Variable Selection and Forecasting in High Dimensional
Linear Regressions with Parameter Instability”

Alexander Chudik?
Federal Reserve Bank of Dallas

M. Hashem Pesaran
University of Southern California, USA and Trinity College, Cambridge, UK

Mahrad Sharifvaghefi
University of Pittsburgh

April 23, 2021

Abstract

This paper is concerned with the problem of variable selection and forecasting in
the presence of parameter instability. There are a number of approaches proposed
for forecasting in the presence of time-varying parameters, including the use of rolling
windows and exponential down-weighting. However, these studies start with a given
model specification and do not consider the problem of variable selection, which is
complicated by time variations in the effects of signals on target variables. In this
study we investigate whether or not we should use weighted observations at the vari-
able selection stage in the presence of parameter instability, particularly when the
number of potential covariates is large. Amongst the extant variable selection ap-
proaches we focus on the recently developed One Covariate at a time Multiple Testing
(OCMT) method. This procedure allows a natural distinction between the selection
and forecasting stages. We establish three main theorems on selection, estimation post
selection, and in-sample fit. These theorems provide justification for using the full
(not down-weighted) sample at the selection stage of OCMT and down-weighting of
observations only at the forecasting stage (if needed). The benefits of the proposed
method are illustrated by empirical applications to forecasting monthly stock market
returns and quarterly output growths.
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1 Introduction

“When you have eliminated the impossible, whatever remains, however improbable, must be

the truth” Sir Arthur Conan Doyle, The Sign of the Four (1890)

There is mounting evidence that models fitted to many statistical relationships are subject
to breaks. In an extensive early study, [25] find that a large majority of time series regressions
in economics are subject to breaks. [4] consider parameter instability to be one of the main
sources of forecast failure. This problem has been addressed at the estimation stage given
a set of selected regressors. However, the issue of variable selection in the presence of time-
varying parameters is still largely underdeveloped. In this study, we investigate whether
or not we should use weighted observations at the variable selection stage in the presence
of parameter instability, particularly when the number of potential covariates is large. We
provide theoretical arguments in favor of using the full (unweighted) sample at the selection
stage, and suggest that one should only consider weighting the observations post selection,
at the estimation and forecasting stages.

Studies on breaks at the estimation stage usually assume a number of different model
specifications that allow for parameter instability. Typical solutions are either to use rolling
windows or exponential down-weighting. For instance, [22], [18] and [11] consider the choice
of an observation window, and [10] and [19], respectively consider exponential and non-
exponential down-weighting of the observations. There are also Bayesian approaches to
prediction that allow for a possibility of breaks over the forecast horizon, e.g. [2], [15], and
[17]. [23] provides a review of the literature on forecasting under instability. There are
also related time varying parameter (TVP) and regime switching models that are used for
forecasting. See, for example, [9] and [5]. All these studies take the model specification as
given and then consider different ways of modeling and allowing for parameter instability.
But, to the best of our knowledge, none of these studies considers the problem of variable

selection in the presence of parameter instability.



In the absence of instability, it is optimal to weigh the observations equally for both
variable selection and estimation purposes. Yet, in the presence of instability, the literature
does not discuss whether or not weighted observations should be used at the variable selection
stage, particularly when the number of potential covariates is large. There are a number of
recent, studies that consider predicting stock returns using penalized regression, especially
the Least Absolute Shrinkage and Selection Operator (Lasso) initially proposed by [26] -
for example, [1] and [14]. But they do not allow for parameter instability at the Lasso
stage and suggest recursive application of Lasso using rolling windows. [16] have proposed
a Lasso procedure that allows for a threshold effect. [12] have proposed a time-varying
Lasso procedure, where all the parameters of the model vary locally. These are interesting
extensions of Lasso, but are likely to suffer from the over-fitting problem, and could be
sensitive to how cross validation is carried out. Also recently, [29] propose an interesting
boosting procedure for the estimation of high-dimensional models with locally time varying
parameters. It is important to note that, in the case of both penalized regression and
boosting procedures, variable selection and estimation are carried out in one stage.

[3] propose an alternative procedure called one covariate at a time multiple testing
(OCMT). In the absence of parameter instability, the authors establish that the suggested
procedure asymptotically selects all the relevant covariates and none of the pure noise co-
variates under general assumptions. Moreover, they show that the estimation errors of
coefficients and prediction loss converge to zero. Finally, their Monte Carlo studies indicate
that OCMT tends to perform better than penalized regression or boosting procedures under
various designs. [24] has recently generalized the OCMT procedure to allow the covariates
under consideration to be highly correlated, while penalized regression methods require the
covariates to be weakly correlated (see e.g. [30]). One clear advantage of OCMT is its natu-
ral separation of the two problems of variable selection and estimation/forecasting. One can,

therefore, decide whether to use the weighted observations at the variable selection stage or



not. In this paper we argue that in the presence of parameter instability full (unweighted)
sample should be used for variable selection using the OCMT procedure. Forecasting can
then be carried out conditional on the selected variables, using available techniques such
as rolling or exponential downweighting techniques post selection. Also existing theoretical
results from the forecasting literature can be applied to the post OCMT selected model to
test for breaks and decide on the optimal choice of the estimation window or down-weighting
among the remaining true covariates.

We provide three main theorems to back up our proposed selection/forecasting strategy.
Under certain fairly general regularity conditions we show that the probability of selecting
the true approximating model that contains all the signals and none of the noise variable
tends to unity as the number of time series observations (1) and the number of covariates
under consideration (IV)tend to infinity. We also establish that least squares estimates of
the coefficients of the selected covariates will tend to zero unless they are (true) signals.
Lastly, we show that the mean square error of the selected model achieves the oracle rate
for regression models with time-varying coefficients. These theoretical findings provide a
formal justification for application of statistical techniques from the time-varying parameters
literature to the post OCMT selected model.

Finally, we consider two empirical applications: forecasting monthly returns of stocks in
Dow Jones and output growths across 33 countries, to illustrate the benefits of the OCMT
procedure with full unweighted sample at the selection stage. Our results consistently sug-
gest that using down-weighted observations at the selection stage of the OCMT procedure
worsens forecast accuracy in terms of mean square forecast error and mean directional fore-
cast accuracy. Moreover, our results suggest that overall OCMT with no down-weighting at
the selection stage outperforms penalized regression methods, such as Lasso and/or Adaptive
Lasso, which are prone to the over-fitting problem.

The rest of the paper is organized as follows: Section 2 sets out the model specification.



Section 3 explains the basic idea behind using the OCMT procedure with no down-weighting
for variable selection in the presence parameter instability. Section 4 discusses the technical
assumptions and the asymptotic properties of the OCMT procedure under parameter insta-
bility. Section 5 presents the empirical applications, and Section 6 concludes. Mathematical
proofs are provided in the appendix.

Notations: Generic finite positive constants are denoted by C; for i = 1,2,---. ||A]2
and ||A||r denote the spectral and Frobenius norms of matrix A, respectively. A;(A) denotes
the i eigenvalue of a square matrix A. ||x|| denotes the ¢, norm of vector x. If {f,}°°, and
{gn}:2, are both positive sequences of real numbers, then f, = ©(g,) if there exist ng > 1

and positive constants Cy and C, such that inf,,>,, (fn/gn) > Co and sup,,~.,, (fn/9n) < Ch.

2 Model specification under parameter instability

Consider the following data generating process (DGP) for the target variable, y;, in terms

of the signal variables (z;, fori =1,2,..., k)
Y :Z:fat—i_Z?:l Bitxit—i_uta for t = 1727"' aT (1)

with time-varying parameters, a; = (as, ag, -+, ame) and {8y, i = 1,2, ..., k}, where z,; is
an m X 1 vector of pre-selected covariates, and u; is an error term. Since the parameters are

“ signal” if the average value of its coefficient,

time-varying we refer to the covariate ¢ as
Bir=T71 Ele E(B:), does not tend to zero very fast, namely such that 3; 7 = (T %) for
some 0 < ¥; < 1/2.

Parameters can vary continuously following a stochastic process as in the standard ran-
dom coefficient model, B;; = B; + 0;:&i, or could be fixed and change at discrete intervals:
Bi = ﬁi[s], ift € [Ts_1,Ts) for s =1,2,--- S, where Ty = 1 and Tg = T'. The vector z; can
contains deterministic components such as a constant, dummy variables, and a deterministic

time trend as well as stochastic variables including observed common factors. The problem is

that both the structure of the breaks and the identity of the k signals are unknown. The task



facing the investigator is to select the signals from a set of covariates under consideration,
Snt = {x1s, Tar, - -+, &N}, known as the active set, with N, the number of covariates in the
active set, possibly much larger than 7', the number of data points available for estimation
prior to forecasting. We assume the coefficients (a;, and S, for i = 1,2, ..., k) are indepen-
dently distributed of the pre-selected covariates (z;) and all the covariates in the active set
Sni-

The application of penalized regression techniques to variable selection is theoretically
justified under two key parameter stability assumptions: the stability of 5;; and the stability
of the correlation matrix of the covariates in the active set. Under these assumptions, the
application of the penalized regression to the active set can proceed using the full sample
without down-weighting or separating the variable selection from the forecasting stage. How-
ever, in the presence parameter instability, it is not clear how the use of penalized regressions
could be justified. The problem has been recognized in the empirical literature focusing on
slowly varying parameters and/or the use of rolling windows without making a distinction
between variable selection and forecasting. It is also worth highlighting that in this paper,
we relax the assumption of fixed correlation among the covariates in the active set, which is
very common in the penalized regression studies, and allow for time-varying correlations.

In this paper we follow [3] and consider the application of the OCMT procedure for
variable selection stage using the full unweighted sample, and provide theoretical arguments
to justify such an approach. We first recall that OCMT’s variable selection is based on the
net effect of x; on y, conditional z;. However, when the regression coefficients and/or the
correlations across the covariates in the active set are time-varying, the net effects will also
be time-varying and we need to base our selection on average net effects. Also, we need to
filter out the effects of the pre-selected covariates, z;, from z;; and y,, before defining average

net effects. To this end consider the following auxiliary regressions of x;; and 3; on z;:

Yt =Yt — Z;@Zy,T, and Ty = iy — Z;'J)i,T (2)



where @Zy,T and &i,T are the m x 1 vectors of projection coefficients defined by d_)yj =

T -1 T B T -1 T
(1 SEwa) (T SEew) ad b= (T DB @) (T S Bl ).
t=1 t=1 t=1 t=1
Given the filtered series, Z;; and 7;, we now define the average net effect of covariate x;

on ¥, conditional on z;, as

QT =T Zt 1 (fz‘t?jt)- (3)

Substituting for g, = y; — z; @E%T in the above and noting that 6; 7 is a given constant, then

71 T = - Zt 1 (xityt) - TZ;,T [T_l Z?:l E(:Z"itzt)} .

Also,

T T

ZE(iitzt) = ZE(SﬁitZt) -

t=1 t=1

T

ZE(thi)] Pir =Y Ewaz) =Y E(zyz) = 0. (4)

t=1

Hence, 0;7 = T~} ZtT:l E(Z;y:). Now by substituting y, from (1) we can further write,

Oir =T 3 E@ay) = T 3, B [‘%it (Zéat + 3 By + utﬂ
= a7l ZtT=1 E(Zuz) + T Z;[:l Z?:l E(Bj0)E(Zuxj) + T Zthl E(Zipuy)
- Z§=1 [T_l ZtT:1 E(ﬂjt)E(jitxjt)} +7! Zthl E(Z;uy).

Therefore, the average net effect can be written simply as

Oir = Xj [T_l et E(ﬂjt)aij,t(z)} + Oiur(2), (5)

where 0;;,(z) = E(Zyx;), and Gi,7(z) = T71 ZtT:l E(Zyu;). Furthermore, 74, 7(z) =
T Bwiug) — ’l/_J;T (T‘1 ZleE(ztut)), which will be identically zero if the covari-
ates and the conditioning variables are weakly exogenous with respect to u;. In what fol-
lows we allow for a mild degree of correlation between (z;,z;) and u;by assuming that
Tir(z) = ©(T%), for some ¢; > 1/2. It is also easily seen that when the parameters and

the cross covariate covariances are time-invariant the above average net effect reduces to

0; = X5 E(8;)04i(2).



Given the average net effect of z;; on y;, the covariates in the active set can be categorized
into three groups: signals, pseudo-signals and noise variables. As mentioned before, signals
are those covariates with average value of their coefficient, namely Bip = 7! ZtT:l E(Bi),
which does not approach zero too fast, namely B,-,T = o(T~"), for some 0 < ¥; < 1/2.
Pseudo-signals are the covariates that do not enter the DGP but have average net effects, @T,
that do not converge to zero sufficiently fast, namely 6; 7 = ©(T~%), for some 0 < ¥; < 1/2.
Finally, noise variables are those covariates that do not enter the DGP and at the same
time have either zero or sufficiently small average net effects in the sense that 6, 7 = (T ),
for some ¢; > 1/2.

In what follows, we first describe the OCMT procedure and then discuss the conditions

under which the approximating model that includes all the signals and none of the noise

variables is selected by OCMT.

3 Parameter instability and OCMT

The OCMT procedure considers the following N regressions of 3, on each of the covariates

in the active set Sy; one at a time, conditional on z; :
Yy = Q;,th + ¢7L,T':Eit + Nit, fOI' t= 1a 27 T aTa 1= 17 2a ceey Na (6)

where g7 = [T zleJE(gz?t)}_l TS E ()| = ()] O, with air(z) =
71 Z;‘FZI 0i+(z). [3] assume parameter stability, and set f; = f; for all ¢, where f; is
deterministic, and assume zero conditional correlation between the signals and the error
term, namely o, = 0 for all . Under parameter stability the average net effects can be
simplified to the net effects defined by 6,7 = Z§:1 B;0i;r(z), for i = 1,2,--- | N, where
oir(z) =T71 Zthl 0ij+(z). Hence,

bir 1 B040(2)

diir(2) Gii,r(2)

$ir = (7)



However, in the more general set up of DGP (1), the net effect of z;; on y; is time-varying.
Therefore, by running one at a time regressions of y; on each of the covariates: x;, 1 =
1,2,--- , N , we focus on average net effect of x;; on y;, defined over the full sample, denoted
by ;7 and given by (5).

Due to non-zero correlations between the covariates, knowing whether éi,T is zero or not
does not necessarily allow us to establish whether B@T is sufficiently close to zero or not.

There are four possibilities:

(I) Signals Bir = o(T~%) and 0; 7 = S(T %)
(II) Hidden Signals | Bir = o(T~%) and 0; 7 = ©(T~%)
(IIT) Pseudo-signals | Bir = ©(T~%) and 0; 7 = ©(T~%)
(IV) Noise variables | B = ©(T~%) and ;7 = ©(T %)

for some 0 < ¢; < 1/2, and ¢; > 1/2. Notice, if the covariate x; is a noise variable, then §¢7T,
the average net effect of x;; on 14, converges to zero very fast. Therefore, down-weighting
of observations at the variable selection stage is likely to be inefficient for eliminating the
noise variables. Moreover, for a signal to remain hidden, we need the terms of higher order,
o(T~%) with 0 < ¥; < 1/2, to ezactly cancel out such that 6; becomes a lower order,
i.e. ©(T~ %), that tends to zero at a sufficiently fast rate (with ¢; > 1/2). This combination
of events seem quite unlikely, and to simplify the theoretical derivations in what follows
we abstract from such a possibility and assume that there are no hidden signals and only

consider the first stage of the OCMT procedure for variable selection.!
The OCMT procedure
1. For i = 1,2,--- N, regress y = (y1,¥1,...,yr) on Z = (z1,29,....,z7) and x; =
(i1, Tso, ...,:viT)'; y = Zo;r + ¢irX; + m; and compute the t-ratio of ¢;r, given
by

ng‘,T _ x;M,y

tir = =
’ ~ ~ 7 7
s.€. (@,T) 0i/ XM X;

1To allow for hidden signals, [3] extend the OCMT method to have multiple stages.




where ng‘,T = (xX/M,x;) " (x/M,y) is the Ordinary Least Square (OLS) estimator of

bir, 02 =m;m,;/T, and ", is a T x 1 vector of regression residuals.

2. Consider the critical value function, ¢,(N,d), defined by
cp(N,6) = @' (1 —p/2N°), (8)

where ®71(.) is the inverse of a standard normal distribution function; § is a finite

positive constant; and p is the nominal size of the tests to be set by the investigator.

3. Given ¢,(N,0), the selection indicator is given by
Ji = Itir| > ¢,(N, )], fori=1,2,---  N. (9)
The covariate xz;; is selected if jz =1.

The main goal of OCMT is to use the t-ratio of the estimated ¢; r to select all the signals
and none of the noise variables, the selected model is referred to as an approximating model
since it can include pseudo-signals. To deal with the multiple testing nature of the problem,

the critical value of the tests is chosen to be an appropriately increasing function of V.

4 Asymptotic properties of OCMT under parameter instability

We now provide the theoretical justification for using the OCMT procedure for variable
selection in models with time-varying parameters. It is assumed that m = dim(z,) and k, the
number of signals, are finite fixed integers. But we allow the number of pseudo-signals, which
we denote by k. , to grow at a sufficiently slow rate relative to N and 7'. Finally, we define
the approzimating model to be a model that contains all the signals, {z;; : i =1,2,--- ,k},
and none of the noise variables, {z; : k+ k5 + 1,k + k5. +2,--- , N}. Clearly, such a model
can contain one or more of the pseudo-signals, {z; : k+1,k+2,---  k+k}}. We start with
some technical assumptions in Section 4.1 and then provide the asymptotic properties of the

OCMT procedure under parameter instability in Section 4.2.
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4.1 Technical assumptions

Let q; = (214, 226,  Zmty T1t, Tat, -+, Tne) be an (m + N) x 1 vector that include all the

covariates. In what follows we make use of the following filtrations: F} = o(qs, q¢—1,- -+ ),
Fta = U(at,at,l,--~), .Fjﬁt = U(ﬁjt,ﬁj’tfl,"') for j = 1,2,"' ,]{Z and ./—'? = U(ut,ut,1,~~).

Moreover, we set F} = U§:1-7:ﬁs and F, = F UFPU FPu F
Assumption 1 (Martingale difference processes)
(a) Elaia; — E(qway/)|Fe—1] =0 fort =1,2,--- | T.
(b) Eu? —E (u?)|Fiq]) =0 fort =1,2,--- ,T.
(¢) Elqius — E(quug)| Fi—1]) =0 fort =1,2,--- | T.
(d) Eag — E(ag)|Fi—1] =0 for £ =1,2,--- mandt=1,2,--- ,T.
(e) BBy — E(Bi)| Fica] =0 fori=1,2,--- kandt =1,2,--- ,T.

Assumption 2 (Exponential decaying probability tails)

There exist sufficiently large positive constants Cy and Ch, and s > 0 such that

(a) sup;, Pr(|g;e] > o) < Coexp(—=Cha®), for all a > 0.
(b) sup,, Pr(lag| > a) < Cyexp(—Cira®), for all a > 0.
(¢) sup;, Pr(|Bi| > a) < Coexp(—Cia®), for all a> 0.
(d) sup, Pr(|u| > a) < Coexp(—Cha®), for all a > 0.
Assumption 3 (Coefficients of signals)
(a) The number of signals, k, is a finite fized integer.
(b) B, i=1,2,--- k, are independent of ¢jv, j=1,--- ,m+ N, and uy for all t and t'.

