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Abstract

This paper extends the analysis of Dufour et al. (2006) in the direction of the more general

notions of causality introduced by Al-Sadoon (2009). In particular, we propose new tests for

Granger non–causality along subspaces in VAR processes at various horizons. The methodol-

ogy is illustrated by reexamining the Bernanke & Mihov (1998) data set for forecast horizons

of 1–24 months. We find that monetary policy predicts output growth and inflation only

along a single direction in output–growth–inflation space for most of the forecast horizons we

consider. We also find that the variations of non–borrowed reserves and the federal funds rate

along certain directions have no predictive power for output growth and inflation at most of

the horizons considered.
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1 Introduction

The concept of causality developed by Wiener (1956) and Granger (1969) is one of the most

fundamental concepts of time series analysis (see e.g. the surveys of Geweke (1984) or Hamilton

(1994)). The basic idea of Granger causality is that the cause should occur before the effect

and so the cause should help predict the effect. The original idea confined “prediction” to

one–step–ahead prediction; however, when Granger causality was extended to multivariate

testing by Tjøstheim (1981) and Hsiao (1982) the question arose as to the possibility of indirect

causality between variables. Dufour & Renault (1998) then introduced h–step causality, which

was capable of describing both direct and indirect causality in a multivariate setting.

Recently, Al-Sadoon (2009) has shown that these cartesian notions of causality may not

give a full characterization of the causal structure of the system. In particular, if a vector

process Y causes the vector process X at horizon h, it may still be the case that the causal

linkage is weak as either: (i) the effect of Y on X may be confined to a subspace of X–space or

(ii) variations of Y in certain direction may have no effect on X. Thus, we must consider the

subspaces along which causal linkages may lie. Al-Sadoon (2009) finds that the restrictions

required for testing subspace causality are rank restrictions rather than the zero restrictions

used for cartesian causality testing. This accords with T. W. Anderson’s original contribution

(Anderson, 1951) that the proper extension of zero univariate restrictions to the multivariate

setting is rank restrictions rather than zero restrictions.

In this paper we present an estimation and inference procedure for testing subspace causal-

ity in finite order VAR models. We employ the method of (p, h) autoregressions to estimate

the relevant coefficient matrices just as in Dufour et al. (2006). As is well known, the residuals

in such equations are moving averages and therefore hypothesis testing requires the use of

HAC estimators; we follow Dufour et al. (2006) in using the Bartlett–Newey–West estimator

(Newey & West, 1987). The rank tests are carried out using the test statistic of Kleibergen

& Paap (2006), which is a Wald test, and the rank estimation procedure is that proposed

by Robin & Smith (2000), which tests sequentially increasing rank. The methodology is also

extended to the I(1) case by employing the results of Toda & Yamamoto (1995) and Dolado

& Lütkepohl (1996), of augmenting the regression equation by a redundant lag to achieve

standard asymptotics.

The methodology above is applied to the Bernanke & Mihov (1998) data set, which was
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studied by Dufour et al. (2006). In particular, we look at the predictive effect of monetary

policy (consisting of non–borrowed reserves and the federal funds rate) on output growth

and inflation at horizons 1–24 months. We find that the federal funds rate predicts output

growth and inflation only along a single very flat line in output–growth–inflation space for

most of the forecast horizons we consider; therefore the predictive power of the federal funds

rate is primarily for output growth rather than inflation. We also find that the variations of

non–borrowed reserves and the federal funds rate along certain directions have no predictive

power for output growth and inflation at most of the horizons considered; the slopes of these

directions are consistently negative, indicating a tradeoff between the federal funds rate and

non–borrowed reserves viz–a–viz output growth and inflation, thus one can interpret this result

as a confirmation of the idea that the central bank may control either the money supply or

interest rates but not both at the same time.

We should emphasize that we have deliberately kept the scope of this paper rather limited

to extending the analysis of Dufour et al. (2006) in order to demonstrate the properties of

subspace as opposed to cartesian causality. Our testing procedure and accompanying Matlab

code is able to reproduce all of the results of Dufour et al. (2006). However, we do propose a

list of further venues of research in the conclusion to this paper.

The paper is organized as follows. Section 2 motivates and reviews the idea of subspace

causality. Section 3 discusses estimation and inference. Section 4 is an empirical illustration

of the methodology. Section 5 concludes and section 6 is an appendix.

2 Causality in VAR Models

In this paper we will be concerned with the n–dimensional VAR(p) process,

W (t) = µ+

p∑
j=1

πjW (t− j) + a(t), t = p, . . . , T (2.1)

where a(t) is a martingale difference sequence with respect to the information set generated

by W , with E(a(t)a′(t)) = Ω > 0. The first p observations of W are assumed given. Although

we considers only a constant deterministic term, our results apply more generally to any

deterministic trend.

We will be interested in measuring predictability of the various components of W at various
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horizons based on its history. Iterating (2.1) over h periods we get,

W (t+ h) = µh +

p∑
j=1

π
(h)
j W (t+ 1− j) +

h−1∑
j=0

ψja(t+ h− j), t = p− 1, . . . , T − h, (2.2)

where µh =
∑h−1

j=0 ψjµ and the coefficients matrices, derived by Dufour & Renault (1995), are

given by,

π
(1)
j = πj , π

(h+1)
j = πj+h +

h∑
l=1

πh−l+1π
(l)
j = π

(h)
j+1 + π

(h)
1 πj , j, h ≥ 1 (2.3)

ψh = π
(h)
1 , h ≥ 1 (2.4)

Therefore, the best linear predictor of W (t + h) based on current and past values of W is

given by,

P (W (t+ h)|W [0, t]) = µh +

p∑
j=1

π
(h)
j W (t+ 1− j), t = p− 1, . . . , T − h, (2.5)

We will require W to be partitioned as W (t) = (X ′(t), Y ′(t), Z ′(t))′, t = 1, . . . , T , where the

dimensions of the components X, Y , and Z are nX , nY , and nZ respectively. The coefficient

matrices are then partitioned conformably with W as,

π
(h)
j =


π

(h)
XXj π

(h)
XY j π

(h)
XZj

π
(h)
Y Xj π

(h)
Y Y j π

(h)
Y Zj

π
(h)
ZXj π

(h)
ZY j π

(h)
ZZj

 , j, h ≥ 1

Dufour & Renault (1998) define h–step non–causality as follows: Y fails to cause X at a

given horizon h if at every time t the forecast of X(t+ h) does not depend on current or past

