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DEVWUDFW

Dxwruhjuhvvlyh prghov duh xvhg urxwlqho| lq iruhfdvwlqj dqg riwhq ohdg wr ehwwhu

shuirupdqfh wkdq pruh frpsolfdwhg prghov1 Krzhyhu/ hpslulfdo hylghqfh lv dovr

vxjjhvwlqj wkdw wkh dxwruhjuhvvlyh uhsuhvhqwdwlrqv ri pdq| pdfurhfrqrplf dqg �0

qdqfldo wlph vhulhv duh olnho| wr eh vxemhfw wr vwuxfwxudo euhdnv1 Wklv sdshu ghyhorsv

d wkhruhwlfdo iudphzrun iru wkh dqdo|vlv ri vpdoo0vdpsoh surshuwlhv ri iruhfdvwv iurp

jhqhudo dxwruhjuhvvlyh prghov xqghu d vwuxfwxudo euhdn1 Rxu dssurdfk lv txlwh jhq0

hudo dqg doorzv iru xqlw urrwv erwk suh0 dqg srvw0euhdn1 Zh ghulyh �qlwh0vdpsoh

uhvxowv iru wkh phdq vtxduhg iruhfdvw huuru ri rqh0vwhs0dkhdg iruhfdvwv/ erwk frq0

glwlrqdoo| dqg xqfrqglwlrqdoo| dqg suhvhqw qxphulfdo uhvxowv iru gl�huhqw w|shv ri

euhdn vshfl�fdwlrqv1 Lpsolfdwlrqv ri euhdnv iru wkh ghwhuplqdwlrq ri wkh rswlpdo

zlqgrz vl}h duh dovr glvfxvvhg1

MHO Fodvvl�fdwlrqv= F55/ F861

Nh| Zrugv= Vpdoo vdpsoh surshuwlhv ri iruhfdvwv/ UPVIH/ vwuxfwxudo euhdnv/ dx0

wruhjuhvvlrq1



Vpdoo Vdpsoh Surshuwlhv ri Iruhfdvwv iurp

Dxwruhjuhvvlyh Prghov xqghu Vwuxfwxudo Euhdnv�

P1 Kdvkhp Shvdudq

Idfxow| ri Hfrqrplfv dqg Srolwlfv

Xqlyhuvlw| ri Fdpeulgjh

Doodq Wlpphupdqq

Xqlyhuvlw| ri Fdoliruqld/ Vdq Glhjr

Mxqh 6/ 5336

4 Lqwurgxfwlrq

Dxwruhjuhvvlyh prghov duh xvhg h{whqvlyho| lq iruhfdvwlqj wkurxjkrxw hfrqrplfv dqg

�qdqfh dqg kdyh suryhg vr vxffhvvixo dqg gl!fxow wr rxwshuirup wkdw wkh| duh

iuhtxhqwo| xvhg dv ehqfkpdunv lq iruhfdvw frpshwlwlrqv1 Gxh lq odujh sduw wr wkhlu

sduvlprqlrxv irup/ dxwruhjuhvvlyh prghov duh iuhtxhqwo| irxqg wr surgxfh vpdoohu

iruhfdvw huuruv wkdq wkrvh dvvrfldwhg zlwk prghov doorzlqj iru pruh frpsolfdwhg

qrqolqhdu g|qdplfv ru dgglwlrqdo suhglfwru yduldeohv/ f1i1 Vwrfn dqg Zdwvrq +4<<<,

dqg Jldfrplql +5335,1

Ghvslwh wkhlu uhodwlyh vxffhvv/ wkhuh lv qrz prxqwlqj hylghqfh wkdw wkh sdudph0

whuv ri dxwruhjuhvvlyh +DU, prghov �wwhg wr pdq| hfrqrplf wlph vhulhv duh xqvwdeoh

dqg vxemhfw wr vwuxfwxudo euhdnv1 Iru h{dpsoh/ Vwrfn dqg Zdwvrq +4<<9, xqghuwdnh

d v|vwhpdwlf vwxg| ri d zlgh ydulhw| ri hfrqrplf wlph vhulhv dqg �qg wkdw wkh pdmru0

lw| ri wkhvh duh vxemhfw wr vwuxfwxudo euhdnv1 Dorjrvnrx�v dqg Vplwk +4<<4,/ Jdufld

dqg Shuurq +4<<9, dqg Shvdudq dqg Wlpphupdqq +5336d, duh rwkhu h{dpsohv ri

�Zh duh judwhixo wr vhplqdu sduwlflsdqwv dw Fdvv Exvlqhvv Vfkrro iru frpphqwv rq d suhyl0

rxv yhuvlrq ri wklv sdshu1 Zh zrxog dovr olnh wr wkdqn Pxwlwd Dnxvxzdq iru h{fhoohqw uhvhdufk

dvvlvwdqfh1



vwxglhv wkdw grfxphqw lqvwdelolw| uhodwhg wr wkh dxwruhjuhvvlyh whupv lq iruhfdvwlqj

prghov xvhg urxwlqho| wkurxjkrxw hfrqrplfv dqg �qdqfh1 Fohphqwv dqg Khqgu|

+4<<;, ylhz vwuxfwxudo lqvwdelolw| dv d nh| ghwhuplqdqw ri iruhfdvwlqj shuirupdqfh1

Wklv vxjjhvwv d qhhg wr vwxg| wkh ehkdylrxu ri wkh sdudphwhu hvwlpdwhv ri DU

prghov dv zhoo dv wkhlu iruhfdvwlqj shuirupdqfh zkhq wkhvh prghov xqghujr euhdnv1

Ghvslwh wklv  xuu| ri lqwhuhvw lq hfrqrphwulf prghov vxemhfw wr vwuxfwxudo euhdnv/

olwwoh lv nqrzq derxw wkh vpdoo vdpsoh surshuwlhv ri DUprghov wkdw xqghujr glvfuhwh

fkdqjhv1 Lq ylhz ri wkh zlghvsuhdg xvh ri DU prghov lq iruhfdvwlqj/ wklv lv fohduo|

dq lpsruwdqw duhd wr lqyhvwljdwh1 Wkh suhvhqfh ri euhdnv pdnhv wkh irfxv rq vpdoo

vdpsoh surshuwlhv pruh uhohydqw= hyhq li wkh frpelqhg suh0 dqg srvw0euhdn vdpsoh

lv yhu| odujh/ wkh rffxuuhqfh ri d vwuxfwxudo euhdn phdqv wkdw wkh srvw0euhdn vdpsoh

zloo w|slfdoo| eh pxfk vpdoohu vr wkdw dv|pswrwlf dssur{lpdwlrqv pd| qrw eh qhduo|

dv dffxudwh dv lv qrupdoo| wkh fdvh1

D nh| txhvwlrq wkdw dulvhv lq wkh suhvhqfh ri euhdnv lv krz pxfk gdwd wr xvh

wr hvwlpdwh wkh iruhfdvwlqj prgho wkdw plqlpl}hv d orvv ixqfwlrq vxfk dv urrw phdq

vtxduhg iruhfdvw huuru +UPVIH,1 Zh vkrz wkdw wkh UPVIH0plqlpl}lqj hvwlpdwlrq

zlqgrz fuxfldoo| ghshqgv rq wkh vl}h ri wkh euhdn dv zhoo dv lwv gluhfwlrq +l1h1 grhv wkh

euhdn ohdg wr kljkhu ru orzhu shuvlvwhqfh, dqg zklfk sdudphwhuv lw d�hfwv1 Lq vrph

vlwxdwlrqv wkh rswlpdo hvwlpdwlrq zlqgrz wudghv r� dq lqfuhdvhg eldv lqwurgxfhg e|

xvlqj suh0euhdn gdwd djdlqvw d uhgxfwlrq lq iruhfdvw huuru yduldqfh uhvxowlqj iurp

xvlqj d orqjhu zlqgrz ri wkh gdwd1 Krzhyhu/ lq rwkhu vlwxdwlrqv wkh vpdoo vdpsoh

eldv lq wkh dxwruhjuhvvlyh frh!flhqwv pd| lq idfw eh uhgxfhg diwhu lqwurgxflqj suh0

euhdn gdwd li wkh vl}h ri wkh euhdn lv vpdoo ru hyhq zkhq wkh euhdn lv odujh surylghg

wkdw lw lv lq wkh uljkw gluhfwlrq +h1j1/ zkhq shuvlvwhqfh ghfolqhv,1

Wkh pdlq frqwulexwlrqv ri wklv sdshu duh dv iroorzv1 Iluvw/ zh suhvhqw d qhz

surfhgxuh iru frpsxwlqj wkh h{dfw vpdoo vdpsoh surshuwlhv ri wkh sdudphwhuv ri DU

prghov ri duelwudu| rughu/ wkxv h{whqglqj wkh h{lvwlqj olwhudwxuh wkdw kdv irfxvhg

rq wkh DU+4, prgho1 Rxu dssurdfk doorzv iru �{hg ru udqgrp vwduwlqj srlqwv dqg

erwk frqvlghuv vwdwlrqdu| DU prghov dv zhoo dv prghov zlwk xqlw urrw g|qdplfv1 Lq

dgglwlrq wr frqvlghulqj surshuwlhv vxfk dv eldv lq wkh sdudphwhuv/ zh dovr frqvlghu wkh

UPVIH lq �qlwh vdpsohv1 Vhfrqg/ zh h{whqg h{lvwlqj uhvxowv rq h{dfw vpdoo vdpsoh

surshuwlhv ri DU prghov wr doorz iru d euhdn lq wkh xqghuo|lqj gdwd jhqhudwlqj

surfhvv1 Zh dovr h{whqg Ixoohu +4<<9,*v uhvxow rq wkh devhqfh ri d eldv lq wkh iruhfdvw

lq wkh suhvhqfh ri dq lqwhufhsw lq wkh DU prgho wr fryhu euhdnv lq dxwruhjuhvvlyh

frh!flhqwv1 Wklug/ zh suhvhqw h{whqvlyh qxphulfdo uhvxowv txdqwli|lqj wkh h�hfw

ri wkh vl}h ri wkh suh0euhdn dqg srvw0euhdn gdwd zlqgrz rq sdudphwhu eldv dqg
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UPVIH1

Wkh rxwolqh ri wkh sdshu lv dv iroorzv1 Vhfwlrq 5 surylghv d eulhi ryhuylhz ri wkh

vpdoo vdpsoh surshuwlhv ri wkh �uvw0rughu dxwruhjuhvvlyh prgho wkdw kdv ehhq h{whq0

vlyho| vwxglhg lq wkh h{wdqw olwhudwxuh1 Wkhruhwlfdo uhvxowv doorzlqj xv wr fkdudfwhul}h

wkh vpdoo vdpsoh glvwulexwlrq ri wkh sdudphwhuv dqg iruhfdvw huuruv ri dxwruhjuhv0

vlyh prghov duh lqwurgxfhg lq Vhfwlrq 61 Vhfwlrq 7 suhvhqwv qxphulfdo uhvxowv iru

DU prghov vxemhfw wr euhdnv dqg Vhfwlrq 8 frqfoxghv zlwk d glvfxvvlrq ri srvvleoh

h{whqvlrqv wr rxu zrun1

5 Vpdoo Vdpsoh Surshuwlhv ri Iruhfdvwv iurp Dx0

wruhjuhvvlyh Prghov

D odujh olwhudwxuh kdv vwxglhg vpdoo vdpsoh surshuwlhv ri hvwlpdwhv ri wkh sdudphwhuv

ri dxwruhjuhvvlyh prghov1 Wkh pdmrulw| ri vwxglhv kdv frqfhqwudwhg rq ghulylqj

hlwkhu h{dfw ru dssur{lpdwh vpdoo vdpsoh uhvxowv iru wkh glvwulexwlrq ri 	kA / 	qA c wkh

Ruglqdu| Ohdvw Vtxduhv +ROV, hvwlpdwruv ri k dqg q/ lq wkh �uvw0rughu dxwruhjuhvvlyh

+DU+4,, prgho

+| ' kn q+|3� n j0|c | ' �c 2c ���c Ac +4,

zkhuh 0| q ��_Efc ��1 Hduo| dqdo|vlv ri wkh vpdoo vdpsoh eldv ri 	qA lqfoxgh Eduwohww

+4<79,/ Kxuzlf} +4<83,/ Nhqgdoo +4<87,/ Pduulrww dqg Srsh +4<87, dqgZklwh +4<94,1

Wkhvh vwxglhv irfxv rq wkh fdvh zkhuh @ ' f dqg mqm 	 �/ qdpho| d vwdwlrqdu| DU+4,

prgho zlwkrxw dq lqwhufhsw1 H{whqvlrqv wr kljkhu rughu prghov zlwk lqwhufhswv kdyh

ehhq sursrvhg e| Rufxww dqg Zlqrnhu +4<9<,/ Vdzd +4<:;,/ Krtxh +4<;8,/ dqg Edr

dqg Xoodk +5335,1 Krtxh dqg Shwhuv +4<;9,/ Juxee dqg V|prqv +4<;:,/ Nlylhw

dqg Skloolsv +4<<6/ 5336d, ixuwkhu lqfoxghg h{rjhqrxv uhjuhvvruv lq wkh prgho dqg

frqvlghu wkh vr0fdoohg DU[+4, vshfl�fdwlrq1 Dvvxplqj vwdwlrqdulw| +mqm 	 ��/ 	qA

kdv ehhq vkrzq wr kdyh dq dv|pswrwlf qrupdo glvwulexwlrq dqg lwv �qlwh0vdpsoh

glvwulexwlrq kdv ehhq ixuwkhu vwxglhg e| Skloolsv +4<::/ 4<:;, dqg Hydqv dqg Vdylq

+4<;4,1 Wkh fdvh zlwk d xqlw urrw/ q ' �/ kdv ehhq vwxglhg e|/ lqwhu dold/ Edqqhumhh/

Grodgr/ Khqgu| dqg Vplwk +4<;9,/ Skloolsv +4<;:,/ Vwrfn +4<;:,/ Dedglu +4<<6, dqg

Nlylhw dqg Skloolsv +5336e,1

Wr d iruhfdvwhu/ wkh eldv lq 	kA dqg 	qA lv ri gluhfw lqwhuhvw rqo| wr wkh h{whqw

wkdw lw pljkw dgyhuvho| lq xhqfh wkh iruhfdvwlqj shuirupdqfh1 Edvhg rq wkh vdpsoh

revhuydwlrqv/ E+fc +�c ���c +A �/ wkh rqh0vwhs0dkhdg iruhfdvw ri +An�/ 	+An� ' 	kA n 	qA+A

dqg wkh dvvrfldwhg iruhfdvw huuru/ +An�� 	+An�/ kdyh dovr uhfhlyhg frqvlghudeoh dwwhq0
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wlrq1 Er{ dqg Mhqnlqv +4<:3, fkdudfwhul}hg wkh dv|pswrwlf phdq vtxduhg iruhfdvw

huuru +PVIH, iru d vwdwlrqdu| �uvw0rughu dxwruhjuhvvlyh surfhvv frqvlghulqj erwk

wkh vlqjoh0shulrg dqg pxowl0shulrg krul}rq1 Dvvxplqj d vwdwlrqdu| surfhvv/ Frsdv

+4<99, xvhg Prqwh Fduor phwkrgv wr vwxg| wkh PVIH ri ohdvw0vtxduhv dqg pd{lpxp

olnholkrrg hvwlpdwruv xqghu Jdxvvldq lqqrydwlrqv1

Lq sudfwlfh/ wkh frqglwlrqdo iruhfdvw huuru lv ri pruh lqwhuhvw wkdq wkh xqfrq0

glwlrqdo huuru vlqfh wkh gdwd qhhghg wr frpsxwh frqglwlrqdo iruhfdvwv lv dozd|v

dydlodeoh1 D frpsuhkhqvlyh dv|pswrwlf dqdo|vlv iru wkh vwdwlrqdu| DU+s, prgho

lv surylghg lq Ixoohu dqg Kdv}d +4<;4, dqg Ixoohu +4<<9,1 Xvlqj Wkhruhp ;1816 lq

Ixoohu +4<<9, lw lv hdvlo| vhhq wkdw frqglwlrqdo rq +A / zh kdyh

�78.E	+An� m+A � ' .
�
E+An� � 	+An��

2 m+A
�

' j2E� n
�

A
� n

�� q2

A

�
+A �

k

�� q

�2

n�EA3�*2�c

zklfk |lhogv wkh pruh idploldu xqfrqglwlrqdo uhvxow4

�78.E	+An�� ' . E+An� � 	+An��
2 ' j2E� n

2

A
� n�EA3�*2��

Jhqhudol}dwlrqv wr DU+s, dqg pxowl0vwhs dkhdg iruhfdvwv duh dovr surylghg lq Ixoohu

+4<<9/ ss1 776077<,/ zkhuh lw lv hvwdeolvkhg wkdw wkh iruhfdvw huuru/ +An� � 	+An�c

lv lq idfw xqeldvhg lq vpdoo vdpsohv dvvxplqj 0| kdv d v|pphwulf glvwulexwlrq dqg

. Em	+An�m� 	 41 Wklv lv sduwlfxoduo| lqwhuhvwlqj frqvlghulqj wkh riwhq odujh vpdoo

vdpsoh eldv dvvrfldwhg zlwk wkh hvwlpdwhv ri wkh dxwruhjuhvvlyh sdudphwhuv1

6 DU+s,Prgho lq wkh Suhvhqfh ri Vwuxfwxudo Euhdnv

Lq sdudooho zlwk wkh zrun rq wkh vpdoo vdpsoh surshuwlhv ri hvwlpdwhv ri dxwruhjuhv0

vlyh prghov/ lpsruwdqw surjuhvv kdv ehhq pdgh lq whvwlqj iru dqg hvwlpdwlqj erwk

wkh wlph dqg wkh vl}h ri euhdnsrlqwv/ dv zlwqhvvhg e| wkh uhfhqw zrun ri Dqguhzv

+4<<6,/ Dqguhzv dqg Sorehujhu +4<<9,/ Edl dqg Shuurq +4<<;/ 5336,/ Fkx/ Vwlqfk0

frpeh dqg Zklwh +4<<9,/ Fkrqj +5334,/ Hoolrww dqg Pxoohu +5335,/ Kdqvhq +4<<5,/

Lqfodq dqg Wldr +4<<7, dqg Sorehujhu/ Nudphu dqg Nrqwuxv +4<;<,1

Exloglqj rq wkhvh slrqhhulqj olwhudwxuhv zh qrz frqvlghu wkh vpdoo vdpsoh sure0

ohp ri hvwlpdwlrq dqg iruhfdvwlqj zlwk DU+s, prghov lq wkh suhvhqfh ri vwuxfwxudo

