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1 Introduction

In this paper, we develop and analyze a model of repeated implementation with incomplete

information, extending the complete information counterpart of our companion paper [14].

A group of in�nitely-lived agents possess state-depedent utilities over a set of outcomes

and in each period a state is drawn independently from an identical prior distribution.

Each agent privately observes some partial contents of a realized state, referred to as his

type. No restrictions are imposed on the information structure; an agent�s utility may or

may not depend on others�private information and information signals may or may not

be correlated across agents. A social choice function designates a desire outcome for each

state/type pro�le. We introduce a history-dependent sequence of mechanisms, referred to

as a regime, and ask if a regime can be found such that every Bayesian Nash equilibrium of

the regime generates outcome paths implementing the desired social choice at every realized

state.

Extending the arguments of [14], it is established that e¢ ciency continues to be criti-

cal for repeated implementation of a social choice function in the incomplete information

setup. We then demonstrate how, for a social choice function that is e¢ cient, one can in-

deed construct a regime that attains the desired repeated implementation properties. This

result, therefore, con�rms the fundamental departure from one-shot (Bayesian) implemen-

tation. It requires neither incentive compatibility (Dasgupta, Hammond and Maskin [8],

Myerson [19], d�Aspremont and Gerard-Varet [9], Harris and Townsend [10] among others)

nor Bayesian monotonicity (Postlewaite and Schmeidler [21], Palfrey and Srivastava [20],

Mookherjee and Reichelstein [18] and Jackson [11]).

Furthermore, our results broaden the scope of e¢ cient repeated implementation in

the incomplete information setup beyond the �nite horizon, private value case considered

by Jackson and Sonnenschein [12]. These authors consider a sequence of linked direct

revelation mechanisms in which each agent is budgeted in the sense that the distribution of

his type announcements over the entire horizon must exactly match the underlying prior

distribution. Their result is similar to ours: if the agents are su¢ ciently patient, and if the

horizon is su¢ ciently long, then every equilibrium payo¤pro�le of the budgeted mechanism

approximates the payo¤ pro�le of the target social choice function as long as the target is

e¢ cient. In contrast to their setup, this paper considers an in�nite horizon problem with a

general information structure. Also, we derive precise, rather than approximate, repeated
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implementation of an e¢ cient social choice function (in terms of payo¤s). In addition, our

results do not require the discount factor to be arbitrarily large.

We also address the question of existence in the regime constructed to derive our char-

acterization results above. It is straightforward to observe that incentive compatibility

ensures existence of an equilibrium that repeatedly implements the social choice function.

However, incentive compatibility by no means poses a necessary condition to this end. Re-

stricting our attention to the case of interdependent values in which agents�utilities may

depend on others�information, the following is established. Instead of incentive compati-

bility, we assume that the social choice function is identi�able. This property means that

if implementation occurs according to agents�type announcements and all but one agent

reports his type truthfully then, upon learning his utility at the end of the period, someone

other than the untruthful odd-man-out will discover that there was a lie. Then, one can

build a regime that admits an equilibrium in pure strategies and, moreover, maintains the

desired equilibrium properties if the social choice function also satis�es e¢ ciency.1

The paper is organized as follows. In Section 2, we lay out some basic de�nitions and

notation associated with an implementation problem. Using these, we then describe a

Bayesian repeated implementation problem in Section 3. Main �ndings of our analysis

will be presented in Sections 4 and 5. Finally, Section 6 o¤ers some concluding remarks.

Appendix contains relegated proofs.

2 Basic de�nitions and notation

A (one-shot) Bayesian implementation problem is denoted by a collection ~P = [I; A;�; p; (ui)i2I ],
where:

� I is a �nite set of agents (with some abuse of notation, we shall also use I to represent

the cardinality of this set);

� A is a �nite set of outcomes;

� � = �i2I�i is a �nite set of states, where �i denotes the �nite set of agent i�s types;
let ��i � (�j)j 6=i and ��i � �j 6=i�j;

1The equilibrium constructed here uses standard incentives in repeated play and requires the discount

factor to be su¢ ciently large. The characterization part does not, however, require this, as before.
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� p denotes a probability distribution de�ned on � (such that p(�) > 0 for each �);

for each i, let pi(�i) =
P

��i
p(��i; �i) be the marginal probability of type �i and

pi(��ij�i) = p(��i; �i)=pi(�i) be the conditional probability of ��i given �i; and

� ui : �� A! R is a state-dependent utility function of agent i.