(¢) Bir =T 'S B(By) = ©(T%), for some 0 < ¥; < 1/2.

11



Assumption 4 (Coefficients of conditioning variables)

(a) The number of conditioning variables, m, is finite.
(b) ag, L =1,2,--- ,m, are independent of qjy,j =1,--- ,m+ N, and uy for all t and t'.

(c) E(ag) = ay for t=1,2,--- 'm and all t.

Before presenting the theoretical results, we briefly mention pros and cons of our assump-
tions and compare them with the assumptions typically made in the high-dimensional linear
regression and the time-varying parameters literature.

Assumptions 1 allows the variables zy, ag , Ty, B;r and u; to follow martingale difference
processes, which is weaker than the IID assumption typically made in the literature. Follow-
ing a similar line of argument as in Section 4.2 of [3], we can relax some of these assumptions
somewhat to allow for weak serial correlation in zy, ag, i, Bir and uy.

Assumption 2 imposes the variables zg, ag, T, B;: and u; to have exponentially decaying
probability tails to ensure all moments exist. This assumption is stronger than those needed
in the studies on breaks, but it is required to drive upper and lower probability bounds for
selection of the approximating model. It is common in the high-dimensional linear literature
to assume some form of exponentially decaying probability bound for the variables. For
example, see [31], [8] and [3].

Assumptions 3(a) and 4(a) are required to establish that the target variable, v, has the
exponentially decaying probability tail of the same order as the other random variables.
Assumptions 3(b) and 4(b) ensure the distribution of time-varying parameters a, and S; to
be independent of the observed covariates (z;; and z5) and u,, which is a standard assumption
in the literature on time-varying parameters. Assumptions 3(c) ensures the average value of
the coefficients of the signal variables does not approach zero too fast. It is an identification
assumption that allows distinguishing signal from noise variables. Finally, Assumption 4(c)

constrains the expected values of coefficients of pre-selected covariates to be time-invariant.
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4.2 Theoretical findings

As mentioned in Section 1, the purpose of this paper is to provide the theoretical argument
for applying the OCMT procedure with no down-weighting at the variable selection stage in
linear high-dimensional settings subject to parameter instability. We now show that under
certain conditions discussed in Section 4.1, the OCMT procedure selects the approximating
model that contains all the signals; {z;; : ¢ = 1,2,--- ,k}; and none of the noise variables;
{zy + k+Er+ 1L, kE+ kL +2,--- ,N}. The event of choosing the approximating model is

defined by
Ao ={ S Ji=k} 0 {Z 0 =0} (10

Note the the approximate model can contain pseudo-signals variables. In what follows, we

show that Pr(A4y) — 1, as N, T — oc.

Theorem 1 Lety; fort =1,2,--- T be generated by (1), and let T = &(N*) with Ky > 0,
and Syy = {x14, Tor, -+, XN} which contains k signals, k% pseudo-signals, and N — k — k.
noise variables. Consider the OCMT procedure with the critical value function c,(N,0) given
by (8), for some § > 0. Then under Assumptions 1-4, there exist finite positive constants
Co, and Cy such that, the probability of selecting the approximating model, Ag, defined by

(10), is given by
Pr(Ag) = 1 — O(N'7290%) — Olexp(—N")]. (11)

See Appendix A.1 for a proof.

It is interesting that the asymptotic results regarding the probability of selecting the
approximating model are unaffected by parameter instability, so long as the average net
effects of the signals are non-zero or tend to zero sufficiently slowly in 7', as defined formally
by Assumption 3. In the next step, we focus on estimation of the coefficients of the selected

model. To simply the exposition assume that there are no pre-selected covariates, in which

13



case, the DGP (1) simplifies to
Y = Zle 6itxit +ur = IBQXk‘t + Ut, for t = 17 2a e 7Ta (12)

where X = (214, T, -+, 2xe) and B, = (B, Par, - -+, Bre)’. For the next set of results the

following additional assumption is also needed.

. . /
Assumption 5 (Eigenvalues) Let Xp: ; = (xlt,xgt, e Tty Th1 gy Thtoty * - ,xk;t) be a

T
(k+ k%) x 1 vector of signals and pseudo-signals, then Apin | TS E (X Xz 1) | > ¢ > 0.
t=1

This assumption ensures that the post OCMT selected model can be estimated and the
associated regressions coefficients can be consistently estimated subject to certain regularity
conditions to be discussed above. This assumption rules out perfect multicollinearity among
the signals and selected pseudo signals. It also requires that k7 < 7', which will be met
for sufficiently large T', under our assumption, namely that £./T — 0, as T — oo, at a
sufficiently fast rate.

The post OCMT selected model can be written as
N -
Y = Zizl Jiwith; + Tt (13)

where J; = I [|t; 7| > ¢,(N,6)], defined by (9). Also S~ | J; = kp, where kp is the number
of covariates selected by OCMT. By Theorem 1 the probability that the selected model

contains the signals tends to unity as 7" — oo. We can further write

Yo = Som Jiwubi + 10 = S0% Yewer + 1, (14)

where w; = (wlt, Wap,« W, t)/. The least squares (LS) estimator of selected coefficients,

/. .
Yr = (%,72, e ,V,QT) , is given by

r= (17 S wowy) (TS wan) (15)
In establishing the rate of convergence of 4y we distinguish between two cases: when the

14



vector of signals, x;z: = (214, %o, -+ ,Tk) is included in w; as a subset, and when this
is not the case. But we know by Theorem 1 the probability of the latter tends to zero
at a sufficiently fast rate. The following theorem provides the conditions under which the
estimator of the coefficients of the selected pseudo-signals and signals tend to their mean

values, defined formally below.

Theorem 2 Let the DGP for y, t = 1,2,--- T be given by (12) and write down the re-
gression model selected by the OCMT procedure as (14). Suppose that Assumptions 1-5 hold
and the number of pseudo-signals, ki, grow with T such that ki = ©(T%) with 0 < d < %

Consider the LS estimator of v, = (71, Yo, - :%%T)/: given by (15).

(i) If B(By) = B; for all t, then,

d—1

1z =il = 0, (T°5). (16)

where '7;’ = (’vaf}/;a e 7’}/}:7,)/; and

i €B = (B Bo By if wa € X (17)

v, =0, otherwise.

(i) If E (Xk‘k}ixz’k},t> =X is a fived matriz, then,

. d—1
Y7 =7l = Op (T 2 ) 7 (18)
where ’Y% = (’YTT7 ,ygTa e ’,YZT,T)I 5 and
’YZT € BT = (BlT; BQT, ce ,BkT)', z'f Wy € Xt (19)
Yor =0, otherwise,

and Bip = TV B(By), i =1,2,--- k.

See Appendix A.2 for a proof.

Remark 1 The above theorem builds on Theorem 1 and establishes that in the post OCMT

selected model only signals will end up having non-zero limiting values, as N and T — 0o, so
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long as0 < d < 1/2 and § is sufficiently large. d controls the rate at which number of pseudo-
signals is allowed to rise with T. The latter condition rules out the possibility of true and
pseudo-signals sharing the same unobserved common factors. To deal with such a possibility,
following [24], one can first filter out the common factors using principle components (PC)
and then apply the OCMT procedure to the least squares residuals of the regressions of the

covariates on one or more of their top PCs.

Remark 2 The conditions of Theorem 2 are met in the case of random coefficient models
where By = Bi + 0uliy, and & are distributed independently of the signals (and of the pre-
selected covariates, if any), and the LS estimator of ~%k is consistent, so long as0 < d < 1/2.
Interestingly, if signal and pseudo-signal variables are generated by a stationary process, and
hence they satisfy condition (ii) of Theorem 2, then we can extend the random coefficient

model to have time-variant means, and still estimate ~% consistently by LS.

Lastly, we provide our finding about the mean square error (MSE) of the selected model

estimated by LS. Here, we need one more assumption as described below.
Assumption 6 (Cross product variations in signal coefficients)

E[ﬁitﬂjt_E(ﬁitﬁjtﬂft—l] :OfOTi: 1,2,"' ,k‘,j: 1,2,"' ,/{, andt: 1,2,"- ,T.

Remark 3 Assumption 6 ensures that the MSE of the oracle model that contains only the

signals, exists. This assumption can be relaxed to allow for weak time dependence in x5 .

The in-sample error of post OCMT selected model can be written as

i = ye = 305 Aewe. (20)
The following theorem establishes the limiting property of MSE of the selected model, given
by T 320 i

Theorem 3 Let the DGP for y,, t = 1,2,--- T be given by (12) and write down the re-

gression model selected by the OCMT procedure as (14). The error of the selected model,
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estimated by LS, is given by (20). Suppose that Assumptions 1-6 hold and the number of

pseudo-signals, k., grow with T such that ki = &(T%) with 0 < d < 3.
(i) If E(Bi) = B; for allt, then
TS i = Y S (17 S 0utatiis ) +02 240, (T74) +0, (T%71) , (21)

where Oijte = E (Iitxjt)y Oijt,8 = E Kﬁzt — 60(5315 — ﬁj)], and 5’571« = T_lE (u’u).

(i) If E (ka},txkk;,» =X is a fived matriz, then,
- . - . _ 1 _
TS i = e S (T S Gii0as ) +0204+0, (T71) 40, (T4, (22)

where U:jt,ﬁ =E [(ﬁit - Bi,T)(ﬁjt - BJT)]
See Appendix A.3 for a proof.

Remark 4 The condition d < % in Theorem 3 ensures that the number of pseudo-signals
grows sufficiently slowly relative to T, and as a result, T'=% < T=2 and hence from equations
(21) and (22), we can conclude that the MSE of the Post OCMT selected model convergences

at the same rate of T~2 under both scenarios (i) and (ii).

Remark 5 Results (21) and (22) show that the MSE of the selected model depends on (i)
pure uncertainty due to the unobserved error term, wu;, of the DGP, as given by the term
o2 r, (ii) the traditional O, (T~Y/?) sampling uncertainty, which dominates the additional
O, (T%7) uncertainty due to inclusion of kj = ©(T?) pseudo-signals, and (iii) an additional
term that depends on the product of 0, and o, (or a;kjtﬁ), which represents the cost
(in terms of fit) of ignoring the time variation in the coefficients of the signals, By, i =
1,2,--+ k. This cost is larger when the time variation in the coefficients of the signals (as
measured by oiji5 or 055, 5) is larger, and, for a given 0ij; 5 # 0, it increases with 05 . This
finding for the in-sample fit is similar to the results for mean square forecast errors (MSFE)
in the presence of breaks in the literature, such as Proposition 2 of [22] or equation (20) of

[19], where the main focus is to minimize the MSFE by mitigating the cost from the time
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variation in parameters at the expense of increased sampling uncertainty by weighting the
observations, such as the use of optimal estimation windows or exponential downweighting

of observations.

Remark 6 The above three theorems require the exponent ¢ in the critical value function,
(8), to be sufficiently large such that 6 > ﬁ, for some positive constant Cy. The extensive

Monte Carlo Studies in [3] suggest that setting § = 1 preforms well in practice.

5 Empirical applications

The rest of the paper considers a number of empirical applications whereby the forecast
performance of the proposed OCMT approach with no down-weighting at the selection stage
is compared with those of Lasso and Adaptive Lasso. In particular, we consider the following

two applications:?

e Forecasting monthly rate of price changes for 28 (out of 30) stocks in Dow Jones using

a relatively large number of financial, economic, as well as technical indicators.

e Forecasting quarterly output growth rates across 33 countries using macro and financial

variables.

In each application, we first compare the performance of OCMT with and without down-
weighted observations at the selection stage. We then consider the comparative performance
of OCMT (with variable selection carried out without down-weighting) relative to Lasso and
Adaptive Lasso, with and without down-weighting. For down-weighting we make use of ex-
ponentially down-weighted observations, namely ;;(\) = AT ~!x;;, and §;(\) = ATy, where
y; is the target variable to be forecasted, x;, for ¢« = 1,2, ..., N are the covariates in the active
set, and A is the exponential decay coefficient. We consider two sets of values for the degree of

exponential decay, A: (1) Light down-weighting with A = 0.975,0.98,0.985,0.99,0.995, 1, and

2We also consider forecasting Euro Area quarterly output growth using the European Central Bank (ECB)
survey of professional forecasters as our third application. The results of this application can be found in
Section S-4 of the online empirical supplement.
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(2) Heavy down-weighting with A = 0.95,0.96,0.97,0.98,0.99, 1. For each of the above two
sets of exponential down-weighting schemes we focus on simple average forecasts computed
over the individual forecasts obtained for each value of X in the set under consideration.
For forecast evaluation we consider Mean Squared Forecasting Error (MSFE) and Mean
Directional Forecast Accuracy (MDFA), together with related pooled versions of Diebold-
Mariano (DM), and Pesaran-Timmermann (PT) test statistics. A panel version of [6] test is
proposed by [20]. Let g = e, — ez be the difference in the squared forecasting errors of
procedures A and B, for the target variable y;; (I =1,2,...,L) and t = 1,2, ..., Tlf, where Tlf
is the number of forecasts for target variable [ (could be one or multiple step ahead) under
consideration. Suppose q;; = a; + &;; with g, ~ N(0,67). Then under the null hypothesis of

Hy: oy =0 for all [ we have

N L
;o f
DM = 5(_) ~ N(0,1), for T,y — oo, where Tp; = ZTlf’ g= TL—]} S ZtTi1 qu, and
1 I=1
L T/ f
Vi(a) = 1 TfA2 4l L2 1 l . Lo 1 i
(Q) - @ ; 1915 wit g, = T_lf tzl(QZt - QZ) and q; = T—lf tzlqlt'

Note that V(q) needs to be modified in the case of multiple-step ahead forecast errors,
due to the serial correlation that results in the forecast errors from the use of over-lapping
observations. There is no adjustment needed for one-step ahead forecasting, since it is
reasonable to assume that in this case the loss differentials are serially uncorrelated. However,
to handle possible serial correlation for h-step ahead forecasting with A > 1, we can modify
the panel DM test by using the Newey-West type estimator of o7.

The M DF A statistic compares the accuracy of forecasts in predicting the direction (sign)

of the target variable, and is computed as

L Tlf
1
MDFA=1004 = > 1sen(yuyl) > 0] ¢,
Lf 1= =1

where 1(w > 0) is the indicator function takes the value of 1 when w > 0 and zero otherwise,
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sgn(w) is the sign function, y;; is the actual value of dependent variable at time ¢ and yl’;
is its corresponding predicted value. To evaluate statistical significance of the directional

forecasts for each method, we also report a pooled version of the test suggested by [21]:

p— p
PT = :

V) V()

where P is the estimator of the probability of correctly predicting the sign of y;;, computed

by
T
P = T ZZ 1] sgn(yltyl];) > 0], and P* =dyd,s + (1 —dy)(1 —d,s), with
LF =1 =1
L 7 | L 7/
= —ZZ [sgn(y;) > 0], and d,r = —ZZl[sgn(yl’;) > 0].
T i3S T i3S

Finally, V(P) = Ty} P*(1 — P*), and

N 1 - 7 L o7 T(—d 1d
V(P*) = T_Lf(zdy_1)2dyf(1_dyf)+T_Lf(2df_1)2dy(1_dy)+_d dyr (1 —dy)(1—=dys).

The last term of V(P*) is negligible and can be ignored. Under the null hypothesis, that
prediction and realization are independently distributed, PT is asymptotically distributed

as a standard normal distribution.
5.1 Forecasting monthly returns of stocks in Dow Jones

In this application the focus is on forecasting one-month ahead stock returns, defined as
monthly change in natural logarithm of stock prices. We consider stocks that were part of
the Dow Jones index in 2017m12, and have non-zero prices for at least 120 consecutive data
points (10 years) over the period 1980m1 and 2017m12. We ended up forecasting 28 blue chip
stocks.? Daily close prices for all the stocks are obtained from Data Stream. For stock 7, the

price at the last trading day of each month is used to construct the corresponding monthly

3Visa and DwoDuPont are excluded since they have less than 10 years of historical price data.
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stock prices, P;. Finally, monthly returns are computed by r; ;41 = 1001In(P;41/Py), for
1=1,2,...,28. For all 28 stocks we use an expanding window starting with the observations
for the first 10 years (7" = 120). The active set for predicting ;,.; consists of 40 finan-
cial, economic, and technical variables.* The full list and the description of the indicators
considered can be found in Section S-1 of online empirical supplement.

Overall we computed 8,659 monthly forecasts for the 28 target stocks. The results are
summarized as average forecast performances across the different variable selection proce-
dures. Table 1 reports the effects of down-weighting at the selection stage of the OCMT
procedure. It is clear that down-weighting worsens the predictive accuracy of OCMT. From
the Panel DM tests, we can also see that down-weighting at the selection stage worsens the
forecasts significantly. Panel DM test statistics is -5.606 (-11.352) for light (heavy) versus no
down-weighing at the selection stage. Moreover, Table 2 shows that the OCMT procedure
with no down-weighting at the selection stage dominates Lasso and Adaptive Lasso in terms
of MSFE and the differences are statistically highly significant.

Further, OCMT outperforms Lasso and Adaptive Lasso in terms of Mean Directional
Forecast Accuracy (MDFA), measured as the percent number of correctly signed one-month
ahead forecasts across all the 28 stocks over the period 1990m2-2017m12. See Table 3. As
can be seen from this table, OCMT with no down-weighting performs the best; correctly
predicting the direction of 56.057% of 8,659 forecasts, as compared to 55.33%, which we
obtain for Lasso and Adaptive Lasso forecast, at best. This difference is highly significant
considering the very large number of forecasts involved. It is also of interest that the better
of performance of OCMT is achieved with a much fewer number of selected covariates as
compared to Lasso and Adaptive Lasso. As can be seen from the last column of Table 3,
Lasso and Adaptive Lasso on average select many more covariates than OCMT (1-3 variables
as compared to 0.072 for OCMT).

So far we have focussed on average performance across all the 28 stocks. Table 4 provides

4All regressions include the intercept as the only conditioning (pre-selected) variable.
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the summary results for individual stocks, showing the relative performance of OCMT in
terms of the number of stocks, using MSFE and MDFA criteria. The results show that
OCMT performs better than Lasso and Adaptive Lasso in the majority of the stocks in
terms of MSFE and MDFA. OCMT outperforms Lasso in 23 out of 28 stocks in terms of
MSFE, under no down-weighting, and almost universally when Lasso or Adaptive Lasso are
implemented with down-weighting. Similar results are obtained when we consider MDFA
criteria, although the differences in performance are somewhat less pronounced. Overall, we
can conclude that the better average performance of OCMT (documented in Tables 2 and

3) is not driven by a few stocks and holds more generally.
5.2 Forecasting quarterly output growth rates across 33 countries

We consider one and two years ahead predictions of output growth for 33 countries (20
advanced and 13 emerging). We use quarterly data from 1979Q2 to 2016Q4 taken from the
GVAR dataset.®> We predict Ay = yir — Yit—a, and Agyiy = Yir — Yir—s, where y;;, is the log

of real output for country <. We adopt the following direct forecasting equations:
AnYigrn = Yigrn — Yit = Qin + Nind1Yie + BipXie + Wine,

where we consider h = 4 (one-year-ahead forecasts) and h = 8 (two-years-ahead forecasts).
Given the known persistence in output growth, in addition to the intercept in the present
application we also condition on the most recent lagged output growth, denoted by Ayy;; =
Yit — Yitr—1, and confine the variable selection to list of variables set out in Table S.2 in
the online empirical supplement. Overall, we consider a maximum of 15 covariates in the
active set covering quarterly changes in domestic variables such as real output growth, real
short term interest rate, and long-short interest rate spread and quarterly change in the
corresponding foreign variables.

