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Supplementary Appendix I: Statement of technical Lemmas

Lemma 1 Under Assumptions 2 and 3, f,,{uit}se,, and {ui};c, are L.-bounded, La-NED processes of size

—(, for some r > 2. This result holds uniformly over i, in the case of {uit}so,, and overt, in the case of {wi}iro .

Lemma 2 Under Assumptions 2 and 3,

% té (£ = ) (VNa) = N(©0,5% 1),

where
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0? = E(u?), and 0ij = E(uisui—;).

Lemma 3 Under Assumption 3,

J;Ti {(\/Nﬂt)z fE(\/Nﬂt)Q} —a N(0,V),

where

V= <vm ((vF)") + S con (i)’ (mt_].y» .

Lemma 4 Under Assumptions 1-3, if m = 1 then 5/12\\, o =0, (T7") + 0O, ((NT)_1/2>. If m > 1 then

=2

52 — 5% =0, (Naflel/z) .
Lemma 5 Under Assumptions 1-2 and m = 1, y/min(N,T) (ln(s?cl@f]\,) — ln(aj%1 :“12}1)) —4 N (0,w).

Lemma 6 Under Assumption 5 and Assumptions 2-3 and m = 1, /min(N,T) (ln(s?lﬁfN) — ln(ajzcl,ugl)) —d
N (0,w).

Lemma 7 Under Assumptions 1-3, and as long as a > 1/2,
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Lemma 8 Under Assumption 5 and Assumptions 2-3,

min(N, T) o _ %) -, 1)
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Lemma 9 Under Assumptions 1-3, and as long as a > 1/2,
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Lemma 10 Under Assumptions 1-3 and Xy =1, if a = o= ... = qg—1> a¢>...> oy,

q
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In particular, if o > as> ... > a,,,
62— N**7?ul =, 0.



Lemma 11 Under Assumptions 1-2, and assuming a; = «, for all j =1,...,m,
Vmin(Ne, T) (In(8y Syron) — In(p,Errpm,)) —a N (0,wm),

where p, = E (v;), Bpy = E ((ft — ) (f: - V‘f))’

wm = lim min(N®T)E ({(ﬁﬁva —tony)’ — B [(OnFr — wimy)’] }2> ,

N, T500
Ky =E(f;) and fTT = %23:1.1:15'
Lemma 12 Under Assumptions 1-2, and assuming o > ez > ... > Qm,

Vmin(Ne, T) (In(®y Dn S5y Dnon) — In(p, DnE sy Dnp,)) —a N (0,0).
Lemma 13 Under Assumptions 1-3, and a > a2 > ag > ... > O,

V/min (Ne, T)In (N)In(u, DySsDyp,) — In (,u,il(r?cl) =o0(1),
if either as — a < —0.25 or, if T® = N, as < 3a/4 and

1
b> —— CErm (B2)

Lemma 14 Let i1 = N* o, 1/2 < a < 1, where vi1 = vni = ¥; + cni and {T)l}i\r:l s an i.1.d. sequence of

random variables with mean py # 0, and variance U?, < oo. Let ey = % Zil cni. Under Assumptions 2-3, (a)
&, & and & are consistent estimators of a, if cn = o, (N€) for all ¢ > 0, (b) Corollary 1 holds, if vV Nen = op (1).

Lemma 15 Let a denote a generic estimator of a such that 4 — o = Op(hn) where hy — 0. Then,

N® — N* = Op(N“hy In N).

N
Lemma 16 Denote the OLS estimator of the regression coefficient of s on Ty = Ty /6z, by Vi1, and let {ﬁfiﬂ}
i=1

be the reordering of {fm}f;l where ﬁff) > ﬁffl_l , Vi. Under Assumptions 1-3, m = 1 and assuming that

limr N oo T~ 'N® < 0o and that o, 7# 0 is known, we have
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vy

if, further, & — a = o, ((In N)_l) .

Lemma 17 Under Assumptions 1-8 and m = 1,
A Bi1 1 1
ﬁil*m:Op W +Op m .

Lemma 18 Under Assumptions 1-2, we have ijf Viz = op(1), as long as I — oo, Il = o(T) and | =
1 1
o (Na71/2T1/2)>

Supplementary Appendix II: Proof of Corollary 1

We reconsider (41) and m = 1. Under Assumption 5, Bin = N(O‘_l)/Q'DlN, where t1ny = N1 vazl v14, we have

_ 2
ln(ﬁst?-l) =1In (N(a71>/21_)1N8f1) =(a—1)In(N) + ln(sfclﬁfl\,),



2
where s7, = T SE (fit -ty fit) for i = 1,...,N and here i = 1. Hence, recalling from (11) that
& =1+1n(62)/2In(N),we have

261N [% Zthl (f1t - fl) ﬁt] [ Zt 1 ai — aQ]

22 2
Binsh

In(N) (& — o) — ln(sfcl@fN) =In|1+

However,

261N [% 23:1 (flt _f_l)ﬂt] [ Zt 1Ut —-u } _ 261N [% Zthl (flt —fl)ﬂt] [ Zt 1Ut -u ]
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%N 8?1 %st'l

+op (Bn,T),

(B5)
where when m = 1,
2Buv |5 500 (= f) ] + |5 50, ot - @]
BN'T = 22 2 °
INSf

Consider the first term of the RHS of (42). We have,

o [, (fu— )] | S (e = ) (VA |

B%stfl (Sfl/glN) (Sfl/gfl)

We note that sy, /o, = 1+ O,(T~'/?). But, by Lemma 2 (as N and T — c0)

B (V) = 0, w
where 7% is as in (B1). Also, 1/B1x =N1~%/2(1/%1x). Hence,

Bun (150 (fu— By | T | S (= ) (VA .
Binsh - spBin(sp/os,) (57

_ o, (TN,

Consider now the second term on the RHS of (42). Note that since, by Lemma 1 and Theorems 17.5 and 19.11
of Davidson (1994), vV NT@ = O,(1), and, since s7, /o7, =1+ Op(T~?) where 0 < o}, < oo,

2
2 (VNTa) )
= =0, (T N™%). (B8)
(N(a—l)/qulN)2 5?1 NT (N(afl)/zq—}w)2 8?1 P ( )

Similarly,

bt e (G [VEer -] i) e {arh (8) -+ v
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But, by Lemma 3,




and

a3 1 T VNay )2
oo (Jr St [ ()" - y

—L = O0,(T7Y*N"). (B10)
(N(a 1)/2U1N) 8;1

Therefore, collecting all results derived above, and keeping the highest order terms of the RHS of (B7), (B8), and
(B10), we have

2
N 2 -2 o —1/2 n7—a/2
21n(N)(a_a)_ln(sf1U1N)_W]jvszl:Op (T 2N /).

In the first instance, this implies that

d—a=0, (ﬁ) (B11)

which establishes the consistency of & as an estimate of a as NV and T' — oo, in any order.

Consider now the derivation of the asymptotic distribution of &. We have

_2 \/% [ﬁ 23:1 (flt - fl) (\/Nﬂt)]

) I 2 2
In(N) (& — @) — g =~ In(s7, 51n) + %
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where A ~ B denotes that A — B = 0,(B). We first examine In(s7,97y). By Lemma 6 we have

v/min(N,T) (ln(sfclﬂfl\,) — ln(afcl,uil)) —a N (0,w).

Further,
i [ S (- 1) (V)|
min(N, T) _ =0, ( min(N, T)T‘WN“’/?) = 0p(1).
sy N@=D/2015(sp, [oy,)
Similarly,
2
VNTa
min(N, T ( ) =0 min(N, T)T 'N™%) = 0,(1),
2 P P
NT (N(O‘fl)/zl_)l]\r) sfcl
and
512\7 LZT |:(\/ﬁﬂf)271:|
NVT VT “t=1 TN
min(N, T) S =0, ( min(N, T)T‘I/QN‘“) = 0,(1).
(N(O‘fl)/z’l_)u\r) Sfcl
Thus,
_2
min(N, T) (m(N) (& —aly) — ]\M‘)’QNSQ> —4 N (0,w),
IN®f1

where ay = a + ln(uzl)/2 In(N), by setting 0'?' = 1 as normalisation. The second part of the Corollary follows
by Lemma 8.