A social choice function (SCF), f , in a Bayesian implementation problem ~P = [I; A;�; p; (ui)i2I ]
is a mapping f : �! A such that f(�) 2 A for any � 2 �. The image of an SCF f is the
set

f(�) = fa 2 A : a 2 f(�) for some � 2 �g :

Also, let F denote the set of all possible SCFs and, for an f 2 F , de�ne

F (f) = ff 0 2 F jf 0(�) � f(�)g :

Given ui, the interim expected utility of outcome a to agent i of type �i is given by

vi(aj�i) �
X

��i2��i

pi(��ij�i)ui(a; ��i; �i);

and let vi(a) �
P

�i2�i vi(aj�i)p(�i). Similarly, with slight abuse of notation, de�ne the
interim expected utility of an SCF f to agent i of type �i as

vi(f j�i) �
X

��i2��i

pi(��ij�i)ui(f(��i; �i); ��i; �i);

and, hence, let vi(f) �
P

�i2�i vi(f j�i)p(�i).
Also, de�ne

vii �
X
�i2�i

pi(�i)

24max
a2A

X
��i2��i

pi(��ij�i)ui(a; ��i; �i)

35 :
Notice here that vii is agent i�s maximal expected utility only if he knows his most preferred

outcome at the interim stage, which is of course true with private values (i.e. when the

state-dependent utility can be written as ui : �i�A! R for each i) but not necessarily so
with interdependent values when each agent�s utility may depend on other agents�private

information as well as his own.

Amechanism (or game form), g, is de�ned by g = (M g;  g), whereM g =M g
1 �� � ��M

g
I

is a cross product of message spaces and  g : M g ! A is an outcome function such that
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 g(m) 2 A for any message pro�le m = (m1; : : : ;mI) 2M g. Let G be the set of all feasible

mechanisms.

A Bayesian Nash equilibrium of mechanism g = (M g;  g) is a pro�le of strategies

s = (si)i2I where si : �i !M g
i such that, for all i and all �i 2 �i,

vi( 
g(s)j�i) � vi( 

g(s�i; s
0
i)j�i) for all s0i : �i !M g

i :

Let Bg(�) � M g be the set of Bayesian Nash equilibrium message pro�les of mechanism g

in state �. De�ne

OB
g (�) = fa 2 A : 9m 2 Bg(�) such that  g(m) = ag :

We then say that an SCF f is Bayesian implementable if there exists a mechanism g such

that OB
g (�) = f(�) for all � 2 �.

Two necessary conditions for one-shot Bayesian implementation are incentive compati-

bility and Bayesian monotonicity. An SCF f is incentive compatible if, for any i and any

�i 2 �i,

vi(f j�i) �
X

��i2��i

pi(��ij�i)ui(f(��i; �0i); (��i; �i)) for all �0i 2 �i :

Bayesian monotonicity extends monotonicity to the incomplete information setup and jus-

ti�es a change in the social choice change on the basis of a preference reversal around

it.2

An e¢ cient SCF is de�ned as in [14]. Let V =
�
(vi(f))i2I 2 RI : f 2 F

	
denote the

set of expected utility pro�les of all possible SCFs. We write co(V ) for the convex hull of

V .

De�nition 1. An SCF f is e¢ cient if there exists no v = (v1; � � � ; vI) 2 co(V ) such that
vi � vi(f) for all i and vi > vi(f) for some i; f is strictly e¢ cient if, in addition, there

exists no f 0 2 F , f 0 6= f , such that vi(f 0) = vi(f) for all i.

3 Bayesian repeated implementation

An in�nitely repeated Bayesian implementation problem is denoted by ~P1, representing
in�nite repetitions of the Bayesian implementation problem ~P = [I; A;�; p; (ui)i2I ]. Peri-

2The severe restrictiveness of Bayesian monotonicity is well documented. See, for instance, the survey

of Serrano [23].
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ods are indexed by t 2 f1; 2; : : : ;1g � Z++ and the agents hold a common discount factor
� 2 (0; 1). In each period, the state is drawn from � from an independent and identical

probability distribution p; each agent observes only his own type.

An (uncertain) in�nite sequence of outcomes is denoted by a1 =
�
at;�
�
t2Z++;�2�

, where

at;� 2 A is the outcome implemented in period t and state �. Let A1 denote the set of

all such sequences. Agents�preferences over alternative in�nite sequences of outcomes are

represented by discounted average expected utilities, that is, a mapping �i : A1 ! R such
that

�i(a
1) = (1� �)

X
t2Z++

X
�2�

�t�1p(�)ui(a
t;�; �):

It is assumed that the structure of ~P1 (including the discount factor) is common knowledge
among the agents and, if there is one, the social planner.

