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Abstract

In this paper we focus on estimating the degree of cross-sectional dependence in the
error terms of a classical panel data regression model. For this purpose we propose an
estimator of the exponent of cross-sectional dependence denoted by «, which is based
on the number of non-zero pair-wise cross correlations of these errors. We prove that
our estimator, &, is consistent and derive the rate at which & approaches its true value.
We evaluate the finite sample properties of the proposed estimator by use of a Monte
Carlo simulation study. The numerical results are encouraging and supportive of the
theoretical findings. Finally, we undertake an empirical investigation of « for the errors
of the CAPM model and its Fama-French extensions using 10-year rolling samples from
S&P 500 securities over the period Sept 1989 - May 2018.
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1 Introduction

Interest in the analysis of cross-sectional dependence applied to households, firms, markets,
regional and national economies has become prominent over the past decade, especially so in
the aftermath of the latest financial crisis given its effects on the global economy. Researchers
in many fields have turned to network theory, spatial and factor models to obtain a better
understanding of the extent and nature of such cross dependencies. There are many issues
to be considered: how to test for the presence of cross-sectional dependence, how to measure
the degree of cross-sectional dependence, how to model cross-sectional dependence, and how
to carry out counterfactual exercises under alternative network formations or market inter-
connections. Many of these topics are the subject of ongoing research. In this paper we focus
on measuring cross-sectional dependence.

Bailey, Kapetanios, and Pesaran (2016, BKP hereafter) give a thorough account of the ratio-
nale and motivation behind the need for determining the extent of cross-sectional dependence,
be it in finance, micro or macroeconomics. They focus on the asymptotic behaviour of the
variance of the cross section average of the observations on a double array of random variables,
say Xy, indexed by 1 =1,2,...,N and t =1,2,...,T, over space and time. In particular, they
analyse the rate at which this variance tends to zero and show that it depends on the degree or
exponent of cross-sectional dependence which they denote by a. They explore a factor model
setting as a vehicle for characterising strong and semi-strong covariance structures as defined in
Chudik et al. (2011). They relate these to the degree of pervasiveness of factors in unobserved
factor models often used in the literature to model cross-sectional dependence.

In this paper we build on BKP and extend the analysis in two respects. First, we consider
a more generic setting which does not require a common factor representation and holds more
generally for both moderate to sizable cross-sectional dependence. We achieve this by directly
considering the significance of individual pair-wise correlations, and do not concern ourselves
with the factors that might underlie these pair-wise correlations. Second, we consider estimating
the exponent of cross-sectional dependence, «, of the residuals obtained from a panel data
regression model.

We propose a new estimator of v based on the number of statistically significant pair-wise
correlations of the residuals from the panel regression under consideration. To establish the
statistical significance of the correlation coefficients we adopt the thresholding multiple testing
(MT) estimator proposed by Bailey et al. (2014), BPS. Other thresholding estimators can also
be used. See, for example, Bickel and Levina (2008) or Karoui (2008) and Cai and Liu (2011) or
Fan et al. (2013). The MT testing procedure advanced by BPS has the advantage that it directly
considers the statistical significance of the correlation coefficient which is invariant to scales.
Other thresholding procedures focus on the sample covariances and resort to cross validation to
identify the threshold. Bickel and Levina (2008) use universal thresholding, namely comparing
all the sample covariances to the same threshold value, whilst Cai and Liu (2011) propose an
‘adaptive’ thresholding procedure that allows for differing thresholds across the different pairs

of sample covariances. Other contributions to this literature include the work of Huang et al.
(2006), Rothman et al. (2009), Cai and Zhou (2011) and Cai and Zhou (2012), Wang and



Zhou (2010), and Fan et al. (2011).! All these contributions apply the thresholding procedure
to sample covariances and do not apply to the residuals from a panel regression model that
concerns us in this paper. It is also important to bear in mind that when estimating o we do
not assume that the underlying error covariance matrix is sparse, as is assumed in the literature
on regularization of the sample covariance. Our objective is to estimate the degree of sparsity
of the covariance matrix rather than assume sparsity for the purpose of consistent estimation
of the covariance matrix or its inverse. What matters for estimation of « is to ensure that all
non-zero entries of the correlation matrix are correctly identified.

We establish consistency of our estimator under the assumptions of exogeneity of regressors
and symmetry of the error distribution. We also explain how the derivations can be extended
to the case when weakly exogenous variables are present, as for example in a dynamic panel
data setting. The proposed estimator is simple to compute and is shown to perform well in
small samples, for a variety of correlation matrices, irrespective of whether the cross correlations
are generated from a multi-factor structure or specified by a given correlation matrix with a
specified degree of sparsity. This is especially the case as compared to basing the estimation of
« on the largest eigenvalue of the correlation matrix, which performs particularly poorly. The
rate of convergence of our preferred estimator is complex and depends on an interplay of the
cross-sectional and time dimensions, N and 7. The Monte Carlo results also show that the
error in estimating « is smaller for values of « close to unity, which is likely to be of greater
interest in practice. The problem of making inference about the value of «a raises additional
technical difficulties and will not be addressed in this paper. In practice bootstarp techniques
can be used to obtain confidence bounds around our proposed estimator. Finally, we provide
an empirical application investigating the degree of inter-linkages between financial variables
using the Standard & Poor’s 500 index. We present 10-year rolling estimates of « applied to
excess returns on securities included in the S&P 500 data set as well as « estimates applied to
the residuals obtained from the CAPM and its Fama-French extensions used extensively in the
finance literature.

The rest of the paper is organised as follows: Section 2 discusses alternative characterisa-
tions of «, the exponent of cross-sectional dependence, and the conditions under which these
measures are equivalent as N — oo. Section 3 sets up the panel data model and discusses
its underlying assumptions. Section 4 proposes the estimator of « in terms of the number of
statistically significant non-zero pair-wise correlations of the residuals. Section 5 presents the
main theoretical results of the paper for the a static panel data model with strictly exoge-
nous regressors. Extensions to dynamic panels or panels with weakly exogenous regressors are
discussed in the sub-section 5.2. Section 6 presents a detailed Monte Carlo simulation study.
The empirical application is discussed in Section 7. Finally, Section 8 concludes. Proofs of all
theoretical results are provided in the Appendix.

!Shrinkage procedures have also been proposed in the literature for regularization of covariance matrices.
See, for example, Stein (1956), Ledoit and Wolf (2003) and Ledoit and Wolf (2004). However, the shrinkage
procedure does not set any elements of the covariance matrix to zero, and is not suitable for estimation of «
which builds on the support recovery properties of the estimated covariance matrix.



2 Degrees of cross-sectional dependence: alternative mea-
sures

Our analysis focuses on the covariance matrix of e, = (€14, 94, ... ,6n¢)", Where g, is the N x 1
vector of errors from a panel data regression model. Let Xy = FE (ge)) = (0;;), and denote
its largest eigenvalue by A\pax (Xn) > 0. The errors €, are said to be strongly cross-sectionally
correlated, if Apax (Bn) = ©(NV), where © denotes exact order of magnitude, and they are said
to be weakly cross-sectionally correlated, if Apax (Xn) is bounded in N. All intermediate cases
can be parameterized in terms of the exponent «, such that

Amax (Zn) = O(N™). (1)

The weak and strong cross dependence cases then relate to ay — 0 and a, — 1, respectively.

