
Phgldwlqj Pdunhw Srzhu lq Qhwzrunv

Ulfkdug M1 Jloehuw/ Nduvwhq Qhxkr�/ Gdylg P1 Qhzehu|

Rfwrehu ;/ 5334

Devwudfw

Zh kdyh vkrzq wkdw frpshwlwlyh wudqvplvvlrq pdunhwv duh qrw qhfhvvdulo| h!flhqw lq

wkh suhvhqfh ri pdunhw srzhu1 E| �frpshwlwlyh� zh phdq wkh qrgdo sulfhv wkdw rffxu li

wudqvplvvlrq fdsdflw| lv dxfwlrqhg wr elgghuv zkr kdyh shuihfw lqirupdwlrq derxw jhqhud0

wlrq sulfhv dqg zkr gr qrw rzq jhqhudwlrq vxssolhv1 Lq sduwlfxodu/ zhoiduh pd| eh kljkhu

li d prqrsrolvw lv doorzhg wr rzq vfdufh wudqvplvvlrq fdsdflw| +prgho L, ru li  rz jdwh

uljkwv duh doorfdwhg lq d zd| wkdw gl�huv iurp sk|vlfdo wudqvplvvlrq frqvwudlqwv +prgho

LL,1

4 LQWURGXFWLRQ

Wkh HX Hohfwulflw| Gluhfwlyh kdv dv lwv lqwhqghg jrdo d vlqjoh Hxurshdq pdunhw iru hohfwulf0

lw|/ lq rughu wr wdnh dgydqwdjh ri uhjlrqdoo| gl�huhqwldwhg jhqhudwlrq vrxufhv +k|gur/ qxfohdu/

jdv/ eurzq frdo/ hwf1,/ gl�huhqfhv lq sodqw djh dqg h!flhqf|/ qrq0frlqflghqwdo ghpdqg shdnv/

uhgxfhg yrodwlolw| dqg juhdwhu vhfxulw| d�rughg e| dq lqwhjudwhg dqg odujhu v|vwhp/ dv zhoo dv

lqfuhdvhg frpshwlwlrq/ doo ri zklfk vkrxog lpsuryh h!flhqf| dqg orzhu sulfhv1 Rqh pdmru re0

vwdfoh wr uhdolvlqj wkh jdlqv iurp lqfuhdvhg h!flhqf| lv wkh suhvhqfh ri orfdolvhg pdunhw srzhu/

uhvxowlqj lq lqh!flhqw glvsdwfk/ kljkhu sulfhv dgyhuvho| d�hfwlqj lqgxvwuldo frpshwlwlyhqhvv/

dqg lqh!flhqw lqfhqwlyhv iru lqyhvwphqw1

Wklv sdshu dgguhvvhv wkh txhvwlrq ri krz wr plwljdwh pdunhw srzhu lq phvkhg hohfwulflw|

qhwzrunv/ zkhuh wudqvplvvlrq frqvwudlqwv fdq iudjphqw wkh qhwzrun dqg fuhdwh orfdo srfn0

hwv ri hqkdqfhg pdunhw srzhu iru wkh jhqhudwruv vkhowhuhg e| wkh wudqvplvvlrq frqvwudlqw1

Wzr h{dpsohv looxvwudwh wklv1 Vfrwodqg kdv d odujh srwhqwldo h{sruw vxusoxv ri srzhu/ dv d

uhvxow ri wkh vkliw dzd| iurp hqhuj|0lqwhqvlyh khdy| lqgxvwu|/ exw h{sruwv wr Hqjodqg duh

frqvwudlqhg e| wkh fdsdflw| ri wkh lqwhufrqqhfwruv +dqg julg olqnv ixuwkhu vrxwk/ qrwdeo| ryhu

wkh Qdwlrqdo Sdunv lq Qruwk \runvkluh,1 Vfrwodqg uhpdlqv d yhuwlfdoo| lqwhjudwhg gxrsro|/

zkloh Hqjodqg dqg Zdohv kdyh pryhg iurp d sulfh0vhwwlqj gxrsro| dw sulydwlvdwlrq lq 4<<3

wr d idluo| iudjphqwhg pdunhw e| 53341 Iljxuh 4 vkrzv wkh udslg lqfuhdvh lq wkh qxpehu ri

gl�huhqw jhqhudwlrq frpsdqlhv lq Hqjodqg dqg Zdohv1
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Iljxuh 4= Jhqhudwlrq e| frpsdqlhv lq Hqjodqg dqg Zdohv/ 4<<305334

Wkh frqvhtxhqfhv ri wkh glyhujhqfh ri frqfhqwudwlrq lq wkh wzr lqwhufrqqhfwhg pdunhwv kdv

ehhq d uhyhuvdo lq wkh udqnlqj ri �qdo hohfwulflw| sulfhv/ dv Iljxuh 5 vkrzv1 Ruljlqdoo| �qdo

frqvxphu sulfhv lq Hglqexujk/ Vfrwodqg zhuh derxw 43( orzhu wkdq lq Orqgrq/ Hqjodqg/ exw

diwhu 4<<: zhuh dfwxdoo| pruh h{shqvlyh1

Electr ic i ty pr ices by town
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Iljxuh 5= Grphvwlf hohfwulflw| sulfhv lq Vfrwodqg/ Hqjodqg dqg Q1 Luhodqg

Wkh vhfrqg h{dpsoh frphv iurp Wkh Qhwkhuodqgv/ zklfk lv lqwhufrqqhfwhg zlwk Jhupdq| +5

wlhv, dqg Ehojlxp +dqg khqfh wr Iudqfh,14 Djdlq Wkh Qhwkhuodqgv h{shulhqfhv frqjhvwlrq/

wkrxjk wklv wlph rq lpsruwlqj/ sduwlfxoduo| iurp wkh fkhdshu Jhupdq pdunhw/ dqg lv ohvv

frpshwlwlyh wkdq wkh Jhupdq pdunhw +dw ohdvw lq wkh shulrg 533305334,1

4Wkh hohfwulflw| qhwzrun lq frqwlqhqwdo Hxursh lv kljko| qdvkhg wkhuhiruh wrr frpsoh{ iru dq h{solflw

dqdo|vlv dqg looxvwudwlrq ri wkh h�hfwv ri pdunhw srzhu1 Zh wkhuhiruh uhgxfh wkh frpsoh{ qhwzrun wr wkh

vlpsohvw srvvleoh vwuxfwxuh zlwk qhwzrun h�hfwv/ d wuldqjoh1
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APX and LPX weekly averages 2001
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Iljxuh 6= Zhhno| prylqj dyhudjh sulfhv lq Jhupdq| dqg Wkh Qhwkhuodqgv/ Mdq0Mxqh 5334

Iljxuh 6 vkrzv wkh gl�huhqfh lq sulfh rq hdfk vlgh ri wkh erughu/ uh hfwhg lq wkh sulfh wkdw

fohduv wkh dxfwlrq pdunhw iru vsrw lqwhufrqqhfwlrq fdsdflw| wr lpsruw iurp wkh Ohls}lj Srzhu

H{fkdqjh +OS[, dqg wkh Dpvwhugdp Srzhu H{fkdqjh +DS[,1

Suhylrxv olwhudwxuh vkrzhg wkdw wudqvplvvlrqv frqvwudlqwv fdq hqkdqfh pdunhw srzhu ^43`1

Exvkqhoo vkrzv wkdw jhqhudwruv dqg wudqvplvvlrq uljkwv rzqhuv zlwk pdunhw srzhu fdq lq0

fuhdvh sur�wv e| zlwkkroglqj wudqvplvvlrq fdsdflw| ^8`1 Zh dvvxph xvh0lw0ru orvh0lw frqglwlrqv

wkdw fdq suhyhqw zlwkkroglqj ri fdsdflw|1

Eruhqvwhlq/ Exvkqhoo dqg Nqlwwho frqfoxg iurp d wkhruhwlfdo dqdo|vlv dqg frpsdulvrq ehwzhhq

klvwrulfdo dqg suhvhqw  rz sdwwhuqv ehwzhhq wkh zhvwhuq dqg hdvwhuq sruwlrq ri wkh SMP

+Shqqv|oydqld/ Qhz Mhuvh|/ Pdu|odqg, srro wkdw wudqvplvvlrq olqnv kdyh ehhq pruh iuhtxhqwo|

frqjhvwhg diwhu pdunhw olehudolvdwlrq wkdq xqghu wkh suhylrxv fhqwudoo| glvsdwfkhg v|vwhp/ gxh

wr wkh h{huflvh ri orfdo pdunhw srzhu ^6`1 Eruhqvwhlq/ Exvkqhoo dqg Vriw vkrz wkdw pdunhw

srzhu lq wzr roljrsrolvwlf pdunhwv fdq eh uhgxfhg li wkh fdsdflw| ri wkh lqwhufrqqhfwru lv

lqfuhdvhg/ doorzlqj d odujhu qxpehu ri jhqhudwruv wr frpshwh gluhfwo| zlwk hdfk rwkhu iru

pruh ri wkh wlph ^7`1

Mrvnrz dqg Wluro vkrz wkdw zlwk �qdqfldo uljkwv/ d jhqhudwru zlwk pdunhw srzhu fdq lqfuhdvh

sur�wv e| pdqlsxodwlqj rxwsxw wr d�hfw wkh sulfhv ri wudqvplvvlrq uljkwv ^44`1 Wkh| dovr vkrz

wkdw wkh phwkrg iru doorfdwlqj uljkwv pdwwhuv1 Zh frqvlghu wkh h�hfwv ri doorzlqj jhqhudwruv wr

elg iru wudqvplvvlrq lq prgho L/ dqg zkloh lq prgho LL zh vkrz wkdw dq Lqghshqghqw V|vwhp

Rshudwru +LVR, fdq pdqlsxodwh wudqvplvvlrq uljkwv wr lqfuhdvh zhoiduh lq wkh suhvhqfh ri

jhqhudwlrq zlwk pdunhw srzhu1

Kduyh| dqg Krjdq vkrz wkdw pdunhw srzhu kdv ohvv h�hfw rq pdunhw h!flhqf| dqg vrfldo

zhoiduh lq d qrgdo sulflqj uhjlph wkdq li sulfhv duh dyhudjhg ryhu vhyhudo qrghv +}rqdo sulflqj,

^;`1 Wkdw lv ehfdxvh zlwk }rqdo sulflqj/ frqvwudlqw frvwv duh vrfldolvhg/ wkxv uhgxflqj wkh

6



ghpdqg hodvwlflw|/ dqg hqkdqflqj jhqhudwruv* pdunhw srzhu1 Lq wkh prghov zh dqdo|vh wkh

qrghv duh wuhdwhg vhsdudwho|1

Zh vkdoo vwxg| d vlpsoh wzr0qrgh prgho ri h{sruw iurp d qrgh zlwk pdunhw srzhu wr d

frpshwlwlyh pdunhw +dqdorjrxv wr wkh Vfrwodqg0Hqjodqg fdvh,/ dqg d pruh frpsoh{ wkuhh0qrgh

prgho ri d phvkhg qhwzrun fruuhvsrqglqj wr Wkh Qhwkhuodqgv lqwhufrqqhfwhg wr Jhupdq|

dqg Ehojlxp1

Lq d wzr0qrgh qhwzrun wkh wudqvplvvlrq rshudwru fdq lqfuhdvh zhoiduh li kh doorzv roljrsrolvwv

wr suh0hpsw wkh pdunhw iru wudqvplvvlrq fdsdflw|1 Wklv hqdeohv wkh h{sruwhuv wr suh0frpplw

vrph fdsdflw| ehiruh frpshwlqj lq wkh vsrw pdunhw/ dqg uhgxfhv wkh ghpdqg vwloo wr eh

vdwlv�hg dw wkhlu krph0pdunhw sulfh1 Uhgxfhg ghpdqg uhgxfhv wkh lqfhqwlyh wr lqfuhdvh sulfhv/

pxfk dv iruzdug frqwudfwv uhgxfh pdunhw srzhu lq frqyhqwlrqdo srrov +zlwkrxw wudqvplvvlrq

frqvwudlqwv, +^:`/ ^45`/ ^4`,1 Lq d wkuhh0qrgh qhwzrun zlwk pdunhw srzhu dw rqh qrgh/ wkh

wudqvplvvlrq rshudwru fdq uhgxfh sulfhv dqg prqrsro| uhqw/ dqg khqfh lpsuryh zhoiduh/ e|

dsso|lqj vr0fdoohg  rz jdwh sursruwlrqdolw| idfwruv zklfk gl�hu iurp wkrvh wkdw zrxog eh

frpsxwhg iurp wkh xqghuo|lqj sk|vlfdo qhwzrun fkdudfwhulvwlfv1 Zh vkrz wkdw wkh wzr vwhs

dssurdfk/ frpprq lq Hxursh/ ri �uvw ghflglqj krz vfdufh wudqvplvvlrq fdsdflw| lv wr eh

glylghg ehwzhhq gl�huhqw frxqwulhv iru wkhp wr doorfdwh iru wudqvplvvlrq frqwudfwv/ dqg wkhq

hdfk frxqwu| dxfwlrqlqj wkhvh wudqvplvvlrq frqwudfwv vhsdudwho|/ lv lqh!flhqw1 Pdunhw srzhu

fdq eh ehwwhu ghdow zlwk li erwk vwhsv duh lqwhjudwhg vxfk wkdw mrlqwo| xvhg vfdufh wudqvplvvlrq

fdsdflw| lv xvhg iru wudqvplvvlrqv ehwzhhq frxqwulhv zkhuh �upv r�hu wkh kljkhvw elgv1

