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Abstract

Exact collinearity between regressors makes their individual coefficients not identified. But,
given an informative prior, their Bayesian posterior means are well defined. Just as exact
collinearity causes non-identification of the parameters, high collinearity can be viewed as
weak identification of the parameters, which is represented, in line with the weak instrument
literature, by the correlation matrix being of full rank for a finite sample size T', but converging
to a rank deficient matrix as T' goes to infinity. This paper examines the asymptotic behaviour
of the posterior mean and precision of the parameters of a linear regression model for both
cases of exactly and highly collinear regressors. It shows that in both cases the posterior
mean remains sensitive to the choice of prior means even if the sample size is sufficiently large,
and that the posterior precision rises at a slower rate than the sample size. In the highly
collinear case, the posterior means converge to normally distributed random variables whose
mean and variance depend on the priors. A new recursively computed diagnostic statistic is
proposed for detection of estimates that are subject to the high collinearity problem. Monte
Carlo evidence is also provided to shed light on the small sample properties of the posterior
means and precisions under different degrees of collinearity. The use of the diagnostic statistic
is illustrated in an empirical application which estimates the effect of dividend yield on excess
returns using Shiller’s monthly data over the period 1872-2017.
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1 Introduction

This paper presents a Bayesian analysis of the multicollinearity problem for linear regression
models with highly collinear regressors. Multicollinearity is an old problem in time series analysis
where the regressors tend to be highly persistent. For example, Spanos and McGuirk (2002, 365-
6) note that although high degree of collinearity amongst the regressors is one of the recurring
themes in empirical time series research, the manifestation of the problem seems unclear; there
is no generally accepted way to detect it; and there is no generally accepted way to deal with it.
Pesaran (2015, Section 3.11) discusses the multicollinearity problem and shows that in the case
of highly collinear regressors the outcomes of individual t-tests and associated joint F-tests could
be in conflict, with statistically insignificant outcomes for the individual t-test and a statistically
significant outcome for the joint test. The term "multicollinearity" originates with Ragnar Frisch
(1934) as a contraction of his phrase multiple collinearity which refers to a situation in which
several linear relationships hold between variables and the meaning subsequently changed to
linear dependence between regressors.

The adverse effects of multicollinearity on the precision with which the parameters are esti-
mated can be reduced by the use of extra information, should it be available. The extra infor-
mation can take the form of either more data or prior information. The prior information may
be exact, for instance that a coefficient is zero or takes a particular value, or probabilistic, as
in the Bayesian approach we focus on. The properties of Bayesian procedures are of particular
interest, both because suggested solutions such as shrinkage estimators and ridge regression can
be interpreted in Bayesian terms and because, as Leamer (1978) notes, Bayesian estimators can be
interpreted in terms of pooling two samples of data as Tobin (1950) did by combining cross-section
and time-series data. Poirier (1998) provides a Bayesian treatment of nonidentified models.

One can distinguish three cases. First, when there is exact collinearity between regressors, their
individual coefficients are not identified, but given an informative prior their Bayesian posterior
means are well defined. Second, when there is multicollinearity in that the correlation matrix
between regressors may be ill-conditioned in small samples, but has full rank for all 7', including
the case where T' — oo. Here a Bayesian approach can compensate for the ill conditioned
correlation matrix in small samples, but the posterior means converge to the true values in large
samples, so for large samples there is little to choose between Bayesian and frequentist approaches.
We consider the Bayesian analysis of a third, intermediate, case where the correlation matrix is
of full rank for a finite T', but converges to a rank deficient matrix as 7" goes to infinity. So in
the case of two regressors the correlation between them tends to +1 as T — co. We call this the
highly collinear case. Just as exact collinearity causes non-identification of the parameters, high
collinearity can be viewed as weak identification of the parameters. This characterisation of the
highly collinear case is in line with the notion of weak instruments and weak identification in the
generalized method of moments, GMM, literature where the correlation of the instruments and

the target variable is allowed to tend to zero with the sample size. See, for example, the survey



by Stock, Wright, and Yogo (2002).

This representation allows us to examine the extent to which the Bayesian analysis is robust to
the choice of prior. We analyse the asymptotic behaviour of the posterior mean and precision of the
parameters of a linear regression model for exactly and highly collinear regressors, corresponding
to the non-identified and weakly identified cases. Whereas in the identified case the posterior mean
tends to its true value, in both the exactly collinear and highly collinear cases the posterior mean
continues to depend on the priors even if T' — oco. Also, posterior precisions of non-identified or
weakly identified coefficients increase at rates slower than 7', in contrast to the posterior precisions
of identified coefficients that rise linearly with 7". In the highly collinear case, the posterior means
converge to normally distributed random variables whose mean and variance depend on the priors
for coefficients and precision. The distribution degenerates to fixed points in the polar cases of
either exact collinearity or strong identification. This analysis also suggests a new diagnostic
statistic for the detection of high collinearity. This is based on a recursively computed estimate
of the signal to noise ratio associated with a particular parameter estimate of interest. In the
absence of perfect or high collinearity, this ratio must grow linearly with the sample size. We
propose detecting high collinearity if this recursively estimated ratio does not rise in line with the
sample size.

Our analysis is related to Poirier (1998), Koop et al. (2013), Baumeister and Hamilton (2015),
and Basturk et al. (2017); all of which consider Bayesian analysis of unidentified or weakly
identified models. The focus in Koop et al. (2013) was on the behaviour of the posterior precision
of the coefficient when the parameter was not identified or only weakly identified, here the focus
will also be on the behaviour of the posterior mean.

Phillips (2016) provides a frequentist analysis of a similar case of near singular regressions for
both least squares and instrumental variable estimators, and shows that in the case of asymptot-
ically collinear regressors the estimators will be inconsistent and converge to random variables.
We obtain similar asymptotic results for the Bayesian case.!

Many Bayesians emphasise finite T rather than asymptotic analysis. But we believe our
asymptotic analysis is also relevant from a finite T perspective, since it addresses how data
updates (changes in T") affect the posterior means and precisions. In the unidentified and weakly
identified cases our analysis suggests that the posteriors remain dependent on the choice of the
priors; and that this dependence that does not diminish with successive Bayesian updates. It also
follows that posterior mean of a weakly identified parameter (although well-defined for a finite
T), will be much more sensitive to the choice of the priors as compared to the posterior mean
of a strongly identified parameter. We demonstrate the properties of the posterior mean and
precision for different degrees of collinearity between the regressors with a number of Monte Carlo
experiments which show how the asymptotic results operate in finite samples.

The rest of the paper is organized as follows: Section 2 considers the exactly collinear case,

!Cheng et al. (2017) comment that there is little discussion on the large sample behaviour of the posterior mean
and examine asymptotic properties of posterior means obtained from simulations.



where the parameters are not identified, to illustrate the influence of the priors on the poste-
rior means and precisions as T — o0o. Section 3 considers the highly collinear case, where the
parameters are weakly identified. The strength of identification can be measured in terms of a
signal to noise ratio, and Section 4 discusses the use of a recursively estimated version of this
ratio as a diagnostic indicator of high collinearity. Section 5 contains the Monte Carlo analysis.
Section 6 uses the empirical relationship between stock returns and dividend yields to illustrate

the application of this diagnostic. Section 7 contains some concluding comments.

2 Exactly collinear regressors

This section examines the properties of the posterior means and precisions in the exactly collinear

case as a benchmark for the highly collinear case. Consider the linear regression model
y=X60+u

where y is a T x 1 vector of observations on the dependent variable, X is a T" X k matrix of
observations on the k regressors, @ = (61,603, ...0x)’, a k x 1 vector of unknown parameters, and u
is a T x 1 vector of errors distributed independently of X as N(0,02Ir). An element of 8, say
0; is the parameter of interest and to simplify the exposition below we often assume that o2 is
known.?

