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Appendix A Technical Lemmas

A.1 Statement of technical lemmas

We begin by stating a few technical lemmas that are needed for the proof of the main results.

Lemma 1 Consider the sample correlation coefficient, p;;r, defined by (8) and suppose that As-
sumptions 2 and 3 hold. Then

)
lim {e 2 [Fyjr(asgr |Pi) — @(aiﬂ)]} =0, (A.1)

aij r—too
for some small positive .
Lemma 2 Suppose that z ~ N(0,1), then
Bl:I(L <2< U)| = 6(L) - 6(U), (A.2)

and
E [22[(L <z< U)] =[®(U)—P(L)]+ Lo(L) —Ugp(U). (A.3)

Lemma 3 Let c,(N) = &1 (1 — %) , where 0 < p < 1, f(N) is an increasing function of N,

and suppose there exist finite Ty and Ng such that for all N > Ny

p
1_2f(N) > 0, (A.4)
and as N and T — oo I f(V)
n
T — 0. (A.5)
Then
¢p(N) < /2[In f(N) — In(p)], (A.6)
and for all N > Ny and T > Tp, c,(N)/VT is bounded and
(V) R
T 0, (A7)

as N and T — oo.

[pij.r—E(pij.r)]

V‘"(ﬁij,T)
pijr isdefined by (7) and E(ﬁiij) and Var ([)iﬂ) > 0 are given by (8) and (9), respectively.
Suppose that c,(N) = &1 (1 — 72f€N)>’ and conditions (A.4) and (A.5) hold. Then for all i and
i, there exist Ng and Ty such that for N > Ng and T > Ty

Lemma 4 Consider the standardised sample correlation coefficient z;;r = , where

. . cp(N .
= Thm E [ZSI (Lz'j,T S z S Uij,T)] 5 (AS)
—00

fors=0,1,2, ..., where
&p(N) = VTE (pyjr)
\/VC”“ (\/Tﬁij,T>

—cp(N) = VTE (py; r)
\/VC”“ (\/Tﬁ’ij,T)

Uijr = , Lijm =

and z ~ N(0,1).



Lemma 5 Consider the cumulative distribution function of a standard normal variate, defined by
u2
O(z) = (2m) V2 [T e T du.

Then for z >0
1 2
(-2) =1 - 0(2) < 3 exp(—%). (A.10)
Lemma 6 Consider the sample correlation coefficient, p;; 1, defined by (7) and suppose that As-

sumptions 2 and 3 hold, then there exists No and Ty such that for all N > Ng and T > Ty *

2
l1—e¢ Cp(N)

Pr([VThy| > (V) |py =0) < Ke™ * 5 [1+o(1) (A1)

where k;j = [,uij(Q, 2) !pij = O], 14i§(2,2) is defined under Assumption 2, and € is a small positive
constant. Further, if ’pﬂ > ¢,(N)/VT we have

c 2
;1T("’U|’ Z:/(]TV)>
Pr (|VTya| < oWl #0) < Ke? — F0 14 o(1)], (A1)

where K,(0;;) is given by (11),

cp(N) = 0! (1 - 2f?N)) >0, (A.13)

0<p<1, and f(N) is an increasing function of N such that
In f(N)/T — 0, as N and T — oc. (A.14)
Lemma 7 Consider the data generating process
yt = Puy,

where y; and us are N x 1 vectors of random variables, and P is an N x N matriz of fixed constants,
such that PP’ = R, where R is a correlation matriz. Suppose that u; follows a multivariate
t-distribution with v degrees of freedom generated as

1/2
v—2 /
u; = P} &¢,
Xv,t

where €; = (e1¢, €2ty -.,ent) ~ IIDN(0,1Iy), and X?ut 18 a chi-squared random variate with v > 4
degrees of freedom distributed independently of €;. Then we have that

(v = 2) [(Bfp)* + (p}p;)’
(v—4) ’

1ij(2:2) = Ey;y5:) =
where p} is the it row of P. In the case where P =1y, p;;(2,2) = (v —2)/(v —4) and

E(yiyit) = E(yie) = 0.

Lemma 8 Fat-tailed shocks do not necessarily generate p;;(2,2) > 1.

'To simplify the notation we have dropped explicit reference to P;;, the underlying bivariate distribution of the
observations.



A.2 Proofs of lemmas for the MT estimator

Proof of Lemma 1. Under (12), and noting that

—e c 1
€251 (ayr) = e 2 b (2m) 2 exp (‘w?j:)—@w)—l”exp( Sor)

we have
1-cg2 - ¢
ez %0t [Fyr(ayr [Piy) — ®(air)] = (2m) ' Pexp (_ia?jﬁ
X {T*1/2G1 (aijr |Pij) + T~ Ga (aijr [Pij) + ’] :

and the desired result follows noting that aj; p €Xp (—%afj T) — 0 as a7 — Foo, for all s > 0.

This result holds for a fixed T, and as T" — oco. =

Proof of Lemma 2. Denote the density of the standard normal distribution by ¢(z) =
(21)"1/2¢= (/2% then

U
ElI(L<z<U) = /L 2@n) V2 WD s = 4 ()Y = 6 (L) - B(U).

Similarly, to prove (A.3) note that E [ZZI(L <z< U)] = fg 22¢(2)dz. Hence, integrating by parts,
we have

U
/ 24(2)dz = [ / 6(z)dz = [®(U) — @ (L)) + Lé(L) — US(D),
L

as required. m
Proof of Lemma 3. First note that

O (2) =V2erf 122 — 1), 2 € (0,1),

where ®(x) is cumulative distribution function of a standard normal variate, and erf(z) is the error
function defined by

erf(z e du. (A.15)

RV f

Consider now the inverse complementary error function erfc=!(z) given by
erf ¢ (1 — z) = erf 71 (2).

Using results in Chiani et al. (2003, p.842) we have

erf ¢} (z) < /—In(z).