Y . We will denote this by Y 9h X. To see what the implications of non–causality are for the

VAR(p) model, consider the X equations of the system (2.2),

X(t+h) = µXh+

p∑
j=1

π
(h)
XY jY (t−j+1)+π

(h)
XXjX(t−j+1)+π

(h)
XZjZ(t−j+1)+X (t+h), t ≥ p−1

(2.6)

where X (t + h) is an MA(h − 1) of the innovations of W . Now the best linear predictor of∑p
j=1 π

(h)
XXjX(t−j+1)+π

(h)
XZjZ(t−j+1) is itself whether we exclude Y from the information

set or not; on the other hand, the best linear predictor of X (t+h) is zero as the innovations of

W are martingale differences. Thus, whether or not Y 9h X depends on how the best linear

predictor of
∑p

j=1 π
(h)
XY jY (t− j + 1) varies as we exclude the history of Y .
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Result 2.1 (Theorem 3.1 of Dufour & Renault (1998)). Y 9h X if and only if, π
(h)
XY j = 0 for

all 1 ≤ j ≤ p.

Al-Sadoon (2009) has shown that the Dufour & Renault (1998) framework does not capture

the full linear structure of dependence in multivariate time series; in particular if we fail to

reject non–causality, it may still be the case that the causal linkages are weak and occur only

along certain subspaces of the variations in X and Y . This is illustrated in the following

example.

Example 2.1. Consider US monthly data on real GDP growth, GDP , inflation, P , the growth

of non–borrowed reserves, NBR, and the percentage change in the federal funds rate, r for

the period January 1965 to December 1996 (more on this data set in section 4). We would

like to visualize the predictive effect of monetary policy Y = (NBR, r) on X = (GDP,P ).1

Now the forecast of X can include current and lagged Y ’s as predictors or it may not; the

significance of the difference between the two forecasts is indicative of Granger causality as we

have explained above. We constructed our forecasts using equation (2.6) with and without Y

using a lag length of 16 and plotted the difference in the following graphs (more on this choice

of estimation method in sections 3 and 4).

It is clear from Figure 2.1 that monetary policy predicts primarily output growth. However,

it would be a mistake to conclude that monetary policy has little predictive value for inflation.

There seems to be a tilt in the predictable variations of output and inflation at horizons 16–19,

with monetary policy predicting output and inflation along a slightly positively sloped line in

(GDP,P ) space.

We can now ask, where is this predictive power coming from, non–borrowed reserves or

the federal funds rate? To answer this question, we repeated the same exercise but this time

looking at the effect of excluding only NBR in Figure 2.2 and then the effect of excluding

only r in Figure 2.3. We see that non–borrowed reserves has less predictive power than the

federal funds rate. We also continue to see the pattern of a slightly upward sloping line in

(GDP,P ) space along which monetary policy has predictive power.

In the above discussion we have considered the directions in X space along which Y

has predictive power. We may ask alternatively, are there any directions in Y space along

which there is no predictive power. Suppose that in place of the given monetary policy

1See Bernanke & Mihov (1998) and Christiano et al. (1999) for more on this choice of instruments.
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instruments, we were to construct two different instruments, I1(θ) = cos(θ)NBR + sin(θ)r

and I2(θ) = − sin(θ)NBR + cos(θ)r. Such a transformation amounts to rotating (NBR, r)

space by θ degrees. We would like to see in which directions of variation, monetary policy has

its greatest and least predictive power. In order to do that, we can invert the Wald test for the

exclusion of I1(θ) from the X equations for the range of θ ∈ [−π/2, π/2]. This is illustrated

in Figure 2.4, where the horizontal lines are the critical values of the test at 5% and 10% (we

continued to use 16 lags).

It is clear from Figure 2.4 that variations of monetary policy in certain directions have

statistically insignificant effects on output growth and inflation. In particular, at horizon 4

there is a range of positively sloped lines in (NBR, r) space along which monetary policy has

no predictive value for output and inflation. This range exists for every horizon after 4.

We may now ask, is this loss of predictive power along certain directions due to loss of

predictive power for output growth or for inflation? We can see from Figure 2.5 and 2.6 that

the picture is qualitatively similar although monetary policy fails to predict inflation very well

at horizons higher than 3, which is a conclusion we have already arrived at from looking at

Figure 2.1.

Of course the critical values used in the above test are based on asymptotic theory, which

as is well known may over–reject in small samples (see e.g. Dufour & Khalaf (2002) and the

references therein). Thus the regions of non–rejection found above are potentially much larger;

a fact that we would have seen if we had bootstrapped the test at each θ ∈ [−π/2, π/2] rather

than having relied on asymptotic theory.

It is clear from this example that neither the univariate analysis of causality of Granger

(1969) and Dufour et al. (2006) nor the block–zero multivariate causality restrictions of

Tjøstheim (1981) would have captured much of the structure we have uncovered. The uni-

variate analysis would have failed to note the subspaces along which causality resides because

it focuses on a small set of variations in the data rather than the full set of variations. On the

other hand, the block–zero restriction tests would have indicated causality where the causal

linkage is quite limited and confined to a subspace. In summary, univariate tests are too

specific, while multivariate tests are too blunt.

How do we capture the structure illustrated in the above example? One solution would

be to conduct a principle components analysis on the difference of residuals in Figures 2.1,
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2.2, and 2.3 but that would isolate the main directions of variation without indicating which

ones were insignificant and even then it would be inefficient in ignoring the fact that the data

was generated from a regression model. Another solution would be to conduct a canonical

correlations analysis similar to that presented in Appendix 6.1 in the context of a regression

model but this has the disadvantage of being somewhat messy (Otter (1990) follows this

approach in the context of forecasting). Yet a third route would invert the Wald tests of

non–causality as we did Figures 2.4, 2.5, and 2.6; but this gives us set estimates rather than

point estimates; of course, we could minimize the Wald statistic to obtain a point estimate

but except for very special cases (i.e. when the estimator has a variance of Kronecker product

form) it is not known what the distribution of this statistic is.

Al-Sadoon (2009) proposes a new notion of non–causality called subspace non–causality;

we say that Y along subspace V ⊆ RnY fails to cause X along subspace U ⊆ RnX at horizon

h ≥ 1 if eliminating the history of variations of Y along V from the information set does not

change the h-step forecast of X in the direction of U . We denote this by Y |V 9h X|U and

note that it is equivalent to PVY 9h PUX, where PU and PV are the orthogonal projection

matrices onto U and V respectively. The requisite restrictions for this sort of non–causality

are as follows.

