilibrium path. Secondly, to support an outcome path as a
SPE, one does not need to consider only strategies which revert to the original
equilibrium path after punishing a deviator. What is needed after a punishment
phase is to revert to another equilibrium path, which gives the deviator an average
payoff no more than that obtained from the original equilibrium path.

Theorem 2: Any path d(0) € CM (see Eq. (6) for the definition of CM) and the
associated payoff vector 7%= (7,(d(0), ..., 7,(d(0))) can be sustained as a
M-memory SPE, if for each player i =1,...,n there exists an outcome path
d@) = (@, ..., a%") e cM, with an average payoff , = 77,(d(i)), and a set of
action profiles B(i) = {b7(i))}?%) c A such that Vj=0, 1, ..., n and for any
integer g < Q(i), the following holds.

() 7,(d(j)) > (= 7,(d())).

(i) 7 >{1/[q+ (M —1) + |E(m;, B()Hu(a%i)) + 3= {m(a(i) + (M —
D (b)) + e gm0y Ti( )

(i) 7, > u;(b*(i)) and for any r suchthat 1 <r <R

{ui(br(i)) +(M=1)m(b'(i))

T M A 1E(m.B,_ (1))

+ by 7_7'i(e)}-
e E(m;,B,_ (i)

(iv) (a) Condition 15a holds and for any e'(i) and e"'(j) belonging to the SR
path generated by d(i) and d(j), respectively, if e'(i)=e"(j) then (a"(i), ...,
a”(i) =(@"(j), ..., a2

(b) Vr<R(j), b"(j)&X"(i) where X*(i)=X(i)uf{da_;=a%j)_; and
a, # a’%j), for some j and g} and X(i) is defined as in condition 14.

(©) If X*(i)NX*(j)isnot empty then B(i) = B(j).

In the above Theorem, d(0) is the equilibrium cycle path. As before, B(i) isthe
set of actions which are used to punish i in the finite punishment phase c(i) and
d(i) is the equilibrium cycle path which will be played after the punishment phase
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c(i). Condition (i) of Theorem 2 says that the equilibrium payoff 7° = 7,(d(0)) is
no less that the payoff i receives when the path d(i) is played and that i weakly
prefers d(j) to d(i) for any j (=1, ..., n). Conditions (ii)—(iv) are generaliza-
tions of (i)—(iii) of Theorem 1, respectively and are assumed for the same reasons
as those use in Section 4. The proof of Theorem 2 is very similar to that of
Theorem 1. It involves constructing a strategy profile f which satisfies the
following.

(i) It plays the cycle d(0) aong the equilibrium path.

(i) It punishes any deviation by i by playing the same finite punishment phase
c(i) as in the proof of Theorem 1 (by playing c(i), the path which implements
Lemma 1 for the set B(i) for M — 1+ |E(ar,,B(i))| periods) and then plays the
cycle path d(i) instead of the origina equilibrium cycle d(0).

(iii) It punishes any deviation by player j from c(i) or d(i) by restarting the
punishment phase with j as the player to be punished—c(j) will be played for
M — 1+ |E(ar;,B()))| periods—and then plays the cycle d(j).

Since d(i)e CM Vi=0, ..., nand c(i) € CM, the above strategy profile f
requires M-period memory. To show that f is aso a SPE, follow the proof of
Lemma 2 and firstly replace a in the text by ‘VYaed(i) for i=0, ..., n" and
then appeal to (i)—(iii) of Theorem 2, instead of (i) and (ii) of Theorem 1, to show
that it does not pay any i to deviate from d(j) Vj=0, ..., n. (A formal proof can
be found in Sabourian, 1989c).

Using nonstationary strategies, one can trivialy extend Corollary 1 to show that

there exists a M such that any vector of payoffs 7= (m;, ..., m,) €R" can be
sustained as a M-memory SPE for all M > M if Vi, 7, > 7(y') and 7, = 7,(d)
for some finite sequence of action profiles d=(a?, ..., AR) eCcM.

The sufficiency conditions in Theorem 2, turn out to be (almost) necessary for a
path to be a M-memory SPE. Section 6 demonstrates that (i)—(iii) of Theorem 2
are (almost) necessary conditions.

6. Necessary conditions for M-memory SPE

To provide a converse result to Theorem 2, | need to find for each i, the SPE
outcome which generates the lowest payoff for player i in the class of SPE
outcomes. (See Abreu, 1984.) Let v, = min,_p7(c(f)) and P, =
argming c pm(o(f)), where P is the set of M-memory SPE strategy profiles.
Thus v, and P, denote the optimal penal payoff and the set of optimal penal codes
for i, respectively. Note that P, is not empty because | Al and M are finite.

Proposition 1: For each player i there exists an optimal penal code f € FM with
cycle path 3(f) = (@, ..., a?) and a set of punishment action profiles B=
{b7}R_, C A such that for any integer g < Q, the following holds.

() v;>{1/[g+ M — 1+ |E(v;,B)IH{u (@ + L {7 (@) + (M — Dary(b')
+ Xec g, 87 (8)} for some bleB.
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(i) v, = u(b(i)) and for any r st 1<r<R, v >{1/[M+
|E(ui,Br_l)|]}{u (b)) + (M= Dm(b) + X g ,7(@)} for some B'e
B,

Where, as before, B,_, ={b"}_}

See Appendix B for the proof of Proposition 1.