Applying the above results to ¢,(N) we have

0 -5
- et

= Vaat (1= B ) = vaatet (R

< V3 /-m <f(pN)) — V2 F(V) — n(p)].
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Hence, in view of condition (A.5), and noting that p is fixed, then ¢,(N)v/T is bounded in N and T,
and result (A.7) follows noting that ¢,(N)/vT < v/2[In f(N) —In(p)] /T — 0, as N and T — oc.

]
Proof of Lemma 4. We first note that since Var (bij,T) >0
. c(N)> <—c (N) . c(N)>
I(lp. | <222} = 71 P <P < L2
< pz],T’ = \/T \/T > P = \/T
- (N) (N)
- 7 CP - B (plj T) p’Lj T — E (pz_j T) CP - K (p’lj T)
\/ Var ng T \/ Var ng T \/ V(LT p’Lj T

= I (Lijr < zijr <Uijr). (A.16)

Also, since p;; p is a correlation coefficient, V)ijj‘ < 1, and for a finite T" > Ty, Var (ﬁij;p) > 0,
then

D E (p;.

}pw,ﬂ + ‘ (me)‘ < QSUP 1 < K.

Var (f)ij,T) &) Var (,bijj)

Hence all moments of z;; 7 exist for T" finite. Furthermore, it is well known that z;;7 —q N(0,1)
as T" — oo. Therefore, all moments of z;;r exist for all values of T' > Tp, and by the second
limit-theorem (see, for example, Rao and Kendall (1950, p. 228))

|zij 7| <

E (zfjj) — E(2%), asT — oo, for all s = 1,2, ....

Furthermore, since I (Lijr < 27 < Usjr) = 1 (’sz’j,T‘ < c’:(};)) < ¢(N)/VT, and under condi-

tions (A.4) and (A.5), ¢,(N)/V/T is bounded (see Lemma 3). Then for all N > Ny we must also
have

cp(IV) : 5
Jim B [ zigrl <|pm r| < 7 )| T A BT (L < 2 < U]

as required. m
Proof of Lemma 5. Using results in Chiani et al. (2003, eq. (5)) we have

erf ¢(x vy < exp(—z?), (A.17)

)= e

where erf ¢(z) is the complement of the erf(z) function defined by (A.15). But

1—®(x) = (2m) "2 [ e du — 1elrfc (x)
T 2 \/i )

and using (A.17) we have

1 X 1 €T 2 1 .'1:2
-0t = gete(5) <3 |- () | =300 ().
]
Proof of Lemma 6. We first note that

Pr <)ﬁﬁij,T’ < Cp(N)) = Pr <—Cp(N) <VTpijr < Cp(N)>
VT [pijr = E (pijr)]

\/ Var (VTpyr)

= Pr Lij S

<Uj |,




where

&p(N) = VTE (pijr) Ly = —cp(N) = VTE (pyr)
\/Var (\/Tﬁij,T) \/VC”" (ﬁf)ij,T)

Using (8) and (9), we also note that under p;; = 0, and setting ¢;; = 0.5 [11;;(3,1) + p1;;(1, 3)]

= . (A.18)

. i _
E(pyjrlpi; =0) = —F++0(T7),
Var (pyr oy =0) = ZL+0(17?),

where k;; = [,uij(2,2) ‘pij = 0], and

br Qﬁﬁiﬂ) < 6p(N) |py; = 0) = Fijr [Uijr(0)] = Fijr [Lijr (0)]

where
ep(N) + Pul2a=0) 4 o (7-372) ey (N) + Puloa=0) o (p-3r2)
Uijr(0) = — , Lijr(0) = — . (A.19)
ki +O(T™1) kij + O (T71)
Hence,
Pr (‘\/lez’j,T‘ > ¢p(N) |py; = 0) = 1— Fyj7 [Uijr(0)] + Fijr [Lijr(0)] - (A.20)

Setting a;;j 1 = Uy r(0) we have that (recall by assumption sup,; Wij! < K)

2 _C%(N) cp(IV) —1
Qi = . +O<ﬁ>+O(T )

By Lemma 3, ¢,(N)/VT = o(1), as N and T — oo (see (A.7)), and hence

Rij

Therefore, in view of (A.1) established in Lemma 1 and (A.21), we have (for some small positive €)

_1-c W)
Fijr (Uijr(0)) = @[Uiyr(0)]+Ke * ™5 [140(1)],
1)
Fijr (Lijr(0)) = @[Lyr(0)]+Ke * " [1+0o(1)].
Substituting the above results in (A.20) yields
Pr (‘\/Tﬁij,T‘ > ¢p(N) |ps; = 0) = 1-=@[Ui;7(0)] + @ [Lijr(0)]
1—c p(V)

+Ke T % [L+o(1),
or

Pr(|VTpijz| > (W) oy =0) = @ [=Uyr(0)] + @ [Lisr(0)] (A.22)

2
11— p(N)

+Ke ?* " [1+4+o0(1)].




Since by assumption W’ij‘ < K, and ¢,(N) is an increasing function of N then there must exist Ny
and Ty such that for values of N > Ny and T > T)

—cp(N) — MJFO(T 3/2)

N
—U;; 7(0) = <0,
57(0) kij +O (T~ b
and ¥5(pi;=0)
—c (N)—i—%"‘o T3
L7 (0) = P VT ( ) <0,
Kij + 0] ( )
and by Lemma 5 we have
B 2
[ 20 oy
_T7.. < = -
ol Uzj,T(O)] = 9 exXp 2 [Hij + 0 (T71)]
2
A2 1o (500 o)
= —e 2" [1+40(-2 +0(T A28
! = (1Y) (A.23)
1 18w
= e 7" [1+o(1)]
Similarly,
W)
®[Lijr(0)] < ge * " 14 o(1)]. (429

Substituting the above results in (A.22) now yields

1 o) 1_e 2(N)

Pr (V| > ep(N) oy = 0) < <<> +Ke 2 <>> 11+ 0(1)],

or
1_c C2(N)

