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41 Jhqhudo

Wkh sureohp ri hvwlpdwlrq dqg lqihuhqfh zlwklq wkh frq�qhv ri d qrq0h{shulphqwdo
prghoolqj iudphzrun kdv jhqhudwhg d zhdowk ri vwdwlvwlfdo whfkqltxhv/ pxfk ri
zklfk lv suhglfdwhg xsrq wkh ixqgdphqwdo glfkrwrp| ehwzhhq wkdw zklfk lv re0
vhuyhg e| ghflvlrq pdnhuv +l1h1 frqvxphuv/ �upv, dqg wkdw zklfk lv revhuyhg e|
wkh dqdo|vw1 Wkxv/ hyhq li zh wdnh wkh kljko| xqolnho| fdvh ri d prgho lq zklfk wkh
ixqfwlrqdo irup lv nqrzq zlwk fhuwdlqw| xs wr d �qlwh glphqvlrqdo yhfwru ri sd0
udphwhuv/ zh pxvw xwlolvh vwdwlvwlfdo phwkrgv wr uhfryhu wkhvh xqnqrzqv wrjhwkhu
zlwk dq lqglfdwlrq ri wkhlu vdpsolqj yduldelolw|1

Dv vrrq dv zh ghsduw iurp ixoo nqrzohgjh ri erwk wkh surfhvv jhqhudwlqj wkh
gdwd dqg d ixoo| revhuyhg vdpsoh ri revhuydwlrqv/ zh duh idfhg zlwk wkh gl!fxow
wdvn ri hvwlpdwlqj xqnqrzq sdudphwhuv edvhg xsrq dq lqfrpsohwh vdpsoh ri gdwd1
Zh h{dplqh wklv sureohp e| surylglqj d jhqhudo iudphzrun iru dqdo|vlqj plvv0
lqj gdwd wrjhwkhu zlwk d wd{rqrp| ri plvvlqj ydoxh surfhvvhv1 Lq wklv uhvshfw
lw lv lqvwuxfwlyh wr glvwlqjxlvk ehwzhhq lqwhqwlrqdo plvvlqj gdwd vxfk dv lqglylg0
xdov wkdw duh qrw sduw ri d vxuyh| dqg xqlqwhqwlrqdo plvvlqj gdwd jhqhudwhg e|
dq lqwhuphgldwh �owhu ehwzhhq wkh srsxodwlrq dqg wkh vdpsoh1 H{dpsohv ri wkh
odwwhu lqfoxgh qrqudqgrp qrq0uhvsrqvh dqg fhqvrulqj1 Wr wkh h{whqw wkdw wkh lq0
whuphgldwh �owhu lv qrqudqgrp/ lw lv qhfhvvdu| wr prgho erwk wkh gdwd jhqhudwlqj
surfhvv +gjs, dqg wkh plvvlqj0gdwd jhqhudwlqj surfhvv +pgjs,14 Lq wklv uhvshfw lw
lv lpsruwdqw wr gl�huhqwldwh ehwzhhq vlpsoh lpsxwdwlrq ri plvvlqj ydoxhv dqg wkh
prgho0edvhg surfhgxuhv zklfk frpelqh prghoolqj ri wkh skhqrphqrq ri lqwhuhvw
zlwk d whfkqltxh iru �oolqj0lq plvvlqj ydoxhv1

Lq wkh fdvh ri qrq llg gdwd wkh h{lvwhqfh ri dxwruhjuhvvlyh surfhvvhv vxjjhvwv
wkdw whfkqltxhv xvhg wr lqihu plvvlqj ydoxhv vkrxog lqfrusrudwh wkhvh surshuwlhv1
Lq wklv frqwh{w zh zloo h{dplqh wkh Ndopdq �owhu zklfk uhsuhvhqwv d prgho0edvhg
iudphzrun iru lpsxwlqj plvvlqj ydoxhv1 Plvvlqj gdwd lq krxvhkrog ru exvlqhvv vxu0
yh|v gdwd pd| eh pdqlihvw lq wkh irup ri lqfrpsohwh txhvwlrqqdluhv1 Iru h{dpsoh/
lq d vxuyh| ri �upv vrph uhvsrqghqwv pd| ghfolqh wr uhsruw wkhlu sur�wv1 Ghshq0
ghqw xsrq wkh sdwwhuq ri qrquhvsrqvh dfurvv txhvwlrqv/ wkh vxevhw ri lqglylgxdov
surylglqj frpsohwh lqirupdwlrq pd| eh uhodwlyho| vpdoo/ dqg pd| frqvwlwxwh d
qrq0uhsuhvhqwdwlyh vdpsoh1

Wkh lpsruwdqfh ri plvvlqj gdwd iru vwdwlvwlfdo lqihuhqfh lv lq jhqhudo vhoi hy0
lghqw1 Iru h{dpsoh/ hyhq lq wkh fdvh ri gdwd zklfk lv plvvlqj dw udqgrp zkhuh
prgho sdudphwhuv duh/ lq jhqhudo xqeldvhg dqg frqvlvwhqw/ wkhuh zloo eh dq h!0
flhqf| orvv wkhuhe| frpsurplvlqj wkh ydolglw| ri prgho hvwlpdwhv wkurxjk zlghu
frq�ghqfh edqgv1 Dv d uhvxow zh qhhg wr glvwlqjxlvk ehwzhhq lpsxwdwlrq whfk0

4Zlwklq d olnholkrrg vhwwlqj irupxodwlrq wkdw lqfoxghv erwk d prgho ri wkh gjs dqg pgjs lv

uhihuuhg wr dv d frpsohwh gdwd olnholkrrg1
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qltxhv zklfk idflolwdwh sdudphwhu hvwlpdwlrq dqg phwkrgv wr dvvhvv wkh yduldelolw|
ri wkhvh hvwlpdwhv dorqjvlgh wkh lpsdfw xsrq frq�ghqfh lqwhuydov iru sdudphwhu
hvwlpdwhv edvhg xsrq d frpelqdwlrq ri revhuyhg dqg lpsxwhg gdwd1 Wkh txhvwlrq
zk| lv gdwd plvvlqj iru d sduwlfxodu furvv0vhfwlrq ru wlph vhulhv lv qrw h{solflwo|
fryhuhg lq wklv uhsruw1 Krzhyhu/ wkh h{whqw wr zklfk gdwd lv plvvlqj dffruglqj wr
d qrq0udqgrp phfkdqlvp reylrxvo| uhtxluhv dq xqghuvwdqglqj ri wklv surfhvv li
uholdeoh lpsxwdwlrq lv wr rffxu1

Dowkrxjk wkh sulqflsdo irfxv ri wklv sdshu lv wr vxuyh| phwkrgv iru lpsxwlqj
plvvlqj gdwd/ zh dovr h{dplqh dq dowhuqdwlyh dssurdfk edvhg xsrq zhljkwlqj wkh
revhuyhg gdwd1 Wkh zhljkwlqj ri revhuyhg gdwd e| wkh suredelolw| ri uhvsrqvh
kdv jhqhudwhg d zhdowk ri whfkqltxhv lq dssolhg hfrqrphwulfv xqghu wkh uxeulf
ri vdpsoh vhohfwlrq dqg vhoi0vhohfwlrq dgmxvwphqwv1 Khuh wkh sulpdu| remhfwlyh lv
wr lqwurgxfh dq dgmxvwphqw vxfk wkdw lqihuhqfhv iurp d qrq0udqgrpo| jhqhudwhg
revhuyhg vdpsoh wr wkh srsxodwlrq duh vwloo ydolg1 Zh frpsduh wkh xvh ri wkhvh
wzr dssurdfkhv lq vhfwlrq 81

Lq vhfwlrq 5 zh lqwurgxfh d jhqhudo iudphzrun iru dqdo|vlqj plvvlqj gdwd dqg
lq sduwlfxodu wkh qrwlrq ri dq revhuydwlrqdo uxoh1 Zh dovr glvwlqjxlvk ehwzhhq
ljqrudeoh dqg qrq0ljqrudeoh plvvlqj gdwd phfkdqlvpv1 Lq vhfwlrq 6 zh frpsduh
fodvvlfdo Ed|hvldq dssurdfkhv wr wkh plvvlqj gdwd sureohp1 Vhfwlrq 7 lqwurgxfhv
d qxpehu ri h{dpsoh dqg 8 suhvhqwv d wd{rqrp| ri phwkrgv iru lpsxwlqj plvvlqj
ydoxhv lq wkh frqwh{w ri qrq prgho0edvhg surfhgxuhv1 Vhfwlrq 9 h{dplqhv wzr
prgho0edvhg lpsxwdwlrq surfhgxuhv1 Lq 914 zh lqwurgxfh wkh HP dojrulwkp zklfk
frpelqhv sdudphwhu hvwlpdwlrq +zlwklq wkh frq�qhv ri pd{lpxp olnholkrrg, zlwk
d whfkqltxh iru �oolqj0lq plvvlqj ydoxhv1 Lq 915 zh h{dplqh dqrwkhu prgho0edvhg
surfhgxuh/ wkh Ndopdq Ilowhu/ zklfk lv sduwlfxoduo| vxlwdeoh iru plvvlqj gdwd lq
wlph vhulhv1 Lq vhfwlrq : zh frqvlghu wkh xvhixoqhvv ri hqwurs| dqg furvv0hqwurs|
whfkqltxhv iru lpsxwlqj plvvlqj ydoxhv edvhg xsrq d olplwhg vhw ri dvvxpswlrqv1 Lq
vhfwlrq ; zh pryh dzd| iurp vwdqgdug lpsxwdwlrq dqg surylgh d eulhi ryhuylhz
ri phwkrgv zklfk hpskdvlvh wkh lpsdfw ri lpsxwdwlrq xsrq wkh yduldelolw| ri
sdudphwhu hvwlpdwhv zkhuh d vxevhw ri gdwd srlqwv kdyh ehhq lpsxwhg1 Lq vhfwlrq
< zh irfxv xsrq d qxpehu ri lvvxhv uhodwhg wr lpsohphqwdwlrq/ lqfoxglqj wkh
dydlodelolw| ri frpsxwhu vriwzduh1 Ilqdoo| lq vhfwlrq 43 zh h{dplqh d vshfl�f
plvvlqj gdwd sureohp dqg frpsduh d qxpehu ri srvvleoh vroxwlrqv1

51 Revhuyhg Gdwd dqg Plvvlqj Gdwd Phfkdqlvpv

5141 Plvvlqj Gdwd dqg Vdpsoh Vhohfwlrq

Jlyhq wkdw wkh ryhuulglqj sulqflsoh ri vwdwlvwlfdo dqdo|vlv lv wkh xvh ri vdpsoh lq0
irupdwlrq wr pdnh lqihuhqfhv wr d odujhu srsxodwlrq/ wkhq wkh h{lvwhqfh ri plvvlqj
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gdwd lv wkh irxqgdwlrq vwrqh ri hvwlpdwlrq dqg lqihuhqfh lq fodvvlfdo vwdwlvwlfv1 Iru
h{dpsoh/ wkh dvvxpswlrq ri dq l1l1g1 vdpsoh doorzv xv wr pdnh lqihuhqfh iurp wkh
vdpsoh +ri vl}h ?� wr wkh srsxodwlrq1 Lq wklv frqwh{w hdfk revhuydwlrq kdv d xql0
irup zhljkw htxdo wr �*?1 Wkh h{whqw wr zklfk hohphqwv ri ? kdyh d qrq0xqlirup
suredelolw| ri ehlqj vhohfwhg/ wdnhv xv lpphgldwho| lqwr wkh zruog ri vdpsoh vh0
ohfwlrq dqg dwwhqgdqw phwkrgrorjlhv1 D nh| ghflvlrq dw wklv mxqfwxuh lv zkhwkhu
ru qrw wkh surfhvv zklfk ghwhuplqhv vdpsoh vhohfwlrq lv nqrzq1

Lq erwk furvv0vhfwlrq dqg wlph0vhulhv prghov d suhgrplqdqw frqvwuxfw lv wkh
qrwlrq ri d gdwd jhqhudwlqj surfhvv zklfk ghvfulehv krz wkh yduldeoh+v, ri lqwhuhvw
duh d ixqfwlrq ri d vhw ri fryduldwhv dqg d vwrfkdvwlf huuru whup1 Krzhyhu/ lw lv
iuhtxhqwo| wkh fdvh wkdw zh pd| lghqwli| dq lqwhuyhqlqj surfhvv wkdw fdq pdvn
wkh wuxh surfhvv1 Iru h{dpsoh/ lq plfurhfrqrphwulfv d zkroh fodvv ri prghov
+l1h1 elqdu| uhvsrqvh/ fhqvruhg uhjuhvvlrq dqg gxudwlrq prghov, fdq eh vshfl�hg
edvhg xsrq wkh qrwlrq ri dq revhuydwlrqdo uxoh +vhh Zhhnv +4<<;,,1 Lq wlph0vhulhv
prghov/ revhuydwlrqv pd| eh plvvlqj gxh wr djjuhjdwlrq wr d orzhu iuhtxhqf|1 Lq
erwk lqvwdqfhv wkh fulwlfdo lvvxh lv wkh h{whqw wr zklfk revhuydwlrqv duh plvvlqj
udqgrpo| ru zkhwkhu wkh plvvlqj ydoxh surfhvv lv lq vrph zd| uhodwhg wr wkh
yduldeoh ri lqwhuhvw1

Wkh suhgrplqdqw fkdudfwhulvwlf ri wkhvh prghov lv wkdw revhuydwlrqdo uxohv duh/
lq jhqhudo/ edvhg xsrq qrq0udqgrp surfhvvhv zklfk duh lqwulqvlfdoo| uhodwhg wr wkh
skhqrphqrq ri lqwhuhvw1 Dv vxfk/ lq wkh sduodqfh ri wkh vwdwlvwlfv olwhudwxuh/ wkh
uhvxowlqj revhuyhg gdwd grhv qrw uhsuhvhqw dq ljqrudeoh udqgrp vdpsoh ri wkh
xqghuo|lqj gdwd1

Ehorz zh h{dplqh dowhuqdwlyh gh�qlwlrqv ri plvvlqj gdwd surfhvvhv ehiruh frq0
vlghulqj d qxpehu ri h{dpsohv e| h{dplqlqj wkh uhodwlrqvkls ehwzhhq wkh revhuyhg
gdwd/ tc dqg wkh xqghuo|lqj +odwhqw, gdwd/ t W� Wkh xvh ri wkh revhuydwlrqdo uxoh id0
flolwdwhv wkh uhsuhvhqwdwlrq ri wkh gdwd jhqhudwlqj surfhvv dv hlwkhu dq clqfrpsohwh
gdwd* ru csduwldo revhuydelolw|* surfhvv1 Lq dgglwlrq zh fdq glvwlqjxlvk ehwzhhq
udqgrp dqg qrq0udqgrp plvvlqj gdwd phfkdqlvpv1

5151 Plvvlqj dw Udqgrp= D Forvhu Orrn

Iroorzlqj vhplqdo zrun e| Uxelq +4<:9,/ wkh grplqdqw wkhph lq wkh vwdwlvwlfdo
olwhudwxuh rq plvvlqj gdwd kdv ehhq d irfxv rq lpsxwdwlrq whfkqltxhv zklfk uho|
rq wkh dvvxpswlrq wkdw wkh plvvlqj gdwd duh cplvvlqj dw udqgrp* ru pdu1 Dv
qrwhg deryh/ wklv hpskdvlv lv glvwlqfw iurp wkh hfrqrphwulfv olwhudwxuh/ zkhuh
surjuhvv kdv ehhq pdgh lq fruuhfwlqj iru ydulrxv irupv ri vhoi0vhohfwlrq/ zkhuh wkh
uhodwlrqvkls ehwzhhq t dqg t W lv jryhuqhg e| d v|vwhpdwlf revhuydwlrqdo uxoh1 Lq
wklv vhfwlrq zh irfxv xsrq ljqrudeoh plvvlqj gdwd phfkdqlvpv dqg wdnh d forvhu
orrn dw pdu1