Theorem 3. Suppose the (cycle) path d(0) and the associated payoff 7° =
7,(d(0)), Vi, can be supported as a M-memory SPE, then d(0) € CM and Vi = 1,
.., N there exists an outcome path d(i) = (a'(i), ..., a®®M) e CM, with the
average payoff m, = 77,(d(i)) and a set B(i) —{bT(I)}R(') CAst.Vj=0,1, ...,
n, the following holds

(i) m,(d(})) = ;.

(i) For any integer g < Q(i) and for some b'(i)eB(i), 7, = {1/[q+ (M — 1)
+ 1 ECar;, BU)IHu (%) + -t (@ (D) + (M — Dary(b'(i)) + Lo c g, 5y 7 (O}

(i) m > u(b%i)) and for any r st 1<r<R(i), m=>{1/[M+
|E(v;,B, l(l))l]}{U(b(l))+M—1)7r(b(|))+Zee ECo, B, 1(.»w(e)} for some
b'(i) e B,_,(i)={b7(i)}

The necessary conditions (i)—(iii) in Theorem 3 are identica to conditions
()=Cii) in Theorem 2 (the sufficiency result) except that the RHS of the
inequalities in conditions (ii) and (iii) in Theorem 3 contain the term (M —
D7(b'(i)) for some b'(i), whereas the RHS of the equivalent inequalities in
Theorem 2 contain the term (M — D)7;(b'(i)). Also as was mentioned before,
condition (iv) in Theorem 2 is assumed to ensure that the strategy profile needed
to support d(0) in Theorem 2 is implementable with M-memory.

Proof of Theorem 3: Proposition 1 implies that there exists an optimal penal code
f(i) for i which satisfies (i) and (ii) of Proposition 1. For each i=1, ..., n,
denote the cycle path that f(i) generates by d(i) = (al(i), ..., a®") and denote
7,(d(i)) by m,. Then it follows from conditions (i) and (ii) of Proposition 1 that
for exch i there exists a set B(i) ={b"(i)}R}) c A st. d(i) and B(i) satisfy (ii)
and (iii) of Theorem 3. Since d(0) can be supported as a M-memory SPE, it
follows that d(0) € CM and 7? = 7,(d(0)) > v, = 7;(d(i)). Moreover, since d(j)
is the cycle path of the SPE profile f(j) and d(i) is the cycle path of an optimal
pena code for i, 7,(d(j)) = m;(d(i)), Vi and j > 1. QE.D.
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Appendix A. Proof of Lemma 1

First a few definitions and a result from graph theory. A path in a graph is a
sequence (v?, €!, v?, €2, ..., ek~ k) of aternating vertices and edges such
that for all positive integer k < K, e connects vertices v* and v** 1. 1! This path
isacycleif v, =uv,. A directed graph is said to be Eulerian if it has a directed
path or a directed cycle which traverses every edge of the graph once and only
once. Such a directed path (cycle) is referred to as an Eulerian path (cycle). An
undirected graph is connected if all pairs of vertices can be joined by a path. A
directed graph is connected if its underlying undirected graph is connected—if all
pairs of vertices can be joined by a path (not necessarily a directed path). Finally,
for any vertex v of agraph, denote the set of edges entering and exiting v by p(v)
and p(v), respectively.

Lemma Al: A connected directed graph has an Eulerian cycle if for every vertex
v of the graph

| () =1p(v)l. (A1)

A connected directed graph has an Eulerian path with initial vertex v and terminal
vertex V if every vertex v+ v or v satisfies condition A1, p(v) + 1= p(v) and
p(V) = p(V) + 1. (See section 5.4 of Swamy and Thulasiraman, 1981).

As was mentioned in the induction argument in Section 4 on the sketch of the
proof of Lemma 1, | need to construct a path d which satisfies conditions 19-21
discussed in the section on sketch of the proof of Lemma 1. The existence of a
path which traverses every element of G(m;,P) is only sufficient to guarantee
condition 19. In order for conditions 20 and 21 to be satisfied, one needs the
elements of G(;,P) in this traverse to occur in a certain order. For this purpose,

™ In this appendix, | will not explicitly refer to the edges of a path and simply refer to a sequence of
vertices (v, ..., v*) as a path if al the adjacent vertices v¥ and v*** are connected by an edge, for
al k< K.
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for any sequence of action profile a=(a?, ..., aM 1)eAV~1 et us partition
G(ar;,P) into
¢(P,a) = {ee G(m,P)le# (am, e, aMl bR o
m-—1
for some integer m < M} (A2)
and G(m;,P,a) = {e€ G(m;,P)le¢ ¢(P)}, (A3)

where i stands for a string of length m consisting of b's only (b' appearing m
times) and b' is such that

b' e argmin m,(a) (A%)
aEeBp

Also define M(P, ) and n(P) as follows

(P, a) = {min{m< M\(am, ceeaMTL bP’mt,l)gG} if $(P,a) isnot empty

M otherwise
(A5)

n(P)€ agmin m(a) (AB)

acs{aeBpla#b'}

Point of Notation: When the meaning is not ambiguous, | shall refer to G(ar;,P),
¢(P,a), G(m;,P,a), MP,a), and n(P) by G, ¢, G, M, and n, respectively. For
the next two Lemmas the sequence « is fixed.

