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Devwudfw

Wklv sdshu suhvhqwv h�flhqw phwkrgv iru wkh vroxwlrq ri �qlwh0krul}rq pxowlyduldwh olqhdu udwlr0

qdo h{shfwdwlrqv +POUH, prghov/ olqnlqj wkh vroxwlrq ri vxfk prghov wr wkh sureohp ri vroylqj

vsduvh olqhdu htxdwlrq v|vwhpv zlwk d eorfn0wulgldjrqdo frh�flhqw pdwul{ vwuxfwxuh1 Wzr qx0

phulfdo vfkhphv iru wkh vroxwlrq ri wklv w|sh ri htxdwlrq v|vwhpv duh glvfxvvhg/ dqg lw lv vkrzq

krz wkhvh surfhgxuhv fdq eh dgdswhg wr h�flhqwo| vroyh �qlwh0krul}rq POUH prghov1 Dv wkh

wzr qxphulfdo vfkhphv duh ixoo| uhfxuvlyh dqg rqo| lqyroyh hohphqwdu| pdwul{ rshudwlrqv/ wkh|

duh dovr vwudljkwiruzdug wr lpsohphqw1 Wkh qxphulfdo vfkhphv duh looxvwudwhg e| dsso|lqj wkhp

wr d �qlwh0krul}rq dgmxvwphqw frvw sureohp ri h{shqglwxuh vkduhv xqghu dgglqj0xs frqvwudlqwv/

dqg wr d �qlwh0krul}rq olqhdu0txdgudwlf rswlpdo frqwuro sureohp1

Nh|zrugv= Pxowlyduldwh Olqhdu Udwlrqdo H{shfwdwlrqv Prghov/ Vsduvh Olqhdu V|vwhpv1

MHO0Fodvvl�fdwlrq= F65/ F961
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Lq wklv sdshu zh frqvlghu wkh vroxwlrq ri �qlwh0krul}rq pxowlyduldwh olqhdu udwlrqdo h{shfwdwlrqv

+POUH, prghov1 Zh hvwdeolvk d frqfhswxdo olqn ehwzhhq wkh vroxwlrq ri wkhvh prghov dqg wkh

sureohp ri vroylqj vsduvh olqhdu htxdwlrq v|vwhpv zlwk d eorfn0wulgldjrqdo frh�flhqw pdwul{ vwuxf0

wxuh/ dqg vkrz krz phwkrgv iru wkh vroxwlrq ri vxfk vsduvh olqhdu htxdwlrq v|vwhpv fdq eh dgdswhg

wr h�flhqwo| vroyh �qlwh0krul}rq POUH prghov1

Vsduvh olqhdu htxdwlrq v|vwhpv zlwk d eorfn0wulgldjrqdo frh�flhqw pdwul{ vwuxfwxuh dulvh iru

d zlgh ydulhw| ri vflhqwl�f sureohpv/ lqfoxglqj wkh qxphulfdo vroxwlrq ri fhuwdlq fodvvhv ri sduwldo

gl�huhqwldo htxdwlrqv/ olqhdu0txdgudwlf rswlpdo frqwuro sureohpv/ dqg Jdxvvldq rswlpdo �owhulqj

sureohpv1 Qrw vxusulvlqjo|/ wkhq/ wkh vroxwlrq ri olqhdu htxdwlrq v|vwhpv zlwk vxfk d vwuxfwxuh

kdv ehhq h{whqvlyho| vwxglhg lq wkh qxphulfdo dqdo|vlv olwhudwxuh1 Gudzlqj rq uhfhqw zrun lq wklv

olwhudwxuh/ zh ghvfuleh wzr qxphulfdo vfkhphv iru wkh h�flhqw vroxwlrq ri vsduvh olqhdu htxdwlrq

v|vwhpv zlwk d eorfn0wulgldjrqdo frh�flhqw pdwul{ vwuxfwxuh/ dqg surylgh dqdo|wlfdo frqglwlrqv

xqghu zklfk wkhvh vfkhphv fdq eh vxffhvvixoo| dssolhg1 Dgdswlqj wkh vfkhphv wr wkh vroxwlrq ri

�qlwh0krul}rq POUH prghov |lhogv qxphulfdo dojrulwkpv wkdw duh h�flhqw dv zhoo dv vwudljkwiruzdug

wr lpsohphqw1� Rqh ri wkh vfkhphv zh glvfxvv lv dssolfdeoh dovr wr sureohpv lqyroylqj frh�flhqw

pdwulfhv zlwk d kljk ghjuhh ri vlqjxodulw|1

Wkh vroxwlrq ri POUH prghov kdv lq wkh sdvw ihz |hduv uhfhlyhg vxevwdqwldo dwwhqwlrq lq wkh

olwhudwxuh1 Vhh/ iru h{dpsoh/ Elqghu dqg Shvdudq +4<<8/ 4<<:,/ Eur}h/ Jrxul�hurx{ dqg V}didu}

+4<<8,/ Dqghuvrq/ Kdqvhq/ PfJudwwdq dqg Vdujhqw +4<<9,/ Vlpv +4<<9,/ Dqghuvrq +4<<:,/ Nlqj

dqg Zdwvrq +4<<:/ 4<<;,/ Nohlq +4<<:,/ Xkolj +4<<:,/ dqg ]dgur}q| +4<<;,1 Wkh sulpdu| irfxv ri

wklv uhvhdufk kdv ehhq wzrirog= wkh ghulydwlrq ri uhdglo| dssolfdeoh phwkrgv iru wkh ghwhuplqdwlrq ri

wkh glphqvlrq ri wkh vroxwlrq vhw +Elqghu dqg Shvdudq/ 4<<8/ 4<<:> Eur}h/ Jrxul�hurx{ dqg V}didu}/

4<<8,/ dqg hvwdeolvkphqw ri h�flhqw dojrulwkpv iru wkh qxphulfdo vroxwlrq ri POUH prghov zlwk d

xqltxh vroxwlrq1 Lq hlwkhu fdvh/ wkh frqfhuq ri wklv olwhudwxuh kdv ehhq zlwk lq�qlwh0krul}rq POUH

prghov kdylqj wlph0lqyduldqw vroxwlrqv12 Lq wklv sdshu zh frqvlghu �qlwh0krul}rq POUH prghov/

zklfk/ dv lv zhoo nqrzq/ jhqhudoo| gr qrw kdyh wlph0lqyduldqw vroxwlrqv/ dqg wkhuhiruh uhtxluh d
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gl�huhqw vroxwlrq dssurdfk1 Wkhuh lv d odujh qxpehu ri sureohpv ri vxevwdqwldo hfrqrplf lqwhuhvw

wkdw jlyh ulvh wr �qlwh0krul}rq POUH prghov/ vxfk dv wkh +orj0olqhdul}hg, rswlpdolw| frqglwlrqv ri

krxvhkrogv* �qlwh0krul}rq lqwhuwhpsrudo rswlpl}dwlrq sureohpv1� Lw lv wkhuhiruh lpsruwdqw wr kdyh

h�flhqw phwkrgv dydlodeoh iru wkh vroxwlrq ri �qlwh0krul}rq POUH prghov1

Wkh uhpdlqghu ri wklv sdshu lv rujdql}hg dv iroorzv= Vhfwlrq 5 lqwurgxfhv wkh fodvv ri �qlwh0

krul}rq POUH prghov zlwk jhqhudo odj0 dqg ohdg0vwuxfwxuh/ dqg glvfxvvhv lq sduwlfxodu wkh ydulrxv

frh�flhqw pdwul{ vlqjxodulwlhv wkdw fdq dulvh dqg wkdw duh doo dffrpprgdwhg e| rxu dssurdfk/ dw

prvw uhtxlulqj d vlpsoh jhqhudol}hg lqyhuvh edvhg wudqvirupdwlrq ri wkh ruljlqdo prgho1 Vhfwlrq

6 ghvfulehv d vroxwlrq phwkrg edvhg rq edfnzdug uhfxuvlrqv +wkh ixoo| uhfxuvlyh phwkrg iru wkh

vroxwlrq ri POUH prghov uhfhqwo| dgydqfhg lq Elqghu dqg Shvdudq/ 4<<:,1 Vhfwlrq 7 vkrzv krz

rqh pd| dowhuqdwlyho| vroyh wkhvh prghov e| uhzulwlqj wkhp dv vsduvh olqhdu htxdwlrq v|vwhpv zlwk

d eorfn0wulgldjrqdo frh�flhqw pdwul{ vwuxfwxuh1 Vhfwlrq 8 frqvlghuv wzr qxphulfdo vfkhphv iru

wkh h�flhqw vroxwlrq ri vsduvh olqhdu htxdwlrq v|vwhpv zlwk d eorfn0wulgldjrqdo frh�flhqw pdwul{

vwuxfwxuh/ dqg vkrzv krz wkh| fdq eh dgdswhg iru wkh h�flhqw vroxwlrq ri �qlwh0krul}rq POUH

prghov1 Wkhvh vfkhphv duh looxvwudwhg e| dsso|lqj wkhp wr d olqhdu0txdgudwlf dgmxvwphqw frvw

sureohp lqyroylqj h{shqglwxuh vkduhv lq Vhfwlrq 91 Dv wkh h{shqglwxuh vkduhv qdwxudoo| duh vxemhfw

wr dq dgglqj0xs frqvwudlqw/ wklv prgho lv dq h{dpsoh ri dq POUH prgho zlwk uhgxqgdqflhv/ wkdw

lv/ zlwk d vlqjxodulw| lq wkh fdqrqlfdo irup frh�flhqw pdwul{ suhpxowlso|lqj wkh yhfwru ri fxuuhqw0

shulrg ghshqghqw yduldeohv1 Lw lv vkrzq wkdw rqh ri wkh wzr qxphulfdo vfkhphv ri Vhfwlrq 8 lv

lpphgldwho| dssolfdeoh wr wklv sureohp/ dqg wkdw wkh rwkhu lv dssolfdeoh xsrq xvlqj wkh jhqhudol}hg

lqyhuvh edvhg wudqvirupdwlrq lqwurgxfhg lq Vhfwlrq 51 Wkh dssolfdwlrq ri rqh ri wkh qxphulfdo

vfkhphv wr d �qlwh0krul}rq olqhdu0txdgudwlf rswlpdo frqwuro sureohp lv glvfxvvhg lq dq Dsshqgl{1