Wkh looxvwudwlrqv lq wklv sdshu vkrz wkdw li pdunhw srzhu lv d sureohp/ wkhq lw kdv wr eh wdnhq

lqwr dffrxqw zkhq hydoxdwlqj gl�huhqw wudqvplvvlrq dffhvv ghvljqv1 Orrnlqj dw lpsdfwv rq

lqglylgxdo sulfhv lq wkh wkuhh0qrgh qhwzrun jlyhv olwwoh lqglfdwlrq ri wkh vl}h ri wkh wrwdo

zhoiduh fkdqjh 0 lpso|lqj wkdw pdunhw srzhu lq phvkhg qhwzrunv lv olnho| wr eh kdug wr

dgguhvv h�hfwlyho| zlwk d ghfhqwudolvhg dssurdfk1

5 Suh0frpplwphqw lq wzr qrgh fdvh= h{sruwhuv kdyh pdunhw

srzhu

Frqvlghu wzr hohfwulflw| qrghv lqwhufrqqhfwhg e| d wudqvplvvlrq olqh ri fdsdflw| N1 Lq wkh

�uvw prgho wkh xsvwuhdp pdunhw lv d v|pphwulf gxrsro|/ zlwk frqvwdqw yduldeoh frvwv qru0

pdolvhg wr }hur5/ surgxflqj dq h{sruw vxusoxv1 Wkh xsvwuhdp sulfh lv s�1 Wkh grzqvwuhdp

pdunhw lv shuihfwo| frpshwlwlyh zlwk d uhvlgxdo ghpdqg +qhw ri orfdo frpshwlwlyh vxsso|,1

Wkh grzqvwuhdp sulfh lv s2 A s�1

5Wkh uhvxowv gr qrw ghshqg rq wklv dvvxpswlrq/ dqg wkh jhqhudo fdvh ri dq duelwudu| qxpehu ri xsvwuhdp

jhqhudwlrq +lqfoxglqj prqrsro| fdvh,/ zlwk gl�hulqj yduldeoh frvwv fdq uhdglo| eh prghoohg zlwk hvvhqwldoo|

xqfkdqjhg uhvxowv/ dv vkrzq lq dsshqgl{ D1
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514 Fdvh D= Jhqhudwruv ghqlhg dffhvv wr dxfwlrq

Wkh Wudqvplvvlrq V|vwhp Rshudwru +WVR, dxfwlrqv wkh hqwluh dydlodeoh fdsdflw| wr wudghuv

+dqg jhqhudwruv duh suhyhqwhg iurp dftxlulqj fdsdflw|,1 Wkh pdunhw fohdulqj sulfh iru fd0

sdflw| lv hvwdeolvkhg hlwkhu e| udwlrqdo h{shfwdwlrqv ru uh0wudglqj lq wkh vsrw pdunhw dw wkh

gl�huhqfh lq sulfhv w @ s2 � s�1 Pdunhw ghpdqgv duh jlyhq e|=

|� @ D� � s�> |2 @ D2 � es2> +4,

iru wkh xsvwuhdp pdunhw +vxevfulsw 4, dqg grzqvwuhdp +vxevfulsw 5, pdunhwv uhvshfwlyho|1 Li

wkhuh lv dghtxdwh wudqvplvvlrq fdsdflw|/ wkhq wkh xsvwuhdp jhqhudwruv zloo pd{lplvh sur�wv

iru wkh pdunhw dv d zkroh/ vxemhfw wr d pdunhw fohdulqj sulfh

s� @
D� .D2 �T

4 . e
> N @ D2 � es ? N> +5,

zkhuh t6 lv rxwsxw e| jhqhudwru p dqg T @
S

t61 Lq rughu iru fdsdflw| wr eh vfdufh dqg

wkhuhiruh ixoo| xvhg/6

N ? D2 �

e+D� .D2,

6+4 . e,
? D2= +6,

Zh dvvxph wklv frqglwlrq krogv lq wkh iroorzlqj1

Lq wkdw fdvh/ pdunhw fohdulqj sulfhv zlwk fdsdflw| ixoo| xvhg duh=

s� @ D� .N �T> s2 @
D2 �N

e
> +7,

Sur�w iru jhqhudwru p>p @ 4> 5/ lq wkh xsvwuhdp pdunhw lv

�6 @ s�t6 @ +D� .N �T,t6= +8,

Wkh �uvw rughu frqglwlrq +IRF, iru wkh fkrlfh ri rxwsxw t6 lv=

t6 @ D� .N �T> +9,

dqg vr

t6 @ t? @
4

5
T> t6 @

4

6

�
D� .N

�
> s� @

4

6

�
D� .N

�
= +:,

6Wkh �uvw rughu frqglwlrq iru wkh fkrlfh ri hdfk jhqhudwru*v rxwsxw/ ^6 '
�
2
' lv ^6 ' E�� n�2�*�c khqfh

R '
E�4n�5�

�E�nK�
� Lq d frpshwlwlyh pdunhw fdsdflw| zloo eh ixoo| xvhg li g 	 �2�
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515 Fdvh E= Jhqhudwruv doorzhg wr suh0hpsw wudqvplvvlrq

Wkh WVR vhwv d sulfh iru lqwhufrqqhfw w dqg dq|rqh lv iuhh wr dftxluh fdsdflw|1 Wkh sulfh lv

vhw wr hqvxuh wkdw ghpdqg htxdov vxsso| dw ixoo fdsdflw|1 Frqvlghu �uvw wkh fdvh lq zklfk

jhqhudwru p ex|v n6/
S

n6 @ N � N 1 Sur�w iru jhqhudwru p lv qrz

�6 @ s�+t6 � n6, . n6+s2 � w,> +;,

@ +D� .N �T,+t6 � n6, . n6+
D2 �N

e
� w,=

Li wudghuv ex| wudqvplvvlrq vr orqj dv s2 � s� . w/ wkhq wkh rqo| htxloleulxp zloo eh dq

duelwudjhg rqh lq zklfk s2 � w @ s�/ N @ N/ lq zklfk fdvh htxdwlrq ; froodsvhv wr 8 dqg wkh

htxloleulxp zloo eh dv ehiruh1 Li/ krzhyhu/ wkh WVR vhwv d kljk hqrxjk wudqvplvvlrq sulfh/

w A s2� s�/ wudghuv zloo qrw ex| dq| wudqvplvvlrq dqg rqo| jhqhudwruv zloo ex|1 Lq wkdw fdvh

wkh IRF iru n6 dqg t6 uhvshfwlyho| duh=

IRF n6 = � +D� .N �T, . +t6 � n6, .
D2 �N

e
� w�

n6

e
@ 3> +<,

IRF t6 = . +D� .N �T,� +t6 � n6, @ 3= +43,

Htxdwlrq 43 jlyhv wkh xsvwuhdp htxloleulxp sulfhv dqg txdqwlwlhv +qrwlqj wkdw djdlq v|pphwu|

uhtxluhv t6 @ �

2
T> n6 @ �

2
N, dv

n6 @
4

6
+D2 � ew,> t6 @

4

6
+D� .D2 � ew,> p @ 4> 5

s� @
4

6
D�> s2 @

D2 �N

e
+44,

Frpsduhg wr 9/ surylghg doo wudqvplvvlrq fdsdflw| lv xvhg/ wkh grzqvwuhdp sulfh s2 lv wkh

vdph dqg wkh xsvwuhdp sulfh s� lv orzhu/ dqg khqfh zhoiduh lv kljkhu17 Dgglqj htxdwlrqv <

dqg 43 dqg qrwlqj wkdw/ e| v|pphwu|/ 5n6 @ N/ jlyhv wkh pdunhw fohdulqj sulfh iru ixoo|

xvlqj wkh lqwhufrqqhfwru/ w> dqg khqfh wkh qr duelwudjh frqglwlrq w A s2 � s�=

w @
D2 �

�

2
N

e
A

D2 �N

e
�

D�

6
@, D� A

6N

5e
= +45,

Li wklv frqglwlrq lv vdwlv�hg/ dqg li jhqhudwruv duh iuhh wr elg lq dq dxfwlrq iru lqwhufrqqhfwlrq/

wkh| zrxog suh0hpsw wkh hqwluh fdsdflw| +jlyhq wkh xvh0lw0ru0orvh0lw frqglwlrq,/ rxwelgglqj dq|

wudghuv ru frqvxphuv/ dqg udlvlqj srvvleoh uhjxodwru| frqfhuqv1 Wkh uhdvrq zk| vxfk suh0

hpswlyh elgglqj lpsuryhv zhoiduh lv wkdw/ �uvw/ grzqvwuhdp sulfhv duh sxuho| d ixqfwlrq ri

grzqvwuhdp lpsruwv/ zklfk duh frqvwudlqhg e| wkh dydlodeoh fdsdflw| qr pdwwhu zkr vhfxuhv

lw/ dqg vhfrqg/ elgglqj iru lqwhufrqqhfw fdsdflw| suhfrpplwv wkh jhqhudwruv wr ehkdyh pruh

frpshwlwlyho| lq wkhlu orfdo pdunhw/ gulylqj grzq sulfhv uhodwlyh wr qr frpplwphqw wr h{sruw1

7 Li wkh wudqvplvvlrq sulfh lv vhw kljkhu/ ghpdqg iru wudqvplvvlrq zloo eh ohvv wkdq vxsso|/ dqg wkh grzqvwuhdp

sulfh zloo eh kljkhu +wkrxjk wkh xsvwuhdp sulfh zloo eh xqd�hfwhg,1 Wkh xvh0lw0ru orvh lw frqglwlrq hqvxuhv

wkdw fdsdflw| zloo eh ixoo| xvhg/ dqg khqfh udwlrqdo jhqhudwru ghpdqg zrxog eh }hur dw dq| wudqvplvvlrq sulfh

deryh wkh pdunhw fohdulqj ohyho1
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Dv vxfk/ lw kdv wkh vdph frpshwlwlyh h�hfw wkdw r�hulqj frqwudfwv grhv lq wkh grphvwlf pdunhw/

dv qrwhg e| Dood} dqg Ylod ^4`1 Dq dowhuqdwlyh dqg htxlydohqw h{sodqdwlrq lv wkdw e| vhoolqj

h{sruw fdsdflw| dw d �{hg sulfh/ wkh pdujlqdo uhyhqxh iurp h{sruwv lv s2 � w/ zkhuhdv wkh

pdujlqdo uhyhqxh iurp vhoolqj lq wkh xsvwuhdp pdunhw lv htxdo wr pdujlqdo frvw/ zklfk lv }hur1