For a mechanism g = (M g;  g), de�ne Eg � f(g;m)gm2Mg , and let E = [g2GEg, H t =

E t�1 (H1 = ;) and H1 = [1t=1H t with its typical element denoted by h. A regime, R, is

then a mapping R : H1 ! G; Rjh refers to the continuation regime that regime R induces
at history h 2 H1. A regime R is history-independent if and only if, for any h; h0 2 H t and

any t, R(h) = R(h0) 2 G. Notice that, in such a history-independent regime, the speci�ed
mechanisms may change over time in a pre-determined sequence. We say that a regime R

is stationary if and only if, for any h; h0 2 H1, R(h) = R(h0) 2 G.
In order to de�ne a strategy, let Ht

i = (E � �i)t�1, where H1 = ;, and H1
i = [1t=1Ht

i

with its typical element denoted by hi. Then, for any regime R, each agent i�s strategy,

�i, is a mapping �i : H1
i � G � �i ! [g2GM g

i such that �i(hi; g; �i) 2 M g
i for any

(hi; g; �i) 2 H1
i �G��i.3Let �i be the set of all such strategies, and let � � �1�� � ���I .

A strategy pro�le is denoted by � 2 �. We say that �i is a Markov strategy if and only
if �i(h; g; �) = �i(h

0; g; �) for any h;h0 2 H1, any g 2 G and any � 2 �. A strategy

pro�le � = (�1; : : : ; �I) is Markov if and only if �i is Markov for each i. Note here that we

are considering private strategies; our results below also stand with public strategies that

depend only on publicly observable histories.

Next, let �(t) = (�1; : : : ; �t�1) 2 �t�1 denote a sequence of realized states up to, but
not including, period t with �(1) = ;. Let q(�(t)) � p(�1)� � � � � p(�t�1). Fix a regime R

3We restrict our attention to pure strategies purely for expositional clarity. In Section 6 below, we

discuss behavioral strategies.
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and a strategy pro�le � 2 �. We �rst de�ne the following variables on the outcome path:4

� hi(�(t); �; R) 2 Ht
i denotes the t� 1 period history that agent i observes if all agents

play R according to � and the state/type pro�le realizations are �(t) 2 �t�1; let

h(�(t); �; R) = [hi(�(t); �; R)]i2I .

� �i(~�(t)jhi(�(t); �; R)) denotes agent i�s posterior belief about the other agents�past
types, ~�(t), conditional on hi(�(t); �; R).

� g�(t)(�;R) denotes the mechanism played at h(�(t); �; R).

� m�(t);�t(�;R) denotes the message pro�le reported at h(�(t); �; R) when the realized

state is �t.

� a�(t);�
t
(�;R) denotes the outcome implemented at h(�(t); �; R) when the realized state

is �t.

� E�
�(t);�
i (�;R) denotes agent i�s expected continuation payo¤ at period � � t condi-

tional on history h(�(t); �; R); that is, for any t � 1 and any � � t,

E�
�(t);�
i = (1��)

X
s��

X
�(s�t+1)

X
�s

X
~�(t)

�s��q(�(s�t+1); �s)�i(~�(t)jhi(�(t)))ui(a
~�(t);�(s�t+1);�s ; �s):

For simplicity, let E��(1);�i (�;R) � E��i (�;R), E�
�(t);t
i (�;R) � �

�(t)
i (�;R) and �i(�;R) �

�
�(1)
i (�;R).

A strategy pro�le � = (�1; : : : ; �I) is a Bayesian Nash equilibrium of regime R if, for

each i, �i(�;R) � �i(�
0
i; ��i; R) for all �

0
i 2 �i. Let B�(R) � � denote the set of (pure

strategy) Bayesian Nash equilibria of regime R with discount factor �. We introduce the

following notion of Bayesian implementation.

De�nition 2. An SCF f is Bayesian-repeated-implementable from period � if there exists

a regime R such that (i) B�(R) is non-empty; and (ii) every � 2 B(R; �) is such that
a�(t);�

t
(�;R) = f(�t) for any t � � , any �(t) and any �t.

4When the meaning is clear, we shall refer to these variables without their arguments.
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For simplicity, when we say that f is Bayesian-repeated-implementable, we mean that it

is Bayesian-repeated-implementable from period 1. Also, when we say that f is Bayesian-

repeated-implementable with su¢ ciently large discount factor, we mean that there exist R

and �� such that, for any � 2 (��; 1), the properties in De�nition 2 hold.

4 Main results

Let us �rst establish what is necessary for Bayesian repeated implementation in our setup.

It is in fact straightforward to adapt the arguments behind Theorem 1 of [14] to the incom-

plete information setup. If the agents are su¢ ciently patient and an SCF f is Bayesian-

repeated-implementable, then there cannot be another SCF whose image also belongs to

that of f such that all agents strictly prefer it to f in expectation. Otherwise, there must be

a collusive equilibrium in which the agents obtain higher payo¤s but this is a contradiction.

Theorem 1. There exists �� such that, for any � 2 (��; 1), the following holds: if an SCF f
is Bayesian-repeated-implementable, then there exists no f 0 2 F (f) such that vi(f 0) > vi(f)

for all i.

Proof. See the proof of Theorem 1 of [14].

We now proceed to examine how an e¢ cient SCF can be Bayesian-repeated-implemented

in our setup. Our results below make use of two minor conditions:

Condition ~!. For each i, vi(f) � vii, and there exists some ~a
i such that vi(f) � vi(~a

i).