8



Zh prwlydwh wkh hqvxlqj glvfxvvlrq e| frqvlghulqj d gdwd pdwul{ � ' i6��j
� ' �c ���?c � ' �c ���c &c zkhuh � lqgh{hv lqglylgxdo gdwd srlqwv dqg � fryduldwhv1
Lq wkh dqdo|vlv wkdw iroorzv/ plvvlqj gdwd zloo uhihu wr d vlwxdwlrq zkhuh gdwd lv
plvvlqj iru rqh ru pruh urzv dqg froxpqv ri � 1 Reylrxvo| wkh dssolfdelolw| ri
dq| sduwlfxodu irup ri lpsxwdwlrq zloo ghshqg/ lqwhu dold/ xsrq wkh glphqvlrqdolw|
ri �c dqg zkhwkhu lqihuhqfh lv xqfrqglwlrqdo ru frqglwlrqdo1 Uhodwhg/ wkh prvw
dssursuldwh irup ri lpsxwdwlrq zloo gl�hu ghshqglqj xsrq zkhwkhu xqlyduldwh ru
pxowlyduldwh dqdo|vlv lv wr eh shuiruphg1

Zh pdnh d glvwlqfwlrq ehwzhhq wkh froxpqv ri � edvhg xsrq wkh hqgrjh0
qrxv2h{rjhqrxv +ru suhghwhuplqhg, glfkrwrp|/ dqg lq grlqj vr zh ohw t ghqrwh
wkh �uvw froxpq ri �c dqg �

3� uhsuhvhqw wkh E?� &0�� pdwul{ ri h{rjhqrxv ydul0
deohv1 Lq dgglwlrq zh sduwlwlrq wkh ? revhuydwlrqv lqwr wzr pxwxdoo| h{foxvlyh vhwv=
�� ghqrwhv ixoo| revhuyhg gdwd dqg �?3� ghqrwhv plvvlqj revhuydwlrqv1 Ixuwkhu
ohw ' ' �E� lv revhuyhg, eh dq E? � &� yhfwru zlwk w|slfdo hohphqw ^�� ' � li
� lv revhuyhg dqg }hur rwkhuzlvh1 Zh h{dplqh wkh h{whqw wr zklfk gdwd lv erwk
plvvlqj dw udqgrp dqg revhuyhg dw udqgrp e| h{dplqlqj wkh mrlqw glvwulexwlrq
ri� dqg '1 Iru h{dpsoh/ zh pd| reylrxvo| zulwh wkh mrlqw glvwulexwlrq ri t dqg
' dv

sE�c' m wc q� ' sE� m w�sE'm�cq�c +514,

zkhuh w dqg q duh yhfwruv ri sdudphwhuv/ dqg sE' m �cq� lv wkh glvwulexwlrq ri
wkh plvvlqj gdwd phfkdqlvp1 Wkh nh| lvvxh khuh lv reylrxvo| zkhq hvwlpdwlrq
dqg lqihuhqfh fdq eh edvhg xsrq ��/ wkxv ljqrulqj wkh plvvlqj gdwd phfkdqlvp1
Li wklv fdq eh grqh wkhq lqvwhdg ri +514, zh fdq zulwh

sE��c ' m wc q� ' sE�� m w�sE' m��c q��

Lw wkhuhiruh iroorzv wkdw li zh fdq vlpsoli| sE' m�cq� vxfk wkdw

sE' m��c�?3�c q� ' sE' m��c q�c +515,

wkhq gdwd lv plvvlqj dw udqgrp ru pdu1 Qrwh wkdw li lq dgglwlrq wr pdu wkh
sdudphwhuv ghwhuplqlqj wkh sdwwhuq ri plvvlqj gdwd +', duh glvwlqfw iurp wc wkhq
wkh plvvlqj0gdwd phfkdqlvp lv ljqrudeoh1 Sxwwlqj +515, lqwr zrugv zh qrz gh�qh
pdu1

Gh�qlwlrq 5141 pdu
Wkh plvvlqj gdwd duh plvvlqj dw udqgrp +pdu, li wkh frqglwlrqdo suredelolw|

ri wkh revhuyhg sdwwhuq ri plvvlqj gdwd/ jlyhq wkh plvvlqj gdwd dqg wkh ydoxh ri
wkh revhuyhg gdwd Eqdpho| sE' m��c�?3�c q��/ lv wkh vdph iru doo srvvleoh ydoxhv
ri wkh plvvlqj gdwd vxfk wkdw sE' m��c�?3�c q� ' sE' m��c q�� Lq pruh jhqhudo
whupv/ wkh suredelolw| ri plvvlqj gdwd ghshqgv xsrq wkh revhuyhg exw qrw wkh
xqrevhuyhg gdwd1
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Dv Olwwoh dqg Uxelq +4<;:, qrwh/ li wkh sdwwhuq ri plvvlqj gdwd lv pdu wkhq/
iru h{dpsoh/ wkh olnholkrrg wkdw d sduwlfxodu hohphqw ri t lv plvvlqj grhv qrw
ghshqg xsrq wkh ydoxh ri t 1 Shukdsv d pruh lqwxlwlyh shuvshfwlyh lv wr uhfdvw wkh
sureohp lq whupv ri wkh delolw| wr suhglfw '� Lq wklv uhvshfw/ iru d plvvlqj ydoxh
surfhvv wkdw lv pdu/ wkhuh lv qr suhglfwlyh srzhu lq t 1

Zh qrwh wkdw lq Gh�qlwlrq +514, zh irfxv rq wkh frqglwlrqdo glvwulexwlrq ri
' lq dqg gr qrw gl�huhqwldwh ehwzhhq t dqg wkh h�hfw ri fryduldwhv lq �

3�1
Krzhyhu/ vlqfh wkh zrunkruvh ri dssolhg hfrqrplf dqdo|vlv/ wkh olqhdu uhjuhvvlrq
prgho/ lqyroyhv hvwlpdwlqj wkh frqglwlrqdo glvwulexwlrq ri t jlyhq �

3�/ wkhq zh
pljkw zlvk wr frqvlghu dq dowhuqdwh uhsuhvhqwdwlrq ri d plvvlqj0gdwd phfkdqlvp1

Gh�qlwlrq 5151 rdu
Wkh revhuyhg gdwd duh revhuyhg dw udqgrp +rdu, li iru hdfk ydoxh ri wkh plvvlqj

gdwd wkh frqglwlrqdo suredelolw| ri wkh revhuyhg sdwwhuq ri plvvlqj gdwd/ jlyhq wkh
plvvlqj gdwd dqg revhuyhg gdwd/ lv wkh vdph iru doo srvvleoh ydoxhv ri wkh revhuyhg
gdwd1

Li Gh�qlwlrq 515 krogv/ wkhq zh fdq ixuwkhu vlpsoli| +514, e| zulwlqj

sE' m��c�?3�c q� ' sE' m q�c +516,

vxfk wkdw wkh plvvlqj0gdwd phfkdqlvp lv frpsohwho| lqghshqghqw ri�� Qrwh wkdw
edvhg xsrq +516, q uhsuhvhqwv wkh xqfrqglwlrqdo iuhtxhqf| ri plvvlqj ydoxhv/ vxfk
wkdw ' � q�?Eqc ?��

Wr hoderudwh xsrq wkh glvwlqfwlrq ehwzhhq pdu dqg rdu zh frqvlghu d vlqjoh
fryduldwh f zklfk lv uhfrughg iru doo revhuydwlrqv/ zkhuhdv t frqwdlqv plvvlqj
ydoxhv1 Erwk f dqg t duh frq�qhg wr wkh +srvlwlyh, kdoi uhdo olqh1 Iroorzlqj
Olwwoh dqg Uxelq +4<;:, zh gl�huhqwldwh ehwzhhq wkuhh plvvlqj ydoxh surfhvvhv/
zkhuh wkh suredelolw| ri uhvsrqvh lv ghwhuplqhg e|=

l, t dqg f(

ll, f dqg qrw t (

lll, lv lqghshqghqw ri f dqg t�

Wkhvh wkuhh fdvhv duh suhvhqwhg lq wdeoh 4/ zkhuh k dqg B duh wkuhvkrog frq0
vwdqwv wkdw uhvwulfw wkh vdpsoh vsdfh ri/ uhvshfwlyho|/ f dqg t W� Lq wkh fdvh ri l,
zh kdyh qhlwkhu d udqgrp vdpsoh iurp wkh frqglwlrqdo ru wkh xqfrqglwlrqdo glv0
wulexwlrq ri t / vlqfh wkh revhuyhg gdwd lv rqo| uhfrughg zkhq t W : B dqg f : k5�
Lq wkh fdvh ri lll, t ' t W iru doo srvvleoh ydoxhv ri erwk t W dqg f dqg dv vxfk

:



Wdeoh 4= Plvvlqj Gdwd Phfkdqlvpv
Wzr Frqwlqxrxv Yduldeohv= [ dqg \1
\ vxemhfw wr Qrq0uhvsrqvh

pdu rdu
+l, t ' �Et W : B _ f : k�t W � �
+ll, t ' �Et W : f _f : k�t W [ �
+lll, t ' �Et W : f _f : f�t W

[ [

wkhuh lv qr lqwhuyhqlqj surfhvv wkdw uhvwulfwv wkh revhuydelolw| ri t W� Wkhuhiruh zh
fdq vd| wkdw wkh gdwd lv plvvlqj dw
udqgrp +pdu, dqg revhuyhg dw udqgrp +rdu,16 Qrwh wkdw lq wklv lqvwdqfh sE'mtcf� '
sE'mq�c vlqfh wkh sdwwhuq ri plvvlqj gdwd +uhsuhvhqwhg e| ', fdqqrw eh suhglfwhg
zlwk dq| vdpsoh lqirupdwlrq1 Iru ll, wkh plvvlqj gdwd duh plvvlqj dw udqgrp
+pdu, vlqfh wkh suredelolw| ri revhuylqj +ru qrw revhuylqj, t grhv qrw ghshqg rq
wkh ydoxh ri t 1 Krzhyhu/ vlqfh t rqo| htxdov t W li f : k wkh revhuyhg gdwd duh
qrw revhuyhg dw udqgrp1 Lq wklv lqvwdqfh/ wkh revhuyhg ydoxhv ri t frqvwlwxwh d
udqgrp vxevdpsoh iurp wkh xqfrqglwlrqdo glvwulexwlrq ri t / exw gr qrw uhsuhvhqw
d qrq0udqgrp vdpsoh frqglwlrqdo rq wkh ydoxhv ri f1 Zh pd| wkhuhiruh zulwh
sE'mtcfc q� ' sE'mfc q��

Dqrwkhu zd| wr wklqn derxw dpdu surfhvv lq whupv ri wkh uhodwlrqvkls ehwzhhq
t dqg t Wc lv wr frqvlghu dqrwkhu ohyho ri udqgrp vdpsolqj1 Iru h{dpsoh/ li ? lv d
udqgrp vdpsoh iurp � exw zh revhuyh d vdpsoh ?� � ?/ wkhq d udqgrp plvvlqj
ydoxh surfhvv h�hfwlyho| dfwv olnh d vlqjoh qrq0sdudphwulf errwvwuds1 Dv d uhvxow/
lw lv lqvwuxfwlyh wr zulwh wkh revhuydwlrqdo uxoh dv

t ' �t Wc

zkhuh � lv dq E?�?� vhohfwlrq pdwul{1 Reylrxvo| li � lv dq lghqwlw| pdwul{ wkhuh
lv qr plvvlqj gdwd1 Ohwwlqj ' ' _�@}E�� uhsuhvhqw wkh gldjrqdo hohphqwv ri �/
zh pljkw wklqn ri ^� dv wkh rxwfrph ri lqghshqghqw Ehuqrxool wuldov vxfk wkdw iru
^� ' � Ef� wkh lwk revhuydwlrq iru t W lv revhuyhg +plvvlqj,1 Iru P^� ' ?� 	 ? zh
kdyh plvvlqj gdwd1 Dv d uhvxow/ zh kdyh d pfdu surfhvv li iru wkh lwk hohphqw lq
wkh vxe0vdpsoh ?� zh kdyh

.Et�� ' .Et W

� m^� ' �� ' .Et W

� ��

Wkh lpsruwdqfh ri wkh w|sh ri plvvlqj gdwd phfkdqlvp zloo ghshqg xsrq wkh
prghoolqj iudphzrun1 Iru h{dpsoh/ lq d uhjuhvvlrq iudphzrun wkh irfxv lv/ lq jhq0

5Wklv w|sh ri plvvlqj0gdwd phfkdqlvp lv jhqhudoo| uhihuuhg wr dv qrqljqrudeoh1
6Wklv w|sh ri plvvlqj gdwd surfhvv lv riwhq uhihuuhg wr dv pfdu/ ru plvvlqj frpsohwho| dw

udqgrp1

;



hudo/ xsrq wkh frqglwlrqdo glvwulexwlrq ri t jlyhq f/ dqg dv d uhvxow frqvlvwhqf|
ri wkh hvwlpdwhg uhjuhvvlrq ixqfwlrq +dqg dvvrfldwhg sdudphwhuv, uhtxluhv wkdw wkh
gdwd duh pdu1 Reylrxvo| li wkh irfxv lv xsrq wkh pdujlqdo glvwulexwlrq ri t wkhq
eldvhv zloo dsshdu xqohvv wkh gdwd duh pfdu1

61 Ed|hvldq yhuvxv Iuhtxhqwlvw Dssurdfkhv wr Plvvlqj Gdwd

Lpsxwdwlrq surfhgxuhv duh ghvljqhg/ lq jhqhudo/ wr surylgh d frpsohwh gdwdvhw vr
wkdw vwdwlvwlfdo lqihuhqfh rq rqh ru pruh xqnqrzq sdudphwhuv Ew� fdq wdnh sodfh
zlwk wkh prvw lqirupdwlrq srvvleoh1 Krzhyhu/ wkh dssursuldwh irup ri lpsxwdwlrq
zloo ghshqg xsrq wkh xqghuo|lqj dssurdfkhv wr lqihuhqfhv1 Iru h{dpsoh/ zlwklq
d fodvvlfdo iuhtxhqwlvw sdudgljp 111 Plvvlqj gdwd duh hdvlo| lqwhjudwhg zlwklq d
Ed|hvldq vhwwlqj1 Lq wklv frqwh{w wkh lpsxwdwlrq ri plvvlqj gdwd dggv dq dggl0
wlrqdo frpsrqhqw ri xqfhuwdlqw| lq wkh frqvwuxfwlrq ri wkh srvwhulru glvwulexwlrq
ri w/ ghqrwhg }Ewm+JKr�� Lq wkh suhvhqfh ri plvvlqj gdwd }Ewm+JKr� lv frqvwuxfwhg e|
dyhudjlqj ryhu wkh srvwhulru glvwulexwlrq ri wkh plvvlqj gdwd jlyhq wkh revhuyhg/
vxfk wkdw zh pd| zulwh }Ewm+JKr� dv

}Ewm+JKr� '

]
�Ewm+JKrc +6�r�sE+6�rm+JKr�_+6�rc +614,

zkhuh �E�� ghqrwhv wkh frqglwlrqdo ghqvlw| ri w jlyhq wkh frpsohwh gdwd/ dqg sE�� lv
wkh suhglfwlyh ghqvlw| ri wkh xqrevhuyhg gdwd frqglwlrqdo rq zkdw lv revhuyhg1 Wkh
lghd ri vdpsolqj iurp sE�� wr jhqhudwh pxowlsoh ydoxhv ri +6�r zdv �uvw lqwurgxfhg
e| Uxelq +4<;:, dqg lv qrz jhqhudoo| uhihuuhg wr dv pxowlsoh lpsxwdwlrqv1 +614,
lv riwhq uhihuuhg wr dv wkh dxjphqwdwlrq lghqwlw| +vhh Zhl dqg Wdqqhu +4<<3,,17