6 Suh0frpplwphqw lq wzr qrgh fdvh= lpsruwhuv kdyh pdunhw

srzhu

Qrz frqvlghu wkh vdph frq�jxudwlrq zlwk wzr hohfwulflw| qrghv lqwhufrqqhfwhg e| d wudqvplv0

vlrq olqh ri fdsdflw| N/ exw wklv wlph wkh xsvwuhdp h{sruwlqj pdunhw lv frpshwlwlyh/ dqg wkh

grzqvwuhdp lpsruwhuv duh dq q0�up roljrsro|1 Iru wklv frq�jxudwlrq wr uhvxow lq lpsruwv/

wkh lpsruwlqj �upv zrxog qrupdoo| kdyh kljkhu frvwv/ iru vlpsolflw| wdnhq dv frqvwdqw shu

xqlw dw f1 Djdlq iru vlpsolflw|/ rqo| wkh qhw h{sruwv duh prghoohg/ qrw wkh xqghuo|lqj ghpdqg

dqg vxsso|=

T� � |� @ N @ es�> |2 @ D2 � s2> +46,

zkhuh wrwdo h{sruwv duh N �N1 Wkh sulfhv zloo wkhq eh

s� @
N

e
> s2 @ D2 � +T .N,> T @

[
t6> N � N= +47,

Djdlq zh frqvlghu wkh wzr fdvhv lq zklfk jhqhudwruv duh hlwkhu ghqlhg ru judqwhg dffhvv wr

wkh lqwhufrqqhfwru dxfwlrq1 Lq wkh �uvw fdvh/ jhqhudwru sur�wv duh

�6 @ t6+s2 � f, @ t6+D2 �T�N � f, +48,

dqg wkh IRF zkhq wkh fdsdflw| frqvwudlqw elqgv iru t6 jlyhv

s2 @
D2 �N . qf

q. 4
> s� @

N

e
> N ?

e+D2 . qf,

q. 4 . e
> +49,

zkhuh wkh odvw whup lv wkh frqglwlrq iru wkh fdsdflw| frqvwudlqw wr elqg1

Lq wkh fdvh lq zklfk wkh jhqhudwruv duh doorzhg wr elg w iru lqwhufrqqhfw fdsdflw|/ suriw iru

jhqhudwru p zloo eh

�6 @ t6+s2 � f, . n6+s2 � w� s�,> +4:,

@ +D2 �N �T,+t6 . n6,� t6f� n6+
N

e
. w,=

Jhqhudwruv zloo rqo| eh vxffhvvixo lq dftxlulqj lpsruw fdsdflw| li wkh| duh zloolqj wr elg pruh

wkdq wkh htxloleulxp sulfh gl�huhqfh/ l1h1 surylghg w A s2 � s�1 Zh vkdoo vhh wkdw wklv lv

lpsrvvleoh/ vr wkhuh lv qr kdup +exw qr ehqh�w, lq doorzlqj jhqhudwruv wr elg1 Vxssrvh wkh|

:



idfh qr frpshwlwlrq iurp wudghuv/ wkhlu fkrlfh ri rxwsxw dqg wudqvplvvlrq fdsdflw| lq wklv

v|pphwulf fdvh zloo eh jlyhq e| wkh IRFv=

IRF n6 = +D2 �N �T,� +t6 . n6,� w�
N

e
�
n6

e
@ 3> +4;,

IRF t6 = +D2 �N �T,� +t6 . n6,� f @ 3= +4<,

Vroylqj iru sulfhv jlyhv

s2 @
D2 . qf

q. 4
> w @ f�

+q. 4,N

qe
@ f�

q. 4

q
s�= +53,

Wkh qr duelwudjh frqglwlrq uhtxluhv

s2 � w ? s� $
D2 . qf

q. 4
� f.

q. 4

q
s� ? s� +54,

zklfk lv lpsrvvleoh jlyhq wkdw D2 A f1

Wkh frqfoxvlrq lv wkdw zkloh wkhuh dsshduv wr eh qr kdup lq doorzlqj lpsruwhuv zlwk pdunhw

srzhu wr elg iru lqwhufrqqhfw fdsdflw|/ dv wkhlu remhfwlyh lv wr lqfuhdvh wkh pdujlq ehwzhhq

wkh sulfh lq wkh h{sruw pdunhw dqg lq wkh lpsruw pdunhw/ surylghg doo wkh lqwhufrqqhfwlrq lv

ixoo| xvhg +dv uhtxluhg xqghu �xvh0lw0ru0orvh0lw�, wkh| zloo phuho| hqfrxudjh wudghuv wr rxwelg

wkhp1

7 Plwljdwlqj Pdunhw Srzhu lq Phvkhg Qhwzrunv

Lq d vlpsoh wzr0qrgh qhwzrun zlwk d vlqjoh olqn wkhuh lv qr dpeljxlw| derxw wkh frqfhsw

ri wudqvplvvlrq fdsdflw|/ dv doo srzhu iurp rqh qrgh pxvw  rz dorqj wkh vlqjoh olqn wr wkh

rwkhu1 Lq d phvkhg qhwzrun zlwk pruh wkdq rqh srvvleoh sdwk iurp rqh qrgh wr dqrwkhu/

hohfwulflw| zloo  rz ryhu doo olqnv/ glvwulexwhg dffruglqj wr Nlufkr�*v Odzv ^5`1 D jhqhudwru

dw rqh qrgh pd| vljq d frqwudfw wr gholyhu srzhu wr d frqvxphu dw dqrwkhu qrgh/ dqg wkhq

vhhn wr vljq d frqwudfw zlwk wkh wudqvplvvlrq rshudwru ri wkh prvw gluhfw olqn/ exw rqo| vrph

ri wkh srzhu zloo dfwxdoo|  rz dorqj wklv olqn/ zlwk wkh edodqfh fuhdwlqj corrs  rzv* dorqj doo

rwkhu sdwkv frqqhfwlqj wkh vrxufh +wkh jhqhudwru, wr wkh vlqn +�qdo frqvxphu,1 Ghdolqj zlwk

wkhvh orrs  rzv ehghylov wkh pdqdjhphqw ri ihghudo wudqvplvvlrq v|vwhpv/ lq zklfk ydulrxv

vxe0julgv ri wkh lqwhufrqqhfwhg v|vwhp duh xqghu wkh mxulvglfwlrq ri vhsdudwh Wudqvplvvlrq

V|vwhp Rshudwruv +WVRv,1 Rqh gluhfw frqvhtxhqfh ri wkhvh orrs  rzv lv wkdw d wudqvplvvlrq

frqvwudlqw rq rqh olqn lpsdfwv rq wkh  rzv wkdw duh srvvleoh rq hyhu| hohfwulflw| wudqvplvvlrq

olqn lq wkh qhwzrun1

Vrph v|vwhpv +l1h1 Hqjodqg dqg Zdohv xqghu srro dqg QHWD, doorz pdunhw sduwlflsdqwv wr

lqvhuw dqg zlwkgudz hqhuj| xs wr wkh frqwudfwhg frqqhfwlrq fdsdflw|1 Wkh v|vwhp rshudwru lv

vxevhtxhqwo| uhtxluhg wr uhvroyh wudqvplvvlrq frqvwudlqwv lq wkh edodqflqj pdunhw zklovw wkh

;



lqfxuuhg frvwv duh vrfldolvhg1 Vxfk d srolf| fdq eh sur�wdeoh dexvhg e| pdunhw sduwlflsdqwv

e| �uvw fuhdwlqj frqjhvwlrq dqg vxvehtxhqwo| frqwudfwlqj lq wkh edodqflqj pdunhw wr uhvroyh

lw1 Ixuwkhupruh zurqj orfdwlrqdo vljqdov iru lqyhvwphqw fdq uhvxow1 Vxfk d srolf| lv lqihdvleoh

lq qhwzrunv zlwk vljql�fdqw wudqvplvvlrq frqvwudlqwv +HX/ Vfrwwodqg0Hqjodqg, ru qhwzrunv

zlwklq zklfk frvwv fdq qrw eh vrfldolvhg +HX,1

Wzr gl�huhqw dssurdfkhv kdyh ehhq sursrvhg wr h{solflwo| pdqdjh wudqvplvvlrq frqvwudlqwv

lq d olehudolvhg hohfwulflw| pdunhw/ qrgdo sulfhv dqg surshuw| uljkwv1 Lq wkh qrgdo sulflqj

dssurdfk/ wkh v|vwhp rshudwru �qgv wkh ihdvleoh pdunhw fohdulqj sulfhv dw hdfk qrgh wkdw

uhvshfw wkh wudqvplvvlrq dqg rwkhu frqvwudlqwv1 Jhqhudwruv uhfhlyh wkh qrgdo sulfh ri wkhlu

lqmhfwlrq srlqw/ dqg frqvxphuv sd| wkh qrgdo sulfh dw wkh r�0wdnh srlqw1 Ilqdqfldo wudqv0

plvvlrq frqwudfwv wkhq doorz pdunhw sduwlflsdqwv wr khgjh djdlqvw wkh ulvn wkdw wkh qrgdo

sulfhv pd| gl�hu vxevwdqwldoo| ryhu vsdfh1 Wkh v|vwhp rshudwru gh idfwr vlpxodwhv d pdunhw

ri surshuw| uljkwv iru vfdufh wudqvplvvlrq dvvhwv wr ghwhuplqh wkh qrgdo sulfhv1 Qrgdo sulflqj

fdq wkhuhiruh eh lqwhusuhwhg dv dq lqwhuidfh wr vlpsoli| wkh xqghuo|lqj pdunhw vwuxfwxuh dqg

uhgxfh wudqvdfwlrq frvwv1 Zh fdq uhvwulfw rxu dqdo|vlv wr sk|vlfdo wudqvplvvlrq uljkwv/ ehfdxvh

dq| ghvljq ri sk|vlfdo wudqvplvvlrq uljkwv fdq vxevhtxhqwo| eh lpsohphqwhg e| wkh v|vwhp

rshudwru zkhq vlpxodwlqj surshuw| uljkwv wr ghwhuplqh qrgdo sulfhv1

Lq wkh vhfrqg dssurdfk surshuw| uljkwv duh fuhdwhg dqg dxfwlrqhg1 Iorz jdwh uljkwv duh

wkh ixqgdphqwdo hqwlw| fruuhvsrqglqj wr lqglylgxdo olqnv1 Wkh v|vwhp rshudwru fdofxodwhv

sursruwlrqdolw| idfwruv �&�� wr ghwhuplqh zkdw sursruwlrq ri hqhuj|  rz ehwzhhq lqmhfwlrq

qrgh l dqg r�wdnh qrgh m zloo sdvv ryhu olqn n1 Wkh sursruwlrqdolw| idfwru �&�� lv qhjdwlyh li wkh

hqhuj|  rz jrhv lq wkh rssrvlwh gluhfwlrq wr wkh gh�qhg rulhqwdwlrq ri wkh olqn18 Vxevhtxhqwo|

pdunhw sduwlflsdqwvppxowlso| wkh srzhu yroxph t�� +srvlwlyh dprxqw ri PZ,9 wkh| zdqw wr

wudqvplw ehwzhhq wzr qrghv zlwk wkh fruuhvsrqglqj sursruwlrqdolw| idfwru1 Wklv ghwhuplqhv

krz pdq|  rz jdwh uljkwv wkh| kdyh wr rewdlq iru hdfk olqn1 Wkh v|vwhp rshudwru fdq lvvxh

d qhw dprxqw ri  rz jdwhv I& xs wr wkh fdsdflw| N& ri wkh olqn1 Wudqvplvvlrq fdsdflw| fdq

eh xvhg iru qhw  rzv lq hlwkhu gluhfwlrq ri wkh wudqvplvvlrq olqh1:

�N& � I& @
[

6

[

�c�

�&��t
6
�� � N&> ;n= +55,

Frdvh dujxhg wkdw li doo h{whuqdolwlhv fdq eh kdqgohg e| frvwohvv edujdlqlqj wkhq wkh uhvxow

zrxog eh h!flhqw^9`/ vr lq wkh devhqfh ri dq| pdunhw srzhu  rz jdwh uljkwv +li dffxudwho|

gh�qhg, vkrxog ohdg wr wkh vdph h!flhqw htxloleulxp dv frpshwlwlyh qrgdo sulflqj1

Lpsohphqwlqj d ixoo vhw ri  rz jdwh uljkwv lv frpsoh{ dqg fuhdwhv gl!fxowlhv ehfdxvh g|qdplf

fkdqjhv ri wkh qhwzrun/ l1h1 gxh wr pdlqwhqdqfh ri olqhv/ lpso| wkdw sk|vlfdo sursruwlrqdolw|

8Wkh rulhqwdwlrqv duh ghwhuplqhg duelwudulo|/ dqg wkhvh zloo ghwhuplqh wkh vljqv ri wkh idfwruv �&
�� dqg khqfh

wkh frqvlvwhqf| ri wkh  rz dqdo|vlv1
9Hqhuj| lv phdvxuhg lq PZk/ zkloh fdsdflw| lv phdvxuhg lq PZ1 Zh gh�qh d xqlw ri wlph gxulqj zklfk

 rzv duh frqvwdqw/ dqg wkh hqhuj| lv wkhq PZ pxowlsohg e| wkh wlph lqwhuydo/ wdnhq khuh dv 4 xqlw1
:Wklv lv d frpprq dvvxpswlrq lq wkh gluhfw fxuuhqw dssur{lpdwlrq ri qhwzrunv1 Vhfxulw| frqvwudlqwv/

yrowdjh frqvwudlqwv dqg uhdfwlyh srzhu  rz xvxdoo| lpsolhv dv|pphwulf frqvwudlqwv rq lqglylgxdo  rz jdwhv1