Condition ~�. There exist i; j 2 I, i 6= j, such that vi(f) < vii and vj(f) < vjj .

The �rst property extends condition ! that appears in [14]. In addition to a lower

bound on each agent�s expected utility from the SCF, we require that the expected utility

be bounded above by what the agent could obtain if he were a dictator. Note that this

latter property is satis�ed vacuously with private values, but the same cannot be said with

interdependent values. The second property requires that there be at least two agents who

prefer to be dictators than have the SCF implemented.

Condition ~! enables us to extend to the incomplete information setup Lemma 1 of [14],

which applies Sorin�s [22] observation. That is, given any SCF f satisfying condition ~! and

any i, one can construct a history-independent regime such that agent i�s (unique) payo¤ is
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exactly vi(f), as long as � > 1
2
. Such a regime appropriately alternates agent i dictatorship

and unconditional enforcement of some outcome. Let the regime continue to be called Si.

Also, let Di be a stationary regime in which agent i is the dictator and �a a stationary

regime in which outcome a is unconditionally implemented forever. In what follows, we

shall �x � above one half unless stated otherwise.

Our main su¢ ciency result builds on constructing the following regime de�ned for an

SCF f that satis�es condition ~!. First, mechanism b� = (M; ) is de�ned such that (i) for

all i, Mi = �i � Z+; and (ii) for any m = ((�i; z
i))i2I ,  (m) = f(�1; : : : ; �I). Then, let B�

represent any regime satisfying the following transition rules:

1. B�(;) = b�;

2. For any h = ((g1;m1); : : : ; (gt�1;mt�1)) 2 H t such that t > 1 and gt�1 = b�:

(a) if mt�1
i = (�i; 0) for all i, then B�(h) = b� ;

(b) if there exists some i such that mt�1
j = (�j; 0) for all j 6= i and mt�1

i = (�i; z
i)

with zi 6= 0, then B�jh = Si;

(c) if mt�1 is of any other type and i is the lowest-indexed agent among those who

announce the highest integer, then B�jh = Di.

This regime is similar to the regimes constructed for the complete information case.

The agents in the above regime start by playing mechanism b� in which each agent reports

his type and a non-negative integer. Strategic interaction is maintained, and mechanism b�

continues to be played, only if every agent reports zero integer. If only one agent reports

a non-zero integer, that odd-man-out obtains a continuation payo¤ at the next period

exactly equal to what he would obtain from implementation of the SCF. If two or more

agents report non-zero integers then the one announcing the highest integer becomes a

dictator forever as of the next period.

Characterizing the properties of an equilibrium of the regime is made more complicated

by the presence of incomplete information, compared to the corresponding task in the

complete information setup. The reason is two-fold.

First, as in the complete information counterpart, we employ the integer play to guar-

antee a lower bound on each agent�s equilibrium continuation payo¤. But here, this is done
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with incomplete information, and we obtain lower bounds in terms of expected continuation

payo¤ at the next period.

Second, since we allow for private strategies that depend on each individual�s past

types, continuation payo¤s depend on the agents� posterior beliefs about other agents�

past types. This implies that, unlike in the complete information case, we cannot directly

apply e¢ ciency and impose upper bounds on continuation payo¤s since the agents may

not share common posteriors at a given history. Instead, we invoke Bayes�rule, evaluate

expected continuation payo¤s at the beginning of t = 1 and then impose e¢ ciency to �nd

upper bounds accordingly. From this, we can show that each expected continuation payo¤s

evaluated at any other history also has to be bounded above.

Lemma 1. Fix any � 2 B�(B�). For any t and any �(t), if g�(t)(�;B�) = b�, then

E�
�(t);t+1
i (�;B�) � vi(f) for all i.

Proof. We prove the claim by contradiction. So, suppose that, at some �(t), g�(t)(�;B�) =

b� but E��(t);t+1i (�;B�) < vi(f) for some i. Then, consider i deviating to another strategy �0i
which is identical to the equilibrium strategy �i at every history, except at hi(�(t); �; B�)

where, for each current period realization of �i, it reports the same type as in �i but a

di¤erent integer which is higher than any integer that can be reported by � at such a

history.

By the de�nition of b�, such a deviation does not alter the current period�s implemented

outcome, regardless of the other agents�types. As of the next period, it results in either

i becoming a dictator forever (transition rule 2(c)) or continuation regime Si (transition

rule 2(b)). By condition ~!, we know that vii � vi(f). On the other hand, Si yields a

continuation payo¤ equal to vi(f) as of the next period. Thus, the deviation is pro�table,

and we have a contradiction.

Lemma 2. Suppose that f is e¢ cient (in addition to satisfying condition ~!). Fix any
� 2 B�(B�). Also, �x any t, and suppose that g�(t)(�;B�) = b� for all �(t). Then,

E�
�(t);t+1
i (�;B�) = vi(f) for all i and any �(t).