Wkh sureohp ri hvwlpdwlqj }Ewm+JKr� kdv ehhq sduwldoo| vroyhg e| wkh xvh ri
vlpxodwlrq1 E| wdnlqj pxowlsoh lpsxwdwlrqv iurp sE+6�rm+JKr� dqg frpsxwlqj

	}Ewm+JKr� '
�

6

�[
6'�

	}6Ewm+JKr�c +615,

zkhuh � lqgh{hv wkh lpsxwdwlrqv1 Uxelq dqg Vfkhqnhu +4<;9, hpskdvlvh wkdw d
Ed|hvldq shuvshfwlyh surylghv wkh prvw qdwxudo wkhruhwlfdo iudphzrun zlwk zklfk
wr frqvlghu pxowlsoh lpsxwdwlrq1111

Dw wkh fruh ri wkh Ed|hvldq dssurdfk wr lqihuhqfh lv wkh srvwhulru glvwulexwlrq
ri wkh xqnqrzq txdqwlwlhv vxfk dv prgho sdudphwhuv ru xqrevhuyhg gdwd1 Sured0
elolw| vwdwhphqwv duh pdgh frqglwlrqdo rq wkh ydoxh ri +JKr1 Dv Jhopdq hw do +4<<;,
qrwh/ wklv frqglwlrqlqj xsrq revhuyhg gdwd gl�huhqwldwhv wkh Ed|hvldq iurp wkh

7Glvwlqfwlrq ehwzhhq wzr hvwlpdqgv= � dqg |
plv

+vhh Jhopdq hw do +111,

<



fodvvlfdo dssurdfk wr lqihuhqfh1 Wkh glvwlqfwlrq ehwzhhq d Ed|hvldq dqg fodvvlfdo
olnholkrrg0edvhg dssurdfk wr plvvlqj gdwd lv uhyhdohg li zh frpsduh wkh gdwd dxj0
phqwdwlrq dssurdfk zlwk wkh HP dojrulwkp1 Qrwlfh wkdw lq +614, zh wdnh pxowlsoh
gudzv iurp sE+6�rm+JKr�1 Lq frqwudvw wkh xvh ri HP dojrulwkp lq lqfrpsohwh gdwd
sureohpv uhsodfhv wkhvh pxowlsoh gudzv e| wkh h{shfwhg ydoxh ri wkh plvvlqj gdwd/
frqglwlrqdo rq wkh revhuyhg gdwd dqg fxuuhqw ydoxhv ri sdudphwhu hvwlpdwhv1 Dv
Nlqj/ Krqdnhu/ Mrvhsk/ dqg Vfkhyh +4<<;, qrwh/ wkh Ed|hvldq dssurdfkhv suh0
vhuyhv wkh zkroh glvwulexwlrq ri wkh wzr hvwlpdqgv 0 wkh lpsxwhg ydoxhv dqg wkh
sdudphwhuv 0 zkhuhdv wkh HP dssurdfk gholyhuv wkh vlqjoh/ pd{lpxp srvwhulru
ydoxhv1

Hiurq +4<<7, frqvlghu d qxpehu ri qrqsdudphwulf errwvwuds dssurdfkhv wr wkh
sureohp ri plvvlqj gdwd zklfk duh urrwhg zlwklq iuhtxhqwlvw iudphzrun 111

71 Vrph H{dpsohv

H{dpsoh 7141 Wuxqfdwhg dqg Fhqvruhg Revhuydwlrqdo Uxohv
Wkh revhuyhg gdwd t lv uhodwhg wr wkh xqghuo|lqj gdwd t W e| wkh revhuydwlrqdo

uxoh
t ' �Et W ' knf

�

q n 0 : S�t W

zkhuh t W ' k n f �q n 0 lv wkh srsxodwlrq uhjuhvvlrq ixqfwlrq/ S lv d wkuhvkrog
frqvwdqw/ dqg �E�� lv wkh lqglfdwru ixqfwlrq1 Li zh rqo| revhuyh t W li lwv ydoxh
h{fhhgv Sc dqg wkdw wklv frqglwlrq dovr d�hfwv wkh revhuydelolw| ri f/ wkhq zh kdyh
wkh wuxqfdwhg uhjuhvvlrq prgho18Lq wklv lqvwdqfh wkh vhohfwlrq uxoh lv hqgrjhqrxv
dqg lq wkh frqwh{w ri plvvlqj gdwd wd{rqrp|/ zh pd| wklqn ri wklv surfhvv dv xqlw
qrquhvsrqvh rq t W dqgf zlwk t ehlqj qhlwkhu pdu ru rdu1 Li wkh vhw ri fryduldwhv
f duh revhuyhg iru wkh frpsohwh vdpsoh/ wkhq t idlov wkh pdu frqglwlrq dqg lv
fkdudfwhulvhg e| xqlw qrquhvsrqvh1 Wkh fhqvruhg +ru Wrelw, uhjuhvvlrq prgho kdv
ehhq xvhg wr prgho wklv w|sh ri gdwd19

H{dpsoh 7151 Plvvlqj Uhjxoduo| +Vwrfn dqg Iorz Gdwd,
Lq wlph0vhulhv dqdo|vlv d w|slfdo plvvlqj gdwd sureohp lv dv iroorzv1 Ohw wzr

yduldeohv t^ dqg f^ eh revhuyhg iru d sduwlfxodu iuhtxhqf|/ vd| txduwhuo| E^�1
Krzhyhu/ dowkrxjk gdwd iru f lv revhuyhg dw d kljkhu iuhtxhqf|/ vd| prqwko|
E6�/ wklv lv qrw wuxh iru t 1 Wkh edvlf dssurdfk wr lpsxwdwlrq lq wklv frqwh{w
iroorzlqj vhplqdo zrun e| Fkrz dqg Olq +4<:4,/ lv wr hvwdeolvk d uhodwlrqvkls

8Zh qrwh wkdw wklv sduwlfxodu uhsuhvhqwdwlrq ri wuxqfdwhg gdwd l1h1 xvlqj d odwhqw yduldeoh

irupxodwlrq/ lv edvhg xsrq hfrqrphwulf cwkhru|* dqg pd| eh glvwlqfw iurp d vwdwlvwlfldq*v shu0
vshfwlyh1

9Wkhuh lv d sohwkrud ri duwlfohv wkdw ghdo zlwk wklv sureohp1 Wkh fodvvlf uhihuhqfh lv Khfnpdq
+4<:<,/ dqg dq lqirupdwlyh ryhuylhz lv surylghg e| Juhhq +4<<:,1
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ehwzhhq t^ dqg f^ dqg xvh wklv wr lpsxwh t6 zklovw uhvshfwlqj dq| dgglqj0xs
frqvwudlqwv1

Wkh uhodwlrqvkls ehwzhhq t6 dqg t^ +khuh t W dqg t uhvshfwlyho|, pd| eh
uhsuhvhqwhg xvlqj d pdwul{ � zkhuh � lv d +? � �?� pdwul{ wkdw frqyhuwv kljk
iuhtxhqf| +prqwko|, revhuydwlrqv lqwr orzhu iuhtxhqf| +txduwhuo|, revhuydwlrqv1
� kdv d gl�huhqw vwuxfwxuh ghshqglqj xsrq zkhwkhu t lv d vwrfn ru  rz1

Lq wkh fdvh ri d vwrfn zh pd| zulwh

t ' �rt
W

dqg iru  rzv
t ' �st

W

zkhuh �r dqg �s duh jlyhq lq Dsshqgl{ 41

H{dpsoh 7161 Plvvlqj Uhjxoduo| +Djjuhjdwh dqg Glvdjjuhjdwh Gdwd,
Ehorz zh frqvlghu wkh sureohp ri plvvlqj gdwd zklfk dulvhv zkhq djjuhjdwh

gdwd duh revhuyhg exw glvdjjuhjdwh frqvwlwxhqwv duh qrw revhuyhg1 H{dpsohv rffxu
lq uhjlrqdo hfrqrplf prghoolqj dqg lqsxw0rxwsxw dqdo|vlv1 Khuh zh irfxv rq

wkuhh djjuhjdwhv t � '
-S
�'�

t�c ~
� '

-S
�'�

~� dqg '� '
�S
�'�

'�/ zkhuh lq hdfk fdvh

wkh djjuhjdwhv duh dgglwlyh lq - frpsrqhqwv1 Lq dgglwlrq zh lpsrvh dgglwlrqdo
vwuxfwxuh e| dvvxplqj wkdw t �c ~� dqg '� duh uhodwhg e| wkh lghqwlw| t � �
~� n '�1 Wklv vlwxdwlrq zrxog rffxu li/ iru h{dpsoh/ t � ghqrwhg srsxodwlrq
dqg ~�c '� uhsuhvhqw/ uhvshfwlyho|/ wrwdo oderxu irufh dqg wrwdo xqhpsor|phqw1
Qrwh wkdw lq wklv lqvwdqfh zh kdyh �E-� �� xqnqrzqv dqg wkhuhiruh wkh sureohp
lv loo0ghwhuplqhg xvlqj fodvvlfdo whfkqltxhv1 Krzhyhu/ e| uhzulwlqj wkh xqnqrzqv
lq whupv ri wkh sursurwlrqv ri wkh revhuyhg djjuhjdwhv/ qdpho| �� ' ~�*7�c
�� ' '�*'� dqg k� ' t�*t�czh dgg dgglwlrqdo lqirupdwlrq jlyhq wkdw ��c �� dqg
k� duh erxqghg1 Zh qrz pd| uhsuhvhqw wkh uhodwlrqvkls ehwzhhq hdfk djjuhjdwh
dqg lwv frqvwlwxhqw/ lqfrusrudwlqj wkh lghqwlw| dv
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+714,

qrwlqj wkdw wkh iroorzlqj dgglqj0xs dqg qrq0qhjdwlylw| frqvwudlqwv dsso|

Pk� ' P�� ' P�� ' � +715,

k�c ��c �� � f ;� ' �c � � � c -
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Lq vhfwlrq 43 zh h{dplqh wkh xvhixoqhvv ri hqwurs|0edvhg whfkqltxhv iru �qglqj
hvwlpdwhv ri wkh xqnqrzq sdudphwhuv +��c �� dqg k�,1

81 D Wd{rqrp| ri Phwkrgv zlwk Sduwldoo| Plvvlqj Gdwd

Ehorz zh surylgh d fodvvl�fdwlrq ri plvvlqj gdwd surfhvvhv1 Wkh wd{rqrp| fryhuv
erwk sdudphwulf dqg qrq0sdudphwulf prghov/ dqg llg dqg qrq0llg gdwd vwuxfwxuhv1
Rxu sulqflsdo irfxv zloo eh rq lpsxwlqj gdwd wkdw lv plvvlqj iru d vlqjoh hqgrjhqrxv
yduldeoh t� Wkh ? gdwd srlqwv duh/ dv deryh/ sduwlwlrqhg lqwr � revhuyhg/ ? � �
plvvlqj dqg lq prvw fdvhv zh dvvxph wkdw wkh pdwul{ �

3� lv ixoo| revhuyhg1 Lq
hdfk fdvh zh lqglfdwh wkh dvvxpswlrqv xqghuo|lqj wkh lpsxwdwlrq +rwkhu wkdq
vwdqgdug ohdvw vtxduhv,/ xvlqj wkh pdu2rdu2pfdu glvwlqfwlrq1

41 Fdvh Ghohwlrq:

Urz � ri � lv ghohwhg li dw ohdvw rqh hohphqw ri urz l +6��� lv plvvlqj1 Wklv
phwkrg pdnhv qr xvh ri wkh revhuyhg gdwd iru �1

Lqirupdwlrq dvvxpswlrqv= pfdu1

Sureohp= dv & +wkh qxpehu ri froxpqv lq �, lqfuhdvhv wkh suredelolw| ri
glvfduglqj dq| jlyhq revhuydwlrq lqfuhdvhv1

51 Lpsxwdwlrq= Xqfrqglwlrqdo

Ehorz zh olvw wzr dssurdfkhv edvhg xsrq xqfrqglwlrqdo lpsxwdwlrq1 Erwk
duh edvhg xsrq gl�huhqw ghjuhhv ri vprrwklqj1

l, Wkh prvw frpprq irup vxevwlwxwhv wkh phdq +ryhu revhuyhg gdwd, iru
plvvlqj ydoxhv1

ll, Dq dowhuqdwlyh surfhgxuh lv wr xvh lqirupdwlrq rq rqh ru pruh fdwhjrulfdo
dx{loldu| yduldeohv zklfk pd| vhuyh wr lpsuryh wkh dffxudf| ri wkh
lpsxwdwlrq1 Frqvlghu wkh fdvh ri d vlqjoh fdwhjrulfdo yduldeoh �/ zklfk
kdv & fhoov1 Xqfrqglwlrqdo lpsxwdwlrq xvlqj � vlpso| uhsodfhv plvvlqj
ydoxhv zlwk wkh dyhudjh ri wkh revhuyhg ydoxhv lq hdfk &|� fhoo1 Lq wklv
uhvshfw zh qrwh wkdw wkh irup ri wkh lpsxwdwlrq xwlolvhv dq DQRYD
prgho1

Lqirupdwlrq dvvxpswlrqv= pfdu

l, .E6��� ' >
�
;�

ll, .E6��� ' >
�&
;�&�

:Wklv surfhgxuh lv dovr nqrzq dv frpsohwh0fdvh dqdo|vlv1

45



6 Lpsxwdwlrq= Frqglwlrqdo dqg Lqghshqghqw ++ frqwlqxrxv,

Frqglwlrqdo lpsxwdwlrq phwkrgv vxfk dv wkrvh �uvw sursrvhg e| Exfn +4<93,/
duh suhglfdwhg xsrq d uhjuhvvlrq0edvhg prghoolqj vwudwhj|1 Wkdw lv/ wkh irfxv
lv xsrq wkh frqglwlrqdo h{shfwdwlrq +ru uhjuhvvlrq ixqfwlrq, ri wkh udqgrp
yduldeoh udwkhu wkdq xqfrqglwlrqdo1

H{dpsoh= Dvvxph wkdw wkh xqghuo|lqj srsxodwlrq uhjuhvvlrq ixqfwlrq lv
jlyhq e|

+ ' kn�
3� � q n 0 +814,

zkhuh k dqg qc duh uhvshfwlyho| dq xqnqrzq vfdodu dqg d E&0� � �� yhfwru
ri xqnqrzq sdudphwhuv1 Wkh vwrfkdvwlf huuru whup 0 lv llg Efc j2�� D frp0
prq irup ri frqglwlrqdo lpsxwdwlrq iru wkh plvvlqj vxevhw ? � �; xvhv wkh
h{shfwdwlrq

.�E+?3� m�3�� ' kn�
3�c?3�qc +815,

dqg hvwlpdwh e.�E+?3� m�3�� ' ekn�
3�c?3�

eqc +816,

zkhuh .�E�� ghqrwhv wkdw wkh h{shfwdwlrq lv wdnhq zlwk uhvshfw wr wkh lqiru0
pdwlrq dydlodeoh 0 qdpho| ryhu wkh sduwlwlrq �1

Lqirupdwlrq dvvxpswlrqv= pdu

7 Udqgrp Uhjuhvvlrq0Edvhg Lpsxwdwlrq

Olwwoh +4<;;, kdv vxjjhvwhg wkdw lpsxwdwlrqv vkrxog eh gudzq iurp wkh suh0
glfwlyh glvwulexwlrq udwkhu wkdq vlpso| vxevwlwxwlqj wkh frqglwlrqdo phdq1
Hpsor|lqj wklv phwkrg/ Zdqj dqg Mlqq +4<<5, uhihu wr wzr yduldqwv ri frqgl0
wlrqdo lpsxwdwlrq erwk edvhg xsrq d prgl�fdwlrq wr fruuhfw wkh v|vwhpdwlf
xqghuhvwlpdwlrq ri wkh yduldqfh ri wkh uhvxowlqj ? � � yhfwru frqwdlqlqj d
pl{wxuh ri revhuyhg dqg lpsxwhg ydoxhv1

l, Udqgrp uhvlgxdov Ee� duh gudzq iurp �Efc 	j2
�
� zkhuh

	j2
�
'