<



idfwruv fkdqjh ryhu wlph1 Wkhuhiruh hlwkhu qrgh0wr0qrgh wudqvplvvlrq frqwudfwv ru hqwu|2h{lw

uljkwv pljkw eh xvhg wr gh�qh vxlwdeoh surshuw| uljkwv1 Erwk ghvljqv duh iru rxu sxusrvhv

lghqwlfdo1 Zh irfxv rq hqwu|2h{lw uljkwv ehfdxvh wkh| idflolwdwh vxevhtxhqw fdofxodwlrqv1 Rqh

xqlw ri h{lw uljkw lv wkh qhjdwlyh ri rqh xqlw ri hqwu| uljkw/ wkhuhiruh rqo| hqwu| uljkwv kdyh

wr eh gh�qhg1;

Zh dvvxph frqwudfwv duh reoljdwlrqv +zlwk shqdowlhv iru qrq0ixo�oophqw,> wkhuhiruh pdunhw sdu0

wlflsdqwv rewdlq wkh qhw dprxqw ri hqwu| uljkwv wr pdwfk qhw ghpdqg \� @Ghpdqg�Jhqhudwlrq1
<

Dv hohfwulflw| fdqqrw eh vwruhg qhw ghpdqg htxdov wkh vxp ri lpsruwv plqxv h{sruwv=

\� @ Lpsruw� H{sruw @
[

6

[

� �'�

�
t6�� � t6��

�
/ +56,

Pdunhw sduwlflsdqwv duh uhtxluhg wr pdwfk qhw0ghpdqg dw dq| qrgh zlwk hqwu| uljkwv vxfk

wkdw \� @ N�1 Wkh v|vwhp rshudwru kdv wr ghflgh krz pdq| hqwu| uljkwv N� iru qrgh l wr

lvvxh vxfk wkdw wudqvplvvlrq frqvwudlqwv duh qrw ylrodwhg e| wkh uhvxowlqj  rzv143 Kh fdq

pdnh xvh ri wzr qhwzrun surshuwlhv= �uvw/ wkh wrwdo qhw hqhuj| lqvhuwhg wr wkh qhwzrun lv

}hur1 Wkhuhiruh uljkwv duh rqo| uhtxluhg iru doo exw rqh qrgh/ zklfk lv uhihuuhg wr dv uhihuhqfh

qrgh u1 Vhfrqg/ hqhuj|  rzv vxshulpsrvh dgglwlyho| rq wkh qhwzrun1 Wklv doorzv xv wr

suhwhqg wkdw dw dq| qrghv l wkh lvvxhg hqwu| uljkwv N� duh xvhg wr vdwlvi| qhw ghpdqg \� e|

rqo| wudglqj zlwk uhihuhqfh qrgh u1 Wklv phdqv zh rewdlq wkh vdph  rzv dv lq uhdolw| li zh

suhwhqg wkdw doo hqwu| uljkwv N� zloo eh xvhg wr vfkhgxoh qhw  rzv to� iurp wkh uhihuhqfh qrgh

u wr qrgh l1 Li qrgh l lv d qhw h{sruwhu to� lv qhjdwlyh1 Doo rwkhu t�� zlwk l 9@ u duh 3 dv zh

dvvxphg wkdw qhw ghpdqg lv rqo| wudghg zlwk wkh uhihuhqfh qrgh1 Vxevwlwxwlqj N� iru to� lq

htxdwlrq 55 dqg vhwwlqj doo rwkhu t�� @ 3 zh ghwhuplqh wkh ihdvleoh dprxqw ri hqwu| uljkwv wr

eh lvvxhg1

�N& �
[

��'o

�&o�N� � N&> ;n= +57,

Lq d shuihfw zruog wkh v|vwhp rshudwru fdq ghwhuplqh wkh rswlpdo N� dqg htxdwlrq 55 dqg

htxdwlrq 57 uhvxow lq wkh vdph pdunhw htxloleulxp144 Xqfhuwdlqw| derxw ixwxuh ghpdqg

; Lw lv xqghflghg zkhwkhu ghpdqg fdq eh suhglfwhg vx!flhqwo| dffxudwh dqg ghpdqg vlgh pdqdjhphqw lv

vx!flhqwo| luuhohydqw wr doorz iru d ixuwkhu vlpsol�fdwlrq= Rqo| jhqhudwruv qrw ghpdqg kdv wr rewdlq dffhvv

uljkwv1
< Li  rz jdwh uljkwv kdyh d qrq0qhjdwlyh ydoxh wkh| duh iuhtxhqwo| gh�qhg dv rswlrqv1 Qrq h{hfxwlrq ri

wkh rswlrq uhgxfhv ordg rq d frqvwudlqhg olqn exw pljkw lqfuhdvh ordgv rq rwkhu olqnv/ wr wkh srlqw wkdw wkh|

ehfrph frqvwudlqhg dqg uhgxfh dydlodeoh +dqg douhdg| doorfdwhg, fdsdflw|1 Li  rz jdwh uljkwv duh djjuhjdwhg

wr hqwu|2h{lw uljkwv wkhq d uljkw zlwk d srvlwlyh ydoxh pljkw hqwlwoh wkh kroghu wr lqfuhdvh frqjhvwlrq rq vrph

olqnv zkloh uholhylqj frqjhvwlrq rq rwkhu olqnv1 Wkhuhiruh hyhq hqwu|2h{lw uljkwv zlwk srvlwlyh ydoxhv vkrxog eh

wuhdwhg dv reoljdwlrqv wr hqvxuh wkdw wkh dqwlflsdwhg frqjhvwlrq0uholhylqj  rzv dfwxdoo| wdnh sodfh dqg uhohdvh

wkh uhtxluhg fdsdflw| rq wkrvh olqnv1
43Wkh frqvhtxhqfh ri frpprq qrwdwlrq iru  rz gluhfwlrqv/ exv ordg dqg qhw ghpdqg uhtxluhv wkdw rqh xqlw

ri hqwu| uljkwv fruuhvsrqgv wr g ' 3��
44Olqhdu vxshusrvlwlrq ri  rzv lpsolhv iru wkh pdwul{ � wkdw ��� n ��& ' ��&c ��c �c &1

43



Competitive market
Net demand=A-bp2

1

32

Y1

Competitive market
Net demand =A-bp3

Oligopoly with n generators
Demand = A1-b1p1
Marginal cost = �qi

Y3Y2

Constraint location in
numerical example K*

Iljxuh 7= Wkuhh qrgh qhwzrun zlwk rqh fdsdflw| frqvwudlqw wudqvplvvlrq olqh

ru pdunhw srzhu uhtxluh wkdw wkh v|vwhp rshudwru dgmxvwv N� lq rughu wr xvh wudqvplvvlrq

fdsdflw| zkhuh lw lv prvw h�hfwlyh1 Exw wudqvdfwlrq frvwv/ looltxlg pdunhwv dqg wlph frqvwudlqwv

fdq suhyhqw wkh v|vwhp rshudwru iurp dgmxvwlqj N� dqg euhdn wkh lghqwlw| ehwzhhq  rz jdwhv

dqg hqwu| uljkwv145

Wkh hqwluh vxevhtxhqw dqdo|vlv lv shuiruphg rq hqwu| uljkwv1 Li wkh N�v fdq eh uhdgmxvwhg

frqwlqxrxvo| zh zloo uhihu wr d vzdsslqj v|vwhp rshudwru h{fkdqjlqj wudqvplvvlrq frqwudfwv1

Li wkh N�v duh �{hg zh zloo ghvfuleh wkh v|vwhp rshudwru dv uhvwudlqhg +iurp dfwlyho| wudglqj,/

dv kh lv fxuuhqwo| lq doo ghvljqv ri sk|vlfdo surshuw| uljkwv edvhg rq srlqw wr srlqw frqwudfwv

ru hqwu| uljkwv1

Wkh vhfwlrq lv vwuxfwxuhg dv iroorzv1 Wkh �uvw vxevhfwlrq h{sodlqv hqwu| uljkwv lq wkh wkuhh

qrgh prgho dqg ghvfulehv wkh dvvxpswlrqv derxw ghpdqg dqg vxsso|1 Vxevhfwlrq wzr frq0

wdlqv wkh dqdo|wlf vroxwlrqv iru htxloleuld zlwk gl�huhqw wudqvplvvlrq dffhvv ghvljqv1 Vxevhf0

wlrq wkuhh ghvfulehv wzr vfhqdulrv ri dq lpsruwlqj prqrsrolvw iroorzhg lq vxevhfwlrq irxu e|

dq h{sruwlqj gxrsro|1

714 Wkh prgho

Wkh h�hfwv ri pdunhw srzhu duh dqdo|vhg lq d wkuhh qrgh qhwzrun/ looxvwudwhg lq Iljxuh

7146Frqvwudlqwv rq ihdvleoh hqwu| uljkwv duh jlyhq lq htxdwlrq 571 Dv frqwudfwv duh gh�qhg dv

reoljdwlrqv wkh dprxqw ri hqwu| uljkwv lvvxhg N� pdwfkhv qhw ghpdqg dw qrgh \�1 Zklovw wkh

dojheud zloo eh nhsw dw wklv jhqhudo ohyho qxphulfdo h{dpsohv duh edvhg rq d qhwzrun zlwk

htxdo uhvlvwdqfh rq doo olqnv dqg rqh elqglqj frqvwudlqw dv lqglfdwhg lq �jxuh 71 Zh �uvw

dvvhvv wkh glvwulexwlrq ri  rzv iurp qrgh rqh wr qrgh wzr1 Rkp*v odz lpsolhv wkdw  rzv duh

45Wudqvplvvlrq dffhvv ghvljqv duh vlpsol�hg lq rughu wr irfxv rq wkh h�hfw ri pdunhw srzhu lq qhwzrunv1

Ghvljqv wkdw vhhp vlplodu lq wkh vlpsol�hg prgho pd| gl�hu lq h!flhqf|/ zhoiduh glvwulexwlrq dqg wuhdwphqw ri

lqwhuplwwhqw dqg vpdoo jhqhudwruv li zh frqvlghu xqfhuwdlqw| ri ixwxuh ghpdqg/ g|qdplfdo dvshfwv ri hohfwulflw|

qhwzrunv/ wudqvdfwlrq frvwv dqg looltxlglw| ri pdunhwv1
46Orvvhv/ yrowdjh olplwv/ vhfxulw| frqvwudlqwv dqg uhdfwlyh srzhu duh ljqruhg lq wkh dqdo|vlv iroorzlqj vlplodu

dssurdfkhv e| l1h1 ^<`1

44



glylghg sursruwlrqdoo| wr wkh lqyhuvh ri wkh uhvlvwdqfh rq wkh fkrvhq urxwh1 Wkh urxwh iurp

qrgh rqh yld qrgh wkuhh wr qrgh wzr lv wzlfh dv orqj dv wkh gluhfw urxwh/ wkhuhiruh uhvlvwdqfh

lv wzlfh dv kljk1 Wkh vsolw idfwru 5 = 4 lpsolhv wkdw rqh wklug ri hqhuj| zloo eh wudqvplwwhg

yld wkh frqvwudlqhg olqn ehwzhhq qrgh rqh dqg qrgh wkuhh1 Wkh vdph dujxphqw vkrzv wkdw

wzr wklugv ri hqhuj| iurp qrgh rqh wr qrgh wkuhh zloo sdvv wkh frqvwudlqhg olqn1 Wkh v|vwhp

rshudwru kdv wr uhvwulfw wkh qhw dprxqw ri hqwu| uljkwv N� wr qrgh wzr dqg wkuhh vxfk wkdw

�N
W

�
�
�
N2 .

