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Abstract

Johansen’s (1988, 1991) likelihood ratio test for cointegration rank of a
Gaussian VAR depends only on the squared sample canonical correlations be-
tween current changes and past levels of a simple transformation of the data.
We study the asymptotic behavior of the empirical distribution of those squared
canonical correlations when the number of observations and the dimensional-
ity of the VAR diverge to infinity simultaneously and proportionally. We find
that the distribution almost surely weakly converges to the so-called Wachter
distribution. This finding provides a theoretical explanation for the observed
tendency of Johansen’s test to find “spurious cointegration”. It also sheds light
on the workings and limitations of the Bartlett correction approach to the over-
rejection problem. We propose a simple graphical device, similar to the scree

plot, for a preliminary assessment of cointegration in high-dimensional VARs.

1 Introduction

Johansen’s (1988, 1991) likelihood ratio (LR) test for cointegration rank is a very
popular econometric technique. However, it is rarely applied to systems of more than
three or four variables. On the other hand, there exist many applications involving
much larger systems. For example, Davis (2003) discusses a possibility of applying
the test to the data on seven aggregated and individual commodity prices to test

Lewbel’s (1996) generalization of the Hicks-Leontief composite commodity theorem.



In a recent study of exchange rate predictability, Engel, Mark, and West (2015) con-
template a possibility of determining the cointegration rank of a system of seventeen
OECD exchange rates. Banerjee, Marcellino, and Osbat (2004) emphasize the im-
portance of testing for no cross-sectional cointegration in panel cointegration analysis
(see Breitung and Pesaran (2008) and Choi (2015)), and the cross-sectional dimension
of modern macroeconomic panels can easily be as large as forty.

The main reason why the LR test is rarely used in the analysis of relatively
large systems is its poor finite sample performance. Even for small systems, the test
based on the asymptotic critical values does not perform well (see Johansen (2002)).
For large systems, the size distortions become overwhelming, leading to severe over-
rejection of the null in favour of too much cointegration as shown in many simulation
studies, including Ho and Sorensen (1996) and Gonzalo and Pitarakis (1995, 1999).

In this paper, we study the asymptotic behavior of the sample canonical corre-
lations that the LR statistic is based on, when the number of observations and the
system’s dimensionality go to infinity simultaneously and proportionally. We show
that the empirical distribution of the squared sample canonical correlations almost
surely converges to the so-called Wachter distribution, originally derived by Wachter
(1980) as the limit of the empirical distribution of the eigenvalues of the multivariate
beta matrix of growing dimension and degrees of freedom. Our analytical findings
explain the observed over-rejection of the null hypothesis by the LR test, shed new
light on the workings and limitations of the Bartlett-type correction approach to the
problem (see Johansen (2002)), and lead us to propose a very simple graphical de-
vice, similar to the scree plot, for a preliminary analysis of the validity of cointegration
hypotheses in large vector autoregressions.

The basic framework for our analysis is standard. Consider a p-dimensional VAR
in the error correction form

k—1

AXt = HXt_l + Z PZ'AXt_i + (I)Dt + &4, (1)

i=1

where D, and ¢, are vectors of deterministic terms and zero-mean Gaussian errors
with unconstrained covariance matrix, respectively. The LR statistic for the test

of the null hypothesis of no more than r cointegrating relationships between the p



elements of X; against the alternative of more than r such relationships is given by

p
LRypr =T Y log(1—\), (2)
1=r+1
where T' is the sample size, and A\; > ... > ), are the squared sample canonical

correlation coefficients between residuals in the regressions of AX; and X;_; on the
lagged differences AX; ;, i« = 1,...,k — 1, and the deterministic terms. In the ab-
sence of the lagged differences and deterministic terms, the \’s are the eigenvalues
of SOlefS(’nS&)l, where Syg and S7; are the sample covariance matrices of AX; and
X;_1, respectively, while Sy; is the cross sample covariance matrix.

Johansen (1991) shows that the asymptotic distribution of LR, ,r under the as-
ymptotic regime where T' — oo while p remains fixed, can be expressed in terms of
the eigenvalues of a matrix whose entries are explicit functions of a p — r-dimensional
Brownian motion. Unfortunately, for relatively large p, this asymptotics does not
produce good finite sample approximations, as evidenced by the over-rejection phe-
nomenon mentioned above. Therefore, in this paper, we consider a simultaneous

asymptotic regime p, T —. oo where both p and T' diverge to infinity so that
p/T — c € (0,1], (3)

while p remains no larger than 7. Our Monte Carlo analysis shows that the cor-
responding asymptotic approximations are relatively accurate even for such small
sample sizes as p = 10 and T" = 20.

The basic specification for the data generating process (1) that we consider has
k = 1. In the next section, we discuss extensions to more general VARs with low-
rank I'; matrices and additional common factor terms. We also explain there that our
main results hold independently from whether a deterministic vector D; with fixed
or slowly-growing dimension is present or absent from the VAR.

Our study focuses on the behavior of the empirical distribution function (d.f.) of

the squared sample canonical correlations,

For(\) = %Z 100 <A}, (4)

where 1 {-} denotes the indicator function. We find that, under the null of 7 cointe-



grating relationships, as p, T —. oo while r/p — 0, almost surely (a.s.),
ForN)=W.(\) =W\ ¢/(1+c¢),2¢/(1+¢)), (5)

where = denotes the weak convergence of d.f.’s (see Billingsley (1995), p.191), and
W (X;74,72) denotes the Wachter d.f. with parameters «y, and ~y,, described in detail
in the next section.

As explained below, convergence (5) guarantees an a.s. asymptotic lower bound
for the scaled LR statistic,

i i LR/ > —é / log (1 — A)dIV, (\). (6)
In contrast, we show that under the standard asymptotic regime where T — oo
while p is held fixed, LR, r/p* concentrates around 2 for relatively large p. A direct
calculation reveals that 2 is smaller than the lower bound (6), for all ¢ > 0, with the
gap growing as c increases. That is, the standard asymptotic distribution of the LR
statistic is centered at a too low level, especially for relatively large p. This explains
the tendency of the asymptotic LR test to over-reject the null.

The reason for the poor centering delivered by the standard asymptotic approxi-
mation is that it classifies terms (p/T )j in the asymptotic expansion of the LR statistic
as O (T77). When p is relatively large, such terms substantially contribute to the fi-
nite sample distribution of the statistic, but are ignored as asymptotically negligible.
In contrast, the simultaneous asymptotics classifies all terms (p/T)’ as O(1). They
are not ignored asymptotically, which improves the centering of the simultaneous
asymptotic approximation relative to the standard one.

Using bound (6), we construct a Bartlett-type correction factor for the standard
LR test, hence, addressing a long-standing problem (see Johansen (2002)). As we
show below, for p/T < 1/3, the value of our theoretical correction factor is very close
to the simulation-based factor described in Johansen, Hansen and Fachin (2005).
However, for larger p/T, the values diverge. Johansen, Hansen and Fachin’s (2005)
simulations do not consider combinations of p and T" with p/T" > 1/3, and the func-
tional form that they use to fit the simulated correction factors does not work well
uniformly in p/T.

The weak convergence result (5) can be put to a more direct use by comparing the



quantiles of the empirical distribution of the squared sample canonical correlations
with the quantiles of the limiting Wachter distribution. Under the null, the former
quantiles plotted against the latter ones should form a 45° line, asymptotically. Devi-
ations of such a Wachter quantile-quantile (g-q) plot from the line indicate violations
of the null. Creating Wachter plots requires practically no additional computations
beyond those needed to compute the LR statistic, and we propose to use this simple
graphical device for a preliminary analysis of cointegration in large VARs.

Our study is the first to derive the limit of the empirical d.f. of the squared sample
canonical correlations between random walk X;_; and its innovations AX;. Wachter
(1980) shows that W (\;~,7,) is the weak limit of the empirical d.f. of the squared
sample canonical correlations between ¢- and m-dimensional independent Gaussian
white noises with the size of the sample n, when ¢, m,n — oo so that ¢/n — 7, and
m/n — 7,. Yang and Pan (2012) show that Wachter’s (1980) result holds without
the Gaussianity assumption for i.i.d. data with finite second moments. Our proofs do
not rely on those previous results. The novelty and difficulty of our setting is that X,
and AX; are not independent processes. This requires original ideas for our proofs.

Our paper opens up a new direction for the asymptotic analysis of panel VAR
cointegration tests based on the sample canonical correlations. One such test is de-
veloped in Larsson and Lyhagen (2007) (see also Larsson, Lyhagen, and Lothgren
(2001) and Groen and Kleibergen (2003)). Larsson and Lyhagen (2007) are reluctant
to recommend their test for large VARs. They suggest that for the analysis of rela-
tively large panels it may be better to rely on tighter parameterized models, such as
that of Bai and Ng (2004).