Result 2.2 (Theorem 4.1 of Al-Sadoon (2009)). Y |V 9h X|U if and only if, PUπ
(h)
XY jPV = 0

for all 1 ≤ j ≤ p.

Now if U and V are known then testing for subspace non–causality is easily done by

employing a Wald test as in Dufour et al. (2006). Typically, however, we will not know a priori

along which subspaces non–causality occurs; thus restrictions of the form PUπ
(h)
XY jPV = 0 for

all 1 ≤ j ≤ p are actually rank restrictions, which brings us back to the original insight of

Anderson (1951), who first proposed these tests: the appropriate extension of zero restrictions

in univariate regressions is not zero block restrictions but reduced rank restrictions.

In this paper, we will not consider the full range of possible rank restrictions (the reader

may consult Reinsel & Velu (1998) for a comprehensive review); we will only consider the

cases where either U or V is fixed to span the full space of variation. Now define the maximal

subspace U such that Y 9h X|U to be UXYh and let UXYh to be a matrix of orthonormal

columns which span UXYh ; likewise, the maximal subspace V such that Y |V 9h X is denoted

by VXYh and V XY
h is the matrix of orthonormal columns which span VXYh ; similarly define

13



UWW
h , UWW

h , VWW
h and V WW

h .2 Then we can find UXYh by finding the appropriate U that

satisfies,

U ′
[
π

(h)
XY 1 · · · π

(h)
XY p

]
= 0 (2.7)

Likewise, V XY
h is the appropriate V that satisfies,

π
(h)
XY 1

...

π
(h)
XY p

V = 0 (2.8)

3 Estimation and Inference

3.1 Estimation of Stationary VARs

When (2.1) is stationary, the parameters of the model can be estimated straightforwardly

by OLS, from which we can construct the h-period coefficients using (2.3). Unfortunately,

it is difficult to use standard asymptotics to test hypotheses on these estimates as they may

have non-singular covariance matrices (see the example in section 3.6.4 of Lütkepohl (2006)).

Lutkepohl & Burda (1997) have suggested a simulation technique for tackling this issue and

(Lütkepohl, 2006, p. 108) has also suggested imposing the zero restrictions on the coefficients

directly. Yet another route could employ the theory of regularized hypothesis tests à la Moore

(1977), Andrews (1987), and Dufour & Valery (2009).

In this paper we will opt for simplicity, employing the technique of Dufour et al. (2006)

which regresses W (t+h) on current and up to p−1 lagged values of W to obtain the coefficient

2Lemma 3.3 of Al-Sadoon (2009) proves that these subspaces are unique.
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matrices π
(h)
1 , . . . , π

(h)
p .3 To see that this is possible, rewrite (2.2) as,

Yh = BhXh + Uh, Yh =
[
W (p+ h− 1) · · · W (T )

]
, Bh =

[
µh π

(h)
1 · · · π

(h)
p

]
Xh =

[
Xh(p− 1) Xh(p) · · · Xh(T )

]
, Uh =

[
Uh(p− 1) Uh(p) · · · Uh(T )

]
,

Xh(t) =



1

W (t)

W (t− 1)

...

W (t− p+ 1)


, Uh(t) =

h−1∑
j=0

ψja(t+ h− j)

Then the OLS estimator of Bh is B̃h = YhX
′
h(XhX

′
h)−1. This estimator is

√
T–consistent

under fairly general regularity conditions (see p. 72 of Lütkepohl (2006) or section 6.2 of

White (2001)). However, care must be exercised in testing hypotheses on B̃h because the

errors in the regression are not uncorrelated but have an MA(h− 1) structure. Therefore, its

asymptotic covariance is not of the Kroncker product form and thus standard test statistics

on B̃h do not apply. To see this more clearly write,

√
T (vec(B̂h)− vec(Bh)) =

((
XhX

′
h

T

)−1

⊗ In

)
vec

(
UhX

′
h√
T

)

=

((
XhX

′
h

T

)−1

⊗ In

)
1√
T

T∑
t=p−1

Xh(t)⊗ Uh(t)

Now since Uh(t) is an MA(h− 1) process, the summands Xh(t)⊗Uh(t) are serially correlated

at lags 1 through h − 1 and, because a(t) is martingale difference process, there is no serial

correlation beyond that lag. Using standard results (White, 2001, section 6.3) we have that,

1√
T

T∑
t=p−1

Xh(t)⊗ Uh(t)→ N(0,Ψh),

where,

Ψh =

h−1∑
j=−h+1

cov(Xh(t)⊗ Uh(t),Xh(t− j)⊗ Uh(t− j))

Dufour et al. (2006) show that this matrix is invertible under the assumptions we have made.

The asymptotic distribution of our estimator is then,

√
T (vec(B̃h)− vec(Bh))→ N

(
0, (E(Xh(t)X′h(t))−1 ⊗ In)Ψh(E(Xh(t)X′h(t))−1 ⊗ In)

)
3This regression model is also used in the direct method for forecasting VARs (see e.g. Bhansali (2002))
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The asymptotic variance of B̃h is invertible because Ψh is invertible.

Now, as is well known from the HAC literature, sample analogues can be substituted in

for E(Xh(t)X′h(t)) but not for Ψh because the sample analogue is not guaranteed to be positive

definite. We may, however, use a Bartlett–Newey–West estimator of the form,

Ψ̃h =

m(T )−1∑
j=0

(
1− |j|

m(T )

)
c̃ov(Xh(t)⊗ Ũh(t),Xh(t− j)⊗ Ũh(t− j))

where,

Ũh(t) = W (t+ h)− B̃hXh(t),

and m(T )/T
1
4 → 0, where m(T ) is commonly known as the bandwidth of the estimator

(Newey & West, 1987). Hall (2005) and Cushing & McGravey (1999) review the literature on

the optimal choice of m(T ); they also review the literature on parametric estimators of Ψh

(see also den Haan & Levin (1997)).4 However, we will be concerned in this paper with the

Newey–West estimator to maintain continuity with the previous literature, Dufour & Jouini

(2005) and Dufour et al. (2006).