Property (v): G is said to satisfy property (y) if
m(b®) + m(n) + (M —2)m(b") <Mm, (A7)

Lemma A2: Suppose G satisfies property (y). Then there exist a M-string path
Q={e&1), ..., &G|)} such that e(r)s(B,)™ (the M-fold cartesian product of B)
Vr <I|G|, elr’) # elr) Yr’' #r and

(i) the elements of Q are the same as those of the set G;

(i) e(1) = (b?, & ,a) for some a € By;

M-2 —
(iii) if ¢ is nonempty then e(|G) = (&, a™ ---, a™~ 1, bP, < ) for some
m-—2

/

aeBp.

Proof: The above is proved by first constructing a directed graph whose edges

correspond to the elements of G and then showing (a) if ¢ is not empty then the

directed Graph has an Eulerian path with the initial vertex v=(b®, & ) and a
- M-2
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fina vertex v=(a™ ---,aM 1 b" < ) and (b) if $(P) is empty then the

graph has a Eulerian cycle with theﬁi\ni%ial vertex v. (The proof is similar to
proving the existence of de Bruijn sequences, see Golomb, 1967 or Hall, 1968).

Consider the directed graph (V,E), where V is the vertex set and E is the edge
set, defined as

(i) Milwi(um) + m(a) <M, for some a€ B,
v={ve(B,)"* m-t _
(i) if bP&ovthen Y & (v™) + m(b") <M,
(A8)
(i) o™l=wMl<m<M-1
(i) bPevorbPew
E= (U’W)Evz(iii) Mz_lm(vm)+7Ti(wM*1)<|\/|7Ti (A9)
(iv) (v WM Heod

Each edge(u w) € E can thus be labelled by a M-tuple e= (¢!, ..., eM) e BM,
where et =01, eM"=p"=w""! ¥Vmst. 1<m<M and e" =wM~ 1. Moreover,
(i)—(v) of Eq. (A9) imply that for any such edge e€ E, bP e, =XM_, 7.(e™)
< and e¢& ¢, respectively. Since the set G is smply {e€ (B)M |5 X, (e™
<, bP e and e¢ ¢}, it follows that we can label the edges of the graph
(V,E) uniquely by the elements of G.

Next | need to show that (V,E) has an Eulerian path with an initial vertex
u—(bpe)andatermlnal vertex V= _(a™ -, a1 bP, <—>)|f¢|snot

empty and |t has an Eulerian cycle otherwise. It follows from Lemma A1l that
(V,E) has such a path or cycle* if it is connected and the number of edges
entering and exiting any vertex v satisfies the conditions of Lemma Al. | shall
consider these in turn.

Step 1. Connectedness of (V,E).
It follows from the definition of b! in condition A4 that if G is nonempty then
(b?, & ) e G. Therefore ( & )€ V. Now to show that (V,E) is connected, |

M-1 M-1
need to show that for any v € V such that v # ( < ) thereis a directed path from
M—-1
vto (e )eA" "1 To show the existence of such a path, | consider seven
M-1
different cases (these cases exhaust all the possibilities).

22| the rest of this proof, paths and cycles refer to paths and cycles in the graph (V, E).
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Case 1. v=(MbP, < ) for some non-negative integer m<M — 2 and

M—m—2
aM t%Db'. Since veV, it Tolfows from the definition of b'—condition A4—and
aM~1 Db that the following path of vertices belong to the graph (V, E)

P P L. P P
(m’ b ’M—(_)m—z) (mt)l’ b ’M—(_)m—l) (? b 'M<_—)3) (b ,M(_:Z) (M(_—)l)
(A10)
Therefore v = (M,b”, < )isconnectedto ( © ).
M—m-2 M-1
Case 2: v=(iM,b", < ) for some non-negative integer m< M — 2 and
M—m-2
aM-1=p'. It follows from definitions of b' and n—oconditions A4 and AB,
respectively—and property (y) that the following path of vertices belong to the
graph (V,E):

((_)’bp, Ad )( Ad 5be A 177)( A 1bP1 Ad 57]1(_))
m M-m-2/ \m-1 M-m-2 m-—2 M—-m-2 1

. P P
((I) b ,Mf(_)mfz,n'm(i)Z) (b ,Mf(_)mfz'n’m(i)l) (A1)
Moreover, it follows from property () and the definition of (V,E) that the
following path belong to the graph (V,E)

( o ,n.e.n)( o ,n,e,n.bp)( o ,n,e,n,bp,e)
M—m—-2 m-—1 M—-—m-3 m—1 M—m-—4 m—1 1

P P
o ) (07 ) () (A2
It also follows from property (7y) that the last vertex in (A11) is connected to the
first vertex of the path in (A12). Therefore v, the first vertex in (All), is
connected to (M<—>l), the last vertex in (A12). 12