Pr (|VTpyr| > co(V) oy =0) < Ke' = =5 [1+0(1)],

as required.
Consider now the case where p;; # 0 and note that

(‘\Fpu T‘ < cp(N)lpij # 0) Fijr [Uijr(pig)] — Fijr [Lijr(pij)] (A.25)
where
Ui r(ps) eo(N) = VTpy; = £22) 1 0 (T-3/?) »
i, T\ Pij = | |
e VE(0;;) +0(T1)
Lijr(py;) = | .
\/K z] +O )
*Note that .
67%m 7%% )
g — ¢ T 20 asg(N) — o
e 2 Fij(22)



|Km(0:5)] < K, and 0 < K(0;;) < K. Suppose that p;; > 0. Then \/Tpij + ¢p(IN) — oo and
ﬁpij — ¢p(N) — o0, as N and T' — oo (recall that c,(N)/vT — 0 with N and T — o). Again
using (A.26) and (A.27) for a;;r in (A.1) we have

_ [CP(N)—\/T/’ij]2

-1

Fijr [Ugr(pi)] = @ [Uyrlpy)] +Ke? =00 [1+0(1)],
= [ep(N)+vT05]?

Fijr [Lij,T(Pij)] = @ [Lij,T(pij)] + Ke? ) 14 0(1)]

Hence

(‘\FPU T‘ < cp(N |Pzg # O) = @ [Uij,T(Pij)J - @ [Lij,T(Pij)]
_ [CP(N)*ﬁPijF

ES Y ARl

+Ke?* %05 (14 0(1)]
o [cp(zv)+fp”]2

+Ke? 0 [1+40(1)].

Further, since @ [Lij,T(pij)} > 0, then

eo(N) = VTpy; — =222 4 O (T7%2)

® ([Usr(p)]) = @ ([Lisrloy)]) < @ VR o)

Also, there exists Ny and Ty such that for pij >0, and all N > Ny and T > T, we have (using
Lemma 5)

[Cp(N)—\/Tﬂij]Z
ST 14 o1),

o cp(N) = VTpy; — Km\/(gij) +0 (T7°72) _

VK. (6i5) + 0 (T1)

71
2

l\D\'—‘

and hence ,
. [Cp(NFﬁpz‘j]

Pr (‘ﬁf’iﬂ‘ < p(N)|pi; > O) < Ke®  ®ED - (l4o(1)]
A similar result can also be obtained for p;; < 0, yielding the overall result
c 2
;lT“ rig| - ’i/(%v)]
Pr ()ﬁﬁij,T’ < cp(N)|pi; # O) <Ke® MO0 14 0(1)].

n
Proof of Lemma 7. We first note that

1 1 1 2
Bl — = y Var | —— | = 2
X’U,t v—2 Xv,t (U — 2) ('U — 4)

! 2 2 1 2 v—2
E(Xz%t) a (U—2)2(0—4)+<1)—2) _(0_2)2@_4)- (A.28)

)

Then

and



It is clear that y;; has mean zero and a unit variance. Denote the i*" row of P by p; and note that

v—2
2
Xv,t

1/2
Yit = Pyt = ( ) piet, and hence

2
-2
Hij(2a2) = E(yiyft) =F (U 2 ) (pést)z (p}t‘:t)2 )

v,t

and since &; and x2; are distributed independently using (A.28) we have

3
pi5(2,2) = (v _(1;)_2 (23 _ 4>E [(EéAiEt) (E:fAjEt)] 5
where A; = p;p,. But since e, ~ N(0,Iy), using results in Magnus (1978) we have
E[(elAies) (elAjer)] = tr(pipi) tr (pp)) +tr (PipiP;P))

= (plpi)" + (pipy)
Hence

(v - 2) [(p}ps)” + (p(py)°]

pi(2,2) = (v—4)

When P is an identity matrix then p;p; = 1 and pjp; = 0, and hence y,;;(2,2) = (v —2)/(v — 4).
Also

v—2
X12),t

3/2
E(yiyy) = F ( ) E [(ejAse:) p;st] =0.

]

Proof of Lemma 8. Consider the data generating process y; = Pu; where the elements of
u; = (uye, uat, ..., unt)', uit, are generated as a standardized independent chi-squared distribution
with v; degrees of freedom, namely

Xz (vi) — vi
\/21}1'
Then it is clear that E(u;) = 0, E(u?) =1, and also E(u Ztu ,) = E(uft)E(uJZt) =1, and F(wu}) =

In. Let p} be the it row of P and note that

Wi = , for all 4 and ¢.

E (yityjt) = ng (lltu;;) P = ngj = Pij

N
ppi = Y ph=1
r=1

Also
E(yiy}) = FE|[(Puwup:) (pjuup,)]
= Z Z Z Zpirpir’pjspjs’E (UrtUpr i UstUgrt ).
s e
But
E(upupuspugy) = 0ifr#7" or s # 8
= B@u®)=1ifr=1"and s=¢,

and hence

N 2
E yzty]t = Zzpzrpjg - (prr> =1
r=1

Therefore, fat-tailed shocks do not necessarlly generate /1;;(2,2) > 1. =m
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Appendix B Shrinkage on MT (S-MT) estimator

B.1 Derivation of S-MT shrinkage parameter

Recall the expression for the function f(§) from Section 2.2
f(©) = —tr |(A=B(€)B () (In — Rur) B(9)] .

with A =R, ! and B (¢) = fl;lMT(g) We need to solve f(£) = 0 for £* such that f(£*) =0 for a
given choice of Rg.?
Abstracting from the subscripts, note that

f() = —tr [(R7'-Iy) (In - R) |,
faQ)y = —tr [—R_1ﬁ+R_1—1N + R}
= tr (Rflfl) —tr (Rfl) )

which is generally non-zero. Also, & = 0 is ruled out, since ﬁg_ mr(0) = R need not be non-singular.
Thus we need to assess whether f(£) = 0 has a solution in the range £, < £ < 1, where &,

is the minimum value of ¢ such that Rg (&) is non-singular. First, we can compute &, by
implementing naive shrinkage as an initial estimate:

Rs vr(&o) = &Iy + (1 — &)R.