3.2 Inference in Stationary VARs

Having derived our estimator B̃h and its asymptotic distribution, we can begin to discuss

hypothesis testing. Causality tests are carried out on matrices which are linear transformations

of Bh. In particular if L ∈ Rn×nX selects the X elements of W and R ∈ Rn×nY selects the Y

elements then, [
π

(h)
XY 1 · · · π

(h)
XY p

]
= L′Bh

01×nY p

Ip ⊗R


and, 

π
(h)
XY 1

...

π
(h)
XY p

 =

p∑
i=1

(ei ⊗ L′)Bh

 01×nY

(ei ⊗ In)R

 ,
4It would be very interesting to see how the Kiefer & Vogelsang (2005) analysis fairs in our setting. They set

the bandwidth to T with the result that their estimate of Ψh is inconsistent; however, their test statistic is still

asymptotically pivotal, albeit with non–standard distribution. Unfortunately, that is outside the scope of this paper

and is left to future research.
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where ei ∈ Rp is the i-th standard basis vector. This form will allow us to easily write

down the asymptotic distribution of the relevant coefficients in (2.7) and (2.8) as they relate

to the asymptotic distribution of Bh since the general form of the submatrices we look at

is C =
∑p

i=1 LiBhRi where Li and Ri are left and right selection matrices. In all cases,

under the assumptions we have made in this section the asymptotic covariance matrix of

C̃ =
∑p

i=1 LiB̃hRi is invertible because the asymptotic covariance of C̃ is invertible and∑p
i=1R

′
i ⊗ Li is of full rank.5

Now the question is, how do we test rank restrictions of the form (2.7) and (2.8)? Various

options abound, the original analysis of Anderson (1951) can be applied to the regression

models (2.2) or (2.6) but because Ψh is not of the Kronecker form, the asymptotic distribution

of Anderson’s test statistic is not standard. Robin & Smith (2000) show that it is in general

a weighted sum of independent χ2(1) random variables with weights that depend on the

parameters of the model; they show that when the weights are estimated consistently, the test

has the correct size asymptotically. However, the potential for nuisance parameters in the

asymptotic distribution makes this option less attractive than the alternative below. Cragg

& Donald (1997) propose an estimator of rank that does not require Ψh to be of Kronecker

product form and is asymptotically nuisance parameter free but it is burdensome to compute

numerically. Camba-Mendez & Kapetanios (2009) surveys a number of other possible rank

tests. We have opted instead to use the method of Kleibergen & Paap (2006) because it is

simple to implement, it is asymptotically nuisance–parameter–free, and it is a Wald test which

encompasses the test of Dufour et al. (2006). We shall now give a very simple, albeit heuristic,

derivation of this test.

Suppose we would like to test the hypothesis, H0(q) : rank(C) = q for some 0 ≤ q <

min{m, l}. Suppose moreover that
√
T (vec(C̃)− vec(C))

d→ N(0,Θ), where Θ is constructed

from the asymptotic variance of B̃h and is positive definite as we have shown above. Let

C = USV ′ be a singular value decomposition; our test will make use of the sample analogue

of this decomposition, suitably identified.6 Now partition the singular value decomposition

5The fact that this sum of Kronecker products has full rank follows by noting that for the selection matrices we

have chosen to work with, the mapping Bh 7→ C is always surjective.
6Interestingly, it has long been known in the numerical analysis literature that the singular values of a matrix

indicate its “effective” rank (see the concept of ill–conditioning in Press et al. (1992) and the historical survey by

Stewart (1993)) and yet the concept was not actually utilized in econometrics until Kleibergen & Paap (2006).
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as,

U =
[
U·1 U·2

]
, S =

S1 0

0 S2

 , , V =
[
V·1 V·2

]
,

so that S1 ∈ Rq×q and C = U·1S1V
′
·1 + U·2S2V

′
·2. Then under H0(q), U ′·2CV·2 = 0 and so,

√
T (V·2 ⊗ U·2)′vec(C̃)

d→ N(0, (V·2 ⊗ U·2)′Θ(V·2 ⊗ U·2))

The asymptotic covariance matrix (V·2⊗U·2)′Θ(V·2⊗U·2) ∈ R(l−q)(m−q)×(l−q)(m−q) is invertible

because Θ is invertible. Therefore,

Tvec′(C̃)(V·2 ⊗ U·2){(V·2 ⊗ U·2)′Θ(V·2 ⊗ U·2)}−1(V·2 ⊗ U·2)′vec(C̃)
d→ χ2((m− q)(l − q))

Finally, replacing V·2, U·2, and Θ by consistent estimators achieves the same asymptotic dis-

tribution (this, of course, is not true without further justification, which we omit). The only

thing to worry about then is to identify V·2 and U·2 in such a way that their dependence on

C is continuous, what will ensure consistency, and Kleibergen & Paap (2006) provide one of

many possible identification schemes. Therefore the test statistic we will utilize is,

rk(q) = Tvec′(C̃)(Ṽ·2 ⊗ Ũ·2){(Ṽ·2 ⊗ Ũ·2)′Θ̃(Ṽ·2 ⊗ Ũ·2)}−1(Ṽ·2 ⊗ Ũ·2)′vec(C̃) (3.1)

Note that under H0(0), rk(0) is simply the Wald test for testing zero block restrictions. Note

also that the test statistic does not depend on the particular identification of U·2 and V·2.

How does this test statistic fair against the alternative H1(q) : rank(C) > q? Under the

alternative, U ′·2CV·2 = S2 6= 0 and following the same logic as above,

T{vec(C̃)(Ṽ·2⊗Ũ·2)−vec(S2)}′{(Ṽ·2⊗Ũ·2)′Θ̃(Ṽ·2⊗Ũ·2)}−1{(Ṽ·2⊗Ũ·2)′vec(C̃)−vec(S2)} = OP (1),

which implies that rk(q)−Tvec′(S2){(V·2⊗U·2)′Θ(V·2⊗U·2)}−1vec(S2) = OP (1) and therefore

rk(q)
p→ ∞. Thus the Kleibergen & Paap (2006) test asymptotically rejects the null under

the alternative hypothesis. It is easy to check that rk(q) has the usual properties of the Wald

test under the local alternative H1 : U ′·2CV·2 = S2/
√
T .