Supplementary Appendix III: Proofs of technical Lemmas

Proof of Lemma 1

The proof of this lemma considers the more general Assumption 4 for the error terms which incorporates As-

sumption 3. By the Marcinkiewicz—Zygmund inequality (see, e.g., (Stout, 1974, Theorem 3.3.6)),

oo oo r o /2
Z <¢il Z fisvst—z> ) <c <Slilp (Z |1/Jil|2> sup ( Z |&is] )) (SlutpE(|Uzt|T)> )

1=0 s=—00
so wi is Lp-bounded if sup, sup, E(Jv¢|") < oo which holds by Assumption 4. Moreover, writing |-||,. for the

sup E(|uie|") = sup (

L,-norm, we have, by Minkowski’s inequality,

oo
wir — E(uil ”m|)H2:Sup > by Z iavar ||| < sup el (sup > |ww> sup Z |€is |
1

j=m+1 |s|>m 5 j=m+1 to\sI>m
(B12)
is the o-field generated by {vis;i,s < t — m} U {vis;i,8 > t + m}. But,

sup ’

for any integer m > 0 where F, L\ml

Assumption 4 implies that sup; limp,— o m® Y52t Wil = O(1) and sup, limm .o mS (Z\s\zm \&'s|) =0().
Consequently {ui:}i2; and {uit}i2; are L,-bounded, Lo-NED processes of size —(, uniformly over ¢ and ¢.

Similarly, we can show that f, are L,-bounded (r > 2) L2-NED processes of size —(.

Proof of Lemma 2

We have % SE (f.— 1) (\/Nﬂt) = ﬁ SF, 2, where z,= (f.—f) (\/ﬁﬂt). We have that z; are station-

ary processes such that E (z¢) = 0. We note that by Lemma 1 and Theorem 24.6 of Davidson (1994), we have
2

that E ((\/Nﬂt) > = % Zf\;l 0? < oco. Further, by Theorem 17.8 of Davidson (1994), we have that sums of

La-bounded, L2-NED triangular arrays of size —( are Ls-bounded, L2-NED triangular arrays of size —( as well,
implying, given Lemma 1, that v/ N%; is an L2-bounded, Lo-NED triangular arrays of size —(. Further, by the

oS} /2
) <c <N Z <Z it ) ( Z |£¢52>) SFFE(‘Uitr) <

(B13)
o 0o r/2
c <sgp <ZW> sgp< > w)) (sup B@va)) < o

s=—00

Marcinkiewicz—Zygmund inequality,

(|

N oo oo
1]\]22 <wzl Z gzsvst l)

s=—00

E(’x/ﬁat

As a result, V/N@; is a L.-bounded, Lo-NED triangular arrays of size —(.

Finally, since {v/ N} and {f,} are L.-bounded (r > 2) L2-NED processes of size —C on a ¢-mixing process
of size —n (n > 1), then, by Example 17.17 of Davidson (1994), {z:} are L2-NED of size —{¢(¢—2)}/{2(¢—1)} <
—1/2 on a ¢-mixing process of size —. Since v+ and vy, are i.i.d. processes they are also ¢-mixing processes of
any size. In view of Theorem 17.5(ii) of Davidson (1994), this in turn implies that {z:} are Lz-mixingale of size
—1/2, if 2n > {, which automatically holds by the i.i.d. property of v;; and vg:. This implies the result of the
Lemma by Theorem 24.6 of Davidson (1994).

Proof of Lemma 3

By Lemma 2, VN, is a L.-bounded, Ly-NED triangular arrays of size —¢. By Example 17.17 of Davidson
(1994), and (B13), (\/7ut) is L,-NED of size —{C(p — 2)}/{2(¢ — 1)} < —1/2, r > 4. Then, by Theorem 24.6
of Davidson (1994), the result follows.



Proof of Lemma 4

We need to show that 5/]2\\, —ox =0 (T7") 4+ Oy ((NT)_I/Q) if m =1 and 5/]2\\, - 5% = 0O, (NQ_IT_I/Q)
otherwise We have that 5/]2\\, = <7 va 1 Zthl i3, where ;¢ is the estimated residual. Then, < vazl ZtT L =
NT Zz 1 Zt 1 ud + NT ZZ . Zt 1 ( Uy — uft) Following similar lines to those of the proof of Lemma 3 we
have that = Zl 1 Zt L ui; —p 0% Further, 1= ZZ 1 Zt L(uf —6%) =0 ((NT)_l/Q). Next, we examine

<=3 Et:l (a2, —u?,). It is sufficient to consider = SN | S°T gy (e — wie).

Single factor case: We note that the same residual is obtained irrespective of whether we regress Tt ON Ty, OT

& or N'7%Z, or f1,. We carry out the analysis by using & as the regressor. We have that ﬂit—%—i— Ui
=175
Then,
N T N T T - T
1 X 1 2= Ejug 1 N
7 30 3 ) = 7733w F 2 ) = (b ) S (S ) (o) -
NT i=1 t=1 NT i=1 t=1 ijl 1’? NT Zj:l 1”? i=1 \j=1 t=1

2
But E <(% 23:1 :Etuit) ) < oo uniformly over i and + Zthl #? = O, (1), which implies that

1 1 al 1 & ’ 1
T 5 E f— :Etuit = O (*) .
v (rerm) S (o) ) ) =05

2 2
Further, (% 23:1 ituit> - F ((\% ZtT:1 a?tuit) ) is a NED process over 4, which implies that

1 1 al 1 & ’ 1 & ’ 1
| — — Tiuie | — F — Tt = Op ( > )
NT(%Zf_lx?)i_Zl ( P> ) < 72 ) TN

proving the required result.

Multi factor case: We will focus on the case where a = as= ... = a.m, as the case a > ay,> ... > «,, with at

least one strict inequality can be treated similarly and has equal or lower rates for 63 — 7%. We have

1 N T 1 N® T N—-N* T
Ni Z Z Uzt Uit) = ﬁ ‘ Z Z Uit ('ait - uzt Z Z Uit Uzt - Uzt) (B14)
i=1t=1 48310 t=1 i,B8i1=0 t=1

The second term of the RHS of (B14) can be treated as in the single factor case, giving

—-N® T

NT Z > it (it — i) = Op (T _1)+O”(ﬁ)

i,B1i=0 t=1

For the first term of the RHS of (B14), we note that x;; can be written as x;= ;T4 +Blft+uit,where ft is a zero

mean process that is uncorrelated to Z;. Then, @;;= P IJ (6 fj tuig) +B ftJruu and
J 1 J

1 No T 1 N“ T o
NT Z Zu” (it — uir) = NT Z Zuit (mft + Uit) +R (B15)
B, Bi1z0 t=1 i,B510 t=1

where R is of smaller order of probability than the first term of the RHS of (B15). Following similar arguments



as above we obtain

1 2 o
NT Z Zuit (B:ft —|—u“) =0, (Na—lT—l/Q) 7

0,810 t=1
which implies that
0% —ax = O, (N“’lT’l/Q) .

giving a lower rate of convergence than the single factor case.

Proof of Lemma 5

We have that

2 -2 2 2 2 2 —2 2

$%, T s % — 0 -
ln(sfclq_}fN) — ln(a?luil) =In f; 12N =In —21 +In (vlzN) S It 5\ 5 )y (UlN 5 HUl) +

Tfy Hioy %f Hiy f Hiy

Oy (s = o3)") + 0p ((@1n — 12))°) -

But, under Assumption 2, and setting m = 1,

ﬁ<f—> 1Tz{ (e = F)fon]” =1} =a N (0.V57).