�S
�3�

E+� � 	+��
2*E� � &�1 Wkhvh duh wkhq dgghg wr wkh frqglwlrqdo

h{shfwdwlrq +816,1 Wkh �|� n � lpsxwhg ydoxh lv wkhuhiruh

	+�n� ' 	kn��n�
	q n e�n�� +817,

;Vlqfh wkh revhuydwlrqv duh lqghshqghqw wkhq wkh sduwlwlrq ri revhuydwlrqv lqwr vxevhwv c dqg

q� c lv srvvleoh1
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ll, Dv deryh/ udqgrp uhvlgxdov duh dgghg wr +816,1 Krzhyhu/ d wrwdo ri
+?� �� uhvlgxdov duh udqgrpo| vdpsohg +zlwk uhsodfhphqw, iurp wkh �
revhuyhg uhvlgxdov 	0� ' +� ���

	qc � ' �c ���c ��

Lqirupdwlrq dvvxpswlrqv= pdu1

Reylrxvo| wkh olplwdwlrq ri +l, lv wkh dvvxphg qrupdolw|/ zkhuhdv +ll, vdp0
sohv iurp wkh suhglfwhg uhvlgxdov1 D prgl�fdwlrq ri wklv dssurdfk kdv
ehhq xvhg e| B zlwk wkh lghd wr xwlolvh uhvdpsohg uhvlgxdov iru zklfk
wkh suhglfwhg +qrw lpsxwhg$, ydoxh ri + lv forvh wr wkdw ri wkh qrquh0
vsrqghqwv1

8 Lpsxwdwlrq= Frqglwlrqdo dqg Lqghshqghqw ++ lv glvfuhwh,

Zh qrwh wkdw wkh uhjuhvvlrq0edvhg lpsxwdwlrq surfhgxuh deryh lpsolflwo|
dvvxphv wkdw wkh ghshqghqw yduldeoh lv frqwlqxrxvo| glvwulexwhg1 Lq pdq|
lqvwdqfhv t pd| eh elqdu| ru sro|fkrwrprxv/ dqg dowkrxjk wklv grhv qrw
lqydolgdwh wkh orjlf ri frqglwlrqdo lpsxwdwlrq/ wkh surfhgxuh xvhg pxvw eh
prgl�hg vr wkdw wkh lpsxwhg ydoxhv kdyh wkh vdph fkdudfwhulvwlfv dv wkh
revhuyhg ydoxhv1 Ehorz zh frqvlghu d yduldqw ri +BB, zkhuh t lv d elqdu|
udqgrp yduldeoh1

Dv deryh ? gdwd srlqwv duh sduwlwlrqhg lqwr � revhuyhg/ ? � � plvvlqj dqg
wkh pdwul{ �

3� lv ixoo| revhuyhg1 Lq wklv lqvwdqfh wkh rqo| prgl�fdwlrq wr
+815, lv wkh lqwurgxfwlrq ri d olqn ixqfwlrq 8 / zklfk pdsv wkh frqglwlrqdo
h{shfwdwlrq .�E�� lqwr wkh xqlw lqwhuydo1 Iru wklv sduwlfxodu gdwd yduldqw zh
pd| wkhq uhzulwh +815, dv .�E+?3� m �3�� ' 8 Ek n �

3�c?3�q�� Frpprq
irupv iru 8 E�� duh wkh orjlvwlf dqg vwdqgdug qrupdo fxpxodwlyh glvwulexwlrq
ixqfwlrq1

Lqirupdwlrq dvvxpswlrqv= pdu

9 Lpsxwdwlrq= Frqglwlrqdo dqg Qrq0lqghshqghqw1

Edvhg xsrq wkh glvfxvvlrq lq h{dpsoh +516, wkh uhodwlrqvkls ehwzhhq t dqg
f iru wkh orzhu iuhtxhqf| +txduwhuo|, revhuydwlrq pd| eh zulwwhq

t^ ' �t6 ' �f6q n �0 ' f^q n 0^� +818,

Jlyhq dq hvwlpdwhg irup ri +818,/ wkh lqwhusrodwlrq +ru glvwulexwlrq, ri vd|
R revhuydwlrqv iru t6 lv edvhg xsrq wkh hvwlpdwru

	t6 ' f6
	q n ET6T

3�

^
�	0

zkhuh 	q lv wkh hvwlpdwhg uhjuhvvlrq frh!flhqwv iurp +818,/ T^ ' .E0^0
�

^
�

dqg T6 ' .E060
�

6
�� Wkh sulqflsdo sureohp zlwk wkh deryh dssurdfk lv
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wkdw lpsxwdwlrq lv edvhg xsrq wkh lghqwl�fdwlrq ri d vwdwlf uhodwlrqvkls
ehwzhhq wkh ohyhov ri wkh wzr vhulhv1 Dv qrwhg e| Vdod}du/ Vplwk/ Zhdoh/
dqg Zuljkw +4<<:,/ vlqfh wkh vwdwlrqdulw| surshuwlhv ri wkh wzr vhulhv zloo
ghwhuplqh zkhwkhu hvwlpdwlrq lq ohyhov ru gl�huhqfhv lv dssursuldwh dqg
prvw uhjuhvvlrqv duh hvwlpdwhg lq orjdulwkpv/ wklv dssurdfk lv sureohpdwlf1
Wkh surfhgxuhv vxjjhvwhg e| wkh dxwkruv duh edvhg xsrq hvwlpdwlqj olqnv
ehwzhhq wkh lqwhusrodqg dqg wkh kljkhu iuhtxhqf| yduldeoh zklfk dffrxqwv
iru odjv dqg orjdulwkplf whupv<1

Lqirupdwlrq dvvxpswlrqv= pdu1

: Lpsxwdwlrq= Plvvlqj Fryduldwhv

Wr gdwh zh kdyh lqwurgxfhg d qxpehu ri lpsxwdwlrq whfkqltxhv wr kdqgoh wkh
sureohp ri plvvlqj gdwd lq wkh hqgrjhqrxv yduldeoh t zlwk d ixoo| revhuyhg
pdwul{ E�

3�� ri fryduldwhv1 Ehorz zh uhyhuvh wkh sureohp dqg dvvxph wkdw
t lv ixoo| revhuyhg dqg wkdw rqh ri wkh fryduldwhv/ vd| f� ' �

3�c� kdv
plvvlqj ydoxhv1 Dv qrwhg deryh/ wkh nh| lvvxh lq whupv ri dssursuldwh lpsx0
wdwlrq whfkqltxh lv wkh irup ri wkh plvvlqj gdwd phfkdqlvp1 Iru h{dpsoh/
Olwwoh +4<<5, qrwhv wkdw wkh suredelolw| wkdw f� lv plvvlqj iru rqh ru pruh
revhuydwlrqv pd| eh d, lqghshqghqw ri gdwd ydoxhv/ e, ghshqg rq f�c f,
ghshqg rq f�c �3�c2c ���c�3�c&c ru _, ghshqg rq �

3�c2c ����3�c& dqg t�

D wd{rqrp| ri phwkrgv lpsxwlqj plvvlqj fryduldwhv lv surylghg e| Olwwoh
+4<<5, dqg fryhuv d vlplodu udqjh ri surfhgxuhv dv rxwolqhg deryh vxfk dv
fdvh ghohwlrq/ xqfrqglwlrqdo dqg frqglwlrqdo lpsxwdwlrq/ dorqjvlgh phwkrgv
edvhg xsrq frpelqlqj prghov iru wkh gdwd dqg plvvlqj0gdwd phfkdqlvp1
Dowkrxjk wkh ghwdlov duh lq sulqflsoh wkh vdph dv lpsxwlqj plvvlqj gdwd iru
dq hqgrjhqrxv yduldeoh/ ehorz zh h{dplqh frqglwlrqdo phdq lpsxwdwlrq1

Frqglwlrqdo Phdq Lpsxwdwlrq

Zh dvvxph wkdw wkh xqghuo|lqj srsxodwlrq uhjuhvvlrq ixqfwlrq lv wkh vdph
dv +814, dqg lqvwhdg ri plvvlqj gdwd rq tc zh rqo| revhuyh � gdwd srlqwv iru
f1 Lq wklv lqvwdqfh frqglwlrqdo phdq lpsxwdwlrq iroorzv h{dfwo| wkh vdph
orjlf dv rxwolqhg lq Vhfwlrq 6/ h{fhsw wkdw zh wuhdw wkh plvvlqj ydoxhv dv udq0
grp yduldeohv dqg xwlolvh dq dx{loldu| uhjuhvvlrq edvhg xsrq wkh frqglwlrqdo
h{shfwdwlrq

.Ef�m�3�c2c ���c�3�c&��

Dvvxplqj wkdw wkh plvvlqj gdwd phfkdqlvp lv pdu/ wkhq wkh dssolfdwlrq
ri ROV xvlqj revhuyhg dqg lpsxwhg gdwd surgxfhv frqvlvwhqw sdudphwhu

<Vhh Kduyh| +4<;<, iru ixuwkhu glvfxvvlrq1
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hvwlpdwhv1 Krzhyhu/ iroorzlqj wkh zrun ri Jrxulhurx{ dqg Prqwiruw +4<;4,/
zh qrwh wkdw wkh xvh ri lpsxwhg gdwd dggv dq dgglwlrqdo huuru frpsrqhqw
wkhuhe| lq dwlqj wkh uhvlgxdo yduldqfh1

Lqirupdwlrq dvvxpswlrqv= pdu1

; Lpsxwdwlrq= Qrqsdudphwulf

Wkh wd{rqrp| ri lpsxwdwlrq surfhgxuhv rxwolqhg lq Vhfwlrq 6 lqfoxghg d
qxpehu ri phwkrgv edvhg xsrq d sdudphwulf frqglwlrqdo h{shfwdwlrq +ru
uhjuhvvlrq, ixqfwlrq1 Dq dowhuqdwlyh surfhgxuh xwlolvhv d qrq0sdudphwulf
dssurdfk43 dqg wkhuhe| dyrlgv wkh lpsrvlwlrq ri sdudphwulf dvvxpswlrqv
rq wkh frqglwlrqdo h{shfwdwlrq ixqfwlrq1 Wkh srwhqwldo ri qrq0sdudphwulf
whfkqltxhv iru plvvlqj ydoxh lpsxwdwlrq vwhpv/ lq sduw/ iurp d irfxv xsrq wkh
�orfdo� vkdsh ri wkh frqglwlrqdo phdq ixqfwlrq1 Iru h{dpsoh/ frqvlghu wkh
fdvh zkhuh d vlqjoh hqgrjhqrxv yduldeoh t kdv plvvlqj ydoxhv1 D sdudphwulf
uhjuhvvlrq dssurdfk/ lpsxwhv plvvlqj ydoxhv edvhg xsrq +816, dqg wkhuhe|
dwwdfkhv htxdo zhljkwv wr frpsrqhqwv ri �

3�1 Lq frqwudvw/ d Nhuqho ghqvlw|
hvwlpdwru ri wkh plvvlqj ydoxhv +iru d jlyhq edqgzlgwk, lv vlpso| d zhljkwhg
dyhudjh ri wkh fryduldwhv1 Zh pd| dovr prwlydwh qrqsdudphwulf dssurdfkhv
wr plvvlqj gdwd e| lqwhusrodwlqj ehwzhhq dgmdfhqw srlqwv/ dv lq wlph vhulhv1

8141 Qrq0Ljqrudeoh Uhvsrqvh

Wkh sulqflsdo sureohp zlwk pdq| ri wkh dssurdfkhv olvwhg deryh lv wkh dvvxps0
wlrq wkdw wkh suredelolw| ri qrquhvsrqvh lv lqghshqghqw ri t +l1h1 pdu, dqg dv
vxfk ljqrudeoh +vhh Olwwoh dqg Uxelq +4<;:,,1 Iru h{dpsoh/ uhjuhvvlrq edvhg +frq0
glwlrqdo, lpsxwdwlrq +vhh Vhfwlrq 8/ h{dpsohv 6/ 7/ 8/ dqg 9, duh qrq0ydolg li/ iru
h{dpsoh/ wkh ghshqghqw yduldeoh lv frqvwudlqhg wr olh zlwklq d jlyhq lqwhuydo1 Wklv
zdv ghprqvwudwhg lq H{dpsoh 514 lq wkh fdvh ri wuxqfdwhg uhjuhvvlrq1 Lq wklv lq0
vwdqfh .Et mf� 9' fq +hyhq li q lv xqeldvhg, vlqfh wkh vwrfkdvwlf frpsrqhqw zloo
eh fruuhodwhg zlwk f dqg zloo qrw kdyh }hur phdq1 Dv d uhvxow lpsxwdwlrq edvhg
xsrq wkh f	q zloo surgxfh eldvhg hvwlpdwhv ri wkh plvvlqj ydoxhv +vhh Juhhqohhv/
Uhhfh/ dqg ]lhvfkdqj +4<;5, iru ixuwkhu ghwdlov,1 Wklv lv dssduhqw li zh frqvlghu
d vlpsoh xqlyduldwh fdvh1 Li wkh revhuydwlrqdo uxoh lv t ' �Et W : S�t W dqg zh
lpsxwh wkh plvvlqj ydoxhv +l1h1 revhuydwlrqv iru t W 	 S, xvlqj wkh vhw ri revhuyhg
ydoxhv/ lpsxwhg ydoxhv zloo eh v|vwhpdwlfdoo| wrr odujh1

Wkh sureohp ri pdnlqj lqihuhqfhv lq prghov vxemhfw wr d qrqljqrudeoh qrq0
uhvsrqvh kdv ehhq wuhdwhg h{whqvlyho| zlwklq wkh hfrqrphwulfv olwhudwxuh +vhh
Krurzlw} dqg Pdqvnl +4<<;,,1 D fulwlfdo glvwlqfwlrq fdq eh pdgh ehwzhhq phwk0
rgv zklfk dsso| d vhw ri revhuydwlrq0vshfl�f zhljkwv wr wkh revhuyhg gdwd/ dqg

43Vhh Kdugoh +4<<3, iru dq h{fhoohqw ryhuylhz ri qrqsdudphwulf uhjuhvvlrq1
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whfkqltxhv zklfk xwlolvh wkh revhuyhg gdwd dqg lqirupdwlrq rq wkh pgjs wr lp0
sxwh plvvlqj ydoxhv1 Zh frpsduh wkhvh wzr dssurdfkhv e| frqvlghulqj dq h{dpsoh
zklfk kdv jhqhudwhg d yroxplqrxv olwhudwxuh 0 qdpho| plvvlqj zdjh gdwd iru lq0
glylgxdov qrw lq wkh oderxu pdunhw1 Wkh jhqhulf irup ri wklv sureohp lv nqrzq dv
vwrfkdvwlf fhqvrulqj dqg lqyroyhv wkh mrlqw glvwulexwlrq ri wzr yduldeohv/ vd| +�/
dqg +2/ zklfk zh zulwh dv�

+�
+2

�
� �T�

��
%�q�
%2q2

�
c

�
j2 4
4 �

��
+819,

zkhuh �T�E>cP� ghqrwhv wkh elyduldwh qrupdo glvwulexwlrq zlwk phdq > dqg
fryduldqfh P� %�c %2 ghqrwh srvvleo| ryhuodsslqj vhwv ri fryduldwhv/ q