The above results suggest an algorithm for estimating the true rank of C à la Robin &

Smith (2000). For a given size α, calculate rk(q) for q = 0, . . . ,min{m, l} − 1 and stop at

the first q for which rk(q) > χ2
1−α((l − q)(m − q)), where χ2

1−α((l − q)(m − q)) is the 1 − α

quantile of the χ2((l− q)(m− q)) distribution. Asymptotically, this estimate of the rank of C

is never smaller than the true rank but as pointed out by Robin and Smith it may be larger
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because at the true rank of C the test may still reject with a positive probability of type I

error. Therefore the algorithm is not weakly consistent for the true rank of C unless the true

rank is equal to min{m, l}. Robin and Smith propose that the test size used in the algorithm

above should be made to depend on q and T so that αqT = o(1) and −T logαqT = o(1). They

prove that such a scheme yields a consistent estimator of the rank of C; it is easy to show that

their result continues to hold when using the Kleibergen & Paap (2006) test with minimal

modification to the original proof.

Having estimated the rank of C, the associated matrices Ũ·2 and Ṽ·2 then span the left and

right null spaces of C̃ respectively and are
√
T–consistent for their population counterparts as

proven by Kleibergen & Paap (2006). In our case, if C is as in (2.7) then ŨXYh = Ũ·2 while if

C is as in (2.8) then Ṽ XY
h = Ṽ·2.

Of course it is well known that hypothesis tests based on asymptotic theory may give poor

results in finite samples (see e.g. Dufour & Khalaf (2002) and Camba-Mendez et al. (2003)).

Therefore, we will use bootstrap or Monte Carlo testing methods which give better size control

in finite samples. It is important to note that we would have had to use these methods no

matter what rank test we picked initially; the advantage of the Kleibergen & Paap (2006) test,

however, is that it is asymptotically pivotal (i.e. asymptotically nuisance–parameter–free) and

this imparts further efficiency to the simulation–based test (see Hall (1992) for more on the

importance of asymptotic pivots). The general form of the testing algorithm follows Dufour

et al. (2006),

Algorithm 3.1. For a given horizon h and size α,

(i) Compute B̃1 and Ω̃ from (2.1) by OLS.

(ii) If h > 1, compute B̃h and its asymptotic covariance matrix from (2.2) or (2.6) by OLS.

Also compute ψ̃i for i = 0, . . . , h− 1 using (2.4).

(iii) Construct C̃ and its asymptotic covariance from B̃h and it asymptotic covariance matrix.

(iv) For q = 0, . . . ,min{m, l} − 1 and until p̂N (q) > α,

(a) Compute the rank statistics, rk(q) and a rank restricted B̃q
h consistent for B under

H0(q) (see the discussion below).

(b) For i = 1, . . . , N ,
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i. Construct a bootstrap sample of T observations using B̃q
h, {ψ̃i}h−1

i=0 , and Ω̃ in

either equation (2.2) or (2.6) (see the discussion below).

ii. Compute (3.1) for the bootstrapped sample and denote it by rkbi(q).

(c) Compute the bootstraped p–value, p̂N (q) =
1+#{i: rkbi (q)>rk(q)}

N+1

(v) The rank of C is estimated as q and its left and right null spaces are estimated respectively

as span(U·2) and span(V·2), where U·2 ∈ Rm×(m−q) and V·2 ∈ Rl×(l−q) are as constructed

above.

Two points in the algorithm need further elaboration. First, the bootstrap sample can

be generated from either simulated or resampled residuals. In the first case, one obtains the

bootstrap shocks by drawing from a multivariate distribution of mean zero and variance Ω̃

then generating the sample from either equation (2.2) or (2.6) using B̃q
h, {ψ̃i}h−1

i=0 in place

of the population parameters – Dufour & Khalaf (2003) refer to this type of test as a Local

Monte Carlo test. We may also generate the bootstrap shocks non–parametrically by drawing

with replacement from the residuals of the regression in step (i). The researcher may also

choose to simulate more than T data point to allow “burn–in,” what will ensure the data’s

stationarity. In our results, we have simulated 2T data points and discarded the first half.

The second point is that the construction of B̃q
h can be carried out in a number of ways.

We could simply replace the estimate for C by the estimate for U·1S1V
′
·1 in B̃h. In our work,

however, we have chosen to use the restricted OLS estimator with the restrictions Ũ ′·2C = 0

when testing for UXYh and CṼ·2 = 0 when testing for V XY
h (i.e. restricting Bh as if the right

and left null spaces were known). This is written as,

vec(B̃q
h) =

(
In(np+1) − {(XhX′h)−1 ⊗ Ω̃h}Dq

h
′{Dq

h((XhX
′
h)−1 ⊗ Ω̃h)Dq

h
′}−1Dq

h

)
vec(B̃h), (3.2)

where Dq
h =

∑p
i=1(R′i ⊗ Ũ ′·2Li) = (InY p ⊗ Ũ·2)′

∑p
i=1(R′i ⊗ Li) when testing for UXYh and

Dq
h = (Ṽ·2 ⊗ InXp)′

∑p
i=1(R′i ⊗ Li) when testing for V XY

h and Ω̃h = 1
T

∑T
t=1 Ũh(t)Ũ′h(t). Note

that this restricted estimator also does not depend on the particular identification of U·2 and

V·2. Whatever choice of B̃q
h, the only condition that must be satisfied is that it be consistent

under H0(q) (see e.g. Davison & Hinkley (1997) or Godfrey (2009)).
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3.3 Estimation and Inference for Non–Stationary VARs

Suppose now that (2.1) is allowed to be I(1). In that case some components of B̃h will be

super-consistent and it will not have an invertible asymptotic covariance matrix; as a result

the Kleibergen & Paap (2006) test, which requires an invertible covariance matrix, may be

invalid. Toda & Phillips (1993) gives a detailed analysis of the problem and Lütkepohl (2006)

provides a text–book analysis in section 7.6.

One solution that authors such as Toda & Yamamoto (1995) and Dolado & Lütkepohl

(1996) have proposed is to use a lag augmented VAR in levels. These papers have shown that

in estimating the model,

W (t) = µ+

p+1∑
j=1

πjW (t− j) + a(t), t = p, . . . , T, (3.3)

instead of (2.1) then the estimates of the coefficient matrices πj , 1 ≤ j ≤ p are
√
T–consistent

and have non–singular asymptotic covariance matrix. Thus Wald tests can proceed as usual.

The same reasoning can be adapted to (2.2) where it is not difficult to show that in the

regression,

W (t+ h) = µh +

p+1∑
j=1

π
(h)
j W (t+ 1− j) + Uh(t), (3.4)

the estimates of the coefficient matrices π
(h)
j , 1 ≤ j ≤ p are also

√
T–consistent and have

non–singular asymptotic covariance matrix. Once these are available, we can proceed as in

section 3.2 to infer the rank and null spaces of C.