The least squares estimator is given by
6= (X'X) X'y

when (X'X) is non-singular. When (X’X) is rank deficient it may still be possible to estimate
linear functions of @, say 3 = b'0, where b is a k x 1 vector that characterises the exact linear
relationships among the regressors.

However, even with exact collinearity, the Bayesian posterior distribution of 6 is well defined.
Suppose that the prior distribution of 8 is N(6,H '), where H, the prior precision matrix of 8, is
a symmetric positive semi-definite matrix. Then based on a sample of T' observations and known

o2 the posterior mean of @ is given by
O = (0 2T 'X'X + T'H) ' (02T ' X'y + T"'H 9). (1)

This result can also be used to derive the Ridge Regression estimates of 8, often used to deal with
the multicollinearity problem, by setting 8 = 0, and H = 1/02, where ¢? is the prior value of o2.

For this choice of priors, @7 reduces to the Ridge estimator 5,{ defined by
0, = (X'X + rI;) ' X'y,

where k = 02 /a2 is the ridge of the shrinkage parameter that determines the extent to which X'X
is shrunk towards the identity matrix. The smaller the value of g2 relative to o2, the greater the

shrinkage of X'X towards the identity matrix.

2Since o2 does not appear in the expressions for the main results, this is not a strong assumption.



The covariance matrix of the posterior distribution of 8, denoted by V, is given by
V= (c2XX+H) ", (2)

The posterior precision of 6;, which we denote by hj;, is given by the inverse of the i** diagonal
element of V.3

When T-1X’X is non-singular for all T > k, then @7 converges in probability to 6°, as
T — oo, where 0 is the true value of . But when there are exact linear dependencies amongst
the regressors and X is rank deficient, the posterior mean remains well defined for finite T since
(o 2T 'X'X + T‘lI_{)_1 exists even if (X'X) " does not. We consider below what happens to
the posterior means (and precisions) as T' — oo.

To simplify the exposition we consider the relatively simple case where k = 2 and the regression
model is given by

yr = 01214 + Ooxor + uy, ug ~ IIDN(0,0?), (3)

where the y; and the regressors are measured as deviations from their means, and where 8 =
(01,02)" are the parameters of interest.
Suppose that there is exact collinearity of the form xo; = ¢xq; for all ¢, and ¢ is a known

non-zero constant. In this case

T7X'X = s%/ﬁ(z,/ﬁg, T X'y = 32TBTn¢ (4)
T T

where B = syT/SQT, SyT = T_lzytaslt, s2 = T_lzx%t > 0, for all T, and kg = (1, ¢). Also
t=1 t=1

note that the estimable function is
Br —p B =07 + ¢ 69. (5)

In the case where x1; and xo; are perfectly correlated, 9[1) and 93 are not unique but defined by all

values of #; and 65 that lie on the line 8 = 61 + ¢ 69, for all values g € R.

2.1 Posterior means in the exactly collinear case

We consider the limiting properties of the posterior means in the two regressor case, (3). Using

(4) in (1) and after some algebra we have
_ _ 1/ _
Or = ("’fd)/i;s +T 1A) <5TI<:¢ +T 1b> ,

where

3We consider conjugate priors, which are widely used in a regression context, such as Bayesian VARs. This
enables us to obtain analytical results and not have to resort to numerical methods.



Therefore, R
/BT (a22 - ¢a12) + ¢ ((Z)b1 — 52) + 71 (b1a22 — b2a12)
a11¢? — 2¢a12 + agy + T~ (a11a2 — aiy)

By 1 = by — ¢b1 — Br (a12 — daxr) + T (baars — brarn) )
’ a11¢? — 2¢a1a + aga + T~ (ar1a22 — aiy)

These are exact results, but to investigate the probability limits of the posterior means we only
4

, (6)

17 =

need to consider the first order terms.

- hy;¢% — ¢hyy) (¢hgy — ¢hyy) _
017 =0+ (byy 0, — 09) — 0, —03) +0,(T7Y), (8
BT T R 102 — 20y, + by (61 =) hy1¢? — 2¢hy5 + hyy (62 = 02) pT7) 8
and
_ h,; —h hoo — Oh
Bo = 98 _ (¢hy; —hyo) (Q1 . 0(1)) i (hggy — ¢hyy) (Q2 B 93) n Op(T_l), 9)

hy;¢? — 2¢h 5 + hoy hy1$? — 2¢hyy + hyy

In the case where his = 0, the results simplify to

¢2h11

) h
i 0 — 00 4+ —r == (9, — 00 - ¢_22 0 90 ’
pTLI)I;O ( 1,T) 1 h11§b2 + h22 (71 1) h11¢2 =+ h22 (72 2)
. a Phy, 0 B2 5
pTl_lgo( 2,T) 2 h11¢2 + hyy (71 1) + h11¢2 + hoo (72 2)

which are not equal to their true values and highlight the role of the prior means and precisions
of both coefficients in the determination of the asymptotic posterior means. In the case where the

prior precisions are set to be the same across the parameters and hijs = 0, (often done in practice)

we have
p lim (51 T) =07 + i (91 - 9(1)) S (02 - 98) (10)
T 00 ) 1+¢2 = 1+¢2 = ’
. A 1
p i (Bor) =08 = 2 (0~ ) + 1 (02— 08). (1)

and the limit of posterior means do not depend on the prior precisions, but do depend on both

prior means, even asymptotically.

2.2 Posterior precisions in the exactly collinear case

Using (2) and noting that z9; = ¢x1;, we have

T +hy  TH¢+h, \
T8¢ +hiy T55 + ¢’hyy

_ 1 < T3 + ¢*hyy  —T55¢ — hyy >
(T2 + hy,) (T8 + ¢hyy) — (T526 +hyp)° \ ~T57¢ —hiy  Ts+hy )7

V = (T2np, + H) ' = <

where §2T = 32T /2. The posterior precison of #; is given by the inverse of the first element of V,

namel

Y =2 =2 2 =2 2

(T'5% +hyy) (T57 + ¢*hyy) — (550 + hyy)
T5% + ¢*hyy ’

hir =

4The derivations are given in Appendix Al.



which gives the following result for the average precision of 6,
17 - _ - _ - _ 1/, _
T 'hiy = (87 + T 'hyy) — (687 + T 'hya) (9757 + T 'hyy) (437 + T 'hyy)

and after some algebra yields

(hop/5%) 4 (hy1/5%)6% + (hy1/37)T " (hop/57) — 200y, /57 — T (h21/§2T)2
¢? + T (hyy/57) '

T hy =T '5% {

It now readily follows that lim7_,., 7"'hi; = 0, namely for any choice of priors and finite values
of §2., the average precision of #; will tend to zero when the regressors are exactly collinear. This
result contrasts to the identified case where the average precision tends to a non-zero constant.
It is also instructive to consider the special case when the priors of 61 and 6y are independent,

namely hio = hy; = 0. In this case the above expression simplifies to

fiyy = hgy 4+ ¢?hyy + T Thy hyy /57,
¢? + T (hyy/5%)

Hence, the posterior precision (h11) of the unidentified parameter, 6, differs from its prior preci-
sion (hyy) for all T, and as T' — oo, even though 6; and 3 are assumed to be a priori independent.

Also, for T sufficiently large we have
lim hyy = hyy + ¢ *hyy,
T—o0

which shows that the posterior precision is bounded in 7T, in contrast to the posterior precision
of an identified parameter that rises linearly with T'.

The extent to which the posterior precision deviates from the prior precision is determined
by haa/¢?. It is also worth noting, however, that as T increases the posterior precision declines.
This could be viewed as an indication that 6 is not identified. In the case where a parameter
is identified we would expect the posterior precision to rise with T" and eventually dominate the

prior precision.