2
�
N� � N

W

1 Wkh idfwru lq iurqw ri N2 fdq dozd|v eh vhw wr rqh e| uhvfdolqj

N1 Htxdwlrq 58 jlyhv d jhqhudo h{suhvvlrq iru rqh wudqvplvvlrq frqvwudlqw lq d wkuhh qrgh

qhwzrun1

�N � N2 . �� �N� � N1 +58,

Lq wkh v|pphwulf qhwzrun zlwk rqh frqvwudlqw dv lqglfdwhg lq Iljxuh 7/ N htxdov wkuhh wlphv

wkh wudqvplvvlrq fdsdflw| rq wkh frqvwudlqhg olqn dqg sk|vlfdo sursruwlrqdolw| idfwru ��

htxdov 51

Lq wkh vxevhtxhqw dqdo|vlv ri pdunhw srzhu zh zloo xvh wkuhh gl�huhqw ghvljqv ri hqwu| uljkwv1

Wkh �uvw dssurdfk fruuhvsrqgv wr wkh wudglwlrqdo xvdjh ri  rz jdwh uljkwv zlwk �8 @ �� 1

Wkh v|vwhp rshudwru frqwlqxrxvo| r�huv wr vzds dffhvv uljkwv wr qrgh wzr dqg dffhvv uljkwv

wr qrgh wkuhh dw wkh udwlr �� = 41 Lq wkh vhfrqg dssurdfk wkh v|vwhp rshudwru fdq fkrvh

wkh �qdqfldo sursruwlrqdolw| idfwru �8 dw zklfk kh zloo vxevhtxhqwo| vzds hqwu| uljkwv1 Wkh

ghvljq kdv wkh glvdgydqwdjh wkdw frqvwudlqw 58 lv qr orqjhu dxwrpdwlfdoo| vdwlv�hg1 Li pdunhw

sduwlflsdqwv vzds uljkwv wkh v|vwhp rshudwru kdv wr fkdqjh wkh wrwdo dprxqw ri rxwvwdqglqj

uljkwv wr nhhs 58 elqglqj1 D wklug dssurdfk uhvhpeohv wkh w|slfdo hqwu| uljkwv ru srlqw0wr0

srlqw frqwudfwv1 Wkh v|vwhp rshudwru lqlwldoo| ghwhuplqhv wkh dprxqw ri hqwu| uljkwv iru hdfk

qrgh1 Kh fkrrvhv N2 dqg N� wr pd{lplvh zhoiduh1
47

Iru wkh vxevhtxhqw looxvwudwlrq zh dvvxph dq roljrsro| zlwk Q jhqhudwruv lq qrgh rqh1 Hdfk

roljrsrolvw lqfxuv pdujlqdo frvwv f6 olqhdu lqfuhdvlqj zlwk rxwsxw t6=

f6 @ �t61 +59,

Jhqhudwruv dw qrgh rqh idfh d olqhdu ghpdqg vfkhgxoh1

G @ D� � e�s�1 +5:,

Dw qrgh wzr dqg wkuhh frpshwlwlyh jhqhudwlrq dqg ghpdqg lv orfdwhg/ uhsuhvhqwhg e| d olqhdu

qhw ghpdqg ixqfwlrq

\� @ D� es�/ l @ 5> 6 1 +5;,

47Dujxphqwv lq idyru ri vxfk d uhvwudlqhg dssurdfk duh uhgxfhg wudqvdfwlrq frvwv dqg wkh gl!fxowlhv ri

wudglqj hqwu|2h{lw uljkwv lq d srwhqwldoo| looltxlg pdunhw1
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715 Dojheud

Htxloleulxp sulfhv hyroyh lq d wkuhh0vwdjh jdph1 Lq wkh �uvw vwdjh wkh vzdsslqj v|vwhp

rshudwru vhwv wkh �qdqfldo sursruwlrqdolw| idfwru �8 zklovw d uhvwudlqhg v|vwhp rshudwru

fkrrvhv wkh yroxph ri gl�huhqw hqwu| uljkwv N2 dqg N�1 Lq wkh vhfrqg vwdjh hohfwulflw|

jhqhudwruv zlwk pdunhw srzhu fkrvh wkhlu rswlpdo rxwsxw ohyho1 Lq wkh wklug vwdjh frpshwlwlyh

jhqhudwruv fkrrvh rxwsxw vxfk wkdw pdujlqdo frvwv htxdo sulfh1

Lq rxu dqdo|vlv zh surfhhg lq wkh lqyhuvh rughu ehfdxvh frpsohwh lqirupdwlrq doorzv ghfl0

vlrq pdnhuv lq hduolhu vwdjhv wr dqwlflsdwh dqg lqfrusrudwh wkh lpsolfdwlrqv ri wkhlu fkrlfhv1

Vwduwlqj zlwk vwdjh wkuhh zh fdofxodwh wkh qhw lpsruwv wr qrgh rqh iurp frpshwlwlyh pdu0

nhwv dw qrgh wzr dqg wkuhh +Vhfwlrq 71514,1 Lq vwdjh wzr wkh htxloleulxp sulfh dw qrgh rqh

lv fdofxodwhg1 Lq vhfwlrq 71515 zh dvvxph shuihfw frpshwlwlrq dw qrgh rqh iroorzhg e| wkh

dvvxpswlrq ri roljrsrolvwlf frpshwlwlrq dw qrgh rqh lq vhfwlrq 715161 Ilqdoo| dw vwdjh rqh

zh fdofxodwh wkh rswlpdo fkrlfh ri sdudphwhuv iru wkh v|vwhp rshudwru1 Lq vhfwlrq 71517 zh

fdofxodwh wrwdo zhoiduh jdlqv dv shuirupdqfh lqglfdwru iru wkh v|vwhp rshudwru1 Zkhuhdv wkh

suhylrxv fdofxodwlrq zdv irfxvhg rq d vzdsslqj v|vwhp/ vhfwlrq 71518 vxppdulvhv wkh dqdo|vlv

iru d uhvwudlqhg v|vwhp rshudwru ghwhuplqlqj wkh dprxqw ri hqwu| uljkwv h{ dqwh1

71514 Qhw lpsruwv wr qrgh rqh

Dvvxplqj wkdw wkh sk|vlfdo wudqvplvvlrq frqvwudlqw lv elqglqj/ wkh pdunhw fohdulqj frqglwlrq

iru hqwu| uljkwv iroorzv iurp htxdwlrq 581 Li wkh roljrsro| lv h{sruwlqj wkhq N lv srvlwlyh/

rwkhuzlvh qhjdwlyh1 Wkh dprxqw ri hqwu| uljkwv N2 dqg N� iru qrghv wzr dqg wkuhh duh

N2 . �� �N� @ N1 +5<,

Li wkh v|vwhp rshudwru doorfdwhv wudqvplvvlrq fdsdflw| h{ dqwh dqg wkh wudqvplvvlrq frqvwudlqw

lv vxevhtxhqwo| elqglqj wkhq wkh frqvhuydwlrq ri hqhu| lpsolhv wkdw qhw lpsruwv lq qrgh rqh

duh �{hg \� @ �\2 � \� @ �N2 �N�1

Li wkh v|vwhp rshudwru lv zloolqj wr vzds hqwu| uljkwv wr qrghv wzr dqg wkuhh/ wkhq lpsruwv

wr qrgh rqh fdq fkdqjh1 Wkh v|vwhp rshudwru dqqrxqfhv d �qdqfldo sursruwlrqdolw| idfwru

�8 dqg zloo h{fkdqjh rqh xqlw ri hqwu| uljkwv iru qrgh wkuhh iru �8 xqlwv ri hqwu| uljkwv iru

qrgh wzr1 Pdunhw sduwlflsdqwv zloo vzds hqwu| uljkwv dv orqj dv duelwudjh lv srvvleoh1 Wkh

ydoxh ri hqwu| uljkwv wr qrgh wzr htxdov wkh sulfh gl�huhqfh ehwzhhq qrgh wzr dqg qrgh rqh/

s� � s2= Wkh ydoxh ri hqwu| uljkwv iru qrgh 6 lv s� � s�1 Wkh qr duelwudjh frqglwlrq wkhuhiruh

uhtxluhv=

s� � s� @ �8 +s� � s2, 1 +63,

Zh dvvxph ixoo xwlolvdwlrq ri fdsdflw| \� @ N� lq htxdwlrq 5< dqg frpelqh lw zlwk wkh

qhw0ghpdqg htxdwlrqv 5; iru qrghv wzr dqg wkuhh wr rewdlq d uhodwlrq ehwzhhq s2 dqg s�=

s2 . �� � s� @
D +4 . �� ,�N

e
1 +64,
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Htxdwlrq 64 dqg 63 fdq eh frpelqhg wr �qg s2 dqg s� dv ixqfwlrq ri s�=

s2 @

�E�n�
�
�3g

K
. �� +�8 � 4, s�

4 . �8��
/ s� @

�8
�E�n�

�
�3g

K
� +�8 � 4, s�

4 . �8��
1 +65,

Lqvhuwlqj wkhvh sulfhv lq qhw ghpdqg ixqfwlrq 5; jlyhv wkh djjuhjdwh qhw lpsruwv dw qrgh rqh

dv ixqfwlrq ri s�=

\� @ �\2 � \� @
�+�8 . 4,N . +�� � 4, +�8 � 4, +es� �D,

4 . �8��
1 +66,

Iru ixuwkhu xvh zh gh�qh vorsh 
 dqg lqwhufhsw � ri wkh suhylrxv htxdwlrq dv \� @ 
s�.�=

� @
�+�8 . 4,N � +�� � 4, +�8 � 4,D

4 . �8��
/ 
 @ e

+�� � 4, +�8 � 4,

4 . �8��
1 +67,

71515 Vzdsslqj v|vwhp rshudwru dqg shuihfw frpshwlwlrq dw qrgh rqh

Dvvxplqj wkh jhqhudwruv dw qrgh rqh dfw dv sulfh wdnhuv/ wkh| fkrrvh rxwsxw vxfk wkdw

pdujlqdo frvwv htxdo wkh sulfh +htxdwlrq 59,=

�
D� � \� � e�s�

Q
@ s�1 +68,

Vxevwlwxwlqj wkh qhw lpsruw txdqwlw| \� iurp htxdwlrq 66 zh rewdlq dq htxdwlrq iru wkh sulfh

dw qrgh rqh dv d ixqfwlrq ri doo sdudphwhuv=

s� @
D� ��+�

8
> �

�
>N>D,

e� .Q@� .
+�
8
> �

�
> e,

1 +69,

Htxdwlrq 65 fdq wkhq eh xvhg wr fdofxodwh wkh fruuhvsrqglqj sulfhv dw qrghv wzr dqg wkuhh1

71516 Vzdsslqj v|vwhp rshudwru dqg pdunhw srzhu dw qrgh rqh

Wkh roljrsrolvwv dw qrgh rqh ghwhuplqh rxwsxw t� wr pd{lplvh sur�w wdnlqj wkh rxwsxw ri

doo rwkhu �upv t� dv jlyhq1 Zh dvvxph Q v|pphwulfdo �upv1 D rqh0wr0rqh pdsslqj h{lvwv

ehwzhhq wkh rxwsxw dq roljrsrolvw l vhwv dqg wkh uhvxowlqj htxloleulxp sulfh dw qrgh rqh1

Wkhuhiruh zh �uvw fdofxodwh wkh sulfh s� zklfk pd{lplvhv �up l*v sur�w dqg wkhq ghwhuplqh

wkh fruuhvsrqglqj t�/ dozd|v wdnlqj rxwsxw ri wkh rwkhu �upv t� iru m 9@ l dv �{hg1 Sur�w ri

�up l lv jlyhq e| txdqwlw| vrog wlphv uhyhqxh plqxv jhqhudwlrq frvwv/ zkhuh wrwdo frvwv duh
q

2
t2
�
=

�6 @ +D� � e�s� � \� � +Q � 4,t�,

�
s� �

�

5
+D� � e�s� � \� � +Q � 4,t�,

�
1 +6:,

Wkh �uvw rughu frqglwlrq ri htxdwlrq 6: jlyhv wkh sur�w pd{lplvlqj s� dv d ixqfwlrq ri rxwsxw

t� ri dq| ri wkh rwkhu v|pphwulf �upv1 Dv doo �upv duh lghqwlfdo wrwdo rxwsxw Qt� htxdov

ghpdqg plqxv lpsruwv/ Qt� @ D�� e�s��\�+s�,1 Frpelqlqj wklv pdunhw fohdulqj frqglwlrq

zlwk wkh �uvw rughu frqglwlrq zh rewdlq wkh roljrsro| sulfh dw qrgh rqh=

s� @

�
D� ��+�

8
> �

�
>N>D,

�
+4 . �+e� .
+�

8
> �

�
> e,,,

+e� .
+�
8
> �

�
> e,,+Q . 4 . �+e� .
+�

8
> �

�
> e,,,

1 +6;,

Wkh fruuhvsrqglqj sulfhv dw qrghv wzr dqg wkuhh iroorz djdlq iurp htxdwlrqv 651
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71517 Zhoiduh dqdo|vlv

