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Abstract

This paper develops a general and very simple framework for tests of rank. We show that

most existing tests of rank, including almost all cointegration rank tests, are, either exactly

or asymptotically, of the form of a stochastic Wald test where the deterministic constraint

matrix in the Wald (1943) statistic is replaced by its estimator. We provide very general

conditions under which this plug-in for the constraint matrix is valid, thus nesting a wide

variety of tests but also allowing for many new tests of rank including ones based on the new

fixed-b inference theory of Kiefer & Vogelsang (2005). We apply the new fixed-b rank test

to subspace causality testing in time series, where it is shown that the fixed-b test performs

comparably to the bootstrap but is more accurate than the bootstrap in terms of accuracy of

rank detection.
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1 Introduction

Rank tests are ubiquitous in economics. The substitution matrix in a demand system is

required to be have reduced rank, providing a testable implication of utility theory (Lewbel,

1991; Gill & Lewbel, 1992). Identification in instrument variable estimation (Cragg & Donald,

1993) and GMM (Wright, 2003; Arellano et al., 2009) require rank conditions to hold in order

to have valid estimation and inference. Rank tests also appear as ingredients to inference

schemes in the case of weak instruments (Kleibergen, 2005). Cointegration tests are also

inherently rank tests as the number of cointegration relationships in a multivariate time series

is related to the rank of the series’ long run coefficient matrix (Johansen, 1991). Rank testing

is also used in model reduction where it is desired to approximate the coefficients of a VAR

by a matrix of lower rank (Velu et al., 1986; Camba-Mendez et al., 2003). Finally, and most

importantly for this paper, rank tests arise in time series Granger causality testing (Al-Sadoon,

2009b) where rank is a measure of the strength of association between two series.1

Wald tests, on the other hand, have occupied a prominent part of statistical and econo-

metric hypothesis testing since the seminal work of Wald (1943). It is one of the Holy Trinity

of tests, along with the likelihood ratio test and the lagrange multiplier test. Yet its ap-

plication to rank testing is relatively recent. The first test of rank was given by Bartlett

(1947), who tested the rank of a covariance matrix based on canonical correlation analysis.

Subsequently, Anderson (1951) gave the first likelihood ratio test of rank in the context of

multivariate regression. It was not until Gill & Lewbel (1992) that the first attempt at a Wald

test was made. Unfortunately, this proved to be unsuccessful as shown by Cragg & Donald

(1996), who constructed the first Wald test of rank, based on the LU decomposition. This

was followed by Ratsimalahelo (2003) and Kleibergen & Paap (2006), whose test is based on

the singular value decomposition. Important other approaches include Robin & Smith (2000)

who construct their test based on a decomposition inspired by canonical correlations analysis

and reduced rank regression and Cragg & Donald (1997) who construct their test based on the

asymptotics of a minimum distance estimator. There is also a large literature that generalizes

the original Anderson (1951) paper (see Anderson (1999) and section 2.1 of Reinsel & Velu

(1998) for a review).

1This is just a sample of the many applications of rank tests. See the review article Camba-Mendez & Kapetanios

(2009) and the monograph by Reinsel & Velu (1998) for further applications.

2



Much of this progress has taken place in spite of the difficulty of the asymptotics of these

tests. Indeed the tests often involve the asymptotics of eigenvalues, eigenvectors, and other

products of matrix decompositions, which are quite difficult to handle. In contrast, our ap-

proach is based on the key insight that all of the rank test statistics above have a common

structure either exactly or asymptotically. Each looks like a Wald test, where the constraint

matrix has been exchanged for its estimator. If we can justify plugging-in these estimators –

and we do – then all of the rank tests above are asymptotically equivalent to a Wald test. We

refer to this equivalence as the plug-in principle. We show that the constraint matrices span

the left and right null spaces of the population matrix, while the estimators of the constraint

matrices are obtainable by reduced rank approximations. It follows then that the different

rank tests differ only in the way they estimate the left and right null spaces but are asymp-

totically equivalent.2 Application is then almost entirely mechanical: one first solves for the

asymptotic distribution of the Wald statistic, then uses estimators of the left and right null

spaces obtained by any of the methods we propose, to construct the stochastic Wald statistic.

This affords tremendous tractability to the asymptotics of these tests because it is very easy

to derive the asymptotics of the Wald test but extremely difficult to derive the asymptotics

of the rank test.

Our approach allows us to nest most of the rank testing literature.3 It also allows us to

obtain new tests. In particular, we propose a new rank tests based on the QR decomposition

as well as refinements to rank tests based on the LU decomposition, which was used in Cragg

& Donald (1996). These new test statistics are far more economical in terms of computation

time than the other approaches in the literature. We also derive new tests of rank based on the

heteroskedasticity and autocorrelation consistent (HAC) inference methods proposed of Vogel-

sang (2001), Kiefer & Vogelsang (2002a), Kiefer & Vogelsang (2002b), and Kiefer & Vogelsang

(2005). This type of inference, known as fixed-b inference, utilizes an inconsistent estimate

of the covariance matrix in the Wald test statistic but its asymptotic distribution is pivotal

nevertheless. The size and power properties of fixed-b tests have been extensively studied in

the aforementioned literature, particularly relative to small-b inference where the covariance

2This also allows us to see how rank test statistics behave under misspecification. Robin & Smith (2000) is the

only paper offering any results on misspecification in the rank testing literature.
3The only rank testing approaches known to the author that this paper does not nest are Nyblom & Harvey

(2000) and Donald et al. (2007), although the general idea of the plug-in principle is still applicable.
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is consistently estimated. We present evidence that fixed-b inference is more accurate than

small-b inference in detecting rank.

Our approach also allows for a novel and simplified approach to cointegration rank testing.

We prove the plug-in principle for cointegration analysis allowing for tremendous simplification

of the asymptotics of cointegration ranks tests. Again, the researcher is only required to obtain

the asymptotic distribution of the Wald statistic (a usually trivial exercise) and check a few

simple conditions (usually checked in the process of cointegration analysis anyway), before

concluding that the asymptotic distribution of the rank statistic is equal to that of the Wald

statistic. Our approach nests the results of Johansen (1991), Cavaliere et al. (2007), Cavaliere

et al. (2009), and – with a few modifications – is capable to nesting Caner (1998) and Johansen

(2006).

We then apply the new fixed-b rank test to subspace causality testing. Al-Sadoon (2009b)

presented a generalization of Granger causality that is capable of capturing cross-sectional

conditional relationships. The researcher is often interested in what portion of the covariation

of two variables is due to a third variable (e.g. the covariation of output growth and inflation

due to interest rates). On the other hand, sometimes the research is interested in what kinds

of covariations of two variables Granger cause a third (e.g. the covariation of interest rates

and the money supply that Granger cause output growth). Al-Sadoon (2009b) has shown that

these effects are captured by subspace causality, where a rank test is performed instead of the

test for zero block restrictions in Dufour & Renault (1998). We follow Dufour et al. (2006)

and Al-Sadoon (2009a) in analyzing the predictive effect of monetary policy (consisting of

non–borrowed reserves and the federal funds rate) on output growth and inflation at horizons

1–24 months in the Bernanke & Mihov (1998) data set. We find that the fixed-b test has a

slight tendency to over-reject in small samples but when correcting for this size distortion, it

performs comparably to the bootstrap. The particular empirical findings are: (1) We find that

the federal funds rate predicts output growth and inflation only along a single very flat line

in output–growth–inflation space for most of the forecast horizons we consider. Therefore the

predictive power of the federal funds rate is primarily for output growth rather than inflation.

(2) We find that the variations of non–borrowed reserves and the federal funds rate along

certain directions have no predictive power for output growth and inflation at most of the

horizons considered. The slopes of these directions are consistently negative, indicating a
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tradeoff between the federal funds rate and non–borrowed reserves viz–a–viz output growth

and inflation. Thus one can interpret this result as a confirmation of the idea that the central

bank may control either the money supply or interest rates but not both at the same time.

The paper is organized as follows. Section 2 develops the notation of the paper. Section

3 gives the basic theory behind the stochastic Wald test. Section 4 specializes the stochastic

Wald test to the rank testing setting. Section 5 discusses the variety of available rank revealing

decompositions. Section 6 then shows how the stochastic Wald encompasses most of the

existing tests of rank as well as presenting a new fixed-b theory of rank testing. Section 7

discusses the extension to cointegration. Section 8 applies the new fixed-b tests to subspace

causality testing. Section 9 concludes and section 10 is an appendix.