3 Highly collinear regressors

In practice, the case of exactly collinear regressors is only of pedagogical interest. In this section
we investigate the role of the priors in regression analysis when the regressors are highly collinear
and are expected to remain so even if we consider larger data sets. Following the literature on
weak identification, we define the highly collinear case as being where the correlation matrix is
full rank for a finite 7', but tends to a rank deficient matrix as T' — oo. Thus we model the

collinearity of the regressors in (3) by

1)
Ty = GpT1y + —=1y, (12)

VT



where v, is a stationary process with zero means, distributed independently of x1; and u; such
that

T
Svv, T = Til ZUE —p 01217 ST =T Zwlt —p Jl? (13)
t=1
T
T7125:23  mywe —a N(0,02), T2 Z uvy —q N(0,0%02). (14)
t=1 t=1

The coefficient d7 in (12) controls the degree of collinearity between the two regressors. It is clear
that the correlation between x1; and x9; is not perfect when T is finite, but when 7 is constant,

it tends to unity as 7' — oco. More specifically, denoting the correlation coefficient of x1; and xo;

b+ 2z (T*I/ Zt 1I1tvt)

st
\/¢2+2¢ -1z Zt 1x1tvt>+§(8?§:7ﬂ>
which in view of (13) and (14) yields

= (i) [+ (7)) o)

In finite samples pr could take any value over the range (—1, 1), but tends to £1, as 7' — oo. It

by pr, we have

tends to 1 if ¢ > 0, and to —1 if ¢ < 0. The above result can also be written equivalently as

=140, ().

There is a one-to-one relationship between the degree of correlation of x1; and z9; and the
degree of identifiability of 61 and 5. The different cases can be characterized in terms of §7. In
the perfectly collinear case ér = 0, for all T, and in the highly collinear case of weak identification
7 is bounded in T. Strong identification requires 67 = ©(T') where ©(T') denotes that §% rises
at the same rate as T, such that p2T < 1, for all values of T, including as T' — c0.?

As noted above, this formulation is akin to the treatment of weak identification employed
in the GMM literature. Where we have p2T — 1, as T — oo, in that literature a reduced form
coefficient goes to zero as T — oo. For instance, Staiger and Stock (1997) consider the case of
a single right hand side endogenous variable with reduced form coefficient 7 and introduce weak
instrument asymptotics as a local to zero alternative of the form © = §/v/T, where § is a constant
and T is the sample size. In a specification that is even more similar to ours, Sanderson and
Windmeijer (2016) examine the case where there are two right hand side endogenous variables

and consider weak instrument asymptotics local to a rank reduction of one of the form

T, = QM + (16)

o
/T’
’The notation f = O(T) differs from the standard big O notation, f = O(T). The latter provides an upper

bound on the expansion rate of the function in terms of 7', whilst the former refers to the exact rate at which the
function rises with 7.




where 71 and 7o are vectors of parameters in the two reduced form equations, ¢ is a vector
of constants and T is the sample size. Where (16) has the relation between the reduced form
parameters a deterministic functions of the sample size, (12) postulates a stochastic relation
between the regressors such that their correlation coefficient, pr, tends to unity at the rate of

or/ VT, which corresponds to the local parameterization used in the weak instrument literature.

3.1 Posterior mean in the highly collinear case

The posterior mean of 61, namely 0; r, is derived in Appendix A2 and is given by (33)

¢ (hy;¢ — hyy) (8, — 6) — ¢ (hyy — ¢hy)
Moty'Hy Y AL+ y'Hy

BpAr —1/2 4 vy -1/2
_ ()\%er,}_w) (T tzlw +Op(T )

where ¥ = (¢, —1), H = (hij), and M2 = 0202 /02 is a signal-noise ratio that provides a summary

él,T = (9(1] + (QQ - 98)

measure of the relative importance of the collinearity for the analysis of the posterior mean. The
above result generalizes equation (8), derived for the exactly collinear case, and reduces to it when
or = 0.

Denoting the limit of 07 as T'— oo, by 4, (which could be 0 or co), then the posterior mean

tends to a normal distribution that depends on prior means and precisions. More specifically we

have
gl,T —d N (:U’vw2) , as T — 00,
where 6 (b6 — hyy) (hyy — hy)
_ 20 D11 — Dy 0y @ (hgy —ohyy 0
=0y + 2 + O Hy (Ql 91) N + o HY (Q2 92),
and

PENCOR
(A2 + ¢/ Hy)*
The frequentist results in Phillips (2016, Theorem 1) match the above result that the posterior
means do not converge to their true values and are normally distributed random variables, and
show the similarity between classical and Bayesian approaches for weakly identified cases.

The nature of the limiting property of the posterior mean, §17T, critically depends on the
2

+, measures the extent to which

(population) signal-to-noise ratio A2 = 62062 /02, The signal, §%c
x1¢ and x9; have "independent" variation in the regression of xz9; on x4, (12), while o2 is the
measure of the noise in the regression. As will be discussed below this provides a measure of the
strength of identification. The distribution of f; 7 degenerates to a fixed value only under the
two polar cases of exact collinearity and strong identification. In the case of exact collinearity
§ = A =0, and we have w? = 0, and y is the limit (as T — o) of the posterior mean of ; in
the exactly collinear case discussed in Section 2.1. In the case where the parameters are strongly

identified, 62 = ©(T'), such that §2./T — ¢ > 0, then w? — 0, and pu — 9.



3.2 Posterior precision in the highly collinear case

Turning to posterior precisions, using (2) we have

V=T ¢ " hyy hyy + 67 (TY2s15,7/0%)
¢ ¢2 h12 + 5T (Tl/QSh,’T/O'Q) h22 + )\%LT + 2¢5T (T1/281U’T/0'2) ’
(17)

2 2.2
where as before 57, = s7./0°, and

T T

1 -1 2 42 2 2

st =T E T1tVt, Spu,r = T E Uts )‘21,T =07 (va,T/U )
t=1

The posterior precision of 6y is given by the inverse of the first element of V. The derivations are

given in Appendix A3, where it is shown that,

57 (hy16% + A% — 2¢hyy + hy,) —T %327 + 2x7 (hy ¢ — hyp) T Lap
255 + 2xr T tor + T lhoy + T1N2  ¢25% + 2xpdT 12 + T 1hyy + T—1NZ
+hy TA% 4+ T hy hyy — T 'hi,
(1)25%« + 2XT¢)T_1ZT + T_1h22 + T—l)\%_"

hiir =

(18)
where x1 = 070,04, /02,

T1/2

o= ol *1/22 TUT L, N(0, 1),
Oz,0vp Uacl Oy

Hence, for a finite T" the posterior precision of 1 is a nonlinear function of the random variable

zr, and itself is also a random variable. The limiting properties of ﬁan, crucially depends on the

limiting properties of dr (see (12)) as T' — oo. In the highly collinear case, 7 is bounded in T’

and we have

(A2 +hy1¢* — 20h15 + hyy) A2+ /Hy
¢? a >

where as before \? = §202 /0% = plim7_, oo 6% (SM,’T/OQ). Similarly,

p lim hyyp =
T—o0 ’

PTIEI;O hoar = A2 4 ¢%hy) — 20h)y + hyy = A% + ' Hep.

Hence, in the highly collinear case (where ; and 6 are weakly identified), the posterior precision
tends to a finite limit, which is qualitatively the same conclusion obtained for the exactly collinear
case. Finally, in the strongly identified case, where 5% /T — ¢ > 0, then limp_, (T _1)\%) =
202 /o2, and using this results in (18) we have
limy oo (T71A%)

202 [o? + im0 (T*l)\QT
_ 262 /0? _ c2o?

202 [o% + 2o2/o? P02 + P02

pTlim T hir =
— 00

> 0.