We conjecture that the Larsson-Lyhagen test, as well as the LR test, based on
the simultaneous asymptotics work well in panels with comparable cross-sectional and
temporal dimensions. The results of this paper can be used to describe the appropriate
centering of the corresponding test statistics. The next step would be to derive the
simultaneous asymptotic distribution of scaled deviations of such statistics from the
centering values. We expect the simultaneous asymptotic distribution of LR, , 1 to
be Gaussian, as is often the case for averages of regular functions of eigenvalues of
large random matrices (see Bai and Silverstein (2010) and Paul and Aue (2014)). We
are currently pursuing this line of research.

The rest of this paper is structured as follows. In Section 2, we prove the conver-

gence of F), r () to the Wachter d.f. under the simultaneous asymptotics. Section 3



derives the sequential limit of the empirical d.f. of the squared sample canonical corre-
lations as, first 7" — oo and then p — oo. It then uses differences between the sequen-
tial and simultaneous limits to explain the over-rejection phenomenon, and to design
a theoretical Bartlett-type correction factor for the LR statistic in high-dimensional
VARs. Section 4 contains a Monte Carlo study and illustrates the proposed Wachter
g-q plot technique using a macroeconomic panel. Section 5 concludes. All proofs are

given in the Appendix and Supplementary Material (SM).

2 Convergence to the Wachter distribution

Consider the following basic version of (1)
AXt = HXt—l + q)Dt + Et (7)

with dp-dimensional vector of deterministic regressors D;. Let Ry and Ry; be the vec-
tors of residuals from the OLS regressions of AX; on D,, and X;_; on D, respectively.
Define

T T T
1 1 1 3

Soo = T E Rot Ry, So1 = T g Ry Ry, and Sy = T Ry Ry, (8)
=1 t=1 =1

and let \; > ... > A, be the eigenvalues of 50151_115615&)1.

The main goal of this section is to establish the a.s. weak convergence of the empir-
ical d.f. of the \’s to the Wachter d.f., under the null of r cointegrating relationships,
when p, T —. oco. The Wachter distribution with d.f. W (X;~,,v,) and parameters
Y1, Y2 € (0,1) has density

fw (i71.72) = 273% wb*;(f)_ %_ = (9)

on [b_,bs] C [0, 1] with

by = (\/71(1 —7) £ \/’72(1 - ’71))27 (10)

and atoms of size max {0,1 — v,/7v,} at zero, and max {0,1 — (1 — v,)/7,} at unity.

We assume that model (7) may be misspecified in the sense that the true data



generating process is described by the following generalization of (1)

k—1

AX, =TX, 1+ Y TAX,; + UF, +¢, (11)

i=1

where ¢, t = 1,...,T, are still i.i.d. N(0,%) with arbitrary ¥ > 0, rankIl = r,
but £ is not necessarily unity, and F; is a dp-dimensional vector of deterministic or
stochastic variables that does not necessarily coincide with D,;. For example, some
of the components of F; may be common factors not observed and not modelled
by the econometrician. Further, we do not put any restrictions on the roots of the
characteristic polynomial associated with (11). In particular, explosive behavior and
seasonal unit roots are allowed. Finally, no constraints on F;, and the initial values
Xy g, ..., Xo, apart from the asymptotic requirements on dr and k as spelled out in

the following theorem, are imposed.

Theorem 1 Suppose that the data are generated by (11), and let T = [T'y,...,T}_1].
If
1
—(dp+dp +7r+k+rankl') — 0 (12)
p

as p, T —. oo while p remains no larger than T, then, almost surely,
ForN)=W.(A) =W\ c¢/(1+c¢),2¢/(1+0¢)). (13)

Theorem 1 implies that the weak limits of F), 7 (\) corresponding to the general
model (11) and to the basic model AX; = IIX; | + ¢; are the same as long as (12)
holds. Condition (12) guarantees that the difference between the general and basic
versions of Sy 577 Sh;Sog have rank R that is less than proportional to p (and to T).
Then, by the so-called rank inequality (Theorem A43 in Bai and Silverstein (2010)),
the Lévy distance between the general and basic versions of F}, 7 (A) is no larger than
R/p, which converges to zero as p,T —. oo. Since the Lévy distance metrizes the
weak convergence (see Billingsley (1995), problem 14.5), the limiting d.f. is the same

for both versions. For further details, see the proof of Theorem 1 in the Appendix.

Remark 2 In standard cases where Dy is represented by (1,t), it is customary to

impose restrictions on ® so that there is no quadratic trend in X; (see Johansen

(1995), ch. 6.2). Then, the LR test is based on the eigenvalues of Sg1S7y S Sao "
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Figure 1: Quantile functions of W, () for ¢ =1/5, ¢ =1/2, and ¢ = 4/5.

defined similarly to Sp1S;'ShSeq by replacing X; 1 with (Xt’_l,t)/ and regressing
AX; and (thfpt)/ on constant only to obtain Ry and Ry;. The empirical d.f. of so
modified eigenvalues still converges to W. (\) because the difference between matrices

s SLSE Sest and So1971t Sk, Segt has small rank.

Figure 1 shows quantile plots of W, () for different values of c¢. For ¢ = 1/5, the
dimensionality of the data constitutes 20% of the sample size. The corresponding
Wachter limit of F), 1 (\)is supported on [0.04,0.74]. In particular, we expect \; be
larger than 0.7 for large p, T even in the absence of any cointegrating relationships.
For ¢ = 1/2, the upper boundary of support of the Wachter limit is unity. This
accords with Gonzalo and Pitarakis’ (1995, Lemma 2.3.1) finding that as T'/p — 2,
A1 — 1. For ¢ = 4/5, the Wachter limit has mass 3/4 at unity.

Wachter (1980) derives W (A;74,7,) as the weak limit of the empirical d.f. of
eigenvalues of the p-dimensional beta! matrix By, (n1/2,n2/2) with ny, ny degrees of
freedom as p,ny,ng — oo so that p/ny — v,/v, and p/ny — 7v,/(1 — 7,). The
eigenvalues of multivariate beta matrices are related to many important concepts in
multivariate statistics, including canonical correlations, multiple discriminant ratios,

and MANOVA. In particular, the squared sample canonical correlations between ¢-

'For the definition of the multivariate beta see Muirhead (1982), p.110.
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and m-dimensional independent Gaussian samples of size n are jointly distributed as
the eigenvalues of B, (m/2, (n —m)/2), where ¢ < m and n > g+m. Therefore, their
empirical d.f. weakly converges to W (A;vy,7,) with 7, = limg/n and v, = limm/n.

Note that the latter limit coincides with W, (\) when n = T+p, ¢ = p, and m = 2p.
Hence, Theorem 1 implies that the limiting empirical distribution of the squared
sample canonical correlations between T observations of p-dimensional random walk
and its own innovations is the same as that between 7'+ p observations of independent
p- and 2p-dimensional white noises. This suggests that there might exist a deep
connection between these two settings, which is yet to be discovered.

In the context of multiple discriminant analysis, Wachter (1976) proposes to use
a ¢-q plot, where the multiple discriminant ratios are plotted against quantiles of
W (A;71,72), as a simple graphical method that helps one “recognize hopeless from
promising analyses at an early stage.” Nowadays, such q-q plots are called Wachter
plots (see Johnstone (2001)). Theorem 1 implies that the Wachter plot can be used
as a simple preliminary assessment of cointegration hypotheses in large VARs.

As an illustration, Figure 2 shows a Wachter plot of the simulated sample squared
canonical correlations corresponding to a 20-dimensional VAR(1) model (7) with IT =
diag {—13,0 x I17} so that there are three white noise and seventeen random walk
components of X;. No deterministic terms are included. We set T' = 200 and ¢ =
1/10. The graph clearly shows three canonical correlations that destroy the 45° line
fit, so that the null hypothesis of no cointegration is compromised.