4Xoodk +5336, surylghv dq h{whqvlyh glvfxvvlrq dqg vxuyh| ri wkh surshuwlhv ri iruhfdvwv iurp

wkh DU+4, prgho1
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euhdnv1 Iru wklv sxusrvh/ zh frqvlghu wkh iroorzlqj DU+s, prgho gh�qhg ryhu wkh

shulrg | ' �c 2c ���c A ( dqg dvvxphg wr kdyh ehhq vxemhfw wr d vlqjoh vwuxfwxudo euhdn

dw wkh hqg ri wlph A� G

+| '

+
k� n q��+|3� n q�2+|32 n ���n q�R+|3R n j�0|c / iru | � A�c

k2 n q2�+|3� n q22+|32 n ���n q2R+|3R n j20|c / iru | : A�c
c +5,

zkhuh dv ehiruh 0| q ��_Efc �� iru doo |1 Iru wkh dqdo|vlv ri wkh xqlw urrw fdvh lw lv

dovr frqyhqlhqw wr frqvlghu wkh iroorzlqj sdudphwhul}dwlrq ri wkh lqwhufhsw whupv/

k�/ � ' �c 2=

k� ' >�E�� qW

� �c +6,

zkhuh �E�� qW

� � uhsuhvhqwv wkh frh!flhqw ri +|3� lq wkh huuru fruuhfwlrq uhsuhvhqwd0

wlrq ri +5,1 Lq sduwlfxodu

qW

� '

R[
�'�

q��� +7,

Wklv vshfl�fdwlrq lv txlwh jhqhudo dqg doorzv iru lqwhufhsw dqg vorsh vkliwv/ dv

zhoo dv d fkdqjh lq huuru yduldqfhv lpphgldwho| diwhu | ' A�1 Lw lv dovr srvvleoh iru

wkh +| surfhvv wr frqwdlq d xqlw urrw +ru eh lqwhjudwhg ri rughu �, lq rqh ru erwk ri

wkh uhjlphv1 Wkh lqwhjudwlrq surshuw| ri +| xqghu wkh wzr uhjlphv lv jryhuqhg e|

zkhwkhu qW

� ' � ru qW

� 	 �1 Pruh vshfl�fdoo|/ zh vkdoo dvvxph wkdw wkh urrwv ri

R[
�'�

b�q�� � � ' f/ iru � ' �c 2/ +8,

olh rq ru rxwvlgh wkh xqlw flufoh15 Wkh lqwhufhswv k� ' E� � qW

� � duh wkhuhiruh xq0

uhvwulfwhg zkhq wkh xqghuo|lqj DU surfhvvhv duh vwdwlrqdu| dqg duh vhw wr }hur lq

wkh suhvhqfh ri xqlw urrwv wr dyrlg wkh srvvlelolw| ri jhqhudwlqj olqhdu wuhqgv lq wkh

+| surfhvv1 Lq wkh vwdwlrqdu| fdvh >� uhsuhvhqwv wkh xqfrqglwlrqdo phdq ri +| xqghu

uhjlph �1 Lq wkh xqlw urrw fdvh >� lv qrw lghqwl�hg dqg zh kdyh .E{+|� ' f1

Vxssrvh +| lv revhuyhg ryhu wkh shulrg | ' �c 2c ���c A / dqg wkh remhfw ri lqwhuhvw

lv wkh srlqw +ru suredelolw|, iruhfdvw ri +An�/ frqglwlrqdo rq )A E�� ' E+�c +2c ���c +A �
�/

dqg wkh deryh dxwruhjuhvvlyh vshfl�fdwlrq/ htxdwlrq +5,/ vxemhfw wr wkh uhjlph vzlwfk

dw wkh hqg ri wlph | ' A�1 Lq wkh fdvh zkhuh wkh srvw0euhdn zlqgrz vl}h/ �2 ' A�A�

lv vx!flhqwo| odujh +�2 $ 4,/ wkh vwuxfwxudo euhdn lv uhodwlyho| xqlpsruwdqw dqg

5Rxu dqdo|vlv fdq dovr doorz iru wkh srvvlelolw| ri |w ehlqj lqwhjudwhg ri rughu wzr lq rqh ru

erwk ri wkh wzr uhjlphv1 Exw lq wklv sdshu zh vkdoo rqo| frqvlghu wkh xqlw urrw fdvh h{solflwo|1
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wkh iruhfdvw ri +An� fdq eh edvhg h{foxvlyho| rq wkh srvw euhdn revhuydwlrqv1 Krz0

hyhu/ zkhq �2 lv vpdoo lw pljkw eh zruwkzkloh wr edvh wkh iruhfdvwlqj h{huflvh rq

suh0euhdn dv zhoo dv wkh srvw0euhdn revhuydwlrqv1 Wkh qxpehu ri suh0euhdn re0

vhuydwlrqv/ zklfk zh ghqrwh e| ��/ zloo ehfrph d fkrlfh sdudphwhu1 Lq zkdw iro0

orzv zh dvvxph A� lv nqrzq exw frqvlghu iruhfdvwlqj +An� xvlqj wkh revhuydwlrqv

)A E6� R� ' E+63Rc +63Rn�c ���c +A�
c +A�n����c +A �

�/ zlwk +63Rc +63Rn�c ���c +63� wuhdwhg

dv jlyhq lqlwldo ydoxhv16 Wkh suh0euhdn qxpehu ri wlph shulrgv lv wkhq jlyhq e|

�� ' A� � 6 n �c dqg wkh qxpehu ri wlph shulrgv xvhg lq hvwlpdwlrq lv wkhuhiruh

� ' �� n �2 ' A � 6 n �1 Wr vlpsoli| wkh qrwdwlrqv zh vkdoo frqvlghu ydoxhv ri

�� � R1

Wkh srlqw iruhfdvw ri +An� frqglwlrqdo rq )A E6� R� lv jlyhq e|

	+An�E6� ' 	kA E6� n  �

A
	�A E6�c

zkhuh  A ' E+A c +A3�c ���c +A3Rn��
�/ 	�A E6� '

�
	q�A E6�c 	q2A E6�c ���c 	qRA E6�

�
�

	�A E6� ' dj�

A E6���jA E6�o
3�
j�

A E6���)A E6�c +9,

	kA E6� '
� �

�)A E6�� � �

�jA E6� 	�A E6�

�
c +:,

jA E6� ' E)A3�E6� ��c)A32E6� 2�c ���c)A3RE6� R�� c

�� ' WD � � �E�
�

�� ��
3�� �

�c

dqg � �' E�c �c ���c ���1 Wkh rqh0vwhs dkhdg iruhfdvw huuru lv

eAn�E6� ' +An� � 	+An�E6� ' j20An� � 1A E6�c +;,

zkhuh

1A E6� ' d	@A E6�� k2o n  �

A

�
	�A E6�� �2

�
� +<,

�2 ' Eq2�c q22c ���c q2R�
� dqg k2 ' >2 E�� q2�1 Wkh vl}h ri wkh iruhfdvw huuru ydulhv

zlwk 6/ dqg wkh dlp lv wr fkrrvh 6 vxfk wkdw .
�
e2An�E6� m A

�
lv plqlpl}hg=

6W ' @h}4�?
6'�c��cA�n�

�
.
�
e2An�E6�mjA

��
� +43,

Wr wklv hqg zh �uvw qrwh wkdw 0An� dqg 1A E6� duh lqghshqghqwo| glvwulexwhg dqg

.
�
e2An�E6� m A

�
' j2

2 n.0

�
12A E6� m A

�
�

6Wkurxjkrxw wkh sdshu zh vkdoo xvh wkh qrwdwlrq |W +n, @ +|n> ===> |W ,
31
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Wkh h{shfwdwlrqv rshudwru .0 E�� lv gh�qhg zlwk uhvshfw wr wkh glvwulexwlrq ri wkh

lqqrydwlrqv 0|1 Wkhuhiruh/ wr fduu| rxw wkh qhfhvvdu| frpsxwdwlrqv dq h{solflw h{0

suhvvlrq iru 1A E6� lq whupv ri wkh 0�|r lv uhtxluhg1 Wklv lv frpsolfdwhg dqg ghshqgv

rq wkh vwdwh ri wkh surfhvv mxvw ehiruh wkh �uvw revhuydwlrq lv xvhg iru hvwlpdwlrq1

Iru d jlyhq fkrlfh ri 6 : R dqg d �qlwh vdpsoh vl}h A / wkh mrlqw glvwulexwlrq

ri 	�A E6� dqg 	kA E6� ghshqgv rq wkh glvwulexwlrq ri wkh lqlwldo ydoxhv )63�E6 �

R�' E+63Rc +63Rn�c ���c +63��
�1 Lq wkh fdvh zkhuh wkh suh0euhdn uhjlph lv vwdwlrqdu|

wkh glvwulexwlrq ri )63�E6� R� lv jlyhq e|

)63�E6� R� q �E>�� Rc j
2
�VR�c +45,

zkhuh � R lv d R�� xqlw yhfwru/ dqgVR lv gh�qhg lq whupv ri wkh suh0euhdn sdudphwhuv1

Iru h{dpsoh/ iru R ' �/ V� ' �*E�� q2
���/ dqg iru R ' 2

V2 '
�

E� n q�2�
�
E�� q�2�

2 � q2
��

�
#

�� q�2 q��

q�� �� q�2

$
�

D vlplodu dvvxpswlrq frqfhuqlqj wkh lqlwldo ydoxhv fdq eh pdgh li wkh suh0euhdn

surfhvv frqwdlqv d xqlw urrw1 Krzhyhu/ wkh fryduldqfh ri )63�E6� R� lv qr orqjhu

jlyhq e| j2
�VR1 Lq wklv fdvh qW

� ' � dqg wkh suh0euhdn surfhvv lv jlyhq e|

{+| '

R3�[
�'�

B��{+|3� n j�0|/ iru | � A�c +46,

zkhuh B�� ' �
SR

�'�n� q��1 Wkh glvwulexwlrq ri lqlwldo ydoxhv fdq qrz eh vshfl�hg lq

whupv ri wkh vwdwlrqdu| glvwulexwlrq ri wkh �uvw gl�huhqfhv/ E{+2c{+�c ���c{+R�/ xvlqj

+46,/ dqg dvvxplqj wkdw +� lv glvwulexwhg dv �E7+fc /
2�/ zkhuh 7+f dqg / duh wuhdwhg

dv iuhh sdudphwhuv1 Iru h{dpsoh/ lq wkh DU+4, fdvh

+63� q �
�
7+fc /

2 n E6� 2�j2
�

�
� +47,

Iru wkh DU+5, fdvh zh �uvw qrwh wkdw

+632 ' +� n{+2 n ���n{+632c

+63� ' +� n{+2 n ���n{+632 n{+63�c +48,

zklfk surylgh d ghfrpsrvlwlrq lq whupv ri wkh qrq0vwdwlrqdu| ohyho frpsrqhqw/ +�/

dqg vwdwlrqdu| �uvw gl�huhqfhv/ {+2c{+�c ���1 Dovr xvlqj +46, zh kdyh

{+| ' B��{+|3� n j�0|c | ' 2c �c ���c A�

:



zkhuh mB��m 	 �/ wkxv hqvxulqj wkdw +| q UE��1 Wkh glvwulexwlrq ri E+632c +63��

fdq qrz eh ghulyhg iru jlyhq dvvxpswlrqv frqfhuqlqj +� dqg {+�1 Wkhuh duh pdq|

srvvlelolwlhv1 Khuh dv d vlpsoh h{dpsoh zh frqvlghu wkh vlwxdwlrq zkhuh dv lq wkh

DU+4, fdvh +� q �E7+fc /
2�c glvwulexwhg lqghshqghqwo| ri{+|c | ' 2c �c ��/ dqg dvvxph

wkdw wkh vwdwlrqdu| frpsrqhqwv ri +632 dqg +63� duh vwduwhg zlwk {+� ' f1 Xqghu

wkh odwwhu zh kdyh
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Vxevwlwxwlqj wkhvh lq +48, zh qrz kdyh
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n
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�
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�
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�
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n
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E�� B���
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�
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�
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�
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c
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�

�
E6� ��E�� B2��� n B���E�� B

2E63��
�� �� B��E� n B���

2E�� B63�
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�
E�� B���

2 E�� B2���
c

+49,

vr wkdw #
+632

+63�

$
q � E7+f� 2cV2� c

zkhuh wkh hohphqwv lq wkh 2� 2 pdwul{ V2 duh jlyhq lq +49,1

Il{hg +qrq0vwrfkdvwlf, vwduwlqj ydoxhv fdq dovr eh dffrpprgdwhg e| vhwwlqj / '

f1 Lq zkdw iroorzv zh irfxv rq wkh fdvh zkhuh wkh suh0euhdn uhjlph lv vwdwlrqdu|
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lqlwldol}hg vwrfkdvwlfdoo| dffruglqj wr wkh lqlwldo ydoxh glvwulexwlrq gh�qhg e| +45,/

exw doorz wkh srvw0euhdn uhjlph wr vzlwfk lqwr +srvvleo|, d surfhvv zlwk d vlqjoh

xqlw urrw1

Xvlqj +45, lq frqmxqfwlrq zlwk +5, iru | ' 6c6 n �c ���c A / lq pdwul{ qrwdwlrqv

zh kdyh
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3
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3
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4
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� � �Efc WDnR�c
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�
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111
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4
FFFFFFFFFFFFFFD

c

dqg
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'
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�q2� � � � � � � � f f
111

111
1 1 1 � � �

111 f f

�q2R �q2cR3� � � � � � � �q2� � � � � � � � f f

f �q2R � � � � � � �q22 �q2� � f � � � f f
111

111 � � �
111

111
111

111
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111
111

111
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f f � � � f f f f � � � �q2cR3� � � � � f
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4
FFFFFFFFFFFFFFD

�

Pdwul{ � lv orzhu wuldqjxodu zlwk gldjrqdo hohphqwv htxdo wr xqlw| dqg lv wkhuh0

iruh qrq0vlqjxodu/ dqg zh kdyh

)A E6� R� ' UnO%c

zkhuh

U ' �3�_c dqg O ' �3�#�

Lw lv qrz hdvlo| vhhq wkdw

)A3�E6� �� ' B�)A E6� R� ' B�UnB�O%c +4:,

iru � ' fc �c ���c R/ zkhuh B� duh � � E� n R� vhohfwlrq pdwulfhv gh�qhg e|

B� ' Ef�fR3�
111WD

111f�f��c iru � ' fc �c 2c ���c R�

Qrwh wkdw f�fR3� lv d �� ER� �� pdwul{ ri }hurv1 Lq sduwlfxodu Bf ' Ef�fR
111WD�/ dqg

BR '

�
WD
111f�fR

�
1
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Wkh ghwhuplqlvwlf frpsrqhqwv/ B�U/ lq wkh h{suhvvlrqv iru )A3�E6� �� vlpsoli|

li wkhuh lv qr phdq vkliw lq wkh prgho/ l1h1/ li >� ' >2 ' >17 Iluvw/ lw lv hdvlo| yhul�hg

wkdw

�� �nR '

3
EC � R

E�� qW

�� � ��

E�� qW

2� � �2

4
FD � +4;d,

Dovr

_ '

3
EC >�� R

>�E�� qW

��� ��

>2E�� qW

2�� �2

4
FD ' >�

3
EC � R

E�� qW

�� � ��

E�� qW

2� � �2

4
FDn

3
EC fRf�

f��f�

E�� qW

2� E>2 � >�� � �2

4
FD c

dqg xvlqj +4;d,

_ '>��� �nR n }c

zkhuh

} '

3
EC fRf�

f��f�

E�� qW

2� E>2 � >�� � �2

4
FD �

Khqfh

U ' �3�_ '>�� �nR n�3�}c

dqg zkhq >� ' >2 ' > +ru li qW

2 ' �, zh kdyh +qrwlqj wkdw B�� �nR ' � �,

B�U ' B��
3�_ '>B�� �nR ' k� ��

Wkhuhiruh

)A3�E6� �� ' >� � nB�O%c iru � ' fc �c ���c R� +4<,

Xvlqj wkhvh uhvxowv wkh E�c �� hohphqw ri wkh surgxfw prphqw pdwul{/j�

A E6���jA E6� c

lv jlyhq e| %�O�B�

���B�O%/ iru �c � ' �c 2c ���c R/ dqg wkh �|� hohphqw rij�

A E6���)A E4�

lv jlyhq e| %�O�B�

���BfO%/ iru � ' �c 2c ���c R1 Khqfh/ 	�A E6� lv d qrq0olqhdu ixqf0

wlrq ri wkh txdgudwlf irupv %�O�B�

���B�O%/ iru � ' �c 2c ���Rc dqg � ' fc �c ���c R/

zlwk nqrzq pdwulfhv O dqg B�/ dqg % � �Efc WDnR�1 Iru h{dpsoh/ iru R ' � zh

7Qrwlfh wkdw d euhdn lq wkh vorshv lqgxfhv d fkdqjh lq wkh lqwhufhswv hyhq li wkh phdq ri wkh

surfhvv uhpdlqv xqfkdqjhg1
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kdyh8

	qA E6� '
%�O�B�

���BfO%

%�O�B�

���B�O%
c +53,

dqg iru R ' 2

	q�A E6� '
E%�O�B�

2��B2O%� E%�O�B�

���BfO%�� E%�O�B�
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2��BfO%�

E%�O�B�
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c

+54,

dqg

	q2A E6� '
E%�O�B�
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�

+55,

Iurp wkh deryh uhvxowv lw lv qrz fohdu wkdw +l, wkh suredelolw| glvwulexwlrq ri
	�A E6� zloo ghshqg rqo| rq wkh udwlr ri wkh huuru yduldqfhv/ j2