Also using (12) it follows that ¢2U + 202 = 02, and hence in the strongly identified case

)

pTlgr;oT‘lﬁu,T =1-p%



where p is the population correlation coeflicient between z1; and x9;. Therefore, as to be expected,
in contrast to the highly collinear case, the posterior precision of strongly identified coefficients
rise with 7" such that the average precision, T‘lﬁH,T, tends to a strictly positive constant. Also,
as to be expected, the posterior precision does not depend on the priors when T is sufficiently
large and the regression coeflicients are strongly identified.

Finally, it is worth noting that the limiting property of the average precision is qualitatively
the same irrespective of whether the parameters are not identified (the exactly collinear case) or
weakly identified (the highly collinear case). In both cases the average precision tends to zero with
T, although the rates at which this occurs does depend on whether the underlying parameter is
weakly identified or not identified. This common feature does not extend to the posterior mean,

whose limiting properties differ between the weakly identified and not identified cases.

4 Diagnostics for collinearity

As noted above, for large T' the strength of identification is measured by the signal-to-noise ratio

A2 = 6202 /0%, The numerator, 6202, can be estimated from the OLS residuals of the regression

of xg; on xy, corresponding to (12), namely

_ Z 2
6202 = Z (9:275 — (Z):L“lt) .

t=1

2

The denominator, ¢, can be estimated consistently from the regression of y; on x1; and xo;, even

if £1; and x9; are perfectly correlated.® A consistent estimator’ of )\% is now given by:

2
— T n
5202 > i1 <£L“2t - ¢$1t)

12
M= e . - - 5 (19)
Ty, <yt — Oz — 92$2t>
This collinearity diagnostic can also be written equivalently as
<o T63
2 2:1

where 6%:1 is the estimator of the error variance of the regression of zo; on z1;, and &2 is the
estimator of the error variance of the regression model. This will be zero in the case of exact
collinearity.

We first consider the possibility of testing for weak identification and show that it is not feasible
because of the presence of a nuisance parameter. The null hypothesis of weak identification of 6y
or 05, can be written as

Ho : 5% = 62,
where c¢ is a positive constant. The alternative hypothesis of strong identification is defined by

Hy: 6% =0(T).

8See Section 3.12 of Pesaran (2015).
"In small samples one might want to make a degrees of freedom adjustment.

10



Using (12), under the null hypothesis (and noting that all variables are measured as deviations

from their means) we have

/
~ A\ M1V
763, = xbMyxy = 2 <> )

T

(6203> (V,Mlv)
2 2
2 o Toz
N =

u/Mu K
To?

where v = (’Ul, V2, vuny ’UT)I, u= (ul, U,y vuvy UT)I, M= IT—Xl(X’le)*le, M = IT—X(X’X)*lX,
X1 = (17,%x1), X = (Tp,X1,%X2), and 77 is a T x 1 vector of ones. For T large and by the Slutsky

o ,M1V
32 a2 (Y
T TO'% )

and hence

Theorem

2
v

where \2 = (C2U

= ), and S\QT —p A2. Consider now the standardized test statistic

T M2
(T—Q/\g_ )] (21)

and suppose that v; is ITDN(0,02). Then, since M; is an idempotent matrix of rank T — 2, we

have
A OVMIY — (T —2) S (€ —1)/V2
T 2(T - 2) B T-2)

where £? are I1D(1,2). Hence, under Hy, AL —4 N(0,1). An asymptotically equivalent version

of Al is
A T (22
r=\3 |3~ —4 N(0,1), under Hp and as T' — oo. (22)

In practice, the implementation of the test is complicated by the fact that Ar depends on the
nuisance constant A2. The test could only be implemented if one had a prior view about the value
of A

Given that testing is not feasible because of the dependence of A7 on A%, an alternative
strategy would be to use 5\2T as an indicator of high collinearity, with low values interpreted as
evidence of weak identification of 61 (or #2). Under exact collinearity, 5\2T = 0, and it might be
expected to be close to zero in the highly collinear case. If identification is strong we would expect
5\2T to rise with 7. But if identification is weak, in the sense defined above, we would not expect
5\% to rise with T'. Accordingly, collinearity is likely to be a problem if 5\2T is small and does not
increase much as 7T increases. This suggests estimating A2 recursively using expanding observation
windows starting with the first Ty observations and then plotting 5\%, for =Ty, T+ 1,...., T
and check the rate at which A2 rises with 7. Equivalently one could consider whether 7*15\?7 was
constant as 7 increased.

A scaled version of the high collinearity diagnostic statistic, 5\2T, is also related to the R? rule

of thumb due to Klein (1962, p101) that considers multicollinearity is likely to be a problem if
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2 2
Riy > R,

multiple correlation coefficient of the regression model, since.
Var(y) 2 =7 1 - RY
Var(z1) ) T 1-R2 )

The above results and the diagnostic given by (20) generalize to regression models with more

where R}, (= R3;) is the squared correlation coefficient of x1; and zg;, and R is the

than two regressors. In the case of a linear regression model with k regressors (not counting the
intercept) the high collinearity diagnostic statistic for the i*" regressors is given by
A2, = 7;‘7;2 for i =1,2,...,k, (23)
where &? is the estimator of the error variance of the regression of the i** regressor on the
remaining regressors, and 62 is the estimator of the underlying regression model. Once again
expanding window estimates of T_15\?T can provide useful indication of the weak identification
of the " coefficient in the regression model. There would be a collinearity problem if 5\227 for
7="Ty,To+1,....,T do not exhibit an upward trend as the window size is increased. The relative
size of this measure for different regressors also indicates their relative sensitivity to collinearity.
In cases where T is short one could follow Koop et al. (2013) consider estimates of T' _1;\?1
using bootstrapped samples generated using the regression model and the marginal regressions of

x;; on the remaining regressors.

5 Monte Carlo Analysis

We conduct a number of Monte Carlo experiments to investigate the extent to which our as-
ymptotic theoretical results apply in finite samples. We consider a regression with two serially
correlated and multicollinear regressors x1; and xo;. Given the Monte Carlo design and parameter
values chosen for d7, that controls the correlation between the regressors, we consider how the

posterior means and precisions of the regression coefficients evolve as T' increases.

5.1 Design

For replications r = 1,2, ..., 2000, we generate x1; as

T = YT1-1+ V1%, e~ IIDN(0,1),

for t = —49,-48,...,0,1,2,..T, with 1 _50 = 0. We drop the first 50 observations to reduce the
impact of the initial observation on x1; and use z14, t = 1,2, ..., T in the simulations. Uncondi-

tionally z1; ~ N(0,1). We generate xo; as

0
Tor = PT1 + <\/TT> v, vg ~ ITDN(0,1),

so that oy ~ N (0, ¢? + T_lé%), and Cov (r14, z2t) = ¢. We also note that xo; follows a first order
moving average process which reduces to an AR(1) process under the highly collinear case where

T_lé% — 0. We generate y; as

12



Yt = 01£E1t + 02£C2t + U, Up ~ IIDN(O, 1).

We fix v =0.9; 61 = 03 = 1, ¢ = 2 and consider the following values of dp:

or = 0: exactly collinear,
0r =1 and 5 : highly collinear,
67 = T? : not highly collinear.

The priors for means and variances are set as
_ (G _ (0
o= (a)-(5)
_ (b hp_ (10
a=( g 5 )= (0 )

For each o7 and for each replication we compute equations (1) and (2) above, repeated here

for convenience:

( ng ) =0r = (02 T7IX'X + T7'H) ' (07T X'y + TT'H 0), (24)
oT
and
V=(2XX+H)". (25)
where
X 1, Loy
Tx2 \Tx1 Txl1
and
11 21
X192 22
Ir1 = , L2 = )
1T roT

As in the theoretical derivations we treat o2 as known and set 02 = 1 when calculating (24) and
(25).
5.2 Expected results

In the case where high collinearity is not a problem, dp = T2,
E(z},) =1and E(z3) =1+ ¢*, Cov(zi,z2) = ¢,

which gives the following population value for the correlation coefficient between x1; and xo; :

¢
(T
2

T

if 67 = T2,

13



Also note that in this case

P lim T_lfl,lLT =1- p2.