Theorem 1 does not provide any explanation to the fact that exactly three canon-
ical correlations deviate from the 45° line in Figure 2. To interpret deviations of
the Wachter plots from the 45° line, it is desirable to investigate behavior of F, r ()
under various alternatives. So far, we were able to obtain a clear result only for the
“extreme” alternative, where X; is a vector of independent white noises. Under such
an alternative,

For(A) =W (X\c/(2—¢),1/(2—-¢)). (14)

We plan to publish a full proof of this and some related results elsewhere.
The a.s. weak convergence of F}, 1 (A) established in Theorem 1 implies the a.s. con-
vergence of bounded continuous functionals of F, 7 (A). An example of such a func-

tional is the scaled Pillai-Bartlett statistic for the null of no more than r cointegrating
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Figure 2: Wachter plot of the squared canonical correlations corresponding to 20-
dimensional series with 3 components being white noises and the other components
being independent random walks. p = 20,7 = 200.

relationships (see Gonzalo and Pitarakis (1995))

1 1 &
T—pPBT,p,T - >N,

j=r+1

which is asymptotically equivalent to the LR statistic under the standard asymptotic

regime. Since, by definition, A; € [0, 1], we have
L pp = / FOVAE, 7 (A) — & Z A (15)
Tp r,p, T p, T p p YR

where f is the bounded continuous function

0 forA<O
f(A)=4 X for A €[0,1]
1 for A > 1.

As long as r/p — 0 as p,T —. oo, the second term on the right hand side of (15)

10



converges to zero. Therefore, Theorem 1 implies that PB/(Tp) a.s. converges to
F(A) AW, (). A direct calculation based on (9), which we report in the SM, yields

the following corollary.

Corollary 3 Under the assumptions of Theorem 1, as p,T —. 0o, a.s.,
PB,,r/(Tp) — 2¢/(1+c)+max{0,2 —1/c}.

A similar analysis of the LR statistic (2) is less straightforward because log (1 — \)
is unbounded on A € [0,1]. In fact, for ¢ > 1/2, LR, ,r is ill-defined because a
non-negligible proportion of the squared sample canonical correlations exactly equal
unity. However for ¢ < 1/2, we can obtain the a.s. asymptotic lower bound on
LR, ,r/(Tp). Note that for such ¢, the upper bound of the support of W, (\) equals

by =c(vV2—yI—c)  <1. Let

0 for A <0
log(1—X) =1 log(l—X\) for\el0,b] (16)
log(1—0by) for A >b,.

Clearly, log (1 — )) is a bounded continuous function and

1 1 & —
_LRr,p,T Z - Z IOg(]_ — /\])
Tp j=r+1

Hence, we have the following a.s. lower bound on LR,/ (Tp) (the corresponding

calculations are reported in the SM).

Corollary 4 Under the assumptions of Theorem 1, for ¢ < 1/2, as p,T —. 00, a.s.,

1 1-— 1-2
+Cln(1+c)— Cln(l—c)—i— ¢
c c c

In(1-2c).

p,T'—c00

1
lim inf TTpLRT’p’T >

Remark 5 We conjecture that the above lower bound is, in fact, the a.s. limit of
LR, ,r/(Tp). To prove this conjecture, one needs to show that \,;1 is a.s. bounded
away from unity so that the unboundedness of log (1 — \) is not consequential. We

leave this for future research.

11



Corollary 4 suggests an appropriate “centering point” for the scaled LR statistic
when p and T are large. As we show in the next section, the standard asymptotic
distribution concentrates around a very different point for large p. To study such
a concentration, in the next section, we consider the sequential asymptotic regime

where first T" — o0, and then p — oo.

3 A comparison to sequential asymptotics

3.1 Sequential asymptotics

To obtain useful results under the sequential asymptotics, we study eigenvalues of the
scaled matrix

T L
550155115013001. (17)

Under the simultaneous asymptotic regime, the behavior of the scaled and unscaled
eigenvalues is the same up to the factor ¢! = lim 7'/p. In contrast, as T'— oo while
p remains fixed, the unscaled eigenvalues converge to zero, while scaled ones do not.
We shall denote the empirical d.f. of eigenvalues of the scaled matrix as F]Sf) (A).
Without loss of generality (see Lemmas 10 and 11 in the Appendix), we focus on

the case of the simple data generating process
AX,=¢, t=1,...,T, and Xq =0, (18)

and on the situation where the econometrician does not include any deterministic
regressors in his or her model, that is dp = 0. For simplicity, in the rest of this
section, we assume that » = 0, and consider statistics LR, rather than a more
general LR, .

Under the above simplifications, Johansen’s (1988, 1991) results imply that, as
T — oo while p is held fixed, the eigenvalues of the scaled matrix (17) jointly converge

in distribution to the eigenvalues of

%/01 (dB) B’ (/01 BB'du) h /01 B (dBY', (19)

where B is a p-dimensional Brownian motion. We denote the eigenvalues of (19) as

)\5-00), and their empirical d.f. as F), o (\).

12



It is reasonable to expect that, as p — 00, F), o (A) becomes close to the limit of
the empirical d.f. of eigenvalues of (17) under a simultaneous, rather than sequential,
asymptotic regime p,T" —. 0o, where v is close to zero. We denote such a limit
as F, (\). This expectation turns out to be correct in the sense that the following

theorem holds. Its proof is given in the SM.

Theorem 6 Let Fy (\) be the weak limit of F., (\) as v — 0. Then, as p — o0,
Fy oo (A) = Fy (X)), in probability. The d.f. Fy (X) corresponds to a distribution sup-

ported on [a_,ay] with

o= (1£v2)", (20)

and having density

F 27 A

A reader familiar with Large Random Matrix Theory (see Bai and Silverstein
(2010)) might recognize that Fy (X) is the d.f. of the continuous part of a special case
of the Marchenko-Pastur distribution (Marchenko and Pastur (1967)). The general

Marchenko-Pastur distribution has density

fup (N k,0%) = 1 ag =N (A—a)

202k A

over [a_,a;] with ar = 02(14/x)° and a point mass max {0,1 — 1/k} at zero.
Density (21) is two times fip (A; k,0?) with K = 2 and ¢ = 1. The multiplication
by two is needed because the mass 1/2 at zero is not a part of the distribution Fj.

According to Theorem 6, for any d1, 05 > 0 and all sufficiently large p,

p
Pr (1 > A > /)\dFO (\) — 51> > 1— 0. (22)
D 4
j=1

A direct calculation, which we report in the SM, shows that [ AdFp (A) = 2. On the

other hand, as T' — oo while p remains fixed,

p
LRo,1 > pz /\5-00) as T — oo. (23)

=1

Hence, we have the following corollary.

13



Corollary 7 As first T — oo, and then p — oo, the lower probability bound on

LRy, 7/ (2p%) is unity in the following sense. As T — oo while p is held fized,

LRy, 1/ (2p*) converges in distribution to Zp . )\g-oo)/ (2p) . Further, for any 01,65 >
]:

)\(.Oo)/(Zp) >1- 51} is no

p

0 and all sufficiently large p, the probability Pr{z

smaller than 1 — .

Jj=1

The reason why we claim only the lower bound on LRy, 7/ (2p?) is that Theorem
6 is silent about the behavior of the individual eigenvalues A§°°), the largest of which
may, in principle, quickly diverge to infinity. We suspect that 2 is not just the
lower bound, but also the probability limit of ijl )\5»00)/ p, so that the sequential
probability limit of LRy, r/(2p*) is unity. Verification of this conjecture requires
more work, similar to that discussed in Remark 5.

Corollary 7 is consistent with the numerical finding of Johansen, Hansen and
Fachin (2005, Table 2) that, as 7" becomes large while p is being fixed, the sample
mean of the LR statistic is well approximated by a polynomial 2p? + ap (see also
Johansen (1988) and Gonzalo and Pitarakis (1995)). The value of a depends on
how many deterministic regressors are included in the VAR. Our theoretical result
captures the ‘highest order’ sequential asymptotic behavior of the LR statistic, which
remains (bounded below by) 2p? independent on the number of the deterministic
regressors.

The concentration of the LR statistic around 2p? explains why the critical values
of the LR test are so large for large values of p. For example, MacKinnon, Haug and
Michelis (1999) report the 5% critical value 311.09 for p = 12. The transformation

LRO,p,T = LRO,p,T/p - 2p

makes the LR statistic ‘well-behaved’ under the sequential asymptotics and leads
to more conventional critical values. The division by p reduces the ‘second order
behavior’ to Op(1), while subtracting 2p eliminates the remaining explosive ‘highest
order term’. We report the corresponding transformed 95% critical values alongside
the original ones in Table 1.

The transformed critical values resemble 97-99 percentiles of N(0,1). Since the
LR test is one-sided, the resemblance is coincidental. However, we do expect the
sequential asymptotic distribution of the transformed LR statistic (as well as its

simultaneous asymptotic distribution) to be normal (possibly with non-zero mean

14



p Unadjusted CV CV/p—2p |p Unadjusted CV. CV/p—2p
1 4.13 2.13 7 111.79 1.97
2 12.32 2.16 8 143.64 1.96
3 24.28 2.09 9 179.48 1.94
4 40.17 2.04 10 219.38 1.94
5 60.06 2.01 11 263.25 1.93
6 83.94 1.99 12 311.09 1.92

Table 1: The 95% asymptotic critical values (CV) for Johansen’s LR test. The
unadjsuted values are taken from the first column of Table IT in MacKinnon, Haug
and Michelis (1999).

and non-unit variance). A formal analysis of this conjecture is left for future research.