Case 3: bP & V. Since veV and b” & v, it follows from the definition of V
that there is an edge connecting (b®, 0%, ..., v ?to v = (0%, ..., o™ 1). Now
define M=minim<M|v™=b'}. Since v #( < ), it follows that m is well

M-1
defined. Then it follows from the definition of b'—condition A4—that the
following path of vertices belong to the underlying undirected graph of (V,E)

(Ul,...,UMil) (bP,Ul,...,quz) (<—> ,bP,Ul,...,UM73)
1

( © ,bP,Ul,...,Um)( © ,bP,Ul,...,Um_l)
M—-m—-2 M—-m-1

(I\Jote that none of the edges defined by the above path belong to ¢ because
v™= b') But it follows from the definition of f that the last vertex in the above

Bt is easy to demonstrate that in this case if Property (y) does not hold then v may not be
connected to M —1.
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pathis( < ,bP, & ). Thus, by Case 1 or Case 2 the last vertex of the above
M-m-1 m—1
path is connected to ( & ). Therefore v is connected to ( < ).
M-1 M-1
Case 4: For some m>1, v™=bP, v™ #b' for some m >m and v™ # b"

Vm >m. Since v™ # b' for some nf > mand b' satisfies condition A4, it follows
that the following path with the initial vertex v belong to the graph (V,E):

1 m-1 pP , m+l M—1 2 m-1 pP , m+l M—2
(vt .. ,b" v ) )(U,...,U ,b" v ) ,T)
m—2 m-—1
(Um+1'.”'UM—l,(_))
m

(Note that none of the edges defined by the above path belong to ¢ because
v™ # b' for some m > m.) But b? does not belong to the last vertex of the above
path. Therefore, it follows from Case 3 above that the last vertex of the above path
is connected to (M<—>1).. Thus v is connected to (M<—>1)..

Case 5: For some m>1, v™=bP, v™=b', ¥ni >m and v is connected to
(v?, ..., vM~1 n). Since v is connected to (v?, ..., v™~1, 7), it follows from
Cases 3 and 4 that v is connected to ( < ).. Thisis because either b” & (v?, ...,

—1
oMt ) in which case (v2, ..., uM'V"l, 1) satisfies Case 3 or bTe(v?, ...,
oM~1 %), in which case (v2, ..., vM~1, n) satisfies conditions of Case 4.

Case6: Forsomem=>1, v™=bP, v™#bP Vm <m, v™=b' Vm >mand v

is not connected to (v2, ..., v™~ 1, n). In this case, | shall first try to show
(bt o™y #E (@M aMT (A13)
This is because if v=(?!,...v™1b®? <« ) is not connected to (v2,...,

M-m=1
vM=1 1) then it must be connected either to (b, v%, ..., v™72) or to (2, ...,

oM=1 b). (Otherwise, it will not be connected to any vertex, which contradicts
veV.) Now consider each of the two possibilities. If v is connected to (b', v, ...,
oM~ 2)then (b'vY,...v™ 1bP & )& ¢. Thus condition A13 follows imme-

M—m-1
diately from the definition of ¢. Inn][he case in which v is connected to (02, ...,
oM=L b') it must be that (v, ..., o™~ b')¢& ¢. But this together with
v=(i ... v™1lbP, < ) andthe definition of ¢ implies condition A13.

M—-—m-1
But condition A13 implies that (< v?*,... vM~1),
1
(o V... vM2)...( o wi...v™ do not belong to ¢. Hence it follows
2 M—-1-
that the following path belona to the graph (V,E)

1 M- 1 1 M- 2 1 m
(vt )(<—>,U,...,U )( o 0t )
1 M-m—1
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Since in this case the last vertex in the above path does not contain b® (by

assumption), it follows from Case 3 that it is connected to ( < ).. Thus v is
M-1
connected to ( < ).
M—-1

Case 7: There exiss mand m <M such that mi #m, v™=b" and v™ = b".
Let mt= max{rd<M|u =Db"} and m?= max{m<n11|u =DbP}. By assump-
tion mt and m? exist. Now consder two subcases. If v™ # b' for some n’ > m*
then it follows from Case 4 that v is connected to ( < ). If v™ =b! for all

M-1
m’ > m' (> m?), consider the following path

_ _ 2 _
(Ul,...,UM 1)(u2,...,UM 1,<—>)...(Um,...,UM o )
1 m?—1
2 —
(Um+1,...,UM 1,<—>)
m2

This path belongs to the graph (V,E) because every vertex in the above expres-

sion, other than the last one, contain b” twice. Moreover, it follows from Case 5

or Case 6 that the last vertex in the above path, and thus v, is connected to ( < )..
M-1

Step 2: If ¢ is not empty then v = (b”, o )andv (a™,...,aM1bP &)
satisfy 5(0) + 1= 5(0) and 5(¥) = (V) + 1, respectively. e

Clearly p(L) =fae Bol(M — D7,(v) + m(@ < Ma}| and p(U) ={ae
Bpl(M — D77 (u) + 7@ <Mm; and a# oM 1}| Therefore p(U) +1= p(u)

Also it follows from the def|n|t|on of m—condition A5—that p(V) =[ae
BolM — D7 (V) + m(@ <M=} and p(V) ={ae€ Bp(M — D7(V) + 7,(a) <
M, and a# b'}|. Therefore p(v) = p(V) + 1.