T—o0
For the exactly collinear case where § = 0, and setting prior precisions to be the same across

parameters and hjo = 0, using (10) and (11), we obtain:

N 2
P jim, () =0+ 755 (0= h) — 5 (= 8)
o ¢ 1
pfim (Oor) = 0 — =25 (01 = 00) + 755 (62— 03)

For our choices of priors: §; = 0, = 0, 80 = 09 = 1 and setting ¢ = 2, we have

2
o ¢ __1¥e 3 (26)

PTII_I)I;O (617) =1

1462 14¢2 1+¢2 5
N ¢ 1 ¢ge+1) 6
p:rlgﬁo(GZ’T)_1+1+¢2_1+¢2_ T E 5 (27)

In the strongly identified case where there is not a high collinearity problem and 67 = T"/2,
the regressors are still quite highly correlated for this value of ¢, and the population value for the
squared correlation coefficient between x1; and xo; is

¢* 4

2 _ _2
PT=iy¢ "5

In addition, for this case since 02 =1 :

~x_ (1 ¢
xx=( 1 L)

V(@)= (XX) " = < ¢i§1 ¢ )

Precision is the inverse of the diagonal elements of the variance covariance matrix so asymptotically

. _13 1
pTlgI;oT 1h117T = 1/(1 + ¢2) = g (28)
pTlim T_1]_7,22’T =1 (29)

5.3 Results

We first consider the distribution of the posterior means for 7' = 1000. Figure 1, shows the
simulated distribution of the posterior mean in the exactly collinear case where § = 0. The
distribution is tightly clustered around the values of éLT = 0.6 and §27T = 1.2, as predicted by
(26) and (27). The fact that the posteriors differ from the priors may be taken to indicate that
"learning" is taking place about the true values, but this is not the case. The posterior means
(i.e. 0.6 and 1.2) are determined by the priors and ¢, and do not tend to the true values of 6;

and 05 even as T — oo.
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Sirrulated distribution of the posterior mean of 6, forT=1000, &0

0
0575 058 0585 059 0595 06 0605 061 0615 062 0625

Sinulated distribution of the posterior mean of

6, for T=1000, =0

15 116 117 118 119 12 121 122 123 124 125

Fig. 1: Distribution posterior means, exactly collinear, T=1000.

Figure 2 shows the distribution of the posterior mean for a highly collinear case where § = 1.
The posterior means are distributed around the same values of 0.6 and 1.2 as expected, though

the distribution is much more dispersed.

w0 Smuateddstributiondf the posteriormeandf 0, far T=1000, s=1
400
300
200
100
90.5 0 05 1 15 2
Smuateddstributiondf the posteriormeandf 9, farT=1000, s=1

06 08 1 12 14 16 18

Fig. 2: Distribution posterior means, highly collinear, T=1000

Figure 3 shows the distribution of the posterior mean for the case where § = T2, and the
regressors are not highly collinear. As expected, the posterior means are distributed around true

values of the parameters 61 = 6 = 1.
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Simulated distribution of the posteriar mean of 6, for T=1000, §=T O
600 T T T T T T T T T

0
0.75 08 085 09 095 1 105 11 115 12 125

Simulated distribution of the posteriar mean of 6, for T=1000,  &=T°
500 T T T

09 095 1 105 11 115

Fig 3: Distribution posterior mean, not collinear, T=1000

We next examine the behaviour of the posterior precisions as the sample size is increased.
When the regressors are not highly collinear, the posterior precision of each coefficient should rise
with T, so the average precision should go to a non-zero constant. When the regressors are exactly
or highly collinear the posterior precision does not rise with 7" and the average precision goes to
zero as ' tends to infinity. Figure 4 plots the values of T_li_Lu’T and Figure 5 of T 1hoy against
T =1Ty,To+1,...,1000, where Ty = 20. Four different values of 7 are shown on the same graph.
The values are the exactly collinear case § = 0, two highly collinear cases 6 = 1 and § = 5, and the
not highly collinear case, § = T%/2. We are interested in how fast the average posterior precisions
of the exactly and highly collinear cases go to zero. The simulations match the theoretical results
and show the asymptotic properties are important for sample sizes that occur in practice. For the
not highly collinear case the average precisions converge to their theoretical values, given by (28)
and (29), when T reaches 200. For the exactly collinear and highly collinear cases the average
precisions go to zero. For 6 = 0 and § = 1 they are close to zero by T = 200, for § = 5 by
T = 1000.
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Average posterior precision of 4

03 T T T T T T T T T
50
5=1
55
025 5=T05 | 4
02 | g
015 4
01 F J
005 L J
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0 100 200 300 400 500 600 700 800 900 1000
Sample size
Fig 4: average precision 6.
Average posterior precision of 9,
15 T T T T T
5=0
§=1
55
5=T05
1 N k
05 |- -
0 ku\ i . .
0 100 200 300 400 500 600 700 800 900 1000
Sample size

Fig 5: average precision 65.

The Monte Carlo simulations indicate that the asymptotic results are relevant for sample sizes

that are likely to be encountered in practice.

6 An empirical illustration

We use the example of predicting excess stock returns by the dividend yield. Stambaugh (1999)
prompted a large literature on predictive regressions by showing that in regressions of rates of
return on lagged stochastic regressors, such as dividend yields, the OLS estimator’s finite-sample
properties can depart substantially from the standard regression setting. He also showed that the

Bayesian posterior distributions for the regression parameters are sensitive to prior beliefs about
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the autocorrelation of the regressor and whether the initial observation of the regressor is specified
as fixed or stochastic.

We use Robert Shiller’s online monthly data over the period 1871m1 2017m8.® Monthly real
excess returns on Standard & Poor 500 (SP500), denoted by v, are computed as

St — S¢_ d
yt=<t t1>+ ¢ —T¢—1,
St—1 St—1
where s; = SP500,/CPI;, dy = DIV;/(12 x CPI;), SP500; is the SP500 price index, CPI; is

the consumer price index, DIV is the annual rate of dividends paid on SP500, and r; is the real

return on ten year US government bond computed as
re = [(1 + (510,/100)/12 — 1] e,

where G510 is the 10-Year Treasury Constant Maturity Rate per annum, and 7 is the rate of
inflation computed as my = (CPI; — CPI;_1)/CPI;—1. The dividend yield variable is defined by

x¢ = In(d;/s¢). We consider the predictive regressions
Yt = ay + A\yYi—1 + 01714 + O + uy, (30)

where x;; = x;_;, for i = 1,2, and compute recursive estimates of 02 = Var(u;) using expanding

windows starting with 1872ml and ending at 2017m8 : 1746 observations. We denote these
2

recursive estimates by 0Z. We also consider the recursive estimates of the following auxiliary
regression

1t = O + QT + A\gYi—1 + vt (31)

and compute the recursive estimates of 02 = Var(v;), which we denote by &%7T.
Using equation (23) of Section (4) we can write the recursive estimates of the collinearity

indicator for 61, for 7 = 1872ml1, ..., 2017m8 as

In the case where 6; is strongly identified we would expect 5\%7 to rise linearly with 7, or equiva-
lently that 7_15\%77 to remain reasonably constant over the period 1872m1 — 2017m8. To avoid
the large sample variations when 7 is small we drop the first 100 observations and show the values

of 77122 _ over the period T = 1880m1 — 2017m8 in Figure 6 below.