3.2 The over-rejection, and the Bartlett correction
In this subsection, let us assume that the following conjecture holds.
Conjecture 8 The simultaneous and sequential asymptotic lower bounds for the

scaled LR statistics derived in Corollaries 4 and 7 represent the corresponding si-

multaneous and sequential asymptotic limits. Specifically, for ¢ < 1/2,

) 1 1+c¢ 1-c¢ 1-2c
il g oot = 5 (L4 = 5 (=94 (i =20, (24)
lim lim —— LRo,z — 1 (25)
1};1{.1;1 Troes 2p2 OpT — =

Figure 3 plots the right hand side of (24). It is larger than unity (dashed line)
for all ¢ € (0,1/2) with the gap increasing in ¢. The Monte Carlo analysis in the
next section shows that ‘typical” values of the LR statistic in finite samples with com-
parable p and T are concentrated around the solid line. In contrast, the ‘standard’
asymptotic critical values are concentrated around the dashed line. Hence, the stan-
dard asymptotic distribution of the LR statistic is centered at a too low level. This
explains the over-rejection of the null of no cointegration by the standard asymptotic
LR test.

A popular approach to addressing the over-rejection problem is based on the
Bartlett-type correction of the LR statistic. It was explored in much detail in various
studies, including Johansen (2002). The idea is to scale the LR statistic so that

15
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Figure 3: The asymptotic limits (under Conjecture 8) of the scaled LR statistic
Lo,r/ (2p%) . Dashed line: sequential asymptotic limit. Solid line: simultaneous as-
ymptotic limit.

its finite sample distribution better fits the asymptotic distribution of the unscaled
statistic. Specifically, let E, ., be the mean of the asymptotic distribution under the

fixed-p, large-T" asymptotic regime. Then, if the finite sample mean, £, r, satisfies
Epr = Epoo (L+alp)/T +0(1/T)), (26)

the scaled statistic is defined as LR/ (1 + a(p)/T") . By construction, the fit between
the scaled mean and the original asymptotic mean is improved by an order of mag-
nitude. Although, as shown by Jensen and Wood (1997) in the context of unit root
testing, the fit between higher moments does not improve by an order of magnitude,
it may become substantially better (see Nielsen (1997)).

A theoretical analysis of the adjustment factor 1+ a(p)/T" can be rather involved.
In general, a(p) will depend not only on p, but also on all the parameters of the
VAR. However, for Gaussian VAR(1) without deterministic terms, under the null of
no cointegration, a(p) depends only on p.

For p = 1, the exact expression for a(p) was derived in Larsson (1998). Given the
difficulty of the theoretical analysis of a(p), Johansen (2002) proposes to numerically

evaluate the Bartlett correction factor BC, 1+ = E, r/E, « by simulation. Johansen,
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Hansen and Fachin (2005) simulate BC,, r for various values of p < 10 and 7" < 3000

and fit a function of the form
BCy = exp {a1p/T + as (p/T)* + [as (p/T)* +b] /T}

to the obtained results. For relatively large values of T the term [az (p/ T)? + b| /T
in the above expression is small. When it is ignored, the fitted function becomes

particularly simple:
BC,r = exp {0.549p/T + 0.552 (p/T)*} .

Our simultaneous and sequential asymptotic results shed light on the workings of
Eépj. Given that Conjecture 8 holds,

Mp 7, opT +CII1 (1+C) _ cln (1 —c) + Cln (1 —26).

plimy_ oo poo LRop 2c2 2c2 2c2

Therefore, for non-negligible p/T, we expect BC, r to be well approximated by

— 1+¢ . 1—¢ A 1—9¢
BC’RT:Wln(l—i—c)— 572 111(1—@)4_W

In(1-2¢),

where ¢ = p/T is the finite sample analog of c.

Figure 4 superimposes the graphs of EE’ET and E\épj as functions of ¢. For p/T <
0.3, there is a strikingly good fit between the two curves, with the maximum distance
between them 0.0067. For p/T > 0.3 the quality of the fit quickly deteriorates. This
can be explained by the fact that all p, T-pairs used in Johansen, Hansen and Fachin’s
(2005) simulations are such that p/T" < 0.3.

4 Monte Carlo and some examples

4.1 Monte Carlo experiments

Throughout this section, the analysis is based on 1000 Monte Carlo replications. First,
we generate pure random walk data with zero starting values for p = 10,7 = 100 and
p = 10,7 = 20. Figure 5 shows the Tukey boxplots summarizing the MC distribution
of each of the \;, i =1, ..., 10 (sorted in the ascending order throughout this section).
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Figure 4: Bartlett correction factors as functions of p/T". Solid line: the factor based
on simultaneous asymptotics. Dashed line: numerical approximation from Johansen,

Hansen and Fachin (2005).

The boxplots are superimposed with the quantile function of the Wachter limit with
¢ = 1/10 for the left panel and ¢ = 1/2 for the right panel. Precisely, for x = i, we
show the value the 100 (i — 1/2) /p quantile of the Wachter limit. For i = 1,2, ..., 10,
these are the 5-th,15-th,...,95-th quantiles of W (X\;¢/ (1 +¢),2¢/ (1 +¢)). Even for
such small values of p and T, the theoretical quantiles track the location of the MC
distribution of the empirical quantiles very well.

The dispersion of the MC distributions around the theoretical quantile is quite
large for the chosen small values of p and T. To see how such a dispersion changes
when p and T increase while p/T remains fixed, we generated pure random walk data
with p = 20,7 = 200 and p = 100,7 = 1000 for p/T" = 1/10, and with p = 20,7 = 40
and p = 100,77 = 200 for p/T = 1/2. Instead of reporting the Tukey boxplots, we
plot only the 5-th and 95-th percentiles of the MC distributions of the \;, i = 1,...;p
against 100 (¢ — 1/2) /p quantiles of the corresponding Wachter limit. The plots are
shown on Figure 6. We see that the [5%,95%] ranges of the MC distributions of \; are
still considerably large for p = 20. These ranges become much smaller for p = 100.

The behavior of the smallest squared canonical correlation \; in Figures 5 and 6
is special in that its MC distribution lies below the corresponding Wachter quantile.

This does not contradict our theoretical results because a weak limit of the empirical
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p=10,T=100

p=10,T=20

Figure 5: The Tukey boxplots for 1000 MC simulations of ten sample squared canon-
ical correlations correponding to pure random walk data. The boxplots are superim-

posed with the quantile function of the Wachter limit.

Empirical quantile

Ernpirical quantile

Figure 6: The q-q Wachter plots for pure random walk data. The dashed line is the
45° line. The solid lines are the 5-th and the 95-th percentiles of the MC distributions
of \;, which are plotted against 100(i — 1/2)/p quantiles of the Wachter limit.
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distribution of \’s is not affected by an arbitrary change in a finite (or slowly growing)
number of them. In fact, we find it somewhat surprising that only the distribution
of \; is not well-alligned with the derived theoretical limit. Our proofs are based
on several low rank alterations of the matrix Sp;51;"S5, S50 , and there is nothing in
them that guarantee that only one eigenvalue of So; S1;'Sh; S5y behaves in a “special”
way. In future work, it would be interesting to investigate behavior of the extreme
eigenvalues of So;S7,'Sh;Sgy" theoretically.

Our next Monte Carlo experiment simulates data that are not random walk. In-
stead, the data are stationary VAR(1) with zero mean, zero initial value, and II = pI,.
We consider three cases of p : 0, 0.5, and 0.95. Figure 7 shows the Wachter plots with
solid lines representing 5th and 95-th percentiles of the MC distributions of \; plotted
against the 100(: — 1/2)/p quantiles of the corresponding Wachter limit. The dashed
line correspond to the null case where the data are pure random walk (shown for
comparison).

The lower panel of the figure corresponds to the most persistent alternative with
p = 0.95. Samples with p = 20 seem to be too small to generate substantial differences
in the behavior of Wachter plots under the null and under such persistent alternatives.
The less persistent alternative with p = 0.5 is easily discriminated against by the
Wachter plot for p/T" = 1/10 (left panel). The discrimination power of the plot for
p/T = 1/5 (central panel) is weaker. For p/T = 1/2 there is still some discrimination
power left, but the location of the Wachter plot under alternative “switches” the side
relative to the 45° line.

The plots easily discriminate against white noise (p = 0) alternative for ¢ = 1/10
and ¢ = 1/5, but not for ¢ = 1/2. This accords with (14), which implies that the
empirical d.f.’s of the squared sample canonical correlations based on random walk
and on white noise data converge to the same limit when ¢ = 1/2.