Vrph frqfoxglqj uhpdunv duh r�huhg lq Vhfwlrq :1

2 A�i �L_i*

D jhqhudo irupxodwlrq ri wkh POUH prgho zlwk d �qlwh krul}rq fdq eh zulwwhq dve
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zkhuh H +}|n�n�3�m
|n�3�, lv jlyhq iru w . � . m � l A W / l @ 3> 4> = = = > q�/ dqg m @ 3> 4> = = = > q21

Lq +514,/ }|n� ghqrwhv dq u � 4 glphqvlrqdo yhfwru ri ghflvlrq yduldeohv/ i|n� uhsuhvhqwv d yhfwru

ri iruflqj yduldeohv ri wkh vdph glphqvlrq/ P�� +l @ 3> 4> = = = > q�/ m @ 3> 4> = = = > q2, lv dq u � u

glphqvlrqdo pdwul{ ri �{hg frh�flhqwv/ H+�m
|n� , lv wkh frqglwlrqdo pdwkhpdwlfdo h{shfwdwlrqv

rshudwru/ dqg 
|n� uhsuhvhqwv d qrq0ghfuhdvlqj lqirupdwlrq vhw dw wlph w. � / frqwdlqlqj +dw ohdvw,

fxuuhqw dqg odjjhg ydoxhv ri }|n� dqg i|n� = 
|n� @ i}|n� > }|n�3�> = = = > i|n� > i|n�3�> = = = j1 Iru wkh

vwdwh yduldeohv dprqj wkh ghflvlrq yduldeohv lq }|n� / zh dvvxph wkdw wkh uhohydqw lqlwldo frqglwlrqv

duh jlyhq1 Zh dovr dvvxph wkdw wkh iruflqj yduldeohv ii|n�j duh dgdswhg wr i
|n�j1D
Wkurxjkrxw wklv sdshu/ zh zloo edvh rxu dqdo|vlv ri +514, rq wkh iroorzlqj vhfrqg0rughu fdqrqlfdo

irup=

{|n� @ D{|n�3� .EH+{|n�n�m
|n� , .z|n� > � @ 3> 4> = = = > W � w> +515,

zkhuh

{|n� @
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t
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|n� > t
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dqg z|n� lv dq p � 4 glphqvlrqdo yhfwru wkdw frqvlvwv ri olqhdu frpelqdwlrqv ri wkh hohphqwv ri

i|n� / zlwk p @ q� +q2 . 4, u1 Vhh/ iru h{dpsoh/ Elqghu dqg Shvdudq +4<<8/ 4<<:, iru d gh�qlwlrq ri

wkh p�p glphqvlrqdo pdwulfhv D dqg E lq whupv ri wkh P�� *v +l @ 3> 4> = = = > q�/ m @ 3> 4> = = = > q2,/

dv zhoo dv d suhflvh gh�qlwlrq ri z|n� 1

Lq +515,/ zh kdyh qrupdol}hg wkh frh�flhqw pdwul{ dvvrfldwhg zlwk {|n� wr eh wkh lghqwlw|

pdwul{1 Wklv lv grqh zlwkrxw dq| orvv ri jhqhudolw|1S Wr vhh wklv/ lw lv vlpsohu wr jr edfn iru d

prphqw wr +514,/ dv lw pd| eh uhdglo| yhul�hg iurp wkh gh�qlwlrq ri D dqg E lq whupv ri wkh P�� *v

+l @ 3> 4> = = = > q�/ m @ 3> 4> = = = > q2, wkdw wkh glphqvlrq ri wkh qxoo vsdfh ri wkh frh�flhqw pdwul{

suhpxowlso|lqj {|n� lq +515, lv htxdo wr wkh glphqvlrq ri wkh qxoo vsdfh ri Pff lq +514,1

Li/ dv dvvxphg deryh/ Pff lv d vtxduh pdwul{/ wkhq Pff pxvw eh qrqvlqjxodu iru wkh POUH

prgho +514, wr eh frpsohwh lq wkh ghflvlrq yduldeohv }|n� / � @ 3> 4> = = = > W � w= Li Pff lv vlqjxodu/

wkhq lw lv qrw srvvleoh wr xqltxho| vroyh iru wkh hohphqwv ri }|n� dv ixqfwlrqv ri wkh hohphqwv ri wkh

odjjhg }|n� *v/ ri wkh fxuuhqw dqg ixwxuh h{shfwdwlrqv ri wkh hohphqwv ri }|n� / dqg ri wkh iruflqj

yduldeohv lq i|n� 1 Li rqh doorzv iru wkh srvvlelolw| wkdw Pff lv qrw d vtxduh pdwul{/ exw udwkhu lv d

pdwul{ ri glphqvlrq/ vd|/ t�u/ t A u/ wkhq iru wkh prgho htxdwlrqv wr eh frqvlvwhqw/ lw pxvw eh wkh

fdvh wkdw t� u urzv ri +514, duh olqhdu frpelqdwlrqv ri wkh uhpdlqlqj u urzv ri +514,/ dqg wkhuhiruh

duh uhgxqgdqw1. Li vxfk uhgxqgdqflhv duh suhvhqw/ wkh udqn ri Pffpxvw eh htxdo wr u iru +514, wr
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eh frpsohwh1 Suhpxowlso|lqj +514, e| wkh jhqhudol}hg lqyhuvh ri Pff/

P3
ff @

�
P

�
ffPff

�3�
P

�
ff> +516,

rqh wkhq rewdlqv

?�[
�'f

?2[
�'f

iP��H +}|n�n�3�m
|n�3�,�P3
ffi|n� @ 3of�> � @ 3> 4> = = = > W � w> +517,

zlwk iP�� @ P3
ffP�� / dqg wkxv iPff @ Lo/ zkhuh Lo ghqrwhv wkh lghqwlw| pdwul{ ri rughu u1 Suh0

pxowlso|lqj +514, e| wkh jhqhudol}hg lqyhuvh ri Pff uhpryhv dq| uhgxqgdqflhv lq wkh prgho1H +Ri

frxuvh/ lq wkh fdvh zkhuh t @ u/ wkh jhqhudol}hg lqyhuvh ri Pff frlqflghv zlwk wkh lqyhuvh ri Pff1,

Wkhuhiruh/ hyhq lq wkh fdvh zkhuh d prgho frqwdlqv uhgxqgdqflhv/ zrunlqj zlwk wkh fdqrqlfdo irup

+515, grhv qrw lqyroyh dq| orvv ri jhqhudolw|/ dqg +515, fdq dozd|v eh rewdlqhg iurp +514, zlwkrxw

dq| prgho0vshfl�f wudqvirupdwlrqv1b

� � �@U!�@h_ +iU�ht��i 5L*�|�L?

Dv +515, lv d �qlwh0krul}rq POUH prgho zklfk jhqhudoo| grhv qrw kdyh d wlph0lqyduldqw vroxwlrq/

wkh vwdqgdug phwkrgv dydlodeoh lq wkh olwhudwxuh iru wkh vroxwlrq ri lq�qlwh0krul}rq POUH prghov

duh qrw dssolfdeoh wr lw1 Rqh dssurdfk wr wkh vroxwlrq ri +515, zrxog eh wr xvh edfnzdug uhfxuvlrqv

vwduwlqj iurp wlph W 1 Dw wlph W / wkh vroxwlrq iru {A / jlyhq {A3� dqg wkh whuplqdo frqglwlrq

H +{An�m
A ,/ lv jlyhq e| +515, iru � @ W � w=

{A @ D{A3� .EH +{An�m
A , .zA = +614,

Surfhhglqj uhfxuvlyho| edfnzdug/ zh fdq rewdlq {A3� dv d ixqfwlrq ri {A32/ wkh whuplqdo frqglwlrq

H +{An�m
A ,/ dqg ri H +zA m
A3�, dqg zA3�1 Frpelqlqj +515, iru � @ W � w � 4 zlwk +614,/ rqh

uhdglo| rewdlqv

{A3� @ +L6�ED,3� �D{A32 .E2H +{An�m
A , .EH +zA m
A3�, .zA3�

�
= +615,

�@h�@?Ui�UL�@h�@?Ui 4@|h� Lu u|n� |L Mi t�?}�*@hc M�| _Lit ?L| Thiti?| @?) ?i� _��U�*|) @t u@h @t |�i tL*�|�L? Lu

E2��� �t UL?Uih?i_�
H6Lh @? i @4T*i tii 5iU|�L? S�
b�? @*|ih?@|��i |L E2�2� �L�*_ Mi |L �ti |�i �ht|�Lh_ih U@?L?�U@* uLh4 Lu �*@?U�@h_ @?_ k@�? E�bHf�c @*tL

i4T*L)i_c uLh i @4T*ic �? |�i �Lh! Lu 5�4t E�bbS� @?_ k�?} @?_ @̀|tL? E�bb.c �bbH�� `��*i |�i �*@?U�@h_ @?_ k@�?