8See http://www.econ.yale.edu/ shiller/data.htm.
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0.08

0.06 +
1880M1 1914M6 1948M11 1983M4 2017M8

— AVLAMBDA
Fig 6: Recursive Estimates of 7712 _ for 6;.

As can be seen, the high collinearity indicator has been falling over the sample with the
exception of a brief period after the stock market crash of 1929. The pattern for 52 is very
similar. This suggests that the coefficients of the dividend yield variables are likely to be weakly
identified. To illustrate the effect of sample size on the estimates, we plot §17, the recursive
coefficient of lagged dividend yield, and its two standard error band in Figure 2. The coefficient
is insignificantly different from zero for the whole period but its standard error does not reduce

with the expanding sample: adding more data does not solve the multicollinearity problem.

0.2

0.4

0.6
1880M1 1914M6 1948M11 1983M4 2017M8

—— THETA1 THETA1P THETA1TM

Fig 7: Recursive estimates of 517 and its 2 standard error bands.

To illustrate the effect of the sample size on the variance of 517, we plot, 7'17(;“(6717). The
estimated variance should fall at rate of 7 so T@’(é\h—) should be reasonably constant if the 6 is

strongly identified. In fact, Figure 8 shows that the recursive estimates of T@"(é\h—) are rising.
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with 7, confirming that the multicollinearity problem is not being solved with more data. The
recursive estimates of the diagnostic statistic 7*15\%77 and T@“@h) both point to the difficulty

of estimating the coefficient of dividend yield in the regression predicting excess returns.

18
16
14
12
10

8

6

4 4
1880M1 1914M6 1948M11 1983M4 2017M8

—— TVARX1

Fig 8: Recursive estimates of T@(é\h—).

7 Conclusion

We have considered a Bayesian approach to the analysis of high collinearity in linear regressions.
We distinguish three cases. First, in the standard multicollinear case, where the regressors are
not highly or exactly collinear, the coefficients are strongly identified and as the sample size gets
large, the Bayesian posterior mean converges to the true value of the parameter. Second, in the
exactly collinear case, the posterior mean converges to a constant which depends on the priors,
and the posterior precision is bounded in 7. Third, in the highly collinear case the posterior
mean converges to a normally distributed random variable whose mean and variance depend on
the choice of the priors even if T is sufficiently large. The distribution of this random variable
degenerates to a fixed point in the polar cases of either where the parameters are not identified
(exact collinearity) or where the parameters are strongly identified.

~

Our analysis also suggests a recursive indicator of collinearity, )\22 -
b

a measure of the signal to
noise ratio, for the i*" regressor, which is zero in the exactly collinear case and rises with 7" in
the strongly identified case. We derive the distribution of this measure, which would allow it to
be used as the basis for a test, except that it depends on a nuisance parameter. Therefore, we
propose to use 7'_15\2277 as an indicator of highly collinear regressors in cases where 7'_15\2277 exhibit
a falling trend.

Since the posterior mean can go to a random variable as the sample size increases in the highly

collinear case, it is not a reliable estimate and is likely to be quite sensitive to the choice of the
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priors even in the case of sufficiently large samples. The posterior precision, which increases with
T in the strongly identified case, provides a better indicator and our suggested diagnostic can
be seen as a frequentist counterpart to the posterior precision. We illustrated the usefulness of
this diagnostic in an empirical example which involved estimating the effect of dividend yield on

market excess returns.
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Appendices

A1l. Derivation of the probability limit for the posterior mean, 8, in the exactly
colinear case

First consider 0 r given by (6):

Br (hy — dhyy) + 6 [6h110) — hiol) + Ghypf — hyaby]
) hyy¢? — 2¢hyy + hoy
Br (hgy — ¢hyy) + ¢ (¢hyy — hyg) 6 + ¢ (Ahyg — hyy) O,

= O, (T71).
hy1¢? — 2¢hy, + hyy TO(T)

O =

Then taking probability limits (noting that Br —p 09+ ¢ 609 ), we have

07 (hyy — ¢hyp) + @ (¢hyy — hys) Oy + 09 (Phoy — #%hyn) — ¢ (hgy — Phyy) by
hy¢? — 2¢hyy + hyy 7
_ (hoy — ¢hyp) 07 + ¢ (hyy — hyp) Oy + ¢ (hoy — dhyy) (63 — 6)
hy¢? — 2¢hyy + hyy ’
¢ (dhyy —hyp) (8 — 09) — ¢ (hay — Phyy) (65 — 69)

P Tlg};o (01,7) =

. )
! hy1¢? — 2¢hyy + hoy

Similarly,

= Br (¢hy; —hyo) + (hyy — @hyy) 07 + (hay — Phyo) Oy 1

Oy = O,(T™),

2T hy1¢? — 2¢h;, + hyy oI
and
p lim (Gy7) = (09 + ¢03) (dhy; —hyp) + (hyg — dhyy) 0 + (hgy — dhyy) by

T—o0 hy1¢? — 2¢hyy + hyy

_ @03 (¢hy; — hyo) + (hgy — dhyy) By + (Shyy — hyy) (09 — 6;)
hy1¢? — 2¢hyy + hyy ’

— (¢hyy — hyp) (6 — 69) + (hoy — dhyy) (65 — 69)
hy1¢? — 2¢hyy + hyy

Let &= (— ¢,1), so X¢ = 0 then hy1¢? — 2¢h1a+hsy = ¢HE, and

o 1 ¢* —¢\( hy h
lim (67) =6° + ( ><11 12) 0—6°
pT—>OO ( T) h11¢2 - 2¢7h12 + h22 _¢ 1 h12 h22 (7 )

= 0%+ ¢ (gHE) T EH (0 0°).

=609+

Clearly, we have plimp_., (67) = 6°, if 8 = 6°, a sort of self-fulfilling belief.

Finally,
Or7 + Sy = Br ($%an — 2¢a1s + aze) + 7 (brage — baara) + £6 (baar1 — brary)
1T 0T = )
7 7 a1192% — 20a1s + agy + T—1 [allagg — a%ﬂ
or
- - . 1 | (brags — brara) + ¢ (bar1 — brarz) — Br [ar1age — a3 _
01,7 + @027 = Br + — ( ) ( ) [ 12] L O(T72)

T a11¢? — 2¢aiz + az
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Hence
p lim (617 + @b 1) = p lim (BT) =09 + ¢69.
T—o0 T—o0
Which is the only estimable function possible in a classical setting.

In the case where his = 0, the above results simplify to

p lim (617) =67 + % (0, —67) — % (02— 03)
T—o0 hy10% + hoy hy1¢ + ho
. ohyy 0 hao 0
lim (7)) =69 — —— (9, —0 ——=— (0, — 0
pTgréo( 21) = 02 hyy¢2 + hyy (01 =01) + hy; 62 + hyy (6> =02)

which highlights the role of the prior precisions in the outcomes. In the case where the prior
precisions are set to be the same across the parameters and hijs = 0, (often done in practice) we
have (10) and (11) above

— ¢? ¢
p lim (0yr) =67 + Tro? (0, —0) - T2 (62— 63),
p lim (Gar) =08 — —2 (0 —90)+¢72(0 — 69)
T 2 o142Vt Y T g2\ 2 T2

and the limit of posterior means do not depend on the prior precisions, but do depend on the

priors for the coefficients even asymptotically.