We use expanding samples, starting with the observations on the first 15 years (60 data

®The GVAR dataset is available at https://sites.google.com/site/gvarmodelling/data.
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points), and evaluate the forecasting performance of the three methods over the period
1997Q2 to 2016Q4.

Tables 5 and 6, respectively, report the MSFE of OCMT for one-year and two-year
ahead forecasts of output growth, with and without down-weighting at the selection stage.
Consistent with the previous two applications, down-weighting at the selection stage worsens
the forecasting accuracy. Moreover, in Tables 7 and 8, we can see that OCMT (without
down-weighting at the selection stage) outperforms Lasso and Adaptive Lasso in two-year
ahead forecasting. In the case of one-year ahead forecasts, OCMT and Lasso are very close
to each other and both outperform Adaptive Lasso. Table 9 summarizes country-specific
MSFE and DM findings for OCMT relative to Lasso and Adaptive Lasso. The results show
OCMT under-performs Lasso in more than half of the countries for one-year ahead horizon,
but outperforms Lasso and Adaptive Lasso in more than 70 percent of the countries in the
case of two-year ahead forecasts. It is worth noting that while Lasso generally outperforms
OCMT in the case of one-year ahead forecasts, overall its performance is not significantly
better. See Panel DM test of Table 7. On the other hand we can see from Table 8 that
overall OCMT significantly outperforms Lasso in the case of the two-year ahead forecasts.

Finally in Tables 10 and 11 we reports MDFA and PT test statistics for OCMT, Lasso
and Adaptive Lasso. Overall, OCMT has a slightly higher MDFA and hence predicts the
direction of real output growth better than Lasso and Adaptive Lasso in most cases. The PT
test statistics suggest that while all the methods perform well in forecasting the direction
of one-year ahead real output growth, none of the methods considered are successful at
predicting the direction of two-year ahead output growth.

It is also worth noting that as with the previous applications, OCMT selects very few
variables from the active set (0.1 on average for both horizons, with the maximum number
of selected variables being 2 for h = 4 and 8). On the other hand, Lasso on average selects

2.7 variables from the active set for h = 4, and 1 variable on average for h = 8. Maximum
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number of variables selected by Lasso is 9 and 13 for h = 4, 8, respectively (out of possible
15). Again as to be expected, Adaptive Lasso selects a fewer number of variables as compared
to Lasso (2.3 and 0.8 on average for h = 4, 8, respectively), but this does not lead to a better
forecast performance in comparison with Lasso.

In conclusion, down-weighting at both selection and forecasting stages deteriorates OCMT’s
MSFE for both one—year and two-years ahead forecast horizons, as compared to down-
weighting only at the forecasting stage. Moreover, light down-weighting at the forecasting
stage improves forecasting performance for both horizons. Statistically significant evidence
of forecasting skill is found for OCMT relative to Lasso only in the case of two-years ahead
forecasts. However, it is interesting that none of the big data methods can significantly beat

the simple (light down-weighted) AR(1) baseline model.

6 Conclusion

The penalized regression approach has become the de facto benchmark in the literature in
the context of linear regression models without breaks. These studies (with few exceptions,
including 12) do not consider the problem of variable selection when breaks are present.
Recently, [3] proposed OCMT as an alternative procedure to penalized regression. One
clear advantage of the OCMT procedure is the fact that the problem of variable selection
is separated from the forecasting stage, which is in contrast to the penalized regression
techniques where the variable selection and estimation are carried out simultaneously. Using
OCMT one can decide whether to use the weighted observations at the variable selection
stage or not, without preempting a different down-weighting procedure at the forecasting
stage.

We have provided theoretical arguments for using the full (not down-weighted) sample at
the selection stage of OCMT, and down-weighted observations (if needed) at the forecasting

stage of OCMT. The benefits of the proposed method are illustrated by a number of empirical
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applications to forecasting output growth and stock market returns. Our results consistently
suggests that using down-weighted observations at the selection stage of OCMT deteriorate
the forecasting accuracy in terms of mean square forecast error and mean directional forecast
accuracy. Moreover, our results suggest that overall OCMT with no down-weighting at the
selection stage outperforms penalized regression methods, i.e. Lasso and Adaptive Lasso,
which are prone to over-fitting.

Table 1: Mean square forecast error (MSFE) and panel DM test of OCMT of one-month ahead monthly

return forecasts across the 28 stocks in Dow Jones index between 1990m2 and 2017m12 (8659 forecasts)

Down-weighting at'

Selection stage Forecasting stage MSFE
(M1) no no 61.231

Light Down-weighting, A = {0.975,0.98,0.985,0.99,0.995, 1}
(M2) no yes 61.641
(M3) yes yes 68.131

Heavy Down-weighting, A = {0.95,0.96,0.97,0.98,0.99,1}
(M4) no yes 62.163
(M5) yes yes 86.073
Pair-wise panel DM tests
Light down-weighting Heavy down-weighting
(M2) (M3) M1 (M)

(M1) -1.528 -5.643 (M1) -2.459 -11.381
(M2) - -5.606 (M4) - -11.352

Notes: The active set consists of 40 covariates. The conditioning set only contains an intercept.

TFor each of the two sets of exponential down-weighting (light /heavy) forecasts of the target variable are
computed as the simple average of the forecasts obtained using the down-weighting coefficient, A, in the
“light” or the “heavy” down-weighting set under consideration. See footnote to Table S.3.
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Table 2: Mean square forecast error (MSFE) and panel DM test of OCMT versus Lasso and Adaptive Lasso
of one-month ahead monthly return forecasts across the 28 stocks in Dow Jones index between 1990m2 and
2017m12 (8659 forecasts)

MSFE under different down-weighting scenarios

No down-weighting Light down-weighting! Heavy down-weighting?

OCMT 61.231 61.641 62.163
Lasso 61.849 63.201 69.145
A-Lasso 63.069 65.017 72.038

Selected pair-wise panel DM tests

No down-weighting  Light down-weighting  Heavy down-weighting

Lasso A-Lasso Lasso A-Lasso Lasso A-Lasso
OCMT -1.533 -4.934 -2.956 -6.025 -7.676 -10.261
Lasso - -4.661 - -6.885 - -9.569

Notes: The active set consists of 40 covariates. The conditioning set contains only the intercept.
T Light down-weighted forecasts are computed as simple averages of forecasts obtained using the
down-weighting coefficient, A = {0.975,0.98,0.985,0.99,0.995, 1}.

¥ Heavy down-weighted forecasts are computed as simple averages of forecasts obtained using the
down-weighting coefficient, A = {0.95,0.96,0.97,0.98,0.99,1}.

Table 3: Mean directional forecast accuracy (MDFA) and the average number of selected variables (k) of
OCMT, Lasso and Adaptive Lasso of one-month ahead monthly return forecasts across the 28 stocks in Dow
Jones index between 1990m2 and 2017m12 (8659 forecasts).

Down-weighting MDFA k

OCMT No 56.0567 0.072
Light' 55.330  0.072

Heavy* 54.302  0.072

Lasso No 55.364  1.659
Light 54.221 2.133

Heavy 53.205 3.794

Adaptive Lasso No 54.648 1.312
Light 53.840 1.623

Heavy 52.951  2.855

Notes: The active set consists of 40 variables. The conditioning set contains an intercept.

 Light down-weighted forecasts are computed as simple averages of forecasts obtained using the
down-weighting coefficient, A = {0.975,0.98,0.985,0.99,0.995, 1}.

¥ Heavy down-weighted forecasts are computed as simple averages of forecasts obtained using the
down-weighting coefficient, A = {0.95,0.96,0.97,0.98,0.99, 1}.
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Table 4: The number of stocks out of the 28 stocks in Dow Jones index where OCMT outper-
forms/underperforms Lasso, and Adaptive Lasso in terms of mean square forecast error (MSFE), panel
DM test and mean directional forecast accuracy (MDFA) between 1990m2 and 2017m12 (8659 forecasts).

MSFE
Down- OCMT OCMT significantly OCMT OCMT significantly
weighting  outperforms outperforms underperforms underperforms
Lasso No 23 4 5 2
Light! 25 5 3 0
Heavy?t 26 14 2 0
A-Lasso No 24 9 4 2
Light 27 10 1 0
Heavy 28 24 0 0
MDFA
Down- OCMT OCMT
weighting  outperforms underperforms
Lasso No 14 6
Light 24 4
Heavy 17 10
A-Lasso No 18 4
Light 21 3
Heavy 19 7

Notes: The active set consists of 40 variables. The conditioning set only contains an intercept.
 Light down-weighted forecasts are computed as simple averages of forecasts obtained using the
down-weighting coefficient, A = {0.975,0.98,0.985,0.99,0.995,1}.

¥ Heavy down-weighted forecasts are computed as simple averages of forecasts obtained using the
down-weighting coefficient, A = {0.95,0.96,0.97,0.98,0.99,1}.

Table 5: Mean square forecast error (MSFE) and panel DM test of OCMT of one-year ahead output growth
forecasts across 33 countries over the period 1997Q2-2016Q4 (2607 forecasts)

Down-weighting at’ MSFE (x10%)
Selection stage Forecasting stage All Advanced Emerging
(M) 1o 1o 11.246  7.277 17.354
Light down-weighting, A = {0.975, 0.98, 0.985, 0.99, 0.995, 1}
(M2) no yes 10.836 6.913 16.871
(M3) yes yes 10.919 6.787 17.275
Heavy down-weighting, A = {0.95,0.96,0.97,0.98,0.99,1}
(M4) no yes 11.064 7.187 17.028
(M5) yes yes 11.314 6.906 18.094
Pair-wise panel DM tests (all countries)
Light down-weighting Heavy down-weighting
02 (M3) N4 (M)
(M1) 2.304 1.662 (M1) ~ 0.668 ~0.204
(M2) - -0.780 (M4) - -1.320

Notes: There are up to 15 macro and financial variables in the active set.
TFor each of the two sets of exponential down-weighting (light /heavy) forecasts of the target variable are
computed as the simple average of the forecasts obtained using the down-weighting coefficient, A, in the

”light” or the "heavy” down-weighting set under consideration.

27



Table 6: Mean square forecast error (MSFE) and panel DM test of OCMT of two-year ahead output growth
forecasts across 33 countries over the period 1997Q2-2016Q4 (2343 forecasts)

Down-weighting at? MSFE (x10%)
Selection stage Forecasting stage All Advanced Emerging
(M1) no no 9.921 7.355 13.867
Light down-weighting, A = {0.975,0.98,0.985, 0.99, 0.995, 1}
(M2) no yes 9.487 6.874 13.505
(M3) yes yes 9.549 6.848 13.704
Heavy down-weighting, A = {0.95,0.96,0.97,0.98,0.99,1}
(M4) no ves 9734  7.027 13.898
(M5) yes yes 10.389 7.277 15.177
Pair-wise panel DM test (all countries)
Light down-weighting Heavy down-weighting
(M2) (M3) M1 (M)
(M1) 3.667 2.827 (M1) 0.943 -1.664
(M2) - -1.009 (M4) - -3.498

Notes: There are up to 15 macro and financial variables in the active set.
TFor each of the two sets of exponential down-weighting (light /heavy) forecasts of the target variable are
computed as the simple average of the forecasts obtained using the down-weighting coefficient, A, in the

”light” or the "heavy” down-weighting set under consideration..

Table 7: Mean square forecast error (MSFE) and panel DM test of OCMT versus Lasso, and Adaptive
Lasso for one-year ahead output growth forecasts across 33 countries over the period1997Q2-2016Q4 (2607

forecasts)
MSFE under different down-weighting scenarios
No down-weighting Light down-weighting? Heavy down-weighting*
All Adv.* Emer.** All Adv. Emer. All Adv. Emer.
OCMT 11.246 7.277 17.354 10.836 6.913 16.871 11.064 7.187 17.028
Lasso  11.205 6.975 17.714 10.729 6.427 17.347 11.749 7.186 18.769
A-Lasso 11.579 7.128 18.426 11.153 6.548 18.236 12.254 7.482  19.595
Pair-wise panel DM tests (All countries)
No down-weighting Light down-weighting Heavy down-weighting
Lasso  A-Lasso Lasso  A-Lasso Lasso  A-Lasso
OCMT  0.220 -1.079 0.486 -1.007 -1.799  -2.441
Lasso - -2.625 - -3.626 - -3.157

Notes: There are up to 15 macro and financial covariates in the active set.

 Light down-weighted forecasts are computed as simple averages of forecasts obtained using the
down-weighting coefficient, A = {0.975,0.98,0.985,0.99,0.995,1}.

¥ Heavy down-weighted forecasts are computed as simple averages of forecasts obtained using the
down-weighting coefficient, A = {0.95,0.96,0.97,0.98,0.99, 1}.

* Adv. stands for advanced economies.

** Emer. stands for emerging economies.
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Table 8: Mean square forecast error (MSFE) and panel DM test of OCMT versus Lasso, and Adaptive
Lasso of two-year ahead output growth forecasts across 33 countries over the period1997Q2-2016Q4 (2343

forecasts)
MSFE under different down-weighting scenarios
No down-weighting Light down-weighting’ Heavy down-weighting®
All Adv.* Emer.** All Adv. Emer. All Adv. Emer.
OCMT  9.921 7.355 13.867  9.487 6.874 13.505  9.734 7.027 13.898
Lasso 10.151 7.583 14.103  9.662 7.099 13.605 10.202 7.428 14.469
A-Lasso 10.580 7.899 14.705  10.090 7.493 14.087 11.008 8.195 15.336
Pair-wise panel DM tests (All countries)
No down-weighting Light down-weighting Heavy down-weighting
Lasso A-Lasso Lasso  A-Lasso Lasso  A-Lasso
OCMT -2.684 -4.200 -2.137  -4.015 -3.606  -4.789
Lasso - -5.000 - -4.950 - -4.969

Notes: There are up to 15 macro and financial covariates in the active set.

 Light down-weighted forecasts are computed as simple averages of forecasts obtained using the
down-weighting coefficient, A = {0.975,0.98,0.985,0.99,0.995, 1}.

¥ Heavy down-weighted forecasts are computed as simple averages of forecasts obtained using the
down-weighting coefficient, A = {0.95,0.96,0.97,0.98,0.99,1}.

* Adv. stands for advanced economies. ** Emer. stands for emerging economies.

Table 9: The number of countries out of the 33 countries where OCMT outperforms/underperforms Lasso,
and Adaptive Lasso in terms of mean square forecast error (MSFE) and panel DM test over the period
1997Q2 -2016Q4

OCMT OCMT
Down- OCMT  significantly oCMT significantly
weighting outperforms outperforms underperforms underperforms
One-year-ahead horizon (h = 4 quarters)

Lasso No 13 0 20 3
Lightf 12 1 21 3
Heavy* 17 1 16 3
Adaptive Lasso No 16 1 17 2
Light 14 2 19 2
Heavy 19 1 14 0
Two-years-ahead horizon (h = 8 quarters)
Lasso No 24 1 9 0
Light 25 1 8 1
Heavy 25 1 8 0
Adaptive Lasso No 25 2 8 0
Light 28 3 5 1
Heavy 30 3 3 0

Notes: There are up to 15 macro and financial covariates in the active set.

TLight down-weighted forecasts are computed as simple averages of forecasts obtained using the
down-weighting coefficient, A = {0.975,0.98,0.985,0.99,0.995, 1}.

¥ Heavy down-weighted forecasts are computed as simple averages of forecasts obtained using the
down-weighting coefficient, A = {0.95,0.96,0.97,0.98,0.99,1}.
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Table 10: Mean directional forecast accuracy (MDFA) and PT test of OCMT, Lasso and Adaptive Lasso
for one-year ahead output growth forecasts over the period 1997Q2-2016Q4 (2607 forecasts)

Down- MDFA PT tests
weighting  All  Advanced Emerging All Advanced Emerging
OCMT No 87.6 87.4 88.0 8.12 7.40 3.48
Light' 87.4 87.1 87.8 7.36 6.95 2.53
Heavy'!  86.8 86.3 87.5 6.25 5.93 1.95
Lasso No 87.0 86.9 87.2 9.64 9.15 3.80
Light 87.1 87.1 87.1 8.12 8.22 2.26
Heavy 86.0 85.8 86.4 6.24 6.43 1.40
Adaptive Lasso No 87.3 87.3 87.2 10.80 9.91 4.75
Light 86.5 86.6 86.4 8.25 8.36 2.48
Heavy 85.5 85.3 85.7 6.84 6.92 1.88

Notes: There are up to 15 macro and financial variables in the active set.

 Light down-weighted forecasts are computed as simple averages of forecasts obtained using the
down-weighting coefficient, A = {0.975,0.98,0.985,0.99,0.995, 1}.

¥ Heavy down-weighted forecasts are computed as simple averages of forecasts obtained using the
down-weighting coefficient, A = {0.95,0.96,0.97,0.98,0.99,1}.

Table 11: Mean directional forecast accuracy (MDFA) and PT test of OCMT, Lasso and Adaptive Lasso
for two-year ahead output growth forecasts over the period 1997Q2-2016Q4 (2343 forecasts)

Down- MDFA PT tests
weighting All  Advanced Emerging All Advanced FEmerging
OCMT No 88.0 86.7 89.9 0.52 0.00 0.47
Lightf 87.7 86.6 89.3 1.11 0.39 0.94
Heavy!  87.0 85.8 88.8 0.50 0.89 0.34
Lasso No 87.6 86.6 89.2 0.77 0.60 0.66
Light 87.5 86.3 89.4 0.07 0.79 0.88
Heavy 86.8 85.5 88.8 1.54 1.87 0.34
Adaptive Lasso No 87.0 85.6 89.2 0.33 0.13 1.00
Light 87.1 85.9 88.9 1.03 1.82 1.10
Heavy 86.2 84.8 88.4 1.53 1.92 0.62

Notes: There are up to 15 macro and financial variables in the active set.

TLight down-weighted forecasts are computed as simple averages of forecasts obtained using the
down-weighting coefficient, A = {0.975,0.98,0.985,0.99,0.995,1}.

¥ Heavy down-weighted forecasts are computed as simple averages of forecasts obtained using the
down-weighting coefficient, A = {0.95,0.96,0.97,0.98,0.99, 1}.
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A  Appendix A: Mathematical Derivations

This appendix provides the proofs of Theorems 1 to 3. The proofs are based on lemmas
presented in the online theory supplement. Among these, Lemmas S-1.6 and S-1.7 are
key. For each covariate 1 = 1,2,--- , N, Lemmas S-1.6 establishes exponential probability
inequalities for the t-ratio multiple tests conditional on the average net effect, éi,T, being
either of the order ©(T~5) for some ¢; > 1/2, or of the order &(T), for some 0 < 9J; < 1/2.
For DGP given by (12), Lemma S-1.7 provides asymptotic properties of LS estimator of
coefficients and MSE of a regression model that includes all the signals and pseudo-signals.
This lemma establishes that the coefficients of pseudo-signals estimated by LS converges to
zero so long as k% = ©(T?) grows at a slow rate relative to T, i.e. 0 < d < 1/2. This lemma
also shows that the MSE of the regression model converges to that of the oracle model, which

includes only the signals.