U@?L?�U@* uLh4 ��|�L�| ULi�U�i?| 4@|h� t�?}�*@h�|) hit|h�U|�L?t �@t |�i t@4i *i�i* Lu }i?ih@*�|) @t L�h tiUL?_�Lh_ih

U@?L?�U@* uLh4 E2�2�c hi_�U�?} E2��� |L �*@?U�@h_ @?_ k@�?<t �ht|�Lh_ih U@?L?�U@* uLh4 }i?ih@**) hi^��hit �?|hL_�U�?}

?i� Thi_i|ih4�?i_ �@h�@M*it� Wu |�i tiUL?_�Lh_ih U@?L?�U@* uLh4 E2�2� �t �ti_c ?L Thi_i|ih4�?i_ �@h�@M*it ?ii_ |L Mi

�?|hL_�Ui_c @?_ |�i tL*�|�L? �t _�hiU|*) LM|@�?i_ �? |ih4t Lu U�hhi?|�Tih�L_ _iU�t�L? �@h�@M*it�
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Surfhhglqj wr shulrg W � 5/ frpelqlqj +515, iru � @ W � w� 5 zlwk +615,/ wkh vroxwlrq iru {A32 lv

jlyhq e|

{A32 @
k
L6 �E +L6�ED,3�D

l3�

�
%

D{A3� .E +L6�ED,3�E2H +{An�m
A , .E +L6�ED,3�EH +zA m
A32,

.E +L6�ED,3�H +zA3�m
A32, .zA32

&
=

Wkh sdwwhuq ri wkhvh edfnzdug uhfxuvlrqv vkrxog eh dssduhqw1 Zh wkxv kdyh wkh iroorzlqj sursrvl0

wlrq/ zklfk h{whqgv Sursrvlwlrq 714 lq Elqghu dqg Shvdudq +4<<:, wr �qlwh0krul}rq POUH prghov/

dqg surylghv wkh vroxwlrq iru {|n� / � @ 3> 4> = = = > W � w1�f

Sursrvlwlrq 614 ^Edfnzdug Uhfxuvlyh Vroxwlrq`

Frqvlghu wkh �qlwh0krul}rq POUH prgho +515,1 Ohw

�A3| @ L6> �A3|3� @ L6 �E�3�
A3|3�n�D/ l @ 4/ 5/ = = = / W � w> +616,

dqg

�A @ EH +{An�m
A , .zA > �A3� @ E�3�
A3|3�n��A3�n� .zA3�> l @ 4/ 5/ = = = / W � w=

+617,

Vxssrvh wkh pdwulfhv �A3|3� duh qrqvlqjxodu iru l @ 4/ 5/ = = = / W � w1 Wkhq wkh vroxwlrq iru {|n�

wr +515, lv jlyhq e|=

{|n� @ �3�
� D{|n�3� .�3�

� H +�|n� m
|n� , > � @ 3/ 4/ = = = / W � w1 +618,

Qrwh wkdw wkh vroxwlrq lq doo shulrgv lv d olqhdu frpelqdwlrq ri wkh lqlwldo dqg whuplqdo ydoxhv/

dqg wkh frqglwlrqdo h{shfwdwlrqv ri wkh iruflqj yduldeohv ii|n�j1 Dv wkh iruflqj yduldeohv zhuh

dvvxphg wr eh dgdswhg wr wkh lqirupdwlrq vhwv i
|n�j/ wkhq vr zloo eh wkh vroxwlrq i{|n�j1

e � �*LU!�Ah�_�@}L?@* 5)t|i4 +iThiti?|@|�L?

Zkloh Sursrvlwlrq 614 surylghv wkh vroxwlrq wr +515, dv orqj dv wkh pdwulfhv �A3|3�> l @ 4/ 5/ = = = /

W � w/ duh qrqvlqjxodu/ vljql�fdqw ixuwkhu lqvljkwv lqwr wkh vroxwlrq ri +515, fdq eh rewdlqhg e|

�f��?_ih @?_ �it@h@? E�bb.� @*tL _�tU�tt �L� |��t M@U!�@h_ hiU�ht��i 4i|�L_ 4@) Mi �ti_ |L UL4T�|i |�i �?�^�i

t|@M*i tL*�|�L? E�u �| i �t|t� Lu �?�?�|i��Lh�3L? �w+, 4L_i*t� �L?�hiU�ht��i 4i|�L_t 4@) Lu|i? Mi u@t|ih uLh |�i

tL*�|�L? Lu t�U� 4L_i*t |�@? hiU�ht��i tL*�|�L? 4i|�L_t ET@h|�U�*@h*) uLh �?�?�|i��Lh�3L? �w+, 4L_i*t uLh ���U�

|�i tL*�|�L? @| | UL�*_ Mi ti?t�|��i |L |�i �@*�i Lu . E A3|n��l|� uLh *@h}i �@*�it Lu A �� �? |�i L|�ih �@?_c |�i

u�**) hiU�ht��i 4i|�L_ �i t�}}it| �? |��t T@Tih _Lit ?L| �?�L*�i @?) 4@|h� t�4�*@h�|) |h@?tuLh4@|�L?tc M�| L?*)

hi^��hit i*i4i?|@h) 4@|h� LTih@|�L?t E@__�|�L?c 4�*|�T*�U@|�L?c �?�iht�L?�� W| 4@) |�ihiuLhi Mi i@t�ih |L }h@tT @?_

�4T*i4i?| |�@? |�Lti 4i|�L_t �? |�i *�|ih@|�hi uLh |�i tL*�|�L? Lu �?�?�|i��Lh�3L? �w+, 4L_i*t |�@| @hi M@ti_ L?

4@|h� t�4�*@h�|) |h@?tuLh4@|�L?t� 6�h|�ih4Lhic �| �t Lu|i? �?|ihit|�?} |L !?L� uLh ��@| �@*�it Lu A |�i tL*�|�L? Lu

|�i �?�?�|i��Lh�3L? ThLM*i4 �t hLM�t| |L |�i U�L�Ui Lu |�i |ih4�?@* �@*�it�
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uhodwlqj wkh vroxwlrq ri +515, wr wkh vroxwlrq ri vsduvh olqhdu htxdwlrq v|vwhpv/ udwkhu wkdq dsso|lqj

wkh edfnzdug uhfxuvlyh dssurdfk xqghuo|lqj Sursrvlwlrq 6141 Dffruglqjo|/ zh vwdfn wkh fdqrqlfdo

irup +515, iru shulrgv W / W � 4/ = = = / w/ dqg wdnh frqglwlrqdo h{shfwdwlrqv zlwk uhvshfw wr 
| wr

rewdlq 3EEEEEEEEEEC

L6 �D 36 36 � � � 36 36 36

�E L6 �D 36 � � � 36 36 36

36 �E L6 �D � � � 36 36 36
111

111
111

111
1 1 1

111
111

111

36 36 36 36 � � � �E L6 �D

36 36 36 36 � � � 36 �E L6

4FFFFFFFFFFD

3EEEEEEEEEEC

H +{A m
|,

H +{A3�m
|,

H +{A32m
|,
111

H +{|n�m
|,

{|

4FFFFFFFFFFD

@

3EEEEEEEEEEC

H +zA m
|,

H +zA3�m
|,

H +zA32m
|,
111

H +z|n�m
|,

D{|3� .z|

4FFFFFFFFFFD
.

3EEEEEEEEEEC

EH +{An�m
|,

36f�

36f�

111

36f�

36f�

4FFFFFFFFFFD
> +714,

ru/ pruh vlpso|/

Fj| @ k|> +715,

zkhuh wkh pdwul{ F lv ri glphqvlrq s � s/ dqg j| dqg k| duh s � 4 glphqvlrqdo yhfwruv/ zlwk

s @ p+W � w. 4,1 Wr vroyh iru {| iurp +715,/ rqh qhhgv wr lqyhuw wkh pdwul{ F1 +Dv zh zloo vkrz

ehorz/ rqh ri rxu wzr qxphulfdo vfkhphv iru wkh lqyhuvlrq ri F lq idfw dovr |lhogv wkh vroxwlrqv iru

{|n� / � @ 4> 5> = = = > W � w1,

Frqvlghulqj wkh eorfn0wulgldjrqdo qdwxuh ri wkh frh�flhqw pdwul{ F/ lw lv fohdu wkdw +715, uhs0

uhvhqwv d vsduvh olqhdu htxdwlrq v|vwhp1 Wkh vsduvlw| ri F pd| eh |hw pruh surqrxqfhg gxh wr wkh

fdqrqlfdo irup pdwulfhv D dqg2ru E ehlqj vsduvh dovr1 Wkh pdwulfhv D dqg2ru E pd| eh vsduvh

gxh wr wkh lqkhuhqw g|qdplf vwuxfwxuh ri wkh prgho xqghu frqvlghudwlrq dqg2ru ehfdxvh wkh surfhvv

ri frqvwuxfwlqj wkh fdqrqlfdo irup +515, pd| lqwurgxfh d odujh qxpehu ri }hur hqwulhv lq D dqg2ru