4 Empirical Illustration

Sims (1972) began a long tradition of studying granger causality in monetary economics

(see the surveys in Blanchard (1990) and chapter 1 of Walsh (2003)). Here we extend the

work of Dufour & Jouini (2005) and Dufour et al. (2006), which focuses on the Bernanke &

Mihov (1998) data set. In particular, we consider Bernanke and Mihov’s monthly estimates

(constructed by state space methods) of real GDP and the GDP deflator as well as their

monthly data on non–borrowed reserves and the federal funds rates.

In the first instance, we took logs and first differences to induce stationarity. The lag

length was chosen to be 16 following Dufour et al. (2006) who find that it minimizes the
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Akaike information criterion. As is well known from the model selection literature, the AIC

is inconsistent for the lag length although it may offer a better fit than consistent criteria like

the Baysian or Schwartz information criterion in finite samples (see e.g. McQuarrie & Tsai

(1998) or chapter 4 of Lütkepohl (2006)). The bandwidth used in the Bartlett–Newey–West

estimator was fixed at m(T ) = h − 1; this is perhaps too small, but doubling it produced

no significant difference to the results and so we will continue to follow Dufour et al. (2006)

who proposed this value. Finally, we chose the parametric (or local Monte Carlo) simulation

tests instead of the non–parametric ones using N = 999 bootstrapped samples and 5% critical

values.7

To show that this procedure has good size control as well as good power properties we con-

ducted the following experiment. First, we estimated B̃12. Then we estimated, B̃1
12, such that

r 912 (GDP,P )|U , where U is the subspace associated with the smallest singular value of the

restricted matrix. This restriction may be imposed as, D1
12vec(B̃1

12) = 0 for some restriction

matrix D1
12. Next, we perturbed the restricted model to B̃1,θ

12 so that, D1
12vec(B̃1,θ

12 ) = θe1,

where e1 is the first standard basis vector and θ is a small number. We will refer to this alter-

native as Hθ
0 (1). We then simulated 100 data sets using B̃1,θ

12 , for each θ = 0, 0.001, . . . , 0.01

(larger values of θ led to explosive models). Table gives the rejection rates of H0(0) and H0(1).

Table 4.1: Rejection Frequencies for Different Values of θ at Significance 5%.
θ = 0.000 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.010

Reject H0(0) 0.78 0.81 0.85 0.85 0.87 0.87 0.89 0.9 0.92 0.95 0.93

Reject H0(1) 0.05 0.08 0.08 0.13 0.16 0.18 0.31 0.37 0.45 0.49 0.55

Reject H0(0) and accept H0(1) 0.74 0.73 0.77 0.72 0.71 0.69 0.58 0.53 0.48 0.47 0.4

Reject H0(0) and reject H0(1) 0.04 0.08 0.08 0.13 0.16 0.18 0.31 0.37 0.44 0.48 0.53

The test achieves the correct size of 0.05 but its power to reject H0(0) is not terribly strong

as 22% of the H0(0) tests were accepted. Thus the testing procedure may underestimate the

correct subspaces causality rank; as we have shown above and discussed at length in Camba-

Mendez et al. (2003) this is purely a small sample phenomenon. The testing producer does,

however, exhibit power against Hθ
0 (1) particulary in the H0(0) tests.

Having proven that the testing procedure performs well, we proceeded to apply it to the

full data set. The results are summarized in Tables 6.1 and 6.2. The first four lines are almost

7We should note that the Matlab code accompanying this paper allows the user to easily vary all of these

parameters.
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identical to the analogous ones in Dufour et al. (2006); the small variations from their results

are due to simulation error. Our test statistics were also identical to theirs because as we have

noted above, the rk(0) statistic is precisely the Wald test used by Dufour et al. (2006). The

notable effects in the univariate tests above are that r has predictive power for GDP over

the range from 7 months ahead to 18 months ahead while NBR is predictive power for P for

three months ahead and has no predictive power beyond that.

From the tests (NBR, r) 9h (GDP,P ) we can see that monetary policy has predic-

tive power for output and inflation in the forecast horizons 1–4 and 7–9. From the tests

(NBR, r) 9h (GDP,P )|U , we conclude that there is some evidence of subspace non–causality

but it is not terribly strong as the subspace non–causality hypothesis is barely accepted. From

the tests (NBR, r)|V 9h (GDP,P ), on the other hand, we can see substantial evidence of

subspace non–causality; there appears to be a statistically significant relationship between

NBR and r along which policy has no predictive power for the other macroeconomic vari-

ables. From the associated V XY
h we can see that increases in NBR that are offset by increases

r have no effect on GDP and P over all the horizons where monetary policy has effect; thus

the line along (V XY
h )⊥ can be interpreted as measuring the statistical tradeoff between policy

instruments viz–a–viz output and inflation. This is illustrated in the first graph of Figure 4.1.

Figure 4.1: Subspace Causality in Monetary Policy
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Next we look at the predictive power of the individual policy variables for output and

inflation. The tests, NBR 9h (GDP,P ) show that NBR leads GDP and P for horizons

1–3 months. There is evidence of subspace non–causality as can be seen from the NBR 9h
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(GDP,P )|U tests but it is not very strong. As for the effect of r on GDP and P we can see

that variations of the interest rate have tended to precede variations of output and inflation

along an ever so slightly positively sloped line. While this may be consistent with there being

a statistical Phillips curve (Stock & Watson, 1999), the slope is too flat to be conclusive and

is actually negative at horizon 7; therefore we conclude that most of the predictive power for

r is for GDP rather than P .8 See Figure 4.1.

Finally, we consider the effect of the policy variables together on output and inflation

individually. Again we find substantial scope for subspace non–causality; in particular, the

policy tradeoff observed above emerges much more clearly in these tests, see Figure 4.1. In

order to check for robustness to the assumption of stationarity, the analysis was repeated for

the augmented–lag regression model (3.4) with no significant difference to the results (see

Tables 6.3 and 6.4).

One area of concern in the results is the non–monotonicity of the hypothesis tests. For

example, we reject the hypothesis r 912 GDP but accept the hypothesis (NBR, r) 912

(GDP,P ); there are various other examples in the table as well. One should recall, how-

ever, that because these are simulated p–values there is no a priori reason why they should

be monotonic in small samples; they are guaranteed to be monotonic only asymptotically.

