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Supplementary Appendix A
Technical Lemmas

A.1 Statement of technical lemmas

We begin by stating a few technical lemmas that are needed for the proof of the main results.

Lemma 1 Consider the sample correlation coefficient, p;;r, defined by (4) and suppose that
Assumptions 2 and 3 hold. Then

lim {e'5 b [Fyr(asr [Py) — @(agr)] | =0, (A1)

ayjr—+oo
for some small positive €.
Lemma 2 Suppose that z ~ N(0,1), then
BII(L < 2 <U)| = 6 (L) - 6(U), (A.2)

and
E [22I(L <z< U)] =[®(U)—@(L)]+ Lop(L) — Up(U). (A.3)

Also for L <0, and U > 0, we have
Elz| (L <z <U)] =2¢(0) — ¢ (L) — o(U), (A.4)
and hence E (|z|) = 2¢(0) = \/2/7.

Lemma 3 Consider the critical value function!

cp(N) = &1 <1 - %) ,

where ®~1 (.) is the inverse function of the cumulative standard normal distribution, 0 < p <
1, f(N) = csN°, where cs and § are finite positive constants, and suppose there exists finite
Ny such that for all N > Ny

p

Then:
(@) &(N) =0 (I (V)]"?),
(b) exp [—xc2(N) /2] = & (N7°), and

(c) if 6 > 1/, then N exp [—sc2(N) /2] — 0 as N — oo,
where 0 < 2 < 1.

"'We would like to thank George Kapetanios for his help with the proof of (b) and (c) of this Lemma.



[ﬁz‘j,T—E(ﬁij,T)]

Va'r(i)iij)
where p;;p is defined by (4) and E (p;0) and Var (p;r) > 0 are given by (8) and (9),
respectively. Suppose that c,(N) = &1 (1 — % , and condition (A.5) holds. Then for all
1 and j, there exist Ny and Ty such that for N > Ny and T > Ty

Lemma 4 Consider the standardised sample correlation coefficient z;;r = ,

: s ~ cp(V . s
zll_{gloE {Zij,T {I ( pij,T| < %)] } = Th_{foloE [Zij,TI (Lij,T < Zijr < Uij,T)}
= 7111’I1 E [ZSI (Lij,T S z S Uij,T)] s (AG)
and
. s R c (N) . s
g £ { sl |1 (10l < 22 |} = g B 1R <2 <00, a0

fors=0,1,2,..., where
cp(N) — \/TE (ﬁng)

Upig = 2 —(N) - VTE (ﬁng)
Zj7 -
\/Var (ﬁsz:r)

\/ Var (VT )

(A.8)

’ Lij,T -

and z ~ N(0,1).
Lemma 5 Consider the cumulative distribution function of a standard normal variate, de-
fined by
w2
®(x) = (2m) 2 [T _e T du.

Then for x >0
2

1 x
O(—z)=1—-9(x) < iexp(—g). (A.9)

Lemma 6 Consider the sample correlation coefficient, p,;, defined by (4 ) and suppose that
Assumptions 2 and 3 hold, then there exists Ny and Ty such that for all N > Ng and T > T

2
1—e C;D(N)

Pr (V7| > () [y = 0) < Ke™ =55 [1+0(1) (A.10)
where ¢;; = E (yizty?t |,0ij = 0), and € is a small positive constant.?> Further, if {pij’ >
¢p(N)/NVT we have

;17{ Pij _C%V)]Q
Pr <‘ﬁf)zj,T‘ < &p(N)lpi; # 0) < Ke®  ®O0 14 o(1)], (A.11)
where K,(0;;) is given by (11),
cN—<b1<1— b )>o, A12
o(V) Yo% (A12)
0<p<1, f(N)=csN° where cs and & are finite positive constants, and
In f(N)/T — 0, as N and T — oc. (A.13)

?To simplify the notation we have dropped explicit reference to P;;, the underlying bivariate distribution
of the observations.