E1 Lq wkh qh{w vhfwlrq/ zh zloo vkrz wkdw e| dssurdfklqj wkh vroxwlrq ri +515, wkurxjk wkh vsduvh

olqhdu htxdwlrq v|vwhp +715,/ rqh pd| rewdlq dqdo|wlfdo frqglwlrqv xqghu zklfk wkh uhfxuvlrqv lq

Sursrvlwlrq 614 duh zhoo gh�qhg/ dqg rqh pd| dovr dfklhyh ixuwkhu jdlqv lq frpsxwdwlrqdo h�flhqf|

uhodwlyh wr fduu|lqj rxw wkh uhfxuvlrqv ri Sursrvlwlrq 614 li fhuwdlq qrqvlqjxodulw| uhvwulfwlrqv duh

vdwlv�hg1
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D 5L*�|�L? Lu �*LU!�Ah�_�@}L?@* w�?i@h ,^�@|�L? 5)t|i4t

H�flhqw lqyhuvlrq ri eorfn0wulgldjrqdo pdwulfhv kdv ehhq vwxglhg lq wkh uhfhqw qxphulfdo dqdo|vlv

olwhudwxuh1 Zh surylgh khuh 0 lq wkh frqwh{w ri +715, 0 d eulhi glvfxvvlrq ri wzr phwkrgv wr dffrpsolvk

vxfk lqyhuvlrqv1 Rqh ri wkhvh phwkrgv ohdgv wr wkh vdph uhfxuvlrqv dv lq Sursrvlwlrq 614/ exw uhdglo|

doorzv wr hvwdeolvk dqdo|wlfdo frqglwlrqv xqghu zklfk wkhvh uhfxuvlrqv duh zhoo gh�qhg1 Wkh vhfrqg

phwkrg/ zkhq dssolfdeoh dqg zkhq wkh sodqqlqj krul}rq lv �{hg/ lv olnho| wr ohdg wr ixuwkhu jdlqv

lq frpsxwdwlrqdo h�flhqf|/ frpsduhg wr fduu|lqj rxw wkh uhfxuvlrqv ri Sursrvlwlrq 6141 Olnh wkh

uhfxuvlrqv ri Sursrvlwlrq 614/ erwk phwkrgv duh vwudljkwiruzdug wr lpsohphqw/ dv wkh| lqyroyh rqo|

hohphqwdu| pdwul{ rshudwlrqv1 Dovr wkh �uvw phwkrg lv dssolfdeoh uhjdugohvv ri zkhwkhu wkh eorfn0

vxegldjrqdo pdwul{ E lv vlqjxodu1 Wkh vhfrqg phwkrg dssolhv/ krzhyhu/ rqo| li E lv qrqvlqjxodu1��

Ehiruh surfhhglqj/ zh pljkw dovr qrwh wkdw rxu glvfxvvlrq lv qrw phdqw wr eh d frpsuhkhqvlyh

jxlgh wr wkh lqyhuvlrq ri eorfn0wulgldjrqdo pdwulfhv/ exw udwkhu vlpso| lqwhqgv wr frqyh| krz �qlwh0

krul}rq POUH prghov pd| eh h�flhqwo| vroyhg xvlqj qxphulfdo vfkhphv iurp wkh olwhudwxuh rq wkh

lqyhuvlrq ri eorfn0wulgldjrqdo pdwulfhv1

Fdvh 4= E Srvvleo| Vlqjxodu

Frqvlghu �uvw wkh fdvh zkhuh E lv srvvleo| vlqjxodu1 Wkh vwdqgdug wh{werrn dssurdfk wr vroylqj

olqhdu htxdwlrq v|vwhpv ri wkh irup Fj| @ k|/ gh�qhg e| +715,/ lv e| phdqv ri Jdxvvldq holplqdwlrq/

ru htxlydohqwo|/ OX0idfwrul}dwlrq> qdpho| idfwrul}dwlrq ri F lqwr wkh surgxfw ri d eorfn orzhu

wuldqjxodu pdwul{ OW dqg d eorfn xsshu wuldqjxodu pdwul{ XW/ dqg wkhq vroylqj wkh uhvxowdqw eorfn0

wuldqjxodu htxdwlrq v|vwhpv

OW�| @ k|> +814,

+e| iruzdug vxevwlwxwlrq,/ dqg

XWj| @ �|> +815,

+e| edfnzdug vxevwlwxwlrq,1 Vxfk dq dojrulwkp grhv qrw h{sorlw wkh vsduvh qdwxuh ri F/ krzhyhu/

dqg lq jhqhudo fdq eh txlwh lqh�flhqw1 Dq dowhuqdwlyh qxphulfdo surfhgxuh wkdw xwlol}hv wkh eorfn0

wulgldjrqdo vwuxfwxuh ri F lv wkh OGX0idfwrul}dwlrq/ glvfxvvhg/ iru h{dpsoh/ lq D{hovvrq +4<<7,1

��W? |�i tTiU�@* U@ti ��ihi 6 ' �c |iU�?�^�it tTiU��U@**) }i@hi_ |L�@h_t |�i �?�iht�L? Lu |h�_�@}L?@* 4@|h�Uit @hi

@*tL @�@�*@M*i� �?i Lu |�iti |iU�?�^�it �@t Mii? �ti_ M) �h�U�@ @?_ �@_�h� E�bb�� |L tL*�i �?�|i��Lh�3L? �?��@h�@|i

*�?i@h u@U|Lh _i4@?_ 4L_i*t� 5L4i @*|ih?@|��i tU�i4it uLh |�i �?�iht�L? Lu M*LU!�|h�_�@}L?@* 4@|h�Uit |L |�i L?it

L�|*�?i_ �ihi @hi _�tU�tti_ �? B�**� @?_ �@�*i||L E�bb.c �bbH�� A�i 4i|�L_t _�tU�tti_ �ihi �@�i |�i @_�@?|@}i |�@|

@?@*)|�U@* UL?_�|�L?t @hi !?L�? �?_ih ���U� |�i) @hi LTih@|�L?@*� A�i ?L?t|@|�L?@h) �|ih@|��i 4i|�L_t Thiti?|i_ �?

B�**� @?_ �@�*i||L 4@) �@�i t4@**ih t|Lh@}i hi^��hi4i?|tc �L�i�ihc @?_ UL�*_ |�ihiuLhi Mi @||h@U|��i uLh *@h}i�tU@*i

4L_i*t Lu |�i |)Ti _�tU�tti_ �? B�**� @?_ �@�*i||L�

:



Ghfrpsrvh F dv

F @ GU . OU .XU> +816,

zkhuh GU/ OU/ dqg XU duh wkh eorfn0gldjrqdo/ eorfn0vxegldjrqdo/ dqg eorfn0vxshugldjrqdo hqwulhv

lq F/ dqg frqvlghu wkh idfwrul}dwlrq

F @ OG3�X> +817,

zkhuh

O @ G. OU> +818,

dqg

X @ G.XU= +819,

Qrwlqj wkdw

F @+G. OU,G
3� +G.XU,@ G.XU.OU.OUG

3�XU> +81:,

lw lv hdvlo| vhhq wkdw G @ GU � OUG
3�XU/ dqg wkxv wkh pdwul{ G vdwlv�hv wkh uhfxuvlrqv

G� @ F��> G� @ F���F�c�3�G
3�
�3�F�3�c�/ l @ 5> 6/ = = = / W � w. 4/ +81;,

zkhuh F�� ghqrwhv wkh +l> l,0wk eorfn ri F/ dqg G� wkh l0wk gldjrqdo eorfn ri G1

Dv glvfxvvhg lq D{hovvrq +4<<7,/ vx�flhqw frqglwlrqv iru wkh uhfxuvlrqv lq +81;, wr eh zhoo gh�qhg

duh= +l, F lv v|pphwulf srvlwlyh gh�qlwh/ ru +ll, F lv d eorfn K0pdwul{1�2

Kdylqj idfwrul}hg F dv lq +817,/ lw lv wkhq d vlpsoh vwhs wr vroyh iru j| e| vsolwwlqj Fj| @ k|

lqwr

O�| @ k| ru �|c� @ G3�
� k|c�/ �|c�@ G3�

�

�
k|c��F�c�3��|c�3�

�
/ l @ 5/ 6/ = = = / W � w. 4/

+81<,

dqg

G3�Xj| @ �| ru j|cA3|n� @ �|cA3|n�/ j|c�@ �|c��G3�
� F�c�n�j|c�n�/ l @ W � w/ W � w� 4/ = = = / 41

+8143,

Wkh vroxwlrq {| wr wkh POUH prgho +515, lv jlyhq e| wkh odvw p hqwulhv lq j|1 Zh wkhuhiruh kdyh

wkh iroorzlqj sursrvlwlrq=

�25ii � i*ttL? E�bbec ��@T|iht S @?_ .� uLh @ _i�?�|�L? Lu M*LU! O�4@|h�Uit� A�i U*@tt Lu M*LU! O�4@|h�Uit

i?UL4T@ttitc M�| �t ?L| hit|h�U|i_ |Lc 4@|h�Uit |�@| @hi E}i?ih@*�3i_� _�@}L?@**) _L4�?@?|�

;



Sursrvlwlrq 814 ^Vroxwlrq Edvhg rq OGX0Idfwrul}dwlrq`

Frqvlghu wkh �qlwh0krul}rq POUH prgho +515,1 Ohw

�� @ L6 �E�3�
�3�D/ l @ 5/ 6/ = = = / W � w. 4> +8144,

dqg

�� @ �3�
� +E��3� .zAn�3�, > l @ 5/ 6/ = = = / W � w. 4> +8145,

zlwk wkh lqlwldo frqglwlrqv �� @ L6/ dqg �� @ EH +{An�m
A , .zA 1 Vxssrvh wkh pdwulfhv �� duh

qrqvlqjxodu iru l @ 5/ 6/ = = = / W � w. 41 Wkhq wkh vroxwlrq iru {| wr +515, lv jlyhq e|=

{| @ �3�
A3|n�D{|3� .H +�A3|n�m
|, 1 +8146,

Lw lv hdvlo| yhul�hg wkdw wkh uhfxuvlrqv lq +8144, dqg +8145, pdwfk wkh uhfxuvlrqv lq Sursrvlwlrq

6141 Wkh l0wk uhfxuvlrq pdwulfhv �� dqg �� lq Sursrvlwlrq 814 duh uhodwhg wr wkh l0wk uhfxuvlrq

pdwulfhv �A3|n�3� dqg �An�3� lq Sursrvlwlrq 614 dv iroorzv= �� @ �A3|n�3�/ l @ 4/ 5/ = = = /

W � w . 4/ dqg �� @ �3�
A3|n�3��An�3�/ l @ 4/ 5/ = = = / W � w . 41 Qrwlfh wkdw wklv htxlydohqfh dovr

lpsolhv wkdw lqyhuvlrq ri F grhv qrw rqo| |lhog wkh vroxwlrq iru {|/ exw dovr |lhogv wkh vroxwlrq iru

i{|n�jA3|
�'�1 Zh kdyh

{|n� @ �3�
A3|n�3�D{|n�3� .H +�A3|n�3� m
|n� , > � @ 4> 5> = = = > W � w1 +8147,

Sursrvlwlrq 814 surylghv d olqn ehwzhhq wkh uhfxuvlrqv ri Sursrvlwlrq 614 dqg wkh OGX0idfwrul}dwlrq/

dqg hvwdeolvkhv frqglwlrqv xqghu zklfk wkhvh uhfxuvlrqv duh zhoo gh�qhg1 Qrwlfh wkdw iru wkhvh uh0

fxuvlrqv wr eh zhoo gh�qhg/ lw lv e| qr phdqv qhfhvvdu| wkdw wkh frh�flhqw pdwulfhv D dqg E duh

qrqvlqjxodu1��

Zkloh wkh uhfxuvlrqv lq +81;, wr +8143, h{sorlw wkh eorfn0wulgldjrqdo vwuxfwxuh ri F/ wkh G� pd0

wulfhv lq jhqhudo duh ixoo/ hyhq li wkh vxshugldjrqdo/ gldjrqdo dqg vxegldjrqdo eorfnv ri F duh vsduvh/

dv wkh lqyhuvh ri d vsduvh pdwul{ lv/ lq jhqhudo/ ixoo1 D ixoo| h�flhqw vroxwlrq vfkhph wr Fj|@ k|

lq wkh fdvh zkhuh D dqg2ru E duh vsduvh zloo wkhuhiruh dovr lqfrusrudwh vsduvh dssur{lpdwlrqv ri

wkh lqyhuvhv G3�
� / l @ 4/ 5/ = = = / W � w. 4/ dqg vsduvh dssur{lpdwlrqv ri wkh pdwul{ surgxfw whupv

lq wkh uhfxuvlrqv lq +81;,/ F�c�3�G
3�
�3�F�3�c�1 D ydulhw| ri qxphulfdo vfkhphv dffrpsolvklqj wklv e|

doorzlqj wkh xvhu wr frqwuro wkh vsduvh eorfnv duh glvfxvvhg lq D{hovvrq +4<<7/ Fkdswhu ;,1
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Fdvh 5= E Qrqvlqjxodu

Lq wkh fdvh zkhuh wkh eorfn0vxegldjrqdo pdwul{ E lv qrqvlqjxodu/ rqh pd| dovr vroyh wkh �qlwh0

krul}rq POUH prgho +515, e| dgdswlqj wkh uhfxuvlrqv vxjjhvwhg lq Erzghq +4<;<, iru wkh lqyhuvlrq

ri eorfn0wulgldjrqdo pdwulfhv=

Sursrvlwlrq 815 ^Vroxwlrq Edvhg rq Erzghq*v Surfhgxuh`

Frqvlghu wkh �qlwh0krul}rq POUH prgho +515, zlwk wkh frh�flhqw pdwul{ E qrqvlqjxodu1 Wkhq wkh

vroxwlrq iru {| wr +515, lv jlyhq e|=

{| @ 
A3|n�D{|3� .
A3|[
�'f


A3|n�3�H +z|n�m
|, . 
�EH +{An�m
|, > +8148,

zkhuh


� @ I3�
A3|n2I�> l @ 4/ 5/ = = = / W � w. 4/ +8149,

I� @ L6> I2 @ E3�> I�n� @ +I� �I�3�D�3�,E
3�> l @ 5/ 6/ = = = / W � w/

+814:,

dqg

IA3|n2 @ +IA3|n� �IA3|D, = +814;,

D surri ri Sursrvlwlrq 815 fdq eh frqvwuxfwhg iroorzlqj wkh dujxphqwv lq Erzghq +4<;<,1

Qrwh wkdw Erzghq*v surfhgxuh phuho| uhtxluhv wkh lqyhuvlrq ri wzr p�p glphqvlrqdo pdwulfhv1

Lw lv fohduo| dq h�hfwlyh dqg vwudljkwiruzdug phwkrg iru wkh vroxwlrq ri wkh POUH prgho/ +515,1

Wr frpsxwh i{|n�jA3|
�'�/ krzhyhu/ wkh dqdorj ri +714, qhhgv wr eh frqvwuxfwhg iru shulrgv w . 4/

w . 5/ = = = / W � 4/ ehiruh wkh vroxwlrq whfkqltxh ri Sursrvlwlrq 815 fdq eh dssolhg1 Wkhuhiruh/

Erzghq*v surfhgxuh zloo w|slfdoo| eh ohvv h�flhqw iru wkh frpsxwdwlrq ri i{|n�jA3|
�'� wkdq wkh OGX0

idfwrul}dwlrq edvhg surfhgxuh ri Sursrvlwlrq 8141 Krzhyhu/ lq wkh fdvh ri POUH prghov zlwk d

�qlwh dqg �{hg sodqqlqj krul}rq dw doo fxuuhqw dqg ixwxuh gdwhv/ wkh vwuxfwxuh ri wkh pdwul{ F lq

+715, uhpdlqv xqfkdqjhg lq doo shulrgv/ dqg Erzghq*v surfhgxuh lv olnho| wr eh frpsxwdwlrqdoo|

pruh h�flhqw wkdq wkh OGX0idfwrul}dwlrq edvhg surfhgxuh1

S �? W**�t|h@|�L?G � �L?t�4ih<t �T|�4@* , Ti?_�|�hi 5�@hit

Lq wklv vhfwlrq/ zh looxvwudwh Sursrvlwlrq 814 dqg Sursrvlwlrq 815 e| dsso|lqj wkhp wr wkh vroxwlrq

ri d prgho ri d frqvxphu*v rswlpdo h{shqglwxuh vkduhv li vkduh dgmxvwphqw wr wkh wdujhw ohyho lv

frvwo| erwk lq whupv ri wkh ohyho ri dgmxvwphqw dqg lq whupv ri wkh vshhg ri dgmxvwphqw1�e
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Frqvlghu wkh iroorzlqj �qlwh0krul}rq dgmxvwphqw frvw sureohp=
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+914,

iru jlyhq lqlwldo dqg whuplqdo frqglwlrqv v|3�/ v|32/ H +vAn�m
A3�,/ H +vAn�m
A ,/ dqg H +vAn2m
A ,/

dqg vxemhfw wr

�
�
v|n� @ 4> � @ 3> 4> = = = > W � w= +915,

Lq +914, dqg +915,/ v|n� lv dq u � 4 glphqvlrqdo yhfwru ri wkh frqvxphu*v h{shqglwxuh vkduhv/ K/

J/ dqg N duh u � u glphqvlrqdo v|pphwulf pdwulfhv ri �{hg frh�flhqwv/ � 5 +3> 4, lv d frqvwdqw

glvfrxqw idfwru/ � lv dq u � 4 glphqvlrqdo yhfwru ri rqhv/ dqg vW|n� lv d yhfwru ri ghvluhg +wdujhw,

h{shqglwxuh vkduhv/ ghulyhg/ iru h{dpsoh/ iurp wkh Doprvw Lghdo Ghpdqg V|vwhp ri Ghdwrq dqg

Pxhooedxhu +4<;3,/

vW|n� @ �. � oqs|n� . � oq

�
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s|n�
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3EEEEEC
��

�2

111

�o

4FFFFFD > � @

3EEEEEC
��� ��2 � � � ��o

�2� �22 � � � �2o
111

111
111

�o� �o2 � � � �oo

4FFFFFD >

� @

3EEEEEC
��

�2
111

�o
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oq soc|n�

4FFFFFD =

Lq +916,/ s�c|n� lv wkh sulfh gh�dwru ri frpprglw| jurxs l/ ||n� lv wkh frqvxphu*v h{shqglwxuh rq

doo wkh frpprglwlhv/ dqg s|n� lv wkh jhqhudo sulfh lqgh{/ dssur{lpdwhg xvlqj wkh Vwrqh irupxod

oq s|n� @ $
�
f oqs|n� > +917,

zkhuh $f @ +$�f> $2f> ===> $of,
�
/ dqg $�f lv wkh exgjhw vkduh ri wkh l0wk frpprglw| jurxs lq wkh

edvh |hdu1 Frqvxphu wkhru| lpsrvhv wkh iroorzlqj uhvwulfwlrqv rq wkh sdudphwhuv ri wkh wdujhw

vkduh htxdwlrqv=

+d, dgglqj0xs uhvwulfwlrqv=
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o[

�'�

�� @ 3> +918,
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+e, krprjhqhlw| uhvwulfwlrqv=

o[
�'�

��� @ 3> +919,

dqg

+f, v|pphwu| uhvwulfwlrqv=

��� @ ���> m 9@ l= +91:,

Zh dovr dvvxph wkdw iru jlyhq revhuydwlrqv rq s|n� dqg ||n� / wkh sdudphwhuv lq �> �> dqg � duh vxfk

wkdw wkh ghvluhg vkduhv vW�c|n� lq +916, olh lq wkh udqjh ^3> 4` iru l @ 4> 5> = = = > u/ dqg � @ 3> 4> = = = > W�w1

Wr frpsxwh H
�
vW|n� m
|

�
/ zh dovr dvvxph wkdw p| @ +oq s�|> oq s2|> = = = > oq so|> oq ||,

�
iroorzv wkh

yhfwru dxwruhjuhvvlyh surfhvv ri rughu v=

p| @ d.
r[

�'�

U�p|3� . y|> y| � l=l=g= Q +3of�>	�, > +91;,

iru doo w1

Iruplqj wkh Odjudqjldq iru +914, wr +91;,/ wkh Hxohu htxdwlrqv dw wlph w . � fdq diwhu vrph

dojheudlf pdqlsxodwlrq eh zulwwhq dv�D

Pffv|n� @ Q

%
P�fv|n�3� .P2fv|n�32 .Pf�H +v|n�n�m
|n� ,

.Pf2H +v|n�n2m
|n� , .KvW|n�

&
. ��> +91<,

� @ 3> 4> = = = > W � w/ zkhuh Pff @ K . +4 . �,J .
�
4 . 7� . �2

�
N/ P�f @ J . 5 +4 . �,N/

P2f @ �N/ Pf� @ �P�f/ Pf2 @ �2P2f> Q @ Lo � ���
�
P3�

ff / dqg � @ 4@+�
�
P3�

ff �, A31�S Qrwlqj

wkdw �
�
P3�

ff Q @ 3o/ lw lv hdvlo| vhhq wkdw �
�
v|n� @ 4/ iru doo � / dv lw vkrxog1 Wkh Hxohu htxdwlrqv

+91<, frqvwlwxwh d vshfldo fdvh ri wkh �qlwh0krul}rq POUH prgho +514,/ dqg fdq eh h�flhqwo| vroyhg

xvlqj Sursrvlwlrq 814/ ru/ lq wkh fdvh zkhuh wkh dgmxvwphqw frvwv duh ri �uvw0rughu rqo|/ N @ 3o/

xvlqj Sursrvlwlrq 8151

Fdvh 4= N 9@ 3o

Wr dsso| Sursrvlwlrq 814 +wkh vroxwlrq phwkrg edvhg rq wkh OGX0idfwrul}dwlrq,/ zh mxvw qhhg wr

uhzulwh +91<, vr wkdw lw �wv wkh fdqrqlfdo irup +515,1 Ohw {|n� @
�
v
�
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|n� , .z|n� > +9143,
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zlwk

z|n� @
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P3�
ff QKvW|n� . �P3�

ff �
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D @

3EEC
P3�

ff QP�f P3�
ff QP2f 3o

Lo 3o 3o

3o 3o 3o

4FFD >

dqg

E @

3EEC
P3�

ff QPf� 3o P3�
ff QPf2

3o 3o 3o

Lo 3o 3o

4FFD =

Sursrvlwlrq 814 fdq qrz eh uhdglo| dssolhg iru wkh vroxwlrq ri +9143,1�. Qrwlfh djdlq wkdw Sursrvlwlrq

814 grhv qrw uhtxluh D dqg2ru E wr eh qrqvlqjxodu/ dqg wkdw H +z|n�n�m
|n� , fdq eh rewdlqhg

qrwlqj wkdw H
�
vW|n�n�m
|n�

�
@ �.

�
�� �$

�
f> �

�
H +p|n�n�m
|n� ,/ dqg xvlqj +91;,1

Fdvh 5= N @ 3o

Li wkh dgmxvwphqw frvwv kdyh d �uvw0rughu vwuxfwxuh rqo|/ wkhq wkh Hxohu htxdwlrqv +91<, lpphgldwho|

ehfrph d vshfldo fdvh ri wkh fdqrqlfdo irup +515,=

v|n� @ Dv|n�3� .EH +v|n�n�m
|n� , .z|n� > +9144,

zlwk D @ P3�
ffQP�f/ E @ P3�

ffQPf� @ �D/ dqg z|n� @ P3�
ff QKvW|n� . �P3�

ff �1 Dv P3�
ff Q lv

vlqjxodu +uhfdoo wkdw �
�
P3�

ff Q @ 3o,/ vr zloo eh E1 Lq rughu wr dsso| Sursrvlwlrq 815 +wkh vroxwlrq

phwkrg edvhg rq Erzghq*v surfhgxuh,/ zh wkhuhiruh �uvw qhhg wr wudqvirup +9144, vr dv wr uhpryh

wklv vlqjxodulw| ri E wkdw lv gxh wr wkh frqvwudlqw ��v|n�@41 Revhuylqj wklv frqvwudlqw/ qrwh wkdw

zh fdq ghfrpsrvh wkh yhfwru ri h{shqglwxuh vkduhv v|n� dv
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zlwk h ehlqj ri glphqvlrq u� 4/ dqg S ehlqj ri glphqvlrq u� +u � 4,1 Lw lv fohdu wkdw S lv ri udqn

u � 4/ dqg wkdw S
�
S lv qrqvlqjxodu1 Uhsodflqj v|n� iurp +9145, lq +9144,/ zh qrz kdyh

Shv|n� @ DShv|n�3� .ESH+hv|n�n� m 
|n� , .zW
|n� > +9146,

zkhuh

zW
|n� @ z|n� . +D.E� Lo,h=

Htxdwlrq v|vwhp +9146, lv d vshfldo fdvh ri wkh w|sh ri POUH prgho zlwk uhgxqgdqflhv glvfxvvhg

lq Vhfwlrq 5= Wkh odvw urz ri +9146, lv d olqhdu frpelqdwlrq ri wkh �uvw u � 4 urzv ri +9146,1 Wr

uhpryh wklv uhgxqgdqf|/ zh suhpxowlso| +9146, e| wkh jhqhudol}hg lqyhuvh ri S wr rewdlq

hv|n� @ hDhv|n�3� . hEH+hv|n�n� m 
|n� , . hzW
|n� > +9147,

zkhuh hD @ +S
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�
ES @� hD/ dqg hzW

|n� @ +S
�
S,3�S

�
zW

|n� 1 Sursrvlwlrq

8151 fdq eh uhdglo| dssolhg wr rewdlq wkh qxphulfdo vroxwlrq ri +9147, li hE/ ru/ htxlydohqwo|/ li S
�
ES

lv qrqvlqjxodu1�H

Exw vlqfh +iru N @ 3h,

E @ P3�
ff QPf� @ �P3�

ff +Lo � ���
�
P3�

ff ,J>

zh kdyh

S
�
ES @�hS�

+Lo �h�+h��h�,3�h��, hJhS>

zkhuh hS@ P
3�*2
ff S> h�@ P

3�*2
ff �> dqg hJ @ P

3�*2
ff JP

�*2
ff =

Lw lv qrz hdvlo| vhhq wkdw udqn +hS, @ udqn +Lo � h�+h��h�,3�h��, @ u � 41 Wkhuhiruh/ iru S
�
ES wr eh

qrqvlqjxodu/ hJ ru J pxvw dovr kdyh dw ohdvw udqn u � 41

Rqfh ihv|n�jA3|
�'f lv frpsxwhg/ rqh pd| rewdlq wkh u0wk h{shqglwxuh vkduh dv

ivoc|n�jA3|
�'f @
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v�c|n�

,A3|
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=

. �L?U*�t�L?