91 t=1

where f1 = & Zf:l fit, and

Ve=E (([(fu —pup)/on)? - ) + ZCOU ([(fre = ) /op ] = 1) (((frimi — pp)/on)* = 1)) -

o 2 2 o _ _
Further, recalling that iy = = 27{\;1 vi1, VN (%) =+v/No (UlN “”1> (leJr””) . But v”\;;”vl —p 2,

v Hvq Hvy
and

_ 2
VNe (”Wﬂi’“‘”l) —a N (0, 7o ) : (B16)
V1 v1

2 _g2 52,2
Further, F {( flf’?l fl) ( “\;%1””1 )] = 0, implying that /min(N<*,T) (ln(s?lf)fN) — ln(ojzcl,uﬁl)) —q N (0,w),

2
: in(N®, T in(N,T) 40,
where w = limn, 700 m“‘(T )y 4 mind ) M2”1
vl

Proof of Lemma 6
The proof follows easily along the same lines as that of Lemma 5. In the present case under Assumption 5

=2 2
_ _ VIN—H DIN — DiN+ Bin+
we have o1y = N 12?]_1 vi1, and thus vN(%) — \/N(UlN H”1) (le ””1)7 and %—@ 2.
- -

vy Huy Huq
0,2
Therefore,/ N (UIN uul) —+a N <07 H§1> .
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Proof of Lemma 7

We need to show that

=2

B _
P ON N
Ne. T - =0, (1). B17
min(N, )(NMIT;;VDNSffDNﬁN N&%) op (1) (BI17)

We have

% % 3 % 7% 7%

N22-15) DNyS;;Dnoy N62  N20-15, DnS;;Dnon N20-1%) DnS;Dnon +N'MlﬁgvDNSffDNf;N - N6



But, by lemma 4
5'12\7 _ 6']2\7 _ O (T—1/2N72o¢) (B].S)
NQO‘_LI_}GVDNSffDN’I_)N NQO‘_l'l_);VDNSffDN’I_)N P ’

which is negligible as a bias. Next,

-y -y
OnN oN 2
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N20-1g) DyS;fDnoy  N62
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N

But by the proof of Theorem 1, we have

Qi

Il
QI

1 1
) <N2“—117’NDNSffDN'T)N B N&%)

Uty S2)

Il
Qi

Ngo‘fli_)?VDNSffDN’l_JN

Qi

FnDnS Dyt — N2 262 = 0, (T’1/2N’2a) + O, (N'72) + 0, (N~%) + 0, (N'72) .

So,

Y
_2 OnN 1 2a—1 22 A2 _/ _ 1
— N N 7 — DnNS¢¢D —
N (5%) <N2a715;VDNSffDNﬁN) ( 02— WDy S Dyow) (N&g)
O

0, (T—1/2N1—2a) + Op(NQ_Sa) + Op(Nl—Sa) +0, (N2—4a) )

Therefore, for a > 1/2, (B17) holds, which establishes the Lemma.

Proof of Lemma 8

) ( 1 >N2a—1 (N2—2a&§ — UnDNSssDNDN) (NLA

We need to show that .
~2 =2
- oN oN
N, T - =0, (1). B19
mln( I ) (NQEINDNSffDN'EN Na_%) Op ( ) ( )
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o N ON % oN oN

New DnS;sDnoy N62  NotyDnS;;Dnon  NoB\yDnSjsDnon + NewyDnS;sDnoy N2

=2 =2

But, by lemma 4

_o oy
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N%‘/Dg’ Dno *Na—/Dg* Dno :OP(TI/QN )
NDNSisDNON UNDNSprDNDN

which is negligible as a bias. Next,

&2, 72, & 1 1
N _9N _ 52 (%N _
New\DnS;sDnon N2 N\ &% (Naa;vDstfDNﬁN N&;e;)

=2
_2 [ ON 1 a 1—aa2 — 1
—5% [N N® (N'"°462 — gyDnS;; D 2
o ( A > (Na"jlszstfDNﬁN) ( 0z — UnDx S DyoN) (N&%

But by the proof of Theorem 1, we have
FNDnSpDyoy — N2 =0, (T*WN*“/?) .

So

=
_2 [ ON 1 a l—as2 _ 1 ( —1/2 —3a/2)
N N (N'"%6% — 5 DnS ;4D —_)=o0,(T77*N
N (%) (Naa;vDstfDNﬁN> ( 0z = UnDnS1;Dyon) (N&,%) P

which establishes the Lemma.
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Proof of Lemma 9

We have that

=5
_2 [ On 1 20-1 1—2a [ 1 2 Ty 1 . ( 2-da 71/2)
oN (ﬁv) <N2"_117§VDNSffDN17N) N (N (T E (VNu,)” — a3 Noz) = O, | N T ,

2
But, it is straightforward to show that % Z;‘le ((ﬁ Zf;l uit) >*512v = Op(T—1/2) and 52— L Zf\’zl Zthl ud =

2
OP(T71/2)~ Finally, by Lemma 4, ﬁ Zi\;l 23:1 ﬂzzt_ﬁ Zf\;l Zthl uf = 0P(T*1/2)' So, % Zthl <(\/% Zw]tvzl u«;t) )_
5% = 0p(T7V/2).

Proof of Lemma 10

We have that

-
Il
—
<.
Il
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S

But,
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T <N uu) = Op (N )
t=1 i=1
T N N
1 N 1 1 s _ .
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t=1 =1 i=1
and
T 2a N
1 N=%i 1 i — .
T § fft? Nas E Vij — N2 QIui]. —=p0,j=1,...,m.



In particular if & > a2 > ... > am

Proof of Lemma 11

Without loss of generality, we consider the case of two factors. The result extends straightforwardly to m factors.

We further assume, for simplicity, that factors are independent from each other. Then,

=2 2 = =2 2
UIN Sy, T 201NV2NS12,5 + v2N5f2>

_2 2 _ — —2 2 2 2 2 2
In (Ulefl +201nV2NS12,5 + 02N5f2) —In (Ufllu'ul + o—fzruvz) =1In 2 2 2 2
o-fly’vl + UfQ/'LUQ

Then,

2 2 - 2 2 2 2 = 2 2
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1n< INSF 12,f T VanSp, | _ ViInNSh o TN g (B20)

2 2 2 2
S ,u%l + UfZM%Q Uflligl +o3, l’l’%g
=2 2 2 2 =2 2 2 2 — —
(UlNSfl ~9h luvl) + (UQNSf’z - Uf2lu'l/2) + 201NV2n 12,1 _
0% u3, + 0% K3,
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Note that

VINU2NS12,f = VINU2NS12,f — VLN vy S12,f + VLN o 812, f — VIN Ho 012, f + VIN o 012, — 2bvy Poe 12, f =

$12,fUIN (V2N — Hog ) + V1N oy (S12,F — T12,f) + 012, f vy (DIN — 24w, ) =
(512f - 012,f) 1N (V2N — poy) + 012,f 1N (V2N — phoy) + V1N fhog (512,f — Ulz,f) + 012, f vy (1N — 20, ) -

But

(s12f — 012,4) Tan (Tan — fiwy) = 0p(T 1),

and 12, = 0, and so

(812,f — 012,7) V1N (V2N — Hwy) + 012,#01N (V2N — Huy) + V1N poy (S12,f — O12,7) + O12,f fhog (V1N — 2fb0; )

_ V1IN —
= V1N Hvy S12,f = ( > oy Py S12, 1 + Op (T 1/2) )
Hovy
Then

’ 2 2 2 2 2 2 2
Mo (Sfi in) _ Ho; O f; (Sfi in) i=1.2
012'1“72)1 +0}2‘2p'12’2 U?l‘ugl +UJ2"2‘U12’2 JJQ’i ’ Y
o}, (vin —p2,) 1,07, (Vi —n3,) .

= , 1=1,2.

012’1 i, + U?QM%Q 0?1 u3, + 0?2/‘%2 p,

Assuming loadings of factors and factors are independent of each other and across factors, gives

2 2 (s?iia?‘i) _ 2 2 1 « 7 2 2 2\2 (4) .
Hu, 0 f; <ﬁ02> = Ko, 0, <\/T;{[(fltfl)/o-fz] 71} %dN(Ov (:u'vio—fi) 22 )7 i=1,2

fi
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{)2 - g UiN — M, U; v;
1o, 7, (VN“ (%)) =l 0 (x/Na (”NH a ) (UN aal )) —a N (0,402 12, (07)7) i=1,2,

Ho;
Further,

T — —
\/ 0f10f> Z Jit = f for — f2 2 2 2 2
v U T v v } N 0, v v .
Houfios 12 = Heaben \/T t=1 ( Of ) ( O fa ¢ ( Hon Tr bt ZUfZ)

Further, by factor independence

B ( 7 i{[(fﬁ - f)/on]* -1}

1\ flt—f1><f2t—f2> —0 i=12

So
min (N, T 52 — o2 % —o?
(T ) <M31‘7j2"1 <\/T( f1 . f1)> +M32U?2 <ﬁ( f2 . f2) +2ﬂvlﬂv2ﬁ512,f +
91 T,
min (N, T v : 02y — 2
) (o, (Vi (St ) ) i, (VI (B ) )) -
vl v2

N( 0, 2D (2,03 )" 1l + (u2,08,) 18 + 413, (o%)% 13, (o3,)°) )
+ IR (207,413, 0%, + 208, 14%,0%,)

Proof of Lemma 12

Again, without loss of generality, we look at the case of two factors. The result again extends straightforwardly.