�
dqg q

2
duh

xqnqrzq sdudphwhu yhfwruv/ +� lv d sduwldoo| revhuyhg rxwfrph yduldeoh dqg +2 lv
dq xqrevhuyhg yduldeoh zklfk frqwurov wkh revhuydelolw| ri +�1 Lq wklv h{dpsoh +�
uhsuhvhqwv wkh revhuyhg zdjh iru oderxu pdunhw sduwlflsdqwv dqg +2 ' +� �`-/
zkhuh`- lv wkh uhvhuydwlrq zdjh1 +� lv revhuyhg l� +2 : f� Vxevhtxhqwo| zh pd|
zulwh wkh frqglwlrqdo uhjuhvvlrq ixqfwlrq iru wkh wzr jurxsv dv iroorzv=

Oderxu Irufh Sduwlflsdqwv1

.E+�m+2 : f� ' %�q� n k� E��*E�� x� ~} �
'�

E��� +81:,

Qrq Sduwlflsdqwv

.E+�m+2 	 f� ' %�q� � k�E��*xE��� ~} �
'2

+81;,

zkhuh � ' %2q2� � Ex� ghqrwhv wkh ghqvlw| +glvwulexwlrq ixqfwlrq, ri wkh vwdqgdug
qrupdo glvwulexwlrq1

Qrwh wkdw li zh edvh lqihuhqfh rq vdpsoh revhuydwlrqv iru zklfk +2 : f/ wkhq
zh xvh +81:, zkhuh '� +wkh lqyhuvh ri wkh Ploov udwlr, uhsuhvhqwv dq duwl�fldo
uhjuhvvruv xvhg wr fruuhfw iru wkh qrq0udqgrp vhohfwlrq ri wkh gdwd1 Dowhuqdwho|/
lq rwkhu vlwxdwlrqv zh pd| uhtxluh hvwlpdwhv ri zdjh udwhv iru qrq0sduwlflsdqwv
wkhq iroorzlqj wkh zrun ri Khfnpdq +4<:9,/ wkh iroorzlqj wzr0vwdjh surfhgxuh lv
qrz zhoo nqrzq1

41 Uxq d surelw uhjuhvvlrq ri 5 ' �E+2 : f� rq %2 dqg fuhdwh dq duwl�fldo
yduldeoh 	� ' �%2	q2�

51 Hvwlpdwh q
�
c k dqg j2 e| uxqqlqj d uhjuhvvlrq ri +� rq %� dqg '21

4:



Wkh Khfnpdq surfhgxuh lv kljko| vhqvlwlyh wr prgho plvvshfl�fdwlrq sduwlf0
xoduo| zlwk uhvshfw wr elyduldwh qrupdolw| dqg wkh glylvlrq ri wkh wrwdo vhw ri
fryduldwhv lqwr vhwv %� dqg %21 Rovhq +4<;3, kdv qrwhg wkdw li %� dqg %2 frlqflgh/
wkhq wkh prgho lv rqo| lghqwl�hg e| wkh qrqolqhdu wudqvirupdwlrq rq �E��*xE��1
Lq sudfwlfdo dssolfdwlrqv lw lv qhfhvvdu| iru %� dqg %2 wr eh glvwlqfw1 Krzhyhu/
sulru nqrzohgjh dv wr wkh dssursuldwh vhw ri }hur uhvwulfwlrqv pd| eh odfnlqj1

Qrwh wkdw edvhg xsrq +81;, d whvw ri zkhwkhu wkh fhqvruhg zdjh gdwd pd| eh
frqvlghuhg pdu ru htxlydohqwo| li wkhuh lv qr vdpsolqj vhohfwlylw| 0 lv d whvw ri
k ' f� Lq dgglwlrq li %� 9' %2 wkhq wkh plvvlqj0gdwd phfkdqlvp lv ljqrudeoh vxfk
wkdw hvwlpdwlrq ri wkh sdudphwhuv q

�
dqg j2 edvhg xsrq dq dssolfdwlrq ri ROV

rq wkh sduwlflsdqwv zloo jhqhudwh frqvlvwhqw dqg h!flhqw sdudphwhu hvwlpdwhv1
Lq dq dqdo|vlv ri lpsxwdwlrq whfkqltxhv dssolhg wr plvvlqj zdjh dqg vdodu|

gdwd lq wkh Fxuuhqw Srsxodwlrq Vxuyh| +frqgxfwhg e| wkh Fhqvxv Exuhdx,/ d
qxpehu ri vwxglhv kdyh xwlolvhg d txdvl0h{shulphqwdo iudphzrun1 Zlwk dffhvv wr
d vhfrqgdu| gdwd vrxufh iurp wkh Lqwhuqdo Uhyhqxh Vhuylfh +LUV,/ wkh dxwkruv duh
deoh wr frpsduh lpsxwhg gdwd zlwk qrquhvsrqghqwv LUV zdjh gdwd1 Juhhqohhv/
Uhhfh/ dqg ]lhvfkdqj +4<;5, �qg wkdw dq dssurdfk zklfk xwlolvhv d vwrfkdvwlf
fhqvrulqj prgho uhsuhvhqwv dq lpsuryhphqw ryhu d vwdqgdug uhjuhvvlrq dssurdfk
zklfk dvvxphv wkdw wkh plvvlqj gdwd surfhvv lv pdu1 Jlyhq dffhvv wr d frpsohwh
LUV zdjh vhulhv wkh dxwkruv zhuh deoh wr whvw k|srwkhvlv zklfk lq prvw flufxp0
vwdqfhv duh qrw yhu�deoh1 Iru h{dpsoh/ d qhjdwlyh dqg kljko| vljql�fdqw frh!flhqw
rq wkh zdjh yduldeoh lq d suredelolw| ri uhvsrqvh prgho uhvxowhg lq wkh uhmhfwlrq ri
qrq0ljqrudeoh qrquhvsrqvh1 Lq dgglwlrq/ ghvslwh �qglqj dssur{lpdwh v|pphwu|/
d odujh nxuwrvlv ydoxh rq wkh uhvlgxdov iurp wkh zdjh htxdwlrq uhvxowhg lq wkh
uhmhfwlrq ri wkh qrupdolw| k|srwkhvlv1

Gdylg/ Olwwoh/ Vdpxkho/ dqg Wulhvw +4<;9, frpsduh wkh FSV krw ghfn phwkrg
iru lpsxwlqj zdjhv zlwk uhjuhvvlrq dssurdfkhv1 Rqh ri wkh glvwlqfwlyh ihdwxuhv
ri wklv sduwlfxodu vwxg| lv wkdw1 ����Wkh krwghfn dssurdfk wr lpsxwdwlrq lv edvhg
xsrq wkh xvh ri d vhw ri ixoo| revhuyhg fryduldwhv +lq wklv fdvh djh/ vh{ dqg hgxfd0
wlrq, wr doorfdwh uhvsrqghqwv dqg qrquhvsrqghqwv wr jurxsv zklfk srvvhvv vlplodu
fkdudfwhulvwlfv1 Wkhuhdiwhu uhvsrqghqwv dfw dv grqruv/ zlwk qrquhvsrqghqwv dv0
vljqhg d sduwlfxodu uhvsrqghqwv zdjh gdwd441 Ehorz zh frqvlghu d yduldqw ri wklv
dssurdfk edvhg xsrq dq dgdswdwlrq ri d errwvwuds phwkrgrorj| zklfk kdv ehhq
xvhg iru Ed|hvldq lpsxwdwlrq phwkrgv1

Zlwk uhihuhqfh wr wkh vwrfkdvwlf fhqvrulqj sureohp ghvfulehg deryh/ ohw xE%2	q�
uhsuhvhqw dq hvwlpdwh ri wkh suredelolw| wkdw +2 : f1 Xvlqj wkh txlqwlohv ri xE%2	q�
zh doorfdwh wkh ? gdwd srlqwv lqwr D htxdo sduwv1 Zlwklq hdfk txlqwloh ohw �^

�

E�^
�
� ghqrwh wkh qxpehu ri fhqvruhg +revhuyhg, ydoxhv rq +�1 Wkh wrwdo qxpehu

44Vhh Oloodug/ Vplwk/ dqg Zhofk +4<;5, dqg Olwwoh dqg Uxelq +4<;:, iru ghwdlov1
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ri revhuyhg +fhqvruhg, ydoxhv lv wkhuhiruh

D[
�'�

�^� ' ?�(
D[
�'�

�^� ' ?� E? ' ?� n ?��� +81<,

D errwvwuds yduldqw ri wkh krwghfn dssurdfk lv edvhg xsrq wkh iroorzlqj surfh0
gxuh1 Gudz d udqgrp vdpsoh zlwk uhsodfhphqw ri vl}h�^� iurp �^�� Lqgh{ wkhvh
gudzv e| 6 dqg uhshdw � wlphv1 Dq hvwlpdwh ri fhqvruhg revhuydwlrq � lq wkh
�|� txlqwloh lv jlyhq e|

	+�� '
�

�

�[
6'�

+6��c +8143,

zkhuh +f� ghqrwhv dq revhuyhg ydoxh lq wkh mwk txdqwloh1
Dq dgydqwdjh ri wkh errwvwuds surfhgxuh lv wkdw lw grhv qrw lpsrvh dq dv0

vxpswlrq ri elyduldwh qrupdolw|/ qru grhv lw lpsrvh d sdudphwulf prgho iru wkh
phdq htxdwlrq zkhq lpsxwlqj fhqvruhg revhuydwlrqv1 l1h1 lw grhv qrw dvvxph wkdw
lpsxwhg ydoxhv duh jhqhudwhg e| +81;,1 Lqvwhdg gl�huhqfhv ehwzhhq wkh wzr jurxsv
duh frqwuroohg iru e| wkh vshfl�fdwlrq ri d plvvlqj gdwd suredelolw| prgho1 Wkhuh0
diwhu wkh vhw ri srwhqwldo cgrqru* ydoxhv E+� : f� duh wkhq vwudwl�hg edvhg xsrq wkh
txlqwlohv ri xE��1 Lq wklv uhvshfw/ wkh xvh ri errwvwuds dssurdfk lv suhglfdwhg rq
wkh vshfl�fdwlrq ri d suredelolw| prgho zlwk kljk suhglfwlyh srzhu1 Wkh sulqflsdo
gudzedfn ri wklv phwkrgrorj| duh dqdorjrxv zlwk wkh sureohpv hqfrxqwhuhg zlwk
krwghfn lpsxwdwlrq1 Uhvsrqghqwv dqg qrquhvsrqghqwv kdyh wkh vdph zdjhv glv0
wulexwlrq zlwklq wkh txlqwloh gh�qhg e| wkh plvvlqj0gdwd suredelolw| prgho145 Dv
qrwhg deryh/ wkh ehwwhu wkh suredelolw| prgho/ wkh ehwwhu duh zh deoh wr frqwuro
iru srvvleoh gl�huhqfhv ehwzhhq wkh wzr jurxsv1

Wr h{dplqh wklv surfhgxuh pruh forvho| zh frqvlghu irxu w|shv ri lqglylgxdov
iru zkrp 5 ' �1 Ohw wkhvh irxu w|shv eh uhihuuhg wr dv Jurxs D @ i@�c K�c S�c _�j�
Edvhg rq revhuyhg zdjhv E` � iru Jurxs D dqg xE%�2	q� zh zulwh wkh mrlqw glvwul0
exwlrq ri kljk2orz ` dqg kljk2orz xE%�2	q� dv

xE%�2	q�

orz kljk
orz @� K�

`�

kljk S� _�
e� s�

45Wklv lpsolhv wkdw wkh cqrquhvsrqvh* phfkdqlvp lv ljqrudeoh1
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Lq wkh fdvh ri lqglylgxdov iru zklfk zdjh gdwd lv xqrevhuyhg +l1h1 2 ' f, zh
gh�qh wzr w|shv ri lqglylgxdov zklfk zh ghqrwh Jurxs E @ ie�s�j� @� dqg S�
duh srwhqwldo cgrqruv* iru e�( K� dqg _� duh srwhqwldo cgrqruv* iru s�� E| wuhdwlqj doo
fhqvruhg revhuydwlrqv zlwklq wkh �|� txlqwloh dv ��_c wkh errwvwuds dssurdfk fdqqrw
dffrxqw iru wkh sureohp ghslfwhg lq wkh gldjudp1 Vlqfh wkh fryduldwh vhwv %� dqg
%2 duh qrw lghqwlfdo wkhuh lv qrw d rqh0wr0rqh pdsslqj iurp d orz 8 E%	q

2
� wr wkh

zdjh udwh1 l1h1 .E 	̀ ��� lv frqvwdqw iru hdfk �|� txlqwloh1 Wkh reylrxv glvdgydqwdjh
ri wklv dvvxpswlrq pd| eh flufxpyhqwhg e| lqfuhdvlqj wkh qxpehu ri shufhqwlohv
rq 8 E%	q

2
�� Wkhuhiruh zh udqgrpo| vdpsoh iurp @�c S� wr lpsxwh ydoxhv iru e�� Lq

frqwudvw/ wkh Khfnpdq surfhgxuh dgmxvwv wkh suhglfwhg frqglwlrqdo phdq %�	q� iru
vhohfwlrq eldv 0 lq wklv fdvh .E+�m+2 	 f� ' .E0�m0� : %2q2�1 Wkhuhiruh zh xwlolvh
erwk xqfrqglwlrqdo phdq lqirupdwlrq dqg dq dgmxvwphqw edvhg xsrq � E+ 	 f��

Dovr

41 *�4 �

�

S 	̀ 6
�� ' 7̀

f��

51 `4�?

f� � 	̀ 6
�� �`4@ 

f�

91 Prgho0Edvhg Lpsxwdwlrq Whfkqltxhv

9141 Wkh HP Dojrulwkp

Wkh frqvlvwhqf| ri sdudphwhu hvwlpdwhv vxevhtxhqw xsrq frqglwlrqdo dqg xqfrq0
glwlrqdo lpsxwdwlrq whfkqltxhv ghvfulehg deryh ghshqgv xsrq wkh dvvxpswlrqv
wkdw wkh plvvlqj gdwd duh plvvlqj dw udqgrp +pdu, dqg wkdw wkh revhuyhg gdwd
duh revhuyhg dw udqgrp +rdu,1 Qdpho|/ wkh plvvlqj gdwd lv plvvlqj frpsohwho| dw
udqgrp +pfdu,1 Wkh prgho0edvhg lpsxwdwlrq whfkqltxh xvlqj wkh HP dojrulwkp
rqo| uhtxluhv wkh zhdnhu pdu dvvxpswlrq1

Wkh hvwlpdwlrq0pd{lplvdwlrq +HP, dojrulwkp lqlwldoo| sursrvhg e| Ghpsvwhu/
Odlug/ dqg Uxelq +4<::, lv d jhqhudo iudphzrun iru vroylqj pd{lpxp olnholkrrg
sureohpv zkhq dq revhuydeoh prgho lv ghulyhg iurp dq xqghuo|lqj odwhqw prgho1
Lq wklv uhvshfw lw lv lqvwuxfwlyh wr frqvlghu wkh revhuydwlrqdo uxoh lqwurgxfhg lq
Vhfwlrq 7/ zklfk idflolwdwhv frpsdulvrq ri dq revhuyhg hqgrjhqrxv yduldeoh t / dqg
d odwhqw yduldeoh t W yld wkh pdsslqj t ' bEt W�1 Wkxv/ li t W zhuh ixoo| revhuyhg
b+1, frxog eh zulwwhq dv �E�4 	 t W 	4�t W/ vxfk wkdw wkh pd{lpxp olnholkrrg
hvwlpdwru ri wc +wkh yhfwru ri xqnqrzq sdudphwhuv, zrxog eh wkh vroxwlrq wr wkh
pd{lplvdwlrq ri orj �E+W m %( w�� Lq vlwxdwlrqv zkhuh wkh pdsslqj iurp t W wr t
uhvxowv lq hlwkhu +qrq0udqgrp, plvvlqj revhuydwlrqv ru sduwldo revhuydelolw|46/ wkh