The shrinkage parameter £, € [0, 1] is given by

€ — AInin <R>
§o=max | ———=-,0],
1- )\min (R>
where in our simulation study we set € = 0.01. Here, Apin (A) stands for the minimum eigenvalue of

matrix A. If R is already positive definite and Apin (ﬁ) > 0, then &, is automatically set to zero.

Conversely, if Apin (ﬁ) < 0, then & is set to the smallest possible value that ensures positivity of

)\min (ﬁS—MT(go)) .
Second, we implement the optimisation procedure. In our simulation study we employ a grid
search for £ = {£: £y + € < £ < 1} with increments of 0.005. The final £* is given by

* : 2
= argmin [F(©))°-

Appendix C An overview of key regularisation techniques

Here we provide an overview of three main covariance estimators proposed in the literature which
we use in our Monte Carlo experiments for comparative analysis, namely the thresholding methods
of Bickel and Levina (2008b), and Cai and Liu (2011), and the shrinkage approach of Ledoit and
Wolf (2004).

3The code for computing Ryg of our choice is available upon request.



C.1 Bickel-Levina (BL) thresholding

The method developed by Bickel and Levina (2008b, BL) employs ‘universal’ thresholding of the
sample covariance matrix 3 = (6y5), 4,j = 1,..., N. Under this approach 3 is required to be sparse
as they define on p. 2580. The BL thresholding estimator is given by

log N

|6ij| > C T

iBL,C = (a'ij]

),i:1,2,...,N—1,j:i+1,...,N (C.29)

where I (.) is an indicator function and C' is a positive constant which is unknown. The choice of
thresholding function - I (.) - implies that (C.29) implements ‘hard’ thresholding. The consistency

rate of the BL estimator is \/@ under the spectral norm of the error matrix (i]BL’C — Z).

The main challenge in the implementation of this approach is the estimation of the thresholding
parameter, C, which is usually calibrated by cross-validation and is generally considered to be
computationally expensive.* Cross-validation performs well only when 3 is assumed to be stable
over time. Details of the BL cross-validation procedure are given in Section C.3.

As argued by BL, thresholding maintains the symmetry of 32 but does not ensure positive
definiteness of 3, Le BL show that their threshold estimator is positive definite if

HiBch — iBL’OH < € and A\pin (2) > €, (C.?)O)

where ||.|| is the spectral or operator norm and € is a small positive constant. This condition is not
met unless 7T is sufficiently large relative to N. ‘Universal’ thresholding on ¥ performs best when
the units z;, i =1,..., N, t = 1,..., T are assumed homoscedastic (i.e. 011 = 022 = ... = ONN).

C.2 Cai and Liu (CL) thresholding

Cai and Liu (2011, CL) proposed an improved version of the BL approach by incorporating the
unit specific variances in their ‘adaptive’ thresholding procedure. In this way, unlike ‘universal’
thresholding on 33, their estimator is robust to heteroscedasticity. Specifically, the thresholding
estimator ¥¢, ¢ is defined as

Scrco = (Gigsey; |65 > 735]), i=1,2,. N =1, j=i+1,.,N (C.31)

where 7;; > 0 is an entry-dependent adaptive threshold such that 7;; = éz‘ij,With 9@- =

71 ZiT:l(%tht — 6ij)2 and wp = Cy/log N/T, for some constant C' > 0. CL implement their
approach using the general thresholding function s; (.) rather than 7 (.), but point out that all
their theoretical results continue to hold for the hard thresholding estimator. The consistency

rate of the CL estimator is y/log N/T under the spectral norm of the error matrix (EJCL,C — E).

The parameter C' can be fixed to a constant implied by theory (C' = 2 in CL) or chosen via
cross-validation. Details of the CL cross-validation procedure are provided in Section C.3.

As with the BL estimator, thresholding in itself does not ensure positive definiteness of i() L
In light of condition (C.30), Fan, Liao and Mincheva (FLM) (2013) extend the CL approach and
propose setting a lower bound on the cross-validation grid when searching for C' such that the

minimum eigenvalue of their threshold estimator is positive, Apin (E FLM é) > (0. This idea orig-

inated from Fryzlewicz (2013). Further details of this procedure can be found in Section C.3. We
apply this extension to both BL and CL procedures. The problem of > BL.C and ENJC 1,¢ ot being
invertible in finite samples is then resolved. However, depending on the application, the properties
of the constrained ¥ BLC and FZV)CLC can deviate noticeably from their respective unconditional
versions (see Section C.3 for the relevant expressions).

1Fang, Wang and Feng (2013) provide useful guidelines regarding the specification of various parameters used in
cross-validation through an extensive simulation study.

10



C.3 Cross-validation for BL and CL

We perform a grid search for the choice of C' over a specified range: C = {¢: Cpin < ¢ < Cpax}-

e — T :
\/bgj and Crpax = mi?xau' \/; and impose

increments of . In CL cross-validation, we set Cphin = 0 and Cirax = 4, and impose
increments of ¢/N. In each point of this range, ¢, we use zj, ¢ = 1,..., N, t = 1,...,T and select
the N x 1 column vectors z; = (14, ...,th)', t = 1,...,7 which we randomly reshuffle over the

!/
t-dimension. This gives rise to a new set of N x 1 column vectors a:§s) = (mgi), - acg\s,i) for the first

In the BL procedure, we set Cpin =

min 6
7

(Cmax_cmin)
N

shuffle s = 1. We repeat this reshuffling S times in total where we set S = 50. We consider this to
be sufficiently large (FLM suggested S = 20 while BL recommended S = 100 - see also Fang, Wang
and Feng (2013)). In each shuffle s = 1, ...,.S, we divide (%) = (:L'gs), . mgf)) into two subsamples
of size N x T1 and N X 15, where To = T — T1. A theoretically ‘justified’ split suggested in BL is

given by 71 =T (1 - @) and Ty = —L—. In our simulation study we set 17 = % and Ty = %

logT*
Let f)gs) = (&g%), with elements 6&83 = Tl_1 thil xl(-f)xg?, and ﬁlgs) = (&g%) with elements
(s) _

Oy i = T2_1 ZtT:Tl 41 xl(ts )xﬁ), 1,7 = 1,..., N, denote the sample covariance matrices generated using
Ty and T5 respectively, for each split s. We threshold if) as in (C.29) or (C.31) using I (.) as the
thresholding function, where both 6;; and wr are adjusted to

2 1y (2P2 _ 5 )2

Lij = 7 2et=1 Tig Tit — O145) »
and
wr (¢) = ¢ log N
Ty — Tl
Then (C.31) becomes
Egs) (c) = (ﬁfz’jI [ &gfz’j > gsz)] (C)D )

for each ¢, where
() (o) =1/ 0
T1,ij (C) 1,iWT (C) >0,
and 9553] and wr, (¢) are defined above.