2 Notation

The set of n × m matrices is denoted by Rn×m. The reconstitution operator is defined as

the inverse of the vectorization operator mat = vec−1 where vec : Rn×m → Rnm vectorizes a

matrix by vertically stacking its columns. The range of mat will be clear from the context. For

a matrix A ∈ Rn×m, we define the Euclidean norm ‖A‖ = (
∑n

i=1

∑m
j=1A

2
ij)

1/2, where Aij is

the (i, j)-th element of A. We will also utilize the L2 norm, defined as ‖A‖2 = max‖x‖=1 ‖Ax‖

and the Mahalanobis norm ‖A‖Ξ = (vec′(A)Ξ−1vec(A))1/2, for symmetric, positive definite,

Ξ ∈ Rnm×nm. When n > m, the orthogonal complement of A is denoted by A⊥ and defined

as any matrix satisfying A′⊥A = 0 and rank([A A⊥ ]) = n. The particular choice of A⊥ will

not matter for our purposes. When n = m, we denote the matrix of diagonal elements of A as

diag(A) = (A11, . . . , Ann)′. The orthogonal projection onto the column space of A is defined

as PA. Finally, if B ∈ Rp×q is another matrix then A ⊕ B =
[
A 0
0 B

]
∈ R(n+p)×(m+q). Finally,

we will require the following well known identity.

In = A
1
2B(B′AB)−1B′A

1
2 +A−

1
2B⊥(B′⊥A

−1B⊥)−1B′⊥A
− 1

2 , (2.1)

where A ∈ Rn×n is symmetric and positive definite and B ∈ Rn×m is of rank m.
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3 The Basic Stochastic Wald Test

We will work under the following general assumptions and modify or extend as needed for the

various applications we consider.

(A1) X ∈ Rp. Ω ∈ Rp×p is (possibly) random, symmetric, and almost surely positive definite.

(A2) X̂ and Ω̂ are estimators indexed by T such that (
√
T (X̂ −X), Ω̂)

d→ (ξ,Ω) as T → ∞,

where ξ ∈ Rp is a random vector and each Ω̂ ∈ Rp×p is symmetric and almost surely

positive definite.

Suppose we would like test the null hypothesis

H0 : C ′X = 0 (3.1)

for some C ∈ Rp×q of rank q. Then, under H0 and assumptions (A1) and (A2), the Wald

statistic,

W = TX̂ ′C{C ′Ω̂C}−1C ′X̂, (3.2)

converges in distribution to ψ = ξ′C{C ′ΩC}−1C ′ξ. We will be interested in testing H0 when

C is unknown.

Note that our assumptions includes the linear version of the original Wald (1943) test

as a special case. Wald assumes Ω is constant, ξ ∼ N(0,Ω), and C is known. Our more

general assumptions allow us to derive results useful for misspecification, where Ω is not the

covariance matrix of ξ. It also allows us to use recent fixed-b inference methods, where Ω

is random. It is, of course, possible to relax the assumptions to obtain greater generality.

For example, the plug-in principle that we are about to introduce holds if we replace (A2)

by (
√
T (X̂ − X), Ω̂) = Op(1). We may also relax the condition that Ω be almost surely

invertible and use the generalized inverse à la Moore (1977), provided we make provisions

for the conditions found in Andrews (1987). Regularized stochastic Wald tests may also

be constructed along the lines of Lutkepohl & Burda (1997) and Dufour & Valery (2009).

However, we choose to simplify the exposition by using these more basic assumptions.

Now because C is unknown it is impossible to formulate the Wald statistic. However,

suppose we had the additional assumption,

(A3)∗ There is an estimator Ĉ
p→ C.
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The question now is: can we plug–in Ĉ in place of C in (3.2)? Clearly, assumptions

(A1), (A2), and (A3)∗ imply that TX̂ ′C{Ĉ ′Ω̂Ĉ}−1C ′X̂ = W + op(1). In order to make the

final substitution of Ĉ for C then it suffices to have
√
TĈ ′X̂ =

√
TC ′X̂ + op(1). By (A2),

√
T (X̂ −X) = Op(1) and so (A3)∗ implies that

√
T (Ĉ − C)′(X̂ −X) = op(1), which implies

that
√
T (Ĉ − C)′X̂ =

√
T (Ĉ − C)′X + op(1) =

√
TĈ ′X + op(1), under the null. Therefore,

√
TĈ ′X = op(1) is sufficient for

Ws = TX̂ ′Ĉ{Ĉ ′Ω̂Ĉ}−1Ĉ ′X̂, (3.3)

to have an asymptotic ψ distribution. We will refer to this test statistic as the stochastic Wald

statistic and tests based on it as stochastic Wald tests. The additional assumption we need is,

(A4)∗
√
TĈ ′X = op(1).

To summarize what we have found so far:

Lemma 1. Under assumptions (A1), (A2), (A3)∗, and (A4)∗, Ws−W = op(1) and so Ws
d→ ψ.

We will say that the plug-in principle holds whenever Ws − W = op(1). Next, note from

(3.3) that multiplying Ĉ on the right by any nonsingular matrix – even if it is inconsistent in

T – leaves the test statistic and its asymptotic distribution invariant. This implies that the

particular choice of columns of Ĉ is not relevant, only the space spanned by these columns is

relevant. We therefore modify assumptions (A3)∗ and (A4)∗ as,

(A3) P
Ĉ

p→ PC .

(A4)
√
TP

Ĉ
X = op(1).

Theorem 1. The results of Lemma 1 continue to hold under assumptions (A1) – (A4).

Theorem 1 proves that Ĉ does not need to be element-wise consistent. All we need is that

Ĉ be consistent for the subspace spanned by the columns of C and that it have a rate of

convergence faster than
√
T along X. We will see in the next section that (A4) is in fact very

easily satisfied.

Because Ws−W = op(1), stochastic Wald tests also inherit the power properties of the Wald

test. Under the alternative, H1 : C ′X = δ, for some constant δ 6= 0, and assumptions (A1),

(A2), and (A3)∗, T−1Ws
d→ δ′(C ′ΩC)−1δ, so that Ws

p→∞. Thus, the stochastic Wald test is

consistent. Under the local alternative, HT : C ′X = δ/
√
T , if

√
TP

Ĉ
X = C(C ′C)−1δ + op(1)

7



(i.e. if the estimator of C converges fast enough), then Ws
d→ (C ′ξ + δ)′(C ′ΩC)−1(C ′ξ + δ).

Under the Wald (1943) assumptions, this reduces to the familiar noncentral χ2
q distribution

with noncentrality parameter δ′(C ′ΩC)−1δ.

4 Testing Rank in Theory

We may now specialize the theory above to the context of rank testing. In particular, we will

utilize the following assumption,

(A5) X = vec(A) and X̂ = vec(Â) for A, Â ∈ Rn×m.

For r < l = min{n,m} we are interested in testing the hypotheses,

H0(r) : rank(A) = r. (4.1)

Now H0(r) implies the existence of left and right null spaces as follows,

H0(r)⇒


∃ N ∈ Rn×(n−r) s.t. rank(N) = n− r and N ′A = 0.

∃M ∈ Rm×(m−r) s.t. rank(M) = m− r and AM = 0.

(4.2)

Thus we shall also assume that the constraint matrix takes a particular form.

(A6) C = M ⊗N , where M and N are as in (4.2). There are null space estimators M̂ and N̂

from which we form the estimator Ĉ = M̂ ⊗ N̂ .4

Under assumptions (A1) – (A6) and H0(r), the Wald statistic,

W = Tvec′(Â)(M ⊗N){(M ⊗N)′Ω̂(M ⊗N)}−1(M ⊗N)′vec(Â), (4.3)

converges in distribution to ψ. On the other hand, the stochastic Wald statistic,

Ws = Tvec′(Â)(M̂ ⊗ N̂){(M̂ ⊗ N̂)′Ω̂(M̂ ⊗ N̂)}−1(M̂ ⊗ N̂)′vec(Â). (4.4)

converges to ψ if
√
TP

N̂
AP

M̂
= op(1), by Theorem 1. Note that we could have also tried

formulating stochastic Wald statistic for the restrictions N ′A = 0 (resp. AM = 0) but for

to have the correct asymptotic distribution, we would then need
√
TP

N̂
A = op(1) (resp.

√
TAP

M̂
= op(1)), which are not easily satisfied. Indeed, every known test of rank is asymp-

totically (if not exactly) of the form (4.4) – i.e. it takes estimators of both the left and right

null spaces.

4The particular choice of N , N̂ , M , and M̂ (hence C and Ĉ) does not matter as we have already discussed.
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We now show that the condition
√
TP

N̂
AP

M̂
= op(1) is in fact very easily satisfied. All we

need is a consistent estimator for the null space on one side of A and a
√
T -consistent estimator

for the other null space. Suppose then that
√
T (P

N̂
− PN ) = Op(1) and P

M̂
− PM = op(1).

Then,

P
Ĉ
− PC = P

M̂
⊗ P

N̂
− PM ⊗ PN

= P
M̂
⊗ (P

N̂
− PN ) + (P

M̂
− PM )⊗ PN

= op(1), (4.5)

and,

√
TP

Ĉ
X =

√
T (P

M̂
⊗ P

N̂
)vec(A)

=
√
T
{
P
M̂⊗M ⊗ PN̂ − PM ⊗ PN

}
vec(A)

=
√
T
{
P
M̂
⊗ (P

N̂
− PN ) + (P

M̂
− PM )⊗ PN

}
vec(A)

= (Im ⊗
√
T (P

N̂
− PN ))︸ ︷︷ ︸

Op(1)

(P
M̂
⊗ In)vec(A)︸ ︷︷ ︸
op(1)

+
√
T ((P

M̂
− PM )⊗ In) (Im ⊗ PN )vec(A)︸ ︷︷ ︸

=0

= op(1). (4.6)

A similar argument holds if P
N̂
− PN = op(1) and

√
T (P

M̂
− PM ) = Op(1). Thus we have

proven the following result:

Lemma 2. Under Assumptions (A1) – (A6) and H0(r), let N̂ ∈ Rn×(n−r) and M̂ ∈ Rm×(m−r)

be estimators for the left and right null spaces of A and suppose one of the following conditions

hold,

(i)
√
T (P

N̂
− PN ) = Op(1) and P

M̂
− PM = op(1).