Lemma 7 Consider the data generating process
y: = Put7

where y; and u; are N x 1 vectors of random variables, and P is an N x N matriz of fixed
constants, such that PP’ = R, where R is a correlation matriz. Suppose that u, follows a
multivariate t-distribution with v degrees of freedom generated as

v—29 1/2
u = 2 €¢,
Xv,t

where €, = (€14, €94, ..., ent) ~ IIDN(0,1y), and X\%,t is a chi-squared random variate with
v > 4 degrees of freedom distributed independently of €,. Then we have that

(v —2) [(pip:)? + (Pipy)?]
(v—4) ’

where p} is the i'" row of P. In the case where P =Ly, E(y3y5) = (v —2)/(v — 4) and
E(y'?tyjt) = E(yjztyit) = 0.

Lemma 8 Fuat-tailed shocks do not necessarily generate (yftyjzt) > 1.

:uij(27 2) = E(?J@Qty;t) =

A.2 Proofs of lemmas for the MT estimator

Proof of Lemma 1. Under (14), and noting that

., ‘ 1
612 ij, T(b (CLZ] T) = 612 ?j T<27T) 1/2 exp <_§a12j’T) = (277')_1/2 exp (_ga?j,T) )

we have
l—eag_ _ €
= o [Fyr(agyr |[Py) — ®(ayr)] = (2m)7 2 exp (_5%23 T>
ZT PG (@i [Py) + O (T76 W?)] ,
r=1
and the desired result follows since G, (a;;r |Pi;), r = 1,2,...,s—2, are polynomials in a;; r,

2

and noting that a”T exp ( 2055

afixed T, and as T — oo. m

) — 0 as a;;7 — Fo0, for all » > 1. This result holds for

Proof of Lemma 2. Denote the density of the standard normal distribution by ¢(z) =
(2m)~1/2e=(1/2)=" then

U
ElZI(L<z<U)]= /L 2(2m) Ve Tz = [—g(2)]] = & (L) - &(U).

Similarly, to prove (A.3) note that E [2?I(L <z <U)| = fLU 2?¢(z)dz. Hence, integrating
by parts, we have

/L 2Po(2)dz = [—20(2)]] +/L ¢(2)dz = [@ (U) — @ (L)] + Lo(L) — Up(U),



as required. Finally, to prove (A.4) note that since L < 0 and U > 0 and given the symmetry
of the density function, ¢(z) = ¢(—=z), then

[ 1o
_ / \z\¢(2 dz+/ 12 6= )dz:/O_ngb(z)dz—l—/oUz¢(z)dz

= = o(=L)] + [6(0) = ¢(U)]
¢() ¢(L) — ¢(U),

Ellz| (L <z <U)]

as required. m
Proof of Lemma 3. First note that
() =V2af (22— 1), z€ (0,1),

where ®(z) is cumulative distribution function of a standard normal variate, and erf(x) is
the error function defined by

erf(x “em du. (A.14)

)= ke

Consider now the inverse complementary error function erfc*(z) given by
erf ¢ (1 — z) = erf *(2).
Using results in Chiani et al. (2003) on p.842, we have
erf ¢ !(z) < /—In(x).

Applying the above results to ¢,(N) we have

W) = o <1 - 2f](9N)>

e i gt
— V2erf! [1 _ L] — V2erfc ! {L}

Fv) 7o)
< VB - | | = VA -

Therefore, for f(N) = csN° we have

E(N) < 2[5In(N) — In(p)] = O [ln(N)],
which establishes result (a). It follows straightforwardly that w — 0,as N and T" — o0,
and given that p is fixed, then ¢,(N)/v/T is bounded in N and T, and ¢,(N)/VT — 0, as
N and T — oo, since ¢,(N)/VT < /2[In f(N) —In(p)] /T — 0, as N and T — oc.