Pdunhw srzhu fdq frqwulexwh wr zhoiduh orvvhv e| wzr urxwhv1 Iluvw/ sulfhv deryh pdujlqdo frvw

dw qrgh rqh lpso| d ghdgzhljkw orvv1 Vhfrqg/ glvwruwhg sulfhv uhvxow lq lqh!flhqw vfkhgxolqj

ri jhqhudwlrq1 Zh fdofxodwh zhoiduh fkdqjh e| dgglqj xs zhoiduh fkdqjhv dw wkh qrghv dqg

fkdqjhv lq wudqvplvvlrq uhyhqxhv1

D pdujlqdo sulfh lqfuhdvh dw frpshwlwlyh qrghv wzr dqg wkuhh lqfuhdvhv jhqhudwruv sur�wv

e| wkh dprxqw ri hqhuj| surgxfhg dqg uhgxfhv frqvxphuv zhoiduh e| wkh dprxqw ri hqhuj|

frqvxphg1 Zh ljqruh vxevwlwxwlrq dqg lqfrph h�hfwv ehfdxvh ihz vxevwlwxwhv iru hohfwulf

hqhuj| duh dydlodeoh dqg hohfwulf hqhuj| 0 li qrw xvhg iru khdwlqj 0 frqvwlwxwhv rqo| d vpdoo

sursruwlrq ri prvw exgjhwv1 Wrwdo pdujlqdo zhoiduh fkdqjh dw d qrgh lv wkhuhiruh wkh gl�huhqfh

ehwzhhq jhqhudwlrq dqg frqvxpswlrq1 Wklv gl�huhqfh htxdov wkh qhjdwlyh ri qhw ghpdqg \�=

CZ�

Cs�
@ �\� @ �D. es�/ l @ 5> 61 +6<,

Dw qrgh rqh zh kdyh h{solflw frvw dqg ghpdqg ixqfwlrqv dqg fdq wkhuhiruh fdofxodwh wrwdo

zhoiduh1 Wkh �uvw frpsrqhqw ri htxdwlrq 73 jlyhv wkh duhd ri wkh wuldqjoh xqghu wkh ghpdqg

fxuyh iru frqvxphu vxusoxv1 Wkh vhfrqg frpsrqhqw lv wkh wuldqjoh ehwzhhq djjuhjdwh vxsso|

fxuyh dqg pdujlqdo frvwv/ dq lqglfdwru ri jhqhudwruv* sur�w lq d frpshwlwlyh vhwwlqj1 Wkh

wklug frpsrqhqw jlyhv wkh prqrsro| vxusoxv/ surgxfhg yroxph wlphv wkh sulfh gl�huhqfh

ehwzhhq pdunhw sulfh dqg frvw ri pdujlqdo xqlw jhqhudwhg1

Z� @
+D� � e�s�,

2

5e�
.

�

5Q
+D� � e�s� . \2 . \�,

2 +73,

.+s� � �
D� � e�s� . \2 . \�

Q
,+D� � e�s� . \2 . \�,1

Wudqvplvvlrq uhyhqxhv fdq eh lqwhusuhwhg dv zhoiduh jdlqv dv idu dv wkh| duh qrw uhtxluhg wr

fryhu wudqvplvvlrq orvvhv +zklfk zh ljqruh,148 Zh dvvxph wkh v|vwhp rshudwru kdv d �{hg

uhjxodwhg lqfrph dqg vr fkdqjhv lq wudqvplvvlrq uhyhqxh idoo rq frqvxphuv1 Wudqvplvvlrq

uhyhqxh lv jlyhq e| wkh sulfh gl�huhqfh ehwzhhq wkh qrghv wlphv wudqvplwwhg hqhuj| yroxph1

Lw fdq eh uhzulwwhq dv wkh qhw lpsruwhg hqhuj| txdqwlw| \� dw hdfk qrgh wlphv wkh hqhuj|

sulfh dw wkh qrgh s�1

Z| @
[
�

s�\�1 +74,

Htxdwlrq 75 jlyhv d jhqhudo h{suhvvlrq iru wkh pdujlqdo fkdqjh ri wrwdo zhoiduh gxh wr d

fkdqjh ri dq duelwudu| sdudphwhu �1 Lw frpelqhv wkh zhoiduh fkdqjh dw qrgh wzr dqg wkuhh

jlyhq e| htxdwlrq 6< zlwk fkdqjhv lq uhyhqxh iru wudqvplvvlrq hqwu| uljkwv +htxdwlrq 74, dqg

zhoiduh fkdqjhv dw qrgh rqh +htxdwlrq 73,1 Htxdwlrqv 74 dqg 73 kdyh ehhq gl�huhqwldwhg

48Julg lqyhvwphqw uhsuhvhqwv vxqn dqg khqfh �{hg frvwv/ wkhuhiruh fkdqjhv lq wkh hqwluh uhyhqxh jlyh fkdqjhv

lq zhoiduh vxusoxv1
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zlwk uhvshfw wr � wr rewdlq fkdqjhv udwkhu wkdq ohyhov ri zhoiduh1

CZ

C�
@ �e�s�

Cs�

C�
� es2

Cs2

C�
� es�

Cs�

C�
+75,

.
�

Q
+D� . 5D� e�s� � es2 � es�,+e�

Cs�

C�
. e

Cs2

C�
. e

Cs�

C�
,1

Htxdwlrq 75 zloo eh xvhg wkuhh0irog1 Wkh uhvwudlqhg v|vwhp rshudwru vxevwlwxwhv � @ N� wr

ghflgh rq wkh zhoiduh pd{lplvlqj doorfdwlrq ri wudqvplvvlrq uljkwv1 Wkh vzdsslqj v|vwhp

rshudwru vhwv � @ �8 wr ghwhuplqh wkh rswlpdo sursruwlrqdolw| idfwru1 Lqyhvwphqw ghflvlrqv

duh jxlghg e| wkh pdujlqdo xwlolw| ri dgglwlrqdo julg fdsdflw|/ rewdlqhg e| vhwwlqj � @ N1

71518 Uhvwudlqhg v|vwhp rshudwru dqg pdunhw srzhu dw qrgh rqh

Wkh v|vwhp rshudwru fdqqrw vzds hqwu| uljkwv1 Wkhuhiruh kh kdv wr ghflgh rq wkh zhoiduh

pd{lplvlqj frpelqdwlrq ri hqwu| uljkwv iru qrgh wzr dqg wkuhh h{ dqwh1 Zh dvvxph wkh v|v0

whp rshudwru fkrrvhv wkh dprxqw N� ri hqwu| uljkwv dw qrgh wkuhh1 Zh rqo| dqdo|vh vfhqdulrv

zlwk elqglqj wudqvplvvlrq frqvwudlqwv1 Wkhuhiruh htxdwlrq 5< jlyhv wkh fruuhvsrqglqj dprxqw

N2 ri hqwu| uljkwv iru qrgh wzr1 Dv frqvwudlqwv duh elqglqj pdunhw sduwlflsdqwv rewdlq wkh

hqwluh dydlodeoh fdsdflw|= \� @ N� iru l @ 5> 61 Qhw ghpdqg htxdwlrq 5; jlyhv wkh fruuh0

vsrqglqj sulfhv s2 dqg s�1 Wkh sulfh dw qrgh rqh iroorzv/ dv lq vhfwlrq 71516/ iurp Frxuqrw

frpshwlwlrq lq txdqwlwlhv1 Ilupv pd{lplvh sur�w ixqfwlrq 6:1 Dv orqj dv wkh wudqvplvvlrq

olqh lv frqvwudlqhg wkh txdqwlw| ri hohfwulflw| lpsruwhg \� @ �N2 � N� lv lq wklv vfhqdulr

lqghshqghqw ri sulfhv1 Lw lv rqo| lq xhqfhg e| wkh h{ dqwh dvvljqphqw ri hqwu| uljkwv1 Xvlqj

v|pphwu| dqg pdunhw fohdulqj frqglwlrq zh rewdlq wkh roljrsro| sulfh lq qrgh rqh=

s� @

�
D� . +4� �� ,N� .N

�
+4 . e��,

+Q . 4, e� . e2
�
�

/ +76,

vr s�lv d olqhdu ixqfwlrq ri N�1 Wr vlpsoli| ixuwkhu qrwdwlrq vorsh P dqg lqwhufhsw ] ri wkh

suhylrxv htxdwlrq duh jlyhq e|=

P @
+4� �� , +4 . e��,

+Q . 4, e� . e2
�
�
/ ] @

�
D� .N

�
+4 . e��,

+Q . 4, e� . e2
�
�

1 +77,

Edvhg rq wklv dqdo|vlv wkh v|vwhp rshudwru fdq fdofxodwh uhvxowlqj sulfhv dqg zhoiduh dv

ixqfwlrq ri klv fkrlfh ri N�1 Htxdwlrq 75 jlyhv wkh �uvw ghulydwlyh ri wrwdo zhoiduh zlwk

uhvshfw wr � @ N�/ dqg fdq eh vroyhg wr rewdlq wkh rswlpdo N�=

N� @
�e�P] � +D�N,�� @e.D@e. �+D� � e�] .N,+e�P . �� � 4,@Q

e�P2 . �2
�
@e. 4@e. �+e�P . �� � 4,2@Q

1 +78,
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716 Frpsdulvrq ri ghvljqv iru lpsruwlqj roljrsro|

Wkh lpsruwlqj roljrsro| txdolwdwlyho| uhodwhv wr rxu kljko| vlpsol�hg uhsuhvhqwdwlrq ri Wkh

Qhwkhuodqgv= Dq roljrsro| idfhv lpsruwv iurp Jhupdq| dqg Ehojlxp1 Zh dvvxph sdudphwhu

ydoxhv �� @ 5/ N @ �6/ e @ 4/ D @ 3/ e� @ 4=8/ D� @ 8/ Q @ 4/ dqg � @ 41

Wdeoh 4 vxppdulvhv wkh fdofxodwhg sulfhv iru rswlpdo dqg uhihuhqfh fkrlfhv ri wkh ghflvlrq

yduldeohv149 Pdunhw srzhu lqfuhdvhv sulfhv dw qrgh rqh1 Dffhvv ghvljq rswlrqv duh vruwhg vxfk

wkdw wkh ghvljq uhvxowlqj lq pd{lpxp zhoiduh lv dw wkh wrs1 Wklv vruwlqj grhv qrw fruuhodwh

zlwk sulfhv dw qrgh wzr dqg wkuhh/ looxvwudwlqj wkdw phgldwlrq ri pdunhw srzhu lq phvkhg

qhwzrunv qhhgv wr eh dvvhvvhg edvhg rq wrwdo zhoiduh fkdqjh udwkhu wkdq rq orfdo sulfhv1

s� s2 s�

Frpshwlwlyh 414;85 413:74 31<963

Vzdsslqj VR �8 @ 5=5< 416994 4149<8 31<486

Vzdsslqj VR �8 @ 5 416:69 4147<7 31<586

Uhvwudlqhg VR N� @ �3=<8 417386 413<:< 31<844
Wdeoh 4= Sulfhv iru gl�huhqw wudqvplvvlrq dffhvv ghvljqv zlwk lpsruwlqj prqrsro|

Iljxuh 8 looxvwudwhv wkh h�hfw ri pdunhw srzhu zlwk d vzdsslqj v|vwhp rshudwru1 Zhoiduh

orvvhv uhodwlyh wr d frpshwlwlyh vfhqdulr duh ghslfwhg iru d fkdqjlqj �qdqfldo sursruwlrqdolw|

idfwru �8 1 Wkh fdwhjrulhv wrwdo zhoiduh orvv dqg fkdqjh lq wudqvplvvlrq uhyhqxh duh vhoi

h{sodqdwru|1 Fkdqjh lq frqvxphu zhoiduh frpelqhv frqvxphu7 orvvhv dqg orvw sur�wv ri

jhqhudwruv dvvxplqj wkh| duh vhoolqj dw frpshwlwlyh ohyho1 Fkdqjh lq roljrsro| sur�wv vkrzv

sur�wv ri roljrsrolhv iurp vhoolqj deryh pdujlqdo frvwv1

Frqvxphu orvv lv pdlqo| glylghg ehwzhhq prqrsrolhv uhqw dqg dgglwlrqdo wudqvplvvlrq uhy0

hqxh1 Wkh uhpdlqlqj orvv lv wrwdo zhoiduh orvv zklfk lv plqlpdo iru �8 @ 5=5<1 Wkh wudglwlrqdo

 rz jdwh dssurdfk vhwwlqj �8 @ �� @ 5 wkhuhiruh grhv qrw uhvxow lq d zhoiduh rswlpxp1 Wkh

v|vwhp rshudwru pljkw fkrrvh dq hyhq kljkhu �qdqfldo sursruwlrqdolw| idfwru �8 dv �jxuh 8

vkrz wkdw wrwdo zhoiduh zrxog kdugo| eh d�hfwhg/ exw pruh ri prqrsro| vxusoxv frxog eh

uhwxuqhg wr frqvxphuv1

Lq wkh fxuuhqw glvfxvvlrq uhyhqxh iurp dxfwlrqlqj ri vfdufh wudqvplvvlrq dffhvv lv sursrvhg wr

eh xvhg iru dgglwlrqdo wudqvplvvlrq lqyhvwphqw +dv lv wkh lqwhqwlrq lq wkh Qhwkhuodqgv,1 Li wkh