Additional notations and definitions: Throughout this appendix we consider the

following events:
ko5 N A
Ay =HNG, where H = {Zi:l Ji= k} and G = {Zi:,ﬁk}ﬂ Ji = O} ) (A1)

where {J; for i = 1,2,--- , N} are the selection indicators defined by (9). Ay is the event of
selecting the approximating model, defined by H, is the event that all signals are selected,
and G is the event that no noise variable is selected. To simplify the exposition, with slight
abuse of notation, we denote the probability of an event £ conditional on ;7 being of

order ©(T~?) by Pr[€]0; 7 = ©(T~%)],where a is a nonnegative constant.

A.1 Proof of Theorem 1

To establish result (11), first note that A§ = H°UG® and hence (H¢ denotes the complement
of H)

Pr(Aj) = Pr(H®) + Pr(G°) — Pr(H° N G°) < Pr(H°) + Pr( G°), (A.2)

where H and G are given by (A.1). We also have H¢ = {35 J < k} and G° =
{Zﬁimk;ﬂji > 0}. Let’s consider Pr(H°) and Pr( G°) in turn. We have Pr(H¢) <
S Pr(J; = 0). But for any signal

Pr(J; = 0) = Pr [[tir| < (N, 0)|0ir = S(T~")] = 1=Pr [[tizr| > ¢,(N,0)|fir = S(T7")]
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where 0 < #; < 1/2 and hence by Lemma S-1.6, we can conclude that there exist sufficiently
large positive constants Cy and C; such that Pr(J; = 0) = O [exp(—=CoT“")]. Since by

Assumption 3, the number of signals is finite we can further conclude that
Pr(H¢) = O [exp(—CoT“)] (A.3)
for some finite positive constants Cy and (. In the next step note that
¢ N A N A
Pr(G¢) = Pr (Zi:k+k;+1 Ji > O) < Zi:k—i—k*T—l—l Pr <~7i = 1) :

But for any noise variable Pr(J; = 1) = Pr [Itir| > ¢,(N,8)|6:r = S(T)] , where ¢; > 1/2
and hence by Lemma S-1.6, we can conclude that there exist sufficiently large positive con-
stants Cp, Cy and Cy such that Pr(J; = 1) < exp [—Co2(N,6)] + exp(—C1T). Therefore,

Pr(G¢) < Nexp [-Coc2(N,0)] + N exp(—CiT?),
and by result (II) of Lemma S-2.2 in online theory supplement we can further write

Pr(G¢) = O(N'72%%) + O [N exp(—C1T%)] . (A.4)
Using (A.3) and (A.4) in (A.2), we obtain Pr(A§) = O(N'72%%) + O [N exp(—C1T)] and

Pr(Ag) =1 — O(N'72%%) — O [N exp(—C,T)], which completes the proof.

A.2 Proof of Theorem 2
For any B > 0,
Pr (7% |47 = 7ill > B) =Pr (T |47 = 7ill > BlAo ) Pr(Ao) +
Pr (7% |47 — 7ol > BIAG ) Pr(47).
Since Pr <T% 157 — vl > B[AS) and Pr (Ap) are less than or equal to one, we can further
write,
Pr (T |9z = vill > B) < Pr (T |47 = ¥ill > BlAg) + Pr(A47).

By conditioning on A, the dimension of vector 4, is at most equal to k + k}. and by
assumption k% = ©(T?) where 0 < d < 1/2. Therefore, by Lemma S-1.7 in online theory
supplement, conditional on Ay, ||[¥,— 45| is O, (T %) By Theorem 1, we also have
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limy_,o Pr(A§) = 0. Hence, for any € > 0, there exists B, > 0 and 7. > 0 such that

Pr (T |47 = il > Belo) + Pr (Af) < < for all T > T,
Therefore, Pr (T% 1Yz — 5l > Bg> < ¢ for all T' > T, and we conclude that
. . d-1
1z =il = 0 (7). (A5)

as required. Similar lines of arguments can be used to show that if E (ka},txjﬁk* t) =X is
T

a fixed matrix, then ||y, — 3| = Op <T%>, which completes the proof.

A.3 Proof of Theorem 3

Let Dp =771 Zthl 0 — [Zle Zle (T‘l Zthl O'Z'jt@O'ijt’/g) + 63,4. For any B > 0,
Pr (T% \Dy| > B) —Pr (T% |Dy| > B|Ao> Pr(Ay) + Pr (T% \Dy| > B|Ag> Pr(AS) .
Since Pr (T 2 |Dr| > B |A8) and Pr (Ap) are less than or equal to one, we can further write,

Pr (T% Dr| > B) < Pr (T% \Dr| > B\A()) 4 Pr(AS).

By conditioning on Ay the number of selected covariates is at most equal to k + k3. and
by assumption k¥ = ©(T?), where 0 < d < 1/2. Therefore, by Lemma S-1.7 in online
theory supplement, conditional on Ay, Dr is O, <T *%>. By Theorem 1, we also have
limy o Pr(A§) = 0. Hence, for any € > 0, there exists B. > 0 and 7. > 0 such that
Pr (T% \Dy| > B€|A0> 4 Pr(AS) < e forall T > T.. Therefore, Pr (T% \Dy| > B€> <
¢ for all T' > T, and we conclude that

T koo
7! Z 7 — [Z (T_l Z Uijt,xaijt,ﬂ> + 53,T
—1

t=1 i=1 j t=1

~0, (T—%) 7

as required. Following similar lines of argument we get that if E (ka;,txkk%, t) = X is a fixed

matrix, then,

T k kK
-1 Z 72— [Z (T—l Z aijt,xa;;w> +oor
=1

t=1 i=1 j t=1

~0, (T—%) 7

which completes the proof.
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This online theory supplement has two sections. Section S-1 provides the main lemmas
needed for the proofs of Theorems 1-3 in Appendix A of the paper. Section S-2 contains the
complementary lemmas needed for the proofs of the main lemmas in the previous section.
Notations: Generic finite positive constants are denoted by C; for i = 1,2,--- and c.
They can take different values in different instances. ||A|l2, [[A||lr, ||A|le and ||A]]; denote
the spectral, Frobenius, row, and column norms of matrix A, respectively. \;(A) denotes
the " eigenvalue of a square matrix A. ||x|| denotes the £ norm of vector x. If {f,}°°, is
any real sequence and {g,}°°, is a sequence of positive real numbers, then f, = O(g,), if
there exists a positive constant Cy and ng such that |f,|/g, < Cy for all n > ng. f,, = o(gn)
if fu/gn — 0 asn — oo. If {f,}22, and {g,}>°, are both positive sequences of real
numbers, then f, = &(g,) if there exist ng > 1 and positive constants Cy and Cf, such that
infr>n, (fu/gn) > Co and sup,,s,, (fn/gn) < Ci. respectively. If {f,}72, is a sequence of
random variables and {g,}>2, is a sequence of positive real numbers, then f, = O,(g,), if
for any £ > 0, there exists a positive constant B. and n. such that Pr (| f,| > ¢g.B:) < € for

all n > n..

S-1 Main lemmas

Lemma S-1.1 Let y, be a target variable generated by equation (1), zy = (214, 226, "+ 5 Zmt)’

be the m x 1 vector of conditioning covariates in DGP(1) and x; be a covariate in the active
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set Sy = {1, T, -+, N ). Under Assumptions 1, 8, and j we have
E [yixi — E(yewi)[Fi-1] = 0,
fori=1,2,--- N,
E [yezee — E(yr2)[Fi-1] = 0,
fort=1,2,--- m, and
E [y — E(y7)|Fia] = 0.
Proof. Note that y; can be written as
Ye = 23+ X5, By + e = 20y anza + 35—y By + us,

where xg¢ = (14, Tot, -+, xe)', and B, = (B, Pat, -+, Bre)’. Moreover, By Assumption 4,

ag is independent of x;» and zpy for all 4, ¢/, and t'. Hence, for i = 1,2,--- , N, we have
E(yzi|Fio1) = Y ey E(aft|E—1)E(zétxit|}—t—l)+Z§:1 E(Bje| Fi1)E(xjexie| Feo1)+E(uxie| Fioq).

By Assumption 1, we have E(ay|Fi—1) = E(an), E(zpxit|Fio1) = E(zazy), E(Bjt| Fio1) =
E(B;i), E(xjixi|Fio1) = E(xjxy), and E(uzy|Fimr) = E(wz,). Therefore,

E(yera| Fi1) = Y ey E(aew)E(zaxi) + Z?=1 E(Bj0)E(zjizir) + E(wiri) = E(yeaa).

Similarly, we can show that for £ =1,2,--- ,m,

E(yzee| Fio1) = 227:1 E(ap| Fi—1)E(zeezee| Fe—1) + Z§:1 E(Bje| Fio1)E(xjez0e| Fi1) + E(uezee| Fi-1)
= > -1 E(ars)E(zerze) + Z§:1 E(B0)E(zjeza) + E(urze) = E(yiza).

Also to establish the last result, we can write y; as y; = q;8; + u;, where q; = (z},%, )’

and &; = (a},3;)’. We have,

E(y;|Fi-1) = E( 8| Fe-1)E(aedy| Fi-1)E(8e| Fror) + E(uf | Fimr) + 2E(8; | Feo1 ) E(qrue| Fin)
= E(6))E(quay)E(0:) + E(uf) + 2E(d;) E(qeu) = E(y7).
|

Lemma S-1.2 Let y; be a target variable generated by equation (1). Under Assumptions

2-4, for any value of a > 0, there exist some positive constants Cy and Cy such that

sup Pr(|y;| > a) < Cy eXp(C’las/Q)
t
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Proof. Note that
el < 3005 [aaze| + Z§:1|ﬁjtxjt| + el
Therefore,
Pr(ly| > o) < Pr(300%, |agzu| + E?=1|ﬁjt95jt| + Jw| > a),

and by Lemma S-2.3 for any 0 < m; < 1,t=1,2,--- ,k+m + 1, with Zfilmﬂwj =1, we

can further write

Pr(|ye > ) < 30, Prfagze| > mea) + 35 Pr(|Bjas] > mj0) + Pr(|ug| > Thsmirar).
Moreover, by Lemma S-2.4, we have

Pr(|Bjuzje] > mja) < Prllaje] > (mj0)?] + Pr[|Be] > (micr) /7],

Pr(lagze| > mar) < Prl|zg| > (ma)lﬂ] + Prllag| > (moz)l/2],

and hence

Pr(ly] > o) < 308, Prllzal > (mea)'?] + 3772, Prllag| > (mea)'/?1+
S Prlla] > (w02 + 5 Pr|Bs] > (m0) V2] + Pr(juy| > mepaa),

Therefore, under Assumptions 2-4, we can conclude that for any value of @ > 0, there

exist some positive constants Cy and C' such that

sup Pr(|y,] > a) < Cyexp(Cra®/?).
t

n
Lemma S-1.3 Let x;; be a covariate in the active set, Sy = {x14, Tog, -+ , TNt} and z, =
(216, 296, -+ 2me)” be the m x 1 wvector of conditioning covariates in the DGP, given by (1).

Define the projection regression of x; on z; as
-/ ~
Tt = P 2¢ + Ty,

where P, = (1, ,¥m) is the m x 1 vector of projection coefficients which is equal to
(TS B(zez)) [T S B(zewi)]. Under Assumptions 1, 2, and 4, there exist some
finite positive constants Cy, Cy and Cy such that if 0 < X\ < (s +2)/(s +4), then

Pr(|x;M.x; — E(X/X;)| > (r) < exp(—=CoT~'¢}) + exp(—C1T?)
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and if X > (s +2)/(s+4), then
/ Sl s/(s+1) Co
Pr(jxiM.x; — E(X%;)| > (r) < exp(=Coty ) + exp(=C1 1)

: . 3 s~ =\ /
for all i and j, where X; = (Tj1, T, -+, Tir), Xi = (T, iy -+, Ti7), and M, = 1 —

T‘lzﬁDZjZ’ with Z = (21,29, ,27) and 3., = TS| (z,2}).
Proof. By Assumption 1 we have
E [2e:200 — E(2e1204)| Fi-1] = 0.
for 0,0/ =1,2,---,m,
E [xitl‘jt - E(%t%tﬂft—l] =0,
fores,7=1,2,---,N, and
E [ze2is — E(zev4)| Fi-1] = 0,

for{ =1,2,--- ,m,i=1,2,--- ,N. Moreover, by Assumption 2, for all 7, ¢, and ¢, x;;, and
ze have exponential decaying probability tails. Additionally, by Assumption 4 the number of
pre-selected covariates m is finite. Therefore by Lemma S-2.20, we can conclude that there

exist sufficiently large positive constants Cy, C1, and C5 such that if 0 < XA < (s+2)/(s+4),
Pr(xM.x; — E(RZ)| > Cr) < exp(—CoT~'2) + exp(—ChT)

and if A > (s +2)/(s+4)
Pr(|xM.x; — E(X%;)| > ¢r) < exp(—Co¢y/ ") + exp(—C1T)

for all7 and j. m

Lemma S-1.4 Lety; be a target variable generated by the DGP given by (1), z; = (z14, 226, -+ 5 Zme)’
be the m x 1 vector of conditioning covariates in DGP(1) and x;; be a covariate in the active

set, Sye = {x1, Tar, - ,xNe}. Define the projection regression of x;; on z; as
! 7 ~
Tit = th’i,T + Tit,

where ’QZZ‘,T = (Y17, Ymiz) i the m x 1 vector of projection coefficients which is equal

-1
to | TS, E(ztz;)] (TS B(zx4)]. Additionally define the projection regression of
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Ys ON Zy QS

Y = Z:f,lzy,T + gt?

-1

where 7ﬁy,T = (Y115 Ymy,r)" is equal to [Tfl Zle E(zz) [Tfl Zthl E(zy)]. Un-
der Assumptions 1- 4, if 0 < X < (s +2)/(s+4),

Pr(|xiM.y — ;7| > (r) < exp(=CoT'(F) + exp(—C1T),
and if A > (s +2)/(s+4)
Pr(jx/M.y — 0;7] > Cr) < exp(—Co¢ ™) + exp(—C1T),

foralli=1,2,--- | N; where x; = (vi1,Ti2, - ,xir), Yy = (Y1,Y2, -+ ,yr), Oir = T@LT =
E( i;y), il = ('%ilaji% T 7jiT)/ ’ 5’ = (ghg?v e 7gT>/7 MZ =1I- T_IZﬁ:;zlzlf 7= (Zl7z2>
-, z7) and S, =T"1! Ele 747

Proof. Note that by Assumption 1 and Lemma S-1.1, for all ¢ and ¢, cross products of x;,
zy and y; minus their expected values are martingale difference processes with respect to
filtration F;_;. Moreover, by Assumption 2 and Lemma S-1.2 , for all 4, ¢, and ¢, x;;, z,; and
y; have exponential decaying probability tails. Additionally, by Assumption 4 the number of
pre-selected covariates m is finite. Therefore by Lemma S-2.20, we can conclude that there
exist sufficiently large positive constants Cy, Cy, and C5 such that if 0 < XA < (s+2)/(s+4),
then

Pr(|xiM.y — ;7| > (1) < exp(=CoT~'(F) + exp(—=C1T),
and if A > (s +2)/(s +4), then

Pr(jx{M.y — O;7| > (1) < exp(—CoGy/ ) + exp(~C1T),
foralle=1,2,--- ,N. m

Lemma S-1.5 Let y; be a target variable generated by equation (1), z; be the m x 1 vec-
tor of conditioning covariates in DGP(1) and x; be a covariate in the active set, Sny =

{14, 224, ,xNe}. Define the projection regression of y, on q; = (z;, xy)" as

-/
Yt = @; pGt + Nt

_ -1
where ¢, = [T‘l ST E(qtqg)} (TS EB(quy)] is the projection coefficients. Under

Assumptions 1-4, there exist sufficiently large positive constants Cy, Cy and Cy such that if
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0<A<(s+2)/(s+4), then

Pr(lniM, n; —E(nin;)| > (r] < exp(=CoT~'(7) + exp(—=CiT),
and if A > (s +2)/(s+4), then

Pr{|niM, n; —E(mim,)| > Cr] < exp(—Coly/ V) + exp(—CiT),

for all i = 1,2,--- | N; where n; = (i1, Miz, -+ ,nir)’, My = Ip — Q(Q'Q)'Q, and
Q - <q17q27"' 7qT)/'

Proof. Note that n)M,n, = y'M,y where y = (y1,¥2,--- ,yr). By Lemma S-1.1 we have
E [yivi — E(yivi)| Fea] = 0,

fori=1,2,---, N,
E [y:zer — E(ys2e)| Fi-1] = 0,

for { =1,2,--- ,m, and
E [yf — E(y;)|Fi-1] = 0.