Suppose now that the cross dependence of €;; is characterized by the following approximate
multiple-factor error process

ei = Bify + wir, (2)
where f; is the m X 1 vector of unobserved common factors with zero means, and 3, =
(Bi1, Bizs - - -, Bim)’ 1s the associated m x 1 vector of factor loadings, and w; is the idiosyn-

cratic component assumed to have mean zero and the covariance matrix V =FE(u,u}), where
/!
U = (ult, Uty - - - ,uNt) . Then

Yy = FE(ge;,) =BB +V,

where B = (B3, 8,,...,8y)’, and without loss of generality we have set E (f,f/) = I,. To
identify the factor component from the idiosyncratic component we assume that . (V) =
O(1), but allow the factor loadings to satisfy the condition

N

BB=3) 8,0 =0(N") as>0, (3)
i=1

where ap measures the degree to which the factors are pervasive, in the sense that they have

non-zero effects on the individual errors, ;. In what follows we refer to asz as the exponent of

factor loadings. In the standard approximate factor models it is assumed that ag = 1, whilst

in practice, where the possibility of weak factors can not be ruled out, ag could be a parameter

of interest to be estimated.

To see how ag and «) are related note that
Amax (2n) < BB + V|, < Bl Bl + [IVI];

where ||B||; and ||BJ|__ are column and row norms of B, respectively. To ensure that Var(e;)
is bounded we must have ||B||, < K. Also to ensure that A\ynax (V) = O(1), we must have
|V]]; < K. Therefore, the rate at which Apax (3x) can rise with IV is controlled by

N
IBll, = max > |8]. (4)
i=1

1<j<N 4



Setting SN | |8i| = O(N), for j = 1,2, ...,m, then | B||, = O(N®#), where ag = max;(asg, ).
Then
Amax (Bn) = O(N?) + O(1).
To distinguish the effects of the factor component from those of the idiosyncractic component
we must have ag > 0. Comparing this result with (1) establishes that ay, — ag > 0, as N — oc.
The above analysis suggests two alternative ways of estimating a,. A direct procedure
would be to base the estimate of vy on Apax () and set

Amax (Xn) = O (N*) = KN,

where k is a constant independent of N. Then

a = In P\max (EN)]

~ In(x)
In (N) In(N)

In order to identify ay, as N — oo, we set k = 1, so that (5) becomes

_ In [)‘max (2N>]

DT (6)

In this form, the value of a is susceptible to the scaling of elements in €;. For this reason
we focus our attention rather on the corresponding correlation matrix Ry = (p;;) given by

Ry = D'/*syD,'?,
where
DN:dlag(am,2:1,2,,N) (7)

Hence, (6) finally becomes

_In [ Aax (Ry)]

Q) = )
In(N)

and a has fixed bounds at zero and unity, as N — oo.

(8)

Developing a theory based on the maximum eigenvalue of the correlation matrix Ry can
be challenging. To avoid some of the technical problems involved in estimating Apax (Ry),
and noting that Var(g) < N 'A\,. (Xxn), BKP propose basing the estimation of ) on
Var(g;), where & = N1 le\il gi. In the case where e; has a factor representation, BKP

show that Var(g) = O [max (NQ(O‘Vl), N*1>} , which reduces to Std(&;) = O <N(a571)>, if
2(ag—1) > —1, or if ag > 1/2. This means that at least N'/2 of the factor loadings must
have non-zero values for X to differ sufficiently from a diagonal ¥ y.

In this paper we consider an alternative estimation strategy that does not require ¢; to have
a factor representation. Since

N
Amax (By) < || Ryl = 1%?](\’; |pis]

we focus directly on estimation of p;; and distinguish between values of p;; that are close to

zero and those that are significantly different from zero, and measure the exponent of cross-

sectional dependence in terms of the number of significant (non-zero) cross-correlation coef-

ficients. Specifically, we define o such that My = N?* where M is the number of non-zero

4



elements of Ry which can be written equivalently as My = 7y AnTxn, where 7y is an N x 1
vector of ones and Ay = (d;;) is an N x N matrix of population correlation indicators with
typical elements given by

6ij =1 (pij #0), i,5=1,2,..., N,

in which I(A) is equal to unity if A is true and zero otherwise. Note that by construction

0;; = 1. Hence,
. In (MN> . In (T/NANTN)
“T (N T Nz (9)

Cross-sectional independence refers to the case when Ry = Iy and a = 1/2, while the case

of cross-sectional strong dependence corresponds to all pair-wise correlation coefficients being
non-zero such that a« = 1. Note that by construction 1/2 < o < 1, with o = 1/2 arising when
Ay =1y, and a =1if p;; # 0 for all 7 and j.

Other exponents of cross-sectional dependence can be defined by focussing only on the off-

diagonal elements of Ry and consider the following exponent of cross-sectional dependence:?

O/ _ ln ['TIN (AN — IN) TN]

InN (N -1)

assuming that Ay # Iy. Unlike a the above measure is not defined if Ry = Iy. The two
measures coincide, namely @ = o = 1, if p;; # 0 for all ¢ and j. In cases where ¢;; have a
multi-factor error representation given by (2), the largest exponent of the factor loadings is
given by ag > 0. It then readily follows that 7y (Ay —In) Ty = N?** — N% + N, where
(N?* — No) = N% (N — 1) is the total number of off-diagonal non-zero pair-wise cross
correlations of the errors and N corresponds to the additional diagonal elements which are
non-zero. In such a multi-factor error set up we have

In(TyAnxTy)  In(N?* — N2 + N)

“= In N2 N In N2 ’

and
, In [T (Ay — Iy) TN] B In (N?@6 — Ns)

T AN -1 mN(N-1)

Recall that we must have ag > 1/2 for factors to be distinguishable from the idiosyncratic

components. It is then easily seen that o and o — a as N — oco. However, the two measures
could differ if N is not sufficiently large. In finite samples o/ can be written in terms of a by
first solving the quadratic equation

N? (N — N*) = N**, (10)
20mne can also consider only the distinct off-diagonal elements of Ry and define « as
o In[37y (An —Iy) TN] _ In[7ly (Ax —Iy) 7] — In(2)
In[$N (N —1)] In[N (N —1)] —In(2)
o — In(2)
= w — a, as N — oo.
1 n(2)

T In[N(N-1)]



for az, namely

n (1+/T=4(N = N)) ~In2
Qg = N . (11)

Since [N*#] can only take positive or zero values the second root of (10) is clearly redundant.

In what follows, we focus on « since it is defined even if Ry = Iy, and « is suitably scaled to
lie in the range (1/2,1].