A2. Derivation of the posterior mean in the highly collinear case

In the highly collinear case we have

T7'X'X= ( ST ¢st + T %61 stor >
¢s5 + T 261 s1r 6?5t + T 75001 + 2T 2067 5107
_ 2 1 ¢ n 0 T=267 sy
T ¢ 2 T2 syyr T 62su1 + 2172007 s1o7 )
where

T T
—1 —1 2
St =T g T14Vt, Spo,r = T E vy .
=1 =1

Similarly,
T—lx/y — T_lxlly — S%BT — . S%/?T
T xhy Ty’ (qﬁxl + %v) s%oBr + \/—TTT_Iy’v

9 _ - 1 0
g 2T 1X/y =0 25%57‘ < ¢ > + < 26\7); (Tfly/v) > 5
o?vT

1T
where sy, 7 =T >, yrvr. Hence

o T IX'X + T7'H = (s7./0?) ( ; (;jg ) +
71 ( by, hyp + 07 (T"%s1,7/0%)
h12 + 5T (Tl/Qslv,T/O'z) h22 + 5% (SUU,T/O'z) + 2¢5T (T1/251v,T/U2)
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o 2T X'y + T7'H 0 = (s3./0%) pr <

-

(o ) (2)
o,z(S\T/T (T_l Sy ytvt) b2
1

~ bl
072T71X’y + T717 0= (8%/02) Br ( é ) +7171 ( by + 5% (T_1/2 Z;—F—l ytvt> )

T-1/2 ZT:ytvt =712 ZT: U (0(1):13175 + 98 [qﬁxlt + (6T/\/T) vt} + ut>
t=1 t=1

T T T
= 9? <T_1/2 Z vt$1t> + 98¢ <T_1/2 Z vtx1t> + 5T03 (T_l Z vf) 472 Z vy

t=1 t=1 t=1 t=1
T T T
= BO <T_1/2 Z ’Ut.’L‘lt) + 6T98 (T_l Z U?) + T_1/2 Z ViUt
t=1 t=1 t=1

T T
T2 gy = 60035000 + BT 2D vy (w1 + ur)
=1 =1

sy =T ET: yery =T ET: T1t (9(1)9% + 69 [¢331t + <5T/\/T) Ut] + m) ,
=1 =1

~ 5 00 S S

A 5’0 Y9 1v,1 1u,1

pu— + d . 32
T V1 < 8T2 ) 3T2 (32)

BT —p /30 = 0? + ¢08

Consider now the posterior means

o= [( ) (o ) e () e (3)

where the a;; and b; are now given by

Ao @1 a2 (0_2/52) hyy hiy + o7 (T1/231v,T/U2)
I\ hyg +0p (TY%51,10/0%) hgy + 62 (5001/02) + 2007 (T s1,7/02) )7

b1 9, 9 9, 9 hy;0; + hy0,
b= = Hf§=
( b > (0%/s7)H 0 = (0/s7) hiof) + hoofly + % (T*l/Q ZL%%)

1 2 o o —1 o
éT _ a11¢2—2¢a12+a22+T*1[anam_a%} (BT (a22 ¢a12) + ¢ (bel bz) +T (b1a22 bza12)>
1 _ A _ -1 _ !
a11¢2—2¢a12+a22+T*1[a11a22—a%2} (b2 d)bl ﬁT (CL12 dmll) +T (b2a11 bla12)>

To evaluate this first consider the denominator of §17T, where both numerator and denominator

are multiplied by (o?/ s%)fl
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(02/8%)71 [BT (a2 — paiz) + ¢ (pby — ba) + T~ (brags — b2a12)}

5769 v u
— |:50 -+ 373 <$1S27T> -+ 81827T:| |:h22 + (5% (Sm,’T/U2) + 2¢(5T <T1/281U7T/02> — ¢h12 — ¢6T <T1/281U7T/0'2)]

T T

5T925m, r+8°T~ 1/2 th (1t + we)
t=1

(hy161 + hy90,) [h22 + 0% (svu.1/0%) + 2007 (T1/231v,T/02)]
— (hy28; + hyobly + i% (T71/2 Zthl ytvt)) (hyy + o7 (T1/281U,T/J2))

+ ¢ (hy,0; 4+ hyp0,) — ¢ [h1291 + hgofs +

+ (02/5%) 7!

5709 (s s
0 TV 1v,T 1u,T 2 2 1/2 2
=[50+ 22 (%) + "] oo oo + 68 s o®) 4 07 (11 /”)]
+ ¢2 (hy10; +hi905) — & (190, + hyybs) — ¢UT [5T0251m T+ 50T—1/2 th 1t + ug)
t=1
(110 + hyoly) [hog + 62 (sww,r/0?)] + 2067 (TV2510,7/02) (hy10; + hyyby)
- h12Q1 + hQQQQ + % (T_1/2 Zle ytvt)) (hlg + o7 (Tl/QSIU,T/UQ))

+ (02/8%) 7!

o 90 S1v Slu,
<[ T [ - a8 o)
+ ¢6T <T1/281U,T/U2) T + ¢6T02 (slv T/U ) |:8127T:|

ST

+ ¢% (hy10; +hyo0,) — (h1291 + hyoly)

o 4]
2 =008 s00r — 0 TﬁoT_l/z th 21e + u) + 07 (T1/231v /o )

=1
(1101 + hy905) [hog + 6% (spu,1/0?)] + 2067 (TY2s10,0/0%) (hy10; + hi90,) ]

2.2 -1
+ (U /ST) r - }_112Q1 + h22Q2 + % (T_1/2 Zle ytvt)) (hlg + o7 (Tl/QSIU,T/UQ))

T T T

o . 0708 [s1o1 SluT 2 2 TY281 78101 210 S%U,T
= VT | s2 - 52 [h22 Phyy + 07 (va,T/U )] + ¢or R — + ¢o7.05 0242
T
52 -
+¢? (h110; + hyy03) — ¢ (hyaf) + hyyby) — L; 03500, — Lfg (T 12 thut>

+ (02/3%) 71

(hy16; + hy905) [h22 + 52 (va T/U2)] + 2¢9 (Tl/zslu,T/U2) (hy10; +hyy0,)
— (hy20; + hoobly + (T_1/2 Zt 1 yt%)) (hlz +9 (T1/251v,T/‘72))
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5709 [ s1v S1u
- [ \:;TQ < 18%T> N ;%T] [hop = @hyp + 67 (su0.0/0%)] + B (Byy — dhyo)

TY2s1, 1810 s2 52
von (T ) st (75 ) - S+ i)

2.2
o°Sp o°Sp

Bodr
2

T
pu <T1/2 tz_; vtut>

(hy10y +hyo05) [h22 + 0%, (vayT/UQ)] + 2¢07 (Tl/ZSlv,T/U2) (hy10y +hy50,)
- (hqu + hoofy + i% <T71/2 Zthl ytvt)) (hyg + o7 (T1/281U,T/J2))

¢ (hy10; + hio05) — ¢ (b9 + hyybs) —

+ (02/8%) 7!

