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Abstract

This paper proposes a regularisation method for the estimation of large covariance
matrices that uses insights from the multiple testing (MT) literature. The approach
tests the statistical significance of individual pair-wise correlations and sets to zero
those elements that are not statistically significant, taking account of the multiple
testing nature of the problem. By using the inverse of the normal distribution at a
predetermined significance level, it circumvents the challenge of estimating the theoret-
ical constant arising in the rate of convergence of existing thresholding estimators, and
hence it is easy to implement and does not require cross-validation. The MT estimator
of the sample correlation matrix is shown to be consistent in the spectral and Frobe-
nius norms, and in terms of support recovery, so long as the true covariance matrix is
sparse. The performance of the proposed MT estimator is compared to a number of
other estimators in the literature using Monte Carlo experiments. It is shown that the
MT estimator performs well and tends to outperform the other estimators, particularly
when the cross section dimension, N, is larger than the time series dimension, 7.
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1 Introduction

Improved estimation of covariance matrices is a problem that features prominently in a
number of areas of multivariate statistical analysis. In finance it arises in portfolio selection
and optimisation (Ledoit and Wolf (2003)), risk management (Fan et al. (2008)) and testing
of capital asset pricing models (Sentana (2009)). In global macro-econometric modelling
with many domestic and foreign channels of interactions, error covariance matrices must be
estimated for impulse response analysis and bootstrapping (Pesaran et al. (2004); Dees et
al. (2007)). In the area of bio-informatics, covariance matrices are required when inferring
gene association networks (Carroll (2003); Schéfer and Strimmer (2005)). Such matrices are
further encountered in fields including meteorology, climate research, spectroscopy, signal
processing and pattern recognition.

Importantly, the issue of consistently estimating the population covariance matrix, 3 =
(04), becomes particularly challenging when the number of variables, N, is larger than the
number of observations, T'. In this case, one way of obtaining a suitable estimator for X%
is to appropriately restrict the off-diagonal elements of its sample estimate denoted by 3.
Numerous methods have been developed to address this challenge, predominantly in the
statistics literature. See Pourahmadi (2011) for an extensive review and references therein.
Some approaches are regression-based and make use of suitable decompositions of 3 such as
the Cholesky decomposition (see Pourahmadi (1999, 2000), Rothman et al. (2010), Abadir
et al. (2014), among others). Others include banding or tapering methods as proposed, for
example, by Bickel and Levina (2004, 2008a) and Wu and Pourahmadi (2009), which assume
that the variables under consideration follow a natural ordering. Two popular regularisation
techniques in the literature that do not make use of any ordering assumptions are those of
thresholding and shrinkage.

Thresholding involves setting off-diagonal elements of the sample covariance matrix that
are in absolute terms below certain threshold values to zero. This approach includes ‘uni-
versal’ thresholding put forward by El Karoui (2008) and Bickel and Levina (2008b), and
‘adaptive’ thresholding proposed by Cai and Liu (2011). Universal thresholding applies the
same thresholding parameter to all off-diagonal elements of the unconstrained sample co-
variance matrix, while adaptive thresholding allows the threshold value to vary across the
different off-diagonal elements of the matrix. Furthermore, the selected non-zero elements
of 3 can either be set to their sample estimates or can be adjusted downward. This relates
to the concepts of ‘hard’ and ‘soft’ thresholding, respectively. The thresholding approach
traditionally assumes that the underlying (population) covariance matrix is sparse, where
sparseness is loosely defined as the presence of a sufficient number of zeros on each row
of ¥ such that it is absolute summable row (column)-wise, or more generally in the sense
defined by El Karoui (2008). However, Fan et al. (2011, 2013) show that such regularisation
techniques can be applied even if the underlying population covariance matrix is not sparse,
so long as the non-sparseness is characterised by an approximate factor structure. The main
challenge in applying this approach lies in the estimation of the thresholding parameter.
The method of cross-validation is primarily used for this purpose which has its own limita-



tions and may not be appropriate in applications where the underlying model generating the
observations is unstable over time.

In contrast to thresholding, the shrinkage approach reduces all sample estimates of the
covariance matrix towards zero element-wise. More formally, the shrinkage estimator of X is
defined as a weighted average of the sample covariance matrix and an invertible covariance
matrix estimator known as the shrinkage target - see Friedman (1989). A number of shrinkage
targets have been considered in the literature that take advantage of a priori knowledge of
the data characteristics under investigation. Examples of covariance matrix targets can be
found in Ledoit and Wolf (2003), Daniels and Kass (1999, 2001), Fan et al. (2008), and
Hoff (2009), among others. Ledoit and Wolf (2004) suggest a modified shrinkage estimator
that involves a linear combination of the unrestricted sample covariance matrix with the
identity matrix. This is recommended by the authors for more general situations where no
natural shrinking target exists. On the whole, shrinkage estimators tend to be stable, but
yield inconsistent estimates if the purpose of the analysis is the estimation of the true and
false positive rates of the underlying true sparse covariance matrix (the so called ‘support
recovery’ problem).

This paper considers an alternative to cross-validation by making use of a multiple testing
(MT) approach to set the thresholding parameter. The idea has been suggested by El
Karoui (2008, p. 2748) but has not been theoretically developed in the literature. As
noted by El Karoui, hard thresholding can also be implemented by testing the N(N — 1)/2
null hypotheses that o;; = 0, for all ¢ # j. However, such tests will not be standard and
their critical value must be determined from the knowledge of the inferential problem and
the fact that N and T both tend to infinity. The MT approach can readily accommodate
both Gaussian and non-Gaussian observations and does not require cross-validation which
is often quite time consuming to apply. The MT procedure is shown to be equivalent to
the application of the multiple testing procedure due to Bonferroni (1935) to the individual
rows of 3, separately, when o;; = 0 implies independence, and to all distinct non-diagonal
elements of X, if 0;; = 0 does not imply independence. We show that the MT" estimator
of R, the correlation matrix associated with ¥, converges in spectral norm at the rate of

O, (%), where my is the maximum number of non-zero elements in the off-diagonal rows

of R. This compares favourably with the corresponding O, <mN %) rate established

in the literature. Similarly, we show that the MT estimator converges in Frobenius norm

at the rate of Op< mgN , even if the underlying observations are non-Gaussian. To

the best of our knowledge, the only work that addresses the theoretical properties of the
thresholding estimator for the Frobenius norm is Bickel and Levina (2008b), who establish the

rate of O, (\/ %Og(m) , assuming the observations are Gaussian. The MT" estimator also

consistently recovers the support of the population covariance matrix under non-Gaussian
observations.
The performance of the MT estimator is investigated using a Monte Carlo simulation



study, and its properties are compared to a number of extant regularised estimators in
the literature. The simulation results show that the proposed multiple testing estimator is
robust to the typical choices of p used in the literature (10%, 5% and 1%), and performs
favourably compared to the other estimators, especially when N is large relative to T'. The
M procedure also dominates other regularised estimators when the focus of the analysis is
on support recovery.

The rest of the paper is organised as follows: Section 2 outlines some preliminaries,
introduces the MT procedure and derives its asymptotic properties. The small sample
properties of the MT estimator are investigated in Section 3. Concluding remarks are
provided in Section 4. Some of the technical proofs and additional simulation results are
provided in a Supplementary Appendix.

Notation: We denote the largest and the smallest eigenvalues of the N x N real symmetric
matrix A = (a;;) by Amax (A) and Ay (A) , respectively, its trace by tr (A) = ZZN:1 a;;, its

maximum absolute column sum norm by ||Al|;, = max;<j<n (Zf\il |aij|>, its maximum

absolute row sum norm by ||A||_ = maxj<i<n <Z;V:1 |aij|), its spectral radius by o (A) =

| Amax (A)|, its spectral (or operator) norm by [All,,.. = A2 (A’A), its Frobenius norm
by Az = /tr (A’A). Note that |A[,,.. = 0(A). ay = O(by) states the deterministic
sequence {ay} is at most of order by, zx = O,(yn) states the vector of random variables,
xy, is at most of order yx in probability, and y = 0,(yn) is of smaller order in probability
than yy, —, denotes convergence in probability, and —; convergence in distribution. All

asymptotics are carried out under N — oo jointly with T" — oo.

2 Regularising the sample correlation matrix: A mul-
tiple testing (MT) approach

Let {zy, i€ N, teT}, N C N, T C Z, be a double index process where x; is de-
fined on a suitable probability space (€2, F, P), and denote the covariance matrix of x;, =
(214, Tot, ..., wie) by
Var (@) = 5 = E (@ — ) (2, — )] 1)
where E(x;) = p = (f4y, fo, .-, py)’, and X is an N x N symmetric, positive definite real
matrix with (7, j) element, o;.
We consider the regularisation of the sample covariance matrix estimator of 32, denoted
by 3, with elements

T
&MT = T_l Z (l'z‘t — fz) (:Ejt — i’j) s fOI‘ Z,] = ]_, 2, ceey N, (2)
t=1

where 7; = T1 Zthl x;. To this end we assume that X is (exactly) sparse defined as follows.



Assumption 1 The population covariance matriz, 3 = (0;;), where Apmin (X) > €9 > 0, is
sparse in the sense that my defined by

N
mN:%%(XQI(Uij#O): (3)
‘7:

is bounded in N, where I(A) is an indicator function that takes the value of 1 if A holds and
zero otherwise. The remaining N(N — my — 1) non-diagonal elements of 3 are zero.

A comprehensive discussion of the concept of sparsity applied to X and alternative ways
of defining it are provided in El Karoui (2008) and Bickel and Levina (2008b). Definition 1
is a natural choice when considering concurrently the problems of regularisation of 3 and
support recovery of 3. We also make the following assumption about the bivariate moments
of (i, zj1).

Assumption 2 The T observations {(za,z1), (Ti2, Tj2)s ..., (Tir, Tj7)} are drawn from a
general bivariate distribution with mean p; = E(zy), || < K, variance o;; = Var(xy), 0 <
0y < K, and correlation coefficient p;; = 7ij/\/0:i0j; satisfying 0 < py, < ‘pij‘ < Prax < 1.
Also, it is assumed that the following finite higher-order moments exist

1(2,2) = E(yays) . i;(3,1) = E(yhys), and 11;;(1,3) = E(yay3,),
1i;(4,0) = E(y}) < K, and 11:;(0,4) = E(?/;‘lt) < K,

where yi = (vy — 1;)//0ii, and E (y;’tyjt) = (7, 8), for all r,s > 0.

We follow the hard thresholding literature but, as noted above, we employ multiple
testing rather than cross-validation to decide on the threshold value. More specifically, we
set to zero those elements of R = (p;;) that are statistically insignificant and therefore
determine the threshold value as a part of a multiple testing strategy rather than by cross-
validation. We apply the thresholding procedure explicitly to the correlations rather than the
covariances. This has the added advantage that one can use a so-called ‘universal’ threshold
rather than making entry-dependent adjustments, which in turn need to be estimated when
thresholding is applied to covariances. This feature is in line with the method of Bickel and
Levina (2008b) or El Karoui (2008) but shares the properties of the adaptive thresholding
estimator developed by Cai and Lui (2011).