The following expression is computed for BL or CL,

: (C.32)

for each ¢ and A

C= i G (c). C.33
arg Cminglclgcmax (C) ( )

If several values of ¢ attain the minimum of (C.33), then?’ is chosen to be the smallest one. The

final estimator of the covariance matrix is then given by ¥ ~. The thresholding approach does not

necessarily ensure that the resultant estimate, X », is positive definite. To ensure that the threshold
estimator is positive definite FLM (2013) propose setting a lower bound on the cross-validation grid

for the search of C' such that Apin (20) > 0 - see Fryzlewicz (2013). Therefore, we modify (C.33)
so that

A~ A~

* = i .34
C arg de+eH§1}:I%Cmax G (o), (C.34)

where Cpq is the lowest ¢ such that Ay, (f]cp d) > 0 and € is a small positive constant. We do not

conduct thresholding on the diagonal elements of the covariance matrices which remain in tact.
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C.4 Ledoit and Wolf (LW) shrinkage

Ledoit and Wolf (2004, LW) considered a shrinkage estimator for regularisation which is based on
a linear combination of the sample covariance matrix, 3, and an identity matrix I, and provide
formulae for the appropriate weights. The LW shrinkage is expressed as

Siw = pIn + 53, (C.35)
with the estimated weights given by
py=mrbp/d}, py = ap/dp
where
mp = N ltr <f)> . d%=N"1Yr (22) — m2T,
ap = di — by, by = min(b7, d7),

and
72 1 d o« o - |12 1 T « o/ o« o 2 T o/ . 1 &2
by = NT? ; H:z:ta:t -X = NT? ;tr [(mtmt) (zctzzzt)] ~ N2 ;tr <a:t2mt> + ﬁtr (E ) )
. T I e . T S T VAN T &2
and noting that >, _, tr (mt2$t> => ., tr (E Yot $t$t> =T>, ,tr (E ), we have
(&L 2
. 9 .
i yp 2 (24 e ().

i=1
5

with &; = (m’lt, ...,ifL’Nt)/ and &;; = (mit — fl)

- o1
Y rw is positive definite by construction. Thus, the inverse 3i;y; exists and is well conditioned.

Appendix D Additional Monte Carlo simulation results

D.1 Approximately sparse covariance matrix specifications

We present here two additional covariance (correlation) specifications based on approximately
sparse matrices. These are considered in the context of the Monte Carlo setup of Section 3.

Monte Carlo Design C: We follow Bickel and Levina (2008b) and set R to coincide with the
correlation matrix of a first-order autoregressive process with coefficient, ¢, given by

1 ¢ ¢2 ¢N—1

0] 1
R=1 ¢ o
o g
PN o g 1
The Cholesky factor, P, for this specification is given by
1 0 e 0 0

& V1—¢? 0
o eV1-¢ - 0

AT N S
PN QN1 — ¢ o 9167 14

®Note that LW scale the Frobenius norm by 1/N, and use ||A||% = tr(A’A)/N. See Definition 1 of Ledoit and
Wolf (2004, p. 376). Here we use the standard notation for this norm.
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Also, 0;; = 1/ (1 — ¢)2), 1 =1,2,...,N. In this experiment we set ¢ = 0.7, and hence we generate
T = (1 — ¢2)71/2 Pu;, with P given above.

Monte Carlo Design D: Under this specification ¥ (= D'/2RD'/?) is set to the covariance
matrix of a standard first-order spatial autoregressive model (SAR) with coefficient ¥ and weight
matrix, W,

3= (04) = Iy —OW) 'A(Iy —IW') !, (D.36)
where A = diag(M\1, \22, ..., ANN), and D = diag(o11, 0922, ....,onN) With o4 ~ I1D (1/2 + X2(2)/4),
1=1,2,..., N. The weight matrix W is row-standardised with all units having two neighbours ex-
cept for the first and last units that have only one neighbour

0 1 0O -+ -+ 0 0
/2 0 1/2 0 0
0o 1/2 0 -~ - 0 0
0O 0 0 - 1/2 0 1/2
o 0 0 -~ 0 1 0

NxN

This ensures that the largest eigenvalue of W is unity and the degree of cross-sectional dependence
is measured by ¥. The correlation matrix in this case is given by

R=DY2(Iy —9W) 'A(Iy —9W')"'D"1/2,
with the associated Cholesky factor, P, given by
P=DY2(Iy —9W) *AY2
To ensure that Var(x;) = 04, we need to set A\y; such that

diag [(IN W) ATy — z‘}W’)_l] - D.

Computation of \;; can be done numerically. Let d;(A), where XA = (A11, A2, ..., Ann) be the ith
diagonal element of (I — 19W)_1A(IN — 19W')_1, then we compute A by solving the following
optimisation problem

N
m)%nz [dZ(A) — O’ii]z .
i=1

The initial vector of A is set to o = (011, 022, ....,onN)’ generated as above.
All results are reported for N = {30, 100,200} and 7' = 100, for the case where vy =0 anda =0
in (19). Results for v # 0 and a # 0 are very similar and are available upon request.

D.2 Additional results
Overall, similar conclusions are drawn when considering approximately sparse matrices in our
experiments to those obtained under the exactly sparse Monte Carlo designs of Section 3.