Moreover, by Assumption 2 and Lemma S-1.2, for all ¢, ¢, and t, x;, z4 and y; have expo-
nential decaying probability tails. Additionally, by Assumption 4 the number of pre-selected
covariates m is finite. Therefore by Lemma S-2.20, we can conclude that there exist suf-
ficiently large positive constants Cp, C7, and Cy such that if 0 < A < (s + 2)/(s + 4),
then

Pr([niM, n; —E(min,)| > ¢r] < exp(=CoT™'¢F) + exp(=CiT),
and if A > (s +2)/(s +4), then

Pr (M, m; —E(n/m,)| > ¢l < exp(=Co¢y/ ™) + exp(~C1T%),
foralle=1,2,--- . N. =

Lemma S-1.6 Let y; be a target variable generated by equation (1), z; be the m x 1 vec-
tor of conditioning covariates in DGP(1) and x4 be a covariate in the active set Sy; =

{14, T2, - ,xNt}. Define the projection regression of x; on z; as
! 7 ~
Ty = 2,0, 7 + Tit,

S.6



where ¥, p = (Yriz, - Ymir) 98 the m x 1 vector of projection coefficients which is equal
to [T' S B(zz) [T .1 E(zzy,)] . Additionally define the projection regression of

Yy ON Zy QS

Y = Z:ﬂz’y,:r + Yt

-1

where Y, = (Y11, Umy,r) is equal to [T‘l ST E(zz)| [T S E(zy)]. Lastly,
define the projection regression of y; on qi = (2}, xi) as

-/
Yt = @, 74t + Nit,

_ -1
where ¢; p = [Tfl Zthl E(qtqg)] [T-1 ZtT:1 E(qiy:)] is the vector of projection coefficients.
Consider

T-1V2x'M.y
VT Mn, /T XM.x;”

ti T

foralli = 1,2,--- | N; where x; = (21, Ti2, - ,xr), ¥ = W, Y2, ,yr)s M = (Nin, Nz
y 777iT)/; Mz =1- Z(Z/Z)_IZ,; 7 = (Zl>z27"' 7ZT), ; Mq =1- Q(Q,Q)_IQ,7 Q =
(d1,92, -+ ,qr). Under Assumptions 1-4, there exist sufficiently large positive constants

Cy, C1 and Cy such that

1
Pr [|t7,,T| > Cp(N, 5)|97,7T = @(Tl_q)} S exp [—C()CIQ)(N, 5)} + eXp(—ClTCQ), fO?" €; > 5

where c,(N, ) is defined by (8), 0;0 = TO;r = E(Xy), Xi = (Ti1, iz, -+, Tir)’, and § =
(71, T2, Jr). Moreover, if c,(N,8) = o(TY?7=¢) for any 0 < ¥ < 1/2 and a finite

positive constant c, then there exist some finite positive constants Cy and Cy such that,
Pr [|tz,T’ > Cp<N, 5)|02,T = @(Tl_ﬁiﬂ >1-— eXp(—CoTCI), fOT’ 0<¥; < %
Proof. Let o7, = E(T"'nin,), and 02, = E(T7'X[X;). We have |t; 7| = AirBir, where,

—~1/2
Ay — |T—1/2x; M, y|
T - )
O0ni 0%,
and
O0n;, 0%,

/T My, /T xM.x;

BiT
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In the first case where 6; 7 = ©(T" ) for some ¢; > 1/2, by using Lemma S-2.4 we have
Pr[[tir| > cp(n, 8)|0ir = S(T'")] < Pr[Air > ¢p(N,0)/(1 +dr)lfiz = S(T")] +
Pr [BZT >14+ dT\Qin = @(T1_5i>:| ,
where dr — 0 as T' — oo. By using Lemma S-2.6,

Pr [BiT >1+drlbr = @(Tl_q)]

’ On, 0%,
\/T‘lnéqu \/T_IX;MZXi

T My, (T %M. x;
S Pr (|( mn; qnz)(Q X X ) o 1‘ > dTlei,T — 6(T16¢)>

= Pr

— 1’ > dT‘ein = @(Tlel))

2
O0:9%;

= Pr [MzT +Rir + Mg Rir > dT|9i,T — @(T1_€i)]

where Rip = [(T~'nMgn;) /o7, — 1| and My = [(T~'x;M.x;) /0%, — 1|. By using Lemmas
S-2.3 and S-2.4 , for any values of 0 < m; < 1 with Z?:1 m; = 1 and a strictly positive

constant, ¢, we have

Pr [B@T > 1+ dT|9i,T = @(Tlfﬁiﬂ
< Pr [MzT > 7TldT|0i,T = @(Tl—si)] + Pr [RzT > WZdT‘ei,T — @(Tl_ei)] +
Pr [MZT > Bdp|b;r = 6(T1_Ei)} + Pr[Rir > c|br = &(T )]

First, consider Pr [M;r > mdr|0;7 = &(T*%)], and note that
Pr [Myr > midr|0;7 = ©(T'™)] = Pr [|x;M.x; — E(X%;)| > Wlaggcdeﬂ@i,T =o(T' ).
Therefore, by Lemma S-1.3, there exist some constants Cy and C such that,
Pr [./\/liT > mdr|0;r = @(Tl_fi)} < exp(—CoT).
Similarly,
Pr [Mr > Zdp|0; 7 = (T'%)] < exp(—CoT™).
Also note that
Pr [R,T > modr|0;r = @(Tl_“)] = Pr [|77;qu —E(nin,)| > 7T20'72h_TdT|9i7T = @(Tl_gi)} )
Therefore, by Lemma S-1.5, there exist some constants Cy and Cy such that,

PI’ [RZT > 7r2dT|9i,T = @(Tl_ei)} S eXp(—C[)Tcl).
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Similarly,
Pr[Rir > clfir = ©(T")] < exp(=CoT").

Therefore, we can conclude that there exist some constants Cy and C such that,
Pr [BiT > 14+ drl0ir = @(Tlfﬁ)} < eXp<_COTCI)

Now consider Pr[A;r > ¢,(N,0)/(1+ dr)|0;7 = ©(T' )], which is equal to

Pr |X2Mz Yy — 91‘7T + 92‘,T| Cp(N, 5)
0-7]1'0-5’1' 1 + dT

6,1 — @(Tl‘”>>

< Pr{ M.y —bir| > MTI/QCP(*M §) = |0ir||0ir = (T ) ] .
’ 1 + dT ’ ’

Note that since €; > 1/2 the first term on the right hand side of the inequality dominate the
second one. Moreover, Since ¢,(N,§) = o(T?) for all values of A > 0, by Lemma S-1.4, there

exists a finite positive constant Cy such that

Pr[|x|M.y| > kiT"?¢, (N, 8)|6;7 = ©(T' )] < exp [—OOCZ(N, 5],

In; 9%,
1+dr *
Given the probability upper bound for A;7 and B;r, we can conclude that there exist

where k| =

some finite positive constants Cy, C; and Cy such that
Pr[|tir| > ¢p(N,6)|0;r = (T )] < exp [-Coci(N,0)] + exp(—C T%).

Let’s consider the next case where 0; 7 = (T %) for some 0 < ¥J; < 1/2. We know that
Pr [[tir| > cp(N,8)|0ir = ©(T"")] =1 —Pr [tir < co(N,8)|0;7 = (T )] .

By Lemma S-2.8,

Pr ([t o] < ¢p(N,8)|6;0 = S(T'7)] < Pr [AZ-T < /1 +drey(N,6)|0ir = e(Tl—ﬂi)] +
Pr [Bﬁ <11+ delbir = @(Tl—ﬂi)} .

Since ;7 = ©(T'~7), for some 0 < ¥J; < 1/2 and c,(N,§) = o(T?79=¢), for any 0 < ¥ <
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1/2, ;7| — oy,05,[(1 + dr)T)V?c, (N, ) = ©(T*~%) > 0 and by Lemma S-2.5, we have

Pr [AZT < V1+drey(N,0)|0ir = @(Tl—ﬂi)}
_pr [|T1/2ngzy — Tfl/ZQi,T + T71/29i7T|

</ 1 + dTCp(N, 5>|01,T = @(Tl_ﬂl)

S Pr [‘X;sz - 91’,T| > |0i,T| — O'mO'ji[(]. + dT>T]1/2Cp(N, 5)|92,T = @(Tl_ﬁi)} .

On; 0z,

Therefore, by Lemma S-1.4, there exist some finite positive constants Cy and C; such that,
Pr[|xM.y — 07| > [0;7] — 03,0, [(1 + dr)T]?c, (N, 8)|6ir = S(T'")] < exp(=CoT),
and therefore

Pr [Ai;p < VT4 drey(N,8)|0;7 = @(Tl—ﬂi)] < exp(—CoT).
Now let consider the probability of B;r,

Pr (BiT <1/\/1+dr|b;r = @(Tl—ﬁi)>
= Pr O_Wio-i'i < 1

VT M /TXM.x;  V1+dr

—Pr <<T‘1n£qu>(T—1x;szi>

2 2
Um- z;

0i7 = @(Tl_ﬁ")>

> 1+ dr|bir = @(Tl_ﬁ"))
< Pr(Mz’T +Rir + MirRir > dT|9i,T = @(Tl_ﬁi))’

where Rip = [(T™'miMgn;) /o7, — 1| and Mp = [(T~'x]M.x;)/03. — 1|. By using Lemmas
S-2.3 and S-2.4 | for any values of 0 < 7; < 1 with Z?:l m; = 1 and a positive constant, c,

we have

Pr [Bar < 1/V/1+ drlfir = (7))
< Pr[Myr > mdr|0ir = ©(T"%)] + Pr [Rir > modr|fir = (T )] +
Pr [Mir > %2dr|0ir = ©(T'")] + Pr [Rir > clfir = ©(T'")] .

Let’s first consider the Pr [./\/liT > mdy|0;r = @(Tl_ﬁi)}. Note that
Pr [MzT > 7T1dT|0i,T = @(Tl_ﬂiﬂ = Pr |:|X;].VIZXZ - E(V;I/Z)l > WlagdeTlgi’T = @(Tl_ﬂi)} .
So, by Lemma S-1.3, we know that there exist some constants Cy and C; such that,

Pr [Myr > mdr|0;r = ©(T" )] < exp(—CoT).
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Similarly,
Pr [Mir > %dr|0ir = ©(T"")] < exp(~=CoT).
Also note that
Pr [Rir > madr |0 = S(T'7")] = Pr [[nMyn; — E(nin,)| > mo] Tdr|o;r = S(T'")] .
Therefore, by Lemma S-1.5, there exist some constants Cy and C] such that,
Pr(Rir > modr|0;r # 0) < exp(—COTCI).
Similarly,
Pr(Rir > iz # 0) < exp(=CoT).
Therefore, we can conclude that there exist some constants Cy and C such that,
Pr |Bir < 1/V/T+ drltir = S(T'")| < exp(~CoT™),
So, overall we conclude that

Pr [[tir| > c,(N,8)|6iz = S(T" )]
=1-"Pr [ti,T < CP(N7 5)|92,T = @(Tl_ﬁi)} >1— eXp(—CoT01).

Lemma S-1.7 Consider the following data generating process (DGP) for y;:

k
yt:intﬁithut fOTt:LQ,"' ,T. (Sl)

=1

Estimate the following regression
k Ir
Y= Tubit Y Treedy = A+ 8+, (S.2)
i=1 j=1

by least squares (LS), where qp = (x1¢, Tor, - -+, Tie)', @ = (61, 02, -+, Ok)', St = (Thr1t, Thotot,
 Tgaipt), and & = (81,09, -+ ,8,)". The LS estimator of v, = (¢',87%) is

Yp = (TT'W'W) ™ (T-'W'y) (S.3)
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where W = (wy, wa, -+, wp), w; = (q}, sg)' andy = (y1,v2, -+ ,yr). The model error is

A=y — WAz (S4)

Suppose that Apin [T 'E(W'W)] > ¢ > 0, and Iy = ©(T?), where 0 < d < 1. Moreover
suppose that Assumptions 1-4 holds. Now,

(i) If E(By) = B; for allt, then
2 * a—1
17— vill = 0, (T°7). (5.5)
where v7 = (8, 0,.) and B = (B1, B2, -+, B)'. If Assumption 6 also holds, then

k T
1ata _ _ 1 l
T-'q'n = Z Z (T 1 ZO’ijt,xO'ijt,ﬁ> + JZ7T +0, (ﬁ) +0, (%) ,  (S5.6)

=1 j=1 t=1
where Oijte = E (xitxjt); Oijt,8 = E [(ﬁzt — /BZ)(/Bjt — 6]‘)]7 and 65,T = TﬁlE (lllll).

(i7) If E (w,w}) is time invariant, then

d—1

4 =il = 0, (1°57). (8.7)

where vy = (B;,O;T)’, BT = (BlT,BzT,"‘ 7BkT),; and B = T! ZthlE(ﬁit)~ If
Assumption 6 also holds, then

k k T
ERTIR 1 [
T 'i'f = ZZ(T Zawtw%tﬂ> +oar+0, (ﬁ)JrOp <TT)’ (S.8)

=1 j5=1

where o}, 3 = E [(Bie — Bir) (Bje — Bir)]-

Proof. In the first scenario, where E(5;;) = ; for all ¢ , we can write (S.1) as

Z xztﬁz + Z Tit th - Bz + U = Z xztﬁz + Z Tit +up = q;ﬁ + I';T + U,

where 1y = xy (B — 5), v = (ru,roe, -+ ,7re), and 7 is a k x 1 vector of ones. We can

further write the DGP in a following matrix format,
y=QB+R7+u, (5.9)

where Q = (q1,92,- -+ ,q7r), R = (r1,re,- -, rp) and u = (uy,ug,--- ,ur). By substitut-
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ing (S.9) into (S.3), we obtain
Yp = (TT'WW) ™ (T'W'QB)+(T'W'W) ™ (T'W'RT) +(T'"W'W) ' (T"'W'u)
(S.10)

where W = (Q,S), and S = (s1,8s,--- ,s7)". Since v; = (8,0,,.), Q8 = QB + S0, =
W+, which in turn allows us to write the above result as:

Yp = (TTW'W) ™ (TT'W'W) ~t (TT'W'W) ™ (T'W'RT)+(T7'W'W) ™ (T7'W'u)
and hence
Yr = = (T7W'W) ™ (TT'W'RT) + (TT'W'W) 7 (T7'W'u). (8.11)

We can further write

Y — _{(T 'Ww) ™ - [E (T 'W'W)] 1} (T~ [(WRT) - (W’RT)]}+
{(T 'WW) ' = [E(T'W'W)] 1} [T-'E (W'RT)]
[E(T7'W'W)] " {T (WRT) - E(WRT }+
{(T 'WW) - [E(TTWW)] 1} {r" E(W')]} +
{(TwWw) ™~ [E (1 W'W)] "} [T'E (W'n)

[E(T'W'W)] " {77 [(W'u) — E(Wu)]} .

Hence, by the sub-additive property of norms and Lemma S-2.9, we have

17 =il < |[(T7WW) T - [B (T WIW)] [(WRT) - E(WRT)]| +
(T'W'W) ™' = [E(T"'W'W)] || ||T7'E(W'RT)| +
[E(T7'W'W)]~ H |71 [( WRT) — IE(W’RT)]H +
(T'W'W) ™ — [E (T"'W'W)] H(W'a) — E(W)]||, +
(T'W'W) ™' = [E(T""W'W)] || [|T7'E(W)]| +
[E (T WwW)] |7 (W) —E (W ).
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Since, by Assumption 3, (§; for ¢ = 1,2,--- ,k are distributed independently of w; for
t:1727"' JTJ

T

T'E(WRT) = Zk: T Z E(wri)

=1 t=1

-

=1

7! Z E(wzi (B — Bi))

t=1

M-
K
[

E(wizi)E (8 — B@)] =0.

Hence,

17z =zl < S E@WW) | (T W R+

E(T-'W'W)]™ T WRT |+

-1

~EEww)) |+

| T~ "W'ul|.
2

Since Assumptions 1 and 2 imply that W, and u satisfy condition (i) and (ii) of Lemma
S-2.12, by Lemmas S-2.12 and S-2.13, we have

, [
vl -0, (% ).

Similarly,

|77 (W'W) — E(WW)), = 0, (%) ,

and since Ir = ©(T?) with 0 < d < 1/2, by Lemma S-2.14,

Ir
—o. ().
= ()
Now consider ||[T-'W'R. 7||. Note that the row j and column i of I7 x p matrix T-'W'R

is equal to 71 Zthl wj;ri. Hence the j™ element of I x 1 vector T-'W’'RT is equal
T ST wjry. In other words, T-'W'RT = T-'S2% ST wyri;. Therefore, (re-

1

| ww) ™ B (1 ww))
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calling that r; =z (Bie — 5i))

kT 2 k T 2
HT_IW'R‘I'H2 =Tt Z Z (WyTit) Z T Zwtl’z‘t (Bit — Bi)
kz:thZIT =1 t=1
=7 Z Z Z Wi Wy L (B — Bi) (B — Bs)
i=1 t=1 t'=1
kT tT kg
=72 Z Z Z Z Wt Wet Tt Tit! (5@'1& - ﬁi) (Bit’ - ﬁi) .
i=1 t=1 /=1 (=1

Since, by Assumption 1, §; for ¢ = 1,2,--- ,k are distributed independently of w; for
t=1,2,---,T, we can further write,

k+lr

kK T T
E HT‘IW’RTH2 <772 Z Z Z E (wewe xazi) E[(Bi — Bi) (B — Bi)]
=1 =1 /=1 (=1
T T ktbr t

k
ST NN D E(wawwzazi )| < BBy — ) (B — 5]

=1 t=1 t'=1 (=

kK T T
<71 (/C + KT) SUP; ¢t ¢ |E WeW o Tt Ty | Z Z Z |E ﬁzt - ﬁz ﬁzt' - 51)“

=1 t=1 t'=1

+

o~
I

Since W satisfy condition (i) of Lemma S-2.12, we have sup, ¢, , [E(wuwe zizi )| < C < o0o.
Also, note that for any ' < t,

E [(5zt - 51) (5%’ - 62)] =E [(Bit’ - B@) E (th - /6i|~7:t—1)] )

and by Assumption 1, E (8;; — f;|Fi—1) = 0. Therefore,

Z Z |E th ﬁz ﬁzt’ - Bz)”

t=1 t'=1

\ [(Bie — B | +2) Y IE[(Bie — Bi) (B — B)]]

t=2 t'=1

I
Mﬂ HMH

B [(B: — 8:)*]| = O(T).

t=1

Since, by Assumption 3, k is also a finite fixed integer, we conclude that

E|T*WRr|* =0 (%T) ,
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and hence, by Lemma S-2.13,

, l
|T'W'RT|| =0, ( %) .

So, we can conclude that

. . Iy
157 = il = O, ( ?) ,

as required.
In the next step, consider the mean square error of the model, T~'#7#,. By substituting

y from (S.9) into equation (S.4) for the model error, we have
N=y—-Wyr=QB+R7+u—- W9,

Since QB = W7, where 47, = (8',0;,)’, we can further write,
N=Rr+u— W& —77).

Therefore,

RT+u~W( 47 —77)] [RT +u—~W (97 — 77)]

R7+u) (RT +w) + T [W (37 —vp)]' [W (47 — 7)) -
2T (W (97 — )] (RT +u)
=T (7'RR7r +u'u) + 2T '7'R'u+ (3, — ;) (T7"W'W) (3, — v5) —
2(%r — ) [T (W' Rt + Wa)] .

T'fH="T"
= 7!

By substituting for 4, — 4 from (S.11), we get

T'Wa=T"TRR 7+ uu)+ 2T '7Ru+

[T~ (W'RT + Wu)] (T'W'W) ™ [T~ (WRT + Wu)] -
2[T"H(WR T+ Wu)] (T""WW) ™' [T (WRT + W)
=T'(rR'R7 +u'u) + 27 '7'R'u—

[T7' (W'RT + W)] (T7'WW)

-1

[T (WRT + Wu)].
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we can further write

T 'R =T"E(T'RRr+uu)+T H[TRR 7 - E(T'R'R7)| + [uu - E (u'u)]} +
27 ' T'R'u— [T7H (WRT + Wu)]' [E (T7'W'W)] " [T7H (WRT + W'u)] —
[ (WRr + W] { (T W'W) ™
Therefore,
T'9'H —T'E(T'R'RT 4+ u'u) <
T'7TR Rt —E('RR7)]+ T ' [uu—Euu)|+

27 R+ |77 W (R + )| | [B (77 wrw)) (5.12)

+
2

-1

|77 W R+ w1 || (7 Ww) T [E (T ww) |

First, consider 77! [f'R'R7 — E (7’'R'R7)]. Note that

. T T/ k
TR'Rr =7/ (Z rﬂ'é) T = Z 7'ry) (17) = Z (Z T”) <Z it
t=1 t=1 =1

Recalling that r; = x;(8y — 5;), and hence,

k k T
T7' [FRRr —E(rRR7)]=) ) (T_l Z“Z’J“) ’

i=1 j=1

where
A5t = xitxjt(ﬁit - 5i)(5jt - 5;‘) —-E (!Bit%t) E [(/Bit - 5¢)(5jt - /Bj)] .
- 2
Now consider E (T‘l Dt aij7t> and note that

E (af,) +2T~ ZZ]E .o

t=2 t'=

E (a?j,t) + 2T72 Z Z E [aij’t/]E (aij’t“ﬁ,l)] .