�2j
2
2/ dqg grhv qrw

ghshqg rq wkhlu vfdoh1 Wkhuhiruh/ lq wkh fdvh zkhuh j2
� ' j2

2 ' j2/ wkh glvwulexwlrq

ri 	�A E6� zloo eh lqyduldqw wr j21 +ll, Lq wkh devhqfh ri d phdq vkliw ru li qW

� 	 �

exw qW

2 ' �/ 	�A E6� zloo qrw ghshqg rq wkh xqfrqglwlrqdo phdq+v, ri wkh xqghuo|lqj

dxwruhjuhvvlyh surfhvv1 +lll, Ilqdoo|/ lq wkh fdvh zkhuh >� ' >2/ 	�A E6� lv dq hyhq

ixqfwlrq ri % dqg wklv surshuw| lv xqd�hfwhg e| zkhwkhu wkh vorsh frh!flhqwv dqg2ru

wkh huuru yduldqfhv duh vxemhfw wr vwuxfwxudo euhdnv1

Frqvlghu qrz wkh glvwulexwlrq ri 	kA E6� jlyhq e| +:,/ dqg wr vlpsoli| wkh h{sr0

vlwlrq dvvxph wkdw >� ' >2 +ru q
W

2 ' �,1 Xvlqj +4<, zh �uvw qrwh wkdw
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Vlploduo|
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Xvlqj wkhvh uhvxowv zh kdyh
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c +56,

8Doorzlqj iru d phdq vkliw dqg vhwwlqj s @ 4/ wkh h{suhvvlrqv iru a�W +p, dqg a�W +p, ehfrph

a�W +p, @
+%3K3 . f3,J3

4
P�J3+f.K%,

+%3K3 . f3,J3

4
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>

a�W +p, @ y�4� 3
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zkhuh 	q
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A E6� '
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	q�A E6�1 Wkhuhiruh/ xqolnh 	�A E6� dqg shukdsv qrw vxusulvlqjo|

wkh glvwulexwlrq ri 	kA E6� grhv ghshqg rq wkh xqfrqglwlrqdo phdq ri wkh surfhvv hyhq

xqghu >� ' >2 ' >1

614 Dq Xqfrqglwlrqdo H{suhvvlrq iru e5W.4E6�

Wr rewdlq wkh xqfrqglwlrqdo irup ri 1A E6�/ zh �uvw qrwh wkdw  A fdq eh zulwwhq dv

5R)A E6�/ zkhuh 5R ' EfRfE�3R�
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3
EEEEEEC

f f � � � �

f f � � � � f
111

111 � � �
111

111

f � � � � f f

� � � � f f

4
FFFFFFD

�
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dqg lghqwlfdoo| glvwulexwhg dfurvv o/ e| d vwdqgdug odz ri odujh qxpehuv zh kdyh
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e2An�E6�

�
c

vr orqj dv .
�
e2An�E6�

�
grhv lq idfw h{lvw1 Wklv fohduo| uhtxluhv uhvwulfwlrqv rq wkh

vl}h ri �/ wkh hvwlpdwlrq zlqgrz1 Zh fdq surylgh h{dfw frqglwlrqv lq wkh vlpsoh

fdvh zkhuh R ' �/ exw wkhuh dsshduv wr eh qr uhvxowv iru wkh h{lvwhqfh ri prphqw

frqglwlrqv lq wkh pruh jhqhudo fdvh ri R � 21

Wkh iroorzlqj sursrvlwlrq jhqhudol}hv Wkhruhp ;1815 lq Ixoohu +4<<9/ sdjh 778,

wr wkh fdvh zlwk d euhdn lq wkh vorsh frh!flhqw=

Sursrvlwlrq= Wkh xqfrqglwlrqdo h{shfwdwlrq ri wkh iruhfdvw huuruv iurp wkh DU+s,

prgho +5, vxemhfw wr d euhdn lq wkh DU frh!flhqwv +q� 9' q2, ru d euhdn lq wkh

lqqrydwlrq yduldqfh +j2
� 9' j2

2, duh xqeldvhg surylghg wkdw

+l, wkh suredelolw| glvwulexwlrq ri 0W ' E0�c 0An��
� lv v|pphwulfdoo| glvwulexwhg

durxqg .E0W� ' fc dqg lwv �uvw dqg vhfrqg rughu prphqwv h{lvw>

+ll, . meAn�E6�m 	 4( dqg

+lll, wkhuh lv qr euhdn lq wkh phdq ri wkh surfhvv/ >� ' >2�

Surri= Lw kdv douhdg| ehhq hvwdeolvkhg wkdw zkhq >� ' >2c 	�A E6� fdq eh zulwwhq

dv d qrq0olqhdu ixqfwlrq ri txdgudwlf irupv lq %/ dqg lv wkhuhiruh dq hyhq ixqfwlrq ri

%1 Lq wkh fdvh zkhuh >� ' >2/ xvlqj +;, dqg +57,/ wkh suhglfwlrq huuru fdq eh zulwwhq

dv

eAn�E6� ' j20An� �
�
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%
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Vlqfh 	q�A E6�/ � ' �c 2c ���c R duh hyhq ixqfwlrqv ri %c dqg E� �

�B�O%� dqg 	�
�

A E6�5RBfO%

duh rgg ixqfwlrqv ri % doo wkh whupv lqvlgh wkh deryh h{shfwdwlrqv duh rgg ixqfwlrqv

ri eAn�E6� dqg +e| dvvxpswlrqv +l, dqg +ll,, h{lvw/ zh pxvw kdyh

. deAn�E6�o ' f�

Lq wkh fdvh zkhuh >� 9' >2 wkh h{suhvvlrq iru wkh suhglfwlrq huuru lv jlyhq e| +58,

dqg lv qr orqjhu dq rgg ixqfwlrq ri %/ vr lw zloo/ lq jhqhudo/ qrw kdyh phdq }hur1

Rqh lpsruwdqw lpsolfdwlrq ri wkh deryh uhvxow lv iru wkh wudgh r� wkdw h{lvwv lq

wkh hvwlpdwlrq eldv ri wkh vorsh dqg lqwhufhsw frh!flhqwv lq wkh DU prghov hyhq lq

wkh suhvhqfh ri euhdnv vr orqj dv >� ' >21 Wr vhh wklv xvlqj +56, zh kdyh

. d	kA E6�o ' >
q
��.

k
	q
W

A E6�
lr

c

zklfk fdq htxlydohqwo| eh zulwwhq dv

. d	kA E6�� >E�� qW

2�o ' �> .
k
	q
W

A E6�� qW

2

l
�

Wklv surylghv dq lqwhuhvwlqj uhodwlrqvkls ehwzhhq wkh vpdoo vdpsoh eldv ri wkh hvwl0

pdwru ri wkh lqwhufhsw whup/ . d	@A E6�� >E�� qW

2�o/ dqg wkh vpdoo vdpsoh eldv ri wkh

orqj0uxq frh!flhqw/ .
k
	q
W

A E6�� qW

2

l
1 Wkh hvwlpdwru ri wkh lqwhufhsw whup/ 	@A E6�c

lv xqeldvhg rqo| li wkh vdpsoh phdq lv }hur1 Exw/ lq jhqhudo wkhuh lv dq vsloo0ryhu

h�hfw iurp wkh eldv ri wkh vorsh frh!flhqw wr wkdw ri wkh lqwhufhsw whup1

Lq wkh fdvh ri wkh DU+4, prgho wkh uhvxowv vlpsoli| ixuwkhu dqg zh kdyh

. d	kA E6�� k2o ' �> .
k
	qA E6�� q2

l
� +59,

Vlqfh .
k
	qA E6�� q2

l
	 f/ lw wkhuhiruh iroorzv wkdw

. d	kA E6�� k2o : f li > : fc

. d	kA E6�� k2o � f li > � f�

Rqfh djdlq wkhvh uhvxowv krog luuhvshfwlyh ri zkhwkhu q� ' q2 ru qrw1

615 D Frqglwlrqdo H{suhvvlrq iru e5W.4E6�

Dv ehiruh zh kdyh

eAn�E6� ' j20An� � 1A E6��
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Xvlqj +56, lq +<, dqg diwhu vrph dojheud zh kdyh +xqghu >� ' >2 ' >,9

1A E6� ' E A � >� R�
�

�
	�A E6�� �2

�
n �3�
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E� �

�BfO%��
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�'�
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�B�O%� 	q�A E6�

&
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+5:,

Vxssrvh R ' � vr wkdw lw lv hdv| wr fkdudfwhul}h zkhq  A lv deryh ru ehorz wkh phdq

dqg dvvxph wkdw wkh glvwulexwlrq ri % lv v|pphwulf1 Wkhq

. deAn�E6� m +A o ' E+A � >�.
�
	qA E6�� q2

�
�

Vlqfh/ .
�
	qA E6�� q2

�
	 f/

.deAn�E6�m+A o '

+
	 f �s +A : >

� f �s +A � >
c

dqg wkh hvwlpdwhg prgho xqghusuhglfwv li wkh odvw revhuydwlrq lv deryh wkh xqfrq0

glwlrqdo phdq ++A : >,/ zkloh frqyhuvho| lw ryhusuhglfwv li wkh odvw revhuydwlrq lv

ehorz wkh xqfrqglwlrqdo phdq ++A 	 >,1 Lq jhqhudo zh kdyh

.deAn�E6�m+A o ' E A � >� R�
�.

�
	�A E6�� �2

�
Wr frpsxwh frqglwlrqdo PVIH/ zh qrwh wkdw frqglwlrqdo rq  A / 1A E6� ghshqgv

rq >/ j�c j2/ ��/ �2 dqg fdq eh vlpxodwhg iru jlyhq ydoxhv ri >c j�c j2c ��c �2/ dqg  A

dqg gudzv iurp % � �Efc WDnR�1 Ghqrwlqj wkh o|� gudz ri % e| %Eo�/ o ' �c 2c ���c -/

wkh frqglwlrqdo PVIH fdq eh frpsxwhg e|
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e| %Eo�1
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7 Qxphulfdo Uhvxowv

Rxu dssurdfk lv txlwh jhqhudo dqg doorzv xv wr vwxg| wkh vpdoo vdpsoh surshuwlhv

ri wkh DU prgho lq vrph ghwdlo1 Wkh h{lvwlqj olwhudwxuh kdv irfxvhg rq wkh DU+4,

prgho zlwkrxw d euhdn/ zkhuh wkh nh| sdudphwhuv d�hfwlqj wkh surshuwlhv ri wkh

ROV hvwlpdwruv/ 	k dqg 	�/ duh wkh vdpsoh vl}h dqg wkh shuvlvwhqfh sdudphwhu/ q�1

Lq rxu vhwwlqj/ wkhuh duh pdq| pruh sdudphwhuv wr frqvlghu1 Lq wkh devhqfh ri

d euhdn wkhuh duh qrz R dxwruhjuhvvlyh sdudphwhuv soxv wkh lqwhufhsw/ k/ dqg wkh

lqqrydwlrq yduldqfh/ j21 Xqghu d euhdn/ zh qhhg wr frqvlghu erwk wkh suh0 dqg

srvw0euhdn sdudphwhuv 0 l1h1 wkh DU frh!flhqwv +��c�2,/ wkh lqwhufhswv +k�c k2, dqg

wkh lqqrydwlrq yduldqfhv +j2
�c j

2
2,1 Ixuwkhupruh/ krz wkh wrwdo vdpsoh glylghv lqwr

suh0 dqg srvw0euhdn shulrgv +�� dqg �2, lv qrz fuxfldo wr wkh eldv lq wkh srvw0euhdn

sdudphwhu hvwlpdwhv dqg wr wkh eldv dqg yduldqfh ri wkh iruhfdvw huuru1

Wr hqvxuh wkdw rxu uhvxowv duh frpsdudeoh wr wkh h{lvwlqj olwhudwxuh/ rxu ehqfk0

pdun prgho lv wkh DU+4, vshfl�fdwlrq zlwkrxw d euhdn +h{shulphqw 4d lq Wdeoh

4d,1 Zh qh{w lqwurgxfh euhdnv lq wklv prgho dqg h{whqg wkh uhvxowv wr fryhu wkh

DU+5, vshfl�fdwlrq1 Wklv doorzv xv wr frqvlghu wkh h�hfw ri kljkhu rughu g|qdp0

lfv1 Lq doo fdvhv zh suhvhqw uhvxowv iru 83/333 Prqwh Fduor vlpxodwlrqv dqg gudz

lqqrydwlrqv iurp dq LLG Jdxvvldq glvwulexwlrq1 Zh vwxg| euhdnv lq wkh dxwruhjuhv0

vlyh sdudphwhuv lq wkh irup ri erwk prghudwho| vl}hg +316, dqg odujh +319, euhdnv

lq hlwkhu gluhfwlrq +h{shulphqwv 5d07d, dv zhoo dv d vkliw wr d xqlw urrw surfhvv lq

wkh srvw0euhdn shulrg +h{shulphqw 8d,1 Zh dovr frqvlghu sxuh euhdnv lq wkh lqqr0

ydwlrq yduldqfh +h{shulphqwv 9d dqg :d,/ zkhuh j fkdqjhv ehwzhhq ydoxhv ri 425

dqg 5/ dqg lq wkh phdq +h{shulphqwv ;d dqg <d,/ zkhuh > fkdqjhv ehwzhhq 4 dqg

51 Iru frqyhqlhqfh wkh sdudphwhu ydoxhv dvvxphg lq hdfk ri wkh h{shulphqwv duh

vxppdul}hg lq Wdeoh 4d1 Vlqfh rxu irfxv lv rq wkh h�hfw ri euhdnv rq wkh eldv dqg

iruhfdvwlqj shuirupdqfh ri DU prghov/ uhvxowv duh suhvhqwhg dv d ixqfwlrq ri wkh

suh0euhdn zlqgrz vl}h E��� dqg wkh srvw0euhdn zlqgrz vl}h E�2�� Zh ydu| �� iurp

}hur +qr suh0euhdn lqirupdwlrq, wkurxjk 4/ 5/ 6/ 7/ 8/ 43/ 53/ 63/ 83 dqg 433/ zkloh

wkh srvw0euhdn zlqgrz/ �2/ lv vhw dw 43/ 53/ 63/ 83 dqg 4331

714 Uhvxowv iru wkh DU+4, Prgho

Uhvxowv iru wkh DU+4, prgho duh suhvhqwhg lq Wdeohv 5081 Dv d phdvxuh ri eldv lq

wkh sdudphwhu hvwlpdwhv dqg lq wkh uhvxowlqj iruhfdvw/ Wdeoh 5 vkrzv wkh eldv lq 	q�

zkloh Wdeoh 6 vkrzv wkh frqglwlrqdo eldv lq wkh iruhfdvw iru d vlwxdwlrq zkhuh +A

4:



lv deryh lwv phdq/ l1h1/ +A ' k2 n j21
: Wr phdvxuh iruhfdvwlqj shuirupdqfh/ Wdeoh

7 uhsruwv wkh xqfrqglwlrqdo UPVIH zkloh Wdeoh 8 vkrzv wkh frqglwlrqdo UPVIH

zkhq +A ' k2 n j2 dv d ixqfwlrq ri wkh suh0euhdn +��, dqg srvw0euhdn zlqgrz vl}h

+�2,1

71414 Eldv Uhvxowv

Iluvw frqvlghu wkh eldv lq 	q�1 Lq wkh devhqfh ri d euhdn 	q� lv grzqzdug eldvhg

zlwk d eldv wkdw glvdsshduv dv �� dqg �2 lqfuhdvh dqg ehfrphv txlwh vpdoo zkhq

wkh frpelqhg vdpsoh � ' �� n �2 lv odujh1
; Qrwlfh wkh v|pphwu| ri wkh uhvxowv lq

�� dqg �2 zklfk iroorzv vlqfh +xqghu qr euhdn, rqo| �� n �2 pdwwhuv wr wkh eldv1<

Rqfh d euhdn lv lqwurgxfhg lq wkh DU sdudphwhu/ wkh eldv lq 	q� frqwlqxhv wr ghfolqh

lq �2 exw qhhg qr orqjhu ghfolqh prqrwrqlfdoo| dv d ixqfwlrq ri ��1 Wkh uhdvrq iru

wklv lv vlpsoh= lqfoxglqj suh0euhdn gdwd jhqhudwhg e| d gl�huhqw +ohvv shuvlvwhqw,

surfhvv lqwurgxfhv d qhz eldv whup lq 	q�� Lw lv rqo| wr wkh h{whqw wkdw wklv whup lv

r�vhw e| d uhgxfwlrq lq wkh vpdoo vdpsoh eldv ri wkh DU hvwlpdwh wkdw lqfoxvlrq ri

suh0euhdn gdwd zloo ohdg wr d eldv uhgxfwlrq1 Wkxv/ zkhq �2 lv yhu| odujh +h1j1/ 83

ru 433 srvw0euhdn revhuydwlrqv, wkh vpdoo vdpsoh eldv lq 	q� edvhg sxuho| rq srvw0

euhdn revhuydwlrqv lv douhdg| txlwh vpdoo1 Lq wklv vlwxdwlrq/ lqfoxvlrq ri suh0euhdn

gdwd zloo qrw orzhu wkh eldv lq 	q�1 Frqyhuvho|/ zkhq wkh srvw0euhdn vdpsoh lv vpdoo