Step 3: If ¢ is not empty then for any veV, different from v and 7,
p(v) = p(v).

There are three subcases to consider.

@ If bP & then (v,w) € E=wM"1=DbP and (w,v) € E= w' =bP. There-
fore p(v) = p(v) =

(b) If bfev and (v,a) & ¢ for al a< B, then it follows from v being different
from v and from o that p(v) = {a€ Bpl(M — D77,(v) + 7,(a) < M}l = p(v).

(© If b%v and (v,a)e¢ for some a< B, then it follows from v being
different from v and from 7 that (v,@ = (a™, ..., ™~ b" b', ..., b') for
some m such that M<m< M (m>m because v # v). Therefore p(v) =[{ae
Bpl(M — D7(v) + m(@ < M7, and a=b'}| and p(v) =[ac B,(M — D7,(v)
+ (@ <M, and a= a™ 1}|. Clearly, in this case p(v) = p(v).

Step 4: If ¢ is empty then for any veV p(v) = p(v).
This follows from both p(v) and p(v) being equal to one if b” & v and from
both being equal to {a < Bpl(M — D)7;(v) + m(a) < M}, otherwise.
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Steps 1-4 above imply that the graph (V,E) has an Eulerian path or an
Eulerian cycle Q = {e(1), . , e(|G])} which traverses E according to {e(1), .
e(IGI)} e(1) = ("M — 2a) for some asB, and if ¢ is not empty e(|G)) = (a
a™ ..., a™t bP b, ..., b") for some & €B,. Since each edge &(j)
corr%ponds to some unique element of G, the Eulerlan path Q satisfies Lemma
A2. QE.D.

Lemma A3: Suppose G is not empty and a=(a?, ..., a™ HeB,_ )V L.
Then there exists a path of action profilesd = (a?, ..., a®/))eCM with SR cycle
= (1), ..., &(|G]) such that
(|) e(t)a&(am, conoaMal oo a™ Vmand t such that 1<m< M and
tsIGI—

(i) a' = bP and the elements of d are the same as those of G.
(i) if a'=DbP for some t > 1 then X!_1m,(a") < (t — Dmr,.

Proof of Lemma A3: There are four cases to consider.

Case 1. G does not satisfy property (y) and every esG is a permutation of
(bP, & )

M-1

In this case, let d=(bP, & ) e (Bp)V. Clearly, d satisfies conditions of the

M-1

Lemma.

Case 2: G does not satisfy property (y) and n # b".

Consider the following paths.

d(o) = (bpynv « ,bP,(_) yna « 1bP1(_) 17]1 « 1bP1"'1bP1

M-2 1 M-3 2 M-4

<—>an )
M- M—-1

d( m) = (bpv(_) lnl hnd ubpy < ln! < !bp llll n’bpl < ’bP'n’
m M—-m-2 m+1 M-—m-3 M-1
< ,bP ,<—>,n, coenbf e, o ),Vms.t.O<m<M
M-2 2 73 m—1 M—-—m-1
It is clear by inspection that in this case that for any m(=0, 1, ..., M— 1),

bP occurs every M periods along the path d(m) and that the elements of the SR
cycle d( m) generated by d(m) are the same as the elements of G. The difference
between d(0), d(1), ... and d(M — 1) is simply that the order the elements of G
appear along these paths are different. The first element of d(0) is (b°,n, < )

M-
whereas the first element of d(m) is (b®, <> ,n, < ). Now define the requwed
m M- 2
path d as follows "

d(m) if(am,...,aM‘l)=(n,M<—> )
d(0)  otherwise
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It is clear by inspection that d satisfies conditions (i) and (ii) of the Lemma. To
show that condition (iii) of the Lemmaiis satisfied denote the elements of d and its
SR path by (&, ..., a®) and (&(1), ..., &(G)), respectively. Now if a'=b" and
t> 1, then it is clear by inspection that t = kM + 1 for some integer k and

t—1
;m(c’f) =M{7(e(1)) + m(e(M+1) +... +7(e(M(k—1) + 1))}

Since (1) € G, 7,(e(7)) < m; for every 7; thus the RHS of the last equdity is
less than Mkar; = (t — D).
Case 3: G does not satisfy property (y), (b°n, & )€ G and n=b".
M-2
In this case any element of G is either a permutation of (b, < )€ AM or a
M_
permutation of (bP,bP, < )e AM. A simple permutation exercise demonstrates

M-2
that |G| = (1/2)(M?2+ M). Suppose that M is even. Let k=M /2. Now consider
the following path of actions.

d=bP o bPobP o bP o bPobPo . bPTb” & bPh” o
k—1 k k=2 k+1 k-3 k+2 2k—2 M-1
If we denote the elements of d by (al, ..., a") then for every integer t < T.

b” ifeithert=1+7(M+1)ort=1+7(M+1)+k—r
a' = for somer st. 0 <7<k
b'  otherwise
(A14)

A simple inspection of the sequence confirms that (when M is even) the length of
disT=(M?+M)/2=|G|, no string of length M occurs more than once in d
and every string of length M of d is either a permutation of (b®, < )€ AM or a

M-1
permutation of (b”,bP, & ) e AM. Therefore the SR path induced by d coincides

M-2
with the set G. Thus, given that a' = bP, d satisfies condition (ii) of the Lemma.
To show that d satisfies condition (i) denote the SR path of d by (&(1),..., &(T)).