We further assume, for simplicity, that factors are independent from each other. Then,

In (17%1\18?01 + 2N %01 NVaNS12,f + N2 a)'UgNng) —In (Uﬁluil + N2(e2me) 22/%2) =

In Vinst, + 2N*2 " “UinDans12,f + Ne2= “)vQstz
U?ﬁ#m + N2(az— a)crf2u1,2

Then, similarly to the proof of Lemma 11

T Lt W A e Ry 7, (i — 12,)
‘7/2‘1:“1211 + N2(a2—a)g?2/¢%2 0,2«1,%1 + N2(a2—a)g?2M%2 U?IM%I + N2(e2— a)afzugz

N2z Q)MW (53’2 - 0—?2) NQ(a2_a)022vf (77%1\’ - M?’?) 2N“27% Uy, oy 512,
oF 3y + N22=ag i, of pd, + N2 of i, of uf, + NHe2m0of pi,

Then
’ 2 ( 2 2 ) 2 2 ( 2 2 )

Moy (S — 05y _ Hvy T 5y SfH T 9h

O'?-l p2, + N2(a2*0¢)aj2c2,u%2 o‘?l u2, + N2(042*04)o'?.2,u%2 JJ%

)
1

0—12”1 (@%N — “?’1) ﬂ31 012‘1 ('B%N - M?)l)

o 13, + N2e2=od p2, — of pd, + N2e2=)o? yi2, 3

)

2 2 2 2 2 2(ag— 2 2
N2 a)p’w (sz — Ufz) _ Huvy O gy Nz (sz — an) (BQI)
U.flp’vl + N2(0‘2*°‘)g?2/¢%2 0?‘1’“’12’1 + N2(a27a)012‘2M72’2 012’2
N2(a2_a)0}2‘2 (631\’ — /*ng) _ /112,20?2 NE(ezme) (U N — /Jvz) (B22)
oF K3, + N2e2=o? 43, oF pd, + N2e2=)o 2, 1,

But, it is obvious that the Lemma holds since (B21) and (B22) are o, (1), when multiplied by min<\/T7 v ND‘)
respectively, as well as min (\/T, vV NO‘) N7 Uy, fhoy S12,f -
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Proof of Lemma 13

We analyse the population counterpart of In (3yDnSssDn¥y) assuming for simplicity that 3¢ is diagonal and
a>a > ag > ... > Qn. We have

m
ln(#;DszfDNNU) =1n (Nilgll,f + N2(0<2—0t) ZNQ(QJ_QZ)Mija'f]>

j=2
Then,
N2(a27a) ETFLQ <N2(ana2)u2 O' ) m (NQ(anag) 2 )
= v; Y fj j=2 Mv7 fj 2(az—a)
In(p, DN Dy, )—In (3,07, ) =In [ 1+ ’ ’ = N 2T,
( 1 fl) :“'121101201 Mglaﬁl
So,

Vmin(N®, T)In (N) (In(oyDnSssDnon) — In(p,DnEssDyp,)) =

Wln [ln vNDNSffDNUN) ln legfl ] \/Wln 2(0¢2—C¥)

We need

ZJ 2 (NQ(Qj_OQ)NQ Uf])
2 2
Hv, 0%,

2(aj—a
Jj= 2 (N (e 2>'u”10-f1)
/’Lvlo—fl

N2(o¢27a) :o(min(Na,T)_l/an(N)il) .

This holds if\/min(Ne, T)N?(®2=%) = o(1). If T < N then a sufficient condition for the above to hold is
az —a < —0.25. Otherwise, the sufficient condition is as < 3a/4. But, this condition is implied by az —a < —0.25
as long as @ < 1. An alternative condition that relates to the relative rate of growth of N and T is that as < 3ct/4

and 7% = N and 1/(4b) + az —a <0 or b > gt

Proof of Lemma 14
We note that the first part of the Lemma holds if

111(8?01 612\,1) B

vy =0 () (B23)

We have
ln(s?-lﬁfvl) =In (5?1) +2In(on1) =In (sf1 +2In ( Zvl + CN> .

So (B23) holds if + ZZ L Ui +En = 0p (N°) for all ¢ > 0, which holds if ¢y = o, (N€) for all ¢ > 0, proving the
first part of the Lemma. For the second part of the Lemma, we reconsider (B16). We have \/ﬁ(?‘)Nl — py) =
VN (% vazl V; +CN — ﬂﬁ) But, \ﬁ( ZZ — ,uv) —a N (0,0?,) . Therefore, vV Néy = op (1) is sufficient
for the second part of the Lemma to hold.

Proof of Lemma 15

We have that

Then,

implying the result of the Lemma.

12



Proof of Lemma 16

The factor loadings of the cross-sectional units are partitioned into two groups by Assumption 1 and setting m = 1.
The first group has non-zero loadings, denoted by w;1, while the second group has loadings that are summable
over the group. We do not observe the partition and need to estimate it. For this reason, we rank the estimated
loadings as discussed in the statement of the Lemma. The first step in the proof is to show that the number of
cross-sectional units that are misclassified, i.e., that are included in the variance calculation when their loading
is not a function of any wvi1, is 0p (IN®). The first thing to note is that we abstract from the possibility that any
v;1 = 0. By the fact that Pr (v;1 = 0) = 0, it follows that the number of units with v;1 = 0 is o, (N<). Without
loss of generality, we further assume that units whose loadings do not depend on any wv;1 have zero loadings.
There are two sources of errors in partitioning the loadings. The first arises because N? is not equal to N®. But
by Lemma 15 this error is o, (N*) if & —a = 0, ((In N)fl) which is the case under the conditions of the Lemma.
The fact that & —a =0, (In N )_1) justifies using the true o rather than the estimated one throughout the rest
of the proof. The second source of error arises from the possibility that units are missclassified. We consider this
source next assuming the true value of « is used. We know that the probability that any unit’s coefficient is € > 0
away from its true value is of the order of N~ (by Lemma (17) and the Markov inequality). We know that N¢
units can be misclassified only if the estimated coefficients of any unordered and without replacement, sample of
size N from the N units, jointly exceed their true value by e. We know that since the v;; are independent, that
the event that an estimated coefficient will be away from its true value will be independent from the same event
for another unit. So, the probability that a given set of N* units can be jointly misclassified, is bounded from
above by N~V “. There are W such sets. So, the probability that any set will behave thus, is bounded

NN N

NaTN—Na)T We need to aggregate across i = N?, ..., N. So overall the probability is bounded

from above by

—anN® 5y

. We replace this by (N — N¢) NN and justify this step below. We have

from above by >, _, o No(N—Na)!

(N—nNP)
NN NI NN NI
Nal(N — Na)l = Nal(N — Ne — 1)l

We need the logarithm of the above quantity to have a limit of —co. We have using repeatedly Stirling’s formula

(N - N%)

(B24)

that (~ denotes equality up to an order of magnitude lower that any included terms)

N—aN“N! Cane
= a 1) — a) _ a 1 —
h’l (N”"(N—Na—]_)'> 11’1 (N N) h’l(N (N N 1))

—aN“In(N) + In(N!) = In(N*) = In (N = N* = 1)) ~

—aN%In (N) + NIn(N) = N — N®In (N%) + N® = (N = N = 1)In (N = N —=1) + (N = N* — 1) ~

+(
—aN®In(N) 4+ NIn(N) = N —aN®In(N) + N* = (N = N® = 1)In(N = N® = 1)+ (N = N* — 1) =

—aN*In(N) + NIn(N) = N —aN“In(N) + N* = (N = N* = 1)In (N1 - N“"' = N") + (N - N“—1) =

)
—aN°In(N)+ NIn(N) = N —aN“In(N) + N* — (N = N“ —1)In(N) —
~(N=N*—1)In(1-N"'"-NH)4(N-N*-1) =
—aN®In(N) —aN*In(N)+ N°In(N)+ NIn(N) =N+ N — NIn(N) +1In (N) —
+N*4+1—N>**"' NN N4 (N-N"—1) =
—(2a—1)N*In(N) = N + N® +In (N) —
—(N=N*“—1)(-N*"'=N7") + (N -N*-1).
The term —(2a — 1)N®1n (N) dominates other terms and tends to —oo, as N — oo, for a > 1/2, proving the

_aNO® _aNb
result. We now justify replacing (N — N¢) % for 37,0, NNZ,]T% in (B24). We have