D.2.1 Robustness of MT to the choice of the p-value and f(N)

In line with Table 1, Table D1 shows the sensitivity of the MT estimator to different levels of
significance, p, and scaling factors f(/V) inherent in the theoretical critical value, ¢,(N), by way of
average spectral and Frobenius norm losses over 2,000 replications for Monte Carlo designs C and
D when p = {0.01,0.05,0.10} and f(N) = {N —1,N (N —1) /2}, and under both distributional
assumptions for the errors (Gaussian and multivariate ¢). Neither of the norms is affected much
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by the choice of p under the error specifications considered for all N. With regard to the scaling
factor f(IV), under normality of the errors, where fmax = 1, both norms of MTx_; outperform
MTy(n-1)/2 for designs C and D, which is expected given Theorem 1. Under non-linear depen-
dence of the errors for Monte Carlo design C, MTn_1 still outperforms MTy_1)/2. However the
difference between the two norms reduces considerably. On the other hand, for Monte Carlo design
D, MTn(n-1)/2 produces lower norms than M7Ty_; almost uniformly when the spectral norm is
considered, which is in line with the theory of Section 2.1.

D.2.2 Norm comparisons of MT, BL,CL, and LW estimators

Results when comparing our proposed estimators with those suggested in the literature (average
norms over 100 replications) from Monte Carlo designs C and D are shown in Tables D2 and D3,
respectively. As in Section 3.3, the MT estimators are computed using scaling factor f(N) =
N(N —1)/2 and p = 0.05. In general, for both designs thresholding outperforms shrinkage across
N. Since design C considers a correlation matrix, BL s performs comparatively well while C'Ly
outperforms CLx as N increases. Design D analyses heteroskedastic data, hence in this case BLg
is outperformed by C'L, especially when looking at the Frobenius norms, whilst C'L 4 outperforms
CLj across N as suggested in Cai and Liu (2011). Overall, CL4 performs best but the M7 method
records lower norms at times especially when the errors are non-linearly dependent (t-distributed),
as shown in the bottom panel of Tables D2 and D3. Looking at the adjusted thresholding methods,
they suffer universally compared to their unadjusted counterparts which is expected. For both
designs, S-MTn(n_1)/2 clearly outperforms BLp. and CLp. across all N.

D.2.3 Norm comparisons of inverse estimators

Finally, Tables D4 and D5 present norm results for the inverses of the regularisation methods we
consider for designs C and D respectively. In line with Monte Carlo design B, S-MTyy_1)/2
outperforms BLx. and CLg, irrespective of whether the errors are Gaussian or t-distributed.
The adjusted BL and C'L methods are both prone to sizeable outliers, especially for smaller N.
For design C, LWy, performs more favourably than S-MTyy_1)/2 for N = {30,100} under both
Gaussian and non-linearly dependent errors but suffers as N increases to 200. For design D,
however, LW, is outperformed by the shrinkage on MT estimator uniformly across N.
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Table D1: Average spectral and Frobenius norm losses for the MT'(p) estimator using significance
levels p = {0.01,0.05,0.10} and scaling factors f(N) = {N — 1, N(N —1)/2}, for T'= 100

Monte Carlo design C
fIN)=N-1 f(N)=NN-1)/2

N  MTy 1(01) MTy 1(.05) MTy 1(.10)  MTxw-1(-01) MTxw-1(-05) MTww-1 (-10)
2 2 2

u;;~ Gaussian

Spectral norm

30 3.85(0.58) 3.53(0.56) 3.39(0.55) 4.41(0.59) 4.07(0.59) 3.93(0.58)

100 4.88(0.41) 4.53(0.42) 4.38(0.43) 5.70(0.35) 5.38(0.38) 5.23(0.39)

200  5.31(0.32) 4.97(0.34) 4.82(0.35) 6.18(0.23) 5.91(0.27) 5.78(0.28)
Frobenius norm

30 6.83(0.40) 6.30(0.42) 6.09(0.44) 7.73(0.41) 7.19(0.40) 6.96(0.40)

100 4.88(0.41) 4.53(0.42) 4.38(0.43) 5.70(0.35) 5.38(0.38) 5.23(0.39)

200  5.31(0.32) 4.97(0.34) 4.82(0.35) 6.18(0.23) 5.91(0.27) 5.78(0.28)

u;;~ multivariate t—distributed with 8 degrees of freedom

Spectral norm

30 4.21(0.82)  4.01(0.91)  3.94(0.97) 4.64(0.71) 4.38(0.76) 4.27(0.79)

100 5.61(4.35) 5.55(4.61) 5.59(4.75) 6.06(3.83) 5.86(4.05) 5.77(4.14)

200  6.08(2.51) 6.15(3.21) 6.29(3.57) 6.45(1.30) 6.30(1.63) 6.23(1.80)
Frobenius norm

30 7.40(0.80) 7.02(0.93) 6.90(0.99) 8.15(0.66) 7.69(0.74) 7.50(0.78)

100 15.20(4.25) 14.74(4.54) 14.71(4.68) 17.04(3.72) 16.24(3.93) 15.90(4.02)

200 22.12(2.59) 21.65(3.40) 21.76(3.83) 25.09(1.26) 23.99(1.59) 23.52(1.78)

Monte Carlo design D

u;;~ Gaussian

Spectral norm

30 0.86(0.15) 0.78(0.15) 0.76(0.14) 1.02(0.13) 0.93(0.14) 0.89(0.15)

100 1.06(0.13) 0.97(0.14) 0.95(0.14) 1.21(0.09) 1.16(0.10) 1.14(0.11)

200  1.35(0.14) 1.25(0.15) 1.21(0.15) 1.54(0.10) 1.50(0.11) 1.47(0.12)
Frobenius norm

30 1.95(0.20) 1.73(0.18) 1.69(0.18) 2.46(0.19) 2.15(0.20) 2.02(0.20)

100 3.95(0.19) 3.45(0.20) 3.31(0.20) 5.08(0.13) 4.68(0.16) 4.48(0.17)