3 Panel data model

Consider the panel data regression model
Vit = ViXit + i, fori=1,2,... . N;t=1,2,....T, (12)

where x;; is a k x 1 vector of observed regressors, ; is the associated vector of coefficients, and
g;s are the model’s errors. We are interested in estimating the exponent of the cross-sectional
dependence of the errors, ¢, defined by (9). First, we obtain residuals e; computed as

eir = Yir — X F = Y — X (X(X;) " Xlys, (13)

where X; is the 7' x k matrix of observations on the regressors for the i unit, and y; is the
T x 1 vector of observations on the dependent variable of the i* unit. We assume that the
regressors are strictly exogenous.
We define the standardized errors, &;, and the associated standardized residuals, z;;, as

Eit
(T_lngié'i)l/Q ’

Cit Cit

' (T—legl\/Iiei)l/2 (T—legei)l/2 7

§it =

(14)

where g = (61'1,61'2, c. 752'T>/7 e;, = (62‘17 €i2y ... ,eiT)’, and Mz = IT— Xz(X;Xz)_:lX{L Note that

(since e; = M;e;)

Gt T X (v — %)
(T_lé';-MZEi)l/Q

= & — au&i, (16)

Zit

where

1
Xits

a;y =X; (XZXJ
and & = (&1, &2y - - -5 i)'

Further, in what follows we assume that the error terms are symmetrically distributed.

Assumption 1 Conditional on X;, the errors of the panel data model, (12), (a) €y are sym-
metrically distributed with zero means and variances 0 < ¢ < 0? < K < 00, (b) € are serially
independent, (c¢) ey and €;; are distributed independently if E (eqe;1) =0, for all i # j.

Under the above assumption, and using (14) it readily follows that
E(&1X;) =0, (17)

6



and

B(&&5 1X4,X;) = pijlr. (18)

Our main analysis will condition on the observed regressors. Remark 2 will discuss an
unconditional version of our results. For the observed regressors, we make the following as-
sumption:

Assumption 2 The kx 1 vector of regressors X in (12) is bounded: sup, , [|x;| < 0o. Further,

XX
inf Awin | —o— 0.
m ( T ) >

T>Ty,t

for some Ty, we have

Under Assumption 1 it readily follows that
B (a& X)) = x,(XiXi) ' X(E (& |X;) =0,
where x/, is the t'" row of X; = (X1, Xi2, . .., X;7)". Hence,
E (2 |X;) =0, (19)

which in turn implies that z; is a martingale difference process with respect to the non-
decreasing information set, Q;; = (X1, X2, ..., X;). By construction Q7 = X;. Indeed, since
Q;; is a subset of ;, then by the chain rule of conditional expectations we have

E (Zit ‘ta) =F [E (Zit ’QZT) |ta] .

But in view of (19), E (z; [€4ir) = 0, and it also follows that E (z; |2;) = 0, for all ¢ and ¢.

We also require the following assumption that sets a lower bound condition on the non-zero
values of the pair-wise correlations.

Assumption 3 Let pyin = inf; j (|pij| |pi; #0). Then,

I In(T)
1m =
T—oo ﬁpmin

0. (20)

Remark 1 This assumption is needed for successful recovery of non-zero pair-wise correlations,
and 1s weaker than requiring pmin > 0, as it allows pmiy to tend to zero with N or T’ or both, so
long as its rate of decline is slower than In(T)//T.

4 Consistent estimation of «

Consider the sample estimate of the pair-wise correlation coefficients of the residuals from units
7 and 7,
T 'ele,

1.4 1/2 1 (21>
(T-'efe;) /" (T 'e)e;)

Pij = 172



where e; = (€1, €2, ..., €;7)’, e is defined by (13), and by construction the sample mean of e;
is exactly zero. We can re-write (21) equivalently as

T
piy=T7" Z ZitZjt, (22)
t=1

where z;; is defined by (15). In order to identify whether the pair-wise correlation coefficients
pi; are significantly different from zero we follow Bailey et al. (2014) and apply the multiple
testing estimator associated with p;;. This is defined by

. . . cp(n,d
po =t (Il > 2522, )

where

cp(n,8) = o~ ( - Jﬂ> = 1N(N - 1), (24)

n is the number of tests carried out, p is the nominal size of the individual test, which can
be set to 1%, 5% or 10%, ®~!(.) is the inverse of the standard normal distribution function,
and ¢ is a tuning parameter to be set a priori. This thresholding method is based on the
notion that for each unit (i, ) pairs we carry out a total of 1N (N — 1) individual tests of the
null hypothesis that p;; = 0 where j # 4, 2,7 = 1,2,..., N. Such tests can result in spurious
outcomes especially when N is larger than T". The critical value function, ¢,(n,d), is therefore
adjusted using parameter ¢ to take account of the effects of the multiple testing procedure
for the estimation of a. It is important to bear in mind that the multiple testing problem
encountered here differs from the standard one studied in the literature by Bonferroni (1935),
Holm (1979) and others. Our focus here is on identifying the range of values for ¢ such that
a can be consistently estimated, rather than controlling the overall size of the multiple tests
being carried out.

Accordingly, we propose to estimate a by

In (T’AT)

2InN (25)

a =

where A = (4;;), with

- c,(n, o
6ij:](ﬁij7é0)zj(|ﬁij|> pi/%)),forzﬁéj

—1fori=j.

5 Theoretical Derivations

5.1 Main Results

To establish that & converges to «, in addition to Assumptions 1, 2 and 3, we also require the
following additional technical sub-exponential assumption:



Assumption 4 There exist sufficiently large positive constants Cy, C1, s > 0, such that

sup, ; Pr (leir| > o) < Cpexp (—=C1a”), for all a > 0. (26)
The rate of convergence of & to « is given in Theorem 1 below:

Theorem 1 Consider the panel data regression model (12) and suppose that Assumptions 1-4
hold. Let & and § be defined by (25), (23), and (24). Then, conditional on the observed xX;;, as
N, T — oo, and if, for some d >0, N = O(T%) = o (exp(T)),

2(InN) (6@ —a) =0 (N*727)) 1 O (N* T exp (—=CoT")) + O (N™%) + O (N'72) =
(27)
O (7> ==Y 4+ O (exp [2d(1 — a) In(T) — CoT']) + O (T7%) 4 O (T 72)

for any 0 < 3¢ < 1, and some Cy, Cy > 0.

As long as ¢ is set large enough (§ > 1 — ), the first term on the RHS of (27) can be made
sufficiently small.

Remark 2 If we do not wish to condition on the observed x;, one could obtain the result
of Theorem 1, unconditionally, if it is assumed that the regressors satisfy the following sub-
exponential condition for some s > 0,

sup; ; Pr ([|xi|| > a) < Coexp (=C1a?), for all a > 0, (28)

e\ —1
and if for some Ty, (XTX exists for all' T > Ty. Under these conditions on x; (which replace

Assumption 2), we can then use Lemma A6 of Chudik et al. (2018) to establish probability

I~C . I~ -1 /e
bounds on (%) (%) <¥>, and to show that, for some Cy,Cy; >0, and 0 < m < 1,

sup Pr <|Zthlzitzjt| > VTe, (n, 5)) <supPr <|Z,5T:15itfjt| > (1 —m)VTe, (n, 5)) +exp (—CoT) .
,J 2y

5.2 Extension to panels with weakly exogenous regressors

In the case of panels with lagged dependent variables, the use of OLS residuals for estimation of
a could still be justifiable so long as T is sufficiently large, such that the time series bias in the
estimated residuals is not too large. This is supported by the Monte Carlo evidence provided
for dynamic panels below.