Proof. Since g�(t) = b� for all �(t), it immediately follows from Lemma 1 and Bayes�rule

that, for all i,

E�t+1i =
X

�(t)2�t�1
q(�(t))E�

�(t);t+1
i � vi(f) : (1)
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Since
�
E�t+1i

�
i2I 2 co(V ) and f is e¢ cient, (1) then implies that E�

t+1
i = vi(f) for all

i. By Lemma 1, this in turn implies that E��(t);t+1i = vi(f) for all i and any �(t).

Lemma 2 ties down expected continuation payo¤s at any given history along the equi-

librium path if the mechanism played in the corresponding period is b� for all possible

state realizations up to the period. It, therefore, remains to be shown that mechanism b�

must always be played along any equilibrium path. Since the regime begins with b�, we

can apply induction to derive this, once the next Lemma has been established.

Lemma 3. Suppose either (i) that f is e¢ cient and satis�es condition ~�, or (ii) that f is
strictly e¢ cient. Fix any � 2 B�(B�). Also, �x any t, and suppose that g�(t)(�;B�) = b�

for all �(t). Then, m�(t);�t

i (�;B�) = (�; 0) for all i, any �(t) and any �t.

Proof. Suppose not. So, suppose that, for some t, g�(t)(�;B�) = b� for all �(t) but

m
�(t);�t

i (�;B�) = (�; z), z 6= 0, for some i, �(t) and �t.
(i) By condition ~�, there must exist some j 6= i such that vjj > vj(f). Consider this

agent deviating to another strategy which is identical to the equilibrium strategy except at

hj(�(t); �; B�) where, for each current period realization of �j, it reports the same type as

in the original equilibrium but a di¤erent integer higher than any integer reported by � at

such a history.

By the construction of b�, the deviation does not alter the current period�s outcome,

regardless of the other agents� types. However, as of the next period, the continuation

regime is as follows: if the realized type pro�le is �t, it is Dj; otherwise, it is Dj or Sj.

In the former case, j obtains a continuation payo¤ strictly above vj(f) while, in the latter

case, he obtains exactly vj(f). Since, by Lemma 2, the equilibrium continuation payo¤ is

vj(f), the deviation is therefore pro�table, and we have a contradiction.

(ii) Given the transition rules, the continuation regime will involve dictatorial and/or

trivial mechanisms. Unless f can be implemented by non-contingent repetition of a dicta-

torial or trivial mechanism (the problem would then be trivial), this means that, since f is

strictly e¢ cient, E�t+1(�;B�) 6= vi(f) for some i. But, this contradicts Lemma 2.

We are now ready to state the equilibrium properties of regime B�. If the SCF is

e¢ cient/striclty e¢ cient and satis�es the minor additional conditions, every equilibrium of

B� must deliver desired expected continuation payo¤s/outcomes at every history beyond

the �rst period.
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Proposition 1. Fix any I � 2.

1. If f is e¢ cient and satis�es conditions ~! and ~�, then every � 2 B�(B�) is such that

E�
�(t);t+1
i (�;B�) = vi(f) for all i, any t and any �(t).

2. If f is strictly e¢ cient and satis�es condition ~!, then every � 2 B�(B�) is such that

a�(t);�
t
(�;B�) = f(�t) for any t � 2, any �(t) and any �t.

Proof. 1. Fix any � 2 B�(B�). Since B�(;) = b�, and by Lemma 3, induction implies that,

for any t and �(t), g�(t)(�;B�) = b�. Lemma 2 then completes the proof.

2. It is straightforward to derive the claim from the same induction arguments and the

de�nition of strict e¢ ciency.

Our objective of Bayesian repeated implementation is now achieved if regime B� admits

an equilibrium. One natural su¢ ciency condition that will guarantee existence in our setup

is incentive compatibility. It is straightforward to see that, if f is incentive compatible,

regime B� admits a Markov equilibrium in which each agent always reports his true type

and zero integer. Thus, from Proposition 1 above, we can state the following:

Theorem 2. If f is strictly e¢ cient, incentive compatible and satis�es condition ~!, then
f is Bayesian-repeated-implementable from period 2.

5 More on incentive compatibility

The purpose of incentive compatibility in Theorem 2 is merely to ensure existence of a

�good�equilibrium in which every agent always reports his true type. We now explore if it

is in fact possible to construct a regime that keeps the desired equilibrium properties and

admits such an equilibrium without incentive compatibility.

Our focus is on the case of interdependent values, in which some agents�utilities depend

on others�private information. Here, in the one-shot setup, many authors have identi�ed a

con�ict between e¢ ciency and incentive compatibility (for instance, Maskin [16] and Jehiel

and Moldovanu [13]). It is therefore of particular interest that we establish non-necessity

of incentive compatibility for repeated implementation.