Results reported in Figure 7 indicate that for relatively small p and p/T, Wachter
plots can be effective in discriminating against alternatives to the null of no cointegra-
tion, where the cointegrating linear combinations of the data are not very persistent.
Further, tests of no cointegration hypothesis that may be developed using simulta-
neous asymptotics would probably need to be two-sided. It is because the location
of the Wachter plot under the alternative may “switch sides” relative to the 45° de-
pending on the persistence of the data under the alternative. Finally, cases with ¢

close to 1/2 must be analyzed with much care. For such cases, the behavior of the

20



p=20,T=200, ¢=1110 p=20,T=100, ¢=1/5 p=20,T=40, ¢=1/2

Figure 7: The q-q Wachter plots for stationary data X; = pX;_1+¢;. Solid lines: 5 and
95 percentiles of the MC distribution of \; plotted against 100(i — 1/2)/p quantile
of the Wachter limit. Dashed lines correspond to 5 and 95 percentiles of the MC
distribution of \; for pure random walk data (the null).
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sample canonical correlations become similar under extremely different random walk
and white noise data generating processes.

Our final MC experiment studies the finite sample behavior of LRy, r/ (2p*). We
simulate pure random walk data with p = 10 and p = 100 and T varying so that p/T
equals 1/10,2/10,...,5/10. Corollary 4 shows that the simultaneous asymptotic lower
bound on LRy, r/ (2p*) has form

1+c¢ 1-—

1-2
5.2 In(l1+c¢)— “In
c

“In(1—c)+ (1-2c). (27)

c? c?

Figure 8 shows the Tukey boxplots of the MC distributions of LR,/ (2p?) corre-
sponding to p/T = 1/10, ...,5/10 with p = 10 (left panel), and p = 100 (right panel).
The boxplots are superimposed with the plot of (27) with ¢ replaced by p/T. For
p = 10, we also show (horizontal dashed line) the standard 95% asymptotic critical
value (scaled by 1/(2p?)) taken from MacKinnon, Haug and Michelis (1999, Table
IT). For p = 100, the standard critical values are not available, and we show the
dashed horizontal line at unit height instead. This is the sequential asymptotic lower
bound on LRy, 7/ (2p®) as established in Corollary 7. The reported results support
our conjecture that the simultaneous asymptotic lower bound (27) is, in fact, the
simultaneous asymptotic limit of LRy, r/ (2p*) for ¢ < 1/2.

The left panel of Figure 8 illustrates the “over-rejection phenomenon”. The hor-
izontal dashed line that corresponds to the standard 95% critical value is just above
the interquartile range of the MC distribution of LRy, r/ (2p*) for ¢ = 1/10, is be-
low this range for ¢ > 3/10, and is below all 1000 MC replications of the scaled LR
statistic for ¢ = 5/10.

Although the lower bound (27) seems to provide a very good centering point for
the scaled LR statistic, the MC distribution of this statistic is quite dispersed around
such a center for p = 10. As discussed above, we suspect that the scaled statistic
centered by (27) and appropriately rescaled has Gaussian simultaneous asymptotic
distribution. Supporting this conjecture, the Tukey plots on Figure 8, that correspond
to ¢ < 1/2, look reasonably symmetric although some skewness is present for the left

panel where p = 10.
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4.2 Examples

Our first example uses T = 103 quarterly observations (1973q2-1998q4, with the
initial observation 1973q1) on bilateral US dollar log nominal exchange rates for p =
17 OECD countries: Australia, Austria, Belgium, Canada, Denmark, Finland, France,
Germany, Japan, Italy, Korea, Netherlands, Norway, Spain, Sweden, Switzerland, and
the United Kingdom. The data are as in Engel, Mark, and West (2015), and were
downloaded from Charles Engel’s website at http: // www.ssc.wisc.edu / ~cengel /.
That data are available for a longer time period up to 2008q1, but we have chosen to
use only the “early sample” that does not include the Euro period.

Engel, Mark, and West (2015) point out that log nominal exchange rates are well
modelled by random walk, but may be cointegrated, which can be utilized to improve
individual exchange rate forecasts relative to the random walk forecast benchmark.
They propose to estimate the common stochastic trends in the exchange rates by
extracting a few factors from the panel. In principle, the number of factors to extract
can be determined using Johansen’s test for cointegrating rank, but Engel, Mark, and
West (2015) do not exploit this possibility, referring to Ho and Sorensen (1996) that
reports poor performance of the test for large p.

Figure 9 shows the Wachter plot for the log nominal exchange rate data. The
squared sample canonical correlations are computed as the eigenvalues of So; 517" Sh; So0' s
where S;; are defined as in (8) with Ry and Ry, being the demeaned changes and the
lagged levels of the log exchange rates, respectively. The dashed lines correspond to
the 5-th and 95-th percentiles of the MC distribution of the squared canonical corre-
lation coefficients under the null of no cointegration. To obtain these percentiles, we
generated data from model (7) with p = 17, T'= 103, Il = 0, D; = 1, and ® being
iid. N(0,1,) vectors across the MC repetitions. Log exchange rates for 1973ql was
used as the initial value of the generated series.

The figure shows a mild evidence for cointegration in the data with the largest
five A’s being close to the corresponding 95-th percentiles of the MC distributions.
Recall, however, that the ability of the Wachter plot to differentiate against highly
persistent cointegration alternatives with p/T" ~ 1/5 is very low, so there well may be
more than five cointegrating relationships in the data. Whatever such relationships
are, the deviations from the corresponding long-run equilibrium are probably highly
persistent as no dramatic deviations from the 45° line are present in the Wachter plot.

Very different Wachter plots (shown in Figure 10) correspond to the log industrial
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Figure 8: The Tukey boxplots for the MC distributions of LRg, 7/ (2p?) for various
p/T ratios. The boxplots are superimposed with the simultaneous asymptotic lower
bound on LRy, 7/ (2p?) . Dashed line in the left panel correspond to 95% critical value
for the satandard asymptotic LR test (taken from MacKinnon, Haug and Michelis
(1999, Table II)). Dashed line in the right panel has ordinate equal one.
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Figure 9: The Wachter plot for the bilateral US log nominal excahnge rates of 17
OECD countries. Dashed lines: 5% and 95% quantiles of the MC distribution of the
squared sample canonical correlations under the null of no cointegration.
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Figure 10: The Wachter plots for the industrial production indices and consumer
price indices of 18 OECD countries. Dashed lines: 5% and 95% quantiles of the
MC distribution of the squared sample canonical correlations under the null of no
cointegration.

production (IP) index data and the log consumer price index (CPI) data for the
same countries plus the US. These data are still the same as in Engel, Mark, and
West (2015). We used the long sample 1973q2:2008q1 (7" = 140) because the IP
and CPI data are not affected by the introduction of the Euro to the same degree
as the exchange rate data. For the CPI data, we included both intercept and trend
in model (7) for the first differences because the level data seem to be quadratically
trending. The plots clearly indicate that the IP and CPI data are either stationary or
cointegrated with potentially many cointegrating relationships, short run deviations

from which are not very persistent.

5 Conclusion

In this paper, we consider the simultaneous, large-p, large-T', asymptotic behavior of
the squared sample canonical correlations between p-dimensional random walk and its
innovations. We find that the empirical distribution of these squared sample canoni-
cal correlations almost surely weakly converges to the so-called Wachter distribution
with parameters that depend only on the limit of p/T as p,T —, co. In contrast,

under the sequential asymptotics, when first 7" — oo and then p — oo, we establish
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the convergence in probability to the so-called Marchenko-Pastur distribution. The
differences between the limiting distributions allow us to explain from a theoretical
point of view the tendency of the LR test for cointegration to severely over-reject
the null when the dimensionality of the data is relatively large. Furthermore, we de-
rive a simple analytic formula for the Bartlett-type correction factor in systems with
relatively large p/T ratio.

We propose a quick graphical method, the Wachter plot, for a preliminary analysis
of cointegration in large-dimensional systems. The Monte Carlo analysis shows that
the quantiles of the Wachter distribution constitute very good centering points for the
finite sample distributions of the corresponding squared sample canonical correlations.
The quality of the centering is excellent even for such small p and T" as p = 10 and
T = 20. However, for such small values of p and T, the empirical distribution of the
squared sample canonical correlation can considerably fluctuate around the Wachter
limit. As p increases to 100, the fluctuations become numerically very small.