Now | need to show that (a™ ..., a™7% &, ..., am#e(t)Vm<M and
Vt<T— M. Let m=max{m<M|a™=b'}. Then it is clear by inspection that if
m>m or if M does not exist then (a™ ..., «a™7% &, ..., aM=
(e &,..., a=eT—-M+m+1)+#et) Vt<T— M. Moreover, since a™ #
b? Ym< M, at=b" and e(t) is either a permutation of (b®, b', ..., b') or
(bPbP, « ), itfollowsthat (a™, ..., a7 &, ..., a™ # &(t) Vm < M and for
al t.

To demonstrate that ¢ satisfies condition (iii) of the Lemma, note that if
a'=bP then it follows from condition Al14 that either t=1+ (M +1) or
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t=1+7(M+1)+k— 7 for some non-negative integer 7 <k. In the case in
whicht=1+7(M+ 1)
t—1
Y m(a*) = 7{(2k— 1)m(b') + 2m,(b"))
nw=1
=T{(M—1)Wi(bl)+277i(bp)} (A15)
But m(b)<m and (M—2m(b") + 27,(b") < Ma, (this follows from
(bPb?, < )& G)). Therefore the RHS of Eq. (A15) is less or equal to 7(M +
M-2
If, on the other hand, t=1+ 7(M + 1) + k— 7 and t > 1, then
t—1
Y mi(a*) =(r(2k—1) +k— 17— 1) 7 (b") + (27 + 1) m;(b")
n=1
=(27+ 1){(k— 1) (b') + Wi(bp)} <(t=-1)m
(the last inequality follows from (M — 2)7.(b") + 27.(b") < 7).
If M isodd set k=M/2+ 3 and consider the following path:
d=bP & bP o bPob? o bP e .. ,bPThP  bPhP «
k=1 k-2 k k=3 k+1 2k—3 M-1
The same reasoning as in the case when M even establishes that the above path
satisfies conditions (i)—(iii) of the Lemma when M is odd.
Case 4: G satisfies property (y).
Let Q={e(d), ..., eIG]} be the path (cycle) satisfying Lemma A2 and let
T=|G|+M—m, where m is defined as in condition A5. Now define the
sequence d=(al, ..., a") as follows

a' = e(t)" for any integer t <|G| (A16)
al®l*m = g(|GJ) ™" for any integer m< M —m (A17)

where e(t)' isthe ith element of the M-string e(t). It follows from the definition
of m—condition A5—that if ¢ is empty then m= M and thus T =|G|. Also it
follows from (ii) and (iii) of Lemma A2 that

(a,....a%" 1) = (b",M—2Z,a") (A18a)
and if ¢ isnot empty then (&®*%,...,dCHM-M) = (o™, .. aM"1)
(A18b)
For any m< M —m, define &(|G| + m) as
e(IGl+m) = (™M™ LGP, o (A19)
m+m-—2

Clearly, it follows from Egs. (A16), (A17), (A18a) and (A18b) that (e(1), ...,
e(|G|+ M —m)) is the SR cycle induced by d. Condition (A19) implies that
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(e(IGl+ 1), ..., G|+ M—m))=¢. Also (i) of Lenma A2 implies that
Q=(e(), ..., lG))=G. Since GN ¢ is empty, it follows that d satisfies
condition (i) of Lemma A3. Moreover, since GU ¢ =G and a' = bP it follows
that d satisfies condition (ii) of Lemma A3.

Finally, to show that d satisfies condition (iii) of Lemma A3, suppose that

a'=Db" for some t < T. Now let {&1), ..., &t — 1)} be a SR cycle induced by
(al, ..., a'"1). Clearly,
t—1 t—1 t—M t—1
Ym(a)= Y m(e(r) = Lm(e(r)+ L m(&(1)) (A20)
=1 =1 =1 T=t—-M+1

(The last equality follows from &) =e(r) Vr<t—M). Since (a', ..., a" 1)
= (bP?, & )and a'=bP, it follows that for any integer r<M, &t— M+ 1)
M-2
=(a"M*7 . a"lbPe)and e(t—M+1)=(a"M*", ..., a'"l bP, atl
.., a* 7" 1), ¥ Thusiit follows from the definition of b' that

T(e(t—-M+71)) <m(e(t—M+r71)),Vr<M
This together with e(1)eG for al 7< T imply that

t—1
the RHS of Eq. A20< ) 7,(e(7)) < (t— 1),

7=1

Thus d satisfies condition (iii) of Lemma A3. Q.E.D.