Increasing N may not alleviate the problem because the bootstrap samples are based on B̃q
h,

which may have very different dynamics than Bh in small samples.9 Additionally we repeated

the analysis using the modified Wald test of Lutkepohl & Burda (1997), which is based on a

generalized inverse, but the non–monotonicity was still present.10 We conclude that there is

need for more Monte Carlo testing of the procedure we have employed in order to ascertain

why the procedure fails to correctly detect rank. For the time being, the procedure proposed

should always be coupled with univariate testing.

8Indeed, we ran the tests on quarterly data and found that the slopes were even less consistently positive.
9It can happen, although it did not happen once in all our tests, that B̂q

h in unstable although B̂h is stable. In

that case, the Matlab code allows the user to check the stability of B̂q
h and reconstruct it in the various consistent

ways we have discussed. If all else fails, one may “shrink” B̂q
h just enough to allow for stability.

10The results are available from the author upon request. The Matlab code accompanying this paper allows the

user to perform all of the above tests easily.
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5 Conclusion

In this paper, we have presented graphical and econometric estimation and inference proce-

dures for testing subspace causality in finite order stationary and non–stationary VAR models.

We then applied the methodology to the Bernanke & Mihov (1998) data set and found evi-

dence of subspace non–causality; in particular, (i) the federal funds rate predicts output and

inflation along a subspace and (ii) variations of non–borrowed reserves and the federal funds

rate along certain directions have no predictive power for output growth and inflation at most

of the horizons considered. In the rest of this section we will focus on avenues for future

research.

First, having presented a method of estimating subspaces of non–causality it would be

useful to have a methodology to test hypotheses on these subspaces. For example, theory

suggests that output growth and inflation move proportionally in response to aggregate de-

mand disturbances, this can be formulated as H0 : UXYh ∈ U, where U consists of all positively

sloped lines in output–growth–inflation space. In this regard, it would also be useful to have a

test of structural stability that allows us, for example, to test whether the trade–off between

non–borrowed reserves and the federal funds rate has changed throughout the sample period.

Second, many of the estimated p–values were not monotonic with respect to the severity

of the restrictions. Preliminary Monte Carlo testing has indicated that indeed this problem

is pervasive. There is therefore a need for more Monte Carlo testing of the procedure to

understand its behavior in small samples. In this regard, it would be interesting to see how

the test behaves as we vary the HAC estimator or by using the new methods proposed by

Kiefer & Vogelsang (2005).

Finally, although the procedure outlined in this paper can easily be extended to test

causality up to horizon h, rather than just at horizon h,11 there is still need for a simple long

run causality test. Bruneau & Jondeau (1999) proposed such a test for cointegrated VARs but,

as Yamamoto & Kurozumi (2006) have noted, the test may be misleading if the covariance

matrix of the test is singular due to the super–consistency of the estimates; Yamamoto &

Kurozumi (2006) propose estimating the rank of the covariance matrix of the statistic then

using a generalized inverse. Clearly, a more automated solution is desirable.

11Simply stack h equations of the form (2.2) for horizons ranging over 1 to h and estimate by OLS; the residual

is then an MA(h− 1) process and testing can proceed as usual using a HAC estimator.
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6 Appendix

6.1 Canonical Correlations and Subspace Causality in Regres-

sion Models

In this section we show how to estimate the subspaces of non–causality using partial canonical

correlation analysis. A detailed discussion of partial canonical correlations can be found in

Reinsel (2003) and Reinsel & Velu (1998).

Suppose we have zero–mean random vectors X ∈ Rn, Z ∈ Rk, Yi ∈ Rm for i = 1, . . . , p,

Y = (Y ′1 , . . . , Y
′
p)′, and let the variance matrix of (X ′, Y ′, Z ′)′ be,

Σ =


ΣXX ΣXY ΣXZ

ΣY X ΣY Y ΣY Z

ΣZX ΣZY ΣZZ

 =



ΣXX ΣXY1 · · · ΣXYp ΣXZ

ΣY1X ΣY1Y1 · · · ΣY1Yp ΣY1Z

...
...

. . .
...

...

ΣYpX ΣYpY1 · · · ΣYpYp ΣYpZ

ΣZX ΣZY1 · · · ΣZYp ΣZZ


The best linear predictor of X in terms of Y and Z is then ΣXY ·ZΣ†Y Y ·ZY +ΣXZ·Y Σ†ZZ·Y Z,

where Σ†Y Y ·Z is the Moore–Penrose inverse of ΣY Y ·Z (see Horn & Johnson (1985)) and the

partial covariance matrices are given by,

ΣXY ·Z = ΣXY − ΣXZΣ†ZZΣZY ΣXZ·Y = ΣXZ − ΣXY Σ†Y Y ΣY Z

ΣY Y ·Z = ΣY Y − ΣY ZΣ†ZZΣZY ΣZZ·Y = ΣZZ − ΣZY Σ†Y Y ΣY Z

Suppose now we are interested in directions along which X and Y have the strongest

correlation after conditioning on Z. Thus we are interested in,

ρ1
XY ·Z = sup{|corr(U, V )| : U ∈ sp{X,Z} − sp{Z}, V ∈ sp{Y, Z} − sp{Z}}

= sup{|〈U, V 〉| : U ∈ sp{X,Z} − sp{Z}, V ∈ sp{Y,Z} − sp{Z}, ‖U‖ = ‖V ‖ = 1}

Now the generic element of sp{X,Z}−sp{Z} is x′P (X|sp{X,Z}−sp{Z}) = x′(X−ΣXZΣ†ZZZ)

for some x ∈ Rn. On the other hand, the generic element of sp{Y,Z}−sp{Z} is y′P (Y |sp{Y,Z}−

sp{Z}) = y′(Y − ΣY ZΣ†ZZZ) with y ∈ Rmp. Thus we have,

ρ1
XY ·Z = max{x′ΣXY ·Zy : x ∈ Rn, y ∈ Rmp, x′ΣXX·Zx = y′ΣY Y ·Zy = 1}
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Thus we arrive at the usual canonical correlations equations (see e.g. Anderson (2003)) with

the covariance matrices replaced by the partial covariance matrices that factor out the linear

effect of Z. The solutions x1 and y1 to the above maximization problem are then used to find

the canonical variates, U1 = x′1(X −ΣXZΣ†ZZZ) and V1 = y′1(Y −ΣY ZΣ†ZZZ) so that finally,

ρ1
XY ·Z = |〈U1, V1〉|. The procedure is then carried on recursively for i ≥ 1 as,