49Dv d uhihuhqfh vfhqdulr zh fdofxodwh wkh vlwxdwlrq ri shuihfw frpshwlwlrq dw qrgh rqh zlwk htxdwlrq 691

Wkh roljrsro| htxloleulxp sulfh dw qrgh rqh iru wudglwlrqdo qrgdo sulflqj ru  rz jdwh uljkwv fdq eh fdofxodwhg

zlwk htxdwlrq 6; e| vhwwlqj wkh �qdqfldo sursruwlrqdolw| idfwru �
8
' �

�
' 21

D v|vwhp rshudwru frpedwlqj pdunhw srzhu fkrrvhv wkh zhoiduh pd{lplvlqj sursruwlrqdolw| idfwru �
8
1 Zh

fdofxodwh �
8
e| vhwwlqj wkh �uvw ghulydwlyh ri wrwdo zhoiduh fkdqjh zlwk uhvshfw wr �

8
wr eh }hur +htxdwlrq

75 zlwk b ' �
8
,1 Wkh v|vwhp rshudwru uhvwudlqhg iurp vzdsslqj hqwu|2h{lw uljkwv ghwhuplqhv wkh zhoiduh

pd{lplvlqj doorfdwlrq ri hqwu|2h{lw uljkwv e| vhwwlqj wkh �uvw ghulydwlyh ri wrwdo zhoiduh fkdqjh zlwk uhvshfw

wr g� wr eh }hur +htxdwlrq 75 zlwk b ' g�,1
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Iljxuh 8= Fkdqjh lq Zhoiduh uhodwlyh wr frpshwlwlyh vfhqdulr lq wkh fdvh ri dq lpsruwlqj

prqrsrolvw dw qrgh rqh +e� @ 4=8/ D� @ 8/ e @ 4/ D @ 3/ � @ 4,1

sulfh gl�huhqfhv duh gxh wr pdunhw srzhu wkhq wkh uhyhqxh uhsuhvhqwv sduw ri wkh prqrsro|

uhqw iurp frqvxphuv1 Glyhvwxuh pljkw eh xvhg wr plwljdwh pdunhw srzhu zlwkrxw lqfxuulqj

frvwv ri julg lqyhvwphqw/ exw li wklv lv qrw ihdvleoh/ julg lqyhvwphqw pd| eh wkh vhfrqg ehvw

vroxwlrq wr pdunhw srzhu1

Wdeoh 5 jlyhv qxphulfdo uhvxowv ri wkh zhoiduh fkdqjhv dqg doorzv d frpsdulvrq zlwk d uh0

vwudlqhg v|vwhp rshudwru1 D uhvwudlqhg v|vwhp rshudwru lv wkh ohdvw h!flhqw ghvljq wr plwljdwh

pdunhw srzhu dqg lqfxuv wkh kljkhvw wrwdo zhoiduh orvvhv dqg kljkhvw frqvxphu zhoiduh orvvhv

uhodwlyh wr d frpshwlwlyh vfhqdulr1 Il{hg dvvljqphqw ri wudqvplvvlrq fdsdflw| holplqdwhv wkh

sulfh hodvwlflw| ri lpsruwv zklfk xvxdoo| vhuyh wr plwljdwhv pdunhw srzhu dw qrgh rqh1

Zh fdofxodwhg wkh pdujlqdo ehqh�w ri rqh dgglwlrqdo xqlw ri wudqvplvvlrq fdsdflw| rq wkh

frqvwudlqhg olqn e| vhwwlqj � @ N� lq htxdwlrq 751 Zkhq fdofxodwlqj pdujlqdo xwlolw| ri

dgglwlrqdo fdsdflw| lq wkh vhfrqg vfhqdulr lw kdv wr eh wdnhq lqwr dffrxqw wkdw d fkdqjh ri

wudqvplvvlrq fdsdflw| fkdqjhv wkh rswlpdo �qdqfldo sursruwlrqdolw| idfwru �8 1 Dgglwlrqdo

wudqvplvvlrq fdsdflw| lv reylrxvo| rqo| ri ydoxh zklovw wkh frqvwudlqw lv elqglqj1 Wkhuhiruh

wkh lqwhusuhwdwlrq ri wkh uhvxowv duh iru lq�qlwhvlpdo fkdqjhv lq fdsdflw|1 Wkh qxphulfdo

h{dpsoh vxssruwv wkh lqlwldo lqwxlwlrq wkdw dgglwlrqdo wudqvplvvlrq fdsdflw| lv prvw h�hfwlyh

lq wkh suhvhqfh ri pdunhw srzhu1 Exw uhvxowv iru dqrwkhu sdudphwulvdwlrq lq Wdeoh 6 suryhv

wkdw lqwxlwlrq fdq eh zurqj/ dv vkrzq ehorz1

7Z 7Z6J? 7Z|o@?r 7ZSJ?r
Y`

Yg

Frpshwlwlyh 3 3 3 3 31666

Vzdsslqj VR �8 @ 5=5< 0313;45 .317665 3163<7 031;56; 31759

Vzdsslqj VR �8 @ 5 0313;48 .317733 3166<5 031;939 31759

Uhvwudlqhg VR N� @ �3=<8 0313<85 .317:6< 317694 0413386 31774
Wdeoh 5= Zhoiduh orvvhv lqfxuhg lq gl�huhqw wudqvplvvlrq dffhvv ghvljqv zlwk lpsruwlqj prqrsro|

4;
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Iljxuh 9= Fkdqjh ghpdqg vorsh lq }rqh rqh wr e� @ 3=6 fkdqjhv zhoiduh pd{lplvlqj �qdqfldo

sursruwlrqdolw| idfwru �8 @ 4=<51 Rwkhu sdudphwhuv vwd| frqvwdqw +D� @ 8/ e @ 4/ D @ 3/

� @ 4,

Iljxuh 9 looxvwudwhv wkh h�hfw ri uhgxflqj wkh ghpdqg vorsh dw qrgh rqh iurp e� @ 4=8 wr 3=6=

Wkh rswlpdo �qdqfldo sursruwlrqdolw| idfwru �8 @ 4=<5 lv qrz ehorz wkh sk|vlfdo sursruwlrq0

dolw| idfwru �� @ 51 Prqrsro| uhqw lqfuhdvhv zlwk orzhu �8 = Wkh zhoiduh pd{lplvlqj fkrlfh

ri �qdqfldo sursruwlrqdolw| idfwru lqfuhdvhv prqrsro| uhqw frpsduhg wr vhwwlqj wkh �qdqfldo

sursruwlrqdolw| idfwruv htxdo wr wkh sk|vlfdo sursruwlrqdolw| idfwruv1 Exw zkhwkhu d v|vwhp

rshudwru vkrxog lpsohphqw vxfk d sursruwlrqdolw| idfwru lv txhvwlrqdeoh dv prqrsro| uhqwv

fdqqrw hdvlo| eh wudqvihuuhg wr frqvxphuv1

Wkh uhvxowv vkrz wkdw wkh fxuuhqw dssurdfk lq wkh Qhwkhuodqgv ri vhsdudwho| doorfdwlqj wudqv0

plvvlrq fdsdflw| wr gl�huhqw  rz jdwh uljkwv lv lqh!flhqw1 Zhoiduh orvvhv gxh wr roljrsro|

srzhu fdq eh uhgxfhg li wkh v|vwhp rshudwru fdq vzds wudqvplvvlrq uljkwv1 Wkh prgho

vkrzv wkdw wkh v|vwhp rshudwru fdq lqfuhdvh wrwdo zhoiduh li kh fkrrvhv d sursruwlrqdolw|

idfwru gl�huhqw iurp wkh sk|vlfdo sursruwlrqdolw| idfwru1 Wkh gl�huhqfhv ehwzhhq wkh wzr

sdudphwulvdwlrqv vkrzv wkdw wkh rswlpdo fkrlfh ghshqgv rq wkh suhflvh uhsuhvhqwdwlrq ri

qhwzrun/ frqvxphuv dqg jhqhudwruv1

717 Frpsdulvrq ri ghvljqv iru h{sruwlqj roljrsro|

Wklv vfhqdulr lv uhodwhg wr wkh Vfrwwlvk vlwxdwlrq ri dq h{sruwlqj gxrsro| olqnhg wrzdugv wkh

Hqjolvk pdunhw zlwk wzr lqwhufrqqhfwruv dorqj wkh Zhvw dqg Hdvw frdvw1 D fxuuhqw sursrvdo

e| Rijhp vxjjhvwv wkdw sk|vlfdo hqwu| uljkwv duh gh�qhg iru qrghv lq Hqjodqg dqg Zdohv1

Wkh v|vwhp rshudwru fdqqrw vzds wkhvh uljkwv1 Zh fkrvh wkh iroorzlqj sdudphwhu ydoxhv wr

4<



rewdlq txdolwdwlyh exw qrw txdqwlwdwlyh dssur{lpdwlrqv= Q @ 5> D� @ 63> e� @ 4/ � @ 7/

D @ 63/ e @ 4/ �� @ 5/ N @ 71

Wdeoh 6 vkrzv htxloleulxp sulfhv lq wkh gl�huhqw ghvljqv1 Wkh vzdsslqj v|vwhp rshudwru

zlwk �8 @ 5=< A �� r�huv wkh ehvw zd| wr ghdo zlwk pdunhw srzhu/ iroorzhg e| wkh v|vwhp

rshudwru zlwk d �qdqfldo sursruwlrqdolw| idfwru htxdoolqj wkh sk|vlfdo sursruwlrqdolw| idfwru1

Wkh uhvwudlqhg v|vwhp rshudwru/ dv fxuuhqwo| sursrvhg/ fdqqrw fuhdwh wkh hodvwlflw| ri h{sruw

ghpdqg dqg wkhuhiruh fuhdwhv wkh kljkhvw sulfhv dw qrgh rqh dqg wkh kljkhvw zhoiduh orvv

uhodwlyh wr wkh frpshwlwlyh vfhqdulr1

Djdlq zh fdofxodwhg wkh pdujlqdo ehqh�w ri rqh dgglwlrqdo xqlw ri wudqvplvvlrq fdsdflw| rq

wkh frqvwudlqhg olqn e| vhwwlqj � @ N� lq htxdwlrq 751 Lq frqwudvw wr Wdeoh 5 pdujlqdo zhoiduh

jdlq gxh wr dgglwlrqdo wudqvplvvlrq fdsdflw| lv kljkhvw lq wkh frpshwlwlyh vfhqdulr1

s� s2 s� 7Z Y`

Yg

Frpshwlwlyh 5518; 59156 5<1;; 3 431<7

Vzdsslqj VR �8 @ 5=<< 561<: 581<< 63134 0518; 431;7

Vzdsslqj VR �8 @ 5 561:< 591:5 5<197 051<: 43199

Uhvwudlqw VR N� @ 3=48; 5714: 59165 5<1;7 061<3 4318:
Wdeoh 6= Htxloleulxp sulfhv iru gl�huhqw wudqvplvvlrq dffhvv ghvljqv zlwk h{sruwlqj gxrsro|