+l1h1/ �2 ' �f � 2f revhuydwlrqv,/ wkh vpdoo vdpsoh eldv lq 	q� lv yhu| odujh dqg

khqfh lqfoxglqj xs wr 63 suh0euhdn revhuydwlrqv zloo dfwxdoo| uhgxfh wkh eldv xqghu

d prghudwho| vl}hg euhdn1 Qdwxudoo|/ li wkh euhdn vl}h lv odujh +h{shulphqw 7d,/ wklv

h�hfw lv uhgxfhg vlqfh wkh wuxh eldv gxh wr lqfoxglqj suh0euhdn revhuydwlrqv lq wkh

hvwlpdwlrq zlqgrz grplqdwhv dq| uhgxfwlrq lq wkh vpdoo vdpsoh eldv lq 	q� edvhg

vroho| rq srvw0euhdn gdwd iru doo exw wkh vpdoohvw srvw0euhdn zlqgrz vl}hv1

Lqwhuhvwlqjo|/ zkhq wkh euhdn lv lq wkh uhyhuvh gluhfwlrq +h{shulphqw 6d, vr wkdw

wkh wuxh ydoxh ri q� ghfolqhv/ lqfoxglqj d vpdoo qxpehu ri suh0euhdn gdwd srlqwv

:Ydoxhv duh frpsxwhg dv dyhudjhv dfurvv Prqwh Fduor vlpxodwlrqv uhodwlyh wr wkh wuxh srvw0euhdn

ydoxhv1
;Wkh eldv hvwlpdwhv duh lq olqh zlwk wkh zhoo nqrzq Nhqgdoo +4<87, dssur{lpdwlrq jlyhq e|

a�4 � �4 @
�+4 . 6�

4
,

y
.R+y�6@5,>

zkhuh y @ y4 . y51
<Uhfdoo iurp +59, wkdw lq wkh fdvh ri Jdxvvldq huuruv wkh eldv lq a�W +p, fdq eh h{dfwo| lqihuuhg

iurp wkh eldv ri a�W +p, zkhq wkhuh lv qr euhdn lq wkh phdq1 Iru wklv uhdvrq zh irfxv rxu dqdo|vlv

rq wkh eldv lq a�W +p,1

4;



ohdgv wr d uhgxfwlrq lq wkh eldv lq 	q� hyhq iru wkh yhu| odujh srvw0euhdn zlqgrzv

frqvlghuhg khuh1 Iru h{dpsoh/ wkh eldv lq 	q� lv plqlpl}hg e| lqfoxglqj 6 suh0euhdn

revhuydwlrqv hyhq zkhq �2 ' �ff1 Wkh uhdvrq lv djdlq uhodwhg wr wkh gluhfwlrq ri

wkh vpdoo vdpsoh eldv lq 	q�1 Dv 	q� lv grzqzdug eldvhg/ zkhq wkh euhdn lv iurp kljk

wr orz shuvlvwhqfh/ wkh +xszdug, eldv lqwurgxfhg e| lqfoxvlrq ri wkh pruh shuvlvwhqw

suh0euhdn gdwd zrunv lq wkh rssrvlwh gluhfwlrq ri wkh vpdoo vdpsoh +grzqzdug, eldv

lq 	q�1 Iru wklv uhdvrq wkh eldvhv xqghu d ghfolqh lq q� whqg wr eh vpdoohu wkdq wkh

eldvhv revhuyhg zkhq q� lqfuhdvhv dw wkh wlph ri wkh euhdn1

Xqghu d srvw0euhdn xqlw urrw +h{shulphqw 8d, wkh eldv0plqlpl}lqj suh0euhdn

zlqgrz vl}h lv txlwh frqvwdqw durxqg 53 revhuydwlrqv1 Zkhq d euhdn rffxuv lq wkh

lqqrydwlrq yduldqfh +h{shulphqwv 9d dqg :d,/ wkh vpdoohvw eldv lv dozd|v dfklhyhg e|

wkh orqjhvw suh0 dqg srvw0euhdn zlqgrzv1 Wkh rqo| gl�huhqfh wr wkh fdvh zlwkrxw d

euhdn lv wkdw wkh eldv lv qr orqjhu d v|pphwulf ixqfwlrq ri �� dqg �21 Doorzlqj iru

d euhdn lq wkh phdq lq hlwkhu gluhfwlrq +h{shulphqwv ;d dqg <d,/ wkh iruhfdvw huuru

lv qr orqjhu xqeldvhg xqfrqglwlrqdoo| dqg wkh rswlpdo zlqgrz vl}h ulvhv wr 433 lq

erwk h{shulphqwv luuhvshfwlyh ri wkh ydoxh ri �21

Wxuqlqj qh{w wr wkh frqglwlrqdo eldv lq wkh iruhfdvw/ Wdeoh 6 vkrzv wkdw/ lq wkh

devhqfh ri d euhdn/ wkh eldv lv qhjdwlyh zkhq wkh suhglfwlrq lv pdgh frqglwlrqdo rq

d ydoxh deryh wkh phdq ri wkh surfhvv/ +A ' k2 n j21 Wklv lv/ ri frxuvh/ frqvlvwhqw

zlwk wkh vljq ri wkh eldv lq 	q�1 Lq jhqhudo/ wkh uhvxowv iru wkh frqglwlrqdo eldv lq

wkh iruhfdvw huuru pluuru wkrvh ri wkh eldv lq 	q� h{fhsw iru lq wkh fdvh zlwk euhdnv

lq wkh phdq1 Zkhuhdv wkh eldv lq 	q� zdv uhgxfhg wkh odujhu wkh ydoxh ri ��/ zkhq

wkh phdq lqfuhdvhv dw wkh wlph ri wkh euhdn/ wkh eldv lq wkh iruhfdvw huuru lv vpdoohvw

zkhq �� ' f dqg wkh phdq lqfuhdvhv dvvxplqj d odujh srvw0euhdn vdpsoh +�2 ' Df

ru �ff, ru iru d suh0euhdn zlqgrz vl}h durxqg 43053 revhuydwlrqv xqghu d ghfuhdvh

lq wkh phdq1

71415 Iruhfdvwlqj Shuirupdqfh

Wr phdvxuh iruhfdvwlqj shuirupdqfh xqghu wkh DU+4, prgho/ xqfrqglwlrqdo dqg

frqglwlrqdo UPVIH ydoxhv duh vkrzq lq Wdeohv 7 dqg 81 Xqghu qr euhdn wkh xq0

frqglwlrqdo UPVIH lv 4148 iru wkh vpdoohvw frpelqhg vdpsoh +�� ' fc �2 ' �f,

dqg lw djdlq ghfolqhv v|pphwulfdoo| dv d ixqfwlrq ri �� dqg �21 Lq wkh suhvhqfh

ri d prghudwh euhdn lq wkh DU frh!flhqw/ wkh xqfrqglwlrqdo UPVIH frqwlqxhv wr

ghfolqh dv d ixqfwlrq ri �2 exw lw qr orqjhu ghfolqhv prqrwrqlfdoo| lq wkh suh0euhdn

zlqgrz/ ��1 Ixuwkhupruh/ wkh xqfrqglwlrqdo UPVIH qr orqjhu frqyhujhv wr rqh 0

4<



lwv wkhruhwlfdo ydoxh lq wkh devhqfh ri sdudphwhu hvwlpdwlrq xqfhuwdlqw| 0 zkhqhyhu

wkh suh0euhdn zlqgrz/ ��/ phdvxuhg dv d sursruwlrq ri wkh srvw0euhdn zlqgrz/ �2/

grhv qrw jr wr }hur1 Iru h{dpsoh/ zkhq �� ' �2 ' �ff/ wkh xqfrqglwlrqdo UPVIH

xqghu d prghudwh euhdn lq q� lv forvh wr 4135 dv rssrvhg wr d ydoxh ri 41339 revhuyhg

lq wkh fdvh zlwkrxw d euhdn1 Wklv gl�huhqfh lv gxh wr wkh vtxduhg eldv lq wkh DU

sdudphwhuv lqwurgxfhg e| lqfoxglqj suh0euhdn gdwd srlqwv1 Jhqhudoo|/ wkh zlqgrzv

wkdw plqlpl}h wkh xqfrqglwlrqdo UPVIH whqg wr eh vpdoohu wkdq wkh zlqgrzv wkdw

plqlpl}h wkh eldv1 Lqfuhdvlqj wkh zlqgrz vl}h eh|rqg wkh srlqw wkdw surgxfhv wkh

vpdoohvw eldv pd| eh dffhswdeoh li lw uhgxfhv wkh iruhfdvw huuru yduldqfh e| pruh

wkdq wkh dvvrfldwhg lqfuhdvh lq wkh vtxduhg eldv1

Wkh suhvhqfh ri d prghudwho| vl}hg euhdn lq q� lpsolhv wkdw wkh rswlpdo suh0

euhdn zlqgrz vl}h ghfolqhv wr 43053 revhuydwlrqv xqghu wkh xqfrqglwlrqdo UPVIH

fulwhulrq dowkrxjk lw uhpdlqv pxfk orqjhu xqghu wkh frqglwlrqdo UPVIH fulwhulrq1

Lq erwk fdvhv/ wkh rswlpdo ydoxh ri �� lv vpdoohu/ wkh kljkhu wkh ydoxh ri �2 dqg wkh

odujhu wkh vl}h ri wkh euhdn lq q� dv fdq eh vhhq e| frpsdulqj h{shulphqwv 5d dqg

7d1

Vrphzkdw gl�huhqw sdwwhuqv hphujh xqghu d srvw0euhdn xqlw urrw zkhuh wkh frq0

glwlrqdo UPVIH lv plqlpl}hg iru wkh odujhvw ydoxhv ri ��/ zkhuhdv wkh xqfrqglwlrqdo

UPVIH lv plqlpl}hg dw pxfk vpdoohu ydoxhv ri ��/ w|slfdoo| ehorz 43 revhuydwlrqv1

Zkhq wkh lqqrydwlrq yduldqfh lv kljkhu srvw0euhdn/ lw lv rswlpdo wr vhw wkh suh0

euhdn zlqgrz dv odujh dv srvvleoh vlqfh wklv pd{lpl}hv wkh ohqjwk ri wkh ohvv qrlv|

gdwd dqg wkxv eulqjv grzq wkh iruhfdvw huuru yduldqfh zlwkrxw lqwurgxflqj d eldv

lq wkh iruhfdvw1 Lq frqwudvw/ zkhq wkh lqqrydwlrq yduldqfh ghfolqhv dw wkh wlph ri

wkh euhdn/ wkh rswlpdo suh0euhdn zlqgrz vl}h lv rqo| orqj surylghg wkh srvw0euhdn

zlqgrz/ �2/ lv udwkhu vkruw dqg lw ghfolqhv wr }hur iru odujhu ydoxhv ri �21 Xqghu

euhdnv wr wkh phdq/ wkh orzhvw frqglwlrqdo dqg xqfrqglwlrqdo UPVIH ydoxhv duh

revhuyhg iru wkh orqjhu suh0euhdn zlqgrzv1 Wklv lv dq lqwhuhvwlqj �qglqj1 Zkhq

euhdnv rffxu lq sudfwlfh/ wkh| duh olnho| wr d�hfw wkh phdq1 Lq vxfk vlwxdwlrqv rxu

uhvxowv vxjjhvw wkdw/ dw ohdvw iru euhdnv ri vlplodu vl}h wr wkrvh dvvxphg khuh/ lw lv

gl!fxow wr rxwshuirup wkh iruhfdvwlqj shuirupdqfh jhqhudwhg e| d prgho edvhg rq

dq h{sdqglqj zlqgrz ri wkh gdwd1

715 Uhvxowv iru wkh DU+5, Prgho

Uhvxowv iru wkh DU+5, prgho duh suhvhqwhg lq Wdeohv 9043/ zkloh Sdqho e lq Wdeoh

4 vkrzv wkh sdudphwhu frq�jxudwlrqv xvhg lq wkh h{shulphqwv odehoohg 4e wr <e1
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Lw lv qr orqjhu vr vwudljkwiruzdug wr vxppdul}h wkh uhvxowv dv wkhuh duh qrz pruh

sdudphwhuv1 Zlwk wzr DU sdudphwhuv zh uhsruw wkh eldv vhsdudwho| iru 	q� dqg iru
	q
W

' 	q� n 	q2/ wkh odwwhu surylglqj d phdvxuh ri shuvlvwhqfh1 Rxu edvholqh vfhqdulr

dvvxphv dxwruhjuhvvlyh urrwv ri 31<8 dqg 03153 vr wkdw q� ' f�.D dqg q2 ' �f��b1

D odujh euhdn rffxuv zkhq wkhvh frh!flhqwv vkliw wr 3178 dqg 3/ zkloh d prghudwh

euhdn dvvxphv wkdw q� ' f�SDc q2 ' �f�2b1 Euhdnv wr wkh phdq ru wr wkh lqqrydwlrq

yduldqfh duh lghqwlfdo wr wkrvh dvvxphg iru wkh DU+4, prgho1

71514 Eldv lq DU frh!flhqwv

Pdq| �qglqjv duh txdolwdwlyho| vlplodu wr wkrvh uhsruwhg deryh iru wkh DU+4, prgho

vr zh vlpso| vxppdul}h wkh pdlq uhvxowv khuh1 Wdeoh 9 vkrzv wkdw xqghu qr euhdn

ru d euhdn lq j +h{shulphqwv 4e/ 9e dqg :e, wkh odujhu wkh suh0euhdn zlqgrz/ ��/ wkh

vpdoohu wkh eldv lq 	q�1 D prghudwh lqfuhdvh lq q� +h{shulphqw 7e, qrz phdqv wkdw

wkh vpdoohvw eldv lq 	q� lv revhuyhg zkhq qr suh0euhdn revhuydwlrqv duh lqfoxghg/ l1h1

iru �� ' f/ zkloh xqghu d prghudwh ru odujh ghfolqh lq q wkh eldv lv jhqhudoo| vpdoohvw

iru vpdoo +exw qrq0}hur, suh0euhdn zlqgrzv1 Xqghu d euhdn lq wkh phdq/ wkh vpdoohvw

eldv lq 	q� lv revhuyhg iru �� ' �ff rqo| zkhq �2 ' �f/ zkloh wkh rswlpdo ydoxh ri wkh

suh0euhdn zlqgrz/ ��/ lv durxqg 43053 revhuydwlrqv dqg ghfolqhv iru odujhu ydoxhv ri

�21

Wxuqlqj wr wkh eldv lq 	q
W

c Wdeoh : vkrzv wkdw wkh uhvxowv duh txdolwdwlyho| yhu|

vlplodu wr wkrvh uhsruwhg iru wkh DU+4, fdvh1 Wkh pdlq h{fhswlrqv duh wkdw wkh

eldv0plqlpl}lqj ydoxh ri wkh suh0euhdn zlqgrz/ ��/ lv qrz txlwh odujh hyhq xqghu

wkh odujh euhdn lq �1 Frqyhuvho|/ lw lv qr orqjhu wkh fdvh wkdw wkh odujhvw ydoxh ri ��

plqlpl}hv wkh eldv lq 	q
W

lq wkh fdvh zlwk d euhdn lq wkh phdq1

Wdeoh ; vkrzv wkdw wkh frqglwlrqdo iruhfdvw huuru eldv frqwlqxhv wr eh qhjdwlyh

lq wkh devhqfh ri d euhdn ru xqghu d euhdn lq wkh lqqrydwlrq yduldqfh1 Iru wkhvh

h{shulphqwv/ wkh iruhfdvw huuru eldv lv jhqhudoo| vpdoohu wkh odujhu wkh ydoxh ri wkh

suh0euhdn zlqgrz/ ��1 Xsrq lqwurgxflqj euhdnv/ wkh eldv0plqlpl}lqj suh0euhdn zlq0

grz frqwlqxhv wr ghfolqh dv �2 jhwv odujhu dqg lq vrph fdvhv +h{shulphqwv 5e dqg

6e,/ htxdov }hur zkhq wkh srvw0euhdn zlqgrz/ �2 � Df1

71515 Iruhfdvwlqj shuirupdqfh

Wkh iruhfdvwlqj shuirupdqfh uhvxowv uhsruwhg lq Wdeohv < dqg 43 duh txdolwdwlyho|

vlplodu wr wkrvh rewdlqhg iru wkh DU+4, prgho1 Orqj suh0euhdn zlqgrzv/ ��/ duh

jhqhudoo| rswlpdo lq wkh devhqfh ri d euhdn/ xqghu kljkhu srvw0euhdn yrodwlolw| dqg
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iru lqfuhdvhv dv zhoo dv ghfuhdvhv lq q� dw wkh wlph ri wkh euhdn1 Vpdoohu suh0

euhdn zlqgrzv plqlpl}h wkh UPVIH dv �2 jhwv odujhu1 D vpdoohu suh0euhdn zlqgrz

frqwlqxhv wr eh fdoohg iru dv wkh vl}h ri wkh euhdn lqfuhdvhv luuhvshfwlyh ri zkhwkhu wkh

euhdn rffxuv lq wkh DU frh!flhqwv ru lq wkh phdq1 Krzhyhu/ wkh rswlpdo zlqgrz

ohqjwk frqwlqxhv wr eh txlwh orqj lq pdq| h{shulphqwv hyhq zkhq �2 lv odujh1

8 Frqfoxvlrq

Wklv sdshu vwxglhg wkh vpdoo vdpsoh surshuwlhv ri iruhfdvwv iurp dxwruhjuhvvlyh

prghov vxemhfw wr euhdnv1 Lw lv lqvljkwixo wr frpsduh rxu uhvxowv iru wkh DU+s,

prgho wr wkrvh uhsruwhg ghulyhg e| Shvdudq dqg Wlpphupdqq +5336e, xqghu vwulfwo|

h{rjhqrxv uhjuhvvruv1 Dvvxplqj vwulfwo| h{rjhqrxv uhjuhvvruv/ wkh ROV hvwlpdwhv

edvhg rq srvw0euhdn gdwd duh xqeldvhg1 Lqfoxglqj suh0euhdn gdwd zloo wkhuhiruh

dozd|v lqfuhdvh wkh eldv vr wkdw wkhuh zloo dozd|v eh d wudgh0r� ehwzhhq d odujhu

vtxduhg eldv dqg d vpdoohu yduldqfh ri wkh sdudphwhu hvwlpdwhv dv pruh suh0euhdn

lqirupdwlrq lv xvhg1 Wklv wudgh0r� fdq wkhq eh xvhg wr rswlpdoo| ghwhuplqh wkh

rswlpdo zlqgrz vl}h1

Dv zh kdyh vkrzq lq wklv sdshu/ wkh vlwxdwlrq fdq eh yhu| gl�huhqw iru DU

prghov gxh wr wkh lqkhuhqw vpdoo0vdpsoh eldv lq wkh hvwlpdwhv ri wkh sdudphwhuv ri

wkhvh prghov1 Lq vlwxdwlrqv zkhuh wkh wuxh DU frh!flhqw+v, ghfolqhv diwhu d euhdn/

erwk wkh eldv dqg wkh iruhfdvw huuru yduldqfh fdq lq idfw ghfolqh dv d uhvxow ri xvlqj

suh0euhdn gdwd lq wkh hvwlpdwlrq1 Wklv lv olnho| wr eh dq lpsruwdqw uhdvrq zk|/

hpslulfdoo|/ lw lv riwhq txlwh gl!fxow wr lpsuryh iruhfdvwlqj shuirupdqfh ryhu wkh

h{sdqglqj zlqgrz phwkrg e| rqo| xvlqj srvw0euhdn gdwd1

Pruh jhqhudoo|/ zh �qg wkdw wkhuh duh pdq| vfhqdulrv zkhuh wkh lqfoxvlrq ri

vrph suh0euhdn gdwd iru sxusrvhv ri hvwlpdwlrq ri wkh sdudphwhuv ri dxwruhjuhvvlyh

prghov ohdgv wr orzhu eldvhv dqg orzhu phdq vtxduhg iruhfdvw huuruv wkdq li rqo|

srvw0euhdn gdwd lv xvhg1 Wklv fdq krog hyhq zkhq wkh srvw0euhdn zlqgrz lv odujh/

sduwlfxoduo| zkhq wkh srvw0euhdn gdwd jhqhudwlqj surfhvv lv kljko| shuvlvwhqw dqg2ru

kdv d euhdn lq wkh phdq1

Vhyhudo h{whqvlrqv wr rxu uhvxowv zrxog eh lqwhuhvwlqj wr frqvlghu lq ixwxuh zrun1