(ii) P
N̂
− PN = op(1) and

√
T (P

M̂
− PM ) = Op(1).

Then Ws −W = op(1).

Lemma 2 is remarkable in that it requires very minimal assumptions on rates of conver-

gence. Only one side needs to be
√
T -consistent, the other only needs to be consistent. The

question now is: how do we obtain estimators for the left and right null spaces of A? This is

the topic of the next section.
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5 Reduced Rank Approximations

It has long been recognized that the algebraic definition of rank is unsuitable for a wide variety

of applied work. For example, A = [ 1 1
0 ε ] has rank 2 for every ε 6= 0, but for small values of

ε, its “effective rank” is 1 with “effective left null space,” span ([ 0
1 ]) and “effective right null

space” span
([−1

1

])
. The basic idea here is that the effective rank of A is the rank of the

reduced rank matrix that best approximates A and its effective left and right null spaces are

then the left and right null spaces of the approximating matrix. In the numerical analysis

literature the quality of the approximation is judged by tolerance levels that are of the order

magnitude of machine epsilon. For econometric applications, on the other hand, we utilize

the stochastic structure of the matrix to determine its effective rank.5

In most applications, our estimator Â will have full rank l, even though, under H0(r), Â

gets closer and closer to a matrix of rank r. Its “effective” rank, on the other hand, clearly

converges to r and so can be used to test H0(r). In fact, if the rate of convergence of the rank-r

approximation to Â is fast enough, then the stochastic Wald test has the correct asymptotic

distribution.

Theorem 2. Under assumptions (A1) – (A6) and H0(r), if Âr is a rank r approximation

to Â, N̂ ∈ Rn×(n−r) and M̂ ∈ Rm×(m−r) span the left and right null spaces of Âr, and
√
T (Âr −A) = Op(1) (or equivalently,

√
T (Â− Âr) = Op(1)), then Ws −W = op(1).

We discuss a number of reduced rank approximations below. Throughout the following it

is assumed that Assumptions (A1) – (A6) and H0(r) hold.

The Singular Value Decomposition. The most common way of obtaining reduced rank approx-

imations is by so called rank revealing decompositions, the most important of which is the

singular value decomposition (SVD). It is also the one on which the Ratsimalahelo-Kleibergen-

Paap test static is based (Ratsimalahelo, 2003; Kleibergen & Paap, 2006).6 The SVD of Â is

of the form Â = Û ŜV̂ ′, where Û ∈ Rn×n and V̂ ∈ Rm×m are orthogonal matrices and Ŝ is

diagonal with diagonal elements σ1(Â) ≥ σ2(Â) ≥ · · · ≥ σl(Â) ≥ 0. Under H0(r), we partition

5See Golub & Van Loan (1996) or Hansen (1998) for more details.
6Interestingly, the singular value decomposition has a long history in applied mathematics as a rank revealing

decomposition (Stewart, 1993) and yet it was the last decomposition to be used in a rank test.
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the SVD of Â as,

Â =
[
Û·1 Û·2

]Ŝ1 0

0 Ŝ2

V̂ ′·1
V̂ ′·2

 = Û·1Ŝ1V̂
′
·1 + Û·2Ŝ2V̂

′
·2, (5.1)

where Ŝ1 ∈ Rr×r. Then, as is well known ÂSV Dr = Û·1Ŝ1V̂
′
·1 is the closest matrix to Â of rank

r in Euclidian distance. In particular,
∑l

i=r+1 σ
2
i (Â) = ‖Â − ÂSV Dr ‖2 ≤ ‖Â − A‖2 (Horn &

Johnson, 1985, example 7.4.1). Therefore,

√
Tσi(Â) = Op(1), i = r + 1, . . . , l, (5.2)

and so
√
T‖Â − ÂSV Dr ‖ = Op(1). By Theorem 2 then, Ws with N̂ = Û·2 and M̂ = V̂·2, is

asymptotically distributed as ψ.

The Robin-Smith Decomposition. The decomposition, which we will abbreviate as RSD, ap-

pears explicitly for the first time in Robin & Smith (2000) although it appears implicitly in

the context of maximum likelihood estimation under rank restrictions (Anderson, 1951; Jo-

hansen, 1991), canonical correlations analysis (Hotelling, 1936; Bartlett, 1947), and reduced

rank regression (Izenman, 1975).7

The RSD of Â takes symmetric positive definite matrices Σ̂ ∈ Rn×n and Γ̂ ∈ Rm×m and

obtains Â = Û ŜV̂ ′, where Û ∈ Rn×n, V̂ ∈ Rm×m, and Ŝ satisfy:

(i) The columns of Û−1′ are generalized eigenvectors of (ÂΓ̂−1Â′, Σ̂).

(ii) The columns of V̂ −1′ are generalized eigenvectors of (Â′Σ̂−1Â, Γ̂).

(iii) Ŝ is diagonal with diagonal entries, τ1(Â) ≥ τ2(Â) ≥ · · · ≥ τl(Â) ≥ 0.

The RSD is very easily derived from the SVD: if Û0Ŝ0V̂
′

0 is the SVD of Σ̂−
1
2 ÂΓ̂−

1
2 then

Â = Û ŜV̂ ′ with Û = Σ̂
1
2 Û0, Ŝ = Ŝ0, and V̂ = Γ̂

1
2 V̂0 and it is easily checked that Û , Ŝ, and V̂

satisfy (i) – (iii) above. Clearly the RSD reduces to the SVD when Σ̂ = In and Γ̂ = Im.

In the typical context in which the RSD arises, Â is some measure of covariation between

two random vectors, while Σ̂ and Γ̂ are measures of variance for each of the two vectors. In the

canonical correlation analysis of two random vectors y and z if the sample covariance matrix,

of (y′, z′)′ is
[

Σ̂ Â
Â′ Γ̂

]
, the columns found in (i) and (ii) define the coefficients of the canonical

variates, while (iii) lists the canonical correlations. In reduced rank regression, on the other

7The RSD is also a special case of the generalized singular value decomposition of Van Loan (1976), which is also

used as a rank revealing decomposition (Hansen, 1998).
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hand, we take Â to be the OLS estimator of A in the regression equation y = Az+ ε, while Σ̂

is the OLS estimator of the variance of ε and Γ̂−1 is the sample second moment of z. Section

2.4.2 of Reinsel & Velu (1998) discusses the relationship between canonical correlations and

reduced rank regression in further detail; see also, Anderson (2003) and Reinsel (2003).

Now just as we did in (5.1), write Â = Û·1Ŝ1V̂
′
·1 + Û·2Ŝ2V̂

′
·2, where Ŝ1 ∈ Rr×r and set

ÂRSDr = Û·1Ŝ1V̂
′
·1. Then,

‖Â− ÂRSDr ‖2 ≤ ‖Û·2‖2‖V̂·2‖2
l∑

i=r+1

τ2
i (Â)

≤ (n− r)(m− r)‖Σ̂
1
2 ‖2‖Γ̂

1
2 ‖2

l∑
i=r+1

τ2
i (Â)

≤ (n− r)(m− r)‖Σ̂
1
2 ‖2‖Γ̂

1
2 ‖2σ2

1(Σ̂−
1
2 )σ2

1(Γ̂−
1
2 )

l∑
i=r+1

σ2
i (Â). (5.3)

The last inequality follows from the fact that τi(Â) = σi(Σ̂
− 1

2 ÂΓ̂−
1
2 ) ≤ σ1(Σ̂−

1
2 )σi(Â)σ1(Γ̂−

1
2 )

(Horn & Johnson, 1991, Theorem 3.3.16). If Σ̂, Γ̂, and their inverses are bounded in proba-

bility, then by (5.2),
√
T (Â − ÂRSDr ) = Op(1). By Theorem 2 then we may pick any matrix

orthogonal to Û·1 of rank n − r, call it N̂ , and any matrix orthogonal to V̂·1 of rank m − r,

call it M̂ and construct the stochastic Wald statistic Ws, which then has an asymptotic ψ

distribution. Note, in particular, that we may choose N̂ and M̂ so that N̂ ′ÂM̂ = Ŝ2.