1 t=2 t'=1

T 2
E (T-l D aijvt) =72
t=1

T*2

R

o~
Il

But, by Assumptions 1, 3, and 6,

E (aij,t|ft71) =K (xitl’jtlj—';&fl) E [(ﬁzt - @)(5]:5 - 5j>|-7:t71] —E (xitmjt) E [(ﬁzt - @)(5]1&
= E (wazje) E[(Bie — B:)(Bje — By)] — E(warwje) B [(Bie — B:)(Bjr — B5)] = 0.
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Therefore,

T 2
E (T_IZaijﬁt) =T~ 2ZE z]t - (%)7

t=1 t=1

and by Lemma S-2.13 we conclude that

T
1
—1
aije| = Op <—) :
2 Vs

Since by Assumption 3, k is a finite fixed integer, we can further conclude that

T7'[*R'Rr —E(7R'R7)| = Z Z (T_l Z %‘,t) =0, (%) - (S.13)

i=1 j=1 t=1

Now, consider, T-!7'R’u. Note that

T

T T ok
T 'Ru=T7"17 <Z rtut> =7! Z v, = T4 Z Z Tilly = Z ( Z rltut> )
=1

t=1 t=1 =1 i=1

We have

T 2 T
E (T_IZTitut> =T E(rju;) + 27" ZZE Tl Uy )

t=1 t=1 t=2 t'=

Since 1y = xu(Bi — Bi), and By for i = 1,2,--- |k are distributed independently of z;s,

j=1,2,--- N, and u, for all t and s, we can further write for any ¢’ < ¢

E (Tz‘tﬁt/utut’) =E ($itut$itfut/) E [(@t - 51)(5119 - ﬁz)]
=E (xitutxit/ut/) E {(ﬁz‘t/ - 51)E [(ﬁzt - 51)’-7:1&71]} .

But, by Assumption 1, E[(8;; — 5;)| Fi—1] = 0 and thus E (ryrpuwuy) = 0 for any ¢ < t.

Therefore,

T 2 T
- 1
E (T ! 521 mtut) =72 g E (rju;) = O (?) .

t=1

= (%) Since, by Assumption 3, £ is a finite

Hence, by Lemma S-2.13, ‘T*I Zthl ity =

fixed integer, we conclude that

T'7R'u = i (T—l iritut> =0, (iT) : (S.14)

=1




By substituting (S.13) and (S.14) into (S.12), and noting that | 7-'W’ (R7 4 u)||* = O,(lr)T),
H(T‘1W’W)_1 — [E(TWW)] 7| = 0,(tr/VT), and 77! [u'u — E( wu)] = 0,(1/VT),
we conclude that

k T
Cara - _ 1 lr
T-'q'fH = Z Z (T 1 ZO'@'jt,xO'ijt,B> + Ui,T + O, (\/T) + 0, <T) ;

=1 j5=1 t=1

where Oijta = E (l‘itI’jt), Oijt,3 = E [(ﬁzt — ,62)(5]15 — ,63')], and 5’2771 = TﬁlE (u’u).
In the second scenario, where E (w,w}) is time invariant, we can write (S.1) as

Z xztﬁzT + Z Tt /th - BzT + Uy = Z Q:ztﬁ'LT + Z h’Lt + Uy = (I;B + hQT + Uy,

where h;; = i (@'t — BZ-T), and hy = (hyy, hog, -+, hgy)’. We can further write the DGP in a

following matrix format,
y=QB8+H T +u,

where H = (hy,hy,---  hr)’. Now, by using the similar lines of arguments as in the first

scenario, we get
Yp =% = (T'W'W) ™ (T'W'HT) + (TT'W'W) ™ (T7'W' u).

Notice that

k T k T
T7'E(WHT) = Z T ZE(Wthit) = Z {T_l Z E[wizit(Bie — ﬁiT)]}
z:l L tTl i=1 ) t=1
= Z T_l Z E Wt'rzt 621& - ﬂzT)

s
Il
—

- T
E(wx) T Z E(Bit — Bir)

t=1

I
<

-

s
Il
—

Hence, we can further use the similar lines of arguments as in the first scenario and conclude
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that

-1

e = el < | (T Ww) " - [E (0 ww)] |||t wWET |+
[E(T-'WW)]™ 'WHT|| +
(T Ww) = [E (T WW)] |7 W+
[E(T-'WW)]™ "'W'u|

We know that

7wl - o, (@) ,

| ww) ™ - [E (T W W)

and

-1

=0 (r)

Now consider [|[T~'W’'H 7||. By using the similar lines of arguments as in the first scenario,

we have

k

+

k ktlp T T
HT”VV’H‘I'H2 <7 Z Z Z WerWep Tit Tt/ (ﬁzt - Bz) (ﬁit/ - Bz) .
i=1 t=1 ¢

=1 t= =1

o~

Since, by Assumption 3, (§; for ¢ = 1,2,--- ,k are distributed independently of w; for

t=1,2,---,T, we can further write,

k k-‘,—lT T

EHT 'w HTH <7 Z Z ZZE W Wy Tiy Ty ) [(611& _Bz) (Bit’ _Bz)}
i=1 (=1 t=1 /=
k k+ly T .

—723 S SR (wka?) [@t—@) }
e T

T Z ZE (wpwepzyry) E [(Bit - Bz) (6@'1&’ - Bz)} .
i=1 (=1 t=1 t'#t
Since, by Assumption 1, E [wywe; — E(wgwe)| Fi—1] =0 for all £, ¢ and t = 1,2,--- | T, we
have for any ¢ #t

E (wtztwet'CEitl’it/) =EK (wetxz't) E (wet'CCz‘t') .
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Therefore,

Z Z E (wgtWEtllCitwit') E [(ﬂzt - B@) (ﬁit’ - B@)}

t=1 /£
T
= Z Z E (wewy) E (wepxy) E [(ﬁzt - 51) (ﬁit/ - 51)} .
t= /£t
Since E (w;w;}) is time invariant, we can further write

Z Z E (wewep zyxip ) E [(ﬁzt - Bz) (ﬁit' - Bz)}

t=1 t'#t

T
U)gtaizt Z Z ﬁzt - /Bz (ﬁzt /B’L)] .
=1 v/t

Note that, by Assumption 1, for any ' # t, E [(@t — Bl) (ﬁit/ — BZ)] = [E (Bi) — B,} [E (Bi) — Bz]

Therefore

Z Z E (wywepzyzip) E [(@zt - Bz) (/Bit’ - Bz)]

t=1 /ot
T
wgtl’zt Z Z /th ﬂz (6#/) - BJ )
t=1 ¢/t

We can further write,

T
Z Z E (wgwep vyzip) E [(ﬂzt - B@) (51‘15’ - B@)}
t=1 't

T T

= [E (waza))’ {Z Z (Bit) — Bi] [E (i) — ] Z (Bi) — }

t=1 t/=1 t=1

. =
= wétmzt 2 { th } {Z ﬁzt }
t=1 t'=1

2

K (wetiUit)]Q Z []E (Bit) — 3

Mq

But, Zthl [E (Bit) — Bz} = 0, and therefore,

Z Z E (w&wet'%t%t’) E [(th - ﬂ_z) (Bit’ - Bz)] = - []E (wét%‘t)]z Z [E (ﬁzt) - Bz] ’ .

t=1 't t=1
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So,

<723 Y S {E(wRad) E | (Bu - 5)°] - [E (waa))” [E(50) - 3]}

and hence, by Lemma S-2.13,

|T-"W'HT| =0, (@) :

So, we conclude that

) o It
15 =74l = O, (x/f) -

Lastly, consider the model mean square error for the second scenario. Following the same
lines of argument as in the first scenario, we can write,

T7'9'H — T7'E(rHHT + u'u) <
T'[7H Hr - E(rHHT)]+ 7T '[uu-E@u)+

27 B+ |[T7W (Hr +u)|*|[[E (17 W'w)] ! (5.15)

+
2
|7 'W (Hr + )| H (T7'W'W) ™' - [E (T—lw’w)]*lHF .
First, consider 7! [+'H'HT — E (7'"H'H7)]. Note that

THHT =71/ (Z hth;> T = Z( 7'ry) (vy7) = Z <Z hit) (Z hjt) =

k
t=1 t=1 i=1 J=1 =

k
>N hichye.

i=1 j=1 t=1

Recalling that h; = 24 (Bi — Bir), and hence,

I [P HH & (PHH)] = 33 (T‘l > bw) ,

i=1 j=1 t=1

where

bij,t = J7z’t$jt(5it - BiT)(ﬁjt - BjT) —E (%‘t%’t) E [(Bit - BiT)(ﬁjt - BjTﬂ .
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2
Now consider E (T‘l ZtT:l bij7t) and note that

T
E (T—l me) =72
t=1

=T 2

E z]t +2T ZZZE ’L]tbljt’

t=2 t'=

M* Mﬂ

E z]t +2T ZZE th’]E‘ zgt|-Ft 1)]

1 t=2 t'=

-
Il

But, by Assumptions 1, 3, and 6,

E (bz‘j,t|ft—1) =K (xz‘tfjt|-7:t—1) E [(th - Bz’T)(ﬂjt - BjT)|-7:t—1} —-E (Iitxjt) E [(611&
=E (l‘z‘t%’t) E [(Bit - BiT)(ﬁjt - BjTﬂ —E (Iitxjt) E [(51’15 - Bz’T)(Bjt

Therefore,

T 2 T
E (T-l me> =T7> E(;,)=0 (%) ,
t=1

t=1

and by Lemma S-2.13 we conclude that

“o (L),

Since by Assumption 3, k is a finite fixed integer, we can further conclude that

T~'[*'HHT — E (r'HHT)| = Z > <T1 > bl-j,t> =0, (%) :

Now, consider, T-!7/H'u. Note that

T

T by

t=1

— Bir)(Bjie
—Byr)] =0

(S.16)

T
T Y7 Hu=T"17 (Z htut) T Z Th, =T~ Z Z hiuy = Z ( Z h,tut> )
=1

t=1 i=1
We have
T 2 T T
E (T_l Z hitut) =T 2 Z E 1tut + T_2 Z Z E (hithit/utut/) .
t=1 t=1 t=1 t/#t

Since hy = (B — Bir), and By for i = 1,2,--- , k are distributed independently of Tjs,
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j=1,2,--- N, and u, for all ¢t and s, we can further write for any ¢’ # ¢

E (hithiuuy ) = E (zgurpuy ) E [(ﬁzt - BiT)(ﬂit/ - B@T)]

But, by Assumption 1, E [z;u; — E(zyus)|Fi—1] = 0 and we also have E(zyu;) = 0 for
1=1,2,---,k and thus for any ¢’ # ¢t we have

E (xitutxit/ut/) = E (xitut) E (xit’ut’) =0.
Therefore,
T 2 1
E(T'S hyw | =772 E[(hyw)? _0(—).
( z) >k (] =0 (1

Hence, by Lemma S-2.13, ‘T‘l Zthl Bt

fixed integer, we conclude that

T 'vHu= zk: (T—l tz: hitut) =0, <%) . (S.17)

=1

=0, (%) Since, by Assumption 3, k is a finite

By substituting (S.16) and (S.17) into (S.15), and noting that |7-'W’ (Hr + u)||* = O,(lr)T),
H(T”W’W)_l —E@WW) Y| = 0,(lr/VT), and T [w'u — E ( u'n)] = 0,(1/vT),

F
we conclude that

k k
1At - ) _ 1 Iy
9= XY (1Y ) s, () o, (5).

t=1

where O-;kjt,,B =FE [(ﬁzt — Bi,T)(ﬁjt — Bijﬂ, BiT =7 Z?zl E(ﬁzt); and 5’3771 =T 'E (U/U). u

S-2 Complementary lemmas

Lemma S-2.1 Let z; be a martingale difference process with respect to Ff, = o(zi-1,
Zi_9,++ ), and suppose that there exist some finite positive constants Cy and C, and s > 0
such that

sup Pr(|z] > a) < Coexp(—C1a?®), for all o > 0.
t

S.24



Let also o2, = E(27|F7 ) and 62, = T! ST 0%, Suppose that (p = S(T?), for some
0<A<(s+1)/(s+2). Then for any 7 in the range 0 < m < 1, we have,

—(1—m)2¢2
Pr (|ZtT:1 2| > CT) < exp [ETZ)TCT] :
if A> (s+1)/(s+2), then for some finite positive constant Csy,

Pr (|ZtT:1 2| > §T> < exp (—C’QC;/(SH)) .

Proof. The results follow from Lemma A3 of Chudik et al. (2018) Online Theory Supple-

ment. W

Lemma S-2.2 Let

cp(n,8) = &' (1 - 2f(i,5)) , (S.18)

where ®~1(.) is the inverse of standard normal distribution function, p (0 < p < 1) is the

nominal size of a test, and f(n,d) = cn® for some positive constants § and c. Moreover,
leta>0and 0 <b < 1. Then (I) cp(n,d) = O [wdln(n)] and (I1I) n®exp [—bci(n,6)] =
@(na—zbé).

Proof. The results follow from Lemma 3 of Bailey et al. (2019) Supplementary Appendix

A m
Lemma S-2.3 Let x;, fori =1,2,--- ,n, be random variables. Then for any constants m;,
fori=1,2,--- n, satisfying 0 < m; <1 and Y ;_, m = 1, we have

Pr(3_ o] > Co) < 3001, Pr(|zi| > mCo),
where Cy is a finite positive constant.

Proof. The result follows from Lemma A1l of Chudik et al. (2018) Online Theory Supple-

ment. W

Lemma S-2.4 Let z, y and z be random variables. Then for any finite positive constants

Cy, C1, and Cs, we have
Pr(lz| x [y| > Co) < Pr(|z] > Co/Ch) + Pr(ly[ > Ch),
and
Pr(ja] x ly] x |2 > Co) < Pr(Jz| > Co/(C1C)) + Pr(lyl > C4) + Pr(|z| > C).
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Proof. The results follow from Lemma A1l of Chudik et al. (2018) Online Theory Supple-

ment. ®

Lemma S-2.5 Let x be a random variable. Then for some finite constants B, and C', with
|B| > C >0, we have

Pr(|z + B| < C) < Pr(|lz| > |B| - C).

Proof. The results follow from Lemma A12 of Chudik et al. (2018) Online Theory Supple-

ment. W

Lemma S-2.6 Let xr to be a random variable. Then for a deterministic sequence, ar > 0,

with ar — 0 as T — o0, there exists Ty > 0 such that for all T > Ty we have

1
Pr ( T 1‘ > aT) < Pr(jzr — 1] < ar).

Proof. The results follow from Lemma A13 of Chudik et al. (2018) Online Theory Supple-

ment. ®

Lemma S-2.7 Consider random variables x; and z, with the exponentially bounded proba-

bility tail distributions such that
Sl;p Pr(|z;| > a) < Coexp(—C1a®), for all a > 0,
sup Pr(|z| > a) < Cyexp(—Cra®), for all a > 0,
where Cy, and Cy are some finite positive constants, s, >0, and s, > 0 . Then

sup Pr(|z,2| > o) < Cyexp(—Cia®/?), for all a > 0,
t

where s = min{s,, s, }.
Proof. By using Lemma S-2.4, for all o > 0,
Pr(|ziz| > a) < Pr(|z] > o'/?) + Pr(|z| > o!/?)
So,
Sl;p Pr(|aiz] > a) < sgp Pr(|z;| > o!/?) + Sl:p Pr(|z| > o!/?)

< () exp(—ClaSI/z) + Cy exp(—ClasZ/Q)
<y eXP(—CloéS/Q)

where s = min{s,,s.}. m
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Lemma S-2.8 Let x, y and z be random variables. Then for some finite positive constants

Cy, and Cy, we have

Pr(lz| x |y[ < Co) < Pr(la] < Co/Cy) + Pr(ly < C1),

Proof. Define events 2 = {|z| x |y| < Cp}, B = {|z| < Cy/C1} and € = {|y| < C;}. Then
20 € B UL Therefore, Pr(2A) < Pr(B U ). But Pr(B UC) < Pr(B) + Pr(€) and hence
Pr(A) < Pr(B) 4+ Pr(¢). =

Lemma S-2.9 Let A and B be n X p and p X m matrices respectively, then
|AB|r < [[Allr|[Bl2, and [|AB[|r < [|A[[2[|B]|F. (5.19)

Proof. ||AB|% = tr(ABB’A’) = tr[A(BB’)A’], and by result (12) of Lii tkepohl (1996,
p.44),

tr[A(BB')A'] < \uax(BB)tr(AAY) = ||A[[5] B3,

where A\ (BB’) is the largest eigenvalue of BB'. Therefore, ||[AB||r < ||A]#||Bl2, as

required. Similarly,

|AB||% = tr(B'A’AB) = t1[B'(A’A)B] < Anux(A'A)tr(B'B) = || Al3(B%
and hence

[AB| 7 < [[All2][B]|F-
]

Lemma S-2.10 Let A = (a;j)nxm where sup;; |ai;| < C < oo, then

|All, = O (vVnm) . (S.20)
Proof. This result follows, since [|All, < \/[|A[l L |All;, |All, = O(m) and ||A|; = O(n).

Lemma S-2.11 Consider two N x N nonsingular matrices A and B such that
B~ [l2[|[A = Blr < 1.

Then

B~HIIA — Bllr

A _Bl.< .
| Ir < T B LA —Bl,
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Proof. By Lemma S-2.9,
AT =B r = AT (B - A)B | < [AT2]|B — Allp[IB72

Note that

A7 s = [AT =B + B, < [AT =B, + [|B™||2
<A =B p+ | B,

and therefore,

A =B r < (A7 = B+ B 2)B - All#[B~]..
Hence,

IA™ =B~ |p(1 = [IB7'[l2B — Allr) < [B[3IB — Allr.

Since ||B7!|2|B — Al|r < 1, we can further write,

IB~MZIA — Bl
— [IB72/|A = BJlr

AT =B7p < 1
]

Lemma S-2.12 Let X and Y be T' x N, and T' x N, matrices of observations on random
variables xi and yj, fori=1,2,--- Ny, 7 =1,2,--- Ny andt =1,2,--- T, respectively.

Denote
wije = TuYjr — E(xuy;), for alli,j and t.
Suppose that
(i) sup;, E|zy|* < C, sup,, E |y|" < C, and
(i) Sup; ; [Zthl ZtT’zl E<wij,twij,t’>} = O(T).