Finally | come to the proof of Lemma 1. The proof, as was mentioned before, is
by induction on the number of the elements of the set Bg. Clearly, the result is
true if R=1 (By contains one element). Suppose the Lemma holds for the case
when R= (P — 1). Therefore, there existsapath ¢ = (o?, ..., g P- DM e
CM which satisfies Lemma 1 for the set B,_,. It also follows that there exists a
path d=(a!, ..., a®)eCM satisfying conditions (i)—(iii) of Lemma A3 for the
sequence « defined by

aE(O_t(P—l)H,___,ot(P—l)JrM—l) (A21)

| can define a new path c, which satisfies the conditions of Lemma 1, by
amalgamating € and d as follows. Let

c=(c,d) =(ol,..., o (P-D+M-1 gl 40

To simplify the notation, | will denote a™ by o™ (P~ D+*M=1%7 yr <|G|. Thus let
c=(ct, ..., c¥) where K=t(P—1)+M-1+]|G|. Also let E=(&), ...,
e(K)) be the SR cycle induced by c.

¥ Note that if t+ 7> T then a'* 7 is defined to be a'* ™~ .
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Firstly, | need to show that ceCM. Since ¢ = (&,d), it follows from € satisfying
condition (a) of Lemma 1 for the set B,_, and from d satisfying condition (ii) of
Lemma A3 that

E(7m,P-1) if r<t(P—-1)
[ee(Bo) lee (B, )"} ift(P—1) <7<t(P—1)+IG|
(A22)

e(t) e

Since cteCVM, deCM, d satisfies condition (i) of Lemma A3 for the sequence a
defined by Eq. (A21) and E(7r,P — 1) c(B,_,)", it follows from condition A22
that e(7) # e(u) Vr# u, 7 and w < t(P — 1) +|G|. But this implies that ceCM.

Secondly, note that € satisfies (a) and (b) of Lemma 1 for any r <P — 1 and
the path d satisfies condition (ii) of Lemma A3. Therefore ¢ satisfies conditions
(@ and (b) of Lemma 1 Vr <P.

Finaly, to show that condition (c) of Lemma 1 is satisfied, suppose that
o'=Db". Clearly, | only need to show that (c) of Lemma 1 holds for all
t>t(P— 1) + M (thisis because T satisfies condition (c) of Lemma 1 for the set
Bs_,). Now if r = P, condition (c) follows immediately from c = (€,d) and from
d satisfying condition (iii) of Lemma A3. If, on the other hand, r <P and
t>t(P—1) + M, then there exist an integer v <t(r)+ M such that e(v) =
(b", & ).. (Thisfollows from satisfying conditions (a) and (b) of Lemma 1 for the
set '\IABPi 1) But

t—1 v—1 t—1
by m(o*) = ) m(o*) + X m(ok) (A23)
p=t(r—-D+M p=tr—D+M m=v
Since T satisfies (c) of Lemma 1 for the set B,_,, r <P and ¢’ =Db", it follows
that

v—1
Y m(oH(f)<m(v—t(r—1)—M) (A24)
pu=tr—D+M
Now consider the sequence d= (o*,...,0'" 1) . Note that
t—1 t—1
Y m(or)= X m(e(p)) (A25)
n=uv n=uv
where (&), ..., &t—1)) is the SR cycle induced by d. For any u st.
v<u<t—M, e(pw) =8 w). Since (¢*, ..., c""™M H=(b", b, ..., b)and

a'=Db" (by assumption), it follows from the definition of b' that 7,(&( ) <
(el w) for any p st. t—M < u<t. Since m(e(w) <, for every pu, the
RHS of Eq. (A25) < (t — v)mr,. This together with Egs. (A23) and (A24) imply
that ¢ satisfies condition (c) of Lemma 1 for the case where o'=b" and r <P.
Q.ED.
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Appendix B. Proof of proposition 1

For any set of action profiles (&, ..., d)eA", let G,(@,....a) =X _im @)+
u;(@). Also for any strategy f€ F™ with cycle path 3(f) = (a,...,a") define
(f) =max,_, _&0,(@,...,a)—rv;}. Now for any player i consider an optimal
penal code f={3'(-)}_, &P, such that

7(f)<#(f),VfeP, (B1)
(Since | Al and M are finite such an optima pena code exists).
For any real number x € R, let D(x) be the set of histories ht = (al, ..., a'" 1)
which satisfy
Vinteger r <t st. G(a',...,a" *,8'(h')) <y(t—r+1) +x (B2)
Define the strategy f* = {s*'(h)}f_, for i as:
§(h) if h'e D(x)
$(h") € {argmax m(a,58,(h')) otherwise (B3)
aI
Denote the cycle path (f*,f_,) enters by S(f*,f_)=(a!, ..., a®. It follows
from the definition of f, that V integer r <R
m(a') =u(a")if forsomer <r,g(a’,...,a") 2o (r—r +1) +x
(B4)

Lemma B1: For any x < 7,(f), let 3(f*,f_))=(a%,...,a®). Then 3 integersr
and r’ wherer’' <r <Rsit.

r

Y om(a) v (r—r'+1)+x (B5)

T=r'

Proof: It follows from Eq. (B4) that (a',...,a") satisfies condition B5 if 3
integersr and r' <r <R st.

gi(a’,...,a) =p(r—r+1) +x (B6)

To prove the existence of r’ and r satisfying condition B6, suppose otherwise.
Then it follows from the definition of f* that eventually (f*,f_,) and f will play
the game in exactly the same way: 3 a history ht st. &' (f*,f_,)=a7(f|h)
Vr>t. Since f is a SPE, f|h' is aso a SPE. Moreover 7"(a(f*f_ ) =
7 (o (flh) = v, = 7o () = 7 (o (£5,f_)). Thus #7(f*,f_)=yv and
therefore (f|h')=(f*,f_,) is an optimal penal code. Hence it follows from
condition B1 that 7(f*,f_,) > (). Thus there exists an integer r <R st.