5709 v u
_ [\;;TQ [512,T} n 512,T:| [h22 —¢h12+572“ (SUU,T/UQ)]

ST ST

TV 2510 7510,7 Sty

ot (s ) i (2 i, o)
T T

5 T
¢? (b0 + hy205) — ¢ (b8 + haoby) + B (hoy — Ghyy) — ﬂﬁzT (T_1/2 Z Utut)

=1
(hy10; + h190y) [hos + 62 (suu,r/02)] + 2007 (T 2s1,,7/02) (hy10; + hyo0,) ]

2/.2\ -1
+ (0 /ST) T B (h12Q1 4 holly + % (T—l/Q Z?:l ytvt)) (h12 + 67 (T1/281U,T/02))

When 7 is bounded in T" we have

T
él,T = — ; ﬂd)(ST 5%8 <T1/2 Z vtut> +
3 s

hy1¢? — 2¢hyy + hyy + L 7T
¢? (hy10; 4 hyo85) — ¢ (hy90; + hoeby) + B (hoy — dhyy)
2 S
hyy¢% — 2¢hyy + by + 20T
52,01 (S 2
e (S 7T/O- ) 52 5 + Op (T71/2)
hy;¢2 — 2¢hy + hoy + 5T

o2

_l’_
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Similarly, for the denominator we note that

(02/8%)71 {a11¢® — 2¢a12 + azs + T [ar1a22 — aty] }
=001 6% = 26 [y + 07 (T %5100/0%) | + by + 3 (s00,0/0%) + 2007 (T 25107/ 0%)

4+ 77 (02/52) [bys [y + 0% (sunir/0%) + 2607 (T251,0/0%)] = [bis + 07 (1Y280,/0%)]']

=y 6% = 20hy — 2007 (T251,0/0%) + hay + 6% (su01/0%) + 2007 (T 2s100/0%)

+771 (02/32T) -1_111 [hQQ + 6% (SM)’T/O'Q) + 2001 (T1/231U,T/02)} — [1_112 + o7 (Tl/Qslv’T/JQ)} d

=hy1¢% — 2¢hyy + hyy + 67 (va,T/U2)

12,0y | hihe + 8% (sv0,0/0%) g + 2067 (T ?s100/0%) hyy
+T ' (0%/s7) —h2, — 62T (s10.7/02)* = 267hyy (T 251,.7/02)

= }_111@52 — 2¢hy9 + hgy + 5:2F va,T/U2) - 5% (Slv,T/U2)2 (02/5%)
+ 2T_1/2¢5T (Sh,’T/O'Q) hyy (02/52T) —207hy, (slv’T/(I?) (02/32T)
+ T (0% /s%) [h11hog + 07 (sp0,7/07) hyy — hi,]

Or

(02/3%)_1 {a11¢® — 2¢a12 + az + T [a11a20 — aty] }

2 2
Sov, TST — Slv,T]

=hy,0° — 2¢hyy + hyy + 67 5252
T

+ 2071267 (s1o.r/5%) [$hyy — by
+T7" (0/57) [h11hos + 07 (so.r/07) hyy — hiy]

In the case where d7 is bounded in T" we obtain

-1 _
(0%/57) " {a11¢® — 2¢a12 + ase + T~ [ar1a20 — afy] }
82 Spu.1 _
=h;;¢* — 2¢hyy + hyy + % +0,(T ™)
But s1,7 = Oy(T~Y?), and s,y 7 = 02 + O,(T™1)

¢? (hy10; +hy90y) — ¢ (h190; 4 hooby) 4 8 (hgy — Phyy)

9_1’T - 02,02
hy;¢? — 2¢hy + hyy + < 22”)
62 2
% (%)
_I_

5%53)
—B%0,06 oz )
"o by 2¢>h120 :h; + (28)] (T Y 2; fﬁ) +0, (1717).

o2 =1

hy1$? — 2¢h;5 + hyy + (

The above results can be simplified further by setting )\% = 5%03 /o2, and noting that (°
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09 + $09, h11¢?* — 2¢h12+heg = ¢'Hep, where 9= (¢, —1)'. Specifically,

A 0 ¢ (}—111¢ - h12) (Ql — 0(1)) ¢ (h22 - ¢}—112) (Q2 _ 98)
91,T - ‘91 + )\% + 'lP,I:I'l.b - )\% + 'I,D,I;I'I,D (33)

BpAr —1/2 — vy ~1/2
_<A%+¢'H¢> (T > ) O (1)

Thus as T' — oo, in the highly collinear case where Ar is bounded in 7', the posterior mean, 917T,

converges in distribution to a normally distributed random variable given in subsection 3.1.

A3. Derivation of posterior precision in the highly collinear case

Starting with (17) we note that V~! can be written as

V—1:§2T< T T¢ >+< hyy hys + X721 )7

T¢ T¢2 hlg + X127 h22 + )\% + 2XT¢ZT
where
8 O10,0
55 = s%/aQ, A% = 5% (sm,’T/UZ) , XT = %»
T
o T1/251v7T _ T_1/2 L1V ‘
Oz, 00 04,0y
Hence
v-1l— ( ~2}_111 + 715 2£¢§2T + by ;‘XTZT >
Tops7 +hyg + xTzr T¢*s7 + hog + A7 + 2x17027

and the posterior precision of #; is given by the inverse of the first element of V, which is given
by

(T$32% + hyy + xr27)°
T¢2§2T + hoy + )\% + 2x1dzT
(hyy + T52) (T¢?5% + hoy + N3 + 2x7027) — (T3 + hyy + xT27)°

T¢?5% + hgy + A7 + 2x7¢21
hyy (T$%8% + hog + A2 + 2x7027) + T332 (hyy + A2 + 2x7¢27)
—biy — x}2F — 2hyoxrar — 20955 (hyy + X727)
T$25% + hogy + A2 + 2x7d21

Thy1¢?5% + hy1 A 4 2hyy xrdzr + T8hgy + T57A7,

hy1hyy — ¥y — X327 — 2hioxrzr — 2T637hy,
T$?5% + hog + A2 + 2x7d21

hayr =hyy +T5% —

T5% (AF +hy1¢0% — 2¢hy, +2h22) - X325 ‘; 2xr (hy10 — hyy) 27+
+hy3 A7 + By hgy — by

T¢2§% + 2x7¢zr + hoy + )\%

hiir =

from which the expression in the text, (18), for the posterior precision of 0; follows.

28



References

Basturk, N., L. Hoogerheide and H. van Dijk (2017) Bayesian analysis of boundary and near-
boundary evidence in econometric models with reduced rank, Bayesian Analysis, 12(3), 879-917.

Baumeister, C. and J.D. Hamilton (2015) Sign restrictions, structural vector autoregressions
and useful prior information, Econometrica, 85(5), 1963-1999.

Cheng, T., J. Gao and P. C. B. Phillips (2017) Bayesian estimation based on summary statis-
tics: double asymptotics and practice. Monash Working paper 4/17.

Frisch, R. (1934) Statistical Confluence Analysis by means of complete regression systems,
University Institute of Economics, Olso.

Klein, L.R. (1962) An Introduction to Econometrics, Prentice Hall.

Koop G., M.H. Pesaran and R.P. Smith (2013), On Identification of Bayesian DSGE Models,
Journal of Business and Economic Statistics, 31(3), 300-314.

Leamer, E. (1978) Specification Searches: ad hoc inference with non-experimental data, Wiley,
New York.

Pesaran, M.H. (2015) Time Series and Panel Data Econometrics, Oxford University Press,
Oxford.

Phillips, P. C. B. , (2016), Inference in Near-Singular Regression, in Gloria GonzAlez-Rivera ,
R. Carter Hill , Tae-Hwy Lee (ed.) Essays in Honor of Aman Ullah (Advances in Econometrics,
Volume 36) Emerald Group Publishing Limited,.461 - 486.

Poirier, D.J. (1998) Revising beliefs in nonidentified models, Econometric Theory 14, 483-509.

Sanderson, E. and F. Windmeijer (2016) A weak instrument F-test in linear IV models with
multiple endogenous variables, Journal of Econometrics, 190, 212-221.

Spanos, A. and A. McGuirk (2002) The problem of near-multicollinearity revisited: erratic vs
systematic volatility, Journal of Econometrics 108, 365-393.

Staiger, D. and J.H. Stock (1997) Instrumental variable regression with weak instruments,
Econometrica, 65, 557-586.

Stambaugh, R.F., (1999) Predictive Regressions, Journal of Financial Economics, 54(3), 375-
421.

Stock, J.H., J. H. Wright, and M. Yogo (2002) A survey of weak instruments and weak
identification in generalized method of moments, Journal of Business and Economic Statistics,
20, 518-529

Tobin, J. (1950) A statistical demand function for food in the USA, Journal of the Royal
Statistical Society, series A, 113-141.

29