Specifically, denote the sample correlation of x;; and zj, computed over t = 1,2,...,T,

by

fb'jT:bj‘T:%a (4)

v " \ O 10 45T
where 6;; 7 is defined by (2). For a given ¢ and j, it is well known that under Hy;; : 0;; = 0,
VT pijr is asymptotically distributed as NV (0,1) for T" sufficiently large. This suggests using
T-1/2¢=1 (1 — L) as the threshold for |p;;;|, where ' (-) is the inverse of the cumulative
distribution of a standard normal variate, and p is the chosen nominal size of the test,
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typically taken to be 1% or 5%. However, since there are in fact N (N — 1) /2 such tests and
N is large, then using the threshold 7-!/2®~! (1 — 2) for all N(N —1)/2 pairs of correlation
coefficients will yield inconsistent estimates of 3 and fails to recover its support.

A popular approach to the multiple testing problem is to control the overall size of
the n = N(N — 1)/2 tests jointly (known as family-wise error rate) rather than the size
of the individual tests. Let the family of null hypotheses of interest be Hyy, Hos, ..., Hop,
and suppose we are provided with the corresponding test statistics, Z1r, Zor, ...., Z,7, With
separate rejection rules given by (using a two-sided alternative)

Pr (|Zir| > CVir |Hoi ) < pir,

where C'V;7 is some suitably chosen critical value of the test, and p;r is the observed p-value
for Hy;. Consider now the family-wise error rate (FWER) defined by

FWERT = Pr [U?:l (’Z1T| > CV;T ’HO’L )] ,

and suppose that we wish to control F'W E Ry to lie below a pre-determined value, p. One
could also consider other generalized error rates (see for example Romano et al. (2008)).
Bonferroni (1935) provides a general solution, which holds for all possible degrees of depen-
dence across the separate tests. Using the union bound, we have

Pr(Uy (|Zir| > CVig [Ho)] < ) Pr(|Zir| > CVir |Ho:)

=1
n

< ZpiT-
i—1

Hence to achieve FW ERy < p, it is sufficient to set p;r < p/n. Alternative multiple testing
procedures advanced in the literature that are less conservative than the Bonferroni procedure
can also be employed. One prominent example is the step-down procedure proposed by Holm
(1979) that, similar to the Bonferroni approach, does not impose any further restrictions on
the degree to which the underlying tests depend on each other. More recently, Romano and
Wolf (2005) proposed step-down methods that reduce the multiple testing procedure to the
problem of sequentially constructing critical values for single tests. Such extensions can be
readily considered but will not be pursued here.

In our application we scale p by a general function of N, which we denote by f(/N) and
then derive conditions on f(/N) which ensure consistent support recovery and a suitable
convergence rate of the error in estimation of R = (p;;). In particular, we show that the
spectral norm of R and its support recovery can be consistently estimated so long as f(N)
rises linearly in N, and does not depend on whether z;; and x;; are dependently distributed
when p;; = 0. However, we show that under the Frobenius norm the form of f(N) depends
on whether the pairs (x;, z;;), for all ¢ # j display non-linear dependence, in the sense that
they are dependent even if p;; = 0. As will be shown in Section 2.1, under the null hypothesis,
Ho;j = p;; = 0 for all ¢ and j, i # j, the degree of non-linear dependence is defined by the
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parameter Kmax = sup,; (ki) where ki = [p;;(2,2) | p;; = 0]. Under independence, Fpax = 1
and f(N) = N, while under non-linear dependence we have k. > 1 and f(N) = O (N"m=x).

More precisely, the multiple testing (MT') estimator of R, denoted by Ryt = (Z)ij) , is
given by

pii = il [|py| > T7%c,(N)], i=1,2,..,N—1, j=i+1,..,N, (5)

where

cp(N) = (1 - szN)) . (6)

It is evident that since c,(IN) is selected a priori and does not need to be estimated, the
multiple testing procedure in (5) is also computationally simple to implement. This con-
trasts with traditional thresholding approaches which face the challenge of evaluating the
theoretical constant, C', arising in the rate of convergence of their estimators. A separate
cross-validation procedure is typically employed for the estimation of C' that has its own
limitations.

Finally, the MT estimator of 3 is now given by

ZMT _ Dl/Qﬁ,MTﬁl/Q

where D = diag(611,7, 0227, ...,0nNT). The MT procedure can also be applied to de-
factored observations following the de-factoring approach of Fan et al. (2011, 2013).

2.1 Theoretical properties of the MT estimator

Next we investigate the asymptotic properties of the MT estimator defined by (5). We begin
with the following proposition.

Proposition 1 Let y;; = (it — 11;)/\/Tii, where p, = E(xy), |u;| < K, and 05 = Var(zy),
0 <oy < K, for all i and t, and suppose that Assumption 2 holds. Consider the sample
correlation coefficient defined by (4) which can also be expressed in terms of y; as

Zz 1 (Yit — Us) (y]t ﬂ])

sz = - )
S0 -5 [S5  - 5°]
Then
Pz = E(pyr)=py+ w +0(17), (8)
i = Var (pye) = 205 o (1) )
where
Kn(85) = —5p (1= {3y sy (4,0) + w10, )] = 4 (3,1) + sy (1,3)] + 2p,m5(2,2)}

(10)



K,(0:) = (1—P?j)2+i {0} [ki;(4,0) + £5(0,4)] — 4py; [Ki5(3,1) + ki5(1,3)] + 2(2 + pf)ki5(2,2) }
(11)

Kfij(47 0) = Nij(47 0) — 3#%(2’ 0) = E(y;lt) -3,

Hij<0’ 4) Mij(074) - 3/%23'(0: 2) = E(?J;lt) -3,

Rij(3,1) = py(3,1) = 352,00y (1, 1) = E(yjy50) — 3py;,

’%’(1: 3) /“Lij(l’ 3) — 3Nij(07 2)/%’(17 1) = E(?J?tyzt) 3pij7

Rij(2,2) = py(2,2) = p5(2,0)p55(0, 2) = 2p55(1, 1) = 1135(2,2) — 2p;; — 1,

and 6;; = (pija Mij(074)+:uij(47 0), Mz‘j(37 1)+Mij(17 3)>Hij(27 2))'. Furthermore |K,,(0:;)| < K,
K,(0;;) =limr_.oo [TVar (p;;7)], and K,(0;;) < K.

Proof of Proposition 1.  The results for £ (ﬁij’T) and Var (Ibij,T) are established in
Gayen (1951) using a bivariate Edgeworth expansion approach. This confirms earlier findings
obtained by Tschuprow (1925, English Translation, 1939) who shows that results (8) and (9)
hold for any law of dependence between x;; and ;. See, in particular, p. 228 and equations
(53) and (54) in Gayen (1951). Using (9) and (11) we have limy_.o [TV ar (py;1)] = Ku(855)-
Finally, the boundedness of | K, (0;;)| and K,(8;;) follows directly from the assumption that
the fourth-order moment of y;, exists for all 7 and ¢t. The existence of the other moments,
E(ySy;) and E (y3y73,), follows by application of Holder’s and Cauchy-Schwarz inequalities
as given below:
‘E(yiyft)‘ < [E(lyit|4)]1/2 [E (|yjt|4)]1/2 <K

and
|Eayl)| < E(yay]) < [E(yal") 1/4[ (ﬁ\m)rM
= (Bl [E ()™ = E(ual) < K.

| ]

Remark 1 From Gayen (1951) p.232 (eq (54)bis) it follows that K,(0;;) > 0 for each
correlation coefficient Pij = 0ij/\/Ti0;; satisfying 0 < ppi, < |p2~j| < Pmax < 1. Further,
under the null Hogj : p;; =0, (11) becomes K,(05;) = 1 + £4(2,2) = p;;(2,2) > 0.

We introduce the following assumption which is inspired from the above proposition.

Assumption 3 The standardised correlation coefficients, z;;r = [ﬁmT - F (ﬁmTﬂ 7/ Var (ﬁMT),

for alli and j (i # j) admit the Edgeworth expansion

Pr(zijr < ayr |Piy) = Fijr(aijr|Pij) (12)

= ®(ayr) + T ¢ (air) Gr (ayr [Piy) + T (aijr) Ga (aijr |Piy) +

where E (p;;p) and Var (py;r) are defined by (8) and (9) of Proposition 1, ®(a;jr) and
¢ (aijr) are the cumulative distribution and density functions of the standard Normal (0,1),
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respectively, and Gs (a;;1 |Pij), s = 1,2, ... are polynomials in a;jr, whose coefficients depend
on the underlying bivariate distribution of the observations (x;,x; fort =1,2,....,T) which
is denoted by P;;.

Remark 2 While Assumption C1 of Cai and Liu (2011) characterising the tail-property of
Yir can be used, we opt to focus on the standardised correlation coefficient, zjr. This is a
self-normalised process where E (i)ij,T) and Var (ﬁijj) are given by (8) and (9) respectively.
Then, for a finite T', all moments of z;;r exist and as T — 00, z;jp —q 2z ~ N(0,1). Hence,
following the theorem of Sargan (1976) on p.423 the Edgeworth expansion is valid.

Given Assumptions 1-3, first we establish the rate of convergence of the MT estimator
under the spectral (or operator) norm which implies convergence in eigenvalues and eigen-
vectors (see El Karoui (2008), and Bickel and Levina (2008a)).

Theorem 1 (Convergence under the spectral norm) Denote the sample correlation coeffi-

cient of vy and xj overt = 1,2,...,T by p;;r (as defined in (7) of Proposition 1) and the

population correlation matriz by R = (p;;). Suppose that Assumptions 1-3 hold. Let f(N)

be an increasing function of N, p a finite constant (0 < p < 1), and suppose there exist finite

Ty and Ny such that for all T > Ty and N > Ny,
I

2f(N)

>0

and
In f(N)/T — 0, as N and T — oc.

Then so long as N/vT — 0 we have

EH&MT—R

my
=0|—=), 13
spec (ﬁ) ( )
where my is defined by (3), RMT = (Pijr) = Pijrl Hbijﬂ > T_1/2Cp(N)} , and ¢p(N) =

P! (1—%) > 0.

Proof. See Appendix. m

Under the conditions of Theorem 1, and since by Assumptions 1 and 2, Ay, (R) > ¢ > 0,
then the eigenvalues of Ry are bounded away from zero with probability approaching 1,
and we have

(ﬁMT) _ g

_ H (Rarr) - (R-Rur) R

spec spec

)\min <R> -

spec

_ 1 ~
< Amin (RMT) R — Ryr

o ()

Also see Appendix A of Fan et al. (2013) and proof of lemma A.1 in Fan et al. (2011).
Similarly, we establish the rate of convergence of the M7T' estimator under the Frobenius

norm.