The Cragg-Donald Approximation. The Cragg & Donald (1997) inference scheme may be

used to construct a reduced rank approximation of Â, which we abbreviate as CDA. The

approximation takes a symmetric positive definite matrix Ξ̂ and obtains,

ÂCDr ∈ argmin{‖Â−A‖
Ξ̂

: rank(A) = r} (5.4)

It can be proven by standard methods that minimizers in (5.4) exist. It is also easy to show

that when Ξ̂ = Γ̂ ⊗ Σ̂ then ÂRSDr is a minimizer in (5.4). Thus, the CDA generalizes both

the RSD and the SVD reduced rank approximations. Uniqueness, on the other hand, may

not hold.8 Therefore, whenever definiteness is required we will agree to pick the minimizer in

(5.4) of minimal lexicographical order. This matrix is unique because the set of matrices of

rank r of minimum Mahalanobis distance to Â is compact.

It is easy to show that the CDA is an admissible reduced rank approximation:

‖Â− ÂCDr ‖ ≤ σ1(Ξ̂)‖Â− ÂCDr ‖Ξ̂ ≤ σ1(Ξ̂)‖Â−A‖
Ξ̂
≤ σ1(Ξ̂)σ1(Ξ̂−1)‖Â−A‖, (5.5)

8For example, with Â = In, and Ξ̂ = In2 , ÂCD
n−1 may be chosen as In, with one diagonal element set equal to zero.
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where the first and third inequalities follows from standard norm calculus and the second

follows from the definition of the CDA. Admissibility then follows if Ξ̂ and its inverse are

bounded in probability.

The CDA is unfortunately not analytically tractable for general forms of Ξ̂. Therefore it

must be obtained numerically, a serious drawback to its practical implementation. In fact,

Cragg and Donald have no use for their reduced rank approximation in their own work. It

emerges as a byproduct of their inference scheme, minimum distance estimation. However, it

turns out that their test statistic is still a stochastic Wald statistic.

Proposition 1. The Cragg & Donald (1997) test statistic, T‖Â− ÂCDr ‖2Ξ̂, is identical to the

stochastic Wald statistic based on the CDA.

The LU Decomposition. The LU decomposition, derives from extensions to the Gaussian

elimination algorithm and is used in Cragg & Donald (1996) to construct a Wald test. Consider

the following algorithm, which can be found in section 3.4.8 of Golub & Van Loan (1996); we

apply it first to A rather than Â.

Algorithm 1 (Gaussian Elimination with Complete Pivoting). Set A(0) = A. For i =

1, . . . , l − 1,

(i) Let (u∗, v∗) be such that |Au∗v∗ | = maxu,v≥i |A(i−1)
uv | (this is called the pivot).

(ii) Let Ei be the n× n permutation matrix that switches the u∗–th and i–th rows.

(iii) Let Fi be the m×m permutation matrix that switches the v∗–th and i–th columns.

(iv) Let Gi be the matrix that uses the i–th equation of EiA
(i−1)Fi to eliminate the i–th

variable from the rows i+ 1, . . . , n.

(v) Set A(i) = GiEiA
(i−1)Fi.

The algorithm terminates at (i) if the pivot is zero. If the pivot is not unique, we choose

according to lexigoraphical order on the indices {(u, v) : u, v ≥ i}.

Clearly, the algorithm must terminate after the r–th step and the matrices Ei, Fi, 1 ≤ i ≤ r

are well defined. It is also possible to prove that if P = ErEr−1 · · ·E1 and Q = F1F2 · · ·Fr,

then PAQ = LU where L and U ′ are lower triangular and L has 1’s along its diagonal (Golub &

Van Loan, 1996, Theorem 3.4.2). It follows that U has zeros below its r–th row and the upper

left r×r corner of PAQmust be of full rank. Setting, B = PAQ =
[
B11 B12
B21 B22

]
, with B11 ∈ Rr×r,

13



Cragg & Donald (1996) also show that it must be the case that B22−B21B
−1
11 B12 = 0. Finally,

we have that,

B =

B11

B21

B−1
11

[
B11 B12

]
, (5.6)

which is known as the skeleton decomposition (Goreinov et al., 1997).

Next define P̂ and Q̂ as above, the product of the first r permutations which result from

the process of Gaussian elimination on Â with complete pivoting. Set B̂ = P̂ ÂQ̂, partition

it conformably with B, and note that eventually rank(B̂11) = r, whence we define its rank r

approximation analogously to (5.6),

B̂r =

B̂11

B̂21

 B̂−1
11

[
B̂11 B̂12

]
, (5.7)

with ÂLUr = Q̂′B̂rP̂
′. Therefore, eventually we must have that,

‖Â− ÂLUr ‖ = ‖P̂ (Â− ÂLUr )Q̂‖ = ‖B̂ − B̂r‖ = ‖B̂22 − B̂21B̂
−1
11 B̂12‖

= O(‖B̂‖22‖B̂−1
11 ‖

2
2σr+1(B̂)) (5.8)

where the last equality follows from equation (1.5) of Goreinov et al. (1997). Since B̂ and B̂−1
11

are bounded in probability and the singular values of B̂ are identical to the singular values of

Â, we have that Â− ÂLUr = Op(σr+1(Â)). By (5.2) then, the LU decomposition is admissible

as a rank–revealing decomposition in Theorem 2 and we may choose, as Cragg and Donald

do, N̂ ′ = [ B̂21B̂
−1
11 −In−r ] Q̂ and M̂ = P̂

[
B̂−1

11 B̂12

−Im−r

]
to formulate Ws.

Unfortunately, the Gaussian elimination algorithm with complete pivoting may fail to de-

tect effective rank (Peters & Wilkinson, 1970). The LU decomposition is also computationally

burdensome and so is rarely included in computer packages.9 To address these shortcomings,

a number of rank–revealing LU decompositions have been proposed in the numerical analysis

literature; these include Hwang et al. (1992) and Pan (2000) who propose different pivoting

algorithms to obtain P̂ ÂQ̂ = L̂Û , with Û =
[
Û11 Û12

0 Û22

]
, L̂ bounded, and ‖Û22‖ = O(σr+1(Â)).

Setting Û22 equal to zero then we obtain our rank r approximation to Â which, by (5.2),

clearly satisfies the conditions of Theorem 2.

9Gaussian elimination with partial pivoting runs faster but it too can fail to detect the effective rank of some

systems. Following the same line of argument as above, it is easy to check that a reduced rank approximation based

on the partial pivoting algorithm continues to satisfy the conditions of Theorem 2.
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The QR Decomposition. The QR decomposition arises from extensions to the Gram–Schmidt

orthogonalization algorithm and, to the author’s knowledge, has never been used in a Wald

test of rank. Like the LU decomposition, it is not unique as it depends on the particular

choice of pivoting strategy. We will discuss a very commonly used QR algorithm, which can

be found in section 5.4.1 of Golub & Van Loan (1996).

Algorithm 2 (QR Algorithm with Pivoting). Set A(0) = A. For i = 1, . . . , l − 1.

(i) Partition A(i−1) =

[
A

(i−1)
11 A

(i−1)
12

0 A
(i−1)
22

]
with A

(i−1)
11 ∈ R(i−1)×(i−1) and denote the columns of

A
(i−1)
22 as zj for 1 ≤ j ≤ m− i+ 1.

(ii) Let v∗ be such that ‖zv∗‖ = max{‖z1‖, . . . , ‖zm−i+1‖} (this is called the pivot).

(iii) Let Π̃i be the (m− i+ 1)× (m− i+ 1) permutation matrix that interchanges the first

and v∗-th columns and set Πi = Ii−1 ⊕ Π̃i.

(iv) Let H̃i be the Householder matrix that maps zv∗ to ‖zv∗‖e1, where e1 is the first standard

basis vector of Rm−i+1.10 Set Hi = Ii−1 ⊕ H̃i.

(v) Set A(i) = HiA
(i−1)Πi.

The algorithm terminates at (ii) if the pivot is zero. If the pivot is not unique, we choose the

smallest of the indices.

Clearly the algorithm must terminate after the r-th step. If we set Q′ = HrHr−1 · · ·H1,

R = A(r), and Π = Π1Π2 · · ·Πr, then AΠ = QR. Moreover, R has zeros below its r–th row

and its upper r × r corner is of full rank.

Next define Π̂, Q̂, and R̂, as above, the resultant of the first r steps of the algorithm. If

we partition, R̂ =
[
R̂11 R̂12

0 R̂22

]
then it must be the case that R̂11 ∈ Rr×r is eventually invertible,

while R̂22 should converge to zero. If we approximate Â by the rank r matrix which results

from setting R̂22 to zero we have,

‖Â− ÂQRr ‖ = ‖Q̂′(Â− ÂQRr )Π̂‖ = ‖R̂22‖ ≤
√
n− r‖R̂−1

11 diag(R̂11)‖2σr+1(Â), (5.9)

where the last inequality is derived in Chandrasekaran & Ipsen (1994). By (5.2) and Theorem

2 then, ÂQRr is an admissible rank r approximation.

10Householder matrices are orthogonal and symmetric matrices which map a vector to the first standard basis

vector (see section 5.1 of Golub & Van Loan (1996) for more details).
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The QR algorithm with pivoting has the same drawbacks as the Gaussian elimination

algorithm with complete pivoting, although it continues to be sufficient for most purposes.

Researchers have therefore considered various modifications to the procedure. Foster (1986)

and Chan (1987) provide improvements to the algorithm, which reduce the factor multiplying

σr+1(Â) in (5.9).