Zh kdyh irfxvhg rq wkh fdvh zlwk Jdxvvldq lqqrydwlrqv1 Xoodk +5336, revhuyhv

wkdw wkh eldv lq wkh iruhfdvw huuru lv uhdvrqdeo| urexvw wr vnhzqhvv dqg nxuwrvlv lq

wkh lqqrydwlrqv ri wkh DU prgho zkloh/ lq frqwudvw/ wkh PVH fdq eh vhqvlwlyh wr

kljkhu rughu prphqwv wkdw dulvh lq wkh qrq0Jdxvvldq fdvh1 Rxu uhvxowv frxog hdvlo|

eh h{whqghg wr fryhu wkh qrq0qrupdo fdvh/ iru h{dpsoh e| gudzlqj wkh lqqrydwlrqv
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iurp d pl{wxuh ri qrupdov1 Dqrwkhu srvvlelolw| zrxog eh wr frqvlghu wkh h�hfw ri

dgglqj dgglwlrqdo suhglfwruv eh|rqg dxwruhjuhvvlyh odjv dv zhoo dv h{whqvlrqv wr fdvhv

zlwk pxowlsoh euhdnv1

Eleolrjudsk|

Dedglu/ N1P1/ 4<<6/ ROV eldv lq d qrqvwdwlrqdu| dxwruhjuhvvlrq1 Hfrqrphwulf

Wkhru| </ ;40<61

Dorjrvnrx�v/ J1V1 dqg U1 Vplwk/ 4<<4/ Wkh Skloolsv Fxuyh/ wkh Shuvlvwhqfh ri

Lq dwlrq/ dqg wkh Oxfdv Fulwltxh= Hylghqfh iurp H{fkdqjh Udwh Uhjlphv1

Dphulfdq Hfrqrplf Uhylhz ;4/ 4587045:81

Dqguhzv/ G1Z1N1/ 4<<6/ Whvwv iru Sdudphwhu Lqvwdelolw| dqg Vwuxfwxudo Fkdqjh

zlwk Xqnqrzq Fkdqjh Srlqw1 Hfrqrphwulfd 94/ ;540;891

Dqguhzv/ G1Z1N1 dqg Z1 Sorehujhu/ 4<<9/ Rswlpdo Fkdqjhsrlqw Whvwv iru Qrupdo

Olqhdu Uhjuhvvlrq1 Mrxuqdo ri Hfrqrphwulfv :3/ <06;1

Edl/ M1 dqg S1 Shuurq/ 4<<;/ Hvwlpdwlqj dqg Whvwlqj Olqhdu Prghov zlwk Pxowlsoh

Vwuxfwxudo Fkdqjhv1 Hfrqrphwulfd 99/ 7:0:;1

Edl/ M1 dqg S1 Shuurq/ 5336/ Frpsxwdwlrq dqg Dqdo|vlv ri Pxowlsoh Vwuxfwxudo

Fkdqjh Prghov/ Mrxuqdo ri Dssolhg Hfrqrphwulfv/ 4;/ ss1 40551

Edqqhumhh/ D1/ M1M1 Grodgr/ G1I1 Khqgu| dqg J1Z1 Vplwk/ 4<;9/ H{sorulqj htxl0

oleulxp uhodwlrqvklsv lq hfrqrplfv wkurxjk vwdwlf prghov= vrph Prqwh Fduor

hylghqfh1 R{irug Exoohwlq ri Hfrqrplfv dqg Vwdwlvwlfv 7;/ 58605::1

Edr/ \1 dqg D1 Xoodk/ 5335/ Wkh vhfrqg0rughu eldv dqg phdq vtxduhg huuru ri qrq0

olqhdu hvwlpdwruv lq wlph vhulhv1 Pdqxvfulsw/ Xqlyhuvlw| ri Fdoliruqld/ Ulyhu0

vlgh1

Eduwohww/ P1V1/ 4<79/ Rq wkh wkhruhwlfdo vshfl�fdwlrq dqg vdpsolqj surshuwlhv ri

dxwrfruuhodwhg wlph0vhulhv1 Vxssohphqw wr wkh Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo

Vrflhw| ;/ 5:0741

Er{/ J1H1S1 dqg J1P1 Mhqnlqv/ 4<:3/ Wlph Vhulhv dqdo|vlv= iruhfdvwlqj dqg frqwuro1

Vdq Iudqflvfr= Kroghq Gd|1
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Fkrqj/ W1 W0O/ 5334/ Vwuxfwxudo Fkdqjh lq DU+4, Prghov1 Hfrqrphwulf Wkhru|

4:+4,/ ;:04881

Fkx/ F0V M1/ P1 Vwlqfkfrpeh/ dqg K1 Zklwh/ 4<<9/ Prqlwrulqj Vwuxfwxudo Fkdqjh1

Hfrqrphwulfd 97/ 4378043981

Fohphqwv/ P1S1 dqg G1I1 Khqgu|/ 4<<;/ Iruhfdvwlqj Hfrqrplf Wlph Vhulhv1 Fdp0

eulgjh Xqlyhuvlw| Suhvv1

Frsdv/ M1E1/ 4<99/ Prqwh Fduor uhvxowv iru hvwlpdwlrq lq d vwdeoh Pdunry wlph

vhulhv1 Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw| 45</ 44304491

Hoolrww/ J1 dqg X1 Pxoohu/ 5335/ Rswlpdoo| Whvwlqj Jhqhudo Euhdnlqj Surfhvvhv lq

Olqhdu Wlph Vhulhv1 Pdqxvfulsw/ XFVG dqg Sulqfhwrq Xqlyhuvlw|1

Hydqv/ J1E1D1 dqg Q1H1 Vdylq/ 4<;4/ Whvwlqj xqlw urrwv= 41 Hfrqrphwulfd 7</

:860::<1

Ixoohu/ Z1D/ 4<<9/ Lqwurgxfwlrq wr Vwdwlvwlfdo Wlph Vhulhv1 Mrkq Zloh| ) Vrqv/

Lqf1

Ixoohu/ Z1D1 dqg G1S1 Kdv}d/ 4<;4/ Surshuwlhv ri suhglfwruv iru dxwruhjuhvvlyh wlph

vhulhv1 Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq :9/ 48804941

Jdufld/ U1 dqg S1 Shuurq/ 4<<9/ Dq Dqdo|vlv ri wkh Uhdo Lqwhuhvw Udwh xqghu Uhjlph

Vkliwv1 Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv :;/ 44404581

Jldfrplql/ U1/ 5335/ Whvwv ri Frqglwlrqdo Suhglfwlyh Delolw|1 Pdqxvfulsw XFVG1

Juxee/ G1/ V|prqv/ M1/ 4<;:1 Eldv lq uhjuhvvlrqv zlwk d odjjhg ghshqghqw yduldeoh1

Hfrqrphwulf Wkhru| 6/ 6:406;91

Kdqvhq/ E1H1/ 4<<5/ Whvwv iru Sdudphwhu Lqvwdelolw| lq Uhjuhvvlrqv zlwk L+4, Surfhvvhv1

Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv 43/ 65406681

Krtxh/ D1/ 4<;8/ Wkh H{dfw prphqwv ri Iruhfdvw huuru lq wkh jhqhudo g|qdplf

prghov1 Vdqnk|d 7:/ 45;04761

Krtxh/ D1/ dqg W1 Shwhuv/ 4<;9/ Ilqlwh vdpsoh dqdo|vlv ri wkh DUPD[ prghov1

Vdqnk|d 7;/ 59905;61

Kxuzlf}/ O1/ 4<83/ Ohdvw vtxduhv eldv lq wlph vhulhv1 Lq= Nrrspdqv/ W1 +hg, Vwd0

wlvwlfdo lqihuhqfh lq g|qdplf hfrqrplf prghov1 Zloh|/ Qhz \run/ 69806;61
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Lqfodq/ F1 dqg J1F1 Wldr/ 4<<7/ Xvh ri Fxpxodwlyh Vxpv ri Vtxduhv iru Uhwurvshf0

wlyh Ghwhfwlrq ri Fkdqjhv ri Yduldqfh1 Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo

Dvvrfldwlrq ;</ <460<561

Nhqgdoo/ P1J1/ 4<87/ Qrwh rq eldv lq wkh hvwlpdwlrq ri dxwrfruuhodwlrq1 Elrphwulnd

94/ 73607371

Nlylhw/ M1I1/ Skloolsv/ J1G1D1/ 4<<6/ Dowhuqdwlyh eldv dssur{lpdwlrqv lq uhjuhvvlrqv

zlwk d odjjhg ghshqghqw yduldeoh1 Hfrqrphwulf Wkhru| </ 950;31

Nlylhw/ M1/ dqg Skloolsv/ J1G1D1/ 5336d/ Lpsuryhg Frh!flhqw dqg Yduldqfh Hvwl0

pdwlrq lq Vwdeoh Iluvw0Rughu G|qdplf Uhjuhvvlrq Prghov/ XyD0Hfrqrphwulfv

glvfxvvlrq sdshu 5335235/ yhuvlrq Pdufk 53361

Nlylhw/ M1/ dqg Skloolsv/ J1G1D1/ 5336e/ Prphqw Dssur{lpdwlrq iru Ohdvw Vtxduhv

Hvwlpdwruv lq G|qdplf Uhjuhvvlrq Prghov zlwk d Xqlw Urrw/ yhuvlrq Dsulo

5336/ XyD0Hfrqrphwulfv glvfxvvlrq sdshu 53362361

Pduulrww/ I1K1F1/ Srsh/ M1D1/ 4<871 Eldv lq wkh hvwlpdwlrq ri dxwrfruuhodwlrqv1

Elrphwulnd 94/ 6<607361

Rufxww/ J1K1 dqg K1V1 Zlqrnxu/ 4<9</ Iluvw rughu dxwruhjuhvvlrq= Lqihuhqfh/ hvwl0

pdwlrq dqg suhglfwlrq1 Hfrqrphwulfd 6:/ 40471

Shvdudq/ P1K1 dqg D1 Wlpphupdqq/ 5336d/ Prgho lqvwdelolw| dqg fkrlfh ri revhu0

ydwlrq zlqgrz1 Xqsxeolvkhg pdqxvfulsw Xqlyhuvlw| ri Fdpeulgjh dqg XFVG1

Shvdudq/ P1K1 dqg D1 Wlpphupdqq/ 5336e/ Zlqgrz vhohfwlrq zlwk vwulfwo| h{rjh0

qrxv uhjuhvvruv1 Xqsxeolvkhg pdqxvfulsw Xqlyhuvlw| ri Fdpeulgjh dqg XFVG1

Skloolsv/ S1F1E1/ 4<::/ Dssur{lpdwlrqv wr vrph �qlwh vdpsoh glvwulexwlrqv dvvrfl0

dwhg zlwk d �uvw0rughu vwrfkdvwlf gl�huhqfh htxdwlrq1 Hfrqrphwulfd 78/ 7960

7;81

Skloolsv/ S1F1E1/ 4<:;/ Hgjhzruwk dqg vdggohsrlqw dssur{lpdwlrqv lq wkh �uvw0rughu

qrq flufxodu dxwruhjuhvvlrq1 Elrphwulnd 98/ <40<;1

Skloolsv/ S1F1E1/ 4<;:/ Dv|pswrwlf h{sdqvlrqv lq qrqvwdwlrqdu| yhfwru dxwruhjuhv0

vlrq1 Hfrqrphwulf Wkhru| 6/ 7809;1
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Sorehujhu/ Z1/ Z1 Nudphu/ dqg N1 Nrqwuxv/ 4<;</ D Qhz Whvw iru Vwuxfwxudo

Vwdelolw| lq wkh Olqhdu Uhjuhvvlrq Prgho1 Mrxuqdo ri Hfrqrphwulfv 73/ 63:0

64;1

Vdzd/ W1/ 4<:;/ Wkh h{dfw prphqwv ri wkh ohdvw vtxduhv hvwlpdwru ri wkh dxwruh0

juhvvlyh prgho1 Mrxuqdo ri Hfrqrphwulfv ;/ 48<04:51

Vwrfn/ M1K1/ 4<;:/ Dv|pswrwlf surshuwlhv ri ohdvw vtxduhv hvwlpdwruv ri frlqwhjudwlqj

yhfwruv1 Hfrqrphwulfd 88/ 4368043891

Vwrfn/ M1K1 dqg P1Z1 Zdwvrq/ 4<<9/ Hylghqfh rq Vwuxfwxudo Lqvwdelolw| lq Pdfur0

hfrqrplf Wlph Vhulhv Uhodwlrqv1 Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv

47/ 440631

Vwrfn/ M1K1 dqg P1Z1 Zdwvrq/ 4<<</ D Frpsdulvrq ri Olqhdu dqg Qrqolqhdu Xql0
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Wdeoh 4d= Euhdnsrlqw Vshfl�fdwlrqv e| H{shulphqwv

DU+4, Prgho

H{shulphqwv >� >2 q�� q�2 j� j2

4d= Qr euhdn 4 4 31< 31< 4 4

5d= Prghudwh euhdn lq q� 4 4 319 31< 4 4

6d= Prghudwh euhdn lq q� +ghfolqh, 4 4 31< 319 4 4

7d= Odujh euhdn lq q� 4 4 316 31< 4 4

8d= Srvw0euhdn xqlw urrw 4 4 319 4 4 4

9d= Kljkhu srvw0euhdn yrodwlolw| 4 4 31< 31< 318 5

:d= Orzhu srvw0euhdn yrodwlolw| 4 4 31< 31< 5 318

;d= Euhdn lq phdq +lqfuhdvh, 4 5 31< 31< 4 4

<d= Euhdn lq phdq +ghfuhdvh, 5 4 31< 31< 4 4

Wdeoh 4e= DU+5, Prgho

H{shulphqwv >� >2 q�� q�2 q2� q22 j� j2

4e= Qr euhdn 4 4 31:8 0314< 31:8 0314< 4 4

5e= Prghudwh euhdn lq q 4 4 3198 0315< 31:8 0314< 4 4

6e= Odujh lqfuhdvh lq q� 4 4 3178 3133 31:8 0314< 4 4

7e= Odujh ghfuhdvh lq q� 4 4 31:8 0314< 3178 3133 4 4

8e= Srvw0euhdn xqlw urrw 4 4 3193 3153 31;3 3153 4 4

9e= Kljkhu srvw0euhdn yrodwlolw| 4 4 31:8 0314< 31:8 0314< 318 5

:e= Orzhu srvw0euhdn yrodwlolw| 4 4 31:8 0314< 31:8 0314< 5 318

;e= Euhdn lq phdq +lqfuhdvh, 4 5 31:8 0314< 31:8 0314< 4 4

<e= Euhdn lq phdq +ghfuhdvh, 5 4 31:8 0314< 31:8 0314< 4 4

5:



Table 2: Small sample bias of the OLS estimate of β as a function of pre-break ( v1) and post-break ( v2) windows - (AR(1) model).

Experiment no. 1a : No break Experiment no. 4a : Large break in β Experiment no. 7a : Lower post-break volatility
v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100

0 -0.370 -0.200 -0.135 -0.081 -0.039 0 -0.396 -0.214 -0.145 -0.086 -0.041 0 -0.224 -0.118 -0.080 -0.052 -0.028
1 -0.344 -0.193 -0.132 -0.080 -0.039 1 -0.386 -0.221 -0.150 -0.089 -0.042 1 -0.326 -0.176 -0.118 -0.072 -0.037
2 -0.315 -0.184 -0.129 -0.078 -0.039 2 -0.371 -0.218 -0.151 -0.091 -0.044 2 -0.338 -0.188 -0.134 -0.082 -0.042
3 -0.297 -0.175 -0.125 -0.076 -0.038 3 -0.362 -0.219 -0.151 -0.093 -0.045 3 -0.330 -0.190 -0.134 -0.086 -0.046
4 -0.278 -0.170 -0.119 -0.076 -0.038 4 -0.358 -0.221 -0.154 -0.095 -0.046 4 -0.316 -0.188 -0.135 -0.089 -0.048
5 -0.262 -0.162 -0.116 -0.074 -0.037 5 -0.357 -0.222 -0.156 -0.096 -0.048 5 -0.299 -0.185 -0.135 -0.091 -0.050

10 -0.202 -0.136 -0.102 -0.068 -0.035 10 -0.363 -0.233 -0.170 -0.107 -0.054 10 -0.226 -0.157 -0.121 -0.087 -0.051
20 -0.136 -0.102 -0.081 -0.057 -0.032 20 -0.392 -0.262 -0.195 -0.127 -0.066 20 -0.150 -0.116 -0.095 -0.073 -0.048
30 -0.102 -0.082 -0.066 -0.050 -0.030 30 -0.418 -0.292 -0.220 -0.147 -0.078 30 -0.110 -0.090 -0.078 -0.061 -0.043
50 -0.067 -0.058 -0.049 -0.040 -0.026 50 -0.453 -0.334 -0.262 -0.181 -0.100 50 -0.070 -0.063 -0.057 -0.048 -0.036

100 -0.036 -0.033 -0.030 -0.026 -0.020 100 -0.499 -0.401 -0.332 -0.246 -0.145 100 -0.037 -0.035 -0.033 -0.029 -0.024

Experiment no. 2a : Moderate break in β Experiment no. 5a : Post-break unit root Experiment no. 8a : Break in mean (increase)
v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100