718 Frqfoxvlrq

Zhoiduh fdq eh lpsuryhg dqg vlpxowdqhrxvo| pdunhw srzhu phgldwhg lq d ghvljq zlwk d

vzdsslqj v|vwhp rshudwru/ li kh r�huv h{fkdqjhv hqwu| uljkwv dw d udwh �8 zklfk gl�huv iurp

wkh udwh �� zklfk zrxog eh lpsolhg e| wkh xqghuo|lqj sk|vlfdo vwuxfwxuh1 Li wkh uhjxodwru

sxwv kljkhu zdlw rq frqvxphu vxusoxv wkdq rq prqrsro| sur�wv/ wkhq kh zloo vhw �8 A �� lq

doo vfhqdulrxv dqdo|vhg khuh1

Wkhvh uhvxow gluhfwo| wudqvodwhv wr qrgdo sulflqj1 Lq wkh suhvhqfh ri pdunhw srzhu lw lv qr

orqjhu rswlpdo wr ghwhuplqh qrgdo sulfhv vlpso| edvhg rq wkh frqvwudlqwv lpsolhg e| wkh

sk|vlfdo qhwzrun exw udwkhu wr uhsuhvhqw d  rz jdwh dssurdfk zlwk gl�huhqw sk|vlfdo dqg

�qdqfldo sursruwlrqdolw| idfwruv1 Wkh v|vwhp rshudwru kdv wr dqqrxqfh wkh fkdqjhv vxfk

wkdw roljrsrolvwv lqfrusrudwh wkh lqirupdwlrq lqwr wkhlu sur�w ixqfwlrq dqg dgdsw wkhlu elgglqj

ehkdylrxu1

Wkh dssurdfk ri dvvljqlqj �{hg sursruwlrqv ri wudqvplvvlrq fdsdflw| dv frpprq lq hqwu|

uljkwv dqg srlqw wr srlqw frqwudfwv odfnv wkh srvlwlyh h�hfw ri lqfuhdvlqj qhw ghpdqg hodvwlf0

lw| dqg lv wkhuhiruh grplqdwhg e| wudglwlrqdo dv zhoo dv h{whqghg vzdsslqj v|vwhp rshudwru

lq wrwdo zhoiduh dv zhoo dv lq sulfh ohyhov dw qrgh rqh1Wkh uhvxowv lqglfdwh wkdw wkh vhsdudwh

doorfdwlrq ri wudqvplvvlrq uljkwv wrzdugv wkh Qhwkhuodqgv lv lqh!flhqw dv lv wkh Rijhp sur0

srvdo iru hqwu| uljkwv lq wkh Hqjodqg2Zdohv zklfk grhv qrw doorz wkh v|vwhp rshudwru wr

vzds hqwu| uljkwv1
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Uhihuhqfhv

^4` Eodlvh Dood} dqg Mhdq0Oxf Ylod1 Frxuqrw frpshwlwlrq/ iruzdug pdunhwv dqg h!flhqf|1

Mrxuqdo ri Hfrqrplf Wkhru|/ 8<=4�49/ 4<<61

^5` Urjhu H1 Erkq/ Plfkdho F1 Fdudpdqlv/ dqg Iuhg F1 Vfkzhssh1 Rswlpdo sulflqj lq

hohfwulfdo qhwzrunv ryhu vsdfh dqg wlph1 Udqg Mrxuqdo ri Hfrqrplfv/ 48/ Qr 6=693�6:9/

4<;71

^6` Vhyhulq Eruhqvwhlq/ Mdphv Exvkqhoo/ dqg Fkulvwrskhu U1 Nqlwwho1 Pdunhw srzhu lq hohf0

wulflw| pdunhwv= Eh|rqg frqfhqwudwlrq phdvxuhv1 Wkh Hqhuj| Mrxuqdo/ 53/ Qr1 7=98�;;/

4<<<1

^7` Vhyhulq Eruhqvwhlq/ Mdphv Exvkqhoo/ dqg Vwhyhq Vriw1 Wkh frpshwlwlyh h�hfwv ri wudqv0

plvvlrq fdsdflw| lq d ghuhjxodwhg hohfwulflw| lqgxvwu|1 UDQG Mrxuqdo ri Hfrqrplfv/ 64/

Qr1 5=5<7�658/ 53331

^8` Mdphv Exvkqhoo1 Wudqvplvvlrq uljkwv dqg pdunhw srzhu1 Hohfwulflw| Mrxuqdo/ 4<<<1

^9` U1 Frdvh1 Wkh sureohp ri vrfldo frvw1 Wkh Mrxuqdo ri Odz dqg Hfrqrplfv/ 4=4�77/ 4<931

^:` Ulfkdug Juhhq1 Wkh hohfwulflw| frqwudfw pdunhw lq hqjodqg dqg zdohv1 Mrxuqdo ri Lqgxv0

wuldo Hfrqrplfv/ 7: +4,=43:�457/ 4<<<1

^;` Vfrww P Kduyh| dqg Zlooldp Z Krjdq1 Qrgdo dqg }rqdo frqjhvwlrq pdqdjhphqw dqg

wkh h{huflvh ri pdunhw srzhu1 Kduydug Xqlyhuvlw|/ 53331

^<` Zlooldp Z Krjdq1 Frqwudfw qhwzrunv iru hohfwulf srzhu wudqvplvvlrq1 Mrxuqdo ri Uhj0

xodwru| Hfrqrplfv/ +7,=544�575/ 4<<51

^43` Zlooldp Z Krjdq1 D pdunhw srzhu prgho zlwk vwudwhjlf lqwhudfwlrq lq hohfwulflw| qhw0

zrunv1 Wkh Hqhuj| Mrxuqdo/ 4;+7,=43:�474/ 4<<:1

^44` Sdxo M1 Mrvnrz dqg Mhdq Wluroh1 Wudqvplvvlrq uljkwv dqg pdunhw srzhu rq hohfwulf srzhu

qhwzrunv1 UDQG Mrxuqdo ri Hfrqrplfv/ 64 Qr1 6=783�7;:/ 53331

^45` Gdylg P1 Qhzehu|1 Frpshwlwlrq/ frqwudfwv/ dqg hqwu| lq wkh hohfwulflw| vsrw pdunhw1

UDQG Mrxuqdo ri Hfrqrplfv/ 5< +7,=:59�:7</ 4<<;1

D Wkh q0�up roljrsro| fdvh zlwk yduldeoh frvwv

Lq wklv prgho/ wkh xsvwuhdp pdunhw kdv Q �upv zlwk yduldeoh frvwv p� 1 Frqvlghu wkh fdvh

lq zklfk jhqhudwru l ex|v n� /
S

n� @ N � N 1 Sur�w iru jhqhudwru l lv qrz

�� @ +s� � f,+t� � n�, . n�+s2 � w�p�, +79,

@ +D� .N �T�p�,+t� � n�, . n�+
D2 �N

e
� w�p�,
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Li wudghuv ex| wudqvplvvlrq vr orqj dv s2 � s� . w/ wkhq wkh rqo| htxloleulxp zloo eh dq

duelwudjhg rqh lq zklfk s2 � w @ s�/ lq zklfk fdvh htxdwlrq 79 froodsvhv wr

�� @ tl+s� �p�, @ t�+D� .N �T�p�, +7:,

Lq wklv fdvh/ vxpplqj ryhu t� lq wkh IRF iru 7: jlyhv

T @
Q+D� .N �

S
p�,

Q . 4
+7;,

dqg khqfh iurp 7 dqg 7:

t� @
D� .N �

S
p�

Q . 4
�p�> s� @

D� .N .
S

p�

Q . 4
= +7<,

Li wkh WVR vhwv d kljk hqrxjk wudqvplvvlrq sulfh/ w A s2 � s�/ wudghuv zloo qrw ex| dq|

wudqvplvvlrq dqg rqo| jhqhudwruv zloo ex|1 Lq wkdw fdvh wkh IRF iru n� dqg t� uhvshfwlyho|

duh=

IRF n� = � +D.N �T�p�, . +t� � n�, .
D2 �N

e
� w�p� �

n�

e
@ 3> +83,

IRF t6 = +D� .N �T�p�,� +t� � n�, @ 3= +84,

Vxpplqj htxdwlrq 84 ryhu p jlyhv wkh xsvwuhdp htxloleulxp sulfhv dqg txdqwlwlhv=

T @ N .
Q+D� �p,

Q . 4
> s� @

D� .
S

p�

Q . 4
> +85,

zkhuh p @ �

�

S
p� lv wkh dyhudjh pdujlqdo frvw1 Frpsduhg wr 7</ sulfhv duh orzhu dqg

khqfh zhoiduh kljkhu1 Dgglqj htxdwlrqv 83 dqg 84 jlyhv wkh pdunhw fohdulqj sulfh iru wkh

lqwhufrqqhfwru/ w> dqg khqfh wkh qr duelwudjh frqglwlrq w A s2 � s�=

w @
D2 �

�n�

�
N

e
�p A

D2 �N

e
�
D� .Qp

Q . 4
@, D� A

Q . 4

Q

N

e
.p +86,

Zkhq lw frphv wr fdoleudwlrq/ doorzlqj iru yduldeoh frvwv lv fulwlfdo/ iru wkh ghpdqg hodvwlflwlhv

xsvwuhdp dqg grzqvwuhdp +dv srvlwlyh qxpehuv, duh jlyhq e|

%� @
D� .Qp

Q+D� �p,
A

4

Q
> %2 @

D2 �N

N
A

4

Q
+4 .

Qep

N
,= +87,

Wkh �uvw lqhtxdolw| lv uhtxluhg iru d srvlwlyh ydoxh ri D�/ dqg wkh odvw lqhtxdolw| iroorzv iurp

wkh uhtxluhphqw wkdw w A 3 lq 861 Sxwwlqj wkhvh wzr lqhtxdolwlhv wrjhwkhu zlwk wkh frqglwlrq

rq D� lq 86 jlyhv

D�

Qp
@

4 . %�

Q%� � 4
A

4 . %2

Q%2 � 4
@, %2 A %� A

4

Q
= +88,

Wkh frqglwlrq wkdw wkh qhw ghpdqg hodvwlflw| grzqvwuhdp lv kljkhu wkdq wkdw xsvwuhdp lv

qhlwkhu vwurqj qru vxusulvlqj/ exw wkh frqglwlrq wkdw wkh ghpdqg hodvwlflw| xsvwuhdp pxvw
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h{fhhg 4@Q lv vwurqj iru hohfwulflw| dqg zrxog uhtxluh hlwkhu pdq| xsvwuhdp �upv ru d iulqjh

ri sulfh0wdnlqj vxssolhuv/ pdnlqj htxdwlrq 4 dovr d qhw ghpdqg ixqfwlrq1

Wkh iroorzlqj sdudphwhuv looxvwudwh d srvvleoh htxloleulxp1 Li jhqhudwruv duh doorzhg wr suh0

hpsw lqwhufrqqhfwru fdsdflw|/ dqg li D� @ 58/ Q @ 8/ p @ 4>N @ 45/ D2 @ 4;/e @ 4/

%� @ 4@7/ %2 @ 4@5/ s� @ 8/ s2 @ 9/ w @ 6�
D
1wkhq T @ 65 dqg sur�wv zrxog eh <9e

D
1 Li

jhqhudwruv duh suhyhqwhg iurp ex|lqj/ wkhq wkhuh lv qr htxloleulxp zlwk h{sruw fdsdflw| ixoo|

xvhg/ dqg duelwudjh zrxog htxdwh wkh h{shfwhg sulfhv grzqvwuhdp dq xsvwuhdp1 Jlyhq wkh

dfwxdo lpsruw ghpdqg/ N ? N / jhqhudwruv zrxog pd{lplvh sur�wv wr jlyh wkh vroxwlrq 7<

exw zlwk N lqvwhdg ri N1 Lq wklv fdvh N @ 44 / s� @ s2 @ 9S
.
/ dqg wkh lqwhufrqqhfw sulfh

zrxog idoo wr }hur1 Lq wklv fdvh T @ 5<2
.
/ dqg sur�wv zrxog eh 4:4=861

Frpsdulqj wkh suh0hpswlyh fdvh zlwk wkdw lq zklfk jhqhudwruv duh iruelgghq wr ex| fdsdflw|/

sur�wv duh orzhu e| :7=:6/ lqwhufrqqhfwru uhyhqxhv duh kljkhu e| 76�
D
/ dqg frqvxphu zhoiduh

e| 64=75 xsvwuhdp dqg <=<5 grzqvwuhdp/ vr wkh vxp ri wkh vxusoxvhv lv <=;4 kljkhu lq wkh suh0

hpswlrq fdvh1 Zkloh lw lv lqglylgxdoo| udwlrqdo iru wkh roljrsrolvwv wr elg iru lqwhufrqqhfwlrq

+ru ex| dw wkh hodvwlf sulfh,/ froohfwlyho| wkh| duh vxevwdqwldoo| zruvh r� dv d uhvxow/ dv wkh

grphvwlf sulfh idoov dssuhfldeo| dqg wkh| kdyh wr sd| wr h{sruw1
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