Each of the above decompositions (and there are many more in the numerical analysis

literature) has its advantages and disadvantages. The SVD is the best detector of rank de-

ficiency but its null space estimators are not interpretable from a statistical point of view,

whereas the estimators from the RSD can be seen as coefficients of canonical variates. Both

of these, as well as the CDA, are expensive from a numerical point of view, which is why

numerical analysts prefer to use rank revealing LU or QR decompositions that can be carried

out in a smaller number of operations. This may be an advantage if these decompositions

have to be done repeatedly such as in the case of bootstrapping or if the system has a large

number of variables. For a more detailed comparison of these, and other, algorithms see Golub

& Van Loan (1996) or Hansen (1998).11

6 Testing Rank in Practice

We now show how the stochastic Wald test generalizes all preexisting tests of rank. We will

require the following assumptions.

(S1) Ω is constant.

(S2) ξ ∼ N(0,Ξ), where Ξ ∈ Rp×p is constant.

(S3) There is an estimator Ξ̂
p→ Ξ.

(S4) C ′ΞC 6= 0.

Under assumptions (A1) – (A6), the plug–in principle holds for any of the null space

estimators we have considered in section 5 and so Ws
d→ ψ. Assumptions (S1) – (S4) then

establish the distribution of ψ = ξ′C{C ′ΩC}−1C ′ξ, which is simply a quadratic form in the

11The reader may wonder why we have not mentioned eigenvalues as a way of detecting effective rank. This is

because, in addition to their limitation to square matrices, they do not detect effective rank very well. Horn &

Johnson (1985) give an example in problem 21 of section 7.3.
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normally distributed vector ξ. Assumption (S4), which appears in Robin & Smith (2000), is

required to ensure that the constraints are in some sense “binding.” The estimator must have

some variation along the constraints otherwise the constraint is meaningless. The following

theorem is then an immediate consequence of the well known result on quadratic forms in

normally distributed vectors (White, 1994, Lemma 8.2).

Theorem 3. Under assumptions (A1) – (A6), (S1) – (S4), and H0(r), if the null space estima-

tors satisfy the conditions of Lemma 2, then Ws
d→
∑(n−r)(m−r)

j=1 λjZ
2
j , where {λj}(n−r)(m−r)j=1

are the eigenvalues of (C ′ΞC)
1
2 (C ′ΩC)−1(C ′ΞC)

1
2 and {Zj}(n−r)(m−r)j=1 are independent stan-

dard normal random variables.

Theorem 3 generalizes Theorem 3.2 of Robin & Smith (2000), which gives the result only

for the case of C estimated using the RSD. It follows that if Ω = Ξ, then ψ ∼ χ2
(n−r)(m−r) so

that Ws is asymptotically pivotal. If, on the other hand, Ω 6= Ξ, then ψ is a weighted sum

of (n − r)(m − r) independent χ2
1 random variables, a familiar outcome of missepcification

analysis (White, 1994). In this case, Theorem 4.2 of Robin & Smith (2000) states that we can

use the eigenvalues of (Ĉ ′Ξ̂Ĉ)
1
2 (Ĉ ′Ω̂Ĉ)−1(Ĉ ′Ξ̂Ĉ)

1
2 to estimate the distribution of ψ, and get

a consistent test with an asymptotically correct size.

Our approach is also general enough to accommodate the new hypothesis testing theory

proposed by Kiefer et al. (2000), Vogelsang (2001), Kiefer & Vogelsang (2002a), Kiefer &

Vogelsang (2002b), and Kiefer & Vogelsang (2005). Here, we retain assumptions (A1) – (A6)

so the plug-in principle continues to hold for any of the null space estimators we have considered

in section 5, but Ω̂ is constructed from fixed–bandwidth long run covariance estimators. In

this case, Ω̂ is an inconsistent estimator of the true asymptotic covariance matrix of Â. The

aforementioned authors show that ψ is still nuisance–parameter–free. In particular, Kiefer &

Vogelsang (2005) show that under assumptions that are weaker than those necessary to obtain

(S1) – (S4), when the bandwidth is set to bT for b ∈ (0, 1] we have the following:

(N1) For any constant D ∈ Rp×k of rank k, there is a constant, symmetric, positive definite

matrix, Ξ, such that D′ξ = Ξ
1
2Wk(1), where Wk is a k–dimensional standard Brownian

motion.

(N2) For D, Ξ, and Wk as in (N1), D′ΩD = Ξ
1
2Qk(b)Ξ

1
2 , where Qk(b) is a known, symmetric,

almost surely positive definite random matrix, consisting of non–linear functionals of
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Wk, and whose distribution depends on b and the particular choice of kernel used to

construct Ω̂.

Kiefer & Vogelsang (2005) note that Qp(b)
p→ Ip as b → 0. Thus assumptions (N1) and

(N2) reduce to assumptions (S1) – (S4) with Ξ = Ω when b → 0. The following theorem is

then an immediate consequence of the assumptions.

Theorem 4. Under assumptions (A1) – (A6), (N1), (N2), and H0(r), if the null space estima-

tors satisfy the conditions of Lemma 2, Ws
d→W ′(n−r)(m−r)(1)Q−1

(n−r)(m−r)(b)W(n−r)(m−r)(1).

Under the assumptions of Theorem 4, ψ is free of nuisance parameters and obtainable by

standard simulation techniques.

7 Cointegration

Cointegration requires a slightly more delicate approach to rank testing than what we have

developed above. Too see this, consider the simplest possible cointegrated VAR(1) model,

∆yt = Ayt−1 + εt, t = 1, . . . , T, (7.1)

where y is n–dimensional, A = αβ′, with α, β ∈ Rn×r, and r < n. We assume that

det(α′⊥β⊥) 6= 0 so that y is not I(2). ε is assumed i.i.d. with positive definite covariance

matrix Σ. The OLS estimator of A is Â =
∑T

t=1 ∆ytyt−1

(∑T
t=1 yt−1y

′
t−1

)−1
, while the OLS

estimator for Σ is Σ̂ = 1
T

∑T
t=1(∆yt − Âyt−1)(∆yt − Âyt−1)′. The OLS estimate of the covari-

ance of Â is Ω̂ =
(

1
T

∑T
t=1 yt−1y

′
t−1

)−1
⊗ Σ̂. The Wald test statistic for the rank of A is then

given as,

W = Tvec′(α′⊥Âβ⊥)

β′⊥
(

1

T

T∑
t=1

yt−1y
′
t−1

)−1

β⊥ ⊗ α′⊥Σ̂α⊥

−1

vec(α′⊥Âβ⊥) (7.2)

and standard asymptotic methods can be used to show that W converges in distribution to

the same distribution achieved by the cointegration rank statistic of Johansen (1991). Since

Johansen’s test statistic is the stochastic Wald statistic based on the RSD, the plug–in principle

would seem to hold in this case. Unfortunately, however, assumption (A1) is violated as Ω̂

converges in probability to a constant matrix that is not positive definite. The problem,

quite simply, is that Â converges at different rates on each side:
√
Tα′⊥Â = Op(1) while
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TÂβ⊥ = Op(1). While this suggests that rank testing should be all the more easier, it also

implies that Ω(β⊥ ⊗ In) = 0. Therefore, we will need slightly different tools to justify the

plug-in principle in cointegration.

Consider the following assumptions.

(C1) X ∈ Rp. Ω ∈ Rp×p is symmetric and positive semi-definite.

(C2) X̂ and Ω̂ are estimators indexed by T such that
√
T (X̂ −X) = Op(1), Ω̂

p→ Ω, and each

Ω̂ ∈ Rp×p is almost surely positive definite.

(C3) X = vec(A) and X̂ = vec(Â) for A, Â ∈ Rn×m.

(C4) C = M ⊗N , where M and N are as in (4.2). There are null space estimators M̂ and N̂

from which we form the estimator Ĉ = M̂ ⊗ N̂ .

(C5) 1
T (M ⊗ In)′Ω̂−1(M ⊗ In) and its inverse are Op(1).

(C6) Ω̂−1(M⊥ ⊗ In) = Op(1).

(C7) T (M ⊗ In)′X̂ = Op(1).

Note that our assumption (C3) does not restrict the analysis to square matrices. When

the variables of the system are cointegrated with a trend or weakly exogenous variables,

A is rectangular (Garrett et al., 2006). We, again, assume that null space estimators are

given in (C4). Assumptions (C5) – (C7) are standard in cointegration analysis and are easily

checked using population parameters and elementary asymptotics. They hold not only in

the cointegration models considered by Johansen (1995) and Lütkepohl (2006) but also in

some of its generalizations. For example, assumptions (C1) – (C7) hold in the case where

the innovations follow a, possibly non-stationary, conditionally heteroskedastic martingale

difference process (Cavaliere et al., 2009) and in the case of non–stationary volatility (Cavaliere

et al., 2007). It is, of course, possible to further generalize these assumptions by allowing for

more general rates of convergence, which would allow us to cover infinite variance innovations

(Caner, 1998) or I(2) processes (Johansen, 2006), but we will stick with the simpler formulation

for concreteness.