0 -0.392 -0.214 -0.144 -0.085 -0.041 0 -0.413 -0.233 -0.163 -0.101 -0.052 0 -0.366 -0.198 -0.134 -0.080 -0.038
1 -0.375 -0.214 -0.146 -0.087 -0.042 1 -0.391 -0.227 -0.159 -0.100 -0.052 1 -0.333 -0.189 -0.131 -0.078 -0.039
2 -0.354 -0.209 -0.144 -0.087 -0.043 2 -0.367 -0.220 -0.157 -0.098 -0.051 2 -0.311 -0.177 -0.126 -0.075 -0.038
3 -0.337 -0.204 -0.144 -0.088 -0.044 3 -0.351 -0.211 -0.152 -0.096 -0.051 3 -0.289 -0.169 -0.120 -0.075 -0.037
4 -0.324 -0.200 -0.145 -0.089 -0.044 4 -0.338 -0.207 -0.149 -0.095 -0.051 4 -0.270 -0.164 -0.115 -0.071 -0.037
5 -0.317 -0.200 -0.143 -0.091 -0.045 5 -0.325 -0.199 -0.146 -0.094 -0.050 5 -0.257 -0.156 -0.113 -0.071 -0.036

10 -0.286 -0.190 -0.144 -0.094 -0.048 10 -0.303 -0.190 -0.138 -0.089 -0.048 10 -0.196 -0.130 -0.097 -0.063 -0.033
20 -0.269 -0.191 -0.149 -0.102 -0.055 20 -0.295 -0.190 -0.138 -0.088 -0.046 20 -0.133 -0.097 -0.076 -0.053 -0.029
30 -0.268 -0.200 -0.158 -0.111 -0.062 30 -0.301 -0.197 -0.143 -0.091 -0.047 30 -0.100 -0.077 -0.062 -0.045 -0.027
50 -0.269 -0.213 -0.174 -0.126 -0.074 50 -0.313 -0.215 -0.158 -0.098 -0.048 50 -0.066 -0.054 -0.045 -0.034 -0.022

100 -0.276 -0.233 -0.200 -0.156 -0.100 100 -0.337 -0.247 -0.188 -0.119 -0.056 100 -0.035 -0.031 -0.028 -0.022 -0.015

Experiment no. 3a : Break in β (decline) Experiment no. 6a : Higher post-break volatility Experiment no. 9a : Break in mean (decrease)
v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100

0 -0.226 -0.125 -0.087 -0.053 -0.028 0 -0.399 -0.219 -0.147 -0.087 -0.041 0 -0.365 -0.197 -0.134 -0.081 -0.039
1 -0.156 -0.084 -0.057 -0.036 -0.017 1 -0.340 -0.202 -0.140 -0.083 -0.041 1 -0.334 -0.187 -0.128 -0.079 -0.038
2 -0.113 -0.057 -0.036 -0.022 -0.010 2 -0.301 -0.188 -0.134 -0.083 -0.041 2 -0.312 -0.178 -0.123 -0.075 -0.038
3 -0.084 -0.037 -0.021 -0.010 -0.003 3 -0.278 -0.177 -0.129 -0.080 -0.040 3 -0.289 -0.171 -0.120 -0.074 -0.037
4 -0.059 -0.020 -0.007 0.001 0.004 4 -0.263 -0.170 -0.125 -0.080 -0.039 4 -0.271 -0.164 -0.115 -0.072 -0.036
5 -0.036 -0.003 0.005 0.010 0.011 5 -0.244 -0.161 -0.118 -0.077 -0.039 5 -0.255 -0.156 -0.111 -0.070 -0.037

10 0.040 0.051 0.052 0.048 0.036 10 -0.196 -0.134 -0.105 -0.071 -0.038 10 -0.195 -0.130 -0.097 -0.064 -0.034
20 0.117 0.117 0.112 0.098 0.076 20 -0.148 -0.111 -0.089 -0.062 -0.035 20 -0.133 -0.096 -0.076 -0.053 -0.029
30 0.161 0.156 0.147 0.133 0.106 30 -0.122 -0.095 -0.077 -0.057 -0.033 30 -0.100 -0.077 -0.063 -0.045 -0.027
50 0.208 0.200 0.190 0.177 0.147 50 -0.085 -0.074 -0.063 -0.048 -0.029 50 -0.066 -0.054 -0.045 -0.035 -0.021

100 0.250 0.243 0.237 0.225 0.200 100 -0.049 -0.050 -0.045 -0.037 -0.025 100 -0.035 -0.031 -0.028 -0.022 -0.015

Note: Experiments 1a to 9a are defined in Table 1a.



Table 3: Bias of forecast error conditional on y = α2 + σ2 - (AR(1) model)

Experiment no. 1a : No break Experiment no. 4a : Large break in β Experiment no. 7a : Lower post-break volatility
v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100

0 -0.370 -0.200 -0.135 -0.081 -0.039 0 -0.396 -0.214 -0.145 -0.086 -0.041 0 -0.112 -0.059 -0.040 -0.026 -0.014
1 -0.344 -0.193 -0.132 -0.080 -0.039 1 -0.386 -0.221 -0.150 -0.089 -0.042 1 -0.163 -0.088 -0.059 -0.036 -0.018
2 -0.315 -0.184 -0.129 -0.078 -0.039 2 -0.371 -0.218 -0.151 -0.091 -0.044 2 -0.169 -0.094 -0.067 -0.041 -0.021
3 -0.297 -0.175 -0.125 -0.076 -0.038 3 -0.362 -0.219 -0.151 -0.093 -0.045 3 -0.165 -0.095 -0.067 -0.043 -0.023
4 -0.278 -0.170 -0.119 -0.076 -0.038 4 -0.358 -0.221 -0.154 -0.095 -0.046 4 -0.158 -0.094 -0.068 -0.045 -0.024
5 -0.262 -0.162 -0.116 -0.074 -0.037 5 -0.357 -0.222 -0.156 -0.096 -0.048 5 -0.149 -0.092 -0.068 -0.045 -0.025

10 -0.202 -0.136 -0.102 -0.068 -0.035 10 -0.363 -0.233 -0.170 -0.107 -0.054 10 -0.113 -0.078 -0.061 -0.044 -0.026
20 -0.136 -0.102 -0.081 -0.057 -0.032 20 -0.392 -0.262 -0.195 -0.127 -0.066 20 -0.075 -0.058 -0.048 -0.036 -0.024
30 -0.102 -0.082 -0.066 -0.050 -0.030 30 -0.418 -0.292 -0.220 -0.147 -0.078 30 -0.055 -0.045 -0.039 -0.031 -0.021
50 -0.067 -0.058 -0.049 -0.040 -0.026 50 -0.453 -0.334 -0.262 -0.181 -0.100 50 -0.035 -0.031 -0.028 -0.024 -0.018

100 -0.036 -0.033 -0.030 -0.026 -0.020 100 -0.499 -0.401 -0.332 -0.246 -0.145 100 -0.018 -0.017 -0.016 -0.015 -0.012

Experiment no. 2a : Moderate break in β Experiment no. 5a : Post-break unit root Experiment no. 8a : Break in mean (increase)
v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100

0 -0.392 -0.214 -0.144 -0.085 -0.041 0 -0.413 -0.233 -0.163 -0.101 -0.052 0 -0.607 -0.288 -0.178 -0.096 -0.042
1 -0.375 -0.214 -0.146 -0.087 -0.042 1 -0.391 -0.227 -0.159 -0.100 -0.052 1 -0.576 -0.285 -0.181 -0.098 -0.044
2 -0.354 -0.209 -0.144 -0.087 -0.043 2 -0.367 -0.220 -0.157 -0.098 -0.051 2 -0.556 -0.280 -0.181 -0.098 -0.045
3 -0.337 -0.204 -0.144 -0.088 -0.044 3 -0.351 -0.211 -0.152 -0.096 -0.051 3 -0.527 -0.276 -0.180 -0.101 -0.046
4 -0.324 -0.200 -0.145 -0.089 -0.044 4 -0.338 -0.207 -0.149 -0.095 -0.051 4 -0.505 -0.274 -0.178 -0.100 -0.046
5 -0.317 -0.200 -0.143 -0.091 -0.045 5 -0.325 -0.199 -0.146 -0.094 -0.050 5 -0.488 -0.267 -0.179 -0.103 -0.047

10 -0.286 -0.190 -0.144 -0.094 -0.048 10 -0.303 -0.190 -0.138 -0.089 -0.048 10 -0.402 -0.247 -0.173 -0.105 -0.050
20 -0.269 -0.191 -0.149 -0.102 -0.055 20 -0.295 -0.190 -0.138 -0.088 -0.046 20 -0.310 -0.213 -0.161 -0.105 -0.055
30 -0.268 -0.200 -0.158 -0.111 -0.062 30 -0.301 -0.197 -0.143 -0.091 -0.047 30 -0.261 -0.194 -0.152 -0.105 -0.059
50 -0.269 -0.213 -0.174 -0.126 -0.074 50 -0.313 -0.215 -0.158 -0.098 -0.048 50 -0.208 -0.168 -0.140 -0.104 -0.064

100 -0.276 -0.233 -0.200 -0.156 -0.100 100 -0.337 -0.247 -0.188 -0.119 -0.056 100 -0.158 -0.141 -0.126 -0.104 -0.073

Experiment no. 3a : Break in β (decline) Experiment no. 6a : Higher post-break volatility Experiment no. 9a : Break in mean (decrease)
v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100

0 -0.226 -0.125 -0.087 -0.053 -0.028 0 -0.798 -0.438 -0.295 -0.174 -0.083 0 -0.124 -0.109 -0.091 -0.064 -0.035
1 -0.156 -0.084 -0.057 -0.036 -0.017 1 -0.681 -0.403 -0.279 -0.167 -0.082 1 -0.091 -0.092 -0.079 -0.058 -0.032
2 -0.113 -0.057 -0.036 -0.022 -0.010 2 -0.602 -0.377 -0.268 -0.165 -0.082 2 -0.067 -0.076 -0.069 -0.052 -0.031
3 -0.084 -0.037 -0.021 -0.010 -0.003 3 -0.556 -0.354 -0.259 -0.161 -0.080 3 -0.051 -0.064 -0.060 -0.048 -0.029
4 -0.059 -0.020 -0.007 0.001 0.004 4 -0.526 -0.340 -0.250 -0.160 -0.079 4 -0.037 -0.053 -0.052 -0.043 -0.027
5 -0.036 -0.003 0.005 0.010 0.011 5 -0.488 -0.322 -0.236 -0.154 -0.079 5 -0.026 -0.044 -0.045 -0.038 -0.025

10 0.040 0.051 0.052 0.048 0.036 10 -0.393 -0.269 -0.211 -0.143 -0.076 10 0.011 -0.014 -0.021 -0.023 -0.017
20 0.117 0.117 0.112 0.098 0.076 20 -0.295 -0.223 -0.177 -0.123 -0.070 20 0.044 0.021 0.009 0.000 -0.004
30 0.161 0.156 0.147 0.133 0.106 30 -0.244 -0.190 -0.153 -0.113 -0.066 30 0.060 0.039 0.027 0.015 0.005
50 0.208 0.200 0.190 0.177 0.147 50 -0.171 -0.148 -0.126 -0.096 -0.058 50 0.076 0.060 0.049 0.036 0.021

100 0.250 0.243 0.237 0.225 0.200 100 -0.098 -0.100 -0.090 -0.075 -0.051 100 0.089 0.079 0.071 0.060 0.043

See the note to Table 2.

Table 4: Unconditional RMSFE as a function of pre-break ( v1) and post-break window ( v2) - (AR(1) model)

Experiment no. 1a : No break Experiment no. 4a : large break in β Experiment no. 7a : Lower post-break volatility



v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100
0 1.149 1.078 1.051 1.028 1.012 0 1.129 1.070 1.048 1.028 1.013 0 0.648 0.567 0.535 0.515 0.506
1 1.140 1.075 1.048 1.027 1.012 1 1.123 1.070 1.049 1.028 1.013 1 0.769 0.630 0.568 0.526 0.509
2 1.127 1.072 1.047 1.026 1.012 2 1.112 1.070 1.049 1.028 1.013 2 0.797 0.656 0.585 0.535 0.510
3 1.120 1.070 1.046 1.026 1.012 3 1.107 1.068 1.048 1.029 1.013 3 0.796 0.661 0.593 0.539 0.512
4 1.112 1.066 1.044 1.025 1.011 4 1.101 1.066 1.046 1.028 1.013 4 0.795 0.666 0.595 0.542 0.513
5 1.104 1.063 1.043 1.025 1.012 5 1.101 1.065 1.046 1.028 1.013 5 0.789 0.668 0.600 0.544 0.514

10 1.075 1.051 1.037 1.023 1.011 10 1.101 1.066 1.046 1.028 1.013 10 0.739 0.648 0.595 0.549 0.516
20 1.047 1.035 1.028 1.019 1.010 20 1.132 1.079 1.056 1.033 1.015 20 0.678 0.615 0.580 0.544 0.517
30 1.034 1.027 1.021 1.015 1.009 30 1.163 1.100 1.068 1.040 1.017 30 0.642 0.595 0.569 0.540 0.517
50 1.022 1.018 1.016 1.012 1.008 50 1.217 1.138 1.096 1.057 1.024 50 0.598 0.571 0.555 0.534 0.516

100 1.011 1.010 1.009 1.008 1.006 100 1.303 1.216 1.163 1.103 1.045 100 0.552 0.543 0.537 0.527 0.515

Experiment no. 2a : Moderate break in β Experiment no. 5a : Post-break unit root Experiment no. 8a : Break in mean (increase)
v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100

0 1.135 1.073 1.048 1.028 1.013 0 1.116 1.064 1.044 1.028 1.014 0 1.152 1.078 1.050 1.028 1.012
1 1.120 1.070 1.047 1.028 1.013 1 1.109 1.063 1.043 1.027 1.014 1 1.139 1.075 1.048 1.027 1.012
2 1.109 1.067 1.046 1.027 1.013 2 1.101 1.061 1.042 1.027 1.014 2 1.129 1.071 1.046 1.026 1.012
3 1.100 1.063 1.045 1.027 1.013 3 1.101 1.058 1.041 1.026 1.014 3 1.122 1.069 1.045 1.025 1.011
4 1.092 1.061 1.044 1.026 1.013 4 1.103 1.058 1.041 1.026 1.014 4 1.114 1.068 1.043 1.025 1.012
5 1.087 1.059 1.043 1.026 1.012 5 1.104 1.057 1.040 1.026 1.014 5 1.108 1.064 1.043 1.024 1.011

10 1.072 1.051 1.039 1.024 1.012 10 1.116 1.062 1.042 1.026 1.013 10 1.078 1.053 1.038 1.022 1.011
20 1.070 1.048 1.037 1.025 1.012 20 1.145 1.079 1.052 1.029 1.013 20 1.051 1.038 1.030 1.019 1.010
30 1.075 1.051 1.039 1.026 1.013 30 1.177 1.100 1.064 1.034 1.015 30 1.039 1.030 1.024 1.017 1.009
50 1.084 1.060 1.046 1.030 1.015 50 1.223 1.140 1.094 1.047 1.018 50 1.027 1.021 1.018 1.014 1.008

100 1.110 1.081 1.063 1.045 1.023 100 1.306 1.228 1.162 1.087 1.030 100 1.017 1.014 1.012 1.010 1.007

Experiment no. 3a : Break in β (decline) Experiment no. 6a : Higher post-break volatility Experiment no. 9a : Break in mean (decrease)
v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100

0 1.118 1.054 1.035 1.020 1.010 0 2.263 2.145 2.096 2.055 2.025 0 1.154 1.079 1.050 1.027 1.012
1 1.113 1.053 1.032 1.020 1.010 1 2.217 2.125 2.088 2.052 2.024 1 1.142 1.074 1.048 1.027 1.012
2 1.112 1.050 1.033 1.020 1.010 2 2.194 2.113 2.081 2.050 2.024 2 1.132 1.071 1.047 1.026 1.012
3 1.113 1.051 1.034 1.020 1.010 3 2.185 2.107 2.077 2.049 2.024 3 1.122 1.069 1.045 1.026 1.012
4 1.111 1.052 1.035 1.021 1.010 4 2.172 2.100 2.073 2.048 2.024 4 1.114 1.066 1.044 1.025 1.011
5 1.112 1.053 1.036 1.022 1.011 5 2.167 2.097 2.070 2.045 2.022 5 1.106 1.064 1.042 1.024 1.011

10 1.098 1.056 1.039 1.026 1.013 10 2.145 2.080 2.059 2.040 2.022 10 1.079 1.052 1.037 1.022 1.011
20 1.079 1.055 1.043 1.030 1.018 20 2.117 2.065 2.050 2.033 2.019 20 1.051 1.038 1.030 1.019 1.010
30 1.070 1.054 1.045 1.034 1.021 30 2.097 2.059 2.044 2.030 2.017 30 1.039 1.029 1.024 1.017 1.009
50 1.064 1.056 1.049 1.041 1.028 50 2.073 2.050 2.036 2.026 2.015 50 1.027 1.021 1.018 1.013 1.008

100 1.060 1.057 1.054 1.049 1.038 100 2.043 2.034 2.028 2.019 2.012 100 1.017 1.014 1.012 1.010 1.007

See the note to Table 2.