However, the mathematical proofs provided above will not be applicable to the OLS residuals
if the panel regression model, (12), contains weakly exogenous regressors, such as lagged values
of y;;. An alternative approach which avoids some of the technical issues associated with the use
of OLS residuals would be to base the estimation of o on the recursive residuals. Specifically,
one could consider the the recursive residuals defined by

. ~/
Cit = Yit — Vi p—1%it>

9



where
t—1 A
~ /
Yit—1 = g XirX;r g XirlYir | -
T=1 T=1

Then the pair-wise correlations based on these recursive residuals are given by

T
. -1 ..
pij = (T'=h) Zzitzjta

t=h

where .

. Ci
Zit = T
Ot
and

t
1
~2 )
Tit = ¥§ Cir-
T=1

Here h is the size of the training period, which needs to be set by the researcher. It is then easily
seen that under the cross-sectional independence, %;;Z;; is a martingale process with respect to
Qi1—1, where ;41 = (Yir, xir; for 7=t —1,¢ —2,...,1). This and other related results then
allow us to apply the mathematical analysis of the previous sections to the recursive residuals,
after suitable adjustments. The main open question is what critical value to use when checking
the significance of p;;, and hence the threshold value in the determination of the indicators ¢;;
defined above. This issue will not be pursued in this paper.

6 Monte Carlo Simulations

We investigate the small sample properties of our proposed estimator of «, defined by (25),
using a number of different simulation designs, allowing for dynamics as well as non-Gaussian
errors. We consider the following relatively general dynamic panel data model

Yit = Qi +ViYig—1 + Y%y + €, fori=1,2,... N; t=2,3,...,T, (29)
with exogenous, but serially correlated, regressors:
Ti = pintis + (1= p2) P vy, fori=1,2,.. N; t =—50,-49,....0,...,T,

where p;, ~ I[IDU (0.0,0.95), and vy ~ [IDN (0,1), with x; 50 = v 50 for i = 1,2,..., N.
The first 50 observations are disregarded for all units to minimize the effects of the initial values
on the observations used in the estimation.

We consider the following cases: (i) a static panel data model, where ¥; = 0, a; ~
IIDN (1,1), and v; ~ I[IDN (1,1), for i = 1,2,...,N; and (ii) a dynamic panel data model
with exogenous regressors, where ¥; ~ II1DU (0.0,0.95),v; ~ [IDN (1,1),and a; ~ IIDN (1,1),
for i = 1,2,..., N.3 Our estimator is robust to possible correlations between the fixed effects,
a; and the regressors, x;.

3We also consider (iii) a dynamic panel data model with no exogenous regressors, where 9; ~ ITDU (0.0,0.95)
and v; =0, for i = 1,2,..., N. Simulation results for case (iii) are similar to those for cases (i) and (ii) and are
available in the online supplement, Tables Sla-S1d.
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We consider two different designs for generating the errors, €;;, both with the same exponent
of cross-sectional dependence, « :

Design 1 We draw N x 1 vector by = (by,by,...,by)" as Uniform (0.7,0.9) for the first
N, (< N) elements, where N, = [N®4] and set the remaining elements to zero. Then, we
construct the correlation matrix Ry given by

Ry = Iy +byb)y — B3, (30)

where By = diag (by) is an N x N diagonal matrix with its i diagonal element given
by b;. The degree of sparseness of Ry is determined by the choice of ag. If ag = 0 then
Ry = Iy and a = 1/2, while if g = 1 then all elements of Ry will be non-zero and we
have a = 1. For all intermediate values of ag, Ry will have a total of [N®# (N*# — 1) 4+ N]|
non-zero elements. The exact relationship between o and ag is given by (11). Further,
we generate the variances of g as o ~ IID 0.5[1 + 0.5x%(2)], for i = 1,2,..., N, and
set Dy = diag(oy,7 = 1,2,..., N). We now generate ¢;; so that its correlation matrix is
equal to Ry. To this end we first obtain matrix Py as the Cholesky factor of Ry, and
then set Wy = D%QPN = (w;;), where w;; is the (4, j) element of W . We then generate

Eit aAS
N

en =Y wyu, i=12...,N;t=12...T, (31)
j=1
where u;; are 1D draws from Gaussian or non-Gaussian distributions, to be specified
below.*

Design 2 The second design closely follows the set up in BKP and employs the two-factor
specification given by

git = Birfie + Biafor +ui, fori=1,2,... N; t=1,2,...,T, (32)

where f;; ~ IIDN(0,1), j = 1,2 and uy ~ I[IDN(0,1) for i = 1,2,..., N. With regard
to the factor loadings, we generate them as follows:
Bi1 = i1, fori=1,2,... [N*"] (33)
B =0, fori=[N']+1,[N*']|+2,...,N
Bia = Vig, fori=1,2,... [N*?],
Bio =0, for i = [N*?] +1,[N*?] +1,...,N,

where ;5 are then randomised across ¢ to achieve independence from (;;. The loadings
are generated as ¥y ~ I1DU(py, — 0.2,y +0.2), for j = 1,2. We examine the case
where agy < agi = ag and consider values of ag and agy such that agy = MTB. We set
f1e, = 0.71 and 1, = \/ p2 — N2(@2798) 12 such that p2 + p2, = p2 = 0.75 - see BKP
for further details. Both u,, and p,, are chosen such that u,, # 0, j = 1,2, without u;js

being too distant from zero either. As before, the exact relationship between o and ag is
given by (11).

4Note that e; = Wy, and Var(e;) = WyW/, = DV2PyP, DY? = DY/*RyDY?, as required.
N N NN N N

11



In both designs, we examine two cases for the innovations uj;: (i) Gaussian, where uj; ~
IIDN(0,1) for j =1,2,..., N; (ii) non-Gaussian, where u;; follows a multivariate t-distribution
with v degrees of freedom. This is achieved by generating u;; as

V—2 1/2
ujt:( 2 ) Djt’forj:]va'-'aNy

v,t

where 7j; ~ IIDN(0,1) and x?2, is a chi-squared random variate with v = 8 degrees of freedom.
For the estimation of «, we first compute the OLS residuals

~

eit:yit_di_ﬁiyi,tfl_ﬁ/i:l:it’ 221,2,,]\[, t:2,3,...,T,

where a;, 192-, and 4, are the OLS estimators of the regressions of y;; on an intercept, v;; 1
and x;;; computed using the observations ¢t = 2,3,...,T, for each 7. In the case of the static
regressions where 1J; = 0, the residuals are computed from regressions of y;; on an intercept and
xi using the observations ¢ = 1,2,...,7T. The sample covariance matrix, Sy = (65), is then

computed as
T

6ij = Til Zeiteﬁ, for Z,j = 1,2, . ,N,
t=2
and diagonal elements 6;; collected in Dy = diag(6y, @ = 1,2,...,N). The corresponding
sample correlation matrix is then given by

Ry = D)/’SyDy"”
We evaluate the bias and RMSE of the exponent of cross-sectional dependence & computed
as in (25) with the critical value, ¢,(n,d), given by (24). For p and § we consider the values
p = {0.05,0.10} and & = {1/2,1/3}.> Further, we compute the bias-corrected version of
the exponent of cross-sectional dependence estimator developed in BKP, &, and compare its

¢ However, it is important to bear in mind that BKP provide

performance with that of a.
theoretical justification for their estimator only in the case of demeaned observations, namely
i — T;, and do not consider residuals from panel regressions as we do in this paper. As a
by-product, this paper also provides Monte Carlo evidence on the properties of the estimator,

&, when applied to residuals from panel regressions.