Theorem 2 (Convergence under the Frobenius norm) Denote the sample correlation coeffi-
cient of vy and xj overt = 1,2,....T by p,;r (as defined in (7) of Proposition 1) and the
population correlation matriz by R = (p;;). Suppose that Assumptions 1-3 hold. Let f(N)
be an increasing function of N, p a finite constant (0 < p < 1), and suppose there exist finite
Ty and Ny such that for all T > Ty and N > Ny,

p
2f(N)

In f(N)/T — 0, as N and T — o0,

>0,

and
In [f(N)]

In(N) ’ (14)

Kmax S llmN—»oo

where Kmax = supy; [kij], Ky = [1;(2,2) |py; = 0], with p;;(2,2) defined in Assumption 2.
Then as long as N/v/T — 0 we have

e r], -0 () ™

where my s defined by (3), Ry = (Pijr) = Pyl [ f)z’j,T| > T_1/2Cp(N)} , and ¢,(N) =

“1(1__»
o1 (1= 5t ) > 0.
Proof. See Appendix. m

, at the rate of
F

0, (\/ myN /T), the rate at which f(N) rises with N is dictated by the magnitude of Kmpax-
For example if kmax = 1, setting f(N) = N — 1 meets all the conditions of Theorem 2. But
for values of kmax > 1, we need f(N) to rise with N at a faster rate. For Kymax € (1,2], it is
sufficient to set f(N) = N(N —1)/2. It is easily seen that in this case

lim {haf(N) . }: - {ln(N)—i—ln(N—l)—ln(Z)
lIl(N) max lIl(N)

Remark 3 For the convergence of the Frobenius norm, E HRMT — R‘

N—oo

- Hmax} =2~ Rmax;
N—o0

and the conditions are met if Kmax < 2. Similarly, for kmax < 3 we need to specify f(N) =
O(N?3).

Remark 4 While in practice we find it reasonable to set kya.x no greater than two, further
research is required in determining this data dependent measure, which is beyond the scope
of the present paper. Convergence under the spectral norm is less demanding than under the
Frobenius norm. Unlike Theorem 2, the statement of Theorem 1 does not require a condition
ON Kmax- ©This implies that under the spectral norm, when controlling the errors in estimation
of R, it is sufficient for f(N) to rise linearly with N irrespective of the value of Kmax.-



Remark 5 The orders of convergence in (13) and (15) are in line with the results in the
thresholding literature. See, for example, Theorem 1 of Cai and Liu (2011, CL), and Bickel
and Levina (2008b, BL), with ¢ = 0, that state the convergence rate using the spectral norm

‘i -3 = 0, (mN M) , where S is the thresholded es-

in terms of probability, -

spec
timator of > using either the CL or BL approaches. Similarly, Theorem 2 of Bickel and
Levina (2008b), with ¢ = 0, using the Frobenius norm under the Gaussianity assumption,

E—EHF = Op( M). In fact (13) and (15) are

obtains a convergence rate of T

improvements on the existing rates since the log (N) factor is absent in both cases. The rate
of O, ( %) is achieved in the shrinkage literature as well if the assumption of sparseness
is imposed. Here my also can be assumed to rise with N in which case the rate of conver-
gence becomes slower. This compares with a rate of O, (\/N /T ) for the sample covariance

(correlation) matrixz - see Theorem 3.1 in Ledoit and Wolf (2004 - LW). Note that LW use
an unconventional definition for the Frobenius norm (see their Definition 1 p. 376).

Remark 6 Results (13) and (15) also hold if a concept of ‘approzimate’ sparseness is used in
place of Assumption 1, such that my is defined more generally as my = max;<y Zjvzl loij|?,
for some q € [0,1). See Bickel and Levina (2008b) or Fan et al. (2013).

Remark 7 It is interesting to note that application of the Bonferroni procedure to the prob-
lem of testing p;; = 0 for all i # j, is equivalent to setting f(N) = N(N — 1)/2. Our
theoretical results suggest that this is too conservative if p;; = 0 implies xy; and xj are
independent, but could be appropriate otherwise. In our Monte Carlo study we consider ob-
servations with linear and non-linear dependence, and experiment with f(N) = N — 1 and
f(N) = N(N —1)/2. We find that the simulation results conform closely to our theoretical
findings.

Consider now the issue of consistent support recovery of R (or X), which is defined in
terms of true positive rate (TPR) and false positive rate (FPR) statistics. Consistent support
recovery requires T'"PR — 1 and FFPR — 0 with probability 1 as N and T" — oo, and does
not follow from the results obtained above on the convergence rates of different estimators
of R. The problem is addressed in the following theorem.

Theorem 3 (Support Recovery) Consider the true positive rate (TPR) and the false positive
rate (FPR) statistics computed using the multiple testing estimator

Pijr = Pijrl Hﬁij,T‘ > T_l/QCp(N)] ;
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given by

Zg:[(,bz‘j,T #0, and Pij £ 0)
TPR = Z}:[(Pij 70) (16)
> Z[<lbij,T #0, and Pij = 0)

FPR = -7 ST, =) : (17)

i#]

where p; 7 is the pair-wise correlation coefficient defined by (7), c,(N) = &~ (1 — %) >
0, 0 < p < 1, f(N) is an increasing function such that c,(N) — oo, as N — o0,
In f(N)/T — 0 and c,(N)/vT — 0, as N and T — oo. Suppose also that Assumptions
1-83 hold. Then with probability tending to 1, TPR = 1, and with probability tending to 1,
FPR =0, if there exist Ny and Ty such that for N > Ny and T > Ty, VT ppin —Cp(N) > 0,
where p;, = min,; }pij| > 0.

Proof. See Appendix. m

Remark 8 The proof of support recovery does not depend on uij(2, 2). Also it only requires
that f(N) rises with N linearly. For example, setting f(N) = N — 1 it is easily seen that

In f(N)/T =In(N —1)/T — 0, as N and T — oo, and c,(N) = &* (1 — %) — 00, as
N — 00, and conditions of Theorem 3 are met. Interestingly, this suggests that consistent
support recovery is ensured if Bonferroni’s MT procedure is applied to R (or X) row-wise.
One is likely to encounter loss of power if Bonferroni’s procedure is applied to all the distinct
off-diagonal elements of R. A similar argument can be made for Holm’s MT procedure,
although the application of Holm’s procedure row-wise can result in contradictions due to the

symmetry of the correlation matrix.

3 Monte Carlo simulations

We investigate the numerical properties of the proposed multiple testing (MT) estimator
using Monte Carlo simulations. We compare our estimator with a number of thresholding
and shrinkage estimators proposed in the literature, namely the thresholding estimators of
Bickel and Levina (2008b, BL) and Cai and Liu (2011, CL), and the shrinkage estimator of
LW. As mentioned earlier the thresholding methods of BL and CL require the computation
of a theoretical constant, C', that arises in the rate of their convergence. For this purpose,
cross-validation is typically employed which we use when implementing these estimators. For
the CL approach we also consider the theoretical value of C' = 2 proposed by the authors.
A review of these estimators along with details of the associated cross-validation procedure
can be found in the Supplementary Appendix B.
We begin by generating the standardised variates, y;;, as

Yt = Put, t= 1,2,...,T,
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where y; = (Y1, Yor, - Unt)'s Wp = (g, Uy, -, une)', and P is the Cholesky factor associated
with the choice of the correlation matrix R = PP’. We consider two alternatives for the
errors, u;: (i) the benchmark Gaussian case where u;; ~ IIDN(0,1) for all ¢ and ¢, and (ii)
the case where u;; follows a multivariate t-distribution with v degrees of freedom generated

_ o\ 12
Uy = (V ) g, forv=1,2,..., N,
2

Xv,t

where ¢4 ~ IIDN(0,1), and X\Q/,t is a chi-squared random variate with v > 4 degrees of

freedom, distributed independently of ¢;; for all i and ¢. As fourth-order moments are required
by Assumption 2 we set v = 8 to ensure that F (y) exists and kyax < 2. Note that under

as

pi =0, ki = p1;;(2,2|p; =0) = (v—2)/(v—4), and with v = 8 we have r;; = k. = 1.5.
Therefore, in the case where the standardised errors are multivariate t-distributed to ensure
that conditions of Theorem 2 are met we must set f(N) = N (N — 1) /2. (See also Remark
3 and Lemma 7 in the Supplementary Appendix A). One could further allow for fat-tailed
e shocks, though fat-tail shocks alone (e.g. generating u; as such) do not necessarily result
in x;; > 1 as shown in Lemma 8 of the Supplementary Appendix A. The same is true for
normal shocks under case (i), where 11;;(2,2) = 1 whether P = Iy or not. In such cases
setting f(N) = N — 1 is then sufficient for conditions of Theorem 2 to be met.

Next, the non-standardised variates &, = (z14,%2, ...,th)’ are generated as

Ty :a+7ft+D1/ZYt7 (18)

where D = diag(o11,022, ..., OnN), @ = (a1, a9, ...;ayx)" and ¥ = (Y, V9, -, YN

We report results for N = {30,100,200} and T" = 100, for the baseline case where
v =0and a = 0 in (18). The properties of the MT procedure when factors are included
in the data generating process are also investigated by drawing -, and a; as [IDN (1, 1) for
i=1,2,...., N, and generating f;, the common factor, as a stationary AR(1) process, but to
save space these results are made available upon request. Under both settings we focus on
the residuals from an OLS regression of x; on an intercept and a factor (if needed).

In accordance with our theoretical assumptions we consider two ezactly sparse covariance
(correlation) matrices:

Monte Carlo design A: Following Cai and Liu (2011) we consider the banded matrix

2 = (Uij) = diag(Al,AQ),

where Ay = A+elyjo, A = (a5)1<ij<n/2, Gij = (1—%)4r with € = max(—Apin(A4),0)40.01
to ensure that A is positive definite, and Ay = 4I /5. X is a two-block diagonal matrix,
A; is a banded and sparse covariance matrix, and A, is a diagonal matrix with 4 along the
diagonal. Matrix P is obtained numerically by applying the Cholesky decomposition to the
correlation matrix, R = D~Y?2SD~Y/2 = PP’, where the diagonal elements of D are given
by 0 =14¢ fori=1,2...,N/2and 0 =4, fori=N/2+1, N/2+1,...,N.