Table 5. RMSFE conditional on y = α2 + σ2  - (AR(1) model)

Experiment no. 1a : No break Experiment no. 4a : Large break in β Experiment no. 7a : Lower post-break volatility
v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100

0 1.421 1.164 1.088 1.038 1.013 0 1.344 1.152 1.086 1.039 1.013 0 0.922 0.619 0.551 0.519 0.506
1 1.375 1.153 1.085 1.037 1.012 1 1.293 1.146 1.085 1.039 1.013 1 1.177 0.710 0.591 0.530 0.508
2 1.329 1.142 1.079 1.036 1.012 2 1.254 1.128 1.078 1.037 1.013 2 1.208 0.742 0.609 0.539 0.509
3 1.301 1.130 1.075 1.034 1.012 3 1.220 1.118 1.073 1.037 1.013 3 1.178 0.745 0.618 0.542 0.510
4 1.274 1.123 1.069 1.033 1.012 4 1.197 1.109 1.070 1.035 1.013 4 1.156 0.746 0.620 0.545 0.511
5 1.248 1.115 1.067 1.032 1.011 5 1.182 1.102 1.066 1.034 1.013 5 1.118 0.744 0.623 0.547 0.512

10 1.165 1.085 1.053 1.028 1.011 10 1.141 1.084 1.057 1.032 1.013 10 0.959 0.709 0.614 0.550 0.514
20 1.086 1.054 1.037 1.021 1.009 20 1.120 1.074 1.051 1.030 1.013 20 0.786 0.651 0.593 0.545 0.515
30 1.053 1.037 1.027 1.017 1.008 30 1.118 1.074 1.051 1.030 1.013 30 0.701 0.618 0.577 0.541 0.515
50 1.027 1.021 1.017 1.012 1.007 50 1.119 1.078 1.055 1.033 1.014 50 0.618 0.581 0.560 0.535 0.515

100 1.011 1.009 1.008 1.007 1.005 100 1.129 1.091 1.068 1.043 1.019 100 0.555 0.545 0.538 0.526 0.514

Experiment no. 2a : Moderate break in β Experiment no. 5a : Post-break unit root Experiment no. 8a : Break in mean (increase)
v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100

0 1.352 1.158 1.087 1.039 1.013 0 1.458 1.263 1.188 1.119 1.063 0 1.514 1.190 1.098 1.041 1.013
1 1.303 1.145 1.083 1.038 1.013 1 1.372 1.229 1.167 1.110 1.060 1 1.460 1.180 1.095 1.040 1.013
2 1.260 1.129 1.076 1.037 1.013 2 1.321 1.200 1.148 1.097 1.056 2 1.419 1.169 1.092 1.039 1.013
3 1.228 1.117 1.073 1.035 1.012 3 1.276 1.172 1.130 1.087 1.052 3 1.379 1.159 1.087 1.038 1.013
4 1.197 1.106 1.068 1.034 1.012 4 1.242 1.157 1.119 1.081 1.048 4 1.348 1.152 1.083 1.037 1.013
5 1.180 1.098 1.063 1.034 1.012 5 1.214 1.141 1.106 1.075 1.046 5 1.326 1.143 1.081 1.037 1.012

10 1.118 1.073 1.050 1.029 1.012 10 1.140 1.098 1.076 1.054 1.035 10 1.221 1.113 1.068 1.033 1.012
20 1.079 1.053 1.039 1.024 1.011 20 1.095 1.068 1.052 1.038 1.025 20 1.129 1.077 1.051 1.027 1.011
30 1.065 1.046 1.034 1.022 1.011 30 1.080 1.056 1.043 1.030 1.020 30 1.089 1.058 1.040 1.023 1.010
50 1.053 1.039 1.031 1.020 1.010 50 1.069 1.048 1.036 1.025 1.015 50 1.051 1.037 1.029 1.018 1.009

100 1.046 1.036 1.029 1.020 1.011 100 1.066 1.045 1.033 1.021 1.011 100 1.025 1.021 1.018 1.013 1.008

Experiment no. 3a : Break in β (decline) Experiment no. 6a : Higher post-break volatility Experiment no. 9a : Break in mean (decrease)
v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100

0 1.161 1.066 1.039 1.021 1.010 0 2.634 2.295 2.173 2.077 2.025 0 1.372 1.143 1.080 1.036 1.012
1 1.136 1.057 1.034 1.019 1.009 1 2.443 2.238 2.146 2.071 2.025 1 1.329 1.132 1.074 1.033 1.012
2 1.126 1.053 1.033 1.018 1.009 2 2.344 2.199 2.130 2.067 2.024 2 1.290 1.120 1.068 1.031 1.011
3 1.121 1.052 1.032 1.018 1.009 3 2.286 2.172 2.116 2.062 2.023 3 1.257 1.110 1.063 1.030 1.011
4 1.114 1.050 1.032 1.018 1.009 4 2.250 2.151 2.106 2.059 2.023 4 1.231 1.103 1.058 1.029 1.010
5 1.111 1.049 1.032 1.019 1.009 5 2.218 2.135 2.095 2.055 2.022 5 1.211 1.096 1.056 1.027 1.010

10 1.087 1.047 1.032 1.020 1.010 10 2.143 2.088 2.067 2.043 2.020 10 1.139 1.070 1.043 1.023 1.009
20 1.062 1.041 1.032 1.022 1.012 20 2.085 2.055 2.043 2.030 2.016 20 1.073 1.043 1.030 1.017 1.008
30 1.051 1.038 1.031 1.024 1.015 30 2.060 2.040 2.031 2.023 2.013 30 1.045 1.030 1.022 1.014 1.007
50 1.044 1.037 1.033 1.027 1.019 50 2.034 2.026 2.021 2.016 2.010 50 1.025 1.019 1.015 1.010 1.006

100 1.040 1.038 1.036 1.032 1.025 100 2.014 2.013 2.011 2.009 2.006 100 1.013 1.011 1.009 1.007 1.005

See the note to Table 2.



Table 6: Small sample bias of the OLS estimate of β1  - (AR(2) Model)

Experiment no. 1b : No break Experiment no.4b : Large decrease in β Experiment no. 7b : Lower post-break volatility
v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100

0 -0.193 -0.088 -0.058 -0.034 -0.015 0 -0.168 -0.080 -0.052 -0.030 -0.015 0 -0.136 -0.068 -0.046 -0.029 -0.015
1 -0.165 -0.081 -0.052 -0.032 -0.017 1 -0.134 -0.061 -0.038 -0.023 -0.011 1 -0.144 -0.084 -0.058 -0.037 -0.019
2 -0.157 -0.080 -0.055 -0.033 -0.016 2 -0.097 -0.046 -0.031 -0.018 -0.008 2 -0.148 -0.090 -0.066 -0.043 -0.021
3 -0.145 -0.076 -0.050 -0.031 -0.015 3 -0.062 -0.031 -0.018 -0.010 -0.003 3 -0.138 -0.088 -0.064 -0.045 -0.025
4 -0.129 -0.072 -0.049 -0.031 -0.015 4 -0.037 -0.015 -0.010 -0.006 -0.001 4 -0.125 -0.089 -0.064 -0.049 -0.025
5 -0.118 -0.069 -0.048 -0.030 -0.016 5 -0.015 -0.006 -0.001 0.002 0.002 5 -0.122 -0.085 -0.064 -0.046 -0.027

10 -0.087 -0.054 -0.042 -0.027 -0.013 10 0.063 0.046 0.036 0.026 0.015 10 -0.091 -0.068 -0.058 -0.043 -0.027
20 -0.059 -0.039 -0.034 -0.022 -0.013 20 0.145 0.112 0.091 0.064 0.039 20 -0.059 -0.051 -0.044 -0.034 -0.026
30 -0.042 -0.034 -0.028 -0.020 -0.013 30 0.183 0.148 0.125 0.094 0.059 30 -0.043 -0.038 -0.035 -0.028 -0.021
50 -0.027 -0.024 -0.020 -0.016 -0.010 50 0.224 0.193 0.168 0.135 0.091 50 -0.030 -0.026 -0.023 -0.021 -0.015

100 -0.014 -0.014 -0.012 -0.011 -0.008 100 0.258 0.236 0.218 0.189 0.142 100 -0.016 -0.014 -0.013 -0.011 -0.010

Experiment no. 2b : Small break in β Experiment no. 5b : Break in β (post-break unit root) Experiment no. 8b : Break in mean (increase)
v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100

0 -0.193 -0.087 -0.057 -0.033 -0.017 0 -0.353 -0.179 -0.126 -0.077 -0.038 0 -0.186 -0.087 -0.055 -0.033 -0.016
1 -0.185 -0.088 -0.058 -0.035 -0.017 1 -0.325 -0.182 -0.124 -0.078 -0.038 1 -0.148 -0.074 -0.047 -0.028 -0.014
2 -0.170 -0.087 -0.057 -0.035 -0.018 2 -0.306 -0.174 -0.122 -0.076 -0.041 2 -0.125 -0.062 -0.042 -0.025 -0.013
3 -0.158 -0.087 -0.059 -0.036 -0.018 3 -0.292 -0.172 -0.121 -0.077 -0.041 3 -0.105 -0.053 -0.037 -0.022 -0.012
4 -0.154 -0.087 -0.061 -0.037 -0.019 4 -0.275 -0.168 -0.122 -0.078 -0.040 4 -0.092 -0.047 -0.031 -0.019 -0.009
5 -0.146 -0.087 -0.061 -0.037 -0.020 5 -0.267 -0.167 -0.122 -0.077 -0.042 5 -0.081 -0.041 -0.027 -0.017 -0.008

10 -0.129 -0.085 -0.063 -0.041 -0.022 10 -0.228 -0.154 -0.117 -0.079 -0.043 10 -0.046 -0.020 -0.011 -0.005 -0.001
20 -0.114 -0.086 -0.067 -0.048 -0.027 20 -0.202 -0.148 -0.118 -0.083 -0.048 20 -0.021 -0.002 0.004 0.007 0.007
30 -0.108 -0.087 -0.071 -0.053 -0.031 30 -0.193 -0.147 -0.121 -0.087 -0.053 30 -0.013 0.003 0.008 0.013 0.014
50 -0.104 -0.090 -0.076 -0.060 -0.039 50 -0.188 -0.153 -0.128 -0.098 -0.063 50 -0.006 0.008 0.014 0.020 0.020

100 -0.102 -0.091 -0.083 -0.071 -0.052 100 -0.190 -0.163 -0.142 -0.115 -0.079 100 -0.001 0.008 0.014 0.020 0.026

Experiment no. 3b : Large increase in β Experiment no. 6b : Higher post-break volatility Experiment no. 9b : Break in mean (decrease)
v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100

0 -0.199 -0.088 -0.057 -0.033 -0.016 0 -0.204 -0.092 -0.057 -0.033 -0.016 0 -0.189 -0.084 -0.054 -0.032 -0.016
1 -0.199 -0.099 -0.067 -0.039 -0.018 1 -0.183 -0.087 -0.055 -0.032 -0.015 1 -0.154 -0.074 -0.046 -0.027 -0.014
2 -0.201 -0.108 -0.070 -0.043 -0.021 2 -0.162 -0.084 -0.056 -0.032 -0.016 2 -0.126 -0.062 -0.042 -0.025 -0.012
3 -0.209 -0.115 -0.079 -0.049 -0.025 3 -0.148 -0.083 -0.053 -0.032 -0.016 3 -0.107 -0.053 -0.037 -0.023 -0.010
4 -0.212 -0.121 -0.084 -0.052 -0.026 4 -0.136 -0.075 -0.053 -0.031 -0.015 4 -0.091 -0.048 -0.031 -0.018 -0.010
5 -0.214 -0.127 -0.091 -0.056 -0.030 5 -0.131 -0.071 -0.051 -0.030 -0.016 5 -0.079 -0.039 -0.027 -0.018 -0.008

10 -0.233 -0.154 -0.115 -0.077 -0.040 10 -0.103 -0.062 -0.044 -0.030 -0.015 10 -0.045 -0.021 -0.013 -0.006 -0.002
20 -0.249 -0.187 -0.151 -0.108 -0.063 20 -0.073 -0.052 -0.039 -0.026 -0.013 20 -0.023 -0.003 0.003 0.007 0.008
30 -0.264 -0.209 -0.175 -0.130 -0.080 30 -0.060 -0.044 -0.036 -0.025 -0.014 30 -0.013 0.004 0.009 0.012 0.013
50 -0.272 -0.235 -0.205 -0.164 -0.109 50 -0.047 -0.039 -0.031 -0.020 -0.013 50 -0.006 0.007 0.014 0.018 0.020

100 -0.286 -0.261 -0.241 -0.207 -0.155 100 -0.027 -0.025 -0.023 -0.016 -0.011 100 -0.003 0.008 0.014 0.021 0.026

Note: Experiments 1b to 9b are defined in Table 1b.



Table 7: Small sample bias of the OLS estimate of β1 + β2   - (AR(2) model)       

Experiment no. 1b : No break Experiment no. 4b : Large decrease in β Experiment no. 7b : Lower post-break volatility
v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100

0 -0.315 -0.152 -0.098 -0.059 -0.028 0 -0.342 -0.173 -0.117 -0.071 -0.035 0 -0.159 -0.091 -0.065 -0.043 -0.024
1 -0.277 -0.143 -0.096 -0.057 -0.029 1 -0.302 -0.159 -0.106 -0.065 -0.032 1 -0.193 -0.116 -0.083 -0.056 -0.030
2 -0.256 -0.137 -0.094 -0.056 -0.028 2 -0.267 -0.146 -0.099 -0.060 -0.031 2 -0.205 -0.127 -0.095 -0.063 -0.034
3 -0.237 -0.131 -0.088 -0.055 -0.028 3 -0.231 -0.129 -0.090 -0.055 -0.028 3 -0.202 -0.131 -0.099 -0.068 -0.037
4 -0.220 -0.127 -0.087 -0.054 -0.028 4 -0.204 -0.117 -0.084 -0.053 -0.026 4 -0.195 -0.132 -0.100 -0.072 -0.039
5 -0.202 -0.118 -0.083 -0.052 -0.028 5 -0.182 -0.110 -0.078 -0.047 -0.024 5 -0.192 -0.129 -0.102 -0.071 -0.041

10 -0.147 -0.097 -0.073 -0.048 -0.025 10 -0.102 -0.066 -0.047 -0.032 -0.017 10 -0.151 -0.109 -0.093 -0.070 -0.044
20 -0.100 -0.072 -0.058 -0.041 -0.024 20 -0.023 -0.015 -0.009 -0.006 -0.002 20 -0.102 -0.084 -0.071 -0.056 -0.041
30 -0.072 -0.058 -0.048 -0.036 -0.022 30 0.013 0.014 0.013 0.012 0.009 30 -0.076 -0.066 -0.058 -0.049 -0.034
50 -0.049 -0.041 -0.036 -0.029 -0.018 50 0.047 0.043 0.040 0.035 0.026 50 -0.049 -0.044 -0.041 -0.035 -0.028

100 -0.026 -0.024 -0.022 -0.020 -0.014 100 0.076 0.072 0.068 0.062 0.049 100 -0.027 -0.025 -0.024 -0.022 -0.018

Experiment no. 2b : Small break in β Experiment no. 5b : Break in β (post-break unit root) Experiment no. 8b : Break in mean (increase)
v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100

0 -0.317 -0.154 -0.098 -0.059 -0.030 0 -0.544 -0.290 -0.202 -0.125 -0.063 0 -0.289 -0.144 -0.096 -0.056 -0.028
1 -0.303 -0.154 -0.102 -0.061 -0.030 1 -0.503 -0.284 -0.195 -0.122 -0.062 1 -0.236 -0.121 -0.083 -0.049 -0.025
2 -0.286 -0.154 -0.101 -0.063 -0.031 2 -0.465 -0.271 -0.190 -0.120 -0.062 2 -0.202 -0.104 -0.071 -0.043 -0.021
3 -0.272 -0.154 -0.106 -0.063 -0.033 3 -0.437 -0.261 -0.184 -0.117 -0.061 3 -0.174 -0.090 -0.062 -0.036 -0.019
4 -0.264 -0.153 -0.108 -0.066 -0.034 4 -0.415 -0.250 -0.180 -0.115 -0.060 4 -0.154 -0.079 -0.052 -0.030 -0.015
5 -0.253 -0.152 -0.108 -0.067 -0.036 5 -0.395 -0.243 -0.175 -0.112 -0.060 5 -0.138 -0.069 -0.045 -0.026 -0.013

10 -0.232 -0.154 -0.114 -0.075 -0.040 10 -0.327 -0.214 -0.159 -0.105 -0.057 10 -0.084 -0.035 -0.018 -0.007 -0.001
20 -0.211 -0.157 -0.125 -0.090 -0.051 20 -0.269 -0.186 -0.142 -0.097 -0.053 20 -0.042 -0.006 0.007 0.016 0.017
30 -0.207 -0.163 -0.135 -0.100 -0.059 30 -0.244 -0.175 -0.135 -0.093 -0.051 30 -0.027 0.006 0.018 0.028 0.028
50 -0.201 -0.171 -0.147 -0.116 -0.074 50 -0.221 -0.167 -0.132 -0.091 -0.050 50 -0.014 0.013 0.026 0.039 0.041

100 -0.200 -0.179 -0.164 -0.139 -0.102 100 -0.207 -0.167 -0.137 -0.097 -0.054 100 -0.006 0.014 0.026 0.041 0.052

Experiment no. 3b : Large increase in β Experiment no. 6b : Higher post-break volatility Experiment no. 9b : Break in mean (decrease)
v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100

0 -0.323 -0.153 -0.100 -0.058 -0.029 0 -0.365 -0.166 -0.105 -0.061 -0.029 0 -0.289 -0.142 -0.094 -0.055 -0.028
1 -0.304 -0.151 -0.102 -0.059 -0.030 1 -0.327 -0.156 -0.102 -0.058 -0.028 1 -0.238 -0.122 -0.081 -0.050 -0.025
2 -0.282 -0.147 -0.100 -0.060 -0.029 2 -0.292 -0.150 -0.101 -0.058 -0.028 2 -0.201 -0.106 -0.072 -0.043 -0.021
3 -0.268 -0.147 -0.100 -0.060 -0.030 3 -0.265 -0.144 -0.095 -0.057 -0.029 3 -0.175 -0.091 -0.061 -0.038 -0.018
4 -0.258 -0.143 -0.100 -0.060 -0.031 4 -0.250 -0.137 -0.095 -0.057 -0.028 4 -0.154 -0.078 -0.053 -0.031 -0.016
5 -0.245 -0.140 -0.098 -0.059 -0.031 5 -0.232 -0.130 -0.090 -0.055 -0.028 5 -0.138 -0.069 -0.045 -0.027 -0.013

10 -0.209 -0.134 -0.099 -0.064 -0.033 10 -0.183 -0.116 -0.081 -0.053 -0.027 10 -0.081 -0.035 -0.019 -0.007 -0.001
20 -0.172 -0.126 -0.098 -0.066 -0.037 20 -0.132 -0.093 -0.070 -0.047 -0.026 20 -0.043 -0.006 0.008 0.016 0.017
30 -0.160 -0.120 -0.097 -0.069 -0.040 30 -0.106 -0.078 -0.062 -0.043 -0.024 30 -0.027 0.004 0.019 0.028 0.029
50 -0.140 -0.116 -0.099 -0.076 -0.046 50 -0.080 -0.064 -0.052 -0.037 -0.022 50 -0.013 0.013 0.026 0.038 0.042

100 -0.127 -0.112 -0.102 -0.084 -0.059 100 -0.046 -0.044 -0.038 -0.029 -0.019 100 -0.007 0.014 0.026 0.041 0.053

See the note to Table 6.