200  6.30(0.20) 5.54(0.22) 5.28(0.22) 8.00(0.11) 7.57(0.14) 7.33(0.16)

u;;~ multivariate t—distributed with 8 degrees of freedom

Spectral norm

30 1.05(0.37) 1.04(0.43) 1.06(0.46) 1.13(0.29) 1.08(0.34) 1.06(0.36)

100 1.37(1.00) 1.46(1.16) 1.54(1.24) 1.35(0.71) 1.35(0.82) 1.35(0.87)

200 1.81(1.67)  1.97(2.01)  2.10(2.17) 1.72(1.01) 1.73(1.20) 1.74(1.29)
Frobenius norm

30 2.26(0.40) 2.16(0.46) 2.18(0.49) 2.61(0.30) 2.39(0.35) 2.30(0.38)

100 4.50(1.02) 4.41(1.24) 4.51(1.35) 5.23(0.66) 4.94(0.79) 4.80(0.84)

200  7.15(1.78) 7.10(2.24) 7.30(2.46) 8.19(0.94) 7.86(1.17) 7.69(1.29)

Notes: Norm losses are averages over 2,000 replications. Simulation standard deviations are given in the parentheses. MT estimators

are defined in Section 3.1.
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Table D2: Spectral and Frobenius norm losses for different regularised covariance matrix estimators

(T =100) - Monte Carlo design C

N =30 N =100 N =200
Norms Norms Norms
Spectral Frobenius Spectral Frobenius Spectral Frobenius
u;;~ Gaussian

Error matrices (¥ — %)
MTy(n-1)/2 4.10(0.65) 7.25(0.42) 5.34(0.37) 15.23(0.42) 5.93(0.29) 23.05(0.40)
BLp  3.32(0.73)  5.83(0.63) 4.34(0.49) 12.46(0.57) 4.96(0.50) 18.71(0.55)
CLs 4.14(0.65) 7.36(0.46) 5.66(0.37) 16.14(0.42) 4.59(0.31) 18.36(0.50)
CLg  3.23(0.73)  5.77(0.59)  4.12(0.44) 12.20(0.51) 6.34(0.40) 24.78(0.49)
S-MTN(N-1)/2 5.54(0.50) 8.23(0.59) 6.86(0.24) 17.58(0.51) 7.39(0.18) 26.81(0.48)
BLp.  8.53(0.10) 14.44(0.07) 9.11(0.06) 27.05(0.04) 9.19(0.05) 38.44(0.04)
CLp. 8.43(0.16) 14.28(0.21) 9.10(0.07) 27.00(0.11) 9.18(0.05) 38.42(0.08)
LW 3.37(0.57) 5.68(0.49) 6.00(0.36) 16.05(0.40) 7.54(0.22) 27.57(0.31)

u;;~ multivariate ¢t— distributed with 8 degrees of freedom

Error matrices (¥ —X)
MTNnN-1)/2 4.47(0.99) 7.75(0.95) 5.55(0.59) 15.94(0.71) 6.31(1.11) 24.07(1.37)
BLp 426(1.44) 7.11(1.52) 5.78(1.15) 15.76(2.54) 6.86(1.34) 25.46(5.29)
CLs 5.11(0.71) 8.94(0.94) 6.98(0.43) 19.90(1.14) 7.64(0.33) 30.34(1.55)
CLys 3.80(1.19)  6.72(1.20)  4.83(0.69) 14.40(1.65) 5.51(0.80) 22.03(3.04)
S-MTN(N-1)/2 5.59(0.55) 8.41(0.61) 6.85(0.38) 17.69(0.65) 7.38(0.31) 26.74(0.80)
BLp. 853(0.18) 14.51(0.13) 9.12(0.15) 27.14(0.11) 9.20(0.15) 38.60(0.18)
CLp. 8.46(0.22) 14.40(0.21) 9.11(0.16) 27.11(0.14) 9.19(0.15) 38.57(0.19)
LWs 4.03(0.84) 6.64(0.81) 6.72(0.63) 17.95(0.75) 8.25(1.13) 29.97(0.92)

Notes: Norm losses are averages over 100 replications. Simulation standard deviations are given in the parentheses.

2 ={EMTy (N 1)/ ZBL,E BOL2: Do 60 BS-MTy(n_1y2° DBL,G+> Bor,év DLW} MTn(n—1)/2 and

S-MTpN(N—1)/2 are computed using p = 0.05. BL is Bickel and Levina universal thresholding, CL is Cai and Liu

adaptive thresholding, EBL & is based on C which is obtained by cross-validation, EBL ¢ employs the further

adjustment to the cross-validation coefficient, C*, proposed in Fan, Liao and Mincheva, ECL’Q is CL’s estimator with

C = 2 (the theoretical value of C), ZAJLW2 is Ledoit and Wolf’s shrinkage estimator applied to the sample covariance

matrix.
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Table D3: Spectral and Frobenius norm losses for different regularised covariance matrix estimators
(T = 100) - Monte Carlo design D
N =30 N =100 N =200
Norms Norms Norms
Spectral ~ Frobenius  Spectral = Frobenius  Spectral  Frobenius
u;;:~ Gaussian

Error matrices (¥ — %)
MTyn_1y2  093(0.13) 2.16(0.18) 1.16(0.09
BLs  0.91(0.16) 2.05(0.22) 1.20(0.14
CLy 0.95(0.13) 2.22(0.19) 1.17(0.09) 4.89(0.15) 1.53(0.10) 7.82(0.12

(0.09) 4.68(0.16) 1.50(0.12) (0.14)

) (0.14) ( (0.16) (0.70)

) (0.09) ( (0.10) (0.12)

CLs 0.77(0.12) 1.76(0.19) 0.98(0.13) 3.50(0.18) 1.26(0.15) 5.58(0.26)
) (0.09) ( (0.12) (0.14)

) (0.15) ( (0.15) (0.65)

) (0.14) ( (0.17) ( ;