Further, by Proposition 24 of Dominici (2003) we have that

1/2

1
lim ¢,(N)/LW =1

N—oo 2 ’
o [(1 _ —foN)) _ 1]

where LW denotes the Lambert W function which satisfies limy_,oo LW (N)/{In(N) — In[In(N)]} =
1 as N — oo. We note that limy_.o, In(N)/{In(N) —In[In(N)]} =1 as N — oo0. So

Hence, for any 0 < 2 <1,

— 2 a2
i PP Ly SOLAGO oo
| [om(420)] [f (V)] 7

exp [ — 5

and substituting N° for f (N) yields,

iy P [—%cf, (N) /2] B 2% (A.15)

N—oo N0 W%p?% ’

It follows from (A.15) that exp [—%c]% (N)/ 2} =6 (N _5”), as required. This completes
the proof of result (b). Finally, it readily follows from (b) that N exp [—sc2(N) /2] =

© (N'7°), and therefore N exp [—sc2(N) /2] — 0 when § > 1/, as desired. This com-
pletes the proof of the last result (¢). m

Proof of Lemma 4. We first note that since Var (,bl-ij) >0
—cp(N) . c (N))
I = I P < Do < 2
( ( VT S PETUT

_ g _C\%N) —FE (i)ij,T) < ﬁij,T - K (laij,T) < Ci(}TV) - L (ﬁij,T)

Pyl < C”f%?)

+/Var (%T) v/ Var (ﬁZJT) a Var (ﬁ”T)
= ] (Lij,T S Zij,T S Uij,T) . (A16)

Also, since ;7 is a correlation coefficient, | p;; | < 1, and for afinite T' > Ty, Var (p;; 1) > 0,
then

pijr| + 12 (Pryr)| _ 2sup Y

Var (pZ],T) I Var (Z)ijT)

|2ij,7]



Hence all moments of z;;r exist for T finite. Furthermore, it is well known that z;; 7 —q
N(0,1) as T'— oo. Therefore, all moments of z;; r exist for all values of 7" > T, and by the
second limit-theorem (see, for example, Rao and Kendall (1950) on p. 228)

E(z5p) > E(2°), as T — oo, forall s = 1,2,. ...

Furthermore, since I (L;jr < zjr < Uijjr) = 1 ( IbiLT‘ < C’i(}TV)) < cp(N)/ﬁ, and under
condition (A.5), ¢,(N)/v/T is bounded (see Lemma 3). Then for all N > N, we must also
(V)

have
im E |25 .1 0. <
li 15,1 ( Z]ﬂ| — \/—

as required. Results in (A.7) follow similarly. m

):| = 7llIIl FE [ZSI (Lij,T <z< Uij,T)]v

Proof of Lemma 5. Using results in Chiani et al. (2003) - eq. (5), we have

erf c(x ~du < exp(—1?), (A.17)

2 o
)= ﬁfm ¢
where erf ¢(z) is the complement of the erf(x) function defined by (A.14). But

X

L= 0(0) = (20) [T T = garte ()

and using (A.17) we have
1 T 1 z\? 1 x?
1-®@) =-erfe| =) <zexp|— (=) | == o)
) QGYC(\/?)_QeXp[ (\/5)] 2eXp( 2)

Proof of Lemma 6. We first note that

Pr(|[VThya| < (V) = Pr(=(N) < VTiyp < (V)
\/T [pij7T - L (Z)Z]T”
\/VW (ﬁ/bij,T>

S Uij )

where

&(N) — VTE (f)ng)
\/Var (\/Ti)ng)

Using (8) and (9), we also note that under p;; = 0,

Ly = ~6(N) — VTE () (A.18)

\/ Var (Vo)

Uij =

R (o ~
E (pijr oy =0) = T] +0(1T7%),
Var (,%;T |pij = 0) = % T_Q) )



where 1;; and ¢,; are given by (13) and (12) respectively, and

Pr (’\/T;%,T‘ < ¢(N)|py; = 0) = Iy [Uijr(0)] — Fijr [Lijr(0)]

where
e(N) = 22+ 0 (T7372) —¢)(N) = Y2+ 0 (T572)
Uijr(0) = . T , Lijr(0) = - VT . (A.19)
@i +0(T71) w;; +0(T71)
Hence,
Pr (|VThya| > (V) [py = 0) = 1= By WyaO)] + Fyr [Lisr )] (A.20)

Setting a;;r = U;;r(0) we have that (recall by assumption sup,; [¢;;| < K)

al = C?’(fj) +0 {C’é]_j\f)} +0(T).