It is well known in the maximum likelihood estimation of (7.1) that β̂ is super-consistent

while α̂ is
√
T -consistent, provided these estimators have been suitably identified. If we think

of β̂⊥ and α̂⊥ as estimators of the right and left null space of A then, provided they too have
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been suitably identified, they will have the same rates of convergence as β̂ and α̂ respectively.

We now show that in the general case, where the null spaces are not necessarily estimated by

maximizing the likelihood, these rates of convergence are necessary for the plug-in principle.

Lemma 3. Under assumptions (C1) – (C7) and H0(r), if
√
T (P

N̂
−PN ) = Op(1) and T (P

M̂
−

PM ) = Op(1) then W −Ws = op(1).

Since the null space estimators are obtained from reduced rank approximations we need

to find out what conditions the reduced rank approximation must satisfy in order to give us

estimators that satisfy the plug-in principle.

Theorem 5. Under assumptions (C1) – (C7) and H0(r), if Âr is a rank r approximation to

Â, N̂ ∈ Rn×(n−r) and M̂ ∈ Rm×(m−r) span the left and right null spaces of Âr,
√
T (Â− Âr) =

Op(1), and TÂrM = Op(1), then N̂ and M̂ satisfy the conditions of Lemma 3.

The only thing that remains now is to show that if the null spaces are estimated according

to any of the methods of section 5, then the left null space estimator is
√
T -consistent while

the right null space estimator is super-consistent.

Theorem 6. Under assumptions (C1) – (C7) and H0(r), if Âr is one of the rank r approxi-

mations to Â the conditions of Theorem 5 are satisfied.

We note in closing that, to the author’s knowledge, there are only two papers in the liter-

ature that have used a different reduced rank approximation than that which arises naturally

from maximum likelihood estimation (i.e. the RSD). Kleibergen & van Dijk (1994) test for

cointegration using the LU decomposition, while Kleibergen & Paap (2006) use the SVD.

8 Application to Granger Causality Testing

Al-Sadoon (2009b) has extended Granger (1969) causality in multivariate time series by show-

ing that the appropriate test in that context is to test rank rather than the block zero re-

strictions of Dufour & Renault (1998). Al-Sadoon (2009a) developed the inference theory

and presented a bootstrapping procedure that achieves the correct size and has power against

causal alternatives. We now compare the fixed-b theory to the bootstrap’s performance.
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We will work with the n-dimensional, stationary VAR(p) processes, W . Dufour et al.

(2006) show that every such VAR is representable as

W (t+ h) = µh +

p∑
j=1

π
(h)
j W (t+ 1− j) +

h−1∑
j=0

ψja(t+ h− j), t = p− 1, . . . , T − h, (8.1)

where h > 0 and a is a martingale difference sequence with respect to the information set

generated by W , with E(a(t)a′(t)) = Ω > 0 for all t > 0. The first p observations of W are

assumed given. We will partition W as W (t) = (X ′(t), Y ′(t), Z ′(t))′, t = 1, . . . , T , where the

dimensions of the components X, Y , and Z are nX , nY , and nZ respectively. The coefficient

matrices are then partitioned conformably with W as

π
(h)
j =


π

(h)
XXj π

(h)
XY j π

(h)
XZj

π
(h)
Y Xj π

(h)
Y Y j π

(h)
Y Zj

π
(h)
ZXj π

(h)
ZY j π

(h)
ZZj

 , j, h ≥ 1.

Dufour & Renault (1998) define h–step non–causality as follows: Y fails to cause X at a

given horizon h if at every time t the forecast of X(t+ h) does not depend on current or past

Y . We will denote this by Y 9h X.

Result 1 (Theorem 3.1 of Dufour & Renault (1998)). Y 9h X if and only if, π
(h)
XY j = 0 for

all 1 ≤ j ≤ p.

Al-Sadoon (2009b) has shown that the Dufour & Renault (1998) framework does not

capture the full linear structure of dependence in multivariate time series. In particular, if we

fail to reject non–causality, it may still be the case that the causal linkages are weak and occur

only along certain subspaces of the variations in X and Y . We say that Y along subspace

V ⊆ RnY fails to cause X along subspace U ⊆ RnX at horizon h ≥ 1 if eliminating the history

of variations of Y along V from the information set does not change the h-step forecast of

X in the direction of U . We denote this by Y |V 9h X|U and note that it is equivalent

to PVY 9h PUX, where PU and PV are the orthogonal projection matrices onto U and V

respectively. The requisite restrictions for this sort of non–causality are as follows.

Result 2 (Theorem 4.1 of Al-Sadoon (2009b)). Y |V 9h X|U if and only if, PUπ
(h)
XY jPV = 0

for all 1 ≤ j ≤ p.

Now if U and V are known then testing for subspace non–causality is easily done by

employing a Wald test as in Dufour et al. (2006). Typically, however, we will not know a priori
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along which subspaces non–causality occurs. Thus restrictions of the form PUπ
(h)
XY jPV = 0 for

all 1 ≤ j ≤ p are actually rank restrictions, which brings us back to the original insight of

Anderson (1951), who first proposed these tests: the appropriate extension of zero restrictions

in univariate regressions is not zero block restrictions but reduced rank restrictions.

Now define the maximal subspace U such that Y 9h X|U to be UXYh and let UXYh be

a matrix of orthonormal columns which span UXYh . Likewise, the maximal subspace V such

that Y |V 9h X is denoted by VXYh and V XY
h is the matrix of orthonormal columns which

span VXYh .12 Then we can find UXYh by finding the appropriate U that satisfies

U ′
[
π

(h)
XY 1 · · · π

(h)
XY p

]
= 0. (8.2)

Similarly, V XY
h is the appropriate V that satisfies

π
(h)
XY 1

...

π
(h)
XY p

V = 0. (8.3)

As demonstrated by Dufour et al. (2006), the relevant parameters for these tests can be

obtained by OLS in (8.1). However, because the error term is an MA(h − 1) process, care

must be taken in testing hypotheses on the model. One option is to use a consistent estimate

of the long run covariance of the regressors and the residuals, in which case assumptions (A1)

– (A6) and (S1) – (S4) hold. The second option is to use a HAC robust test in which the

bandwidth is a fixed proportion of T , in which case assumptions (A1) – (A6) and (N1) – (N2)

hold. For simplicity, we will use a (Newey & West, 1987) non-parametric estimate of the long

run covariance matrix of the estimated parameters. In case of consistent estimation, we fixed

the bandwidth at h − 1. This is perhaps too small, but doubling it produced no significant

difference to the results and so we will continue to follow Dufour et al. (2006) who proposed

this value. In the case of HAC robust inference, we will consider the case where the bandwidth

is set to T , the full sample. As for the null space estimators, we have chosen to work with the

SVD as it is the most convenient to compute.13

Now consider the Bernanke & Mihov (1998) data set which consists of US monthly data

on real GDP growth, GDP , inflation, P , the growth of non–borrowed reserves, NBR, and

12Lemma 3.3 of Al-Sadoon (2009b) proves that these subspaces are unique. Therefore the matrices are defined up

to a rotation of the columns.
13See Al-Sadoon (2009a) for details of the estimation and inference.
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the percentage change in the federal funds rate, r for the period January 1965 to December

1996. This is the data set used by Dufour et al. (2006) who chose p = 16 as it minimizes the

Akaike information criterion.

To compare size and power we followed the procedure of Dufour et al. (2006). First, we

estimated the model at horizon h = 12 to obtain a matrix of coefficients B̃12 = [ π(12)
1 ··· π(12)

p ].

Then we reestimated the model under the restriction r 912 (GDP,P )|U , where U is the

predicted subspace of non-causality. This restriction is imposed as, D1
12vec(B̃1

12) = 0, where

B̃1
12 consists of the parameters of the restricted model and D1

12 is a restriction matrix. Next,

we perturbed the restricted model to B̃1,θ
12 so that, D1

12vec(B̃1,θ
12 ) = θe1, where e1 is the first

standard basis vector and θ is a small number. We will refer to this alternative as Hθ
0 (1). We

then simulated 100 data sets using B̃1,θ
12 , for each θ = 0, 0.001, . . . , 0.01 (larger values of θ led

to explosive models) and tabulated the rejection rates of each test.

Table 8.1 gives the rejection rates of H0(0) and H0(1) for the first case of consistent

covariance estimators. The test achieves the correct size of 0.05 but its power to reject H0(0)

is not terribly strong as 22% of the H0(0) tests were accepted. Thus the testing procedure may

underestimate the correct subspaces causality rank. As we have shown above, this problem

disappears asymptotically but (as discussed at length in Camba-Mendez et al. (2003)) may

occur in small samples. The testing producer does, however, exhibit power against the θ 6= 0

cases, particulary in the H0(0) tests.