Then,

E(|T' XY -EXY)]|. = (%) . (S.21)

Proof. The results follow from Lemma A18 of Chudik et al. (2018) Online Theory Supple-

ment. W
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Lemma S-2.13 Let X = (zij)rxn, and Y = (yij)rxn, be matrices of random variables,

respectively. Suppose that,

E|7' XY —~EXY)]; = O(ar), (S.22)
where ar > 0. Then

|77 XY —EX'Y)]||, = Op(Var). (S.23)
Proof. For any B > 0, by the Markov’s inequality

7' XY - EXY)]|
CLT32

Pr (|77 [X'Y —E(X'Y)]||, > Byar) <

Since E|| 77 [X'Y — E(X'Y)] H; = O(ar) , there exist C' and Ty such that for all T' > T,
E|7 ' [XY - EX'Y)) < Car.
Hence, for any € > 0, there exist B, = \/g and T. = Ty, such that for all T > T,
Pr(|77'[X'Y —E(X'Y)]||, > B-var) <e.
Therefore,
|7 XY~ EXY)]|,. = 0, (var)
n

Lemma S-2.14 Let X1 be a positive definite matrix and S be its corresponding estimator.

Suppose that A\yin (X7) > ¢ > 0, and

E||Sr - = i — O(ar) (S.24)

where ar > 0, and ar = o(1). Then

A -1

3, — 37!

= O,(Var) (5.25)

F

Proof. Let Ay = {HE;

ETH <1}, By = {Hﬁz;l—z; > Byfar} and
F F

TR | .
Dy = I T ol — L~ > B./a where B > 0 is an arbitrary constant. If A
! {@n S |, [Br—=r,) ! Y !
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holds, by Lemma S-2.11,

—112 ||
Is7 5] < H2T|u\zf—zhﬂp |
P52, [ - =
F
Hence Br N Ay C Dy. Therefore
=0 2| - ]|

PI"(BT N .AT) < Pr ( ) > B\/@)

(==l |2 ==,

) B/ar
—Pr | [Sr— 2| > v
( SR 2T1||2(H2T1||2+B\/@)>

By the Markov’s inequality, we can further conclude that

R 2
E|¥Xr—Xr =112 (|-t \ BJa 2
P 14 < e BB 1, )
ar B
. 2
Since by assumption E |3 — 2r|| = O(ar), there exist C and Ty > 0 such that for all
F

T > T(),
. 2
E HET - ETH < Car.
F
Therefore, for all T' > Ty,

¢l =245 (|27, + Byar)

2
B2 '

PI“(BT N .AT) S

Moreover,

Pr(A5) = Pr (||2;1|]2

. . 1
e- 3], 21) = re 8-, > st )
F P =,
By the Markov’s inequality, we can further write
. 2
Pr(AS) < |27 < E HET - ETHF’
and hence, for all T' > Ty,

Pr(A5) < C |75 ar.
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Note that
Pr(Br) = Pr (Br N Ar) + Pr(Br|A7) Pr(A7),

and since Pr(Br 1 Ar) < Pr(Dy) and Pr(Br|AS) < 1, we have
Pr(Br) < Pr(Br N Ar) + Pr(A7).

Therefore, for all T' > Ty,

—1112 _1 9
- > B\/@) < CHET H2 (H EBJ; ”2+B\/@)

Now, for a given € > 0, we are interested to find B. > 0 and 7. > 0 such that for all 7" > T,

057 ar.

Pr (Hi;l >

Pr (Hi;l >

> Bg\/aT> <e.
F

To do so, we first find a value of B such that

C =2l (=5, + Byvar)”
B2

O[5 ar ==

By multiplying both sides of the above equality by B? and bringing all the equations to the

left hand side we have
(e 20|z yar) B2 = 20 |57y varB — C =7, = 0.

By solving the above quadratic equation of B we have

20 |27 vz £ /A€ |57, = 402 |27 ar
2 (= =207 or)

o (v )

B* =

2aT
of ='[;
Notice that ar — 0 as T" — oo, therefore for large enough 7" we have both W 2ar
T
and W — ar being greater than zero for all T > T*. Now, by setting 7. = max{7T™*, Ty}
T
and i
=, (v )
o=z,
B >0,

€
———= — 2ar
ol
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we achieve our goal that for all T > T,

Pr (Hﬁ;l Dy | BE\/aT> <e.
F

Remark 7 By using Lemma S-2.11 we achieve the probability convergence order for Hﬁ];l -3
that is sharper than the one shown in the proof Lemma A21 of Chudik et al. (2018) (see
equations (B.103) and (B.105) of Chudik et al. (2018) Online Theory Supplement).

F

Lemma S-2.15 Let z; be a random variable for i = 1,2,--- /N, and j = 1,2,--- | N.
Then, for any dr > 0,

Pr(N=23%, S0 |2l > dr) < N2sup, ; Pr(| ;| > dr)
Proof. We know that N=237 Z;vzl || < sup, ; |2zi5]. Therefore,
Pr(N=23°0, S0 |2i] > dr) < Pr(sup, ;|2 > dr)
N N
< PrUY, Ué‘V:1 (25l > dr)] < 3235 Zj:l Pr(|zi;| > dr)
< NZsup, ; Pr(|z;| > dr).

Lemma S-2.16 Let S be an estimator of a N x N symmetric invertible matriz 3. Suppose

that there exits a finite positive constant Cy, such that

sup Pr(|6i; — 04| > dr) < exp(=CoTd3), for any dr > 0,
4,3

where o;; and 6;; are the elements of 3 and 3 respectively. Then, for any by > 0,

.1 Tb?
Pr(|¥ — 7Y > bp) < N?exp [—C — L }+
( > br) NS TR s+ br)?

T
N? —Cy— | .
eXp( 0N2\|E‘1II%>

Proof. Let Ay = {|Z7!||2]| = Z||p < 1} and By = {||ZA3_1 — 37| > br}, and note that
by Lemma S-2.11 if Ay holds we have

I=721E - 2|p
1= |27 2% = 2|r

1

1= -=r <
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SBIE- =
=~ 518 — 2 >bT)
= =7 )l = S

> e =
1= (=7 2 + br)

1/2
NS 6y - aij)2> . Therefore,

1572 + br)

(

— e 1%~ e br }
(
|

N N 1/2 b
Pr(BylAy) < Pr | {3 (65 —aﬁ) BRI :
: 2

N
b2
=P Tii — 2"2> T
rlz 2.0 =) > S, T

By Lemma S-2.15, we can further write,

b2
Pr(By|Ax) < N%su Pr[&it—ait2> T }
(BulAv) < NosupPr | (04 = 0u) > [isTa (=T, + br?
br
= N?su Pr{&i-—af > ]
wp P10 = ol > ST o)
Tb2
< N?exp {—C’ — T }
"N TYR(I= s + br)?

Furthermore,

Pr(Ay) = Pr(|Z7 |2 ~ Z|r > 1)
=Pr(|X - 3)F > [Z7YF1)

N N 1/2
= Pr <Z > (64— %‘)2) > =75

i=1 j=1
- N N
=Pr|> Y (i —0y) > =75
=1 =1
< N?supPr {(@‘ —045)? > ;_}
ij TV T N =T

1
< N?supPr [|6Z~- — 04| > —_}
inj T T NIE

T
< N2 —Cy———
= eXp[ "N zlna}
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Note that
Pr(Bx) = Pr(B|Ax) Pr(Ax) + Pr(By| Ay) Pr(A3).

and since Pr(Ay) and Pr(By|.A% ) are less than equal to one, we have
Pr(By) < Pr(By|An) + Pr(A%Y).

Therefore,

Tb? T
Pr(Byr) < N?exp | —Cp — T } + N2 exp {—CO—_} .
N2[ISTHBUIZ 2 + br)? N2||=7H3

Lemma S-2.17 Let 3 be an estimator of a N x N symmetric invertible matriz 3. Suppose

that there exits a finite positive constant Cy, such that

sup Pr(|6y; — 04| > dr) < exp [=Co(Tdr)*/**?] | for any dr > 0,

2y

where o;; and 0,5 are the elements of X and 3 respectively. Then, for any by > 0,

- Tby)*/*+?
Pr(||X t S HE > br) < NPexp | —Co 1 s§s+2T) —1
NSRS BT |2 4 br)s/ot

N2 o Ts/s+2
ex — .
p ONS/S+2||271||;/5+2

Proof. The proof is similar to the proof of Lemma S-2.16. =

Lemma S-2.18 Let {zy}l | fori=1,2,--- N and {z;;}_, for j = 1,2,--- ,m be time-
series processes. Also let Fji = 0(vi, Tig—1,---) fori=1,2,--- N, Fi, = 0(2js, Zj4-1," ")
forj=1,2,--- . m, FF =UN,Fz F7= UL F7, and Fy = FP U Ff. Define the projection

regression of Ty on zy = (211, 2o, ++ 5 Zmy) QS
/
Tit = 2,0 + Vit

where WY, p = (Vrir, Y2, Ymi) @5 the m x 1 vector of projection coefficients which is
-1

equal to [T‘l Zthl E (ztz;)] [T-! Zthl E(zxi)]. Suppose, E[ryxys — B(wyzs)|Fi1] =0

for all i,i" = 1,2,--- | N, Elzjszju — E(zjezje)|Fea] = 0 for all j,j" = 1,2,--- ,m, and

Elzjixie — E(zjixi) | Fio1]) =0 for all j = 1,2,--- ;m and for alli=1,2,--- N . Then

E [VitVi’t - E(VitVi’t)|~Ft—1] =0,
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forall 4,7/ =1,2,--- N,
E [Vitzjt - E(Vitzjt”ftfl] =0,
forallt=1,2,--- N and j=1,2,--- ,m, and

1T
T30 E(viz) =0,
foralli=1,2,--- ,N and j =1,2,--- ,m.
Proof.

E(vaind| Fi1) = BE(zaai| Fio1) — B(zazy| Fio1) Yy p—
E(zinzy| Fr1)ir + Vi r E(zizy| Fia) o r
= E(zywi) — (‘ritzt>¢i’,T - E<xi’tzt)¢i,T+
(e rE(z; 2 DY o = E(Vigving).

E(virzje| Fi1) = E(@azje| Fi-1) — B(zg2| Fio1) ¥, 1
= ]E(.’L‘itht) — E<Z:‘/zjt)’(/)i,T = E(uitzl-t).

T Zthl E(viz:) = ! Zthl E(zirz:) — @ble Zthl E(zz;)]
= T_l Z?:l E(mitzt) — T_l ZZ:I ]E(.fCitZt) =0.

Lemma S-2.19 Let {zy} | fori=1,2,--- N and {z;}_, for j = 1,2,--- ,m be time-

series processes. Define the projection regression of x; on zy = (214, 221, - - ,zm,t)’ as

/
Tip = 2, p + Vit

where Y, = (Y, Yoir, -+, Ymir)' is the m x 1 vector of projection coefficients which
is equal to [T’l ZthlE (ztzft)]i 7! ZthlE(thit)]- Suppose that only a finite number of
elements in v, 1 is different from zero for alli =1,2,--- | N and there exist sufficiently large

positive constants Cy and Cy, and s > 0 such that
(i) sup;, Pr(|zj| > a) < Coexp(—Cia®), for all a >0, and
(ii) sup;, Pr(|zi| > a) < Cyexp(—Cia®), for all o> 0.
Then, there exist sufficiently large positive constants Cy and Cy, and s > 0 such that

sup Pr(|vit| > o) < Coexp(—Cia?), for all a > 0.
it
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Proof. Without loss of generality assume that the first finite ¢ elements of ¢, r are different

from zero and write
Ty = 2521 Vi + Vg
Now, note that
Pr(Jvil > @) < Pr (Jaul + S5, irzal > ).,
and hence by Lemma S-2.3, for any 0 < 7; <1, 7=1,2,--- £+ 1 we have,

Pr(|vie| > a) < 325, Pr([tsirziul > ma) + Pr(jey| > mpa)
= 25:1 Pr (|ze| > [jir| tmia) + Pr (Joy| > maq)

< Csup;, Pr(|z;] > |57 ) 4 sup; , Pr (Jzg| > 7).

where f. = sup; j{tj;r} and 7" = inf ey ... p11{7;}. Therefore, by the exponential decaying

probability tail assumptions for z;; and z;; we have
Pr(jvy| > o) < LCyexp(—Cha’) + Cpexp(—Chra?),

and hence there exist sufficiently large positive constants Cy and C , and s > 0 such that
sutp Pr(|vi| > o) < Cyexp(—Cia?), for all a > 0.

Lemma S-2.20 Let {z;}, fori = 1,2,--- N and {zu}L, for £ = 1,2,--- m be time-

series processes and m = O(T?). Also let F& = o(xiy, xi41,-++) fori=1,2,--- N, Fi =
o(zet, 2041, ) for £ =1,2,-- m, Ff = UN,F& Ff=UR,F;, and F; = FFUFF. Define
the projection regression of xy on zy = (214, 2at, -+ * , Zmt) GS

/!
Tip = 2, p + Vit

where ¥, p = (Vri1, Yo, Ymir) 08 the m x 1 vector of projection coefficients which is
-1

equal to [Tfl ST E (ztzg)} [T S E(zwy)]. Suppose, Blrya;, — E(zyxj)|Fia] = 0

foralli,j=1,2,--- N, Elzuzem—E(zpze)| Fio1] = 0 forall 0,0 =1,2,--- ;m, and E[zpxy—

E(zgxi)|Fee1] =0 for all € = 1,2,--- ,m and for all i = 1,2,--- | N. Additionally, assume

that only a finite number of elements in 1, is different from zero for all v =1,2,--- /N

and there exist sufficiently large positive constants Cy and Cy, and s > 0 such that
(i) sup;, Pr(|ze:| > o) < Coexp(—=Cha®), for all a >0, and
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(ii) sup;, Pr(|zy| > a) < Coexp(—Cia®), for all o> 0.

Then, there exist some finite positive constants Cy, Cy and Cs such that if d < X <
(s+2)/(s+4),

Pr(|x;M.x; — E(Vv;)| > (r) < exp(—=CoT™'¢}) + exp(—C1T?)
and if X > (s +2)/(s+4)
Pr(|x;M.x; — E(vv;)| > (r) < exp(=C CS/(SH ) + exp(—=CiT)

foralli,j=1,2,--- N, where v; = (vu, Vi, -+ ,vir)', Xi = (T, Tz, , xir)’, and M, =
I-71 Zf];;Z’ with Z = (21,29, ,27) and 2., = TS (z,2}).
Proof.
Pr[jx;M.x; — E(vjv;)| > ¢r] = Pr[[viM.v; — E(vjv;)| > (7]
= Pr |V, - E(Wy,) - T-WZS 2y, - T-WZ(E., — SHZv,| > gT]

where 3., = E[T~' Y/ (z2,)]. By Lemma S-2.3, we can further write

Pr[|x;M.x; — E(vjv;)| > (1]
< Pr([viv; — E(viy;)| > m¢r] + Pr( T WZE [ Zvy| > molr)+
Pr [|T—1V;Z(2;j — 2N Z)) > mir|

where 0 < m; < 1 and 25’:1 m; = 1. By Lemma S-2.9,
Pr(|T'WZX 2| > molr) < Pr(WiZ|Fl| 22 o)1 2yl p > malrT),

and again by Lemma S-2.4, we have
Pr(| T2 Z/v;| > mlr)
< Pr(|viZ]l e > 22115 2 "G T + Pr(| 2l > (12217 PGP T).
Similarly, we can show that
Pr(|T 'V, Z( 2 -3 N2vj| > m3(r)
< Pr([VZ] ]| — S2H | Zvsllr > maloT)

< Pr(||ﬁ3 — 2 p > 67'Cr) + Pr(||ViZ]| p > 1/251/2T1/2)
+ Pr(||Z'v,||F > 7T1/251/2T1/2)
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where 07 = &(T) with 0 < o < A
Note that Pr(||Z'v||p > ¢) = Pr(|Z'vi||% > &) = Pr[S0 (S virza)? > 2], where ¢
is a positive constant. So, by Lemma S-2.3, we have

Pr(|Zvillr > ¢) < St Pr{(SL, vieza)? > m™'e?

Hence, Pr(|Z'vi|r > ¢) < 30, Pr(| S5, viezar] > m~/2¢c). Also, by Lemma S-2.18 we

have Zthl E(vizi) = 0 and hence we can further write
Pr(||Z'vil|p > ¢) < 321, Pr{] 23:1[%':52& — E(viezar)]| > m™'2c}.

Note that ||X.}||5 is equal to the largest eigenvalue of X' and it is a finite positive constant.

So, there exists a positive constant C' > 0 such that,

Pr(x;M.x; — E(viy;)| > (r)
< Pr{| 0 vy — Blvavy)]| > CT )+
Ze , Pr{| Zt Wicze — E(vieze]| > CT1/2+A/2*d/2}_,_
> it Pr{] Zt (vitze — E(vjiza)| > CTY?HA 241214
> Pr{] Et Wize — E(vaza]| > CTY/2+a/2- d/2}+
> 1Pr{| >y E(vjeze)| > CTY/?+e/2=d/2) 4
Pr(|£.. — =2 r > 67'¢r)

it2et —

Let
ki (h,d) = Z Pr{] Z Vize — Bvgz)| > CTY?HE2742Y for h = ), a,

and ¢« = 1,2,..., N. By Lemmas S-2.7, S-2.18, and S-2.19, we have v;,v; — E(vyv;) and
Virzey — E(vize) are martingale difference processes with exponentially bounded probability
tail, 5. So, depending on the value of exponentially bounded probability tail parameter,

from Lemma S-2.1, we know that either
ki (h,d) < mexp [—© (T"9)]
or
kiri (h, d) < mexp [_ o (Ts(1/2+h/2—d/2)/(s+2))] :

for h = A\, a. Also, depending on the value of exponentially bounded probability tail param-
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eter, from Lemmas S-2.16 and S-2.17 we have,

Té’zg“% }+
m?|SBUB2 2 + 671 ¢r)?

T
m? exp( Co 2—)
=23

Pw@z—zwu>5<w<mem[c%

or

3 —1 s/s+2

meH2|W“ME Hlo 4 87 ¢r)s/+2

) Ts/s+2
m-exp | —C )
P\ e s

Therefore,

A —1 _ B
Pr(|2.. — S F > 07'¢r)
< mexp[—© (Tmax{l—2d+2(A—a),1—2d+)\—a,1—2d})]+

mexp[— & (T'7)],

or,

Pr(|S — = le > 07'Gr)
< mexp|[— © (Tomax{1-dtA-a1=d}/(s+2)y)
mexp|— © (T30-9/(+2))],

Setting d < 1/2, « = 1/2, and A > d, we have all the terms going to zero as T' — oo and

there exist some finite positive constants C; and C5 such that
kri (A d) < exp (—ClTCQ) , ki (o, d) < exp (—C’lTCQ) ,
and
Pr(|.) — B2 e > 07'¢r) < exp(~CiT).
Hence, if d < XA < (s+2)/(s +4),
Pr(jx;M.x; — E(vjv;)| > (r) < exp(=CoT'(F) + exp(=CiT),
and if A > (s +2)/(s +4),

Pr(|x;M.x; — E(viv;)| > (7) < exp(—C Cs/ (s+1) ) + eXp(—C'lTCQ),
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where Cy, C and Oy are some finite positive constants. m
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This online empirical supplement has four sections. Section S-1 provides the full list and
description of technical indicators considered in the stock market application. Section S-
2 provides the list of variables in the conditioning and active sets in the application on
forecasting output growth rates across 33 countries. Section S-3 explains the algorithms
used for implementing Lasso, Adaptive Lasso and Cross-validation. Last section focuses on
the third application, forecasting Euro Area quarterly output growth using the European
Central Bank (ECB) survey of professional forecasters. The section starts with description

of the data and then discusses the results.