By Lemma 3, ¢,(N)/vT = o(1), as N and T — oo, and hence

2

N

alp = %) + o(1). (A.21)
’ Pij

Therefore, in view of (A.1) established in Lemma 1 and (A.21), we have (for some small
positive €)
1)
Fijr [Ur(0)] = @ [Uir(0)]+ Ke * #i [1+o(1)],

1c p(V)

Ej,T [L,%T(O)] = & [ng,T(O)] + Ke 2% % [1 + 0(1)] .

Substituting the above results in (A.20) yields

Pr(|VThya| > (N) Iy =0) = 1= ®[Usr(0)] + ®[Lijr(0)]

or

Pr(|VThyr| > (V) |py =0) = ®[~Uyr(0)] + @ [Lyx(0)]  (A22)

1—e c2(N)

+Ke * #i [1+o0(1)].

Since by assumption ’wij} < K, and ¢,(N) is an increasing function of N then there must
exist Ng and T such that for values of N > Ny and T' > Tj

Yij —3/2

—cp(N)+ 2+0 (T

—Uy7(0) = oM+ 7+ O <0, (A.23)
Vi T+ O(T)

7



and .
—cp(N) — 22 + O (T—3/?
Lijz(0) = — R ) <0,
@, +O(T71)

and by Lemma 5 we have

[cp(N) _ (T—:a/z)] 2 Y
2 (@ +0(TY)]

e_%cg;? {1 +0 (%) +0 (Tl):

® [~ Uijr(0)]

IN

@
>

o)
|

Similarly,

1)

®[Lyr(0)] < 5¢ * 5 [1+0(1)].

Substituting the above results in (A.22) now yields

2(N) 1_c ca(N)

-1Z —_
Pr(‘ﬁf)z‘j,T‘>0p(N)|pij:0>S[ 2 s L Ke T e

[1+o(1)],

or
1_c cB(N)

Pr (‘ﬁﬁzﬂ’ > ¢p(N) |pyy = O) <Ke * ¢ [1+o0(1)],

as required.
Consider now the case where p;; # 0 and note that

Pr (‘\/—pw‘ < cp(N)|ps; # 0) Fyjr (Ui (pi)] = Fyjer [Lijr(pig)]
where

o(N) = VTp,; — £ 4 O (T-3/2)

Uij,T(:Oij) \/K TO(T ;
ij)
—cy(N) = VTp;; — Kn (6 ” +0 (T737)
Lij,T(IOij) = \/K +O = )
ij)

(A.24)

(A.25)

(A.26)

(A.27)

(A.28)

(A.29)

|K(0;)] < K, and 0 < K,(0;;) < K. Suppose that p;; > 0. Then v'Tp,; +¢,(N) — oo and
\/_pw ¢p(N) — 00, as N and T — oo (recall that c,(N)/v/T — 0 with N and T — c0).

3Note that

_1o® _1=e ™) _epM
e 2% | /le ? fu |=e * ¥ HO,asc?,(N)Hoo.



Again using (A.28) and (A.29) for a;;r in (A.1) we have
-1 [CP(N)fﬁpijr
TR (o),

_1 [CP(N)+szy]2
TROT (14 0(1)].

Fjr [Ujr(piy)] = @ [Uyr(pi)] + Ke

Fi;r [Lij,T(pij)] = & [Lz'j,T(Pijﬂ + Ke
Hence

Pr (‘\/leij,T} < CP(N)‘IOU # 0> = o [Uij,T(Pij)] - [Lij,T(Pz‘j)]
L [evn—vTois)
+Ke? F@5 14 0(1)]
[CP(N)+\/TP¢J']2
C @) 1+ 0(1)].

=1
2

+Ke

Further, since ® [Li;7(p;;)] > 0, then

( ) \/_IO” Km(ew +O(T 3/2)
VES( m+0 ) '

Also, there exists Ny and Tp such that for p;; > 0, and all N > Ny and T' > T, we have
(using Lemma 5)

& (Cp(N) ~VTp;; — K‘“f” +0(T 3/2)>
VE.(0;) +0(T71)

¢QMMWMD_@QMMWMDS¢<

L [epn—vToi;]?
67 B®) 14 0(1)],

IN
N

and hence

I:Cp(N)—ﬁpij]z
TRE (14 0(1)].