4.54(0.42) 1.46(0.16) 7.53(0.70

7.55(0.14

BLp.  0.92(0.14) 2.12(0.27) 1.21(0.15) 4.93(0.57) 1.50(0.15) 7.87(0.65
CLg.  0.78(0.15) 1.82(0.33) 1.01(0.14) 3.84(0.63) 1.36(0.17) 6.36(0.93
LW, 1.09(0.11) 2.36(0.10) 1.72(0.12) 5.43(0.07) 1.90(0.05) 8.85(0.04

u;;~ multivariate ¢{— distributed with 8 degrees of freedom

Error matrices (¥ — %)

MTNnN-1)/2 1.03(0.16) 2.34(0.20) 1.30(0.35) ( ( ) ( )
BLg 1.16(0.18) 2.78(0.48) 1.50(0.21) 5.88(0.23) 1.68(0.25) 8.67(0.29)
CL, 1.13(0.12) 2.76(0.20) (0.15)  5.52(0.19) 1.63(0.14) 8.49(0.26)
CLg  1.00(0.20)  2.21(0.34) 1.32(0.25) 5.03(0.88) 1.58(0.19) 8.08(0.89)
S-MTN(n-1)/2 1.03(0.13) 2.33(0.17) 1.26(0.19) 4.79(0.23) 1.64(0.59) 7.62(0.50)
(0.16) (0.50) (0.18) ( (0.14) (0.25)
(0.18) (0.49) (0.22) ( (0.15) (0.54)
(0.14) (0.13) (0.14) ( (0.19) (0.16)

( (0.22)
012) 1760019
S-MTy(n_1y2 0.98(0.12) 2.24(0.17) 1.20(0.09) 4.72(0.16) 1.51(0.12) 7.49(0.14
( (0.27)
( (0.33)

4.88(0.36) 1.93(2.35) 8.03(2.26

1.31(0.15

BLg.  1.15(0.16)  2.87(0.50) 1.47(0.18 8.69(0.25

CLpa. 1.00(0.18) 2.34(0.49) 1.36(0.22

LW 1.23(0.14) 2.65(0.13) 1.86(0.14
See the notes to Table D2.

)
5.84(0.29) 1.64(0.14
5.33(0.74) 1.63(0.15
5.78(0.14)

8.49(0.54

2.01(0.19) 9.23(0.16
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Table D4: Spectral and Frobenius norm losses for the inverses of different regularised covariance
matrix estimators for Monte Carlo design C - T = 100

N =30 N =100 N =200
Norms Norms Norms
Spectral Frobenius Spectral Frobenius Spectral Frobenius

Error matrices (271 —X-1)

u;;~ Gaussian

S-MTy(n-1)2 4.03(0.31) 5.19(0.25) 4.75(0.19)  10.00(0.21)  4.97(0.18) 14.62(0.20)
BLg. 5.65(0.15) 7.37(0.16) 5.83(0.10)  13.75(0.10)  5.89(0.09) 19.50(0.11)
CLg.  3.4x10%(1.7x10°%)  28.62(173.93) 31.47(255.19) 14.07(3.85)  5.89(0.09) 19.46(0.14)
LW, 1.91(0.18) 3.49(0.12) 3.51(0.10) 9.45(0.16) 4.28(0.07) 15.75(0.15)

u;;~ multivariate {— distributed with 8 degrees of freedom

S-MTy(n-1)2 3.95(0.48) 5.21(0.33) 4.62(0.30) 9.83(0.50) 4.88(0.29) 14.23(0.77)
BLg. 5.67(0.23) 7.37(0.19) 5.84(0.20)  13.69(0.28)  5.95(0.20) 19.45(0.38)
CLpe  53.32(262.27) 8.37(5.52) 7.31(10.30)  13.75(0.54) 7.53(5.1x107) 19.47(2.4x10%)
LWy, 2.42(0.49) 4.03(0.53) 3.90(0.33)  10.39(0.65)  4.58(0.28) 16.70(0.74)

P =1 <1 =1 P
Notes: 3 '= {EsfMTN(N,l)/ZaEBL‘éx7ZCL,(5*7EL€V2}- See also the notes to Table D2.

Table D5: Spectral and Frobenius norm losses for the inverses of different regularised covariance
matrix estimators for Monte Carlo design D - T' = 100

N =30 N =100 N =200
Norms Norms Norms
Spectral Frobenius Spectral Frobenius Spectral Frobenius

Error matrices (X271 —3-1)

u;;~ Gaussian

S-MTy(n-1)2 3.49(0.70) 4.39(0.34) 4.78(0.46) 9.32(0.29) 5.82(0.45) 13.93(0.23)
BLp.  6.2x10%(4.3x10%)  32.11(72.33)  2.9x10%(1.0x10%)  33.02(46.10)  9.3x10%(8.8x10%)  31.84(92.70)
CLg.  1.3x10%(1.3x107)  152.75(1.1x10%)  1.3x10%(3.4x10°) 116.64(348.34) 5.8x10°(4.1x10°) 197.02(735.94)
(

LWi: 4.56(0.43) 4.94(0.16) 6.20(0.19) 11.14(0.15) 8.65(0.13) 17.22(0.13)
u;;~ multivariate t— distributed with 8 degrees of freedom
S-MTN(N-1)/2 3.59(0.94) 4.38(0.41) 4.62(0.64) 8.99(0.51) 5.85(0.84) 13.50(0.69)
BLp.  33x103(1.7x10%)  24.83(53.16)  2.4x10%(2.3x10%)  17.26(46.75) 13.65(63.27) 16.09(1.63)
CLg.  979.79(3.3x10%)  22.62(23.69)  3.4x10%(2.9x10%)  23.80(55.00)  412.43(2.2x10%)  19.87(17.46)
LWy, 3.66(0.86) 4.62(0.45) 9.26(0.62) 11.94(0.58) 8.99(0.60) 17.63(0.70)

o1 -1 o1 =1 o1
Notes: 3 "= {ES—MTN(N,I)/;vEBL,C*’ECL,C‘*’ELWE]“ See also the notes to Table D2.
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