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SECTION A

1 (a) State Rybczynski’s theorem and provide an intuitive proof.

(b) Country A and Country B each have two factors of production, cap-
ital and labour, with which they produce two goods, x and y. Tech-
nology is the same in the two countries, characterized by constant
returns to scale and strictly increasing production functions with de-
creasing marginal products. Good x is labour intensive and good y
is capital intensive. Country A is capital abundant, Country B is
labour abundant. Consumers’ preferences are identical. The two
countries trade with each other. Analyse the effect of

(i) an earthquake in Country A that destroys several oil platforms
and wipes out half of Country A’s oil resources,

(ii) an imposition of a 35 hours working week in Country A.

2 Consider an exchange economy with two consumers, A and B, and two
consumption goods, x and y. A has utility function uA(xA, yA) = lnxA +

yA and B has utility function uB(xB, yB) = x
2/3
B y

1/3
B , where xi and yi are

the amounts of good x and y consumed by individual i = A,B. Endow-
ments are (eAx , e

A
y ) = (7, 2) and (eBx , e

B
y ) = (1, 4). Denote prices by px and

py respectively.

(a) (i) Derive the consumers’demand functions.

(ii) Find expressions for the excess demand functions of goods x and
y. What properties do excess demand functions have in general?
Show that they are satisfied in this economy.

(b) Solve for the competitive equilibrium prices px and py and the equi-
librium allocations.

(c) Now assume that consumer A’s utility function is uA(xA, yA) = (xA+
1)2 + yA instead, while consumer B’s utility function is unchanged.

(i) Derive an expression for consumer A’s marginal rate of substi-
tution. Does A have convex preferences?

(ii) Do you expect a competitive equilibrium to exist in this econ-
omy? Explain your answer.
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3 Consider an economy consisting of two individuals, A and B, who consume
one private and one public good. The utility function of individual h,
h = A,B, is uh(xh, G) = 1

2 lnxh + 1
2 lnG, where xh is the amount of the

private good individual h consumes andG is the amount of the public good
provided. Each individual is initially endowed with eh units of the private
good and none of the public good. There is a production technology that
transforms p units of the private good into one unit of the public good.

(a) Assume that competitive markets operate in which individual A and
B can trade the private and the public good at their respective prices,
i.e., 1 for the private good and p for the public good. Denote by gh
the amount of the public good individual h decides to buy, so that
gA + gB = G is the total amount of the public good available in the
economy. A consumer makes his decision on how much to buy of
both goods based on his prediction of how much the other consumer
buys of the public good. Set up consumer A’s utility maximisation
problem and derive the first-order conditions for an interior solution.
Using those, find the optimality condition that must hold in a com-
petitive equilibrium linking A’s marginal rate of substitution to the
goods’prices. Find a similar expression for individual B (use your
answer for individual A). Interpret those conditions.

(b) Assume now that a social planner instead decides on how much of the
private good each individual consumes and how much of the public
good will be made available. He wishes to maximise a utilitarian
social welfare function of the following form

uA(xA, G) + uB(xB, G).

Set up his maximisation problem and find the first-order conditions
for an interior solution for this problem. By combining the first-order
conditions find the Samuleson Rule. Compare it to the solutions you
found in (a). Are they the same? If not, why not?

(c) Explain why the competitive equilibrium is not Pareto effi cient in
this economy. How can the social planner intervene in the market
equilibrium to restore effi ciency?

(TURN OVER)
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4 Three individuals Ann, Bob and Colin would like to determine a group
preference ordering over two possible joint projects X and Y , that is, they
would like to find a function that maps every possible profile of individual
preference orderings over X and Y into a group preference ordering.

(a) (i) What properties is an Arrow social choice rule supposed to have?

(ii) Will A, B and C be able to define such a choice rule? Carefully
explain your answer with reference to Arrow’s Impossibility The-
orem.

(b) Denote the possible (strict) preference profiles overX and Y as in the
following table; for example, in profile I everybody prefers X over Y .
Assume that the social choice function F (·) selects the group prefer-
ence ordering given by the bottom line:

I II III IV V VI VII VIII
A X �A Y X �A Y X �A Y Y �A X X �A Y Y �A X Y �A X Y �A X

B X �B Y X �B Y Y �B X X �B Y Y �B X X �B Y Y �B X Y �B X

C X �C Y Y �C X X �C Y X �C Y Y �C X Y �C X X �C Y Y �C X

F (·) X � Y X � Y Y � X X � Y Y � X X � Y Y � X ?

Is it possible to define F (VIII), such that all desirable properties are
fulfilled?

(c) Assume now that there is an additional, third alternative Z, and
consider the following two possible preference profiles:

I II
A X �A Y �A Z Y �A X �A Z

B X �B Y �B Z Y �B Z �B X

C X �C Z �C Y X �C Z �C Y

Assume that F (I) = X � Z � Y . What does this imply for F (II) if
the Independence of Irrelevant Alternatives property is fulfilled?
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SECTION B

5 (a) Mr Riskaverse is an expected utility maximizer. He evaluates lotter-
ies {(p1, p2, p3) : p1 + p2 + p3 = 1} on {$1, $2, $3}, using the following
expected utility function

U(p1, p2, p3) =
3∑
i=1

piu($i),

where u($1) = 1, u($2) = 10 and u($3) = 11.