This paper opens up many directions for future research. First, it is important
to study the fluctuations of the empirical distribution around the Wachter limit. We
conjecture that linear combinations of reasonably smooth functions of the squared
sample canonical correlations, including the log(1 — A\) used by the LR statistic,
are asymptotically Gaussian after appropriate centering and scaling. A proof would
require different methods from those used here. We are currently investigating this
research direction.

Further, it would be desirable to remove the Gaussianity assumption on the data.
We believe that the existence of the finite fourth moments is sufficient for the validity
of the Wachter limit. Next, it is interesting to study the simultaneous asymptotic
behavior of a few of the largest sample canonical correlations. This may lead to a
modification of Johansen’s maximum eigenvalue test. Last, but not least, a study of
the quality of bootstrap when p is large is needed. Our own very preliminary analysis
indicates that the currently available non-parametric bootstrap procedures (see, for
example, Cavaliere, Rahbek, and Taylor (2012)) might not work well for p/T" as large
as, say, 1/3. We hope that our paper would stimulate further research along these

and other directions.
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6 Appendix. Proof of Theorem 1.

6.1 Reduction to pure random walk data.

Let G'()\) and G ()\) be d.f’s that may depend on p and T and are possibly random.
We shall call them asymptotically equivalent if the a.s. weak convergence G (\) =
F (\) to some non-random d.f. F/(\) implies similar a.s. weak convergence for G/(\),
and vice versa. Let S; and S; with i = 0,1, 2 be, possibly random, matrices that may
depend on p and T such that S; and S; are a.s. positive definite for i = 0, 1. Below,

we shall often refer to the following auxiliary lemma.

Lemma 9 If%rank <Si — S’Z> — 0, a.s., as p,T —. 00 fori=0,1,2, then G (\) and
G(\) are asymptotically equivalent, where G (\) and G ()\) are the empirical d.f.’s of
eigenvalues of S»S71S5S5 Y and S,S7155S5, respectively.

Proof of Lemma 9. Let R = rank <5251_15§50_1 - 3251_1555”0_1) . The a.s. conver-
gence %rank (SZ- — §Z> — 0 implies the a.s. convergence R/p — 0. On the other hand,
by the rank inequality (Theorem A43 in Bai and Silverstein (2010)), £ (G : é) < R/p,
where £ <G, é) is the Lévy distance between G (A) and G()). Since the Lévy dis-

tance metrizes the weak convergence, the a.s. convergence £ (G, é) — 0 yields the

asymptotic equivalence of G'(\) and G(\).0
NOW, let SU = SOU, Sl = Sll; and SQ = S()l, and let

T T r
.1 5 1 S
B 2 ANANE S g 2 KX and S g 2 AN

Since Ry and Ry, which enter the definition (8) of S;;, are the residuals in the regres-
sions of AX; on D; and X;_; on D, respectively, we have max;— 1 2 rank <Si — S’Z> <
dp. By assumption, dp/p — 0 as p,T —, 0o, so that by Lemma 9, F,r()\) is as-
ymptotically equivalent to the empirical d.f. of eigenvalues of §2§; 15’55’0’ ! Therefore,
we may and will replace Ry, and Ry, in the definitions (8) of S;; by AX; and X;_,

respectively, without loss of generality. Furthermore, scaling .S;; by 7" does not change
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the product 80151_115615&)1, and thus, in the rest of the proof, we work with
T T T
SOO = Z AXtAXé, 501 = ZAXtXt,—l’ and Sll B ZXt—lXt,—l' (28)
t=1 t=1 t=1

Next, we show that, still without loss of generality, we may replace the data
generated process (11) by a pure random walk with zero initial value. Indeed, let X =
[X_ks1, .y X7|, where X_j4q, ..., X are arbitrary and X, with ¢ > 1 are generated
by (11). Further, let X_;,1,..., Xy be zero vectors, X, = 21—1 gy for t > 1, and
K= Xy, Xl

Lemma 10 rank (X—X) <2(r+rankl + k +dp).

A proof of this lemma is given in the SM. It is based on the representation of X,
as a function of the initial values, ¢ and F' (see Theorem 2.1 in Johansen (1995)),
and requires only elementary algebraic manipulations. Lemmas 10 and 9 together
with assumption (12) imply that replacing AX; and X; ; in (28) by AX, and X,_1,
respectively, does not change the weak limit of £, (). Hence, in the rest of the proof

of Theorem 1, without loss of generality, we assume that the data are generated by
AXt = &¢, t= 1,...,T, Wlth XO =0. (29)

Since the sample canonical correlations are invariant with respect to the multiplication
of the data by any invertible matrix, we assume without loss of generality that the
variance of ¢; equals ¥ = I,,/T. Further, we assume that 7" is even. The case of odd

T can be analyzed similarly, and we omit it to save space.

6.2 Block-diagonalization

Let € = [y, ..., er| and let U be the upper-triangular matrix with ones above the main

diagonal and zeros on the diagonal. Then U = [Xj, ..., X7_1] so that

Soo = g€, So1 = eU’e’, and Sy, = cUU'E. (30)

28



We shall show that the empirical d.f. of the A’s, F, v (\), is asymptotically equivalent
to the empirical d.f. £}, (\) of eigenvalues of CD~'C"A~!, where

C=ceALe', D=cA, and A =eé/,
A is a diagonal matrix,
A, = diag {7“1_1]2, s T;}ZIZ} : (31)
and A, is a block-diagonal matrix,
A, = diag {7“1_1 (Ri— L) ooy (Reys — 12)} . (32)

Here I, is the 2-dimensional identity matrix, and r;, R; are defined as follows. Let
0 = —2x/T. Then for j =1,2,...,T/2 — 1,

cos j6 —sin j6
7"]‘_~_1:2—2COSI].07 Rj+1:< J J ),

sin j6  cos j6
whereas r1 = 4, Ry = — 5.

Lemma 11 The d.f.’s F,7 (\) and F, 1 ()\) are asymptotically equivalent.

Proof of Lemma 11. Let V be the circulant matrix (see Golub and Van Loan
(1996, p.201)) with the first column v = (—1,1,0,...,0)". Direct calculations show
that UV = Ip — le, and VU = Iy — e;l’, where ¢; is the j-th column of Ir, and [ is

the vector of ones. Using these identities, it is straightforward to verify that

u = (V+ 616,1)71 —le, and (33)
uv’ = (V,V — (61 —er) (e1 —er) + eTe'T)_l — 1. (34)

Now, let us define
Cy=ec(U+1e) e and Dy = (UU' + 1) €.

Using identities (30) for S;; and Lemma 9, we conclude that F), r()) is asymptoti-

cally equivalent to Fp(li,), (M), where F}fljz (M) is the empirical d.f. of the eigenvalues of
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ClDl_loiAfl.
Further, (33) and (34) yield

C, = e(V+ee) ¢ and

Dy = e(V'V—(e1—er)(er—er) + eTeﬁf)fl e
Applying Lemma 9 one more time, we obtain the asymptotic equivalence of FlflT)()\)
and Fp(2T) (A), where Fp(2T) (M) is the empirical d.f. of the eigenvalues of CoDy'CHA™?

with
Co=cV7le and Dy = (V'V) '€, (35)

As is well known (see, for example, Golub and Van Loan (1996), chapter 4.7.7), T'x T
circulant matrices can be expressed in terms of the discrete Fourier transform matrices
F ={exp (i (s — 1) (t — 1))}.,_, with 0 = —27 /T Precisely,

1 1
V= T}-* diag (Fv) F, and V'V = ?}"* diag (Fw) F,

where w = (2,—1,0,...,0,—1)" and the star superscript denotes transposition and
complex conjugation. For the s-th diagonal elements of diag (Fv) and diag (Fw) , we

have
diag (Fv), = —1+exp{if (s — 1)}, and diag (Fw), =2 —2cos(s —1)0.

Note that diag (Fw), = diag (Fw),,_, for s = 2,3, ... Define a permutation ma-
trix P so that the equal diagonal elements of P’ diag (Fw) P are grouped in adjacent
pairs. Precisely, let P = {ps}, where

lift=2s—1fors=1,..,7/2
Pt =14 1ift=2(T"-s+2)modT fors=T/2+1,...,T

0 otherwise

and let W be the unitary matrix
I
w= (" Y withz=— (1 1),
0 Irp®Z V2 \ i i
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where ® denotes the Kronecker product. Further, let () = \/LTWP' F. As is easy to

check, () is an orthogonal matrix. Furthermore,
V=q (Az_l + 2616'1) Q, and VV' = Q' (Afl — 4616'1) Q,

where A; and A, are as defined in (31) and (32). Combining this with (35) and using
Lemma 9 once again, we obtain the asymptotic equivalence of FfT)()\) and FfT) (A),

where Fp(?% (A) is the empirical d.f. of the eigenvalues of C5D;*C5A~! with

O3 = eQ'AyQ<’ and D3 = eQ' A1 Q<.