ρi+1
XY ·Z = sup{|corr(U, V )| : U ∈ sp{X,Z} − sp{U1, . . . , Ui, Z},

V ∈ sp{Y,Z} − sp{V1, . . . , Vi, Z}},

which similarly reduces to,

ρi+1
XY ·Z = max{x′ΣXY ·Zy : x ∈ Rn, y ∈ Rmp, x′ΣXX·Zx = y′ΣY Y ·Zy = 1,

x′ΣXX·Zxj = y′ΣY Y ·Zyj = 0, j = 1, . . . , i}

These can be solved to obtain further canonical correlations until the algorithm terminates

after min{n,mp} steps. As shown in Anderson (2003), the solution to the algorithm can be

represented as the set of all solutions to, −λiΣXX·Z ΣXY ·Z

ΣY X·Z −λiΣY Y ·Z

 xi

yi

 =

 0

0

 , x′iΣXX·Zxj = δij , y′iΣY Y ·Zyj = δij ,

Ui = x′i(X − ΣXZΣ†ZZZ), Vi = y′i(Y − ΣY ZΣ†ZZZ), ρiXY ·Z = λi = |〈Ui, Vi〉|, (6.1)

for i, j = 1, . . .min{n,mp}. Note that the existence of the canonical variates in this case

follows from standard linear algebra.

Clearly the canonical variates associate with canonical correlations of zero define directions

of uncorrelated conditional variation between X and Y . That is, {xi : ρiXY ·Z = 0, i =

1, . . . ,min{n,mp}} are the directions along which variations in X are not attributable to

variations in Y after controlling for Z. This can easily be seen from equation (6.1) where if λi =

0 then x′iΣXY ·Z = 0. Thus the subspace, U = span{xi : ρiXY ·Z = 0, i = 1, . . . ,min{n,mp}} is

the regression analogue to the subspace of non–causality, UXYh .

Suppose that instead we are interested in the directions along which X and the compo-

nents of Y have the strongest correlation after conditioning on Z. In order to study this

correlation, we need a device that allows us to look at the correlation of X with each com-

ponent of Y individually. Thus we will consider correlations between X =
∑p

i=1 φiEiX,
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where Ei = [ 0 · · · I(ith place)
n · · · 0 ]′ ∈ Rnp×n and Y =

∑
j=1 φjYj , where the random vector

φ = (φ1, . . . , φp)
′ is independent of, X, Y , and Z, and satisfies E(φφ′) = Ip. We will also need

Z =
∑p

i=1 φiFiZ, where Fi = [ 0 · · · I(ith place)
k · · · 0 ]′ ∈ Rkp×k. This construction makes sense

because the covariance between X and Y is,

ΣXY =


ΣXY1

...

ΣXYp

 ,
which is the matrix that describes the joint covariation of the components of Y with X.

The matrix that describes this covariation after factoring out the effect of Z is ΣXY·Z =

ΣXY − ΣXZΣ†ZZΣZY and it is easy to check that it simplifies to,

ΣXY·Z =


ΣXY1·Z

...

ΣXYp·Z

 =


ΣXY1 − ΣXZΣ†ZZΣZY1

...

ΣXYp − ΣXZΣ†ZZΣZYp


Similarly, we find that ΣXX·Z = (Ip ⊗ ΣXX·Z), while ΣYY·Z =

∑p
i=1 ΣYiYi·Z .

Now define the first canonical correlation as,

θ1
XY ·Z = sup{|corr(U, V )| : U ∈ sp{X , Z} − sp{Z}, V ∈ sp{Y, Z} − sp{Z}},

and following the same reasoning as above we find that this can be rewritten as,

θ1
XY ·Z = max

{
x′ΣXY·Zy =

p∑
i=1

x′iΣXYi·Zy : x = (x′1, . . . , x
′
p)
′ ∈ Rnp, y ∈ Rm,

x′ΣXX·Zx = y′ΣYY·Zy = 1

}

To solve this we formulate the criterion function as, L = x′ΣXY·Zy + 1
2λ(1 − x′ΣXX·Zx) +

1
2µ(1− y′ΣYY·Zy) and find the first order conditions,

∂L

∂x
= y′ΣYX·Z − λx′ΣXX·Z = 0

∂L

∂y
= x′ΣXY·Z − µy′ΣYY·Z = 0

Multiplying the first equation on the right by x and the second equation by y, we get, λ =

µ = x′ΣXY·Zy. Thus our problem boils down the following generalized eigenvalue problem, −λΣXX·Z ΣXY·Z

ΣYX·Z −λΣYY·Z

 x

y

 =

 0

0


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Having found the first canonical correlation, θ1
XY ·Z , the optimal vectors x = x1 and y = y1,

and the associated canonical variates U1 = x′1(X −ΣXZΣ†ZZZ) and V1 = y′1(Y −ΣYZΣ†ZZZ),

we proceed recursively for i ≥ 1 as,

θi+1
XY ·Z = sup{|corr(U, V )| : U ∈ sp{X ,Z} − sp{U1, . . . , Ui,Z},

V ∈ sp{Y,Z} − sp{V1, . . . , Vi,Z}}

The problem then reduces to solving the linear set of equations, −λiΣXX·Z ΣXY·Z

ΣYX·Z −λiΣYY·Z

 xi

yi

 =

 0

0


xi
′
ΣXX·Zx

j = δij , yi
′
ΣYY·Zy

j = δij ,

Ui = xi
′
(X − ΣXZΣ†ZZZ), Vi = yi

′
(Y − ΣYZΣ†ZZZ), θiXY·Z = λi = |〈Ui, Vi〉|, (6.2)

for i, j = 1, . . . ,min{np,m}.

Again, the canonical variates associate with canonical correlations of zero define direc-

tions of uncorrelated conditional variation between X and the components of Y . That is,

{yi : θiXY ·Z = 0, i = 1, . . . ,min{np,m}} are the directions along which variations in X are

not attributable to the joint variations of the components of Y after controlling for Z. This

can easily be seen from equation (6.2) where if λi = 0 then ΣXY·Zy
i = 0, which is equiv-

alent to ΣXYj ·Zy
i = 0 for j = 1, . . . , p. Thus the subspace, V = span{yi : ρiXY ·Z = 0, i =

1, . . . ,min{np,m}} is the regression analogue to the subspace of non–causality, VXYh .

6.2 Tests for Subspace Non–causality
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