Let us assume that the agents know their utilities from the implemented outcomes at

the end of each period, and de�ne identi�ability as follows.
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De�nition 3. An SCF f is identi�able if, for any i, any �i; �
0
i 2 �i such that �0i 6= �i and

any ��i 2 ��i, there exists some j 6= i such that

uj(f(�
0
i; ��i); �

0
i; ��i) 6= uj(f(�

0
i; ��i); �i; ��i) :

In words, identi�ability requires that, whenever there is one agent lying about his type

while all others report their types truthfully, there exists another agent who obtains a

(one-period) utility di¤erent from what he would have obtained under everyone behaving

truthfully.5 Thus, with an identi�able SCF, if an agent deviates from an equilibrium in

which all agents report their types truthfully then there will be at least one other agent

who can detect the lie at the end of the period. Notice that the above de�nition does not

require that the detector knows who has lied; he only learns that someone has.

Identi�ability will enable us to build a regime which admits a truth-telling equilibrium

based on incentives of repeated play, instead of one-shot incentive compatibility of the SCF.

Such incentives involve punishment when someone misreports his type. To this end, we

also introduce a bad outcome; that is, there exists a bad outcome ~a such that vi(~a) < vi(f)

for all i.

Let us now lay out the regime used for our next result. Consider an SCF satisfying ~!.

Also, suppose that there exists a bad outcome. De�ne Z as a mechanism in which (i) for

all i, mi = Z+; and (ii) for all m,  (m) = a for some a, and de�ne ~b� as the following

extensive form mechanism:

� Stage 1 - Each agent i announces his private information �i, and f(�1; : : : ; �I) is

implemented.

� Stage 2 - Once agents learn their utilities, but before a new period begins, each of
them announces a report belonging to the set fNF;Fg�Z+, where NF and F refer
to �no �ag�and ��ag�respectively.

The agents�actions in Stage 2 do not a¤ect the outcome implemented and payo¤s in

the current period but they determine the continuation play as of the next period in the

regime below.6

5Notice that identi�ability cannot hold with private values.
6A similar mechanism design is considered by Mezzetti [17] in the one-shot context with interdependent

values and quasi-linear utilities. There, in the �rst stage, the agents are asked to report their private

information, followed by immediate outcome implementation; then, in the second stage, the agents report

their payo¤s and transfers are arranged subsequently.
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Let ~B� represent any regime satisfying the following transition rules:

1. ~B�(;) = Z;

2. For any h = (g1;m1) 2 H2:

(a) if m1
i = (0) for all i, then ~B

�(h) = ~b� ;

(b) if there exists some i such that m1
j = (0) for all j 6= i and m1

i = zi with zi 6= 0,
then ~B�jh = Si;

(c) if m1 is of any other type and i is the lowest-indexed agent among those who

announce the highest integer, then ~B�jh = Di;

3. For any h = ((g1;m1); : : : ; (gt�1;mt�1)) 2 H t such that t > 2 and gt�1 = ~b�:

(a) if mt�1
i is such that every agent reports NF and zero integer in Stage 2, then

~B�(h) = ~b�;

(b) if mt�1
i is such that at least one agent reports F in Stage 2, then ~B�jh = �~a;

(c) if mt�1
i is such that every agent reports NF and every agent except some i

announces zero integer, then ~B�jh = Si;

(d) if mt�1 is of any other type and i is the lowest-indexed agent among those who

announce the highest integer, then ~B�jh = Di.

This regime begins with a simple integer mechanism and non-contingent implementation

of an arbitrary outcome in the �rst period. If all agents report zero integer, then the next

period�s mechanism is ~b�; otherwise, strategic interaction ends with the continuation regime

being either Si or Di for some i.

The newmechanism ~b� sets up two reporting stages. In particular, each agent is endowed

with an opportunity to report detection of a lie by raising ��ag�(though he may not know

who the liar is) after an outcome has been implemented and his own within-period payo¤

learned. The second stage also features integer play, with the transitions being the same as

before as long as every agent reports �no �ag�. But, only one ��ag�is needed to overrule

the integers and activate permanent implementation of the bad outcome.

Several comments are worth pointing out about regime ~B�. First, why do we employ a

two-stage mechanism? This is because we want to �nd an equilibrium in which a deviation
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from truth-telling can be identi�ed and subsequently punished. This can be done only after

utilities are learned, via the choice of ��ag�.

Second, the agents report an integer also in the second stage of mechanism ~b�. Note

that either a positive integer or a �ag leads to shutdown of strategic play in the regime.

This means that if we let the integer play to occur before the choice of �ag an agent may

deviate from truth-telling by reporting a false type and a positive integer, thereby avoiding

subsequent detection and punishment altogether.