46Zh srlqw rxw wkdw wkh HP dojrulwkp lv dssolfdeoh lq vlwxdwlrqv ri erwk ljqrudeoh dqg qrq0
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h{shfwdwlrq vwhs ri wkh HP dojrulwkp lqwurgxfhv wkh iroorzlqj fulwhulrq ixqfwlrq

'Ewc w|� ' .w
|E*L} �E+W m %( w� m t ' +�

zklfk lv wkh h{shfwdwlrq ri orj �E+W m %c w� jlyhq wkh revhuyhg gdwd +� w| ghqrwhv
wkh ydoxh ri w dw wkh ||� lwhudwlrq ri wkh rswlplvdwlrq urxwlqh1

Wkh prvw wudqvsduhqw zd| wr prwlydwh wklv phwkrg lv wr suhvhqw wkh iroorzlqj
jhqhulf dojrulwkp +iurp Olwwoh dqg Uxelq +4<;:,, iru kdqgolqj plvvlqj gdwd1

41 Uhsodfh plvvlqj ydoxhv zlwk hvwlpdwhg ydoxhv

Lq wkh HP dojrulwkp wklv lv wkh H{shfwdwlrq vwhs/ zkhuh hvwlpdwhg ydoxhv
duh edvhg xsrq wkh h{shfwdwlrq ri wkh plvvlqj gdwd/ frqglwlrqdo xsrq wkh
revhuyhg gdwd dqg dq| hvwlpdwhg sdudphwhuv1

51 Hvwlpdwh prgho sdudphwhuv

Wklv lv wkh Pd{lplvdwlrq vwhs1

61 Uh0hvwlpdwh wkh plvvlqj ydoxhv edvhg xsrq cxsgdwhg* sdudphwhu ydoxhv

71 Uh0hvwlpdwh prgho sdudphwhuv

81 Lwhudwh xqwlo suhvshfl�hg frqyhujhqfh fulwhuld lv phw1

Qrwh wkdw wkh lwhudwlyh frpsrqhqw ri wkh HP dojrulwkp iroorzv iurp hvwlpdwlrq
e| pd{lpxp olnholkrrg1 Li wkhuh h{lvwv d forvhg irup vroxwlrq iru wkh sdudphwhuv
ri lqwhuhvw +dv lq ruglqdu| ohdvw vtxduhv, wkhq wkh dojrulwkp zrxog wuxqfdwh dw 51
Uxelq dqg Olwwoh surylgh dq h{whqvlyh ryhuylhz ri erwk wkh wkhru| dqg dssolfdwlrqv
ri wkh HP dojrulwkp fryhulqj d eurdg udqjh ri pxowlyduldwh vwdwlvwlfdo whfkqltxhv1

9151 Wkh HP Dojrulwkp iru Lqfrpsohwh Pxowlyduldwh Qrupdo Vdpsohv

Xvlqj wkh qrwdwlrq ri Vhfwlrq 5 zh dvvxph wkdw wkh & froxpqv ri� E��c �2c ���c�&�
��T�E>cP� zkhuh > ' E>�c ���c >&

� dqg P lv wkh E& � &� fryduldqfh pdwul{1
Zh zulwh wkh revhuyhg gdwd dv

�JKr ' E�JKrc�c�JKrc2c ���c�JKrc?�c

zkhuh �JKrc� uhsuhvhqwv wkh vhw ri yduldeohv zklfk duh revhuyhg iru revhuydwlrq �c
� ' �c ���c ?� Wkh h{shfwdwlrq vwhs ri wkh dojrulwkp lv zulwwhq dv

.E��� m�JKrc w
E|�� ' �

E|�

��
c

ljqrudeoh plvvlqj0gdwd phfkdqlvpv1 Lq wkh fdvh ri wkh odwwhu wkh H{shfwdwlrq vwhs lv prgl�hg

wr frqglwlrq rq wkh surfhvv ghwhuplqlqj wkh revhuyhg gdwd1
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zkhuh �
E|�

��
lv zulwwhq

�
E|�

��
' �E��� lv revhuyhg, ��� n �E��� lv plvvlqj� � .E��� m�JKrc�c w

E|��� +914,

Lq +914, zh vhh wkdw wkh HP dojrulwkp sduwlwlrqv wkh gdwd lqwr revhuyhg dqg
plvvlqj vxevhwv/ dqg dw hdfk lwhudwlrq plvvlqj ydoxhv duh uhsodfhg e| wkh frq0
glwlrqdo phdq ri ��� jlyhq wkh gdwd revhuyhg iru wkdw revhuydwlrq E�JKrc��c dqg
fxuuhqw ydoxhv ri wkh sdudphwhu yhfwru w1 Wkh pd{lplvdwlrq vwhs/ djdlq dvvxp0
lqj wkdw w lv qrw dydlodeoh lq forvhg irup/ vlpso| xsgdwhv wE|� e| wE|n�� xvlqj wkh
+hvwlpdwhg, frpsohwh gdwd147

9161 Wlph Vhulhv

Lq vhfwlrq 7 zh h{dplqhg wkh fdvh ri lpsxwlqj ydoxhv ri d wlph0vhulhv zkhq re0
vhuydwlrqv duh vxemhfw wr frqwhpsrudqhrxv djjuhjdwlrq/ dqg wkhuh h{lvwv dq clqgl0
fdwru* yduldeoh zklfk lq d uhjuhvvlrq iudphzrun fdq eh xvhg wr lqwhusrodwh kljkhu
iuhtxhqf| revhuydwlrqv1 Lq lqvwdqfhv zkhuh revhuydwlrqv duh vlpso| plvvlqj iru
fhuwdlq shulrgv wklv lv qrw srvvleoh1 Lq wklv fdvh d qxpehu ri dowhuqdwh phwkrgv
duh srvvleoh1

Ehorz zh h{dplqh d vlwxdwlrq zkhuh iru d wlph0vhulhv +| E| ' �c ���c6 � �c
6n �c ���c A � wkhuh lv d plvvlqj revhuydwlrq dw wlph | ' 61

H{dpsoh 9141 +| ' k+|3� n 0| Emk m	 ��
Xvlqj vlpsoh uhfxuvlrq/ +6n� pd| eh zulwwhq

+6n� ' kEk+63� n 06� n 06n� ' k2+63� n 06n� n k06�

Wkhuhiruh/ vlqfh +6n� ' +6 e| gh�qlwlrq/ wkh ehvw suhglfdwru ri +6 lv jlyhq e|

.E+6 m l63�� ' k2+63�c

zklfk pd| wkhq eh vxevwlwxwhg lqwr wkh olnholkrrg/ dorqj zlwk wkh uhpdlqlqj A��
ixoo| revhuyhg frpsrqhqwv1 l63�ghqrwhv wkh lqirupdwlrq vhw dw shulrg 6� ��

916141 Wkh Ndopdq Ilowhu

Wkh Ndopdq �owhu/ edvhg xsrq wkh uhsuhvhqwdwlrq ri d g|qdplf v|vwhp lq d vwdwh0
vsdfh irup/ lv dq dojrulwkp iru vhtxhqwldoo| xsgdwlqj d olqhdu surmhfwlrq iru wkh
v|vwhp1 Lq wklv uhvshfw lwv srwhqwldo iru xvh zlwklq wkh frqwh{w ri plvvlqj ydoxhv
lv lpphgldwho| reylrxv1 Ehorz zh eulh | lqwurgxfh wkh pdlq frpsrqhqwv ri erwk

47Ghwdlov vxfk dv wkh lpsruwdqfh ri vwduwlqj ydoxhv duh glvfxvvhg dw ohqjwk lq Uxelq dqg Olwwoh1

Frqyhujhqfh surshuwlhv duh glvfxvvhg lq Uxxg +4<<4,1
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wkh vwdwh vsdfh prgho dqg wkh Ndopdq �owhu dqg olqn wkh h{srvlwlrq wr d qxpehu
ri plvvlqj ydoxh sureohpv1

Ohw +| ghqrwh dq E?��� yhfwru ri yduldeohv revhuyhg dw gdwh |1 Wkh vwdwh0vsdfh
uhsuhvhqwdwlrq ri wkh g|qdplfv ri + pd| eh uhsuhvhqwhg e| wkh iroorzlqj v|vwhp
ri htxdwlrqv=

B|n� ' 8B| n �|n� +915,

+| ' ��^| nM �B| n �| +916,

zkhuh 8c�� dqg M � duh/ uhvshfwlyho|/ pdwulfhv ri sdudphwhu ri glphqvlrq Eo � o�c
E?�&� dqg E?�o�1 ^| lv d E&��� yhfwru ri h{rjhqrxv ru suhghwhuplqhg yduldeohv1
Htxdwlrq +915, lv wkh vwdwh htxdwlrq dqg +916, lv wkh revhuydwlrq htxdwlrq1 �| dqg
�| duh/ uhvshfwlyho|/ Eo � �� dqg E?� �� yhfwruv ri phdq }hur/ llg revhuydwlrqv148

Dv ghprqvwudwhg ehorz/ wkh irupxodwlrq ri wkh vwdwh0vsdfh lv edvhg xsrq zulw0
lqj dq| �qlwh0rughuhg g|qdplf v|vwhp dv d �uvw0rughu v|vwhp/ wkhuhe| vlpsoli|lqj
wkh dqdo|vlv +vhh +915, dqg +916,,1 Wkh vwdwh yhfwru B| fduulhv doo ri wkh g|qdp0
lfv ri wkh surfhvv/ zklfk lwvhoi lv ghwhuplqhg e| wkh vwdwh +ru wudqvlwlrq, htxdwlrq1
Doorzdqfh iru revhuydwlrqdo huuru lv pdgh xvlqj wkh revhuydwlrq +ru phdvxuhphqw,
htxdwlrq491 Lw lv ri frxuvh wuxh wkdw doo olqhdu +dqg pdq| qrq0olqhdu, prghov lq
hfrqrphwulfv pd| eh suhvhqwhg lq d vwdwh0vsdfh irup1 Krzhyhu/ lq uhodwlyho| vlp0
soh prghov vxfk dv dq DU+s, surfhvv/ wkh vwdwh0vsdfh irupxodwlrq lv qrw vxfk dq
dgydqwdjh1

Wkh iroorzlqj h{dpsoh zloo foduli| qrwdwlrq1

H{dpsoh 9151 DU+s, surfhvv

+|n� ' �
�
E+|� n �

2
E+|3�� n ���n �RE+|3R� n 0|n� +917,

zkhuh .E0|0o� ' j2 ;| ' o dqg }hur rwkhuzlvh1 Wkh vwdwh vsdfh irup surfhhgv e|
zulwlqj wkh swk rughu gl�huhqfh htxdwlrq +917, dv d �uvw0rughu gl�huhqfh htxdwlrq
lq d yhfwru B|/ zkhuh wkh �uvw hohphqw ri B| lv wkh ydoxh ri + dw wlph |� dqg vr rq1

Vwdwh +Wudqvlwlrq, Htxdwlrq Eo ' R� G

48Iru ixuwkhu ghwdlov vhh Kduyh| +4<;<, dqg Kdplowrq +4<<7,1
49Pxfk ri wklv glvfxvvlrq lv wdnhq iurp Glherog +4<<5,1
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Qrwh wkdw wkh �uvw htxdwlrq lq wkh v|vwhp lv lghqwlfdo wr +917,/ wkh vhfrqg
htxdwlrq lv vlpso| wkh lghqwlw| +|3� ' +|3� dqg vr rq4:1 Lq wklv zd| zh vhh wkdw
�uvw0rughu yhfwru gl�huhqfh htxdwlrq +915, 0 wkh vwdwh htxdwlrq 0 lv dq dowhuqdwlyh
uhsuhvhqwdwlrq ri wkh swk rughu vfdodu v|vwhp +917,/ exw kdv wkh dgydqwdjh ri ehlqj
h{suhvvhg dv d �uvw0rughu v|vwhp1

916151 Surmhfwlrq dqg Plvvlqj Ydoxhv

Lq Vhfwlrq 6 zh frqvlghuhg d qxpehu ri uhjuhvvlrq0edvhg lpsxwdwlrq surfhgxuhv/
zklfk hvvhqwldoo| xwlolvhg frqglwlrqdo h{shfwdwlrqv1 Wkh Ndopdq �owhu pd| eh
ylhzhg lq d vlplodu oljkw/ qdpho| dv dq dojrulwkp iru fdofxodwlqj iruhfdvwv ri wkh
vwdwh yhfwru edvhg xsrq lqirupdwlrq dydlodeoh xs wr wlph |/ +khuhdiwhu wkh lqiru0
pdwlrq vhw/ l|,1 Xvlqj qrwdwlrq lqwurgxfhg lq Vhfwlrq 71614zh pd| zulwh wklv
iruhfdvw dv eB|n��| � e.EB|n�ml|�c

zkhuh l| ' E+|c +|3�c � � � c +�c %|c %|3�c � � � %c �
�

� e.E�� lv vrphwlphv uhihuuhg wr dv wkh
olqhdu surmhfwlrq ri B|n� rq l|/ exw lv/ zlwklq wkh olqhdu frqwh{w/ qr gl�huhqw wkdq
wkh frqglwlrqdo h{shfwdwlrq ixqfwlrq1

4:Qrwh wkdw lq wklv fdvh D3
@ �> {w @ 4 dqg zw @ 3=
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Wkh Ndopdq �owhu fdofxodwhv rqh0vwhs0dkhdg iruhfdvwv uhfxuvlyho|/ surfhhglqj
orjlfdoo| iurp xqfrqglwlrqdo surmhfwlrq dw wlph | ' � +l1h1 e.EB�� ' eB��f,/ wr
frqglwlrqdo surmhfwlrq iru | ' 2 +l1h1 + e.EB2ml� ' E+�c %��� ' eB2��,14; Jhqhulfdoo|
wkh rqh0vwhs0dkhdg iruhfdvw ri wkh vwdwh yduldeoh lv jlyhq e|

eB|n��| ' e.EB|n�ml|� +91:,

' 8 � e.EB| m l|� n e.E�|n�ml|�

' 8 � eB|�| n f�

Edvhg xsrq wkh deryh dqdo|vlv/ wkh orjlfdo vwhs wr plvvlqj ydoxhv lv vlpsoh jlyhq
wkdw plvvlqj0ydoxhv lq wlph0vhulhv idoo xqghu wkh uxeulf ri pxowl0vwhs suhglfwlrq1
Iru h{dpsoh/ jlyhq +915,/ +916,/ dqg +91:,/ wkh irupxodh iru wkh p0shulrg dkhdg
iruhfdvw/ +|n6c hphujhv iurp dssolfdwlrq ri wkh Ndopdq �owhu

	+|n6 � 	.E+|n6 m l|� ' ��^|n6 nM
�

86eB|�|�
Lq wklv lqvwdqfh zh pd| hlwkhu wklqn ri lqirupdwlrq ehlqj dydlodeoh iru | ' �c ���c A
dqg iruhfdvwlqj 6 shulrgv dkhdg/ ru zkhuh d zlqgrz ri ohqjwk6 lv plvvlqj zlwklq
d sduwlfxodu vhulhv1

:1 Pd{lpxp dqg Furvv0Hqwurs| Irupxodwlrq

Wkh pdmru sureohp zlwk wkh sdudphwulf dssurdfkhv wr lpsxwlqj plvvlqj ydoxhv dv
odlg rxw lq Vhfwlrq 8/ lv wkh qhhg wr vshfli| vrph irup ri frqglwlrqdo phdq uhjuhv0
vlrq prgho1 Reylrxvo| wkh ydolglw| ri vxfk d surfhgxuh lv frpsohwho| ghshqghqw
xsrq wkh sdudphwulf vshfl�fdwlrq ri wkh uhjuhvvlrq htxdwlrq/ wkh dydlodelolw| ri d
vx!flhqwo| odujh vdpsoh/ dqg wkdw fryduldwhv zklfk hqwhu wkh vshfl�hg htxdwlrq
duh revhuyhg iru wkh vxe0vdpsoh zkhuh wkh ohiw0kdqg vlgh yduldeoh lv plvvlqj1