=1
2

Pr <‘\/ff)ij7T‘ < cp(N)lpi; > 0> < Ke
A similar result can also be obtained for p;; < 0, yielding the overall result
,CP(N)]2

;17{ Pij VT
br (‘ﬁﬁw‘,T‘ < cp(N)lpi; # 0) < Ke® O [l4o(1)].

Proof of Lemma 7. We first note that

1 1 1 2
E( 5 ) = —, Var( 5 >: 5
Xv.t v—2 Xv.t (V—Q) (V—4)

s (X%)z N (V—2)22(V_4) + (Vi2>2 = (V_;)z_(i_4). (A.30)

Then




and
E(y:) =0, E(y:y;,) = PP' = R.
It is clear that y; has mean zero and a unit variance. Denote the i row of P by p; and

1/2
note that y; = pju; = <V2;2> piet, and hence

(V 5 2)2 (plee)” (p}et)zl ,

2
Xv,t

:uij(Qv 2) = E(?J?ty?t) =F

and since &; and X%,t are distributed independently using (A.30) we have

(v -2
(v-27(v—4)

E(yiys) = E[(e;Aiey) (e;A er)]

where A; = p;p,. But since g, ~ N(0,1Iy), using results in Magnus (1978) we have
E[(e}Ae,) (e/Aje)] = tr(pip}) tr (p;p}) + tr (PiPiP;P})
= (pip))” + (Pipy)”

Hence ) )
(v—2) [(Pip:)” + (Pip;)’]
(v—4)
When P is an identity matrix then pjp; = 1 and pjp; = 0, and hence E(y;y5,) = (v—=2)/(v—4).

Also
v 9\ 32
( X%,t )

Proof of Lemma 8. Consider the data generating process y; = Pu; where the elements
of wy = (uyg,ugy, ..., une), uy, are generated as a standardized independent chi-squared
distribution with v; degrees of freedom, namely

E(yiys) =

E(yiy;e) = E E [(e}Ase) Pler] = 0.

2 (v.) — v.
Uit:%,for all 7 and ¢.

Then it is clear that E(uy) = 0, E(u;) = 1, and also E(uju3,) = E(uj,)E(u3,) = 1, and
E(uu)) = Iy. Let p! be the i*" row of P and note that

E(yay;e) = pil(uay)p; = pipj = pyj
N
r=1

Also

E(yiys) = FE[(pjuup;) (pjuuip;)]

= Z Z Z Z DirPirDjsPjs B (Urittrnusitisy).

10



But

E(upupugugy) = 0ifr#£71" or s # &

= Bu?)=1ifr=7"and s =,
and hence
N 2
i) - S Yo~ (300) -1
r s r=1

Therefore, fat-tailed shocks do not necessarily generate 11;;(2,2) = E (y7y7,) > 1. =

Supplementary Appendix B

An overview of key regularisation techniques

Here we provide an overview of three main covariance estimators proposed in the literature
which we use in our Monte Carlo experiments for comparative analysis, namely the thresh-
olding methods of Bickel and Levina (2008), and Cai and Liu (2011), and the shrinkage
approach of Ledoit and Wolf (2004).

B.1 Bickel-Levina (BL) thresholding

The method developed by Bickel and Levina (2008) - BL - employs ‘universal’ thresholding
of the sample covariance matrix 3 = (6;5), 4,7 = 1,2,..., N. Under this approach X is
required to be sparse as they define on p. 2580. The BL thresholding estimator is given by

log (N)
T

iBL,C = (5'1‘11 [|&ij| >C

)7 i=1,2,...,N—1, j=i+1,i+2,...,N (B.31)

where 7 (.) is an indicator function and C' is a positive constant which is unknown. The
choice of thresholding function - I (.) - implies that (B.31) implements ‘hard’ thresholding.