Table 8: Bias of forecast error conditional on y = α2 + σ2 (AR(2) model)



Experiment no. 1b: No break Experiment no. 4b: Large decrease in β Experiment no. 7b: Lower post-break volatility
v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100

0 -0.315 -0.152 -0.098 -0.059 -0.028 0 -0.342 -0.173 -0.117 -0.071 -0.035 0 -0.079 -0.045 -0.033 -0.021 -0.012
1 -0.277 -0.143 -0.096 -0.057 -0.029 1 -0.302 -0.159 -0.106 -0.065 -0.032 1 -0.096 -0.058 -0.042 -0.028 -0.015
2 -0.256 -0.137 -0.094 -0.056 -0.028 2 -0.267 -0.146 -0.099 -0.060 -0.031 2 -0.102 -0.064 -0.047 -0.031 -0.017
3 -0.237 -0.131 -0.088 -0.055 -0.028 3 -0.231 -0.129 -0.090 -0.055 -0.028 3 -0.101 -0.066 -0.049 -0.034 -0.019
4 -0.220 -0.127 -0.087 -0.054 -0.028 4 -0.204 -0.117 -0.084 -0.053 -0.026 4 -0.098 -0.066 -0.050 -0.036 -0.020
5 -0.202 -0.118 -0.083 -0.052 -0.028 5 -0.182 -0.110 -0.078 -0.047 -0.024 5 -0.096 -0.064 -0.051 -0.035 -0.020

10 -0.147 -0.097 -0.073 -0.048 -0.025 10 -0.102 -0.066 -0.047 -0.032 -0.017 10 -0.076 -0.055 -0.046 -0.035 -0.022
20 -0.100 -0.072 -0.058 -0.041 -0.024 20 -0.023 -0.015 -0.009 -0.006 -0.002 20 -0.051 -0.042 -0.035 -0.028 -0.020
30 -0.072 -0.058 -0.048 -0.036 -0.022 30 0.013 0.014 0.013 0.012 0.009 30 -0.038 -0.033 -0.029 -0.024 -0.017
50 -0.049 -0.041 -0.036 -0.029 -0.018 50 0.047 0.043 0.040 0.035 0.026 50 -0.025 -0.022 -0.021 -0.017 -0.014

100 -0.026 -0.024 -0.022 -0.020 -0.014 100 0.076 0.072 0.068 0.062 0.049 100 -0.013 -0.012 -0.012 -0.011 -0.009

Experiment no. 2b: Small break in β Experiment no. 5b: Break in β (post-break unit root) Experiment no. 8b: Break in mean (increase)
v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100

0 -0.317 -0.154 -0.098 -0.059 -0.030 0 -0.544 -0.290 -0.202 -0.125 -0.063 0 -0.344 -0.160 -0.103 -0.059 -0.029
1 -0.303 -0.154 -0.102 -0.061 -0.030 1 -0.503 -0.284 -0.195 -0.122 -0.062 1 -0.339 -0.161 -0.106 -0.061 -0.030
2 -0.286 -0.154 -0.101 -0.063 -0.031 2 -0.465 -0.271 -0.190 -0.120 -0.062 2 -0.340 -0.164 -0.108 -0.064 -0.031
3 -0.272 -0.154 -0.106 -0.063 -0.033 3 -0.437 -0.261 -0.184 -0.117 -0.061 3 -0.338 -0.168 -0.111 -0.065 -0.033
4 -0.264 -0.153 -0.108 -0.066 -0.034 4 -0.415 -0.250 -0.180 -0.115 -0.060 4 -0.341 -0.173 -0.114 -0.066 -0.033
5 -0.253 -0.152 -0.108 -0.067 -0.036 5 -0.395 -0.243 -0.175 -0.112 -0.060 5 -0.342 -0.176 -0.117 -0.069 -0.035

10 -0.232 -0.154 -0.114 -0.075 -0.040 10 -0.327 -0.214 -0.159 -0.105 -0.057 10 -0.349 -0.195 -0.133 -0.082 -0.041
20 -0.211 -0.157 -0.125 -0.090 -0.051 20 -0.269 -0.186 -0.142 -0.097 -0.053 20 -0.363 -0.227 -0.165 -0.104 -0.054
30 -0.207 -0.163 -0.135 -0.100 -0.059 30 -0.244 -0.175 -0.135 -0.093 -0.051 30 -0.377 -0.253 -0.192 -0.126 -0.067
50 -0.201 -0.171 -0.147 -0.116 -0.074 50 -0.221 -0.167 -0.132 -0.091 -0.050 50 -0.392 -0.290 -0.231 -0.161 -0.091

100 -0.200 -0.179 -0.164 -0.139 -0.102 100 -0.207 -0.167 -0.137 -0.097 -0.054 100 -0.411 -0.340 -0.290 -0.223 -0.139

Experiment no. 3b: Large increase in β Experiment no. 6b: Higher post-break volatility Experiment no. 9b: Break in mean (decrease)
v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100

0 -0.323 -0.153 -0.100 -0.058 -0.029 0 -0.730 -0.332 -0.209 -0.123 -0.057 0 -0.234 -0.126 -0.087 -0.052 -0.028
1 -0.304 -0.151 -0.102 -0.059 -0.030 1 -0.655 -0.311 -0.204 -0.117 -0.056 1 -0.134 -0.082 -0.058 -0.038 -0.020
2 -0.282 -0.147 -0.100 -0.060 -0.029 2 -0.584 -0.299 -0.201 -0.117 -0.056 2 -0.065 -0.046 -0.035 -0.023 -0.012
3 -0.268 -0.147 -0.100 -0.060 -0.030 3 -0.529 -0.288 -0.190 -0.113 -0.057 3 -0.013 -0.014 -0.011 -0.009 -0.004
4 -0.258 -0.143 -0.100 -0.060 -0.031 4 -0.499 -0.273 -0.190 -0.115 -0.056 4 0.033 0.014 0.008 0.005 0.002
5 -0.245 -0.140 -0.098 -0.059 -0.031 5 -0.465 -0.261 -0.180 -0.111 -0.056 5 0.067 0.038 0.027 0.016 0.009

10 -0.209 -0.134 -0.099 -0.064 -0.033 10 -0.366 -0.232 -0.161 -0.105 -0.054 10 0.183 0.124 0.096 0.067 0.039
20 -0.172 -0.126 -0.098 -0.066 -0.037 20 -0.263 -0.186 -0.140 -0.094 -0.053 20 0.279 0.216 0.180 0.136 0.087
30 -0.160 -0.120 -0.097 -0.069 -0.040 30 -0.213 -0.157 -0.125 -0.086 -0.048 30 0.323 0.265 0.228 0.181 0.123
50 -0.140 -0.116 -0.099 -0.076 -0.046 50 -0.161 -0.128 -0.105 -0.074 -0.045 50 0.364 0.317 0.284 0.238 0.174

100 -0.127 -0.112 -0.102 -0.084 -0.059 100 -0.092 -0.088 -0.076 -0.058 -0.038 100 0.399 0.367 0.342 0.304 0.244

See the note to Table 6.



Table 9: Unconditional root mean squared forecast error - (AR(2) model)

Experiment no. 1b : No break Experiment no. 4b : Large decrease in β Experiment no. 7b : Lower post-break volatility
v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100

0 1.192 1.083 1.054 1.031 1.015 0 1.180 1.080 1.052 1.031 1.015 0 0.569 0.531 0.522 0.513 0.507
1 1.166 1.078 1.051 1.030 1.015 1 1.160 1.077 1.051 1.029 1.015 1 0.604 0.549 0.533 0.520 0.510
2 1.152 1.075 1.048 1.030 1.015 2 1.145 1.074 1.049 1.029 1.015 2 0.619 0.558 0.539 0.524 0.512
3 1.139 1.071 1.048 1.029 1.015 3 1.131 1.070 1.048 1.029 1.015 3 0.628 0.562 0.542 0.526 0.514
4 1.125 1.068 1.046 1.028 1.015 4 1.122 1.067 1.047 1.029 1.015 4 0.633 0.566 0.546 0.528 0.515
5 1.115 1.066 1.045 1.029 1.014 5 1.115 1.064 1.044 1.028 1.014 5 0.635 0.568 0.547 0.529 0.516

10 1.082 1.054 1.040 1.026 1.014 10 1.086 1.056 1.040 1.026 1.014 10 0.635 0.572 0.551 0.533 0.518
20 1.052 1.039 1.031 1.022 1.012 20 1.068 1.047 1.036 1.025 1.014 20 0.615 0.570 0.551 0.532 0.518
30 1.039 1.031 1.025 1.019 1.011 30 1.058 1.042 1.036 1.024 1.014 30 0.594 0.563 0.547 0.532 0.518
50 1.025 1.022 1.019 1.015 1.010 50 1.052 1.042 1.034 1.025 1.015 50 0.567 0.551 0.541 0.529 0.517

100 1.014 1.013 1.012 1.010 1.008 100 1.047 1.041 1.036 1.028 1.018 100 0.539 0.533 0.529 0.523 0.515

Experiment no. 2b : Small break in β Experiment no. 5b : Break in β (post-break unit root) Experiment no. 8b : Break in mean (increase)
v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100

0 1.190 1.083 1.053 1.031 1.015 0 1.177 1.089 1.061 1.038 1.019 0 1.185 1.083 1.052 1.031 1.015
1 1.170 1.080 1.052 1.031 1.015 1 1.165 1.086 1.059 1.037 1.019 1 1.166 1.075 1.049 1.030 1.015
2 1.152 1.075 1.051 1.030 1.015 2 1.149 1.081 1.057 1.037 1.019 2 1.148 1.074 1.049 1.029 1.015
3 1.137 1.073 1.048 1.029 1.015 3 1.140 1.079 1.057 1.035 1.019 3 1.140 1.069 1.047 1.028 1.015
4 1.124 1.070 1.048 1.029 1.015 4 1.129 1.076 1.055 1.035 1.019 4 1.134 1.068 1.047 1.028 1.015
5 1.114 1.066 1.046 1.028 1.015 5 1.124 1.075 1.052 1.034 1.018 5 1.125 1.066 1.045 1.028 1.015

10 1.083 1.056 1.041 1.027 1.014 10 1.102 1.067 1.048 1.032 1.017 10 1.105 1.062 1.043 1.027 1.015
20 1.059 1.045 1.034 1.024 1.013 20 1.084 1.058 1.045 1.030 1.016 20 1.092 1.059 1.044 1.029 1.015
30 1.050 1.038 1.031 1.023 1.013 30 1.077 1.058 1.044 1.030 1.017 30 1.088 1.059 1.046 1.031 1.017
50 1.039 1.033 1.027 1.021 1.013 50 1.077 1.059 1.048 1.032 1.017 50 1.086 1.063 1.050 1.035 1.020

100 1.033 1.028 1.025 1.019 1.013 100 1.089 1.072 1.060 1.041 1.021 100 1.087 1.070 1.059 1.044 1.027

Experiment no. 3b : Large increase in β Experiment no. 6b : Higher post-break volatility Experiment no. 9b : Break in mean (decrease)
v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100

0 1.194 1.084 1.053 1.031 1.015 0 2.428 2.176 2.111 2.063 2.030 0 1.184 1.080 1.052 1.030 1.015
1 1.175 1.079 1.053 1.031 1.015 1 2.367 2.164 2.107 2.062 2.030 1 1.164 1.075 1.050 1.030 1.015
2 1.156 1.076 1.051 1.030 1.015 2 2.332 2.159 2.104 2.061 2.031 2 1.151 1.072 1.048 1.029 1.015
3 1.143 1.073 1.049 1.030 1.015 3 2.315 2.147 2.100 2.060 2.030 3 1.140 1.070 1.047 1.029 1.015
4 1.130 1.071 1.049 1.029 1.015 4 2.302 2.145 2.096 2.058 2.029 4 1.132 1.068 1.047 1.028 1.014
5 1.122 1.068 1.047 1.029 1.015 5 2.287 2.140 2.096 2.058 2.029 5 1.124 1.067 1.046 1.028 1.014

10 1.097 1.061 1.043 1.028 1.014 10 2.238 2.124 2.087 2.055 2.029 10 1.104 1.061 1.044 1.027 1.014
20 1.074 1.053 1.040 1.026 1.015 20 2.194 2.106 2.076 2.049 2.027 20 1.091 1.059 1.044 1.029 1.015
30 1.065 1.048 1.038 1.026 1.015 30 2.161 2.095 2.068 2.046 2.026 30 1.088 1.060 1.045 1.031 1.017
50 1.055 1.046 1.037 1.027 1.016 50 2.122 2.081 2.061 2.042 2.024 50 1.086 1.063 1.050 1.035 1.020

100 1.050 1.044 1.038 1.030 1.019 100 2.080 2.061 2.049 2.034 2.021 100 1.087 1.070 1.059 1.044 1.027

See the note to Table 6.



Table 10: Root mean squared forecast error conditional on y = α2 + σ2 - (AR(2) model)

Experiment no. 1b : No break Experiment no. 4b : Large decrease in β Experiment no. 7b : Lower post-break volatility
v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100

0 1.206 1.074 1.043 1.022 1.010 0 1.214 1.084 1.051 1.027 1.012 0 0.572 0.528 0.517 0.510 0.505
1 1.172 1.069 1.042 1.022 1.010 1 1.185 1.078 1.047 1.026 1.012 1 0.607 0.543 0.525 0.514 0.506
2 1.155 1.066 1.040 1.022 1.010 2 1.163 1.073 1.045 1.025 1.012 2 0.621 0.549 0.530 0.516 0.507
3 1.139 1.062 1.038 1.021 1.010 3 1.142 1.067 1.043 1.024 1.011 3 0.628 0.553 0.533 0.518 0.508
4 1.125 1.059 1.037 1.020 1.010 4 1.128 1.063 1.041 1.023 1.011 4 0.633 0.556 0.534 0.519 0.509
5 1.111 1.054 1.035 1.020 1.010 5 1.114 1.059 1.039 1.023 1.011 5 0.635 0.559 0.537 0.520 0.509

10 1.074 1.043 1.030 1.018 1.009 10 1.073 1.045 1.031 1.020 1.010 10 0.634 0.565 0.541 0.523 0.510
20 1.043 1.030 1.022 1.015 1.008 20 1.041 1.030 1.023 1.016 1.009 20 0.612 0.565 0.544 0.525 0.512
30 1.030 1.023 1.018 1.013 1.007 30 1.028 1.022 1.018 1.014 1.008 30 0.590 0.559 0.542 0.526 0.512
50 1.018 1.015 1.013 1.010 1.006 50 1.018 1.016 1.014 1.011 1.007 50 0.564 0.548 0.537 0.525 0.513

100 1.009 1.008 1.007 1.006 1.005 100 1.012 1.011 1.010 1.009 1.006 100 0.537 0.531 0.527 0.520 0.512

Experiment no. 2b : Small break in β Experiment no. 5b : Break in β (post-break unit root) Experiment no. 8b : Break in mean (increase)
v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100

0 1.207 1.076 1.043 1.023 1.010 0 1.623 1.319 1.219 1.133 1.066 0 1.233 1.080 1.045 1.023 1.010
1 1.183 1.072 1.043 1.023 1.010 1 1.523 1.288 1.191 1.125 1.064 1 1.215 1.077 1.044 1.023 1.010
2 1.160 1.068 1.041 1.022 1.010 2 1.436 1.248 1.177 1.111 1.061 2 1.199 1.075 1.043 1.023 1.010
3 1.145 1.067 1.041 1.022 1.010 3 1.376 1.219 1.157 1.103 1.059 3 1.188 1.073 1.043 1.023 1.010
4 1.129 1.063 1.039 1.022 1.010 4 1.331 1.196 1.144 1.096 1.054 4 1.177 1.072 1.042 1.022 1.010
5 1.118 1.060 1.039 1.021 1.010 5 1.295 1.176 1.129 1.088 1.051 5 1.169 1.069 1.041 1.022 1.010

10 1.085 1.050 1.034 1.020 1.010 10 1.185 1.117 1.088 1.062 1.039 10 1.140 1.064 1.039 1.022 1.010
20 1.058 1.040 1.029 1.019 1.009 20 1.104 1.069 1.053 1.039 1.026 20 1.117 1.060 1.039 1.022 1.010
30 1.047 1.034 1.027 1.018 1.009 30 1.072 1.050 1.039 1.029 1.020 30 1.107 1.060 1.040 1.022 1.010
50 1.037 1.029 1.024 1.017 1.009 50 1.048 1.035 1.027 1.020 1.013 50 1.100 1.062 1.044 1.025 1.011

100 1.029 1.024 1.021 1.016 1.010 100 1.031 1.024 1.019 1.014 1.009 100 1.095 1.069 1.053 1.034 1.016

Experiment no. 3b : Large increase in β Experiment no. 6b : Higher post-break volatility Experiment no. 9b : Break in mean (decrease)
v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100 v1/v2 10 20 30 50 100

0 1.210 1.075 1.044 1.022 1.010 0 2.443 2.159 2.089 2.047 2.020 0 1.159 1.064 1.039 1.021 1.010
1 1.185 1.072 1.043 1.022 1.010 1 2.356 2.142 2.085 2.044 2.020 1 1.118 1.053 1.033 1.019 1.009
2 1.160 1.068 1.041 1.022 1.010 2 2.296 2.132 2.081 2.043 2.020 2 1.096 1.046 1.030 1.018 1.009
3 1.145 1.065 1.040 1.022 1.010 3 2.259 2.122 2.075 2.042 2.019 3 1.083 1.041 1.027 1.017 1.008
4 1.132 1.061 1.039 1.021 1.010 4 2.230 2.113 2.073 2.041 2.019 4 1.073 1.038 1.026 1.016 1.008
5 1.120 1.058 1.037 1.021 1.010 5 2.209 2.106 2.069 2.040 2.019 5 1.068 1.036 1.025 1.015 1.008

10 1.087 1.049 1.033 1.019 1.009 10 2.148 2.083 2.057 2.035 2.018 10 1.056 1.033 1.023 1.015 1.008
20 1.055 1.037 1.027 1.017 1.009 20 2.097 2.061 2.044 2.029 2.016 20 1.059 1.038 1.028 1.018 1.010
30 1.042 1.030 1.023 1.015 1.008 30 2.074 2.049 2.037 2.025 2.014 30 1.064 1.045 1.035 1.023 1.012
50 1.029 1.023 1.018 1.013 1.008 50 2.051 2.037 2.029 2.021 2.013 50 1.072 1.055 1.045 1.033 1.019

100 1.018 1.015 1.013 1.010 1.007 100 2.028 2.024 2.020 2.015 2.010 100 1.080 1.069 1.060 1.048 1.032

See the note to Table 6.