In (M) —In (N_“NbN!) —In (N”! (N - Nb)!) -
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—aN’In (N) + In(N!) — In (N”!) ~In ((N N 1)!) ~
—aN’In(N) + NIn(N) —= N — N’In (Nb) F N - (N—N”—l)ln(N—N"— )+ (N—N"—l) ~
—aN"In(N) + NIn(N) — N — bN®In (N) + N — (Nbefl) ln(Nbe71> + (Nbe—l) ~
—aN’In (N) + N1n(N) — N — bN®In (N) + N* — (N N 1) In (N(l NP N_l)) n (N SN 1) -
—aN"In(N) + NIn(N) = N — bN’In (N) + N* — (N N®— )1n (N)—
—(N—Nb—l)ln(l—Nb L_N ‘1) (N N® - )
The dominant term here is —(a + b — 1)N®1In (IN) which for b > a > 1/2 is tending to —oco faster than —(2a —

1)N®1In (N) justifying the replacement.
Next, we prove the Lemma assuming that we observe which units have non-zero loadings Recall that,

assuming that units whose loadings do not depend on any wv;; have zero loadings, x;: = le (N 1= axt) + Ui
We analyse 0,1 by a slight abuse of notation whereby we define it to be the estimated regression coefficient of
A2

the regression of x;; on N'~%%, rather than z;; on #;. Since [y, 1s assumed known, U1y —p o, and 6z —p
N?*7242 | by Lemma 10, this does not affect the analysis. Let o) = Prine and vin = 7. We need to show that

1 N R 1 N 2 o2
a1 2 (Uil — N 21 Ujl) - % = 0p (1) . We have
i=1 1
1N TR R LA i 1 Ne IR
A _ ~ _ U1 _ . _ .
No — 11';1 Vil = Fra Z'Ujl 2, = Na_ 1 Py Di1 — N E 051 — 11-;1 ViN fNajglvjN +

2 2 2
1 1 LS (oo oD 1L Yo 1 ) o

But by the law of large numbers for i.i.d. random variables with finite variance

2
1w 1 To —1/2
(1) _ 1 _ v _ N ) ,
b <m e S| =0

v1

It is sufficient to show that

2
1 NO‘ 1 N 1 N
Na 1 i1~ g - iN — ; = 1 B2
No 12 <v1 Z’Ugl) —1-2 <’UN NQJ¥1U3N> op (1) (B25)

i=1

and

2 2
1 N 1 N 1 N 1 1 N o
N — ) _ W . = 1). B26
e (w Naglw> Na_lz<vu ya ot | = o) (B26)

i=1

N(’t
For (B25), it is sufficient that xa— > (9i1 — vin) = 0p (1) . Recall that @i = Ty (N'"%Z;) 4 uit. So
i=1

1 ¥ T
1 N WZ (Zt:l ftuit)

N — 1;:1 (Din —vin) = Zz | z2 = (Ne — 1) 3, (Zt 1 flt) ;;fnun

But £ S0, fiewie = Op (NT)?) and 1L, f3 = O, (7). So

Na
> (ZtT:1 ft“it)
i=1

(s #)

=0, (TN (V1)) = 0, (T7/*N"*") =0, (1).
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For (B26), it is sufficient that a— Z (le — v(l)) = 0p (1) . We have,

1 Ne (vw Hoy ) Z:U”
Z (U’LN - U(1>) =1
Ne — 14 il Ne —1
. X5 1 1 1 _ —a/2 L B 1N 5 \?
ut mi;vil =0, (1). AlsoﬁlN — o = TmEe (DIN — fhoy) = Op (N ) . So, overall mz; (vil -~ ijl Ujl) _

2
Z;l = 0p (1), proving the required result.
zZ

Proof of Lemma 17

Recall that 8i1 = v1 for i = 1,2,..., N* and 0 for : = N® + 1,..., N (without loss of generality). Here we set
m = 1. Let

N

. 1

Tt = m E Tit,
i=1

where we have used the normalisation N~¢ to ensure that Z; converges to fi1:. We have

1 T -
A il TtTq
Bir = let%lt; (B27)
T Dot T
Then,
1 — .
T Zitmit = a ZZm]tmzt =
T t=1 N t=1 j=1
1 X
f Z ﬁ Z (leflt + u]t) (ﬂzlflt + U'Lt)
t=1 Jj=1
e 1
T Z Ne Z (ﬂjlﬁzlflt + 281 851 frewi + ujtult)
t=1 j=1
We have
S bt = (z&) ( ﬂ) |
N t=1 j=1 T t=1 N j=1
But,
1 & 3 N«
i1
fole —p 1, Wzvjl —p Bit v, -
t=1 j=1
Next,

I - = 1
TN ;““z;“ﬁ =0p <T1/2Na—1/2> )
= i=

and
T N T N 1 i o
2 2 1 Op (ﬁ) if 4 S N
Bi1 B firuir = J1eBiruit ~a Vj1 = T
TN« Z Z ! T tz:; N« ; ’ 0 otherwise

t=1 j=1

This concludes the analysis of the numerator of (B27). For the denominator we have,

1 I
72

t=

T N N

? - TN2a ZZZ“N“” =

t=1 j=1 i=1

,_.
2

T N
Z lea ZZ (Bjrfre + uje) (Bir fre 4+ wie) =

t=1 Jj=11i=1

Nl =
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N
ZZ (5j15i1f12t + 2B;1 851 frewie + thuit) .

1 T
f Z N2«
t=1

j=1i=1
We have
T N N Ne o
TN2a Zzzﬂﬂﬂuht = <T qu) <N2a 221}]1%1> )
o= j=1j=1
But,
1 T 1 N® N
fz.fft —p 1, szvjlvil —p N’?’N
=1 j=1 j=1
T N N .
NQ“ ;;;u”uﬂ N (W) ,
T N N
TN2a ZZZﬂzlﬁglfltun =
t=1 j=11i=1
2 & N ;e .
T ; {flt |:Noz Zvllu” (]Va Zlvj1>:| } =0y (W) .
— — =
Therefore,

/Bil )

v1

ﬂil _>p

h T Et L Detie ’8“;"1 tends to zero. This is determined by the
T X1 7 Hoq

13- 1) =0, (177).

ﬁ“ Z”Jl — Bitppo, = { Op (ﬁ) ifi < N®

Next, we need to establish the rate at whic

maximum of two rates:

I

0 otherwise

noting that
Ne N©

1
NzaZZ vt = iy ) = Oy (W)

Jj=1j=1

and
T N N 1

TNzcx Zzzu““ﬁ - (W)

t=1 j=1 i=1

Hence

5 Bi1 1 1
ﬂili Moy :Op Neo/2 +Op Ti/2 )"

Proof of Lemma 18

We need to show foz Ve = op(1) assuming a one factor setting (without loss of generality). The result extends
1 1

straightforwardly to m factors. We have VT —Vz= V7 — Ver + Vs — Va5 where
fi fi fi fi fi Ii
T

ik oorEe) 62 o) (- 5m)

16



and g = (f” 1) But, by Theorem 25.3 of Davidson (1994) and Assumption 3, we have that Vf V= op(1),
1 1
as long as | — oo and [ = o(T). Then, it is sufficient to examine

Tz<fltjt);i

T N~ 1~ 1 N — T N — T — T N
Z DinNfie+ o Dmg Wit | N _N7® *

= (flt B Ne—loN s T 22 = onT 22 utor onT 22wt
But, $30, S0, wie = Op ((NT)/?) . So, £ 01, (L2 -

proving the Lemma.

Supplementary Appendix IV: Justification of the use of the cumulative distribution function of the

standard normal in the approach used to estimate p,,

Consider the single factor model,
Tit = ﬁilflt + Wi, for i = 1, ...,N; t= 1, ...,’I’7 (B28)

and assume that Biy = % Zf;l Bi1 # 0 for a finite N. Recall that 8;1 = v41, for ¢ = 1,..., N® and zero for
t=N+1,.., N (without loss of generality), so that

No
BlN = Na_lﬂlN, with oy = N~ ¢ Zv“'
i=1
Also letting z; = % Zf\il Tit, 0; = 5i1/B1N and noting that Z; = Bin fit + Uz, we have
it = 0Tt + &it, where &y = wir — 6iUs. (B29)

Consider now the t-ratio for testing §; = 0 in the above regression and note that it is given by

5; ZT, TtTit
Zi = % T,N = . /3 = - =1 172 ) (B30)
(Zt:l i’?) Gei (Zt:l i‘f) Oci
where
T
= Z Tit — 5 ZCt ,
t=1
5 — i Teit -6t iy Eibie
S B Y
But
T
Zwtﬂﬁn = Z Blet + Ttt) (Bi1 f1e + uit)
t=1
= Bufin Z fu + Bi1 Z Ut fie + Pin Z frewie + Z Ut Uit
= t=1 t=1 t=1
and