(i) Represent Mr Riskaverse’s preferences on a Machina Triangle.

(ii) Show that Mr Riskaverse’s preferences satisfy the Independence
Axiom.

(b) Mrs Insured has a CARA vNM utility function −e−m. According to
her local bankruptcy laws, if she gets into debt, then all debts are
paid for by the government, and she ends up with wealth 0. Her
vNM utility function is then effectively

u(m) =

{
−e−m m ≥ 0
−1 m < 0

Suppose that Mrs Insured has wealth w > 0. She considers gambling
an amount of money g ≥ 0; with probability 1/2 she wins the amount
g, with probability 1/2 she loses it.

(i) Explain why, if she can choose to gamble any amount g ≤ w, she
will optimally choose g = 0.

(ii) Explain why, if she can choose to gamble any amount g > w, she
will optimally choose g =∞.

(iii) Show that for w < log 2 the optimal choice is g =∞.

(iv) Is this type of bankruptcy law sensible?

(TURN OVER)



6

6 In an Arrow-Debreu economy, there are a number of identical agents, with
vNM utility functions u(x) = ln(x). (In such an economy, no trading actu-
ally occurs, but there are still prices.) Two independent events, ‘Djokovic
wins US Open’ and ‘World economy recovers’, occur with probabilities
πD = 60% and πR = 50% respectively. Overall, there are four possible
states, ωij , i = D, D̄ and j = R, R̄, where D stands for ‘Djokovic wins’, D̄
stands for ‘Djokovic does not win’, R stands for ‘World economy recovers’
and R̄ stands for ‘World economy does not recover’. Endowments in the
four states are:

state Endowment of each agent
ωDR 5
ωDR̄ 4
ωD̄R 5
ωD̄R̄ 4

(a) What are the Arrow Debreu securities in this economy? UsingMRS
conditions, calculate the prices qDR, qDR̄, qD̄R, qD̄R̄ of those securi-
ties, using the normalization qDR + qDR̄ + qD̄R + qD̄R̄ = 1. Give your
answers to 3 decimal places.

(b) What is the price qD of an asset that pays 1 if Djokovic wins the
US Open? What is the price qR of an asset that pays 1 if the world
economy recovers? Comment.

(c) Qualitatively, how would you expect qD and qR to change if instead
all agents had utility function u(x) =

√
x?

7 The owner of a firm is looking for a manager and drawing up terms of
remuneration. He was not satisfied with the previous manager’s perfor-
mance. The owner is used to giving fixed salaries, but would like to follow
some of his competitors and introduce performance-related pay. He thinks
that the firm’s profits should be a good measure of the manager’s perfor-
mance, but is not sure how much of the pay should be performance-related.
Give the owner some advice.



8 A manager needs a new website for his business. He does not know how
diffi cult this task is: it can take either T = 1 months or T = 3 months,
both with equal probability. The manager would like to ensure that the
project is done, but minimise the expected payment.

He goes to see an IT contractor, who knows the length of time it will
take to finish the project. The contractor’s utility function is u(T,m) =
−10T +m, where m is the remuneration. His reservation utility is 0.

(a) The gullible manager believes everything he is told. The contrac-
tor however is truthful only when it pays. The manager asks the
contractor how long the project will take, and offers a contract that
gives the contractor at least his reservation utility. How much will
the manager offer if he is told T = 1 or T = 3? How much will he
actually pay if T = 1 or T = 3? What is the true expected payment
of the manager?

(b) Before meeting the contractor, the manager is informed that some
people could be lying to him. His first thought is to offer a pair of
contracts m1 and m3 so that the contractor will choose m1 if T = 1
and m3 if T = 3. Why does this not reduce the expected payment?

(c) His next idea is to require the contractor to come into the offi ce
for a minimum amount of time τ . He knows that the contractor
has disutility of 10 for every amount of time spent working on the
project but only a disutility of 5 for an amount of time spent idle in
the offi ce. So, the contractor’s utility is

u(T, τ ,m) =

{
−10T +m T ≥ τ

−10T − 5(τ − T ) +m T < τ.

The manager offers contracts (τ1 = 1,m1) and (τ3 = 3,m3) in the
hope that if T = i the contractor chooses (τ i,mi) for i = 1, 3.

(i) Why might this approach help deal with the manager’s problem?

(ii) What are the optimal contracts (τ1 = 1,m1) and (τ3 = 3,m3),
and what is the expected payment?

(d) In the adverse selection model covered in lectures, it is optimal to
distort the contracts of one of the types. Explain why this is and
why it is not optimal here to distort one of the τ is?

END OF PAPER