Dq dowhuqdwlyh dssurdfk wr wklv sureohp lv wr xvh hlwkhu pd{lpxp ru furvv0
hqwurs| irupxodwlrqv1 Wkh ixqgdphqwdo glvwlqfwlrq ehwzhhq wklv dqg wkh uhjuhvvlrq0
edvhg dssurdfk lv wkh frqfhsw dqg ydoxdwlrq ri lqirupdwlrq1 Lq wkh fodvvlfdo uh0
juhvvlrq iudphzrun wkh frqfhsw ri lqirupdwlrq lv lqh{wulfdeo| olqnhg wr erwk wkh
qxpehu ri revhuydwlrqv dqg fryduldwhv1 Zlwklq wkh pd{lpxp hqwurs| iudphzrun/
dgglqj lqirupdwlrq lqyroyhv wkh lqfoxvlrq ri dgglwlrqdo frqvwudlqwv zklfk li frq0
vlvwhqw zlwk wkh gdwd zloo uhgxfh wkh hqwurs| ydoxh1 Iru h{dpsoh/ lq wkh fdvh ri
xqnqrzq uhjlrqdo zdjh gdwd +dqg dvvxplqj d glvfuhwh suredelolw| glvwulexwlrq4<,

4;W|slfdoo| a�4m3 lv vhw dw 31
4<Zh pd| irupxodwh d frqwlqxrxv yhuvlrq ri PH dv wkh qxpehu ri srvvleoh vwdwhv $41
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li zh uhgxfh wkh qxpehu ri xqnqrzqv/ wkhq wkh ghjuhhv ri iuhhgrp zloo idoo/ dqg
vr zloo wkh qxpehu ri srvvleoh zd|v ri uhfryhulqj wkh uhpdlqlqj xqnqrzqv1

Wr xqghuvwdqg wkh frqfhsw ri pd{lpxp hqwurs| +PH, frqvlghu d vhw ri xqre0
vhuydeoh iuhtxhqflhv R ' ER�c R2c ���c R&� zklfk uhsuhvhqw d gdwd jhqhudwlqj surfhvv
iru d udqgrp yduldeoh zlwk & srvvleoh rxwfrphv1 Wkh PH sulqflsoh vhhnv wr pd{0
lplvh d ixqfwlrq ri R/ vxfk wkdw wkh fkrvhq R fdq eh uhdolvhg lq wkh odujhvw qxpehu
ri zd|v/ frqglwlrqdo xsrq zkdw zh nqrz1 Iru h{dpsoh/ edvhg xsrq nqrzohgjh
ri d idlu glfh/ wkh R wkdw pd{lplvhv hqwurs| +ru xqfhuwdlqw| lq wkh v|vwhp, lv
R� ' R2 ' ��� ' RS ' �*S/ zlwk dwwhqgdqw phdq 6181 Wkxv/ li zh nqrz qrwklqj
dqg wkh glfh lv idlu wkhq R pxvw eh xqlirupo| glvwulexwhg ryhu wkh vhw ri srvvleoh
rxwfrphv153

Dv Jrodq/ Mxgjh/ dqg Ploohu +4<<9, qrwh/ wkh pd{lpxp ru furvv hqwurs| +FH,
iudphzrun r�huv d vroxwlrq wr d udqjh ri sureohpv zklfk jlyhq olplwhg gdwd/ duh
xqghwhuplqhg xvlqj frqyhqwlrqdo surfhgxuhv154 Iru h{dpsoh/ lq pdq| hfrqrplf
dssolfdwlrqv gdwd pd| eh dydlodeoh dw wkh qdwlrqdo ohyho zkhuhdv dw fhuwdlq ohyhov
ri uhjlrqdo glvdjjuhjdwlrq/ gdwd lv hlwkhu lqfrpsohwh ru qrq0h{lvwhqw1 Lq hvvhqfh/
wkh xvh ri wkh hqwurs| sulqflsoh idflolwdwhv gdwd uhfryhu| xvlqj rqo| wkh djjuhjdwh
gdwd/ ru li xvlqj furvv0hqwurs|/ zh xvh djjuhjdwh gdwd lq frqmxqfwlrq zlwk dq
hduolhu vhw ri glvdjjuhjdwh uhjlrqdo gdwd1 Dv vxfk/ wkh pd{lpxp ohyho ri hqwurs|
+xqfhuwdlqw|, iroorzv iurppd{lplvlqj hqwurs| zlwkrxw dq| frqvwudlqwv zklfk wkhq
|lhogv d xqlirup glvwulexwlrq1 Wkh lqfoxvlrq ri dgglwlrqdo/ uhohydqw lqirupdwlrq
zloo wkhuhiruh uhgxfh xqfhuwdlqw|/ dqg zloo uhvxow lq d ghsduwxuh iurp wkh xqlirup1

Dowkrxjk hqwurs|0edvhg sureohpv duh xvxdoo| fdvw lq whupv ri suredelolw| glv0
wulexwlrq/ Wkhlo +4<9<, srlqwv rxw wkdw wkh hqwurs| phdvxuh/ lq lwv prvw jhqhudo
irup/ pd| eh frqvlghuhg dv wkh ghjuhh wr zklfk dq djjuhjdwh lv vxeglylghg lqwr lwv
frqvwlwxhqw sduwv1 Reylrxvo| wklv sureohp pd| eh lpphgldwho| wudqviruphg lqwr
dq h{dplqdwlrq ri wkh fkdudfwhulvwlfv ri wkh lpsolhg suredelolw| glvwulexwlrq/ exw
wklv qhhg qrw gh�qh wkh ruljlqdo sureohp1 Iru h{dpsoh/ zh pljkw eh lqwhuhvwhg
lq djjuhjdwhv vxfk dv wrwdo srsxodwlrq ru wrwdo lqfrph ri d qdwlrq vwdwh dqg wkh
doorfdwlrq dfurvv vxe0uhjlrqv1 Lq Vhfwlrq 43 zh ghprqvwudwh wkh xvh ri hqwurs|
surfhgxuhv lq wkh frqwh{w ri d sduwlfxodu w|sh ri plvvlqj gdwd/ zkhuh djjuhjdwh
zdjhv duh revhuyhg dw wkh uhjlrqdo dqg lqgxvwuldo ohyho exw glvdjjuhjdwh gdwd 0
zdjhv e| lqgxvwu| dqg uhjlrq 0 duh qrw revhuyhg1

53Iru dq h{fhoohqw glvfxvvlrq ri wkhvh phwkrgv vhh Jrodq/ Mxgjh/ dqg Ploohu +4<<9,1
54Wkh lpsohphqwdwlrq ri PH dqg FH surfhgxuhv iru gdwd lpsxwdwlrq lv uhodwlyho| vwudljkw0

iruzdug1 Wkh vriwzduh sdfndjh Vkd}dp +vhh fkdswhu 4:, lv sduwlfxoduo| xvhixo lq wklv frqwh{w1

59



;1 Dffxudf| ri Hvwlpdwlrq zlwk Plvvlqj Gdwd

Wr gdwh zh kdyh irfxvhg xsrq wkh xvh ri ydulrxv lpsxwdwlrq whfkqltxhv dv d wrro
wr idflolwdwh wkh xvh ri dv pdq| gdwd srlqwv dv srvvleoh zlwklq wkh frqwh{w ri sd0
udphwhu hvwlpdwlrq1 Dv qrwhg e| Hiurq +4<<7,/ wkh gudzedfn ri prvw lpsxwdwlrq
whfkqltxhv lv wkdw wkh surfhvv ri uhsodflqj plvvlqj zlwk �wwhg ydoxhv ljqruhv dq|
uhvlgxdo yduldwlrq lqvridu dv plvvlqj ydoxhv duh vxevhtxhqwo| wuhdwhg dv li wkh|
zhuh nqrzq1 Dv d uhvxow wkh xqfrqglwlrqdo yduldqfh +ru frqglwlrqdo yduldqfh lq
uhjuhvvlrq, zloo eh ohvv wkdq wkdw ri wkh ruljlqdo xqrevhuyhg vhulhv/ zlwk vlplodu
lpsolfdwlrqv iru hvwlpdwhv ri vwdqgdug huuruv ri prgho sdudphwhuv�

Ehorz zh h{dplqh d qxpehu ri whfkqltxhv ghvljqhg wr h{dplqh wkh yduldelolw|
ri sdudphwhu hvwlpdwhv zkhuh d vxevhw ri wkh gdwd srlqwv kdyh ehhq lpsxwhg1

l, Vwrfkdvwlf uhjuhvvlrq lpsxwdwlrq

Vwrfkdvwlf uhjuhvvlrq lpsxwdwlrq +dv lqwurgxfhg lq Vhfwlrq 8/ h{dpsoh 7,
lpsxwhv plvvlqj ydoxhv edvhg xsrq wkh +hvwlpdwhg, frqglwlrqdo h{shfwdwlrq
ri +c 	.E+ m %�c soxv d uhvlgxdo frpsrqhqw wr uh hfw xqfhuwdlqw| lq wkh suh0
glfwhg ydoxh1 Khu}rj dqg Uxelq +4<;6, rxwolqh wkh wzr0vwdjh surfhgxuh iru
erwk qrupdo dqg elqdu| rxwfrphv1

ll, Lpsxwdwlrq= Frq�ghqfh Erxqgv durxqg Sdudphwhu Hvwlpdwhv

Dq dssurdfk vxjjhvwhg e| Vlprq dqg Vlprqr� +4<;9,/ zklfk grhv qrw dvvxph
wkdw wkh plvvlqj gdwd lv pdu +ru rdu,/ xwlolvhv d judsklfdo whfkqltxh wr
surylgh xsshu dqg orzhu olplwv iru wkh sdudphwhu hvwlpdwhv1 Wkh dxwkruv
ghprqvwudwh wkdw wkh udqjh lv d ixqfwlrq ri wkh qrqudqgrpqhvv ri wkh plvvlqj
ydoxh surfhvv1 Iru h{dpsoh/ lq wkh frqwh{w ri d qrq0udqgrp vhoi0vhohfwlrq
prgho/ wkh surfhgxuh dgyrfdwhg e| Vlprq dqg Vlprqr� +4<;9, frxog eh
xwlolvhg wr frpsxwh dq lqwhuydo durxqg wkh srvvleo| eldvhg vhw ri hvwlpdwhg
sdudphwhuv lqgxfhg e| vhoi0vhohfwlrq1 Wklv lv reylrxvo| gl�huhqw iurp frp0
sxwlqj wkh lqyhuvh ri wkh Ploov udwlr dqg fruuhfwlqj wkh eldv1

lll, Pxowlsoh lpsxwdwlrq

Dv qrwhg deryh/ uhjuhvvlrq0edvhg lpsxwdwlrq surfhgxuhv zloo xqghuhvwlpdwh
wkh yduldqfh lq dq| vxevhtxhqw sdudphwhu hvwlpdwhv1 Edvhg xsrq wkh zrun
ri Uxelq +4<;:, dqg Uxelq +4<:;,/ pxowlsoh lpsxwdwlrq surfhhgv e| qhvwlqj
wkh hvwlpdwlrq surfhgxuh zlwklq dq rxwhu orrs zklfk lwhudwhv ryhu pxowlsoh
udqgrp lpsxwdwlrqv ri wkh plvvlqj gdwd/ udwkhu wkdq d vlqjoh lpsxwhg ydoxh
dv lq/ iru h{dpsoh/ h{dpsohv 6 dqg 7 ri Vhfwlrq 81 Lq wklv zd|/ zh pd| frq0
vwuxfw d glvwulexwlrq ri olnho| lpsxwhg ydoxhv dqg wkhuhe| surshuo| lqwhjudwh
wklv hohphqw ri xqfhuwdlqw| lq prgho hvwlpdwlrq1
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Dowkrxjk vlplodu wr errwvwuds0edvhg phwkrgv iru sdudphwhu dffxudf|/ pxo0
wlsoh lpsxwdwlrq lv lpsohphqwhg +dqg ehvw xqghuvwrrg, xvlqj d Ed|hvldq
xsgdwlqj vfkhph1 Iru h{dpsoh/ rqh ri wkh pdlq wrrov ri Ed|hvldq dqdo|vlv
lv wkh frqglwlrqdo glvwulexwlrq ri wkh srsxodwlrq sdudphwhuv jlyhq wkh gdwd1
Krzhyhu/ wklv shuvshfwlyh ehfrphv sduwlfxoduo| xvhixo zkhuh d sruwlrq ri
wkh frpsohwh gdwd kdv ehhq lpsxwhg/ dqg wkhuhiruh wkhuh h{lvwv lqfhuwdlqw|
eh|rqg sdudphwhu xqfhuwdlqw|1 Lq wklv lqvwdqfh wkh dgglwlrqdo xqfhuwdlqw|
lqwurgxfhg e| lpsxwdwlrq fdq eh h{dplqhg e| dyhudjlqj wkh frpsohwh0gdwd
srvwhulru glvwulexwlrq +l1h1 wkh frqglwlrqdo glvwulexwlrq jlyhq erwk revhuyhg
dqg plvvlqj gdwd, ryhu wkh srvwhulru glvwulexwlrq ri wkh plvvlqj gdwd1 55

<1 Lpsohphqwdwlrq

Ehorz zh irfxv rq d qxpehu ri lvvxhv uhodwhg wr wkh lpsohphqwdwlrq ri lpsxwdwlrq
erwk lq whupv ri prghoolqj vwudwhjlhv dqg wkh dydlodelolw| ri frpsxwhu vriwzduh1

<141 Sdudphwhu Hvwlpdwlrq zlwk Lpsxwhg Ydoxhv

Wkh glvwlqfwlrq ehwzhhq h{sorudwru| gdwd dqdo|vlv dqg vwdwlvwlfdo prghoolqj kdv
dq dqdorjxh lq wkh plvvlqj gdwd sureohp/ lqvridu dv wkh lpsxwlqj ri plvvlqj gdwd
pd| eh glvwlqfw iurp wkh vxevhtxhqw xvh ri d frpsohwh gdwdvhw wr hvwlpdwh prgho
sdudphwhuv1 Reylrxvo| wklv zloo eh wuxh li wkrvh lq fkdujh ri lpsxwlqj gdwd duh
vhsdudwh iurp wkh prghohu1 Lq dgglwlrq/ li wkhuh lv frpsohwh vhsdudwlrq ri wkhvh wzr
wdvnv/ wkhq wkh prghohu pd| qrw kdyh ixoo lqirupdwlrq uhjduglqj wkh lpsxwdwlrq
whfkqltxhv wkdw zhuh hpsor|hg1

Li zh dvvxph wkdw wkhvh wdvnv duh xqghuwdnhq vlpxowdqhrxvo|/ wkh vwxg| e|
Zdqj dqg Mlqq +4<<5, suhvhqwv dq ryhuylhz ri d qxpehu ri dowhuqdwlyh vwudwhjlhv1
Wkhvh duh=

l, dsso| fdvh ghohwlrq dqg xvh rqo| revhuyhg ydoxhv

ll, lpsxwh ydoxhv iru plvvlqj gdwd dqg wuhdw revhuyhg dqg lpsxwhg ydoxhv htxdoo|

lll, xwlolvh lpsxwdwlrq dv lq ll, exw lpsohphqw lpsuryhg yduldqfh hvwlpdwlrq +vhh
Vhfwlrq 8/ h{dpsoh 7,

ly, edvh sdudphwhu hvwlpdwlrq rq pxowlsoh lpsxwdwlrq +vhh Vhfwlrq ;,

55Vhh Hiurq +4<<7,/ Uxelq dqg Vfkhqnhu +4<;9,/ dqg Zhl dqg Wdqqhu +4<<3, iru ixuwkhu ghwdlov1
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<151 Frpsxwhu Vriwzduh