T

T
Zf = 1NZf1t+251NZf1tut Z
=1

= t=1
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T
A 2
6% =T [wu— 63 — (5 — 6)m]
t=1
T A T A T
=TS &+ (66T 77— 208 - 6)T ' mitu
t=1 t=1 t=1

T e 2 T e A T
_ T 1 TtCi _ T 1 TtCi _
-y (TR ) oy TR s,
t=1 T-1> 1% t=1 T-1> 1% t=1
2
o, ()
_T Zgzt 1 T DY .
T3, 7

Also
_ Bupin SOt fE B i e fue + Bin Yoy fuewie + 3 Wi
(B Sy 12+ 2B S, e+ X0, ) o
_ Ba Sy S+ B S @/ Bin) e+ 0y frewae + 3y (@ /Bin) uit
[Et VB A2 e (@ Bin) + X0y (W/Ban) ] 20@

Further, since fin= N* %1, we have 4:/Bin = N'7%(4;/91n5) and

511T Zt T Zt | frewis + (B Jorn) NV T Zt LA fie+ (L/oin) NPT Zt 1Utuzt

12,
Zi 1/2
[T U R A2 /oin) N1 T 300 freti + (/1) N20-e0 =1 370 “t] b
T T T T
-t ngt =7 ZU?t + 51'2T_1 Za? —25, 7" Zatuit
=1
—T_lzuzt—i—ﬂ,l (1/v1n3)? N2 Q)T_lzut —2Bi1 (1/tan) N T Zutuzt
=1 =1
1T - 2 1T - _ 2
(T D1 xtﬁ“) (T Yoo Te(ui — Pa (ut/ﬁuv))
Tt ZtT:1 T3 _%N:’L1 Zthl T+ 2BnT 1 Zthl frue +T71 Zthl a;

(sl @A) - a (w/Aun)])

ST 23:1 fi+2T1 Z?:l f1e (ﬁt/BlN) +7T-1 23:1 (at/glN)Q

B ([7171 Zthl fie + (ﬂt/ﬁ_lN)} [uit - Ba (M/&N)])Q

ST R4 2(1/on) N T fuette + (1/01n) N2O-0T—1 0 a2

But we have

T
Z fie + Ut/ﬂlN)] [wit — Bi1 (ﬂt/ﬁlN)] =
T . B T B T B
Tt Z frewie — BT~} qu (@/Bin) — BT~ Z (ﬁt//BlN)2 +77" Z (@e/Bin) wi

T
SIS i — (B i) N TS e — B (1) NI S 4 (1) laT-lzuwlt,

t=1 t=1 t=1
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T T
N2(—a)p-1 Zﬂ? —o, (N172a)  Niept Zﬂtuit =0, (Nl/Qfanl/Q) 7 (B31)
t=1

t=1
(B32)
T T
N'= T3 fueie = 0, (NPT 72) 1737 frw = 0, (T777)
t=1 t=1
(B33)
Hence,
T T T T
TN =T i+ A (1/o1n)* NPT " af — 28 (1/0i8) N'OT™HY i
t=1 t=1 t=1 t=1
— o2 4 O, (T’l/Q) 0, (N1/27QT71/2) 0, (leza)
T — —
T3 (fe+ (@/Biw)) [uwie = Bia (ae/Bin)] = Op (T7/7) + 0 (N'72%) 4 O, (N'/270T72).
t=1
2
AT - g
=Ty - (13 )
J& - it T_l ZT EQ
t=1 t=1"t
_ 01-2 10, (T71/2) +0, (Nl/Qfanl/Q) +0, (N172o¢) '
Using the above results we now have
T—l ZT7 fl wir + o) NI/Q—QT—I/Q
T = o ( ) 7z £ B =0
|17 S J+ Op (NV2me172) 0, (N12)] 6
—1 T s
_ T Zt:l fie(uir /o) +0, (Nl/Qfanl/Q) +0, (N172o<) ' (B34)

1/2
(T71 23:1 f12t)
Therefore, under 3;1 = 0, z; is asymptotically distributed as N(0,1) so long as N and T tend to infinity in any
order and a > 1/2. Also,
_ BTt Zthl fa4+Tt 23;1 frewie + (Bin Join) N1 7oT ™1 23;1 G fre + (1)) N1 23;1 Uit

T2 n 172
|71 S50 12+ Op (NV/2=0T=1/2) 4 0, (N1=29)| s

if Bi1 #0,
, T 1/2 [ o
= (%) (Tl fot> + T Zt:lelt(u”{/g-;)+
R (T2t s
Op (NI/Q—OtT_l/Q) + 0, (Nl—za) . .

Thus, under 31 # 0, and using the normalization 7! 23:1 & —=p 1, (zi— %) —4 N(0,1) as N and T' — oo,
in any order, and if & > 1/2. It is also easy to see that (B34) and (B35) also hold in mean square.

In the case of a multi-factor setting, (B29) can be re-written in the form shown in Lemma 4 so that the error
term, &;¢,now is augmented by residuals from the regression of each of the m factors on Z:. The rest of the analysis

then follows through.

Supplementary Appendix V: Proof of consistency of fi,, (cp,n) based on multiple testing

The proof is heuristic to the extent that a high level assumption is needed that may be difficult to establish using
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more primitive conditions. We make the following assumption.

Assumption 6 1. Bi1 is uniformly bounded over i .

2. Tiuiris uniformly mizing over i, in the sense of the mizing assumption of Connor and Korajczyk (1993),

with mizing coefficients ¢ mthat satisfy sup, limm oo ¢r,m= 0.

3. Let @i denote a standard normal variate. Then, if zir.n — @i= Om.s. (N>7%) + Om's'(Nl/%aT_l/z),
sup; zi,r.N—pi = Op (N*7*%) 40, (N1/27QT71/2), andsup; E (zir.n — pi)? = O(N?*74) L O(N'~2o7~1),
where Op,.5.() denotes order in mean square.

4. Let v = (1,...,9n)" denote an N x 1 selector vector consisting of zeros and ones such that '1p > N¢, for
some a > 1/2. Define ul = (¢'1) " SN Wiuge. Then,

2
supsup F (u?’) =o0(1).
t

Remark 2 Condition 2 is a standard uniform mizing condition. Uniform mizing is a stronger form of mizing
than strong mizing which is more widely used, but allows a CLT without any rates for the mizing coefficients and
only the existence of 2+ 9, 6 > 0 moments. One could simplify further the assumption by imposing a uniform
mizing condition on uit, and thereby fiirui and proving that Tiuir is uniform mizing with mixing coefficients that
have mizing size -1/2, but we choose to make this slightly less primitive assumption for simplicity. Clearly, if
uit follow (16) then Condition 2 is satisfied. If ustfollow (28) then both (29) and assumptions on vs: need to be
strengthened. A discussion of these issues may be found in Section 14.8 of Davidson (1994) and, in particular,
Theorem 14.14. Conditions 3 and 4 are uniform convergence technical conditions which again seem difficult
to establish from more primitive conditions. A proof of the normality invoked in Condition 3 is provided in
Supplementary Appendiz IV and the assumption only strengthens the result to make it uniform. Condition 4
appears intuitive due to the weak cross-sectional dependence of the errors, although again uniformity is difficult

to establish formally.

Set

wit = Taed (|zi,7,8| > cp;N), 0 = Bl (|zio,N| > cp; N), Vit = uatd (|zim,N| > cpy N)

where cp,;, v is the critical value of the i-th test. Then,

wit = O f1r +vi,fori=1,...,N; t =1,...,T,

and
Wy = 0 f1¢ + s,
where N N
Wy = Zi:1 Wit g — Zi:l 0;
b b
i=1 Zi,T,N| = Cpi,N i=1 Zi,T,N| = Cpi,N
S (] | > ) S I | > )
and N
_ Zi:l Vit
VUt = N .
> e L (lzirN| > ep, )
We take

s
6o = fZ(wt*’@Q,
t=1
and consider the limiting behaviour of afﬁ/uvl, where as before ., = E(v;i1). Since

Wy —w =0 (fi. — fr) + (0 — D),
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then

52 21 T 1 1<

w _ 7 - - E — "y =3 (@ -0 B

pi,  u, T & (fu 2 (fu=fi) @ =0+ 5 T 2~ (o (B36)
— [+ I1+III.