The consistency rate of the BL estimator is m 1/ % under the spectral norm of the error

matrix (ENJ BL.C — E). The potential computational burden in the implementation of this

approach is the estimation of the thresholding parameter, C'. This is usually calibrated
by a separate cross-validation (CV) procedure. The quality of the performance of the BL
estimator is rooted in the specification chosen for the implementation of CV.* Details of the
BL cross-validation procedure are given in Section B.3.

As argued by BL, thresholding maintains the symmetry of 3 but does not ensure positive
definiteness of 35, » in finite samples. BL show that their threshold estimator is positive
definite if
< e and Ay (X) > ¢, (B.32)

spec

|Z51c ~ Spro

4Fang et al. (2013) provide useful guidelines regarding the specification of various parameters used in
cross-validation through an extensive simulation study.

11



where ||.| is the spectral or operator norm and € is a small positive constant. This

spec
condition is not met unless T is sufficiently large relative to N. ‘Universal’ thresholding on X
performs best when the units z;;, i =1,2,..., N, t=1,2,...,T are assumed homoskedastic

(1e 011 = 099 = ... = O'NN).

B.2 Cai and Liu (CL) thresholding

Cai and Liu (2011) - CL - proposed an improved version of the BL approach by incorporating
the unit specific variances in their ‘adaptive’ thresholding procedure. In this way, unlike
‘universal’ thresholding on gl, their estimator is robust to heteroscedasticity. Specifically,
the thresholding estimator 3¢y, o is defined as

Seno = (6450, |65 > 7)), i=1,2,...,N =1, j=i+1i+2,...,N (B.33)

where 7;; > 0 is an entry-dependent adaptive threshold such that 7;; = \/giij,with t% =

T ST (v — 645)? and wr = C/log (N) /T, for some constant C' > 0. CL implement
their approach using the general thresholding function s, (.) rather than I (.), but point out
that all their theoretical results continue to hold for the hard thresholding estimator. The
consistency rate of the CL estimator is Comy+/log (N) /T under the spectral norm of the

error matrix (f)c LC — Z). The parameter C' can be fixed to a constant implied by theory

(C' =2 in CL) or chosen via cross-validation. Details of the CL cross-validation procedure
are provided in Section B.3.

_ As with the BL estimator, thresholding in itself does not ensure positive definiteness of
Ycr.¢ Inlight of condition (B.32), Fan et al. (2013) - FLM - extend the CL approach and
propose setting a lower bound on the cross-validation grid when searching for C' such that

the minimum eigenvalue of their threshold estimator is positive, Ay (2 FLM @) > (. This

idea originated from Fryzlewicz (2013). Further details of this procedure can be found in
Section B.3. We apply this extension to both BL and CL procedures (see Section B.3 for
the relevant expressions).

B.3 Cross-validation

We perform a grid search for the choice of C over a specified range: C' = {c¢: Cpuin < ¢ < Chyax }-

]z _ 5| [T .
o™ and Cpax = mi?xa”' e N and im
Cmaxfcmin)
SR

pose increments of ( In CL cross-validation, we set Cppin = 0 and Cha.x = 4,
and impose increments of ¢/N. In MT cross-validation set i, = 1 and dyax = 2.5 and
impose either fixed increments of 0.1 or N-dependent increments of 1/N. In each point of

In the BL procedure, we set Cn =

min 6'1'3‘
ij

this range, ¢, we use xy, 1 = 1,2,..., N, t =1,2,...,T and select the N x 1 column vectors

x = (21, T, ., 2ne) , t = 1,2,...,T which we randomly reshuffle over the ¢-dimension.
/

This gives rise to a new set of N x 1 column vectors z\") = <x§i), a0 ,xﬁii) for the first

shuffle s = 1. We repeat this reshuffling S times in total where we set S = 50. We consider
this to be sufficiently large (FLM suggested S = 20 while BL recommended S = 100 - see

also Fang et al. (2013)). In each shuffle s = 1,2,..., S, we divide z(*) = (a:gs), a:gs), o :cgf))