Monte Carlo design B: We consider a covariance structure that explicitly controls for the
number of non-zero elements of the population correlation matrix. First we draw the N x 1
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vector b = (by, by, ...,by) with elements generated as Uniform (0.7,0.9) for the first and
last NV, (< N) elements of b, where N, = [N ‘5}, and set the remaining middle elements of b
to zero. The resulting population correlation matrix R is defined by

R =1y + bY — diag (b)), (19)

for which VT p,, —co(N) > 0 and p,;, = min; ! ,oz-j| > 0, in line with Theorem 3. The
degree of sparseness of R is determined by the value of the parameter §. We are interested
in weak cross-sectional dependence, so we focus on the case where 6 < 1/2 following Pesaran
(2015), and set § = 0.25. Matrix P is then obtained by applying the Cholesky decomposition
to R defined by (19). Further, we set ¥ = D'2RD"?, where the diagonal elements of D
are given by o, ~ I1D (1/2+ x*(2)/4),i=1,2,...,N.

An additional two covariance specifications based on approximately sparse matrices as
defined in Bickel and Levina (2008b, p. 2580 for 0 < ¢ < 1), namely the correlation matrices
corresponding to an AR(1) and spatial AR(1), SAR(1), process respectively, along with their
associated simulation results can be found in the Supplementary Appendix D.

3.1 Finite sample positive definiteness

As with other thresholding approaches, multiple testing preserves the symmetry of R and is
invariant to the ordering of the variables but it does not ensure positive definiteness of the
estimated covariance matrix when N > T

A number of methods have been developed in the literature that produce sparse inverse
covariance matrix estimates which make use of a penalised likelihood (D’Aspremont et al.
(2008), Rothman et al. (2008, 2009), Yuan and Lin (2007), and Peng et al. (2009)) or
convex optimisation techniques that apply suitable penalties such as a logarithmic barrier
term (Rothman (2012)), a positive definiteness constraint (Xue et al. (2012)), an eigenvalue
condition (Liu et al. (2013), Fryzlewicz (2013), Fan et al. (2013, FLM)). Most of these
approaches are rather complex and computationally extensive.

A simpler alternative, which conceptually relates to soft thresholding (such as smoothly
clipped absolute deviation by Fan and Li (2001) and adaptive lasso by Zou (2006)), is to
consider a convex linear combination of RMT and a well-defined target matrix which is
known to result in a positive definite matrix. In what follows, we opt to set as benchmark
target the N x NN identity matrix, Iy, in line with one of the methods suggested by El Karoui
(2008). The advantage of doing so lies in the fact that the same support recovery achieved
by ﬁMT is maintained and the diagonal elements of the resulting correlation matrix do not
deviate from unity. Given the similarity of this adjustment to the shrinking method, we dub
this step shrinkage on our multiple testing estimator (S-MT),

Rt (&) =&In+(1- f)ﬁMT, (20)

with shrinkage parameter & € (&, 1], and &, being the minimum value of £ that produces a
non-singular Rg_y/7(€,) matrix. Alternative ways of computing the optimal weights on the
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two matrices can be entertained. We choose to calibrate, £, since opting to use &, in (20),
as suggested in El Karoui (2008), does not necessarily provide a well-conditioned estimate
of Rg.pr. Accordingly, we set £ by solving the following optimisation problem

~_1 2
*—arg min ||[R;'—R H 21
§ g§0+5§§§1 H 0 s-mr(§) P’ (21)
where € is a small positive constant, and Ry is a reference invertible correlation matrix.
Finally, we construct the corresponding covariance matrix as

~1/2 ~

Sonr (&)=D""Royr (&) D

1/2

Further details on the S-MT procedure, the optimisation of (21) and choice of reference
matrix Ry are available in the Supplementary Appendix C.

3.2 Alternative estimators and evaluation metrics

Using the earlier set up and the relevant adjustments to achieve positive definiteness of the
estimators of ¥ where required, we obtain the following estimates of 3:

M'Ty_: thresholding based on the MT" approach applied to the sample correlation matrix
(Xur) using f(N) =N =1 (Zyry_,)

M TN(~ N-1)/2: thresholding based on the 1\4 T approach applied to the sample correlation
matrix (Xy7) using f(N) = N(N —1)/2 (EMTN(N—I)/Q)

BLg: BL thresholding on the sample covariance matrix using cross-validated C (= BLC)

C'Ly: CL thresholding on the sample covariance matrix using the theoretical value of
C=2(Zcrp) N

CLg: CL thresholding on the sample covariance matrix using cross-validated C' (£ )

S-MTy_1: supplementary shrinkage applied to MTy_; (ig MTN_1~)

S-MTx(n-1)/2: supplementary shrinkage applied to M1 (v_1)/2 (ES‘MTN(Nfl)/2)

BL¢.: BL thresholding using the Fan, Liao and Mincheva (2013, FLM) cross-validation
adjustment procedure for estimating C' to ensure positive definiteness (X BLCH)

CLg.: CL thresholding using the FLM cross-validation adjustment procedure for esti-
mating C' to ensure positive definiteness (f]c L@*)

LWy: LW shrinkage on the sample covariance matrix (3 Lwy)-

In accordance with the theoretical results in Theorem 2 and in view of Remark 3, we con-
sider two versions of the M T estimator depending on the choice of f(N) = {N — 1, N(N —1)/2}.
The BL4, and CLy and C'Ls estimators apply the thresholding procedure without ensuring
that the resultant covariance estimators are invertible. The next five estimators yield in-
vertible covariance estimators. The S-MT estimators are obtained using the supplementary
shrinkage approach described in Section 3.1. BL4. and C'Lp. estimators are obtained by
applying the additional FLM adjustments. The shrinkage estimator, LW, is invertible by
construction. In the case of the MT estimators where regularisation is performed on the

correlation matrix the associated covariance matrix is estimated as DY/2R,,;7D/2.
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For both Monte Carlo designs A and B, we compute the spectral and Frobenius norms of
the deviations of each of the regularised covariance matrices from their respective population
3

|=-3

and HE—EDJH , (22)
spec

where 3 is set to one of the following estimators {ZMTN " EMTN(N b2 EBLC? ECL 2

ECLC, 25 MTx_ 15 25 MTx(x- 127 ZBLC*, ZCLC*, ELW }. The threshold values, C and
C*,are obtained by cross-validation (see Supplementary Appendix B.3 for details). Both
norms are also computed for the difference between X!, the population inverse of ¥, and
the estimators {ZS MTx_ 1 ES MTy(x—1))2° E;L O ECIL o 2;114,2} Further, we investigate the
ability of the thresholding estimators to recover the support of the true covariance matrix
via the true positive rate (TPR) and false positive rate (FPR), as defined by (16) and (17),
respectively. The statistics TPR and FPR are not relevant to the shrinkage estimator LW

and will not be reported for this estimator.

3.3 Robustness of MT to the choice of the p-value and f(V)

We begin by investigating the sensitivity of the MT estimator to the choice of the p-value, p,
and the scaling factor f(/V) used in the formulation of ¢,(/N) defined by (6). For this purpose
we consider the typical significance levels used in the literature, namely p = {0.01,0.05,0.10},
and f(N) = {N —1,N(N —1)/2}. Table 1 summarises the spectral and Frobenius norm
losses (averaged over 2000 replications) for both Monte Carlo designs A and B, and for
both distributional error assumptions (Gaussian and multivariate ¢). First, we note that
neither of the norms is much affected by the choice of the p values when the scaling factor
is N (N —1) /2, irrespective of whether the observations are drawn from a Gaussian or a
multivariate ¢ distribution. Perhaps this is to be expected since for N sufficiently large the
effective p-value which is given by 2p/N (N —1) is very small and the test outcomes are more
likely to be robust to the changes in the values of p as compared to the case when the scaling
factor used is N — 1. The results in Table 1 also confirm our theoretical finding of Theorem
2 that in the case of Gaussian observations, where k.« = 1, the scaling factor N —1 is likely
to perform better as compared to N(N — 1)/2, but the reverse is true if the observations
are multivariate ¢ distributed and the scaling factor N(/N — 1)/2 is to be preferred (see also
Remark 3). We also note that all the norm losses rise with N given that 7" is kept at 100 in
all the experiments. We obtain similar results when we consider other Monte Carlo designs
with approximately sparse covariance matrices. To save space the results for these designs
are provided in the Supplementary Appendix D. Overall, we find that the results are more
robust when the scaling factor N(N — 1)/2 is used.

3.4 Norm comparisons of M1, BL, CL, and LW estimators

In comparing our proposed estimators with those in the literature we consider a fewer num-
ber of Monte Carlo replications and report the results with norm losses averaged over 100
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replications, given the use of the cross-validation procedure in the implementation of BL and
CL thresholding. This Monte Carlo specification is in line with the simulation set up of BL
and CL. Our reported results are also in agreement with their findings.

Tables 2 and 3 summarise the results for the Monte Carlo designs A and B, respectively.
Based on the results of Section 3.3, we provide norm comparisons for the MT estimator
using the scaling factor N(N — 1)/2, and the conventional significance level of p = 0.05.
Initially, we consider the threshold estimators, MT', BL and the two versions of the C'L
estimators (C'Ly, and C'Ly) without further adjustments to ensure invertibility. First, we
note that the MT and C'L estimators (both versions) dominate the BL estimator in every
case, without any exceptions and for both designs. The same is also true if we compare
MT and C'L estimators to the LW shrinkage estimator, although it could be argued that it
is more relevant to compare the invertible versions of the MT and C'L estimators (namely
ECL ¢ and 25 mT) With ELW In such comparisons ) LW performs relatively better,

nevertheless, 3| LW is still dominated by Zs_ mT, With a few exceptions in the case of design
A and primarily when N = 30. However, no clear ordering emerges when we compare )y LWq,

with 3., 4.

3.5 Norm comparisons of inverse estimators

Although the theoretical focus of this paper has been on estimation of 3 rather than its
inverse, it is still of interest to see how well i;_lMT, i; L% i;ic, and izvlvz estimate
¥~!, assuming that 7! is well defined. Table 4 provides average norm losses for Monte
Carlo design B whose X is positive definite. ¥ for design A is ill-conditioned and will
not be considered any further here. As can be seen from the results in Table 4, f);lMT

~-1 ~-1
performs much better than X5, 4. and X 4. for Gaussian and multivariate ¢-distributed

observations. In fact, the average spectral norms for EN];;@* and EN];—J’@* include some sizeable
outliers, especially for N < 100. However, the ranking of the different estimators remains the
same if we use the Frobenius norm which appears to be less sensitive to the outliers. It is also
worth noting that f);_lMT performs better than LW, for all sample sizes and irrespective of
whether the observations are drawn as Gaussian or multivariate ¢.