Third, note that the initial mechanism enforces an arbitrary mechanism and only inte-

gers are reported. The integer play a¤ects transitions such that the agents�continuation

payo¤s are bounded. We do not however want to endow the agents with the choice of �ag

immediately because we want to avoid the possibility of co-ordination failure where the

agents all raise �ag.7 Moreover, the absence of �ags means that we cannot let the agents

reveal their types in the �rst period. This is because of the lack of incentive compatibility;

otherwise, one may deviate from truth-telling, obtain a one-period gain and subsequently

enjoy the same continuation payo¤ as the equilibrium.

We now establish that, with an identi�able SCF, regime ~B� admits an equilibrium that

attains the desired outcome path as long as the agents are su¢ ciently patient.

Proposition 2. Suppose that f satis�es identi�ability. If � is su¢ ciently large, there exists
�� 2 B�( ~B�) such that, for any t > 1, any �(t) and any �t, (i) g�(t)(��; ~B�) = ~b�; and (ii)

a�(t);�
t
(��; ~B�) = f(�t).

Proof. There exists some � > 0 such that, for each i, vi(~a) < vi(f)� �. De�ne

� � max
i2I;�2�;a;a02A

[ui(a; �)� ui(a
0; �)]

and
�� � �

�+ �
:

Fix any � 2
�
��; 1
�
.

Consider the following symmetric strategy pro�le �� 2 �: for each i, ��i is such that:

� ��i (;; Z; �i) = 0 for any �i;
7We shall use induction arguments to ensure that �ags cannot be raised in equilibrium beyond the �rst

period.
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� for any t > 1 and any corresponding history, if ~b� is played in the period,

� in Stage 1, it always reports the true type;

� in Stage 2, it reports NF and zero integer if the agent has not detected a false

report from another agent or has not made a false report himself in Stage 1;

otherwise, report F .

From these strategies, each agent i obtains continuation payo¤ vi(f) at the beginning

of each period t > 1. Let us now examine deviation by any agent i.

First, consider t = 1. Given the de�nition of mechanism Z and transition rule 2(b),

announcing a positive integer alters neither the current period�s outcome/payo¤ nor the

continuation payo¤ at the next period.

Second, consider any t > 1 and any corresponding history. Deviation can take place in

two stages:

(i) Stage 1 - Announce a false type. But then, due to identi�ability, another agent will

raise ��ag� in Stage 2, thereby activating permanent implementation of ~a as of the next

period. The corresponding continuation payo¤ cannot exceed

(1� �)max
a;�

ui(a; �) + �(vi(f)� �) ; (2)

while the equilibrium payo¤ is at least

(1� �)min
a;�

ui(a; �) + �vi(f) : (3)

Since � > ��, (3) exceeds (2), and the deviation is not pro�table.

(ii) Stage 2 - Given transition rules 3(b) and 3(c), neither ��ag�nor non-zero integer

improves continuation payo¤.8

Note from the proof that, in the above equilibrium, punishment for a lie is activated

by two �ags, one from the detector and also one from the deviator himself. The mutual

optimality of this behavior (given a history of deviation) is supported by an indi¤erence

argument; the bad outcome is permanently implemented regardless of one�s response to

another �ag. This is in fact a simpli�cation. Since vi(~a) < vi(f) for the bad outcome

8Notice that the proposed equilibrium strategy pro�le is also sequentially rational; in particular, in the

Stage 2 continuation game following a false report (o¤-the-equilibrium), it is indeed a best response by

either the liar or the detector to ��ag�given that there will be another agent also doing the same.
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~a, for instance, the following modi�cation to the regime makes it strictly optimal for an

agent to �ag given that there is another �ag. If there is only one �ag then the continuation

regime simply implements ~a forever; if two or more agents �ag then the continuation regime

alternates between enforcement of ~a and dictatorships of those who �ag such that those

agents obtain payo¤s greater than what they would obtain from ~a forever.

Given Proposition 2, it remains to characterize the properties of an equilibrium of regime
~B. This task involves similar induction arguments to those behind Theorem 2 above, using

only e¢ ciency and condition ~!. It also does not depend on � being arbitrarily large, as is

the case for existence.

Theorem 3. Consider the case of interdependent values. If an SCF f is strictly e¢ cient,
identi�able and satis�es condition ~!, and if there is a bad outcome, then f is Bayesian

repeated-implementable from period 2 with su¢ ciently large discount factor.

Proof. See Appendix.

The case of private values In order to use the incentives of repeated play to overcome

incentive compatibility, someone in the group must be able to detect a deviation and

subsequently enforce punishment. With interdependent values, this is possible once utilities

are learned; with private values, each agent�s utility depends only on his own type and hence

identi�ability cannot hold.

One way to identify a deviation in the private value setup is to observe the distribution

of an agent�s type reports over a long horizon. By a law of large numbers, the distribution

of the actual type realizations of an agent must approach the true prior distribution as the

horizon grows. Thus, at any given history, if an agent has made type announcements that

di¤er too much from the true distribution, it is highly likely that there have been lies, and

it may be possible to build punishments accordingly such that the desired outcome path is

supported in equilibrium.