12



into two subsamples of size N x T} and N x T, where To =T — T1 A theoretically ‘justified’
split suggested in BLisgiven by Ty} =T <1 — W) and T, = T In our simulation study

we set Ty = 2L and Tp = L. Let f]is) = <&(S?-) , with elements le T Zt 1 Zt

3 1,35 Jt )

and E; = <a(252 ) with elements 6532 =T Y 2928 i =1,2,..., N, denote the

Jt o
sample covariance matrices generated using 7T and T, respectively, for each split s. We
thresholdﬁ)is) as in (B.31), (B.33) or (5) using [ (.) as the thresholding function, where for
CL both 0;; and wy are adjusted to

A(s 1 T (s) _(s) s)
el,ij:ﬁ tll( it Tt _Ugm) )
and
log (V)
w CcC)=2~¢C
T1 ( ) T]_

Then (B.33) becomes

for each ¢, where

and 01 4; and wry (c) are defined above.
The following expression is computed for BL, CL or MT,

S
S5l

. (B.34)

for each ¢ and

N A

C=arg min G(c). (B.35)

C’min SCSCmax

If several values of ¢ attain the minimum of (B.35), then C' is chosen to be the smallest
one. The final estimator of the covariance matrix is then given by ié. The thresholding
approach does not necessarily ensure that the resultant estimate, ié, is positive definite.
To ensure that the threshold estimator is positive definite Fan et al. (2013) propose setting
a lower bound on the cross-validation grid for the search of C' such that Ay, <§C> > 0 - see

Fryzlewicz (2013). Therefore, for BL and CL we modify (B.35) so that

~ ~

C*=arg min G, (B.36)

de+€§C§Cmax
where C)q is the lowest ¢ such that A\pin (iop d) > 0 and € is a small positive constant. We do

not conduct thresholding on the diagonal elements of the covariance matrices which remain
in tact.
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B.4 Ledoit and Wolf (LW) shrinkage

Ledoit and Wolf (2004) - LW - considered a shrinkage estimator for regularisation which is
based on a linear combination of the sample covariance matrix, 3, and an identity matrix
Iy, and provide formulae for the appropriate weights. The LW shrinkage is expressed as

Siw = Iy + po3, (B.37)
with the estimated weights given by
pr = me?r/dQW P2 = a%’/dQT
where
mr = N 'tr (f)) , d3 = N"ttr (22> —m3,
as = da— b3, b3 = min(b3,d7),

and

;I
—
by = NT2 Z ‘
t=1
and noting that ., tr (m;f]mt> =37t <§] ST dd ) TSt ( ) we have

2
1 ~2
b = NT2 <Z ”) ﬁtr<z>’

with .’it = (.i'lt,.jl'gt, e ,Zith), and jﬂ'it = (Iit — fi).5

- 1 2
— 2 . NT2 Ztr (B} ()] — NT2 Ztr (:BtEwt)—l—ﬁ tr (2 ) :

Ty T,

- a1
Yw is positive definite by construction. Thus, the inverse X, exists and is well
conditioned.

Supplementary Appendix C
Shrinkage on MT estimator (S-MT)

Recall the shrinkage on the multiple testing estimator (S-MT') expression displayed in Sec-
tion 3.1,

Ryt (&) =&In+(1- §)ﬁMT>

where the N X N identity matrix I is set as benchmark target, the shrinkage parameter
is denoted by & € (§,,1], and &, is the minimum value of ¢ that produces a non-singular
INES_ m1 (&) matrix. Note that shrinkage is deliberately implemented on the correlation matrix
E’,MT rather than on 3 mr- In this way we ensure that no shrinkage is applied to the variances.

5Note that LW scale the Frobenius norm by 1/N, and use HAH; =tr(A’A)/N. See Definition 1 of Ledoit
and Wolf (2004) (p. 376). Here we use the standard notation for this norm.
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Further, shrinkage is applied to the non-zero elements of ﬁMT, and as a result the shrinkage
estimator, Rg.yr, also consistently recovers the support of R, since it has the same support
recovery property as R,/r. With regard to the calibration of the shrinkage parameter, &, we
solve the following optimisation problem

2
* : -1_p1

¢ =arg min_ IRy —Rg 7 (S)
0TEXSS

)

F

where € is a small positive constant, and Ry is a reference invertible correlation matrix. Let
~ 1 ~
A = R;' and B (¢) = Rg,,7(€). Note that since Ry and Rg_yr are symmetric

2

| R =Ry (9)]| = tr (A%) = 26{AB (¢)] + u[B? ()]

The first order condition for the above optimisation problem is given by

2

691%1ﬁsET@)P,2tr<AQ§£Q)%jNI(B(OfﬂiEQ)’

o€ o¢ ¢
where

0B ~— > n

% = ~Rg\r(©) <I N~ RMT) Ry yr(€)

= —B(&) (IN — ﬁMT) B (¢).