3.6 Support recovery statistics

Table 5 reports the true positive and false positive rates (TPR and FPR) for the support
recovery of 3 using the multiple testing and thresholdmg estimators. In the comparison set
we include two versions of the MT estimator (EMTN , and EMTN(N 1)/2) EBL Yol ECL 2, and

¥ o1+ Again we use 100 replications due to the use of cross-validation in the implementation
of BLL and CL thresholding. We include the MT estimators for both choices of the scaling
factor, f(N) = N—1and f(N) = N(N—1)/2, computed at p = 0.05, to see if our theoretical
result, namely that for consistent support recovery only the linear scaling factor, N — 1, is
needed, is borne out by the simulations. For consistent support recovery we would like to see
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F PR values near zero and T' PR values near unity. As can be seen from Table 5, the FPR
values of all estimators are very close to zero, so any Comparlsons of different estimators
must be based on the T'PR values. Comparing the results for > MTy_, and > MTy(x-1y2 we
find that as predicted by the theory (Theorem 3 and Remark 8), T PR values of > MTy_, are
closer to unity as compared to the T PR values of > MTy(x—1y)2° Similar results are obtained
for the MT estimators for different choices of the p values. Table 6 provides results for
p = {0.01,0.05,0.10}, and for f(N) = {N —1,N(N —1)/2} using 2,000 replications. In
this table it is further evident that, in line with the conclusions of Section 3.3, both the
TPR and the F'PR statistics are relatively robust to the choice of the p values irrespective
of the scaling factor, f(NN), or whether the observations are drawn from a Gaussian or a
multivariate ¢ distribution. This is especially true under design B, since for this specification
we explicitly control for the number of non-zero elements in 3, that ensures the conditions
of Theorem 3 are met.

Turning to a comparison with other estimators in Table 5, we find that the MT and
CL estimators perform substantially better than the BL estimator. Further, allowing for
non-linear dependence in the errors causes the support recovery performance of BLx, CLoy
and C'Le to deteriorate noticeably while MTx_; and MTn(n_1)/2 remain remarkably stable.
Finally, again note that T PR values are higher for design B. Overall, the estimator > MTy_;
does best in recovering the support of 3 as compared to other estimators, although the results
of CL and MT for support recovery are very close, which is in line with the comparative
analysis carried out in terms of the relative norm losses of these estimators.

3.7 Computational demands of the different thresholding methods

Table 7 reports the relative execution times of the different thresholding methods studied.
All times are relative to the time it takes to carry out the computations for the M7y (n_1)/2
estimator. It took 0.010, 0.013, and 0.016 seconds to apply the MT method in Matlab to
a sample of N = {30,100,200}, respectively, and 7" = 100 observations using a desktop
pc. The slight difference in execution time between MTy_; and M7Tx(n_1)/2 amounts to
the stricter condition imposed by the p-value on the MTy(y_1)/2 procedure, which produces
a slightly sparser version of 3. In contrast, the BLx and CLs thresholding approaches
are computationally much more demanding. Their computations took between about 18
and 412293 times longer than the MT approach, for the same sample sizes and computer
hardware. The BLx method was less demanding than the C'Ls method - it took between
about 18 and 500 times longer than the MT approach. Even C'Ly, which does not require
estimation of the threshold parameter, took up to 17 times longer than the M'T" approach.
Thus, compared with other thresholding methods M7 has a clear computational advantage.

4 Concluding Remarks

This paper considers regularisation of large covariance matrices particularly when the cross
section dimension N of the data under consideration exceeds the time dimension 7. In this
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case the sample covariance matrix, 33, becomes ill-conditioned and is not a satisfactory
estimator of the population covariance.

A regularisation estimator is proposed which uses multiple testing rather than cross-
validation to calibrate the threshold value. It is shown that the resultant estimator has a
convergence rate of (m NT7Y 2) under the spectral norm and (myN/ T)l/ ? under the Frobe-
nius norm, where T is the number of observations, and my is bounded in N (the dimension
of ¥), which provide slightly better rates than the convergence rates established in the lit-
erature for other regularised covariance matrix estimators. Our results derived under the
Frobenius norm explicitly relate the scaling function in the multiple testing problem to the
possible non-linear dependence of the underlying data, and together with the spectral norm
results are valid under both Gaussian and non-Gaussian assumptions. This compliments
the existing theoretical results in the literature for the Frobenius norm of the thresholding
estimator derived only under the assumption of Gaussianity. As compared to the threshold
estimators that use cross-validation, the MT estimator is also computationally simple and
fast to implement.

The numerical properties of the proposed estimator are investigated using Monte Carlo
simulations. It is shown that the MT estimator performs well, and generally better than
the other estimators proposed in the literature. The simulations also show that in terms of
spectral and Frobenius norm losses, the MT estimator is reasonably robust to the choice of
p in the threshold criterion, |ﬁij| > T2 <1 - %), particularly when f(N) is set to
N(N —1)/2. For support recovery, better results are obtained if f(N) is set to N — 1.
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Table 1: Spectral and Frobenius norm losses for the MT (p) estimator using significance
levels p = {0.01,0.05,0.10} and the scaling factors f(N) = {N — 1, N(N —1)/2}, for
T =100
Monte Carlo design A

FN)=N-1 fN)=N(N-1)/2
N MTn_1(.01) MTN_1(.05) MTn_1(.10) MTN(]\;—I) (.01) MTN(zgﬂ) (.05) MTN(J\;:[) (.10)

u;;~ Gaussian

Spectral norm

30 1.70(0.49) 1.68(0.49) 1.72(0.49) 1.84(0.50) 1.75(0.50) 1.71(0.50)

100 2.61(0.50) 2.51(0.50) 2.50(0.50) 3.02(0.50) 2.84(0.50) 2.76(0.50)

200 3.04(0.48) 2.92(0.49) 2.89(0.49) 3.58(0.47) 3.37(0.47) 3.29(0.47)
Frobenius norm

30 3.17(0.45) 3.14(0.50) 3.20(0.54) 3.41(0.42) 3.25(0.44) 3.19(0.44)

100  6.66(0.45) 6.51(0.51) 6.60(0.55) 7.57(0.41) 7.17(0.42) 7.00(0.42)

200 9.87(0.46)  9.60(0.53)  9.73(0.58) 11.49(0.41) 10.89(0.42) 10.63(0.42)
u;;~ multivariate {—distributed with 8 degrees of freedom

Spectral norm

30  2.26(1.08) 2.43(1.20) 2.55(1.27) 2.26(0.95) 2.24(1.03) 2.25(1.06)

100 3.85(4.84) 4.21(5.29)  4.47(5.48) 3.74(3.94) 3.71(4.28) 3.72(4.44)

200 4.49(3.46) 5.04(4.34) 5.45(4.77) 4.23(1.97) 4.19(2.37) 4.20(2.58)
Frobenius norm

30 4.07(1.14) 4.36(1.32)  4.62(1.40) 4.08(0.95) 4.03(1.06) 4.04(1.11)

100 8.88(5.17) 9.76(5.67)  10.51(5.88) 8.92(4.19) 8.74(4.57) 8.70(4.74)

200 12.96(4.23) 14.51(5.41) 15.82(5.95) 13.06(2.26) 12.71(2.77) 12.63(3.05)

Monte Carlo design B
u;;~ Gaussian

Spectral norm
30 0.48(0.16)  0.50(0.16)  0.53(0.16) 0.49(0.18) 0.48(0.17) 0.48(0.17)
100 0.75(0.34)  0.76(0.32)  0.78(0.31) 0.85(0.41) 0.79(0.37) 0.77(0.37)
200 0.71(0.22)  0.74(0.20)  0.77(0.20) 0.81(0.31) 0.75(0.26) 0.73(0.26)
Frobenius norm
30 0.87(0.17)  0.92(0.18)  0.98(0.19) 0.87(0.18) 0.86(0.17) 0.86(0.17)
100 1.56(0.24)  1.66(0.24)  1.77(0.24) 1.64(0.31) 1.58(0.27) 1.57(0.27)
200 2.16(0.18) 2.32(0.20) 2.50(0.21) 2.22(0.22) 2.16(0.20) 2.15(0.20)
u;;~ multivariate {—distributed with 8 degrees of freedom

Spectral norm

30 0.70(0.39) 0.78(0.43) 0.84(0.45) 0.67(0.34) 0.67(0.37) 0.69(0.38)

100 1.16(0.97) 1.32(1.10) 1.42(1.18) 1.12(0.77) 1.10(0.83) 1.10(0.87)

200 1.36(1.73) 1.65(2.05) 1.83(2.20) 1.13(1.11) 1.14(1.28) 1.16(1.37)
Frobenius norm

30 1.23(0.43) 1.41(0.48) 1.54(0.51) 1.15(0.36) 1.18(0.39) 1.20(0.41)

100 2.40(1.12) 2.90(1.31) 3.26(1.40) 2.16(0.81) 2.16(0.90) 2.20(0.96)

200 3.57(2.14) 4.52(2.54) 5.18(2.72) 2.97(1.30) 3.01(1.53) 3.07(1.65)

Note: Norm losses are averages over 2,000 replications. Simulation standard deviations are given in
parentheses. The MT estimators are defined in Section 3.2.
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Table 2: Spectral and Frobenius norm losses for different regularised covariance matrix
estimators (7" = 100) - Monte Carlo design A

N =30 N =100 N =200
Norms Norms Norms
Spectral  Frobenius Spectral  Frobenius  Spectral  Frobenius
u;;~ Gaussian

Error matrices (X — )
MTyNN=-1)/2 1.81(0.54) 3.31(0.42) 2.75(0.50) 7.11(0.42) 3.37(0.43) 10.91(0.39)
BLg 5.30(2.16) 7.61(1.23) 8.74(0.06) 16.90(0.10) 8.94(0.04) 24.26(0.13)
CLs 1.87(0.55) 3.39(0.44) 2.99(0.49) 7.57(0.44) 3.79(0.47) 11.88(0.42)
CLa 1.82(0.58) 3.33(0.56) 2.54(0.50) 6.82(0.51) 3.02(0.46) 10.22(0.59)
S-MTy(n_1)/2 3-20(0.79) 4.29(0.64) 5.73(0.34) 10.77(0.46) 6.40(0.21) 16.44(0.35)
BLe. 7.09(0.10) 8.62(0.09) 8.74(0.06) 16.90(0.10) 8.94(0.04) 24.25(0.10)
CLp 7.05(0.16) 8.58(0.12) 8.71(0.07) 16.85(0.11) 8.94(0.04) 24.23(0.09)
LWy, 2.99(0.47) 6.49(0.29) 5.20(0.34) 16.70(0.19) 6.28(0.20) 26.84(0.14)

u;~ multivariate t— distributed with 8 degrees of freedom

Error matrices (X — %)
MTyNN=-1)/2 2.16(0.76) 4.03(0.99) 3.43(1.09) 8.43(1.26) 3.97(0.92) 12.66(1.83)
BL4 6.90(0.82) 8.75(0.55) 8.74(0.10) 17.26(0.30) 9.00(0.42) 24.93(1.02)
CLs 2.55(0.93) 4.53(1.00) 4.63(1.11) 10.35(1.48) 5.92(0.81) 16.43(1.74)
CLg 2.27(0.76) 4.24(0.94) 3.85(1.51) 9.44(2.33) 5.04(2.04) 15.65(4.71)
S-MTw(n_1y2 3.18(0.82) 4.68(0.82) 5.75(0.45) 11.33(0.62) 6.41(0.32) 17.10(0.74)
BLp. 7.06(0.13) 8.84(0.30) 8.74(0.10) 17.25(0.31) 8.95(0.08) 24.84(0.55)
CLp 7.01(0.16) 8.77(0.30) 8.73(0.11) 17.23(0.29) 8.94(0.08) 24.77(0.53)
LWy, 3.35(0.51) 7.35(0.50) 5.67(0.46) 18.04(0.45) 6.60(0.43) 28.18(0.53)