For all experiments we consider the values of a = 0.55,0.60,...,0.90,0.95,1.00, and the
sample sizes N, T = 100,200, 500, and carry out all experiments with R = 2,000 replications.
The values of a;, ¥; and 7; are drawn randomly in each replication.

°The value of § = 1/4 was also considered. Results are in line with those for § = 1/3 and are available in
the online supplement, Tables S2a-S2d.

6Recall that & corresponds to the most robust bias-adjusted estimator of the exponent of cross-sectional
dependence considered in Bailey et al. (2016) and allows for both serial correlation in the factors and weak
cross-sectional dependence in the error terms. It is given by

1n@2)  In (i) ox

=G () =14 31 R T () 2N (N2 (34)

where 62, 2 and ¢x are consistent estimators of 02, p2, and cy - see BKP for further details. We use four
principal components when estimating ¢y .
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6.1 Small sample results

First, we consider the small sample performance of our proposed estimator, &, and investigate
its robustness to different choices of p and J, that govern the critical value, ¢,(n,d), used in
estimating it. The results for Gaussian errors are provided in Tables Ala to A2b, and the
results for non-Gaussian errors are reported in Tables A3a to A4b. Each table reports bias
and root mean squared error (RMSE) of & computed using the residuals from either static or
dynamic panel data regressions. Tables Ala and Alb give the results for static and dynamic
panels, respectively, when the cross-sectional dependence in the errors are generated according
to Design 1, whilst the same results for Design 2 are summarized in Tables A2a and A2b.
Similarly, the results in Tables A3a and A3b give bias and RMSE of & for static and dynamic
panels when the errors are non-Gaussian and the cross correlations are generated according
to Design 1, whilst the same results for Design 2 are provided in Tables Ad4a and A4b. In
each of these tables, the left panels give bias and RMSE for p = 0.05, and the right panels for
p = 0.10, whilst the top panels give the results for § = 1/2, and the bottom panels for 6 = 1/3.
Specifically, each Table gives four sets of results for the combinations (p, ), with p = 0.05,0.10
and 0 =1/3,1/2.

Comparing the left and right panels of the tables, it is clear that & is robust to the choice
of p, irrespective of the value of §, and for all N and T combinations. Observing that n =
N (N — 1) /2 1is quite large even for moderate values of N, the effective p-value of the underlying
individual tests is given by 2p/n®, which is likely to be dominated by the choice of § as compared
to p. Therefore, the test outcomes are more likely to be robust to the choice of p as compared
to 9.

Turning to the choice of §, comparing the results reported in top and bottom panels of the
tables, we note that for all N and T combinations the choice of 6 = 1/2 produces smaller bias
and RMSE as compared to 6 = 1/3 for values of a close to 1/2 (a < 0.75). The reverse is true
when considering values of « close to unity (o > 0.80). Again, this is consistent with the result
of Theorem 1 which requires § to be larger than 1 — «. Hence, for o — 1/2 setting § = 1/2 is
more appropriate, while as & — 1 values of 0 below 1/2 are more appropriate. In cases where
there is no priori information regarding the range in which the true value of o might fall, the
simulation results suggest setting d to its upper bound value of § = 1/2.

Overall, irrespective of whether we consider static or dynamic panel regressions, with Gaus-
sian or non-Gaussian errors, the tabulated results show that the small sample performance of
& improves as the true exponent of cross-sectional dependence, a, rises from 0.55 towards 1.0,
uniformly over N and 7' combinations. This finding holds for both Designs, although & gen-
erally performs better when Design 1 is used to generate the error cross-sectional dependence.
Further, both bias and RMSE of & diminish as N rises for all values of T" considered. These re-
sults are in line with our main theoretical findings as set out in Theorem 1. It is also interesting
to note that under Design 1, the bias and RMSE of & are particularly small for values of « in
the range of 0.9 —1, even if we consider dynamic panels with non-Gaussian errors. For example,
for T'=100 and N = 500, p = 0.05, § = 1/3, the bias and RMSE of estimating o« = 0.95 by &,
in the case of dynamic panels with non-Gaussian errors are —0.00008 and 0.00067, respectively.
(see Table A3b)
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Tables A2a and A2b summarize the results for static and dynamic panel data models,
respectively, when the error cross-sectional dependence is generated by Design 2 (the two-factor
structure). Compared with Tables Ala and Alb, both bias and RMSE are more sizeable across
the range of @ when 7' = 100. However, as 1" increases, the performance of & improves for all
values of «, especially when « approaches unity, as to be expected. Perhaps, the signal-to-noise
ratio implied by (32) becomes somewhat distorted when the 7" dimension is short and adversely
affects the accuracy of the multiple testing procedure used to identify the non-zero elements of
the error correlation matrix, Ry. To verify this conjecture, we repeated the same experiments
attaching a scaling parameter of ¢ = \/1_/2 to u; in (32), in line with the simulation setup in
BKP. Performance of & is much improved in this case and comparable to those shown in Tables
Ala and Alb, even when T is small.” Our conclusions regarding the robustness of @ to the
choice of p and ¢ arrived at under Design 1 continue to hold for Design 2.

We now consider the small sample performance of & relative to that of &, the estimator of
« proposed in BKP. & is a biased-corrected estimator of o based on the standard deviation
of the cross-sectional average of the residuals. As noted earlier, the asymptotic properties of
« are established only for demeaned observations, but it is conjectured that these asymptotic
properties are likely to hold even if & is computed using residuals from panel regressions. For
comparison we consider bias and RMSE of & computed using p = 0.05 and § = 1/2, and
note that similar results are obtained for other choices of p and §. Table Bl compares the
resulting bias and RMSE of the two « estimators when applied to residuals obtained from a
static (top panel) and dynamic panel data models (bottom panel). These results refer to Design
1 with Gaussian errors. Both estimators perform well for all values of «, and irrespective of
whether the panel regressions are static or dynamic. This is particularly so for values of o >
0.8. In comparative terms, & outperforms & on average, for all values of «, and all N and
T combinations. The superior performance & is more pronounced when o < 0.75 uniformly
over N and T. The results for Design 2 (where the cross-sectional dependence of the errors
are generated using a two-factor specification) are summarized in Table B2 which has the same
format as Table B1. In the case of these experiments, & (the estimator proposed by BKP)
performs better than & when 7' is small (7" = 100), but the bias and RMSE of & becomes more
comparable to & as both N and T rise. As noted above, scaling u;; by ¢ in (32) eliminates this
relative outperformance of &.8

Finally, Table C displays bias and RMSE results for estimates of the exponent of cross-
sectional dependence, given by (8), and computed using the maximum eigenvalue of the corre-
lation matrices Ry derived from the residuals from a static or dynamic panel data model with
Gaussian errors generated under Designs 1 or 2. It is clear that all eigenvalue based estimates
of o perform rather poorly even for large values of N and T', and even for values of « close to
1.