We concentrate on I as we will prove that I and I1] tend to zero. For I, and since % Zthl (flt — f1)2 —p 1,

we have

Efvj ﬁil] (|zi, 7.~ | > cp;,n|Bin # 0) + ZN nogr Bitl (|zi,m,N] > ¢p, N |Bin = 0)
S T (2N = epp v Bt # 0) + 300 vy T (126,08 2 cpy n|Bin = 0)

o (Zi:l Bl (|zi,7,n] > epin|Bit # 0) + iy gy Bl (|2im,n] > cpn|Bin = 0))

N (va:al I(|zir,n] = cpn|Bin # 0) + 30 yayy I (|201,8] > epp v |Bi = 0))

0=

, or

(B37)

We first consider the asymptotic behaviour of the following four terms:

N“ Z /Bll

(lzi, .| = cpi.n|Bir # 0) — Pr(|zi,r n| > cp; v |Bin #0)),

Pr(|zir,N| > ¢p, N|Bi1 = 0)),

X A

i=N*+1

(lzi,7,n| = cps,n|Bin = 0) —

N

Z (I (|zs,7,n| > cp,n|Bir # 0) — Pr (|zi,7,n| > cp,n|Bi1 #0)),

=1

1
Cfm

N

Y ((zirw| = epnlBin = 0) = Pr(zirn| 2 ¢pn|Bi = 0)).
i=No+1

1
D=—
N(L
We need to show that the summands in A — D follow a central limit theorem. It is sufficient to show that the
summands are uniformly mixing. By Condition 2 of Assumption 6 it follows that z; 7 n is uniformly mixing over
i. By the measurability of the indicator function (see, e.g., Theorem 3.27 of Davidson (1994)) and Theorem 14.1
of Davidson (1994), it follows that all summands in A — D, are uniformly mixing and, by Theorem 18.5.1 of

Ibragimov and Linnik (1971), a central limit theorem holds. Then, it follows that
A=o(N"?), B=0(N"*"), c=0(N"?), D=0(NV*").

Next, we consider

lim
N, T— o0

lim

N, T— o0

We have that,

AV
Pr(|zi,r,n| = cpn|Bir #0) =1 — {‘P (Cp,N - %) - (—Cp,N -

(Zivl (|21TN|>Cp7,N|ﬁz1790)
Na

),and
).

)

Zﬁv:N"‘Jrl Pr (|zi,1,5] > ¢p;,N]Bi1 = 0)
Na

(B38)

gq

+ O (N172aT71) 4 O (N274a) )
=1 @ (prN — /BZL—j) + (b (_Cp,N _ %j) + O (N2*4Oé) + O (N172D¢T71) .
(B38) can be proven as follows. From Supplementary Appendix IV we have

zir,N = 2i + Op (N1_2a) + 0, (NI/Q_QT_I/Q) = 2z; + qi,N,T,
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where z; is distributed as N(0,1) and ¢; n,r = Op (N'72*) + O, (N1/27QT71/2). Then, we have

Pr(|zi,r,n| < ¢p,v) — Pr(lzi] < cpyn) = Pr |z + qivr| < cpyn) — Pr(|2i] < cpyv) < Pr(lgin,r| > 0)

yim Pr(lgine|>0)=lim lim Pr(lg,nr|>e€).

But )

Pr(|gi,n,r| >€) < =2

It is easy to see from the analysis of Supplementary Appendix IV that
E(givr) =0 (N*') + O (N2 T7),

then
Pr(|zir,n| < cpin) — ®(cpyn) — B(—cp,n) = O (N*7*) + O (N' 2T, (B39)

proving (B38). Assumption 6 (3) strengthens this to

sup Pr (|zi,7,n| < ¢p,,N) — P(cp, ,n) — P(—cp,n) = O (N274O‘) +0 (le?anl) . (B40)
Thus,
i (ZE (] > e B £0)
pl\]’lTurgOo < No —p L. (B41)
as long as
_ 1/2
cp N=0p(T"'7) (B42)

uniformly over i. Also,

Pr (|zi,m, x| 2 epv]Bin = 0) = [1 = @ (cp,,n) + @ (—p,v)] + O (N 72T 7T) + O (N*7H)
=2[1—®(cp,n)]+O(N'T2*T7Y) + O (N>71).

Then,

Erf\[:[NaH»l Pr(|zi,r.n| 2 ¢p.n]Bir = 0) _ ZéV:[NQ]Jrl 21— (cp,;,n)] + (N —N%)

= e S o (v o (V)

and, as long as

Zﬁiwa} 12[1 =@ (cp;.n)] _
. No =0, (1), (B43)

then,*
Zﬁ\;[NO]-H I(|zi7,N| = cp;,N|Bir = 0)
N«
if either o > 2/3 or @ > 3/5 and N273T~1= o(1). The latter follows, if & > 3/5 and N = o(T"®). For simplicity,

we will assume that o > 2/3. Now, we check

— 0,

N,T—00 N

N&
lim (Zzl 1 I‘(‘Z 1T7N‘ = szqN‘ 1 O)) , 1

lim
N, T— o0

(ZfV—[Nu]H Bir Pr (|zi,1,n| > cp; v |Bin = 0)>
N« ’

Tt is easy to see that both the Holm and Bonferroni multiple testing approaches discussed in Sec-
tion 3.1 satisfy (B43). For Bonferroni, this is obvious. For Holm, we note that if cp, v = &' (1 —p;),
pi = m7 then 2[1 — @ (cp;,N)] = im, for some uniformly bounded positive constants C;. Since

S veggr 2[1 = @ (¢p,,n)] < CIn N, (B43) holds.
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We have,

lim =
N, T— o0

)

<Z£\;[N"]+1 Bi1 Pr (|zi 7. n| > cp; N|Bix = 0))
Na

and

Zi\:; Pu [1 -¢ (Cpi’N B %) te (_Cpi,N - %)]

lim (Ziv—i Bi1 Pr (|zi,r,n| > cp, n|Bin # 0)) _

N,T— o0 N« N, T—oc N«
(B44)
—p E(T}) = Moy

using (B41), or

0 —p o, - (B45)
And therefore,

A2

o, 4

pio

Finally, for IT and I1T we first note that we have already established that N~ "N T (|zir,n| > ¢psn) —p 1,
as N and T — oo, assuming that o > 2/3. But by the proofs of Lemma A.1 and A.2 of (Pesaran, 2006,
Theorem 15.18) and using assumption 6 it immediately follows that IT = 0,(1) and IIT = 0,(1) completing the
proof. In summary, consistency is obtained under Assumption 6 and conditions (B42) and (B43) if a > 2/3.
Note that in the case of a multi-factor setting, (B44) can alter. If « = a1> a2> ... > @, then the denominator

can potentially capture more elements than N%and so (B45) converges to Z;n:1 Cjfo; ,Where 0 < ¢;< 1.

Supplementary Appendix VI: Additional Monte Carlo simulation results

We provide some additional Monte Carlo simulation results in this appendix. First, we set p,= 1 and keep
a = a1> az. In this case & consistently estimates o and has the asymptotic distribution as described in Theorem
1. Next, we present size and power of tests based on & as well. We use the same confidence bands as in the case
of &. From the results shown for experiments A-D, it is confirmed that & is super-consistent. Finally, we consider

the two factor model of (36) for the case when o = av;= a2 and depict bias and RMSE results for estimator ¢.

A two factor model where u, =1

In addition to the results analysed in Section 4, here we consider the instance when g, = 1 and show bias, RMSE;,

size and power results for estimator & which is asymptotically distributed in accordance to Theorem 1. We use

the set up of experiment A of Section 4 and set p,= 1, piy, = 0.87, iy, = \/u?, — N2(e2=a) 2 “and ¢?= 3/4. Since

the leading factor (fi¢) is serially uncorrelated, the statistic for making inference about « is given by

-1/2
1~ 4 o2 / - N
fvﬁ—i— Wu%l 2In(N) (& — a™) —a N(0,1). (B46)
Note that when the leading factor is serially uncorrelated then AE = E(f/{‘tVU;%l — 1, where E(f/ﬁ)\/a}1 is consis-
tently estimated by
ZaN T Z?:l (@ — i)4
B(fi)fot, = ===

where T; = (Nfl vazl mit) /6%, and o2, /u2, , the estimator of ail/uil, is given by

- ~ 2
N N
= E(w-wEw)

J
13, N&—1 ’
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where {61(;)} denotes the sequence of 0;1 sorted according to their absolute values in a descending order, and ¥;1
is the OLS estimator of the regression coefficient of z;; on & = Z:/6z - see Lemma 16 for details. The above
expressions apply irrespective of the number of factors included in model (36).