Table 8.1: Rejection Frequencies (Consistent Covariance Inference).
Significance 5% θ = 0.000 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.010

Reject H0(0) 0.78 0.81 0.85 0.85 0.87 0.87 0.89 0.9 0.92 0.95 0.93

Reject H0(1) 0.05 0.08 0.08 0.13 0.16 0.18 0.31 0.37 0.45 0.49 0.55

Reject H0(0) and accept H0(1) 0.74 0.73 0.77 0.72 0.71 0.69 0.58 0.53 0.48 0.47 0.4

Reject H0(0) and reject H0(1) 0.04 0.08 0.08 0.13 0.16 0.18 0.31 0.37 0.44 0.48 0.53

Table 8.2: Rejection Frequencies (HAC Robust Inference).

Significance 5% θ = 0.000 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.010

Reject H0(0) 0.92 0.9 0.93 0.93 0.94 0.95 0.95 0.97 0.97 0.99 0.98

Reject H0(1) 0.11 0.11 0.15 0.17 0.21 0.26 0.33 0.42 0.52 0.64 0.71

Reject H0(0) and accept H0(1) 0.82 0.8 0.78 0.76 0.74 0.69 0.63 0.55 0.46 0.35 0.27

Significance 1% θ = 0.000 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.010

Reject H0(0) 0.82 0.78 0.82 0.81 0.83 0.85 0.86 0.9 0.9 0.94 0.96

Reject H0(1) 0.04 0.03 0.05 0.07 0.08 0.09 0.15 0.21 0.29 0.39 0.49

Reject H0(0) and accept H0(1) 0.78 0.75 0.77 0.74 0.75 0.77 0.72 0.69 0.61 0.56 0.48

Now consider the same exercise with the HAC robust inference instead. At significance
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5%, the HAC robust tests are oversized, making it difficult to compare the size and power. So

we report the frequency of rejections at 1% significance, which achieves a H0(1) size slightly

less than 4% and may be thought of as a size correction (we are really aiming for a simple

rule of thumb). The test at 1% outperforms the bootstrap test in terms of power against

H0(0) and in terms of correct detection of rank but its power against Hθ
0 (1) is lower than the

bootstrap.

We conclude that the HAC robust inference is a viable alternative to the bootstrap, pro-

vided we adjust for size distortions. We then proceed to apply the procedures to the full data

set. The results are summarized in Tables 10.1–10.4. Clearly the general qualitative picture

of the causal structure is the same under both tests.

The first four lines are almost identical to the analogous ones in Dufour et al. (2006). The

small variations from their results are due to simulation error. The notable effects in the

univariate tests above are that r has predictive power for GDP over the range from 7 months

ahead to 18 months ahead while NBR is predictive for P for up to three months ahead and

has no predictive power beyond that.

From the tests (NBR, r) 9h (GDP,P ) we can see that monetary policy has predic-

tive power for output and inflation in the forecast horizons 1–4 and 7–9. From the tests

(NBR, r) 9h (GDP,P )|U , we conclude that there is some evidence of subspace non–causality

but it is not terribly strong as the subspace non–causality hypothesis is barely accepted. From

the tests (NBR, r)|V 9h (GDP,P ), on the other hand, we can see substantial evidence of

subspace non–causality. There appears to be a statistically significant relationship between

NBR and r along which policy has no predictive power for the other macroeconomic variables.

From the associated V XY
h we can see that increases in NBR that are offset by increases r

have no effect on GDP and P over all the horizons where monetary policy has effect. Thus

the line along (V XY
h )⊥ can be interpreted as measuring the statistical tradeoff between policy

instruments with respect to output and inflation. This is illustrated in the first graph of Figure

8.1.

Next we look at the predictive power of the individual policy variables for output and

inflation. The tests, NBR 9h (GDP,P ), show that NBR leads GDP and P for horizons

1–3 months. There is evidence of subspace non–causality as can be seen from the NBR 9h

(GDP,P )|U tests but it is not very strong. As for the effect of r on GDP and P we can see
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Figure 8.1: Subspace Causality in Monetary Policy.
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that variations of the interest rate have tended to precede variations of output and inflation

along an ever so slightly positively sloped line. While this may be consistent with there being

a statistical Phillips curve (Stock & Watson, 1999), the slope is too flat to be conclusive and

is actually negative at horizon 7. Therefore we conclude that most of the predictive power for

r is for GDP rather than P .14 See Figure 8.1.

Finally, we consider the effect of the policy variables together on output and inflation

individually. Again we find substantial scope for subspace non–causality. In particular, the

policy tradeoff observed above emerges much more clearly in these tests (see Figure 8.1).

Al-Sadoon (2009a) also check for robustness to the assumption of stationarity and finds no

significant difference to the results.

9 Conclusion

This paper has developed a simple and unified theory of rank testing, which includes most

previous rank tests as special cases. It has clarified the relationships between rank tests and

the matrix decompositions on which they are based. It has also proposed new HAC rank

tests based on fixed-b asymptotics, which performs comparably to the bootstrap. Here we will

discuss venues for future research.

First, we have shown (indirectly) that estimators of zero canonical correlations and singu-

14Indeed, we ran the tests on quarterly data and found that the slopes were even less consistently positive.
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lar values have simple distributions. This begs the question of whether estimators of non–zero

canonical correlations and singular values are just as easily analyzed. It would also be in-

teresting to see whether this work can be extended to eigenvalues in general. Such a theory

would be very valuable, not just for multivariate statistical analysis, but also for time series,

cointegration, factor analysis, etc.

Second, a recent area of active research has been large dimensional factor analysis (Bai &

Ng, 2008). However, to the author’s knowledge, only Onatski (2009) formulates a test of the

number of factors, which is closely related to rank testing. Extending the stochastic Wald test

to this context has the potential of greatly simplifying the analysis of these models as well as

relaxing the assumptions necessary for Onatski’s result.

Third, rank tests have been used as ingredients of identification-robust hypothesis test

statistics (Kleibergen, 2005). It would be interesting to see how the new HAC robust test

proposed in this paper can be used in the weak identification literature and whether it can

offer improvements over previous tests.

10 Appendix

10.1 Proofs

Proof of Theorem 1. We prove this by constructing a sequence of matrices Û which satisfies,

Û
p→ U ,

√
TÛ ′X = op(1), Û = Ĉφ̂, and U = Cφ, for invertible matrices φ̂ and φ so that the

stochastic Wald statistics based on Û and Ĉ are equivalent and the one based on Û satisfies

the conditions of Lemma 1.

First, recall that PC = UU ′ for some U ∈ Rp×q of rank q by the spectral theorem (Theorem

2.5.4 of Horn & Johnson (1985)). Now consider the sequence of matrices {P
Ĉ
U}. We claim

that the number of matrices in this sequence of rank less than q is almost surely finite.

Otherwise, there exist an infinite subsequence {Ti} and non–zero random vectors x̂i ∈ Rq

such that P
Ĉ
Ux̂i = 0 along Ti. If we normalize these random vectors so that ‖x̂i‖ = 1 then

the sequence is uniformly bounded and by Prohorov’s theorem (van der Vaart, 1998, Theorem

2.4), there exists a further subsequence ik and a random vector x ∈ Rq such that x̂ik
d→ x

as k → ∞. Then for any given ε > 0, P (‖x‖ > ε) = P
(⋃∞

n=1{‖x‖ ≥
1
n}
)
≥ P (‖x‖ ≥

1
2) ≥ lim supk P (‖x̂ik‖ ≥ 1

2) = 1, where the last inequality follows from Portmanteau’s lemma
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(van der Vaart, 1998, Lemma 2.2). Thus x is almost surely non-zero. Finally, along Tik ,

0 = P
Ĉ
Ux̂ik

d→ PCUx = Ux, a contradiction since U is of full rank. Thus, N0 = inf{T :

rank(P
Ĉ
U) < q} < ∞ almost surely. Now for T ≤ N0 choose Û so that P

Ĉ
= Û Û ′ is a

spectral decomposition and for T > N0 set Û = P
Ĉ
U . Then we have,

P (‖Û − U‖ > ε) = P (‖Û − U‖ > ε, T ≤ N0) + P (‖Û − U‖ > ε, T > N0)

≤ P (T ≤ N0) + P (‖P
Ĉ
U − U‖ > ε) →

T↑∞
0,

because N0 is almost surely finite and P
Ĉ
U

p→ U . Clearly, P
Û

= P
Ĉ

and PU = PC so that

φ̂ = (Ĉ ′Ĉ)−1Ĉ ′Û and φ = (C ′C)−1C ′U . Finally, direct substitution into, P
Ĉ
X = op(1) yields,

√
TÛ(Û ′Û)−1X̂ we now multiply by Û ′ we arrive at the desired result.

Proof of Theorem 2. According to Theorem 13.5.1 of Gohberg et al. (2006), ‖P
M̂
− PM‖2 ≤

K‖Âr − A‖2, where K > 0 depends only on A. Applying the inequality with Âr and A

transposed, we obtain a similar bound on ‖P
N̂
−PN‖2. The result then following from Lemma

2 on noting that the right hand sides are Op(T
− 1

2 ).