Overall, we can conclude that using multiple testing for identifying non-zero elements of
Ry when computing & is computationally attractive, has sound theoretical properties and has
comparable performance to the exponent of cross-sectional dependence, ¢, developed in BKP.

"These results are available in the online supplement - see Table S3.
8Comparison of & and & when errors are non-Gaussian are available in the online supplement - see Tables
S4a-S4b.
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7 Empirical Application: identifying the weak factor com-
ponent of CAPM

In their paper BKP investigate the extent to which excess returns on the Standard & Poor’s
500 (S&P 500) securities are interconnected through the market factor by computing rolling
estimates of «, the degree of cross-sectional dependence of S&P 500 securities. According to
asset pricing theories such as the capital asset pricing model (CAPM) of Sharpe (1964) and
Lintner (1965), and arbitrage pricing (APT) of Ross (1976), such estimates of a should be close
to unity at all times. This is because both CAPM and APT assume security returns have a
common factor representations with at least one strong common factor, with the idiosyncratic
component being weakly correlated - see also the approximate factor model due to Chamberlain
(1983). Such a factor structure implies that all individual stock returns are significantly affected
by the common factor(s) and in consequence they are all pair-wise correlated with varying
degrees.

The subsequent analysis in BKP reveals that a disconnect between some asset returns and
the market factor does occur particularly at times of stock market bubbles and crashes where
these asset returns could be driven by non-fundamentals. In this paper, we focus on the
exponent of cross-sectional dependence of the residuals obtained from different versions of the
CAPM model, and provide rolling estimates of the exponent of the cross-sectional dependence
of the errors from CAPM and related APT models. This is important since under CAPM, after
allowing for the market factor, the errors can not be cross-sectionally strongly correlated. It
is therefore of interest to see if this is in fact true at all times, or if there are episodes where
market factors are not sufficient to capture all the significant interdependencies that might exist
across the security returns.

We update the BKP analysis and consider monthly excess returns of the securities included
in the S&P 500 index over the period from September 1989 to May 2018. We obtain estimates
of a using rolling samples of 120 months (10 years) to capture possible time variations in the
degree of cross-sectional dependence.” Since the composition of the S&P 500 index changes
over time, we compiled returns on all 500 securities at the end of each month and included
in our analysis only those securities that had at least 10 years of data in the month under
consideration. On average, we ended up with 442 securities at the end of each month for the
10-year rolling samples. The one-month US treasury bill rate was chosen as the risk free rate
(rs), and excess returns were computed as 7;; = 7 — 75, Where 7 is the monthly return on
the " security in the sample inclusive of dividend payments (if any).°

First, following BKP, we estimated « for excess security returns to see the extent to which
securities in S&P 500 index are fully interconnected at all times. As noted above, under CAPM
we would expect estimates of a to be close to unity. To this end we used our proposed estimator,
&, defined by (25), and computed 10-year rolling estimates &, for ¢ = September 1989 to May
2018 - a total of 345 estimates - with p = 0.05. To check the robustness of the estimates to the

9We also consider rolling samples of size 60 months (5 years). Results for this setting are shown in the online
supplement - Figures 3 and 4.
0For further details of data sources and definitions see Pesaran and Yamagata (2012).
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choice of § we computed the rolling estimates for § = 1/2 and 1/3.!! The resultant estimates
are shown in Figure 1. As expected, estimates of &;, for § = 1/2, lie below those of &;, using
9 = 1/3, but the series track each other very closely. Also the quantitative differences between
the two estimates are not that large. Specifically, all the 345 rolling estimates &, (6 = 1/2) fall
in the interval 0.82 to 0.96, whilst the corresponding estimates d&; (0 = 1/3) all lie in the range
0.86 — 0.97. These estimates show a high degree of inter-linkages across individual securities,
and are very close to unity at the start and at the end of the sample, with important departures
from unity in between. Considering &, (§ = 1/2), it recorded lows around 0.86 in 1998 before
recovering temporarily and falling further to 0.84. This episode coincides with the Russian and
the Long-Term Capital crises of 1998 which originated in bond markets but rapidly transmitted
through international equity markets. The & estimates remained low, falling to 0.82 — 0.83,
around the turn of the century which saw the burst of the Dotcom bubble and 9/11 terrorist
attacks in the US. A slight rise in & to about 0.85 is evident during 2003 — 2007, before a new
low of 0.82 was recorded in August 2008, around the time of the sub-prime mortgage crisis in
the US, and the ensuing global financial meltdown and economic recession. The estimates of

a gradually increase to pre-1997 levels of 0.92 — 0.93 in 2011 and have since remained in this
range to the end of our sample, May 2018.

Figure 1: 10-year rolling estimates of the exponent of cross-sectional correlation (&;) of S&P
500 securities’ excess returns
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We now turn our attention to the exponent of cross-sectional correlations of the error terms
of the CAPM model, and two well known extensions using additional Fama and French factors.
Specifically, the first regression is the usual CAPM one-factor representation given by

T — T = i+ Bi (Tt — 7p1) + w4y, fori=1,2,... N, (35)

UFor the remaining parameters in (25) we set p = 0.05 and n = Ny(N; — 1)/2, where N; is the number of
securities in a given 10-year rolling window (¢t = 1,2,...,345).
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where 7,,; is the market return computed as the value-weighed returns on all NYSE, AMEX,
and NASDAQ stocks. The second and third regressions assume the following extensions to (35)
proposed by Fama and French (2004):

Tit — T’ft = Q; -+ 611' (rmt — Tft) + Bgz‘Smbt + W24 ¢, for i = 17 2, Ce ,N (36)

and
rit — g = @i + Bi (Tt — 7p1) + Bassmby + Baihmly + usiy, fori=1,2,..., N, (37)

where smb; stands for average return on the three small portfolios minus the average return
on the three big portfolios formed by size, while hml; refers to the average return on securities
with high book value to market value ratio minus the average return of securities with low book
value to market value ratio.!?