Hence, £* is obtained as the solution of

f§) = —tr [(A=B(€) B() (Iv - Rur ) B(9)] = 0.

where f(&) is an analytic differentiable function of £ for values of £ close to unity, such that
B (&) exists.
The resulting Rg.p7 (£¥) is guaranteed to be positive definite since

Anin | Rs.arr (€)] = Emin (In) + (1 = €)Awin (Rarr) >0,

. E—Amin(R]MT>
for any £ € [&, 1], where §, = max <W’O)'

C.1 Derivation of S-MT shrinkage parameter

We need to solve f(£) =0 for £ such that f(£*) = 0 for a given choice of Rg.°
Abstracting from the subscripts, note that

(1) = —tr [ (R ~1y) (Ix - R},

6The code for computing Ry of our choice is available upon request (see Section C.2).
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or
1) = —tr [—R-1ﬁ+R—1—1N+ﬁ}
= tr <R71ﬁ> —tr (R_l) ,
which is generally non-zero. Also, £ = 0 is ruled out, since ﬁS_MT(O) = R need not be

non-singular.
Thus we need to assess whether f(£) = 0 has a solution in the range £, < £ < 1, where

&, is the minimum value of £ such that Rg y7(,) is non-singular. First, we can compute &,
by implementing naive shrinkage as an initial estimate:

Rsr(§) = &I + (1—&)R.
The shrinkage parameter £, € [0, 1] is given by

€ — Amin (ﬁ)
o (R)

where in our simulation study we set ¢ = 0.01. Here, Apni, (A) stands for the minimum

eigenvalue of matrix A. If R is already positive definite and Ay (ﬁ) > 0, then &, is

&y = max

Y

automatically set to zero. Conversely, if Ay, (ﬁ) <0, then &, is set to the smallest possible

value that ensures positivity of Api, (ﬁg MT(fo)).

Second, we implement the optimisation procedure. In our simulation study we employ a
grid search for £* = {£: £, + € < & < 1} with increments of 0.005. The final £* is given by

¢ = argmin [£(£)]".

C.2 Specification of reference matrix Ry

Implementation of the above procedure requires the use of a suitable reference matrix Ry.
Our experimentations suggested that the shrinkage estimator of Ledoit and Wolf (2004) -
LW - applied to the correlation matrix is likely to work well in practice, and is to be recom-
mended. Schifer and Strimmer (2005) consider LW shrinkage on the correlation matrix. In
our application we also take account of the small sample bias of the correlation coefficients
in what follows. We set as reference matrix Rg the shrinkage estimator of LW applied to the
sample correlation matrix:

Ry =0Ty + (1 - 0)R,

with shrinkage parameter # € [0,1], and R = (Pij)- The optimal value of the shrinkage
parameter that minimizes the expectation of the squared Frobenius norm of the error of
estimating R by Ry:

B[R, - RH? =S5 (b - o) + PESIE () ~ 205 SE [y (5 = )]+ (C:39)
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is given by

2.2.E [P (B = )] 2.2.E (Pi;035)

i#] i#]
0" = . —1- — (C.39)
ZEE (7) Z#ZE (%)
1£] (Zav)

with

P e
Z Z/%‘ [pij - %}
i
1 . Py (1231
IS0+ X [y - 25

i#] i#]

0 =1-—

Note that limTﬂoo(é*) = 0 for any N. However, in small samples values of 6" can be obtained
that fall outside the range [0,1]. To avoid such cases, if & < 0 then 0 is set to 0, and if

~

0 >1itisset to1, or§ = max(0,min(1,8")).
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