Proof of Proposition 1. Our approach mirrors the method employed by (Folland, 1999, The-

orem 5.24) in proving the projection theorem in Hilbert space. Let N̂ ∈ Rn×(n−r) and

M̂ ∈ Rm×(m−r) be full ranked matrices, orthogonal to the columns and rows of ÂCDr re-

spectively. Then for h ∈ Rr2
the matrix, ÂCDr + mat((M̂⊥ ⊗ N̂⊥)h) has a rank of at most r

and for small enough ‖h‖ it has a rank of exactly r. It then follows from the definition of the

CDA that for small enough ‖h‖, ‖Â− ÂCDr −mat((M̂⊥ ⊗ N̂⊥)h)‖2
Ω̂
≥ ‖Â− ÂCDr ‖2Ω̂. The left

hand side is a quadratic form in h and has a local minimum at h = 0. Setting its derivative

at h = 0 to zero we arrive at,

vec′(Â− ÂCDr )Ω̂−1(M̂⊥ ⊗ N̂⊥) = 0.

By the same logic we can show that,

vec′(Â− ÂCDr )Ω̂−1(M̂ ⊗ N̂⊥) = 0

vec′(Â− ÂCDr )Ω̂−1(M̂⊥ ⊗ N̂) = 0.

Since (M̂ ⊗ N̂)⊥ =
[
M̂⊥ ⊗ N̂⊥ M̂ ⊗ N̂⊥ M̂⊥ ⊗ N̂

]
, we can combine the three equations

above to arrive at,

vec′(Â− ÂCDr )Ω̂−1(M̂ ⊗ N̂)⊥ = 0. (10.1)
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Using (2.1) we get,

Ω̂−1 = Ω̂−
1
2 InmΩ̂−

1
2

= (M̂ ⊗ N̂){(M̂ ⊗ N̂)′Ω̂(M̂ ⊗ N̂)}−1(M̂ ⊗ N̂)′

+ Ω̂−1(M̂ ⊗ N̂)⊥{(M̂ ⊗ N̂)′⊥Ω̂−1(M̂ ⊗ N̂)⊥}−1(M̂ ⊗ N̂)′⊥Ω̂−1. (10.2)

Substituting (10.1) and (10.2) into the Cragg and Donald statistic proves the proposition.

Proof of Lemma 3. Following the same line of argument as we did in section 3, we find that

Ws −W = op(1) if

TC ′Ω̂C − TĈ ′Ω̂Ĉ = op(1) (10.3)

T (Ĉ − C)′X̂ = op(1). (10.4)

By the same construction as that used in the proof of Theorem 1, we can assume that our

estimators satisfy
√
T (N̂ − N) = Op(1) and T (M̂ −M) = Op(1). Before we begin proving

(10.3) and (10.4), we note the following useful fact

T (Ĉ − C)′(PM⊥ ⊗ In) = TĈ ′(PM⊥ ⊗ In)

= T (M̂ ⊗ N̂)′(PM⊥ ⊗ In)

= ((T (M̂ −M)′PM⊥)⊗ In−r)︸ ︷︷ ︸
Op(1)

(Im ⊗ N̂)′ = Op(1). (10.5)

Note that multiplying on the right by X̂ we obtain

T (Ĉ − C)′(PM⊥ ⊗ In)X̂ = ((T (M̂ −M)′PM⊥)⊗ In−r) (Im ⊗ N̂)′X̂︸ ︷︷ ︸
op(1)

= op(1), (10.6)

because N̂ ′Â
p→ N ′A = 0.

Now we decompose the left hand side of (10.3) as follows

TC ′Ω̂(C − Ĉ)− T (Ĉ − C)′Ω̂Ĉ = C ′T (PM ⊗ In)Ω̂(PM ⊗ In)(C − Ĉ)− T (Ĉ − C)′Ω̂Ĉ,

(10.7)

Consider the first term in (10.7). Since Ĉ − C = op(1) it suffices to prove that T (PM ⊗

In)Ω̂(PM ⊗ In) = Op(1). Now it is easy to show, using equation (2.1) that,

{T (M ⊗ In)′Ω̂(M ⊗ In)}−1 =
1

T

{
(M ⊗ In)′Ω̂−1(M ⊗ In) · · ·

− (M ⊗ In)′Ω̂−1(M⊥ ⊗ In){(M⊥ ⊗ In)′Ω̂−1(M⊥ ⊗ In)}−1(M⊥ ⊗ In)′Ω̂−1(M ⊗ In)
}
,
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which is Op(1) by assumptions (C5) and (C6), a fact that we will need in the proof of Theorem

6. It follows that T (M ⊗ In)′Ω̂(M ⊗ In) = 1
T {(M ⊗ In)′Ω̂−1(M ⊗ In)}−1 + op(1) = Op(1) by

assumption (C5). Thus the first term in (10.7) is op(1).

Now consider the second term of (10.7). This can be decomposed as follows

(Ĉ − C)′︸ ︷︷ ︸
op(1)

T (PM ⊗ In)Ω̂(PM ⊗ In)︸ ︷︷ ︸
Op(1)

Ĉ + (Ĉ − C)′︸ ︷︷ ︸
op(1)

(PM ⊗ In)Ω̂T (PM⊥ ⊗ In)Ĉ︸ ︷︷ ︸
Op(1)

+T (Ĉ − C)′(PM⊥ ⊗ In)︸ ︷︷ ︸
Op(1)

Ω̂(PM ⊗ In)︸ ︷︷ ︸
op(1)

Ĉ + T (Ĉ − C)′(PM⊥ ⊗ In)︸ ︷︷ ︸
Op(1)

Ω̂ (PM⊥ ⊗ In)Ĉ︸ ︷︷ ︸
op(1)

= op(1).

Equation (10.5) is used in all but the first term. As for (10.4),

T (Ĉ − C)′X̂ = (Ĉ − C)′︸ ︷︷ ︸
op(1)

T (PM ⊗ In)X̂︸ ︷︷ ︸
Op(1)

+T (Ĉ − C)′(PM⊥ ⊗ In)X̂︸ ︷︷ ︸
op(1)

, (10.8)

by assumption (C7) and equation (10.6).

Proof of Theorem 5. Because
√
T (Â−A) = Op(1), it follows, just as in the proof of Theorem 2,

that
√
T (P

N̂
−PN ) = Op(1). As for the second condition, let Û·1Ŝ1V̂

′
·1 = Âr be the rank-r SVD

approximation to Âr. Since Û·1 = Op(1) and Ŝ−1
1 = Op(1) under H0(r), then TÂrM = Op(1)

implies that T V̂ ′·1M = Op(1). If M is chosen to have orthonormal columns, then by theorem

2.6.1 of Golub & Van Loan (1996), ‖P
M̂
− PM‖2 = ‖V̂ ′·1M‖2, which concludes the proof.

Proof of Theorem 6. First, we show that for any of the given rank r approximation, Âr,
√
T (Â− Âr) = Op(1). Choose a version of [M⊥ M ] that is unitary. Then,

σr+1(Â) = σr+1

(
Â
[
M⊥ M

])
≤ σ1(ÂM),

where the inequality follows from corollary 3.1.3 of Horn & Johnson (1991). It follows that

Tσr+1(Â) = Op(1). From equations (5.8) and (5.9), we get T (ÂLUr −Â) = Op(1) and T (ÂQRr −

Â) = Op(1), which is even stronger than what we set out to prove but we will need this later.

As for the CDA (and by inclusion, the RSD and SVD), we have that T‖Â−ÂCDr ‖2 ≤ σ2
1(Ω̂)Ws.

Since Ω̂ converges, it suffices to show that Ws = Op(1). From the definition of the CDA,

Ws ≤ T‖Â−A‖2Ω̂ =
{
Tvec′(Â)(M ⊗ In){T (M ⊗ In)′Ω̂(M ⊗ In)}−1T (M ⊗ In)′vec(Â) · · ·

+
√
Tvec′(Â−A)Ω̂−1(M⊥ ⊗ In){(M⊥ ⊗ In)′Ω̂−1(M⊥ ⊗ In)}−1(M⊥ ⊗ In)′Ω̂−1

√
Tvec(Â−A)

}
.
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In the first term, T (M ⊗ In)′vec(Â) = Op(1) by assumption (C7), while the fact that {T (M ⊗

In)′Ω̂(M ⊗ In)}−1 = Op(1) was shown in the proof of Lemma 3. The second term is Op(1) by

assumptions (C2), (C5) and (C6).

Next, we show that for any of the given rank r approximation, Âr, TÂrM = Op(1). Since

T (ÂLUr − Â) = Op(1) and T (ÂQRr − Â) = Op(1), this implies that TÂLUr M = Op(1) and

TÂQRr M = Op(1) by assumption (C7). As for the CDA,

T 2‖(Â− ÂCDr )M‖2 = T 2‖(M ⊗ In)′vec(Â− ÂCDr )‖2

≤ σ2
1(T (M ⊗ In)′Ω̂(M ⊗ In))T 2‖(M ⊗ In)′vec(Â− ÂCDr )‖2

T (M⊗In)′Ω̂(M⊗In)

≤ σ2
1(T (M ⊗ In)′Ω̂(M ⊗ In))Ws,

where the last inequality follows from equation (2.1) so that Ws is the stochastic Wald statistic

based on the CDA.

10.2 Empirical Results
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