Note: Norm losses are averages over 100 replications. Simulation standard deviations are given in paren-
thesef. 3= {EMTN(N71)/27 2BL,év Yo, ECL,C" ES‘MTN(N—I)N’ EBL,C‘*’ ECL.C*’ ELWg]“ EJVITN(N—I)/2
and ¥s pMry(y_y),, are computed using p = 0.05. BL is Bickel and Levina universal thresholding, C'L is Cai
and Liu adaptive thresholding, 3 , L.c s based on C which is obtained by cross-validation, 3, LG employs
the further adjustment to the cross-validation coefficient, C’*, proposed by Fan, Liao and Mincheva (2013),

fJCLg is CL’s estimator with C' = 2 (the theoretical value of C), EAJLWi is Ledoit and Wolf’s shrinkage
estimator applied to the sample covariance matrix.
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Table 3: Spectral and Frobenius norm losses for different regularised covariance matrix
estimators (7" = 100) - Monte Carlo design B
N =30 N =100 N =200
Norms Norms Norms
Spectral  Frobenius Spectral Frobenius Spectral Frobenius

u;;~ Gaussian

o

Error matrices (3 — X)

MTynnv_1y2  0.48(0.16) 0.88(0.17) 0.84(0.36) 1.61(0.26) 0.70(0.21) 2.13(0.18)
BLg 0.91(0.50) 1.35(0.43) 1.40(0.95) 2.25(0.78) 2.53(0.55) 3.49(0.32)
CL, 0.49(0.17) 0.90(0.18) 1.00(0.48) 1.77(0.44) 0.90(0.37) 2.30(0.30)
CLg 0.49(0.15) 0.92(0.17) 0.83(0.31) 1.71(0.28) 1.14(0.83) 2.54(0.58)
S-MTy(y_1y/2 0.68(0.25) 1.08(0.20) 1.50(0.50) 2.14(0.35) 1.18(0.38) 2.40(0.24)
BLg. 1.19(0.46) 1.63(0.40) 3.32(0.20) 3.90(0.14) 2.73(0.11) 3.61(0.08)
CLgw 1.08(0.46) 1.53(0.46) 3.34(0.15) 3.92(0.06) 2.73(0.10) 3.61(0.08)
LW 1.05(0.13) 2.07(0.10) 2.95(0.26) 4.47(0.09) 2.46(0.06) 6.01(0.03)

u;;~ multivariate t—distributed with 8 degrees of freedom
Error matrices (X — )

MTy(v_1yj2  0.65(0.25) 1.13(0.25) 1.02(0.45) 2.11(0.51) 1.33(2.46) 3.19(2.81)
BLg, 1.36(0.40) 1.84(0.35) 2.70(0.94) 3.58(0.74) 2.70(0.29) 4.08(0.67)
CL, 0.71(0.29) 1.21(0.30) 1.69(0.70) 2.73(0.70) 1.62(0.57) 3.31(0.65)
CLg 0.80(0.39) 1.33(0.39) 2.03(1.08) 3.07(0.90) 2.19(0.78) 3.72(0.62)
S-MTw(n_1y2 0.69(0.26) 1.18(0.23) 1.37(0.53) 2.32(0.44) 1.30(0.80) 3.02(0.89)
BLg. 1.49(0.26) 1.98(0.21) 3.33(0.24) 4.07(0.18) 2.77(0.37) 4.04(0.56)
CLg 1.26(0.40) 1.79(0.40) 3.35(0.17) 4.08(0.14) 2.73(0.14) 4.01(0.42)
LW, 1.13(0.15) 2.25(0.11) 3.14(0.21) 4.68(0.11) 2.52(0.08) 6.18(0.13)

See the note to Table 2.
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Table 4: Spectral and Frobenius norm losses for the inverses of different regularised
covariance matrix estimators for Monte Carlo design B - 7" = 100

N =30 N =100 N =200
Norms Norms Norms
Spectral Frobenius Spectral Frobenius Spectral  Frobenius

ST
Error matrices (371-3 )

u;:~ Gaussian

S-MTy(N_1)/2 4.42(1.22) 2.66(0.31) 15.62(2.68) 5.87(0.46)  13.89(2.29)  5.45(0.36)
BL. 3.8x103(2.4x10%) 19.56(58.88) 1.2x103(1.1x10%) 12.16(33.25) 41.07(143.74) 7.66(3.17)
CLg. 1.9x103(1.7x10%) 10.92(42.39)  51.99(241.39) 8.16(4.23)  28.45(24.37) 7.35(1.11)
LWy, 11.03(0.58) 4.26(0.09) 31.04(0.64) 8.62(0.06)  31.81(0.21)  9.40(0.05)
u;;~ multivariate t—distributed with 8 degrees of freedom
S-MTn(N-1)/2 3.42(1.55) 2.44(0.38) 12.39(3.01) 5.49(0.54)  11.23(4.12)  5.54(0.66)
BL. 157.26(1.0x10%)  6.11(11.28)  349.35(3.1x10%)  9.80(17.03)  28.58(22.06) 7.77(1.04)
CLg. 85.82(546.85) 5.53(7.84)  517.27(4.8x10%) 10.07(21.25) 25.61(3.55)  7.54(0.50)
LWy, 12.08(1.19) 4.48(0.20) 31.78(1.32) 8.74(0.23)  32.06(1.00)  9.50(0.33)

o1 =1 ~—1 ~—1 -1
Note: ¥ = {X¥g yn_1)/2: ZBL,¢* Xcr,é=> Xrw, |- See also the note to Table 2.

Table 5: Support recovery statistics for different multiple testing and thresholding
estimators - 7" = 100

Monte Carlo design A Monte Carlo design B
N MTyx_1 MTyn-12 BLs CLy CLs N MTNx_y MTyn-12 BLs CLy CLg
u;;~ Gaussian
30 TPR 0.80 0.73 0.29 0.72 0.78 30 TPR 1.00 0.98 0.64 0.98 1.00
FPR 0.00 0.00 0.04 0.00 0.00 FPR 0.00 0.00 0.00 0.00 0.00
100 TPR 0.69 0.59 0.00 0.56 0.68 100 TPR 1.00 0.98 0.80 0.94 0.99
FPR 0.00 0.00 0.00 0.00 0.00 FPR 0.00 0.00 0.00 0.00 0.00
200 TPR 0.66 0.55 0.00 0.50 0.65 200 TPR 1.00 0.97 0.11 0.88 0.78
FPR 0.00 0.00 0.00 0.00 0.00 FPR 0.00 0.00 0.00 0.00 0.00
u;;~ multivariate t—distributed with 8 degrees of freedom
30 TPR 0.80 0.73 0.03 0.62 0.74 30 TPR 1.00 0.99 0.26 0.89 0.82
FPR 0.01 0.00 0.00 0.00 0.00 FPR 0.01 0.00 0.00 0.00 0.00
100 TPR 0.69 0.59 0.00 0.43 0.57 100 TPR 1.00 0.98 0.27 0.70 0.57
FPR 0.00 0.00 0.00 0.00 0.00 FPR 0.00 0.00 0.00 0.00 0.00
200 TPR 0.66 0.55 0.00 0.35 0.47 200 TPR 0.99 0.94 0.05 0.57 0.30
FPR 0.00 0.00 0.00 0.00 0.00 FPR 0.00 0.00 0.00 0.00 0.00

Note: TPR is the true positive and FPR is the false positive rates defined by (16) and (17), respectively.
MT estimators are computed with p = 0.05. For a description of other estimators see the note to Table 2.
The TPR and FPR numbers are averages over 100 replications.
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Table 7: Relative execution time for the different thresholding methods
T =100
N=30 N=100 N =200
MTnn-1)2  1.000 1.000 1.000

MTy_, 1.176  1.239 1.110
BLg, 18.25  102.2 500.9
CLs 1.304  5.746 17.39
CLe 1278 59907 412293

Note: All times are relative to the MTx(y_1)/2 estimator.
See Table 2 for a note on the thresholding methods.

Appendix: Mathematical proofs of theorems for the MT
estimator

In what follows we suppress subscript MT from R for notational convenience. All state-
ments and proofs of technical lemmas are relegated to the Supplementary Appendix A.

Proof of Theorem 1. Consider the spectral norm,

o= | (R ) (R )| =z (R )] = o[ (R R)]|

and note that (see Horn and Johnson (1985, p.297))

Hf{—R

e (- )] < ] = g S -

1<i<N 5
Also
Ibij,T — Py = (bij,T - pij) I <‘ﬁpl]T‘ > Cp(N>> = Pij [1 -1 (‘ﬁpl_}T‘ > Cp(N)>] :

Hence,

|ﬁz‘j,T - pij‘ < ‘(pij,T —pij)I (‘ﬁbij,T’ > Cp<N>>’ + |04 [I (’\/Tﬁij,:r‘ > Cp(N)> - 1] ’

and

%: ‘bij,T - pij‘ < ZJ: ‘(Ibij,T - pz’j)[ (‘\/Tﬁng‘ > Cp(N)> ‘+;

Pij [_[ (‘\/sz]T‘ < Cp<N)>} ‘ .
For any given i, where ¢ = 1,2, ..., N, and taking expectations, we obtain

+

J

E (; {laij,T - pij}) < kK -Z (ﬁz‘j,T - pij>l <‘ﬁﬁij,T‘ > Cp(N))‘

Bl

ool ([VTyr| < 6(N)) \] , (23)
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or

ZE (‘ﬁij,T - pij}) <A+ B; +C,

J

where

A= xE ool 1 (|VThi| < M) |y #0) ],

B, = ;E :‘(pij,T — pij)] (‘ﬁ@zﬂ’ > ¢(N) |pi; # O)H ’
()ﬁpzj,T‘ > 6p(N) [pyy = 0)] '

¢ = SE[|
j L

Consider now the orders of these three terms A;, B;, and C; in turn, starting with A;.
Since under Assumption 2, 0 < p,_;, < |,0ij| < Prax < 1, then uniformly over all 7,

A < mNpmaxsupE[ <‘\/_,0”T‘ < )|Pij # 0)}

= mNpmaxsupPr[ <‘\/_Pz]T) < &( )|'0U7é0>}’

and using equation (A.12) of Lemma 6 we have

_ [0y
2

]2

RO (14 0(1)]

Pij

Ai < mnppacsup Ke
ij

_epn)]?