Because of the rotational invariance of the Gaussian distribution, the distributions of
@’ and ¢ are the same. Hence, Fp(?% (A) is asymptotically equivalent to prT (A), and

thus, F,, 7 () is asymptotically equivalent to F, 7 (\).0

6.3 A system of equations for the Stieltjes transform

Our proof of the a.s. weak convergence of FP,T (A) to the Wachter distribution consists
of showing that the Stieltjes transform of F, 7 ()),

—Z

ig(z) = [ 5B (@), (36)

a.s. converges pointwise in z € Ct = {( : 3¢ > 0}, where J( denotes the imaginary
part of a complex number (, to the Stieltjes transform m(z) of the Wachter distribu-
tion. To establish such a convergence, we show that, if m is a limit of 7, r(2) along
any subsequence of p, T" —. 0o, then it must satisfy a system of equations with unique
solution given by m(z). The a.s. convergence of £}, (\) (and thus, also of F, 7 (\)) to
the Wachter distribution follows then from the Continuity Theorem for the Stieltjes
transforms (see, for example, Corollary 1 in Geronimo and Hill (2003)).

We shall write 7 for the Stieltjes transform m, r(2) to simplify notation. Let

M =CD'C"—zAand M = C'A™*C — 2D. (37)
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Then by definition (36), m must satisfy the following equations

T SR
m = pt [AM], (38)
T G
o= [DM } (39)

Let us study the above traces in detail. Define
5(]) = [62j_1’62j] Y j = 17 aT/Q

We now show that the traces in (38) and (39) can be expressed as functions of the

terms having form 5 Q i€(j), where ; is independent from ;). Then, we argue that

1
— —=tr [Q]] [2

Ezj)QjE(j) T

a.s. converge to zero, and use this fact to derive equations that the limit of m, if it
exists, must satisfy.
First, consider (38). Note that

T/2

1
I—?tr [AM? Ztr M ep) - (40)

Let us introduce new notation:
Alj = T;llg, AQ] = T';l (Rj — [2) y

Aj = A —ee(y, and M; = C;D; 'C) - 24,

In addition, let

_D 6(]),/&] (J)D‘Y_IC;MJ_lg(]),

Si = 5,(1)
v, = 5’(J)M £(j), and
w; = ,( 10/ 10 Dj E(j)

A straightforward algebra that involves multiple use of the Sherman-Morrison-
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Woodbury formula (see Golub and Van Loan (1996), p.50)

(V4+XWY) ' =V v X (W4 yvix) T yvy (41)

and the identity
AQ‘]‘A/Z?' = A;jAgj = A1j7 (42)

establishes the following equality
il (43)

eHM ey = vj — [vg, u] [v), ]

where )
1 1 / / N
J 1 z :
_1_erA2j + Uy —1_2Tj12 —S5j + Wy

A derivation of (43) can be found in the SM.
Let us define

= (D7), a=qu[DeM,
U= %tr[Ml], and
W= %tr [D7'C'M'CD™.

We have the following lemma, where ||| denotes the spectral norm. Its proof is given
in the SM.
Lemma 12 For all z € C*, as p,T —. 0o, we have

max ||s; — §L| “30, max |ju; —al| “30
/2 =1, T/2

max |lv; — 01| %0, max |lw; — Wi 2%0.
2 T/2

The lemma yields an approximation to the right hand side of (43), which we use

in (40) and (38) to obtain the following result.

Proposition 13 There exists ( > 0 such that, for any z with zero real part, Rz = 0,
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and the imaginary part satisfying Iz > (, we have

o L o fi(p)

2mc Jo (1—2) fi(p)+ f2(p)

de + o(1), where (44)

~

filp) = (w—§—4sin2g0)1§—ﬂ2,
falp) = w—5—4sin?p(1—a—12),

and o(1) 23 0, as p, T —, .

Proof of Proposition 13. Consider a 2 x 2 matrix S’j that is obtained from
6’(j)M’15(j) by replacing s;,v;,u; and w; in (43) with §15, 015, 4ls, and wl,, respec-
tively. We have

S; = 0l — [0y, 0L5)Q,[0 15, 4l

where

-1
Qj _ ilg + '&[2 1izrjA,2j + TALIQ '
iTjAZj + ﬁ[g 1i—z7”j[2 + (HA) — §)[2

A simple algebra and the identity Ag; + A5, = —1I5 yield

~ 1—2~
Q = ZQJ, where (45)
0;
Qj _ ﬁ’l"i'[2 + (?IJ —A§)IQ _%TjAlgj A— ﬁ[z ’ (46)
_ETjAQj _U/IQ E]Q_’_’UIQ

and

By definition,

Y
IN

2|l il < B flp-terna

. p - A p — — -
0] < T”M Y|, and |@] §TtrHD '‘c'M~tepT|.

In the proof of Lemma 12, we show that the norms |[D7Y||, ||[D~1C'||, and || M|

a.s. remain bounded as p,T —. oo. Hence, 5, u, v, and w are also a.s. bounded.
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Further, by definition,
riAg; = R;j — I and rjA’Qj = R;. — I,

where R; is an orthogonal matrix, so that ||7;As;|| and HTJ-A'%H are clearly bounded
uniformly in j. Therefore, the norm of matrix (2, a.s. remains bounded as p, T —. oo,
uniformly in j. Regarding ¢;, which appear in the denominator on the right hand side
of (45), the SM establishes the following result.

Lemma 14 There exists ¢ > 0 such that, for any z with Rz =0 and Tz > (, a.s.,

, 2/ (1 _ 2
[lijrp_gloi;j:ﬁnax 6] >/ (1—¢7).

-----

a.s. remains

bounded as p, T" —. oo, uniformly in j. Therefore, by Lemma 12,
5’(j)M_15(j) = Sj + o(1), (47)

where o(1) % 0 as p, T —. oo, uniformly in j.

A straightforward algebra reveals that

L (=8 =)D — a2
Sj: 5
J

Using this in equations (47) and (40), we obtain

. o T2! (0 — 8 —rjpq) 0 —
" — 5]‘11 +oth)
o T/271
_ 2 fi(ym/T)
- Z T2 7 Ga/T) + fo Gy o

where, in the latter expression, the term corresponding to j = 0 is included in the
o(1) term to take into account the special definition of 7.

As follows from Lemma 14 and the boundedness of 3, u, 0, and w, the derivative

i f1 (o)
de (1 —=2) fi () + f2(¥)
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a.s. remains bounded by absolute value as p, T —. oo, uniformly in ¢ € [0,27].

Therefore

2’ £ G/ T) N T
p jz 1—2) f1(yr/T)+ fo (jm/T) 7T_C/0 1=2) fi (0) + fo () + o(1).

The statement of Proposition 13 now follows by noting that the latter integral is one
quarter of the integral over [0, 27].0]
A similar analysis of equation (39) gives us another proposition, describing m as

function of 3, 4, v, and w, where

i = %tr (A, ﬂ:%tr Ao,
Vo= %tr [M_l], and
W = %tr [A—ch—lc’A—l].

We omit the proof because it is very similar to that of Proposition 13.

Proposition 15 There exists ¢ > 0 such that, for any z with Rz = 0 and Tz > (,

we have
= /% g deo + o(1), wh (48)
m = o(1), where
ey (T—2)gi+g:(0) ©

g = (0—-35-1)0—a°

g (p) = 0—4sin*p(G+1—a—0),
and 0(1) %0, as p, T —. co.

Although we now have two asymptotic equations for m, (44) and (48), they contain
eight unknowns: 3,4, 0, w, and the corresponding variables with tildes. Using a simple
algebra, we establish the following relationships between the unknowns with hats and
tildes. A proof can be found in the SM.

Lemma 16 We have the following three identities

~ ~ ~

U=1u, 20+ 5=w, and 20+ 5 = Ww. (49)
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The identities (49) imply the following equality

(1=2)filp)+ falp)=(1=2)g1+ g2 ().

We denote the reciprocal of the common value of the right and left hand sides of this

equality as h (2, ). A direct calculation shows that

h(z0) = ((1—2) (200 — @) + 20+ 4sin®p (z0 + 1 — 1)) ", (50)

and the asymptotic relationships (44) and (48) can be written in the following form

{m_ﬁowrf}(z’(p)((z@—élsm )15 ﬁ)d<p+0() (51)
= gk [ h (20 (20— 1) 5 — i) dip + o(1)

This can be viewed as an asymptotic system of two equations with four unknowns:
m, 0,0, and u. We shall now complete the system by establishing the other two as-
ymptotic relationships connecting these unknowns.