U(at,...,a") > o+ (f) (B7)
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Since x < 7,(f),, it follows that the LHS of condition B7 exceeds ru; + x; but this
contradicts the initial supposition. Q.E.D.

Lemma B2: For any x < 7,( f),
1
L >
TS M= 1H1E(y, AX))

{x+(M —1)m,(b'y + ZA(X))TTi(e)}

e E(y;,
(B8)

for some bls A( x), where A(x) = {alu;(a) <, + x}. (B9)

Proof: Denote S(f*,f_,) by (&, ..., a®). Forany r <R, let

t(r) =max{t>rlg(a’,....a") >y (t—r+1) +xand t <R} (B10)
It follows from Lemma B1 that t(r) is well-defined from some r < R. Now define
sequence (ry, . ..,r) inductively as follows

r,=min{r <RIt(r) exists}

re=min{r <RIr>t(r_,) and t(r) exists}, Vk st. 1 <k <K

where K is such that for al r > r,, t(r) does not exist. Since t(r) is well-defined
for some r <R the sequence (ry,...,r) is well defined. Moreover, it follows
from the definition of r,, conditions B4 and B10 that

t(ry)
Y m(aT) =u(a’,...,a") > y(t(r,) —r,+ 1) +x, Vk<K (B11)

T="ry

Now since f is a SPE, it follows that

= (o (1)) 2 7 (o (10.)) = 5 Em(a)

1 K t(resq)

=-)2 X m(a)

Ry 1+t

where t(r,, ;) =R+ t(ry) and (a®*?, ... @) =(al,...,d" ). Thus for some

k<K
t(ry.q) 1
Y m(a )}

1
> S —
CTt(reeq) —t(ry) {r—t(rk)+1 t(reen) —t(ry)

X{ rki_l Wi(aT)JFUi(t(rku)_rk+1+1)+x} (B12)

=t(rp+1
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(the last equality follows from Eq. (B11)). Now let (e(1),...,e(R)) be the SR
cycle induced by (al,...,aR). Also, let &(r) =
@77, L@t gt J0rMETy - Then (e(t(ry) + 1), ... ,e(r, —
M),&(1),...,& M — 1)) is the SR cycle induced by (d”*1 ... ax1~1). There
fore it follows from Eq. (B12) that

rk+171 I'k+17'\/I
b=t —1)= Y m(a)+x= X 7(e(r))
=t(rp+1 T=t(rp+1
M-1
+ ) mi(e(7)) +x (B13)
=1

Since (e(1),...,e(R)) is the SR cycle induced by (a,...,aR), it follows that
e(r)#e(7'),Vr#1 (B14)

Now let I'={ele=e(r)forsomer st. t(r ) +1<7<r,,—Mand (e <u}.
Then, it follows from Egs. (B13) and (B14) that

M-1
S — T (e) + 7 (8 + B15
NE I {E/"(e) PEICEN x} (B15)
Now it follows from the definition of r, that u(a”) <o +x for al = st
t(r))<7<r,,—1foral k Thus I'c E(v;, A(x)) and 77,(&r)) = m,(b") for

some b' € A(x). Therefore it follows from Eq. (B15) that

! {x+ Y Tri(e)+(M—1)77i(b')}

v =
! M_1+|E(UirA(X)| e€ E(v;, A(X))

for some b' € A( x) (B16)
QED.

Now to complete the proof of Proposition 1, let B = A(#(f)). Denote the
elements of B by {b"}R, st. u (b)) <u(b?) < ... <u(b®). Then it follows
from the definition of A(x) that

AU(B) — 1) = B,y = (b7} (817)
Setting x = (), it follows from Lemma B2 and B = A(#,(f)) that

1 .
v > M—1+|E(Ui,B)|{%i(f)—i_(M_l)Wi(bl)
+ T (o) (B18)
ecE(v;,B)

for some b'eB. Condition (i) of Proposition 1 follows from Eq. (B18) and the
definition of 7,(f). To demonstrate condition (ii) of Proposition 1, first note that
u;(b?) < u;(a) for al asA. (This follows from the definition of b'.) Since v; can
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be sustained as a SPE, v; is individualy rational and thus v; > u,(b'). Now set
x=U;(b") — v;. Then it follows from Lemma B2 and Eq. (B17) that

1
v = M—1+1E(s.B D) {ui(br) — v+ (M= 1) (b")
+ ) 7_7'i(e)}
esE(v;,B,_;)

for some b'sB, _,. Condition (ii) of Proposition 1 follows from rearranging the last
inequality and v, > u;(b"). This completes the proof of Proposition 1.
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