Similar methods, based on review strategies, have been proposed to derive a number

of positive results in repeated games (see Chapter 11 of Mailath and Samuelson [15] and

the references therein). Extending these techniques to our setup may lead to a fruitful

outcome.

The budgeted mechanism of Jackson and Sonnenschein [12] in some sense adopts a

similar approach. However, they use budgeting to derive a characterization of equilibrium
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properties that every equilibrium payo¤ pro�le must be arbitrarily close to the e¢ cient

target pro�le if the discount factor is su¢ ciently large and the horizon long enough.9 Their

setup is a �nite one and, therefore, standard existence arguments are invoked to show that

the budgeted mechanism must have an equilibrium (in mixed strategies).

6 Concluding discussion

In this paper, we have extended the complete information analysis of Lee and Sabourian

[14] to the general incomplete information setup. Here again, it is shown that the prob-

lem of repeated implementation is fundamentally di¤erent from its one-shot counterpart.

E¢ ciency, not incentive compatibility or Bayesian monotonicity, plays a critical role in

achieving Bayesian repeated implementation.

Let us conclude with some remarks on our results. First, the solution concept used in

our setup is that of Bayesian Nash equilibrium. Thus, our results do not rely on sequential

rationality or particular restrictions on o¤-the-equilibrium belief formation, as in Bergin

and Sen [5], Baliga [2] and Brusco [6][7].10

Second, it is straightforward to incorporate behavioral strategies into our setup. To see

this, recall Lemmas 1-3 and notice that their proofs are una¤ected by allowing for players�

randomization.

Finally, our results are not sensitive to the precise knowledge that each agent possesses

about the distribution of other agents�types, a criticism frequently raised against Bayesian

implementation in general (where each agent is required to behave optimally against others

for the given distribution of types) by, for instance, the literature on ex post implementation

(see, for example, Bergemann and Morris [3][4]). To see this, recall Lemma 1 and its

proof: the lower bound on each agent�s equilibrium continuation payo¤ is established by a

deviation argument that is actually independent of others�private information.

On the other hand, constructing the continuation regime Si invokes knowledge of two

things: (i) the target payo¤, vi(f), which requires information on the joint distribution

but not necessarily the marginal distributions; and (ii) how such a payo¤ can be generated

9Recall that our approach delivers a sharper equilibrium characterization (i.e. precise, rather than

approximate, matching between equilibrium and target payo¤s obtained independently of �) for a general

incomplete information environment.
10Nonetheless, we show that our regimes admit equilibria satisfying sequential rationality.
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precisely in a non-strategic way. Whether this task is performed by a planner or by the

agents themselves, as in a contractual setting, the potential danger of incorrect speci�cation

in our setup does not appear to be as serious as in other Bayesian implementation contexts.

A large departure from the true distribution and utility functions allow for a wide range of

equilibrium payo¤s, but still, they must all be bounded below by the pro�le corresponding

to fSig.

7 Appendix

Proof of Theorem 3 Consider regime ~B� de�ned above. Fix any � 2 B�( ~B�). We

proceed with the following Lemmas.

Lemma 4. Fix any t > 1. Suppose that g�(t) = ~b� for all �(t) and also that, at any �t,

every agent reports �no �ag�in Stage 2. Then, E��(t);t+1i = vi(f) for any �(t) and all i.

Proof. The arguments are essentially the same as the proof of Lemma 2 above and, hence,

omitted.

Lemma 5. Fix any t > 1. Suppose that g�(t) = ~b� for all �(t) and also that, at any �t,

every agent reports �no �ag�in Stage 2. Then, for any �(t) and any �t,

1. g�(t);�
t
= ~b�; and

2. every agent will report �no �ag�at the next period t+ 1, for any �t+1.

Proof. The �rst part can be proved by exactly the same arguments as in Lemma 3 above.

To prove the second part, suppose otherwise; so, suppose that some agent reports ��ag�in

Stage 2 of period t+ 1 at some �(t), �t, �t+1.

Since f is strictly e¢ cient and ~a is such that vi(~a) < vi(f) for all i, it must be that

E�t+1 < vi(f) for some i. But, this contradicts the previous Lemma, which implies that

E�t+1i = vi(f) for all i.

Since ~B�(;) = Z, the same arguments clearly apply also to period 1; that is, it must be

that E�2i = vi(f) for all i, g�(2) = ~b� for any �(2) 2 � and every agent will report �no �ag�
in Stage 2 of period 2 for any �(2) and any �2.

By Lemma 5, induction then implies that �ag is never raised and ~b� always played along

any equilibrium path beyond the �rst period; Lemma 4 in turn implies that the desired

social choice must always be implemented along an equilibrium path.
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