7l 2]

< MNPraxSUp Ke ® P @0 1+ o(1)].
ij

Recalling that sup;; K,(0;;) < K and by assumption p,;, > 0, it then readily follows that
A; is of order O(e™7) so that A; is uniformly bounded for all i and N (recalling that my is
bounded in N), and tends to zero as N and T' — oo, jointly.

Consider now B; and note that since Pijr = WijTZiiT + Pijr (to simplify the notation we
use w?j’T and p,; 1 for Var ([)ijj) and F/ (,?)Z-j?T), respectively) we have the following inequality,
Bi S Bil + Big, where

By = Z E [lwij,TZij,T| I (‘ \% Tbij,T‘ > cp(NV) ‘pij # O)] )
J:pi70

Bi2 = Z E [‘pUT pzy|I (‘\/_IOUT‘ > CP )|pz_7 ?é 0>i| .
Jipij 7

Using (8) and (9)

K5/2(9i‘) -
wij,T - TJ —+ O (T 3/2) 3 (24)
Km 01 _
PijT — Pij = # + 0 (T 2) . (25)
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Hence (noting that my is bounded in N and 7', and w;;r > 0), B;1 becomes
Bi < > wirE [|Zij,T|f (‘ﬁpij,T‘ > ¢p(N) | pi; # 0)]
j»PiﬂéO
my 1/92 A
< {sng/ (0”)} sgp{l = B |lz] (T|VT o] < (V) [0y #0) |} + 0 (7))
By the Cauchy-Schawrz inequality, we have
E |:|ZZJT| ([ ‘ﬁﬁz]T‘ < Cp(N) |pij # 0)}
on11/2 R 1/2
< [E (|Zng| )} {E [I ()ﬁpij,T‘ < ¢(N) ‘Pij # 0)]} <K,

since

1 ([VTbya] < o) oy #0)[ = 1 (|VThyr| < () 0y #0).

the second moment of z;; 1 exists -see Proposition 1, and E [I (’\/Tﬁijf‘ < ¢,(N) ‘pij # O)]

is bounded. Further, sup;; K,(60;;) < K, hence it readily follows that B;; is of order O(7%),
uniformly for all <.

Similarly, since £ [(I ‘\/T,bijf‘ > ¢p(N) | pij # O)} < 1, we have

B = 0 ‘ngT pij’ L [1 (‘ﬁf’ijf’ > ¢p(N) {pij # 0)]
my {—'Km; Dl o (T‘Q)} ~0 (),

uniformly for all i. Overall, therefore, B; = O(7)) uniformly for all i.
Consider now C; and note that C; < C;; + C;2, where

Ch = S E [‘wij,szﬂ I (‘ﬁbmj) > cp(N) | pi; = 0)] :

japijzo

Co = X oE [‘pij,T‘ I <‘ﬁpij,T‘ > ¢p(N) |pi; = 0)] .
JPij=
Starting with C;2, we first note that

Cr = ”)Z E [|pyr| I (|[VThi| > () |0,y = 0)
= ‘P”T|E[ (‘ﬁf’ij,T’>Cp(N) }pij:())

Jpz

|
|

< (N—my— 1)sup({pij7T‘ i = supE [I (‘\/Tﬁij;p) > ¢p(N) | pi; = 0)] :
ij

and E [[ (‘\/T,biﬂ‘ > cp(N) | pi; = O)} < 1. Using (25) and equation (A.11) of Lemma 6
(and evaluating these expressions under p;; = 0) we have
(N —mpy—1) [SUPZ‘j WU‘ + 0 (T_l)] e 5

Cio <K T e * =it [1+40o(1)],
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where ri; = [11;;(2,2) |p;; = 0] and ¢;; = [11;;(3,1) + p;(1,3)] /2. Strictly speaking, 1;;(3,1)
and p1;;(1, 3) in the above expression are also defined under p;; = 0, but since 1;; do not enter
the asymptotic results we do not make this conditioning explicit to simplify the notation.
Therefore, so long as N/T tends to a finite constant then C;; — 0 as N and T" — oo,
uniformly for all 7, since zpfj and k;; are bounded and ¢,(N) — oo.

Finally, considering C;; we note that (since w;;r > 0),

Ch = > E [|Wz‘j,TZij,T|f <‘ﬁpij,T) > ¢p(N) |pi; = 0)]
Jipi;=0
= X szg;TE [|Zij,T| 1 (‘ﬁsz,T) > ¢p(N) |pi; = 0)]
J5Pij=
= T1/2 S%P K,'7(0y)

X s%pE [Izij,ﬂ I ()ﬁbij,T‘ > ¢p(N) |pi; = 0)] +0 (<N _77”7;/]Z - 1))

and by the Cauchy-Schawrz inequality,
e st (VT 001, =)
1/2

< B () {B [T (VT | > (W) oy =0) |} < .

since F [[ ()\/TZ)MT‘ < ¢,(N) ‘pij = O)] <1 and the second moment of z;; - exists. Hence,

Ci1 is bounded as N and T — oo, uniformly for all i, so long as N/v/T — 0.

Collecting the results for the orders of convergence of A;, B;, and C; given above, overall
we obtain a convergence rate of order O(735) uniformly for all i, where i = 1,2,..., N.
Therefore, (13) follows as required. m

Proof of Theorem 2. Consider the squared Frobenius norm,
- 2
HR - RH = Z Z(ﬁz‘j,T - pij>27
F i#j
and recall that
lbij,T — Py = (i)ij,T - Pz‘j) I (‘\/T%T‘ > Cp(N)> = Pij [1 -1 (‘\/T%T‘ > Cp(N>>] .

Hence

- 2 . 2 . . 2

(pij,T - pij) = (pij,T - pij) I (‘ﬁpij,T‘ > Cp(N)> + /)?j [1 -1 ()ﬁpij,T‘ > Cp<N>>i|

~2p55 (Pijr — pij) 1 (‘ﬁﬁng > Cp<N>> [1 —1 (’\/lesz‘ > Cp(N)ﬂ :

However,

I <‘ﬁf)ng‘ > Cp(N)) [1 -1 (‘ﬁi)z]T‘ > Cp(N)>] =0,
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and
2
[1-1 (‘ﬁpm( >6(N)] =1-1 ()\/Tpm‘ > (V).
Therefore, we have
Z Z (lbij,T - pz’j)2 = Z Z (f)ij,T - pij)2 I (‘ﬁﬁng) > Cp<N)>
1#] i#j
+ 2 0% 1= 1 ([VThyz| > 6(V)]
i#]
= Z}: (f)z‘j,T - pij)2 I <‘\/Tf)z]T‘ > Cp(N)>
i#]
+2 2 (V| < 6(V),
i#]
which can be decomposed as

Z;;:E (bz‘j,T - pij)2 =A+B+C, (26)
i

where

A= 33 p?jE [I (‘\/T@]T‘ < ¢p(N) }pij # 0)] ’

17,0570
. 2 .
B = ) FE [(sz,T _pij) I <‘\/T/0ij,T‘ > ¢p(N) |pij a 0)} ’
17,0570
C = 25 Bl (V] > )], =0)].
i#5,p;;=0

Consider now the orders of the above three terms in turn, starting with A. Since under
Assumption 2, 0 < pin < ‘ pij‘ < Prax < 1, then

A < praNmy sup £ [I (‘\/T@,JT‘ < ¢p(N) }pij # 0)]
ij

= pIQnaXNmN sup Pr (‘ﬁﬁwi‘ S Cp(N) ‘p” # O) ,

ij
and using Lemma 6, equation (A.12), we have

00
TR (14 0(1))].

-1
2

A < p2. NmysupKe
ij

ep(N) 12
;lT[Pmin7 VT ]
< PhaNmusup Ke? #0014 o(1)].
]

Recalling that sup;; K,(0;;) < K and by assumption p,;, > 0, it then readily follows that
A is of order O(Ne ) so that A — 0, as N and T — oo. Note that this result does not
require N/T — 0, and holds even if N/T tends to a fixed constant.
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Consider now B. Recalling that p;; = wijr2ijr + p;; 7 we have the following decompo-
sition of B, B = B; + By + 2B3, where

B = ZZW?j,TE [ZZZJT <I ‘ﬁszgT‘ > ¢p(N) |Pij 7 0)} )

15,0570
2 A
By = )22, ('OiJ?T - pij) b [(I‘ﬁpiji‘ > ¢p(N) }pij # 0)} 5
75,0570
B = $5 (our = pu)wiarE [z (1[VThya| > &N |, #0)].
YF1:Pij

Again, using (8) and (9)
2 Ky(85)

WijT T T +0 (T_Q) , (27)
K2 (0 _
(i = py)" = % +0(T7%), (28)
Ky (055) K (655 .
(Pijir — pij) wigr = ( 71:2/2 (6:) +0(T757). (29)

Hence (noting that my is bounded in N and T')

Bi= T3l [ (1[VToua] > o)y 20)]
17)Pij
NmN

< = [sgp Kv(%)] Sup {1 - L [Z%T (I ‘ﬁbzﬂ‘ < 6(N)|py; # Oﬂ } +0 (mTJLN

Since sup,; K,(0;;) and E |:ZEJT (I ’ﬁﬁijj’ < ¢y(N) ’pij #+ 0)] are bounded, it then readily
follows that B is at most O (¥22). In fact limy_o E [zij (I ‘\/Tf)ij < ¢(N) |py; # 0)] =
0 if VT, — cp(N) — 00, as N and T — oo, which can be easily shown.

Similarly, since £ [(I ‘\/Tf)ijj‘ > ¢,(N) | pij # 0)} <1, we have

By = S5 (ogr—ry) B[ (1 ‘ﬁf)w} > ¢(N) [y #0) |

i#jﬁiﬂéo

Nmy [% +0 (T‘?’)} -0 (N;ZN) ,

IN

and

By = £ (g =) {zur [1([VThua] > o, £0)])

i#]}PiﬂéO
= 2.2 (Pz‘j,T - pij) wijrl {Zz’j,T — ZijT [1 (‘\/Tf%’j,:ﬁ’ < ¢p(N) |P¢j # 0)} }
i?éj7pij?éo
= _'; 20 (pij,T - IOij) wijrE [Zij,T] (‘ﬁf)ng’ < Cp(N) {pij # 0)} . (30)
17):Pij
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Also, from Lemma 4
7llIIl E [Zij,TI (‘ﬁpij,T‘ S Cp(N) ‘p” 7£ O)] = 711Hl E [ZI (Lij,T S z S Uij,T }pU 7é 0)] s

and from Lemma 2

E 2] (Lijr < 2 < Uyr|py; #0)] = ¢

which is bounded in N and 7. Since VT, — ¢p(N) — o0 as N and T — oo, it is easily
seen that limy y_,eo £ [z[ (Lij,T <z <Ujr ‘,02-]- + O)] = 0. Hence, using (29) and noting
that Ki/Q(Oij)Km(Qij) is bounded in 7" we have

NmN
Bs < Kigj;p;o | (pij,T - pij) Wijf‘ =0 ( T3/2 ) :

Overall, therefore, B = O (%)
Consider now the following decomposition of C', in (26):

C = SYE [ﬁ?j’T] (’ﬁf)ijj‘ > cp(N) ‘pij = 0)]

17#7,0;;=0

= Y Wl B 2] (|VThya| > a(N) ey =0))]

17#7,0;;=0

+ 28 B [T([VThya| > () oy =0)]

i£7.p1=0
+2#Z > PijrwirE [Zz‘j,Tf ()ﬁbng‘ > ¢,(N) ‘sz = O)]
17#5,0;;=0

= O+ 0y +Cs.