As noted previously, under CAPM we would expect the errors, u,,, to be cross-sectionally
weakly correlated, with «a,, to be close to 1/2. But this need not be the case in reality. In
fact the introduction of FF factors, smb, and hml;, could be viewed as an attempt to ensure
cross-sectionally weakly correlated errors for the augmented CAPM model. It is therefore of
interest to consider the estimates of o for the errors, wy; 4, ug;, and us;;, and see if they are close
to 1/2 as required by the theory. To this end, we compute 10-year rolling estimates of o based
on the pair-wise correlations of the OLS residuals y; ¢, Ug; ¢ and s, in the panel regressions
(35), (36) and (37), respectively. These estimates denoted by &q,:, j = 1,2, 3 for t = September
1989 to May 2018, are shown in Figure 2.3

As expected, estimates of o based on the residuals are smaller compared to the estimates
obtained for the securities themselves (as depicted in Figure 1). It is also interesting that all
the three estimates g, ¢, Gy and duy, are closely clustered over the two sub-periods September
1989 to September 1997, and February 2011 to May 2018, suggesting that the standard CAPM
model provides an adequate characterisation of the cross-sectional correlations of securities,
and the additional FF factors are not required in these sub-periods. It is also worth nothing
that, over these two sub-periods, estimates of « fall in the narrow range of 0.63-0.71 which are
sufficiently small and support CAPM as an adequate model for characterising cross-correlations
of S&P 500 security returns. In contrast, the estimates dvg, ¢, Qayr and dvg,, tend to diverge over
the period from October 1997 to January 2011, and more importantly they all start to rise
sharply, suggesting important departures from the basic CAPM model. Using only the market
factor, as in (35), results in &g+ jumping to levels around 0.74 — 0.76. Adding smb; to (35)
reduces the a estimates of the resulting residuals to 0.69—0.73, suggesting that the size portfolio
does have some influence on individual security returns during this period. Adding the second
FF factor (as in (37)), further reduces the estimates of a to the range 0.66 —0.68. These results
are also in line with the sharp drop in the estimates of o we reported for the excess returns
during the period 1998 — 2010, and provide further evidence in favour of the argument that
the presence of factors other than the market factor, namely smb; and hml;, tend to become
relevant during periods of financial crises and turmoils.

12For further details of data sources and definitions see Pesaran and Yamagata (2012).
13We set p = 0.05 and § = 1/2 when estimating « for the residuals, since a priori we would expect the true
value of « for the errors of CAPM models to be close to 1/2. See the discussion in Section 6.
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Figure 2: 10-year rolling estimates of the exponent of cross-sectional correlation (&;) of residuals
from CAPM and its two Fama-French extensions
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====10-year rolling estimates of o (& with =1/2) for the residuals of the CAPM model
=== 10-year rolling estimates of o (&, with =1/2) for the residuals of the CAPM model augmented by the SMB factor

10-year rolling estimates of a (&, with 6=1/2) for the residuals of the CAPM model augmented by SMB and HML factors

Notes: CAPM model includes excess market returns, CAPM model augmented by SMB
includes excess market returns and small minus big (SMB) firm returns, and CAPM model
augmented by SMB and HML includes excess market returns, small minus big (SMB) firm
returns and high minus low (HML) firm returns as regressors in (35), (36) and (37), respec-

tively.

8 Conclusions

Cross-sectional dependence and the extent to which it occurs in large multivariate data sets is
of great interest for a variety of economic, econometric and financial analyses. Such analyses
vary widely. Examples include the effects of idiosyncratic shocks on aggregate macroeconomic
variables, the extent to which financial risk can be diversified by investing in disparate assets
or asset classes and the performance of standard estimators such as principal components
when applied to data sets with unknown collinearity structures. A common characteristic of
such analyses is the need to quantify cross-sectional dependence especially when it is prevalent
enough to materially affect the outcome of the analysis.

In this paper we generalise the work of Bailey et al. (2016) by proposing a method of
measuring the extent of inter-connections in the residuals of large panel data sets in terms
of a single parameter. We refer to this as the exponent of cross-sectional dependence of the
residuals. We show that this exponent can be used to characterize the degree of sparsity of
correlation matrices, or the prevalence of factors in a multi-factor representations routinely
used in economic and financial analysis. We propose a simple consistent estimator of the cross-

18



sectional exponent and derive the rate at which it approaches its true value.

A detailed Monte Carlo study suggests that the proposed estimator has desirable small
sample properties especially when o > 3/4. We apply our measure to the widely analysed
Standard & Poor’s 500 data set. We find that for individual securities in S&P 500 index, the
10-year rolling estimates of cross-sectional exponents are sufficiently close to unity over the two
sub-periods 1989 — 1997 and 2011 — 2018, but not during the intervening period 1998 — 2010,
when markets have been subject to a number of financial turmoils, starting with the LTCM
crisis and Dotcom bubble, and ending with the credit crunch of 2007 —2008. These results carry
over when we consider the cross-sectional dependence of errors from the CAPM model and its
multi-factor extensions using Fama-French factors. Estimates of « based on the residuals from
the CAPM model lend support to CAPM during the sub-periods 1989 — 1997 and 2011 — 2018,
but not when we consider the period 1998 — 2010.
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Appendices

Appendix I: Statement of Lemmas

Lemma 1 Consider the panel data regression model (12) and suppose that Assumptions 1-4 hold. Then,
sup Pr (17 2251 — B (suznlQiia) | > VT (n,0)) < supPr (121 &atse — B (€0s5sl Qi) | > (1 = VT, (n,6))
2,] 7

+ exp (fCOTcl) ,

€it

or some Cy,C1 > 0, where z;; = ——St—
f 0,“1 ’ it (T*le;Miei)l/Q

Lemma 2 Let
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where zjp = ——Ct——. Under Assumptions 1-4,
(T eiM,yei)
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for any 0 < s < 1, and some Cy,Cy > 0, where § is defined below (23).

Lemma 3 Let

N
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Under Assumptions 1-4, and as long as N = o (exp(T')), inf; ; |[E(p;;)| > 0,
E (WJ{,T) =0 (exp (—C’oTcl)) ,
for some Co,Cy > 0, where § is defined below (23) and z;y = ——5t——75.
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Appendix II: Proofs of Lemmas

Proof of Lemma 1

Recall a; s = (a1, - ,ai,tT)/ = X;(X!.X;)"!x;;. Then, using (15),
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We focus on A4. As and A3 can be treated similarly. We have

T T
Z <Z a; tsgis> <Z Ajts! 5]3’) Z Z glsgjs/ Z A5 1505 ts!

t=1 \s=1 s'=1 s=1s'=1
T T T T T
g E fisgjs’ = E gisfjs + § fis § gjs’
s=1s'=1 s=1 s=1 s#s!,s'=1
Further,
T T T T T
E E gis&js’ § Qi tsAj ts’ = E gisfjs § Qi tslyj ts’
s=1s'=1 t=1 s=1 t=1
T T T
E gis § Sjs’ § Qi tsQjts' | -
s=1 s#s’,s'=1 t=1
Define
T
QT ij,ss" = T § Qi tsQj ts! -
t=1

By Assumption 2, supy; ; ¢ o a1ij,ss < K < 0o. Further, define

Elijs = &is&jsT 35,55/
and
§2,ijs = is T Z §js' | aT,ij,ss -
s#s!,s'=1
Then,

M=

T T T T
§ fisgjs § Qi tsj ts! + éis E fjs’ E Qi tsQjts’ | =
s=1 t=1 t=1

s=1 s#s’,s'=1

1 <A - 1 -
T ;51,13‘5 + Wi ; §2,ijs-

It can be easily seen that & ;s — F g},ijsmi,j’t) and &5 — F (gz,ijsmi,j,t) are martingale difference

series with finite variances, and that if p;; = 0 then E <§~17¢j5|Qi7j,t> =F (527ijs|Qiijt> = 0. Define ¢;;; =
E (2i42j1/€ j+). Then, using Lemma A3 of Chudik et al. (2018), it easily follows that

sup Pr (121 2251 = cijal > Ve (1.6)) < supPr (|21 € — B (6s6ols) | > (1 = mVTey (n,))
,] ]

+ exp (—COTcl) ,

for some Cy, Cy > 0.