Lq wklv sdshu/ zh kdyh vkrzq wkdw wkh qxphulfdo vroxwlrq ri �qlwh0krul}rq POUH prghov fdq eh

uhgxfhg wr wkh sureohp ri vroylqj vsduvh olqhdu htxdwlrq v|vwhpv zlwk d eorfn0wulgldjrqdo frh�flhqw

pdwul{ vwuxfwxuh1 Wkh odwwhu sureohp kdv ehhq glvfxvvhg lq wkh uhfhqw qxphulfdo dqdo|vlv olwhudwxuh/
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dqg wkhuh duh h�flhqw dojrulwkpv dydlodeoh iru wklv sxusrvh1 Zh kdyh ghvfulehg wzr vxfk qxphulfdo

vfkhphv lq wklv sdshu1 Wkhlu dssolfdwlrq wr �qlwh0krul}rq POUH prghov |lhogv d surfhgxuh iru wkh

vroxwlrq ri wkhvh prghov wkdw lv h�flhqw/ vwudljkwiruzdug wr lpsohphqw/ dqg doorzv lqyhvwljdwlrq ri

d ulfk duud| ri vshfl�fdwlrqv iru wkh iruflqj yduldeohv ri wkh prgho/ dv wkh odwwhu duh qrw uhvwulfwhg

wr eh jhqhudwhg e| olqhdu dqg2ru fryduldqfh0vwdwlrqdu| surfhvvhv1 Ixuwkhupruh/ lq wkh fdvh ri rqh

ri wkh qxphulfdo vfkhphv zh kdyh ghvfulehg/ wkh surfhgxuh lv dssolfdeoh dovr wr prghov zkhuh wkh

frh�flhqw pdwulfhv lq wkhlu frpsdqlrq fdqrqlfdo irup lqyroyh d kljk ghjuhh ri vlqjxodulw|1
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Dsshqgl{= Vroxwlrq ri d Ilqlwh0Krul}rq Olqhdu0Txdgudwlf Rswlpdo Frqwuro Sureohp

Lq wklv Dsshqgl{/ zh frqvlghu wkh vroxwlrq ri wkh iroorzlqj �qlwh0krul}rq olqhdu0txdgudwlf rswlpdo

frqwuro sureohp=�b
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zkhuh ||n� lv wkh g� 4 glphqvlrqdo vwdwh yhfwru/ x|n� wkh i � 4 glphqvlrqdo frqwuro yhfwru/ ]/ T/

dqg Y duh g�g glphqvlrqdo pdwulfhv ri �{hg frh�flhqwv/ dqg wkh frh�flhqw pdwulfhv U/ Z/ dqg �

duh ri glphqvlrqv i�i / g�i / dqg g�j/ uhvshfwlyho|1 Dv lv xvxdoo| dvvxphg/ zh wdnh wkh frh�flhqw

pdwulfhv ]/ T/ dqg U dv ehlqj v|pphwulf dqg qrqvlqjxodu1 Whuplqdo frqglwlrqv lq sudfwlfh duh

w|slfdoo| lpsrvhg e| fkrrvlqj vx�flhqwo| odujh ydoxhv iru wkh dssursuldwh hohphqwv ri ]12f Zkloh

wkh remhfwlyh ixqfwlrq +D14, grhv qrw lqyroyh furvv0surgxfwv ri frpsrqhqwv ri wkh vwdwh yhfwru dqg

wkh frqwuro yhfwru/ wklv lv zlwkrxw orvv ri jhqhudolw|/ dv �qlwh0krul}rq olqhdu0txdgudwlf rswlpdo frqwuro

sureohpv lqyroylqj vxfk furvv0surgxfw whupv fdq dozd|v eh wudqviruphg wr wkh irup ri +D14, wr

+D15,12� Wkh lqirupdwlrq vhw 
| lv vshfl�hg dv iroorzv= 
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�
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Lqyrnlqj fhuwdlqw| htxlydohqfh/ zh hydoxdwh doo udqgrp frpsrqhqwv/ %|n� / � @ 4> 5> = = = > W � w/ dw

wkhlu phdq ydoxhv dqg vroyh wkh fhuwdlqw|0htxlydohqw frxqwhusduw ri +D14,0+D15,1

Wkh vwdqgdug dssurdfk wr wkh vroxwlrq ri wkh rswlpdo frqwuro sureohp +D14,0+D15, lv wkh vzhhs

phwkrg ri Eu|vrq dqg Kr +vhh/ iru h{dpsoh/ Ohzlv dqg V|uprv/ 4<<8,/ zklfk |lhogv wkh rswlpdo

frqwuro odz
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� @ 3> 4> = = = > W � w � 4/ zlwk VA @ ]1 Htxdwlrq +D18, lv wkh +Mrvhsk vwdelol}hg yhuvlrq ri wkh,

pdwul{ Ulffdwl htxdwlrq1 Wkh ihhgedfn jdlq pdwulfhv N|n� duh w|slfdoo| frpsxwhg e| edfnzdug

uhfxuvlrqv rq +D17, dqg +D18,1 Qrwh wkdw wkhvh uhfxuvlrqv lqyroyh frpsxwlqj W � w lqyhuvh pdwulfhv/�
Z
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Lq wklv Dsshqgl{/ zh vkrz wkdw wkh vroxwlrq ri wkh rswlpdo frqwuro sureohp +D14,0+D15, fdq

dovr eh rewdlqhg e| phdqv ri uhzulwlqj +D14, dqg +D15, lq vwdfnhg irup/ dqg vroylqj wkh uhvxowdqw

rswlpdolw| frqglwlrqv xvlqj Erzghq*v surfhgxuh iru wkh lqyhuvlrq ri d eorfn0wulgldjrqdo frh�flhqw

pdwul{1 Dssolfdwlrq ri Erzghq*v surfhgxuh fdq vljql�fdqwo| uhgxfh wkh frpsxwdwlrqdo h�ruw qhhghg

wr fduu| rxw wkh pdwul{ Ulffdwl htxdwlrq uhfxuvlrqv li wkh sodqqlqj krul}rq lv �{hg1 Dowhuqdwlyho|/

rqh frxog zulwh wkh �uvw0rughu frqglwlrqv ri +D14,0+D15, dv d vshfldo fdvh ri wkh fdqrqlfdo irup +515,/

dqg wkhq xvh wkh vroxwlrq whfkqltxhv ghvfulehg lq Vhfwlrq 81 Krzhyhu/ lw lv hdvlo| yhul�hg wkdw wkh

uhvxowlqj fdqrqlfdo irup grhv qrw frqwdlq odjjhg ydoxhv/ dqg rqo| ixwxuh h{shfwdwlrqv dsshdu rq

wkh uljkw0kdqg vlgh ri wkh htxdwlrq v|vwhp1 Wkh vroxwlrq phwkrg ghyhorshg lq wkh uhpdlqghu ri

wklv Dsshqgl{ wdnhv wklv vshfldo ihdwxuh ri wkh rswlpdo frqwuro sureohp +D14,0+D15, lqwr dffrxqw1
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Qrwh wkdw frpsxwdwlrq ri hM3� lqyroyhv wkh frpsxwdwlrq ri rqo| �yh lqyhuvhv/ U3�/ T3�/ ]3�/�
YT3�

�3�
/ dqg S

3�

A3|n�1 Rqo| wkh vroxwlrq iru x| lq +D144, lv wkh vroxwlrq iru wkh vwrfkdvwlf rswlpdo

frqwuro sureohp +D14,0+D15,/ krzhyhu/ dv wkh vroxwlrqv iru ix|n�jA3|3�
�'� gr qrw uh�hfw wkh vwrfkdvwlf

lqqrydwlrqv lq shulrgv w . 4/ w . 5/ = = = / W � w � 41 Wr frpsxwh wkh vroxwlrq iru ix|n�jA3|3�
�'� / wkh

dqdorj ri +D1;,0+D1<, qhhgv wr eh frqvwuxfwhg iru wkh rswlpdo frqwuro sureohpv lq shulrgv w . 4/

w.5/ = = = / W � w�41 Wkh vwuxfwxuh ri wkhvh sureohpv lv wkh vdph dv wkdw dw w/ +D1;,0+D1<,/ krzhyhu/

li wkh sodqqlqj krul}rq lv �{hg dw doo fxuuhqw dqg ixwxuh gdwhv1 Jlyhq wkdw Erzghq*v surfhgxuh rqo|

lqyroyhv frpsxwdwlrq ri �yh lqyhuvhv/ lw lv olnho| wr eh vljql�fdqwo| pruh h�flhqw wkdq wkh vwdqgdug

pdwul{ Ulffdwl htxdwlrq uhfxuvlrqv zkhqhyhu wkh sodqqlqj krul}rq lv �{hg dw doo fxuuhqw dqg ixwxuh

gdwhv1

Lw lv zhoo nqrzq wkdw wkh pdwkhpdwlfdo sureohpv dvvrfldwhg zlwk wkh vroxwlrq ri wkh olqhdu0

txdgudwlf rswlpdo frqwuro sureohp dqg ri wkh Jdxvvldq rswlpdo �owhulqj sureohp duh gxdo1 Wkhuh0

iruh/ wkh Jdxvvldq rswlpdo �owhulqj sureohp fdq dovr eh uhgxfhg wr wkh vroxwlrq ri d olqhdu htxdwlrq

v|vwhp zlwk d eorfn0wulgldjrqdo pdwul{ frh�flhqw vwuxfwxuh1 Zh gr qrw jr lqwr wkh ghwdlov khuh1
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Uhihuhqfhv

Dppdq/ K1 +4<<9,= Qxphulfdo Phwkrgv iru Olqhdu0Txdgudwlf Prghov/ lq= K1P1 Dppdq/ G1D1

Nhqgulfn/ dqg M1 Uxvw +hgv1,= Kdqgerrn ri Frpsxwdwlrqdo Hfrqrplfv/ Yro1 L/ Dpvwhugdp= Qruwk