Starting with the simpler terms, we first note that

G = RX B [I([VThyz| > 6(N) o, =0)]

i?ijpij =0

< N(N —my —1)sup (.1 lp; =0) sup B [I (‘\/T,@JT‘ > ¢,(N) |pi; = 0)} )
ij ij

and sup;; F¥ [I (‘\/Tbij > ¢,(N) | pij = 0)} < 1. Using (8) and equation (A.11) of Lemma
6 (and evaluating these expressions under p,; = 0) we have

N(N —my — Dsup,; (V% + O (T1)) _1-c_ @
C, <K ( oD TSU (ww ( ))6 2 e i [140(1)],
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where r;; = [1;;(2,2) |p;; = 0], and ©;; = [p;;(3,1) + p;(1,3)] /2. Therefore, so long as
N/T tends to a finite constant then Co — 0 as N and 7" — oo, since @D?j and r;; are bounded
and c,(N) — oo.

Similarly

03 - ;AZ Zopij,TWij,TE [Ziij[ (‘ﬁbij,T‘ > Cp(N) }p” _ 0)]
i#5,0,;=
- ;Z Egpij,Tme [%Tf <‘ﬁ ﬁij,T) < p(N) |py; = 0)}
i7#5p; 5=
N(N — -1
( A ) sp ([0 + 0 (T77)) sup (V/Aij + O (T7))

x sup E |:Zij,T[ <’\/T,51JT‘ < ¢p(N) |pl.j — 0)} .

J

IN

But using Lemma 4, Lemma 2 and (31) and evaluating the relevant expressions under p,; = 0,
we have

lim F [Zij,T[ <‘ﬁf)z‘j,T‘ < ¢p(N) |pij = 0)}

T,N—o0
= T}%IEOOE (21 (Lijr < 2 < Uyjr |p; =0)]
Yij - Yij —
_ Ngm —Cp(N) + VT + 0 (T 3/2) - Ngm Cp(N) + N +0 (T 3/2) Y
e Rij +0 (%) e Rij + 0 (%)
Hence, C3 — 0 as N and T — oo, so long as N/v/T — 0, since ¢,(N) — oo with N.
Finally, considering C'; we note that
G = ; Zow?j,TE [ZiZj,TI <‘\/Tpij,T’ > cp(N) |pij = 0)}
170:Pi5=
- #Z Zow?j:TE {z?juT [1 -1 (Lij,T S Zig,T S Uij7T |pw = 0)}}
1FDPij=
)
X sup & {ZEJT [1 -1 (Lij,T < zijr < Uijr |p¢j = 0)}} . (32)
ij
But using Lemma 4
TIEEOE {Z?JT [1 -1 (Lij,T < ziyir < Uijr ‘pij = 0)]} (33)
- TIEI;OE {ZZ [1 -1 (LiJ}T < zijr < Uijr |pij = 0)] }»

and then Lemma 2

E{z*[1=1I(Ljr < zijr < Uyr ’,Oij =0)]} =1-E[2°I (Lijr <2z <Ujr ‘pij =0)]
= 1—{2[Ui;r(0)] = @ [Li;r(0)] + Lijr(0)(Lijr(0)) — Usr(0) [Usjr(0)]}
= @ [-Uiyr(0)] + @ [Lijr(0)] + Uijr(0)¢ [Uijr(0)] — Lijr(0)¢ [Lijr(0)]
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where U;;7(0) and L;;7(0) are given by (A.19) which we reproduce here for convenience:

wr Rij +0 (T_l) T Kij + 0 (T_1>
Since |¢ij| < K, then there exist Ny and Tp such that for N > Ny and T > Tp, ¢,(N) —% >
0, and using Lemma 5 (also see (A.23) and (A.24) of Lemma 6), we have
E{2*[1—1I(Lijjr <z <Ujr ’pi]’ =0)]} < D1y + Doy,
where , ,
) cP(N)+%+O(T_3/2) ) cp(N)fL\/i%jLo(T—WQ)
1 2 \/Hij+o(T71) 1 2 \/lil'j-O-O(T*l)
Dl,ij = —€ + —e s
2 2
and
Yij _3/2\\ 2
Vij —-3/2 =1 cp(N)+ﬁ+o(T )
Dysi = (V) + 75 + O (1) .’ ( Vo)
* Rij + O (T_l)
_ Y —3/2\\ 2
Yij —3/2 _y [e-Fro(17%2)
_ _CP<N) + VT +0 (T / ) e ’ ( \/rig+o(r1)
ki + O (T
Then, for N D, ;; we have
[ i
lim N Dl,ij = lim |[e? *i +1 (N)]
N, T—o0 N—oo
. —1In(N) CE(N) ks
o).
N—oo
Since k;; > 0, then N D ;; tends to a finite constant or zero if limy_ (%) > K. But

using (A.6) of Lemma 3, we have

In[f(N)] ~ In(p) _ E(N)

>
m(N) = Qn(N) = mae
where fymax = sup,;(kij). Next, for N Dy ;; we have
Yij ~3/2)1?
N _3/2 . {CP(NH Y4 vo(r )}
Nec,(N —= +O(NT
N D, ;; W ( ) - Vgt
Kij + O (T71)

ep(N)— :7%+O<T_3/2) ?
VT \/”ij+O(T71)

Hij + O (Tﬁl)

~Nep(N) + "2 + 0 (NT32) | 3 [
€

I
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or

Pij — . »
L oder FO N | {2

N Dy =
2 'Liij + O (Tﬁl)

ep(N)WT mij | Zin() i In(N)
kij +O(T71)

1— Yij +0 (N71T73/2) {_ In(N) [ 2(N) <1+1n(cp(1v))>} }
(& .

In(cp (V)
In(N)

N/T tending to a constant and using the above results in (32) we have

Then N D, ;; tends to a finite constant for all 7 and j as long as — ¢. Hence, for

(N —my —1) sup [Iiz‘j + 0 (T_l)} sup (NDy5).

C; <
T ij ij

Hence, C; must be at most O(N/T'), since by assumption lim N_,OOIIL[{(]{,V)] > Kmax-

Collecting the results for the orders of convergence of C;,Cs, and C3 given above, and
those of A and B, overall we obtain a convergence rate of order O(myN/T'), and (15) follows
as desired. m

Proof of Theorem 3. Consider first the F'P R statistic given by (17) which can be written
equivalently as

S (V| > a(W)lpy, = 0)

i#]

FPR =|FPR| = (34)

Note that the elements of F'PR are either 0 or 1 and so |FPR| = FPR.
Taking the expectation of (34) we have

i#]

> > Pr (‘\/TﬁmT‘ > cp(N)|pi; = 0)
E|FPR| = .

But using Lemma 6 (equation (A.11)) we have (recall that r;; = [1;;(2,2) |p;; = 0])

_1-e 5
K> Ye 2 ri [14o0(1)]
i#]
FE|FPRl <
1—e B

< Ke 2 mmax [1+0(1)]

where Kmax = sup;; ki; < K, by Assumption 2. Hence, F'|FPR| — 0 as N and T — oo,
noting that cg(N ) — 00, and Kpayx < K. Further, by the Markov inequality applied to |F' PR|
we have that

E(|FPR|) K _1i.swm
P(|[FPR| > §) < M < e T L+ o(1)]
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for some 6 > 0. Therefore, quiwm P(|FPR| > ¢) =0, and the required result is established.

This holds irrespective of the order by which N and T" — oo.
Consider now the T PR statistic given by (16) and note that

Z Z](pij # 0, and Pij # 0)

i#£]
TPR =
Z Zl<pij # O)
i#£]
Hence -
Z Zl(pij =0, and Pij # 0)
X=1-TPR="7

NmN
Since | X| = X, then

ZZPT <‘\/Tﬁng’ < ¢p(N)|py; # O)
E|X|=E(X) =7

< supPr <‘\/T,5”T‘ < cp(N)|pi; # 0> .
i

NmN

and using the Markov inequality, P(|X| > J) < %, for some § > 0, we have

1
P(ITPR—1| > §) < < supPr ()ﬁﬁij,T’ < &p(N)lpy; # 0) )

5 i
and 1
Jim P(TPR=1]>8) << lm supPr (‘\/T@W‘ <6(Nlp, £0). (35)
—00 T—o0 ij

However, using (A.25), (A.26) and (A.27) of Lemma 6 we have

Pr (‘ﬁ@ng’ < ¢p(N)lpy; # 0)
Fijr (CP(N) ~VTp;; — % +0 (T_3/2))
VE,(05) +0(T)
py (TN Ty 01 )
0,7 N O = :

Suppose that p;; > 0, then as N and T" — oo, cp(N)—\/Tpij — —o0 and —cp(N)—\/Tpij —
—00, and since Fj; 7 (+) is a cumulative distribution function we must have

lim Pr <‘\/_101]T‘ < Cp |pm 7£ 0> lJ T( OO) - Ej7T<_OO) =0-0=0.

N, T—oco

Similarly if p,; < 0, then c,(N) — \/Tpij — 400 and —¢,(N) — \/Tpij — 400, and we have

lim Pr (‘\/_pZ]T‘ < cp(N)|pi; # 0) Fijr(+00) — Fijr(+00) =1—-1=0.

N, T—o0

34



\/Tpij,T‘ < CP(N)|pij # O) =0, if ¢, (N) — vT ‘Pij‘ -
—oo, for all p;; # 0, or equivalently if VT pin — €p(N) — 00, where p,;, = min; | pij| for
pi; # 0. But

Hence, more generally limy 7o Pr (

VT Py — eo(N) = VT (pmin - %) )

and \/Tpmin — ¢,(N) — o0, as N and T, since by assumption there exists Ny and Tj such
that for all N > Ny and T' > Tp, pin — ¢(N)/VT > 0, and ¢,(N)/v/T — 0. The latter is
ensured since by assumption In f(N)/T — 0 (see also Lemma 3). Using these results in (35)
it now follows that limy 7o P(|TPR — 1| > §) — 0, as required. m
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