Multiplying both sides of the identity

MA'=CD'C’A™! — 21, (52)
by AM ™!, taking trace, dividing by p, and rearranging terms, we obtain
.1 —1 -1
1+ zm=—tr [CD'C'M '] . (53)
p

Next, we analyze (53) similarly to the above analysis of (38). That is, first, we note

that
T/2

1 _ / / - ! —
ST [cD'C'M! Ztr Abe, D7IC'M ;)] - (54)

Then elementary algebra, based on the Sherman-Morrison-Woodbury formula (41),

yields

(4) J

DO M ey = 1y (rila+ ) 80 (Uj = o, 0] [%'7“/'],) (55)

+T’j (’I“j]g + Sj)il (’Uj — [U,j, wj] Qj [?Jj, U;}I) .
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Multiplying both sides of (55) by Aj; and replacing s;, u;, v;, and w; by 815, ila, 01,
and wl,, respectively, yields an asymptotic approximation to A’st’( j)D_lC’ M~ teg,
which can be used in (54) and (53) to produce the following result. Its proof, as well
as the proof of (55), are given in the SM.

Proposition 17 There exists ( > 0 such that, for any z with Rz = 0 and Tz > (,

we have

2

1 .
1+2m=— h(z,¢) (2asin® o + 200 — @°) dp + o(1), where  (56)
mc Jo

0(1) %0, as p, T —. oo.

One might think that the remaining asymptotic relationship can be obtained by
using the identity
MD™ ' =C'A'CD™! - 21, (57)

which parallels (52). Unfortunately, following this idea delivers a relationship equiv-

alent to (56). Therefore, instead of using (57), we consider the identity

1 1
—tr [C'M~ '] ==tr [DD'C'M'], (58)
p p
which yields
1 T/2 T/2
=) tr [Agyel M e )] Ztr Aye; D7IC'M e ;)] - (59)
p
7=1

Then, we proceed as in the above analysis of (54) and (40) to obtain the remaining

asymptotic relationship. The proof of the following proposition is given in the SM.

Proposition 18 There exists ( > 0 such that, for any z with Rz = 0 and Jz > (,

we have
1 27

0= 5o hz,¢) (40sin® ¢ + 24) dp + o(1), where (60)
mc J,

0(1) %0, as p, T —. oo.

Summing up the results in Propositions 13, 15, 17, and 18, the unknowns m, o, 0,
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and o must satisfy the following system of asymptotic equations

=g 02WB(Z7Q0) ((20 — 4sin® ) & — 4?) dp + o(1)
=g [y h ) (20 = Do =) i+ o)

. 61
s [ " h (2, ) (2asin® ¢ + 200 — 42) de + o(1) (61
i )

1
0=~ 02 Bz, (40 sin® ¢ 4 2a) dp + o(1)

6.4 Solving the system

The definition (36) of 77 implies that |ri| is bounded by (Jz)~". Further, as shown in
the proof of Proposition 13, & and v are a.s. bounded by absolute value, and it can
be similarly shown that v is a.s. bounded by absolute value. Therefore, there exists
a subsequence of p,T" along which m, v, v, and @ a.s. converge to some limits m, v, y,
and u.

These limits must satisfy a non-asymptotic system of equations

m= 27rc

h(z,¢) ((zy — 4sin® o) v — u?) dp
m =g fo h(z0) (20— 1)y —u®)dp
1+zm—2if h(z,¢) (2usin® p + zvy — u?) dep
0_27rc.[07r )(2vsm ¢ +u)dp

: (62)

where

h(z) = [(1—2) (z0y —u?) + 2y + 4sin® p (20 + u — 1)}_1

Let us consider, until further notice, only such z that Rz = 0 and Jz > (, for some
¢ > 0. Let us solve system (62) for m. Adding two times the last equation to the first

one, and subtracting the second equation we obtain

1 27

0=— h(z, ) (y + 2u) de. (63)

2me Jy

Note that fo% h(z,¢)dp # 0. Otherwise, from the second equation of (62), we
have m = 0, which cannot be true. Indeed, for any 0 < A < 1 and z with Rz = 0,

j( 1 >_ Jz S Jz
A=z) N4 (32)° 7 1+ (327

Therefore, I > Jz/ (1 + (32)2) , and m cannot converge to m = 0.
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Since f027r h(z,¢)de # 0, (63) yields
Y+ 2u =0 (64)

with y # 0 and u # 0 (if one of them equals zero, the other equals zero too, and
m = 0 by the second equation of (62), which is impossible). Since u # 0, the last
equation implies that v # 0 as well.

Further, subtracting from the third equation the sum of z times the second and
u/v times the last equation, and using (64), we obtain

1 2

1= [ hae) T et (o —v - 1 (65)

This equation, together with the second equation of (62) yield

 v(2wtu—2)
e (1+v—2v)(2zv+u)’ (66)

Next, for the integrand in the last equation of (62), we have

1 v

20 sin® S
h(z,¢) (2vsin® ¢ + u) SPT— (67)
w((1—2)v2zv+u)+2220+u—1)
h - )
- (Z’wQ( 20 +u—1
This assumes that
2v4+u—1%#0. (68)

If not, then
h(z,p) = [(1 —2) (zvy — u2) + zy}_l

would not depend on ¢ and the last equation of (62) would imply that u+v = 0. The

latter equation and the equality zv +u — 1 = 0 would yield v = — (1 — z)~", which

when combined with the second equation of (62) would give us m = —c¢~ ' (1 —2)~".

This cannot be true because m, being a limit of m, must satisfy Jm > 0 for Jz > 0.
Equations (65), (67), and the last equation of (62) imply that

2c

uz20—1—(1—z)v(1—0)

—2z0. (69)
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Combining this with (66) yields

1—c¢
— ) 70
m=v . (70)

Finally, elementary calculations given in the SM show that

(RVEL | ? 1
il - d e 71
<27T/0 x + 2sin” SO) z(x+2) (1)

where z € C\ [-2,0]. Using (71), (65), and the definition of h (z, ), we obtain the

following relationship

(u<2ammw+u—1) ))2 (2)

220+ u) (zv—v—1
4(zv+u—1)°
u((1=2) (=220 —u) —22) (—u+uz+2)(u+2vz—2)’

that holds as long as

u((1—2) (=220 —u) — 22)

2(zv4+u—1) €C\[=2,0].

The latter inclusion holds because otherwise h (z, ) is not a bounded function of ¢,
which would contradict Lemma 14.
Using (69) in (72), and simplifying, we find that there exist only three possibilities.

Either
1

T (73)
I1—(ct+ecz—Dv+2z(1—-2)(1—c)v*=0, (74)
1ic—(C—FCZ—Z)’U—i—z(l—z)(l—0)02:(). (75)

Equation (73) cannot hold because otherwise, (70) would imply that IJm < 0,
which is impossible as argued above. Equation (74) taken together with (69) implies
that

u+zv—1=0,
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which was ruled out above. This leaves us with (75), so that, using (70), we get

—(z—c—cz)x z—c—c2)? —4de(l—2)2
I ) 2%((1_2)6) (1-2)= -

For z € C* with Rz = 0, the imaginary part of the right hand side of (76) is
negative when ‘—’ is used in front of the square root. Here we choose the branch
of the square root, with the cut along the positive real semi-axis, which has positive

imaginary part. Since Jm cannot be negative, we conclude that

—(z—c—cz)+ z—c—cz)}—de(1—2)2
I ) 2/;(1_2)6> (1-2)= -

But the right hand side of the above equality is the value of the limit of the Stielt-
jes transforms of the eigenvalues of the multivariate beta matrix B, (p, (' — p) /2) as
p, T" —. 0o. This can be verified directly by using the formula for such a limit, given for
example in Theorem 1.6 of Bai, Hu, Pan and Zhou (2015). As follows from Wachter
(1980), the weak limit of the empirical distribution of the eigenvalues of the multivari-
ate beta matrix B, (p, (T —p) /2) as p,T —. 00 equals W (A\;¢/ (1 +¢),2¢/ (1 +¢)).

Equation (77) shows that, for z with Rz = 0 and Jz > (, any converging sub-
sequence of m converges to the same limit. Hence, m a.s. converges for all z with
Mz =0 and Tz > (. Note that m is a sequence of bounded analytic functions in the
domain {z : Jz > §}, where § is an arbitrary positive number. Therefore, by Vitaly’s
convergence theorem (see Titchmarsh (1939), p.168) 7 a.s. converges to m, described
by (77), for any z € C*. The a.s. convergence of F, 7 (\) (and thus, also of F, 1 ()))
to the Wachter distribution follows from the Continuity Theorem for the Stieltjes

transforms (see, for example, Corollary 1 in Geronimo and Hill (2003)).
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