S-1 Technical and financial indicators

Our choice of the technical trading indicators is based on the extensive literature on system
trading, reviewed by [27] and [13]. Most of the technical indicators are based on historical
daily high, low and adjusted close prices, which we denote by H;(7), Ly(7), and Py(7),
respectively. These prices refer to stock i in month ¢, for day 7. Moreover, let D! be the
number of trading days, and denote by Dlit the last trading day of stock ¢ in month ¢. For
each stock ¢, monthly high, low and close prices are set to the last trading day of the month,
namely H; (D} ), Ly(Dj) and Py(D; ), or Hy, Ly, and Py, for simplicity. The logarithms of
these are denoted by hy, l;;, and p;, respectively.

The 28 stocks considered in our study are allocated to 19 sectoral groups according to
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Industry Classification Benchmark.® The group membership of stock i is denoted by the set
gi, which includes all S&P 500 stocks in stock i’ group, and |g;| is the number of stocks in
the group.

The technical and financial indicators considered are:

1. Return of Stock ¢ (r;): rie = 100(pst — pis—1)-
2. The Group Average Return of Stock i (7): 7 = [@il ™" X2, 7je-

2

3. Moving Average Stock Return of order s (mary(s)): This indicator, which is also

known as s-day momentum (see, for example, 13), is defined as
mar;(s) = MA(ry, s),

where MA (x4, s) is Moving Average of a time-series process x;; with degree of smooth-

ness s which can be written as

S
MA (2, 8) = 5~ Z Tt
=1

4. Return Gap (gri(s)): This indicator represents a belief in mean reversion that prices

will eventually return to their means (for further details see 13).

gri(s) = ri — MA(ry, s).

5. Price Gap (gpit(s)): gpit(s) = 100 [piy — MA(pi, s)] -

6. Realized Volatility (RV;;): RVy = \/ Zfil (Rit(T) — Rit)2, where

Ry(7) = 100 [Py(7)/Py(T — 1) — 1], and Ry = Zt Ry (7)/DL.

=1

7. Group Realized Volatility (RVY): RVY = /lo|~' .y RVZ.

8. Moving Average Realized Volatility (mavy(s)): “Signals are generated when a price

change is accompanied by an unusually large move relative to average volatility” [13].

6The 19 groups are as follows: Oil & Gas, Chemicals, Basic Resources, Construction & Materials, Indus-
trial Goods & Services, Automobiles & Parts, Food & Beverage, Personal & Household Goods, Health Care,
Retail, Media, Travel & Leisure, Telecommunications, Utilities, Banks, Insurance, Real Estate, Financial
Services, and Technology.
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10.

11.

12.

13.

The following two indicators are constructed to capture such signals

mavy(s) = MA(RVy, s)

Realized Volatility Gap (RV Gi(s)): RVGy(s) = RViy — MA(RVy, s)
Percent Price Oscillator(PPO;(s1, $2)):

t»SI) - MA(Pz‘t, 32)
MA(-Pih 82)

MA(P,
PPO;(s1,82) = 100 < ( ) , where s; < ss.
Relative Strength Indicator (RSI;,): This is a price momentum indicator developed by

[27] to capture overbought and oversold conditions. Let
APJ = APylap,>0(AP), and AP, = APylap,<0(APu),

where APy = Py — P, and 14(z;) is an indicator function that take a value of one
if ;; € A and zero otherwise. Then
MA(AP], s) 1
RS) = —— 4"/ dRSL,=100(1— ——+|.

tTTMAAR, ) T ( 1+ RS;)
Williams R (WILLR;(s)): This indicator proposed by [28] to measure buying and
selling pressure.

hit—svj) — Pi
jemax  (Pitsij) = pi

R ) — i L. ..
ety (o) = 0 (e

WILLRy(s) = —100

Average Directional Movement Index (ADXj(s)): This is a filtered momentum indi-
cator by [27]. To compute ADX;;(s), we first calculate up-ward directional movement

(DM;), down-ward directional movement (DM, ), and true range (T'R;;) as:

DM — hit = hiz—1, if hyy — hiz—1 >0 and hy — hig—1 > L1 — L,
! 0, otherwise.

li_—li, 1 lz_—l1>0andll_—ll>hz—h1_,

DM; — t—1 ¢ fliz— ¢ 41 ¢ ¢ 41
0, otherwise.

TRy = max{hit — Ly, |hit - pi,t—1|7 |Pz‘,t—1 - lz‘t|}-

Then, positive and negative directional indexes denoted by ID;(s) and ID;(s) re-
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14.

spectively, are computed by

MA (DM MA (DM,
IDZ—;(S)::lOO( ( 2t78 ( 'Lt78))7

) _
_— d ID, =1 _—
MA(Tth, S) > Al & (S) 00 MA(TRZtv S)
Finally, directional index DX (s) and ADX;(s) are computed as

[ID;;(s) — ID;(s)]
ID;;(s) + 1Dy (s)

DX (s) =100 ( ) , and ADX;(s) = MA(DX(s), s).
Percentage Change in Kaufman’s Adaptive Moving Average (AKAM Ay (s1, $2,m)):
Kaufman’s Adaptive Moving Average accounts for market noise or volatility. To com-
pute AK AM A (s1, s9,m), we first need to calculate the Efficiency Ratio (FR;;) defined
by

|pit — Di t—m|
ERit = 100 m ’ ’
<Zj:1 |APi,tfm+j‘

where AP, = P, — P,;_1, and then calculate the Smoothing Constant (SC;;) which is

2 2 2 1?
! { t(sl—i-l 52+1)+32+1}

where 51 < m < so. Then, Kaufman’s Adaptive Moving Average is computed as

KAMA(PZt, S1, S9, m) = SCitF)it + (1 — SCZ't>KAMA(H7t_1, S1, S9, m)

where

52
KAMA(-PiSQa 81, 82, m) = 82_1 Z -Pilﬁ'

k=1

The Percentage Change in Kaufman’s Adaptive Moving Average is then computed as

AKAMAit<81, S9, TTL) =100

KAMA(Rta 51, 52, m) - KAMA(Pi,t—h 51, 52, m)
KAMA(P@t_h S1, S9, m) '

For further details see [13].

Other financial indicators

In addition to the above technical indicators, we also make use of daily prices of Brent Crude

Oil, S&P 500 index, monthly series on Fama and French market factors, and annualized

percentage yield on 3-month, 2-year and 10-year US government bonds. Based on this data,
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we have constructed the following variables. These series are denoted by PO; and P,

respectively, and their logs by po; and py, ;. The list of additional variables are:

1. Return of S&P 500 index (7sp¢): Tspr = 100(pspsr — Pspi—1), where pgp,, is the log of
S& P 500 index at the end of month ¢.

2. Realized Volatility of S&P 500 index (RVj.):

sp
Dt

RV = Z (Rops(7) = RSW)Q’

=1

where Ry, = 308 Riy(7)/ D5, Rapi(1) = 100([Pap (7)) Paps (7 — 1) = 1], Pyps(7) is
the S& P 500 price index at close of day 7 of month ¢, and D;” is the number of days

in month ¢.

3. Percent Rate of Change in Oil Prices (Apo;): Apo; = 100(po; — po;—1), where po, is

the log of oil princes at the close of month .

4. Long Term Interest Rate Spread (LIRS;): The difference between annualized percent-

age yield on 10-year and 3-month US government bonds.

5. Medium Term Interest Rate Spread (M IRS;): The difference between annualized per-

centage yield on 10-year and 2-year US government bonds.

6. Short Term Interest Rate Spread (SIRS;): The difference between annualized percent-

age yield on 2-year and 3-month US government bonds.
7. Small Minus Big Factor (SM B;): Fama and French Small Minus Big market factor.

8. High Minus Low Factor (HML;): Fama and French High Minus Low market factor.

A summary of the covariates in the active set used for prediction of monthly stock returns

is given in Table S.1.

S-2 List of variables used when forecasting output growths

Variables in the conditioning and active sets for forecasting output growth across 33 countries
are listed in Table S.2 below.
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Table S.1: Active set for percentage change in equity price forecasting

Target Variable: rit+1 (one-month ahead percentage change in equity price of stock 7)

A. Financial Variables: 1y, 75, rspt, RVit, RV, RVspr, SM By, HM L.

(2

B. Economic Variables:  Apo;, LIRS; — LIRS;_1, MIRS; — MIRS;_1, SIRS; — SIRS;_1.

C. Technical Indicators: marj, for s = {3,6,12}, mav;, for s = {3,6,12}, gr, for s = {3,6,12},
gp;, for s = {3,6,12}, RV G, for s = {3,6,12}, RSI} for s = {3,6,12},
ADX}, for s = {3,6,12}, WILLR;, for s = {3,6, 12},
PPO;(s1, s2) for (s1,s2) ={(3,6),(6,12),(3,12)},
AKAMAii(s1,s2,m) for (s1,s2,m) = (2,12,6).

Table S.2: List of variables in the conditioning and active sets for forecasting quarterly output
growths across 33 countries

Conditioning set

¢, Ayt

Active Set

(a) Domestic variables, £ = 0,1. (b) Foreign counterparts, £ = 0, 1.
Avyi—1 Aly;t—e

Arip—e — ATy AIT;t—e - A17r;t_£

Aﬂ“iL’t,g — Ay Al?”iL,le —Arrfy

AiGi—o — Aimip—p Avgly o — DT,y

Total number of variables in the active set x;: n = 15 (max)

S-3 Lasso, Adaptive Lasso and cross-validation algo-

rithms

This section explains how Lasso, K-fold cross-validation and Adaptive Lasso are implemented
in this paper. Let y = (y1,%2, - ,yr) be a T x 1 vector of target variable, and let Z =
(z1,22, - ,27) be a T x m matrix of conditioning covariates where {z; : t = 1,2,--- , T} are
m X 1 vectors and let X = ( x1,Xg, -+ ,xr)" be a T x N matrix of covariates in the active

set where {x; :t=1,2,--- T} are N x 1 vectors.
Lasso Procedure

1. Construct the filtered variables y = M.y and X = M.X = ( X10,X20, .-, XNo), where
Mz = IT — Z( Z'Z)_1Z’, and iio = (i’il,i’ig, v ,fiiT)/.
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2. Normalize each covariate X;o = (Tj1, Tin, -+ , Tir) by its by norm, such that

Xjo = Xio/ || Xiol|2,

where ||.||a denotes the sy norm of a vector. The corresponding matrixz of normalized

covariates in the active set is now denoted by X*.
3. For a given value of ¢ >0, find 45(¢) = [Y1.(¢), Vox (@), -+ s Ane(@)] such that

7:() = argmin {5 = X733 + ellvilh |

where ||.||1 denotes the ¢1 norm of a vector.

4. Divide 7}, (p) fori=1,2,--- /N by ly norm of the X;, to match the original scale of

X0, namely set

Fiz () = Vi (@) /1Ko 2,

where Y, (p) = [F12(9), Yoz (©), - -+, Anz(p)] denotes the vector of scaled coefficients.

5. Compute () = [F1:(9),32:(9), - -+ Ama(@)) by F. (@) = (Z'Z) ' Z'&(p) where &(p) =

For a given set of values of s, say {¢; : 7 = 1,2,--- , h}, the optimal value of ¢ is chosen

by K-fold cross-validation as described below.
K-fold Cross-validation

1. Create a T x 1 vector w = (1,2,--- | K,1,2,--- | K,--+) where K is the number of
folds.

2. Let w* = (wi,ws, - ,w}) be a T x 1 vector generated by randomly permuting the

elements of w.

3. Group observations into K folds such that

ge={t:te{1,2,-- . TY and w =k} fork=1,2,--- K.

4. For a given value of p; and each fold k € {1,2,--- , K},

(a) Remove the observations related to fold k from the set of all observations.

S.7



(b) Given the value of @;, use the remaining observations to estimate the coefficients
of the model.

(c) Use the estimated coefficients to compute predicted values of the target variable

for the observations in fold k and hence compute mean square forecast error of

fold k denoted by MSFE(yp;).

5. Compute the average mean square forecast error for a given value of p; by

MSFE(p;) =Y  MSFE(g))/K.

k=1
6. Repeat steps 1 to 5 for all values of {¢; :7=1,2,---  h}.

7. Select @; with the lowest corresponding average mean square forecast error as the op-

timal value of .

In this study, following Friedman et al. (2010), we consider a sequence of 100 values of

) : T ~x~
©’s decreasing from @pax t0 Ymin On log scale where Yy = max;—jo... § {|Zt:1 xityt|} and
Omin = 0.001¢max. We use 10-fold cross-validation (K = 10) to find the optimal value of ¢.
Denote 4, = 4,(pqp) where ¢, is the optimal value of ¢ obtained by the K-fold cross-

validation. Given 4,, we implement Adaptive Lasso as described below.
Adaptive Lasso

1. Let S = {i : i € {1,2,--- N} and ¥, # 0} and Xs be the T x s set of covari-
ates in the active set with 4, # 0 (from the Lasso step) where s = |S|. Addition-

ally, denote the corresponding s x 1 vector of non-zero Lasso coefficients by 4, s =

(;le,Sa fAme,Su T 7&3:1:,5)/-

2. For a given value of ¥ > 0, find &, 5(1) = [51, 5(1),83,,5(1), - -+ 5% s(W)]' such that

*

8, 5(w) = argmin { § — Xodiag(¥,, )% 513 + V165 s}
z,S

where diag(¥,,s) is an s X s diagonal matriz with its diagonal elements given by the

corresponding elements of 4, s.

3. Post multiply SZS(@D) by diag(¥,.s) to match the original scale of Xs, such that

A%

8:p,5(w> = diag(ﬁ’x,S)(sx,S (w> :
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The coefficients of the covariates in the active set that belong to S¢ are set equal to

~

zero. In other words, 0, sc(1) =0 for all ¢ > 0.

A~

4' OOm{?Ute Sz(¢> = [51z(¢)7 52z(¢), e 7(§mz(w)]/ by 83(77/)) = (Z/Z)ilz/é(w) where é(¢) =
¥ — Xsb..s(¥).

As in the Lasso step, the optimal value v is set using 10-fold cross-validation as described

before.”

S-4 Forecasting euro area output growths using ECB

surveys of professional forecasters

This application considers forecasting one-year ahead Euro Area real output growth using
the ECB survey of professional forecasters, recently analyzed by [7]. The dataset consists of
quarterly predictions of 25 professional forecasters over the period 1999Q3 to 2014Q1.8 The
predictions of these forecasters are highly correlated suggesting the presence of a common
factor across these forecasts. To deal with this issue at the variable selection stage following
[24] we also include the simple average of the 25 forecasts in the conditioning set, z;, as a
proxy for the common factor in addition to the intercept. We consider 39 quarterly forecasts
(from 2004Q3 and 2014Q1) for forecast evaluation, using expanding samples (weighted and
unweighted) from 1999Q3. We also consider two simple baseline forecasts: a simple cross
sectional (CS) average of the professional forecasts, and forecasts computed using a regression
of output growths on an intercept and the CS average of the professional forecasts.

Table S.3 compares the forecast performance of OCMT with and without down-weighting
at the selection and forecasting stages, in terms of MSFE. The results suggest that down-
weighting at the selection stage leaves us with larger forecasting errors. The MSFE goes from
3.765 (3.995) to 3.874 (4.672) in case of light (heavy) down-weighting. However, the panel
DM tests indicate that the MSFE among different scenarios are not statistically significant,
possibly due to the short samples being considered. In Table S.4, we compare OCMT
(with no down-weighting at the selection stage) with Lasso and Adaptive Lasso. The results
indicate that the OCMT procedure outperforms Lasso and Adaptive Lasso in terms of MSFE
when using no down-weighting, light down-weighting, and heavy down-weighting at the

forecasting stage. It is worth mentioning that OCMT selects 3 forecasters (Forecaster #21

"To implement Lasso, Adaptive Lasso and 10-fold cross-validation we take advantage of glmnet package
(Matlab version) available at http://web.stanford.edu/~hastie/glmnet_matlab/
8We are grateful to Frank Diebold for providing us with the data set.
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for 2004Q4-2005Q1, Forecaster #7 for 2007Q2-2008Q3, and Forecaster #18 for 2011Q2-
2011Q3). This means that over the full evaluating sample, only 0.3 variables are selected by
OCMT from the active set on average. In contrast, Lasso selects 12.6 forecasters on average.
Each individual forecaster is selected for at least part of the evaluation period. As to be
expected, Adaptive Lasso selects a fewer number of forecasters (9.8 on average) as compared
to Lasso (12.6 on average), and performs slightly worse.

To summarize, we find that down-weighting at the selection stage of OCMT leads to
forecast deterioration (in terms of MSFE). OCMT outperforms Lasso and Adaptive Lasso,
but the panel DM tests are not statistically significant. Moreover, none of the considered

big data methods can beat the simple baseline models.

Table S.3: Mean square forecast error (MSFE) and panel DM test of OCMT of one-year ahead Euro Area
annual real output growth forecasts between 2004Q3 and 2014Q1 (39 forecasts)

Down-weighting at'

Selection stage Forecasting stage MSFE
(M1) no no 3.507
Light down-weighting, A = {0.975,0.98,0.985,0.99,0.995,1}
(M2) no yes 3.765
(M3) yes yes 3.874
Heavy down-weighting, A = {0.95,0.96,0.97,0.98,0.99,1}
(M4) no yes 3.995
(M5) yes yes 4.672
Pair-wise panel DM tests
Light down-weighting Heavy down-weighting
(M2) (M3) ND) (W)
(M1) -0.737 -0.474 (M1) -0.656 -0.741
(M2) - -0.187 (M5) - -0.645

Notes: The active set consists of 25 individual forecasts. The conditioning set consists of an intercept and
the cross sectional average of 25 forecasts.

TFor each of the two sets of exponential down-weighting (light /heavy) forecasts of the target variable are
computed as the simple average of the forecasts obtained using the down-weighting coefficient, A, in the
“light” or the “heavy” down-weighting set under consideration.
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Table S.4: Mean square forecast error (MSFE) and panel DM test of OCMT versus Lasso and Adaptive
Lasso of one-year ahead Euro Area annual real output growth forecasts between 2004Q3 and 2014Q1 (39
forecasts)

MSFE under different down-weighting scenarios

No down-weighting Light down-weighting® Heavy down-weighting?

OCMT 3.507 3.765 3.995
Lasso 5.242 5.116 5.385
A-Lasso 7.559 6.475 6.539

Selected pair-wise panel DM tests

No down-weighting  Light down-weighting  Heavy down-weighting

Lasso A-Lasso Lasso A-Lasso Lasso A-Lasso
OCMT -1.413 -1.544 -0.990 -1.265 -1.070 -1.267
Lasso - -1.484 - -1.589 - -1.527

Notes: The active set consists of forecasts by 25 individual forecasters. The conditioning set contains an
intercept and the cross sectional average of the 25 forecasts.

T Light down-weighted forecasts are computed as simple averages of forecasts obtained using the
down-weighting coefficient, A = {0.975,0.98,0.985,0.99,0.995, 1}.

¥ Heavy down-weighted forecasts are computed as simple averages of forecasts obtained using the
down-weighting coefficient, A = {0.95,0.96,0.97,0.98,0.99,1}.
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