Proof of Lemma 2
Note that W]Q,T can be written as

N
Wiy =N2Y"T1 ( T

i#]

d ¢p (1, 0)
1 D )
ZitZjt| > lpi; =0
; J \/T J
Since by assumption &;; and ;; are distributed independently when p;; = 0, it also follows that

E (zirzje Qg ) = B (&i&Ge | ) + B (Caeqje | ) + B (Eeie |ige) + E(qieqje |0 )
P 0’
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and hence {212+, j+}, is a zero mean martingale difference sequence, where Q; ;; = Q, ; UQ; ;. Then, we
note that z;;z;; is a normalised process since z; = W Then, noting Lemma 1, using Chudik et al.
Tree;

(2018), and, in particular, their Lemmas A3 (which provides a martingale difference exponential probability
inequality under (26)), A4 (which handles exponential probability tails for products of random variables) and

A9 (which handles the normalisation by ( —lef ez)l/ 2), we have for any 0 < 7 < 1, any bounded sequence,
dr > 0, and some Cy,C; > 0,

+exp (—CoT"). (38)

1—7)%¢, (n,0)”
T o) < ( p (7,
sup Pr (|Zt:12n2]t| > VTe, (n,6) |ps 0) = eXp 2(1 + dr)

2¥)

Note that (hg) < 1, but can be made arbitrarily close to 1, and that, by Lemma A2 of Chudik et al. (2018),

exp [ (n 6)} O (n_%‘s). Then, for any 0 < s < 1, and some Cy, C7 > 0,
sup Pr (I 2ol > VT, (1.6) Ipi = 0) = O(n™ )40 (exp (~CoT™)) = O(N~2)+0 (exp (~CoT™)) .
i.J

Then,for some some Cy,C; >0, any 0 < »c < 1, and if N = O (Td)

T
E(WY,) = N~2 ZPr ( T3 iz > C”%‘;) lpij = o) ~0 (N2<1*a*”5>) ) (N2<1*a> exp (—00T01)> —
i#] t=1

0 (T“(l*a*”‘”) +0 (exp [2d(1 — a) In(T) — CoT]).

Proof of Lemma 3

We need to derive hy 7 in

E ZitZjt

T
Prl

t=1

<VTc, (n,6) |pi; # 01 =0 (hnr).

Let ¢ijr = E (242t ;,+), and note the inequality
Pr(| X +B|<C) <Pr(|X|>[B|-0),

where X is a random variable, B and C are constants, and |B| > C' > 0. Then, for some 0 < 7 < 1

e

— cijt) + Cije — B (cije) + E (cija)| < VTep (10,6) |pi; # 0]

T T
< Pr Z (zitzjt — Cijit) + Cijie — E (cije)| > ZE(Cij,t) —VTe, (n,d) |pij # 0] <
=1 t=1
T T
<Pr| > (zazje — cija)| > L =7) | |> Elcije)| — VTep (n,6)| |pij # 0 (39)
=1 =1

T

E Cz] t

=1

E (C’i] t

T
T
t=1

But, by (28), (40) is bounded by exp (—CoT“") for some Cy,Cy > 0. We consider

~ VT, (n,5)] |pij # 01 (40)

l Z zitzjr — Cij)| > (1 —m) ZE ciji)| — VTe, (n,5)] lpij # 0]
But, by (20) of Assumption 1, imy 700 % = 0. Therefore, using again Lemma 1 and (38) of Lemma
t=1 \Cij,t
2, we have
T T
sup Pr Z (zitzjt — cije)| > (1 —m) Z (Cije)| — —VTe, (n, 6)] |pij # O] <exp(—CT),
s t=1 t=1

for some C > 0, proving the result.
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Appendix III: Proof of Theorem 1

We prove that & converges to a under our assumptions of exogenous regressors and symmetrically distributed
errors. We first note that

In (TNeaT N2o¢) 1 In (‘r](féa‘r)
In N 2 N

1
2
(lnN)(o?—a):%ln (T Av 1+1> (41)

+ a,

and

AT
N2a

2(InN) (6 — o) = ~1+0

Further

ol cp(n,d)
—2a ! —2« ~ p\"™
AT* I il > s
.%é. (|PJ| T >
i#]
and

N
« —2c N C(TL,(S)
oA 1= 8 Y (lol > 2 s o) (12)

i#]
N
_ . cp(n, o
N 2azl(|/’ij| > pl7.9) |pij 7’50) —1
i#] VT
=Wxr+Wxr+0 (N'73).

We now have

N
N72NT <|ﬁij| > CPE;%(S) |pij # 0) -

i#]

—2a o [e% @ G N’(S
= N"2¢(N?** _N%)—-1-N 2ZI<1j|g'J(\f)|pij7éo)
i#] T

- 2021(| il <2 f |U¢o>

i#]

Hence,

9)
N—*r IAT—I—N2a§ I(l ol i-:0>—
Py |]| \/T |pJ

N
,0
31 (1ol < 20 oy 20) -

i#j

which we write more compactly as
T2 AT — 1= Why — Why + 0, (N7%),

where

Wor =N MZI(m 20 1y =0,

i#]

Wiy =N Q“Zf<m|_ 0015, 0).

i#]
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It is worth noting that E |W3,| = E (W3;), and E ‘WJ{,T’ =F (WJ{,T), and hence,
E|N“2rAr —1| < BE(WRy) + E (Whr) +0 (N) +0 (N2,

Lemmas 2-3 provide bounds for E (W%;) and E (VNVI{,T) proving the result.
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This online supplement provides additional Monte Carlo and empirical results.

Appendix A

Additional Monte Carlo results

The Monte Carlo results provided in the tables below are based on the designs set out in Section
6 of the paper.
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Appendix B

Additional Empirical results

The figures below provide the estimates displayed in Figures 1 and 2 but using the shorter
5-year rolling samples.

Figure 3: 5-year rolling estimates of the exponent of cross-sectional correlation (&;) of S&P 500

securities’ excess returns
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Figure 4: 5-year rolling estimates of the exponent of cross-sectional correlation (&;) of residuals

from CAPM and its two Fama-French extensions
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====S5-year rolling estimates of a (&, with =1/2) for the residuals of the CAPM model

5-year rolling estimates of o (&, with =1/2) for the residuals of the CAPM model augmented by the SMB factor

5-year rolling estimates of o (&, with =1/2) for the residuals of the CAPM model augmented by SMB and HML factors

Notes: CAPM model includes excess market returns, CAPM model augmented by SMB includes
excess market returns and small minus big (SMB) firm returns, and CAPM model augmented by
SMB and HML includes excess market returns, small minus big (SMB) firm returns and high minus

low (HML) firm returns as regressors in (35), (36) and (37), respectively.
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