Kroodqg/ 8;:094;1

Dppdq/ K1/ dqg K1 Qhxghfnhu +4<<:,= Qxphulfdo Vroxwlrqv ri wkh Dojheudlf Pdwul{ Ulffdwl Htxd0

wlrq/ Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/ 54/ 696069<1

Dqghuvrq/ H1Z1/ O1S1 Kdqvhq/ H1U1 PfJudwwdq/ dqg W1M1 Vdujhqw +4<<9,= Rq wkh Phfkdqlfv ri

Iruplqj dqg Hvwlpdwlqj G|qdplf Olqhdu Hfrqrplhv/ lq= K1P1 Dppdq/ G1D1 Nhqgulfn/ dqg M1

Uxvw +hgv1,= Kdqgerrn ri Frpsxwdwlrqdo Hfrqrplfv/ Yro1 L/ Dpvwhugdp= Qruwk Kroodqg/ 4:405851

Dqghuvrq/ J1V1 +4<<:,= D Uholdeoh dqg Frpsxwdwlrqdoo| H�flhqw Dojrulwkp iru Lpsrvlqj wkh

Vdggoh Srlqw Surshuw| lq G|qdplf Prghov/ Plphr/ Erdug ri Jryhuqruv ri wkh Ihghudo Uhvhuyh

V|vwhp1

Drnl/ P1 +4<;<,= Rswlpl}dwlrq ri Vwrfkdvwlf V|vwhpv/ 5qg Hg1/ Vdq Glhjr= Dfdghplf Suhvv1

D{hovvrq/ R1 +4<<7,= Lwhudwlyh Vroxwlrq Phwkrgv/ Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv1

Elqghu/ P1/ dqg P1K1 Shvdudq +4<<8,= Pxowlyduldwh Udwlrqdo H{shfwdwlrqv Prghov dqg Pdfurh0

frqrphwulf Prghoolqj= D Uhylhz dqg Vrph Qhz Uhvxowv/ lq= P1K1 Shvdudq dqg P1 Zlfnhqv +hgv1,=

Kdqgerrn ri Dssolhg Hfrqrphwulfv= Pdfurhfrqrplfv/ R{irug= Edvlo Eodfnzhoo/ 46<04;:1

Elqghu/ P1/ dqg P1K1 Shvdudq +4<<:,= Pxowlyduldwh Olqhdu Udwlrqdo H{shfwdwlrqv Prghov= Fkdu0

dfwhul}dwlrq ri wkh Qdwxuh ri wkh Vroxwlrqv dqg Wkhlu Ixoo| Uhfxuvlyh Frpsxwdwlrq/ Hfrqrphwulf

Wkhru|/ 46/ ;::0;;;1

Elqghu/ P1/ P1K1 Shvdudq/ dqg V1K1 Vdplhl +4<<<,= Vroxwlrq ri Qrqolqhdu Udwlrqdo H{shfwdwlrqv

Prghov zlwk Dssolfdwlrqv wr Ilqlwh0Krul}rq Olih0F|foh Prghov ri Frqvxpswlrq/ Frpsxwdwlrqdo

Hfrqrplfv +iruwkfrplqj,1

Eodqfkdug/ R1M1/ dqg F1P1 Ndkq +4<;3,= Wkh Vroxwlrq ri Olqhdu Gl�huhqfh Prghov Xqghu Udwlrqdo

H{shfwdwlrqv/ Hfrqrphwulfd/ 7;/ 4638046441

Erzghq/ N1 +4<;6,= Krprorjlfdo Vwuxfwxuh ri Rswlpdo V|vwhpv/ Sk1G1 Wkhvlv/ Xqlyhuvlw| ri

Vkh�hog1

Erzghq/ N1 +4<;<,= D Gluhfw Vroxwlrq wr wkh Eorfn Wulgldjrqdo Pdwul{ Lqyhuvlrq Sureohp/ Lqwhu0

qdwlrqdo Mrxuqdo ri Jhqhudo V|vwhpv/ 48/ 4;804<;1

Eur}h/ O1/ F1 Jrxul�hurx{/ dqg D1 V}didu} +4<<8,= Vroxwlrqv ri Pxowlyduldwh Udwlrqdo H{shfwdwlrqv

Prghov/ Hfrqrphwulf Wkhru|/ 44/ 55<058:1
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Fkrz/ J1F1 +4<:8,= Dqdo|vlv dqg Frqwuro ri G|qdplf Hfrqrplf V|vwhpv/ Qhz \run= Mrkq Zloh|1

Ghdwrq/ D1V1/ dqg M1 Pxhooedxhu +4<;3,= Hfrqrplfv dqg Frqvxphu Ehkdylru/ Fdpeulgjh= Fdp0

eulgjh Xqlyhuvlw| Suhvv1

Jlool/ P1/ dqg J1 Sdxohwwr +4<<:,= Vsduvh Gluhfw Phwkrgv iru Prgho Vlpxodwlrq/ Mrxuqdo ri Hfr0

qrplf G|qdplfv dqg Frqwuro/ 54/ 43<6044441

Jlool/ P1/ dqg J1 Sdxohwwr +4<<;,= Nu|ory Phwkrgv iru Vroylqj Prghov zlwk Iruzdug0Orrnlqj

Yduldeohv/ Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/ 55/ 45:8045;<1

Kdqvhq/ S1F1 +4<<;,= Udqn0Gh�flhqw dqg Glvfuhwh Loo0Srvhg Sureohpv= Qxphulfdo Dvshfwv ri Olqhdu

Lqyhuvlrq/ Sklodghoskld= VLDP1

Nhqgulfn/ G1D1 +4<;4,= Vwrfkdvwlf Frqwuro iru Hfrqrplf Prghov/ Qhz \run= PfJudz0Kloo1

Nlqj/ U1J1/ dqg P1U1 Zdwvrq +4<<:,= V|vwhp Uhgxfwlrq dqg Vroxwlrq Dojrulwkpv iru Vlqjxodu

Olqhdu Gl�huhqfh V|vwhpv Xqghu Udwlrqdo H{shfwdwlrqv/ Plphr/ Xqlyhuvlw| ri Ylujlqld dqg Qruwk0

zhvwhuq Xqlyhuvlw|1

Nlqj/ U1J1/ dqg P1U1 Zdwvrq +4<<;,= Wkh Vroxwlrq ri Vlqjxodu Olqhdu Gl�huhqfh V|vwhpv Xqghu

Udwlrqdo H{shfwdwlrqv/ Lqwhuqdwlrqdo Hfrqrplf Uhylhz +iruwkfrplqj,1

Nohlq/ S1 +4<<:,= Xvlqj wkh Jhqhudol}hg Vfkxu Irup wr Vroyh d V|vwhp ri Olqhdu H{shfwdwlrqdo

Gl�huhqfh Htxdwlrqv/ Plphr/ Vwrfnkrop Xqlyhuvlw|1

Ohzlv/ I1O1/ dqg Y1O1 V|uprv +4<<8,= Rswlpdo Frqwuro/ 5qg Hg1/ Qhz \run= Mrkq Zloh|1

Shvdudq/ P1K1 +4<<4,= Frvwo| Dgmxvwphqw Xqghu Udwlrqdo H{shfwdwlrqv= D Jhqhudol}dwlrq/ Uhylhz

ri Hfrqrplfv dqg Vwdwlvwlfv/ :6/ 686068;1

Sulfh/ V1 +4<<5,= Iruzdug Orrnlqj Sulfh Vhwwlqj lq XN Pdqxidfwxulqj/ Hfrqrplf Mrxuqdo/ 435/

7<:08381

Suxfkd/ L1U1/ dqg P1L1 Qdglul +4<;7,= Irupxodwlrq dqg Hvwlpdwlrq ri G|qdplf Idfwru Ghpdqg

Htxdwlrqv xqghu Qrq0Vwdwlf H{shfwdwlrqv= D Ilqlwh Krul}rq Prgho/ Whfkqlfdo Zrunlqj Sdshu Qr1

59/ QEHU1

Suxfkd/ L1U1/ dqg P1L1 Qdglul +4<<4,= Rq wkh Vshfl�fdwlrq ri Dffhohudwru Frh�flhqwv lq G|qdplf

Idfwru Ghpdqg Prghov/ Hfrqrplfv Ohwwhuv/ 68/ 456045<1

Vlpv/ F1D1 +4<<9,= Vroylqj Olqhdu Udwlrqdo H{shfwdwlrqv Prghov/ Plphr/ \doh Xqlyhuvlw|1

Vwhljhuzdog/ G1J1/ dqg F1 Vwxduw +4<<:,= Hfrqrphwulf Hvwlpdwlrq ri Iruhvljkw= Wd{ Srolf| dqg

Lqyhvwphqw lq wkh Xqlwhg Vwdwhv/ Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv/ :</ 650731

Xkolj/ K1 +4<<:,= D Wrronlw iru Dqdo|}lqj Qrqolqhdu G|qdplf Vwrfkdvwlf Prghov Hdvlo|/ Plphr/

Xqlyhuvlw| ri Wloexuj1
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]dgur}q|/ S1D1 +4<<;,= Dq Hljhqydoxh Phwkrg ri Xqghwhuplqhg Frh�flhqwv iru Vroylqj Olqhdu

Udwlrqdo H{shfwdwlrqv Prghov/ Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/ 55/ 4686046:61
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