Further, though not depicted in these Monte Carlo simulation results (these are available upon request), we
consider the case of serially correlated factors as it is being used in the empirical applications of Section 5. When

pj # 0, we use a corrected variance estimator of fi;. The relevant formula for the test statistic is given by

= [0 b Aok a (N) (@ —a®) —a N(0,1) (B47)
7 |Vla N 2, n a-—a«a d ,1).

Vﬁ(q) is computed by first estimating an AR(q) process for Z; = z:—Z, where z; = (T — ~)2 , Ty = (% Zf;l xit) /6=,
F=T"'Y] 4 and 2=T""3/_, 2, and then Vﬁ(q) =62/(1 =1 —F2 — ... — 74)?, where &, is the regres-
sion standard error and 7; is the i*" estimated AR coefficient fitted to Z;. The lag order is set to ¢ = T1/3,
and aml is computed as before. Note that this correction is not the standard Newey-West one but uses an
estimated autoregressive filter. We found that this correction leads to better finite sample properties and hence
we use this in both the Monte Carlo study and the empirical applications in Section 5.

Size of the tests is computed under Hp : o = v, using a two-sided alternative where ago takes values in
the range [0.70,1.00], as indicated previously. Power is computed under the alternatives H, : aq = ag + 0.05

(power+), and H, : ag = ag — 0.05 (power-). Again, all results are scaled up by 100.

Size and power of tests based on & estimator

Next, we conduct size and power tests based on estimator &. We use the same variance estimates as in (B46)
which constitute conservative bands for & and show results for the setting described in Section 4 for experiments
A-D when p2 # 1. The same specifications for the null and alternative hypotheses are imposed as in the section

above.

A two factor model when a = a; = a2

Finally, we repeat the analysis of Section 4 for Experiment A using the less likely alternative of a = 1= .

Here, we set fiy, = o, = 0.5 and ¢? = 1/3.

Additional results

Table A1l presents bias, RMSE, size and power statistics for experiment A in the case of the bias-corrected
estimator, &, and when p, = 1. Results in Table A1 show more clearly the asymptotic distribution derived for &
which is also used for ¢&. Again, we only report results for values of a over the range [0.70,1.0]. Recall that « is
identified only if o > 1/2, and for asymptotically valid inference on « it is further required that a > 4/7, unless
TY2/N@e=2) 5 0, as N and T — oo in the case of & (see Theorem 1), or that o > 2/3 in the case of & (see
Supplementary Appendix V).

It appears that estimator & performs reasonably well in terms of bias and RMSE for values of « in the range
[0.70 — 0.85], when p, = 1. To get a clearer picture of the asymptotics we turn to the right-hand-side of Table A1l
that summarizes the size and power of the tests based on & . There is evidence of some size distortion when « is
below 0.75, but it tends towards the nominal 5% level as « is increased. The size distortion is also reduced as N
and T are increased. The power of the test also rises in o, N and 7', and approaches unity quite rapidly. However,
the power function seems to be asymmetric with the power tending to be higher for alternatives above the null
(denoted by Power+) as compared to the alternatives below the null (denoted by Power-). This asymmetry is
particularly marked for low values of a and disappears as « is increased.

Turning to the size and power of the tests based on &, its superior properties are verified by the results shown
on the right-hand-side of Table A2. Indeed, in general size tends to zero as « increases towards 1 and as N and

T increase. Similarly, power is uniformly close to unity irrespective of the value of a chosen or the N and T
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combination considered (low power is only recorded for the smallest value of « considered and for small N and
T combinations). Qualitatively similar conclusions are drawn for the remaining experiments B-D, as shown in
Tables A3-A5.

Finally, we present results for Experiment A when @ = 1= a2 in Table A6. Compared with Table A-B, both
bias and RMSE results are more elevated for estimator & for all values of o when we impose the two factors to
be of the same strength in the data generating process. This is expected given the discussion in Supplementary
Appendix V. For this reason, size and power of & suffer and are therefore not shown in Table A6. Looking at the

bias and RMSE of &, they both fall gradually as N, T,and « are increased, consistent with the baseline case.

Calibration of R3

In order to select an appropriate R% for the Monte Carlo simulation study of Section 4 and Supplementary
Appendix VI, we computed R%s for the regressions, (36) summated based on data from a number of empirical
applications. For each data set we first calculated & corresponding to & and selected the strong N units. This

resulted in a modified data set, () = [xifq of dimension T x N% (elements of 2(*) were standardised to have

unit variance). Then, we extracted the principal components (pc) from z®) and run the regression
) = ai+yipc; + e, (B48)

for i = 1,2,..,N% and t = 1,2,...,T. We set the number of principal components to include in (B48) to j =
1,2, 3, respectively. Finally, we computed the R? of each of the N& regressions and took their average: R% =
ﬁ va:l R?. We conducted this analysis for a number of empirical applications, of which: (i) GVAR macro
economic data sets (real GDP growth - R = 0.28,0.37,0.44, inflation - R% = 0.47,0.57,0.64, real equity price
change - R% = 0.47,0.59,0.66), and (ii) US - R% = 0.30,0.50,0.60 - and UK - R% = 0.25,0.43,0.52, all using
j =1,2,3 principal components, respectively. See also Section 5 for further details of the data sets.
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Table A7: Bias and RMSE (x100) for the & estimate of the cross-sectional exponent -
case of two serially independent factors and cross-sectionally independent idiosyncratic errors
(a2 = a, fjs and uy ~ IIDN(0,1), vij ~ IIDU (1, — 0.2, 1, +0.2), j = 1,2, p1, = 0.5, f1,, = 0.5)
N=50,100,200,500,1000 and T=100,200,500

a 0.70 0.75 0.80 0.85 0.90 0.95 1.00
N\T 100
50 Bias  10.13 892 812 7.06 5.48 3.46 -0.22
RMSE 10.39 9.13 830 7.21 5.60 3.54 0.23
100  Bias 941 851 7.73 6.96 5.45 3.28 -0.04
RMSE 9.55 8.63 7.82 7.03 5.51 3.33 0.06
200 Bias 892 841 7.54 6.49 5.04 3.12 0.03
RMSE 9.00 847 7.59 6.53 5.08 3.14 0.04
500 Bias 7.39 7.01 6.52 5.66 4.50 2.81 0.05
RMSE 7.45 7.06 6.56 5.69 4.53 2.83 0.06
1000 Bias 6.82 6.49 6.00 5.21 4.14 2.56 0.05
RMSE 6.86 6.53 6.03 5.24 4.17 2.58 0.06
200
50 Bias  11.68 10.22 9.10 7.92 6.13 3.72 -0.27
RMSE 11.86 10.38 9.22 8.02 6.21 3.77 0.28
100  Bias 10.95 9.84 891 800 6.29 3.72 -0.10
RMSE 11.03 9.90 8.97 8.04 6.32 3.75 0.10
200 Bias 9.60 9.35 856 7.51 5.92 3.68 -0.02
RMSE 9.64 9.38 858 7.53 5.93 3.69 0.02
500 Bias 876 836 7.81 6.88 556 3.50 0.02
RMSE 878 837 7.82 6.89 5.56 3.51 0.02
1000 Bias 808 7.77 7.29 6.46 5.26 3.36 0.03
RMSE 809 7.78 7.29 6.47 5.27 3.36 0.03
500
50 Bias 14.88 11.89 9.86 8.23 6.31 3.68 -0.35
RMSE 15.03 12.03 9.98 832 6.38 3.72 0.35
100  Bias 11.54 10.39 9.39 835 6.52 3.84 -0.12
RMSE 11.60 10.43 9.43 8.38 6.54 3.86 0.12
200 Bias 10.26 9.90 9.07 7.94 6.26 3.83 -0.04
RMSE 10.28 9.92 9.09 7.96 6.27 3.84 0.04
500 Bias 9.40 897 842 7.44 6.00 3.75 -0.01
RMSE 9.41 898 843 7.44 6.00 3.75 0.01
1000 Bias 889 843 7.93 7.08 5.77 3.67 0.00
RMSE 889 843 7.94 7.08 5.77 3.67 0.00
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Supplementary Appendix VII: Empirical exponents of cross-sectional dependence with confidence

bands

The following two figures show the estimates of &; and &, displayed in Figures 1 and 4 including their respective
95% confidence bands.

Figure 5: & associated with S&P 500 securities’ excess returns — 5-yr rolling samples
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Figure 6: & associated with S&P 500 securities’ excess returns — 5-yr rolling samples
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