Lq vwdqgdug hfrqrphwulf vriwzduh sdfndjhv vxfk dv VDV +4<;8, wkhuh duh/ lq jhq0
hudo/ d olplwhg qxpehu ri lq0exlow ihdwxuhv iru hlwkhu lpsxwlqj plvvlqj ydoxhv ru
prgho hvwlpdwlrq zklfk dgmxvwv sdudphwhu hvwlpdwhv jlyhq wkh dgglwlrqdo yduldelo0
lw| lqwurgxfhg e| lpsxwdwlrq1 Ehorz zh frqvlghu d qxpehu ri h{fhswlrqv1

l, VWDPS 813 ++Vwuxfwxudo Wlph Vhulhv Dqdo|vhu Prghohu dqg Suhglfwru,
Nrrspdq/ Kduyh|/ Grruqln/ dqg Vkhskdug +4<<8,,1 VWDPS lv ghvljqhg iru
prghoolqj wlph vhulhv gdwd xvlqj xqrevhuyhg frpsrqhqwv1 Yhuvlrq 813 uxqv
rq shuvrqdo frpsxwhuv rshudwlqj xqghu GRV ru Zlqgrzv1 Vlqfh VWDPS
xwlolvhv wkh Ndopdq �owhu wr frqvwuxfw wkh olnholkrrg lw r�huv h{whqvlyho|
srzhuixo prgho0edvhg surfhgxuhv iru lpsxwlqj plvvlqj gdwd lq wlph vhulhv156

ll, VWDWD +4<<:, +Uhohdvh 8,

VWDWD lv d vwdwlvwlfdo sdfndjh iru pdqdjlqj/ dqdo|vlqj dqg judsklqj gdwd1
Ghvslwh VWDWD*v lpsuhvvlyh duud| ri vrsklvwlfdwhg prghoolqj wrrov/ lw grhv
qrw kdyh pdq| ihdwxuhv vshfl�fdoo| ghvljqhg wr ghdo zlwk plvvlqj gdwd1 Krz0
hyhu/ wkh sdfndjh grhv lqfoxgh dq lq0exlow lpsxwh ixqfwlrq zklfk �oov lq plvv0
lqj ydoxhv xvlqj d sdudphwulf uhjuhvvlrq ixqfwlrq dv rxwolqhg lq h{dpsohv 6
dqg 7 lq Vhfwlrq 81

lll, JDXVV Wklug0Sduw| Dssolfdwlrq= PLVV

PLVV/ d surjudp iru plvvlqj gdwd/ lqfoxghv surfhgxuhv iru wkh frpsxwd0
wlrq ri fryduldqfh pdwulfhv dqg phdqv/ dqg iru wkh lpsxwdwlrq ri gdwd vhwv
zlwk lqfrpsohwh revhuydwlrqv1 Revhuydwlrqv/ phdq yhfwruv/ dqg yduldqfh0
fryduldqfh pdwulfhv duh hvwlpdwhg e| pd{lpxp olnholkrrg1 Uhjuhvvlrq0edvhg
lpsxwdwlrq zlwk ru zlwkrxw yduldqfh dgmxvwphqw lv dovr surylghg1

Wkh wzr pdlq frpsrqhqwv duh=

� HP 0 frpsxwhv pd{lpxp olnholkrrg hvwlpdwhv +xvlqj wkh HP phwkrg,
ri wkh fryduldqfh pdwul{ dqg phdq yhfwru zkhq gdwd duh plvvlqj dqg
lpsxwhv wkh gdwd dv uhtxhvwhg1

� LPSXWH 0 lpsxwhv wkh gdwd xvlqj hlwkhu d phdq ru uhjuhvvlrq phwkrg
vxevwlwxwlrq zlwk dq �htxdolvdwlrq� e| hlwkhu wkh udqgrp vdpsoh ru wkh
udqgrp yduldeoh phwkrg1 Wkhq wkh fryduldqfh pdwul{ dqg phdq yhfwru
pd| eh fdofxodwhg iurp wkh lpsxwhg gdwd vhw1

ly, VRODV +4<<:,

56Vhh Kduyh|/ Nrrspdq/ dqg Shq}hu +4<<:, iru d qxpehu ri h{dpsohv1
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VRODV lv d Zlqgrzv0edvhg vwdwlvwlfdo vriwzduh sdfndjh wkdw lqfrusrudwhv d
udqjh ri whfkqltxhv iru wuhdwlqj plvvlqj ydoxhv1 Wkh sdfndjh fdq kdqgoh erwk
orqjlwxglqdo dqg vlqjoh revhuydwlrq vxuyh| gdwd1 Rswlrqv iru erwk vlqjoh
dqg pxowlsoh lpsxwdwlrq duh lqfoxghg1 Zlwklq wkh frqwh{w ri pxowlsxwdwlrq
lw vkrxog eh hpskdvlvhg wkdw VRODV vdpsohv iurp wkh revhuyhg vdpsoh
srlqw diwhu vwudwli|lqj wkh gdwd xvlqj wkh surshqvlw| vfruh1 Wkhuhiruh/ li wklv
dssurdfk lv wr eh yldeoh lw uhtxluhv wkdw zlwklq d jlyhq yduldeoh wkhuh duh
hqrxjk �grqru� ydoxhv dydlodeoh iurp zklfk wr vdpsoh1 Vxevhtxhqwo| wkhuh
duh fhuwdlq plvvlqj gdwd phfkdqlvpv wkdw duh qrw vxlwdeoh iru wklv dssurdfk1
Dq reylrxv fdvh lv wkdw jlyhq e| h{dpsoh 716 +Vhfwlrq 7, zkhuh iru dq|
jlyhq wlph shulrg rqo| djjuhjdwh yduldeohv duh revhuyhg dqg hvwlpdwhv ri
wkh glvdjjuhjdwh frqvwlwxhqwv duh uhtxluhg1

y, QS0UHJ +Qrq0Sdudphwulf UHJuhvvlrq= Vhh Gxqfdq dqg Mrqhv +4<<5,,1

QS0UHJ lv dq lqwhudfwlyh vriwzduh sdfndjh iru Nhuqho ghqvlw| hvwlpdwlrq
dqg qrq0sdudphwulf uhjuhvvlrq1 Zulwwhq lq JDXVV/ lw lv phqx0gulyhq dqg
lqfrusrudwhv d frqvlghudeoh qxpehu ri qrq0sdudphwulf whfkqltxhv1 Dowkrxjk
wkhuh lv qr vshfl�f plvvlqj gdwd rswlrqv/ lpsxwdwlrq xvlqj d qrq0sdudphwulf
frqglwlrqdo phdq ixqfwlrq fdq eh lpsohphqwhg1

yl, JDPV +Jhqhudo Dojheudlf Prghoolqj V|vwhp= Vhh Eurrnh/ Nhqgulfn/ dqg
Phhudxv +4<<5,,

JDPV surylghv d kljk0ohyho odqjxdjh iru wkh uhsuhvhqwdwlrq dqg vroxwlrq ri
odujh olqhdu dqg qrq0olqhdu pdwkhpdwlfdo surjudpplqj sureohpv1 JDPV lv
sduwlfxodu| xvhixo iru wkh vroxwlrq ri hqwurs| dqg furvv0hqwurs| sureohpv/
zklfk pd| eh xvhg lq vshfl�f plvvlqj0gdwd sureohpv +vhh Vhfwrq 7/ h{dpsoh
716,1

431 Dq H{dpsoh

Lq wklv vhfwlrq zh zloo h{dplqh wkh sureohp ri plvvlqj gdwd iru uhjlrqdo dqdo|vlv1
Lq sduwlfxodu/ zh irfxv xsrq vlwxwdlrqv zkhuh dowkrxjk gdwd lv dydlodeoh dw/ iru
h{dpsoh/ wkh qdwlrqdo ohyho/ gdwd dw wkh uhjlrqdo ohyho lv hlwkhu lqfrpsohwh ru qrq0
h{lvwhqw1 Ghxwvfk dqg Urgohu +4<<3, kljkoljkw wzr nh| lvvxhv zkhq wkh sureohp
ri plvvlqj gdwd lv rqh ri djjuhjdwlrq=

l, wkhuh lv dq reylrxv lqirupdwlrq orvv zkhq djjuhjdwh revhuydwlrqv duh xvhg
lq sodfh ri glvdjjuhjdwh rqhv>
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ll, lq whupv ri sxeolf srolf|/ wklv orvv ri lqirupdwlrq pd| eh fulwlfdo zkhq dw0
whpswlqj wr irupxodwh srolf| uxohv zkhq rqo| djjuhjdwh lqirupdwlrq lv dydlo0
deoh1 Lw lv dovr olnho| wkdw wkh frvwv ri xvlqj djjuhjdwh lqirupdwlrq zloo ydu|
dfurvv gl�huhqw hfrqrplf yduldeohv1

Lq d qxpehu ri uhfhqw vwxglhv dqdo|vwv kdyh txhvwlrqhg wkh xvh ri odujh pdfurh0
frqrplf prghov zklfk irfxv rq wkh prghoolqj ri lqfrph dqg rxwsxw djjuhjdwhv
phdvxuhg dw wkh ohyho ri qdwlrq vwdwhv1 Iru h{dpsoh/ wkh h{whqw wr zklfk lqgl0
ylgxdo uhjlrqv dqg lqgxvwuldo vhfwruv h{klelw khwhurjhqhlw| lq whupv ri wkh phfkd0
qlvp wkdw ghwhuplqh jurzwk/ zloo d�hfw wkh xvhixoqhvv ri djjuhjdwh vwxglhv1 Txdk
+4<<7, qrwhv wkdw vlqfh wkh HF Frkhvlrq Ixqg glvwulexwhv uhvrxufhv dw wkh ohyho ri
QXWV06 vxeglylvlrqv +zlwk ryhu ;33 uhjlrqdo xqlwv,/ wkh xvh ri djjuhjdwh prghov
lv reylrxvo| plvsodfhg1 Li rqh dffhswv wkdw ghwdlohg glvdjjuhjdwh lqirupdwlrq lv
uhtxluhg/ wkhq lq wkh idfh ri olplwhg lqirupdwlrq/ djjuhjdwh lqglfdwruv pxvw eh
ghfrpsrvhg wr uhyhdo wkhlu frqvwlwxhqw sduwv1 Dv vxfk/ wklv sureohp lv lq jhqhudo/
xqghughwhuplqhg1

43141 Plvvlqj Zdjhv dw wkh Uhjlrqdo Ohyho

Zh zloo irfxv rq wkh iroorzlqj sureohp1 Lq dq hfrqrp| frpsulvhg ri - uhjlrqv
zh revhuyh wkh dyhudjh zdjh iru vhfwru &/ ghqrwhg e| �&1 Krzhyhu/ �&�c wkh zdjh
lq vhfwru &c uhjlrq � lv xqrevhuyhg1 Zh ohw `-C ghqrwh d E-� �� yhfwru ghqrwlqj
wkh wrwdo zdjh eloo iru hdfk uhjlrq ` U�( lv d E? � �� yhfwru ghqrwlqj wkh wrwdo
zdjh eloo iru hdfk lqgxvwu| �

Wkh plvvlqj gdwd sureohp lv wkh sureohp ri ghwhuplqlqj dgglwlrqdo lqirupd0
wlrq iurp d vlqjoh djjuhjdwh phdq1 Reylrxvo| lq wkh fdvh ri dq hfrqrp| edvhg
xsrq - lghqwlfdo uhjlrqv/ wkhq lw zrxog eh uhdvrqdeoh wr vhw �&� ' �& ;� ' �c ���c -1
Olnhzlvh/ wkh pruh khwhurjhqrxv wkh hfrqrp| lq whupv ri wkh surfhvvhv wkdw gh0
whuplqh zdjhv/ wkh pruh xquhdvrqdeoh wklv dvvxpswlrq1

Li wkh djjuhjdwh +qdwlrqdo, phdq zdjh lv revhuyhg dqg gdwd lv plvvlqj iru d
vlqjoh uhjlrq/ wkhq d vlpsoh dffrxqwlqj frqvwudlqw doorzv wkh plvvlqj gdwd wr eh
lpsxwhg zlwkrxw wkh xvh ri d vwdwlvwlfdo prgho1 Krzhyhu/ zlwk - � � ghjuhhv ri
iuhhgrp dqg wzr ru pruh uhjlrqdo revhuydwlrqv plvvlqj/ wkh sureohp lv xqghughwhu0
plqhg1 Wklv w|sh ri sureohp lv frpprq lq hfrqrphwulfv dqg dssolhg pdwkhpdwlfv
dqg pd| eh vroyhg e| wkh xvh ri sulru ru qrq0vdpsoh lqirupdwlrq1 Wklv pd| wdnh
d qxpehu ri irupv/ lqfoxglqj iru h{dpsoh/ nqrzohgjh ri �&� iru wkh suhylrxv wlph
shulrg dqg dq dvvxphg jurzwk udwh1 Li zh rqo| revhuyh djjuhjdwh gdwd/ wkhq rqh
srvvlelolw| lv wr srvwxodwh dq hfrqrphwulf prgho ri zdjh ghwhuplqdwlrq dw wkh
qdwlrqdo ohyho/57 dqg xvh wklv wr lpsxwh wkh glvdjjuhjdwh uhjlrqdo zdjhv1

57Wklv reylrxvo| dvvxphv zh kdyh wlph0vhulhv gdwd iru qdwlrqdo zdjhv1
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Ehorz zh frqvlghu d qxpehu ri dowhuqdwlyh vwudwhjlhv edvhg xsrq wkh ydulrxv
lpsxwdwlrq whfkqltxhv glvfxvvhg dqg wkh h{whqw ri plvvlqj gdwd1

4314141 Uhjuhvvlrq0Edvhg= Rqo| �& revhuyhg

Iluvw zh sursrvh d prgho ri zdjh ghwhuplqdwlrq dw wkh qdwlrqdo ohyho1 Wklv pljkw
wdnh wkh vlpsoh olqhdu irup

�|& ' knf|&q& n 0|&c +4314,

zkhuh f lv d E? � �� pdwul{ ri uhjuhvvruv/ q lv d E� � �� sdudphwhu yhfwru/
0 � ��_Efc j2�58/ dqg | lqgh{hv wlph1 Edvhg xsrq wklv djjuhjdwh prgho ri zdjh
ghwhuplqdwlrq/ wkh lpsxwhg zdjhv iru uhjlrq �/ lqgxvwu| & dw shulrg |� zrxog eh

	�|��& ' 	knf
|��&

	qc +4315,

zkhuh f
|��&

lv wkh uhjuhvvru pdwul{ iru uhjlrq �/ vhfwru &1 Reylrxvo|/ wkh pdmru
sureohp zlwk wklv dssurdfk lv wkh dvvxpswlrq ri dq hfrqrp|0zlgh frqvwdqw vhw
ri sdudphwhuv 	q159 Qrwh wkdw vlqfh �& lv revhuyhg wkh lpsxwdwlrq surfhgxuh pxvw

vdwlvi| wkh frqvwudlqw �& '
�

-

-S
�'�

	�&�1 Lq dgglwlrq +4315, dvvxphv wkdw wkh plvvlqj0

gdwd phfkdqlvp lv pdu1

4314151 Uhjuhvvlrq0Edvhg= �& revhuyhg dqg d vxe0vdpsoh ri �&�

Reylrxvo| li d vxevhw ri wkh �&� uhjlrqdo gdwd lv plvvlqj dw udqgrp wkhq zh
pd| dsso| wkh vdph surfhgxuh dv lq +4315,1 Krzhyhu/ li wkhuh lv vrph vhohfwlrq
surfhvv zklfk lv hqgrjhqrxv/ wkhq wkh lpsxwdwlrq edvhg rq +4314, zrxog qrw eh
dssursuldwh vlqfh wkh lqirupdwlrq dydlodeoh lq wkh vhohfwlrq surfhvv lv qrw xwlolvhg1
Dv dq h{dpsoh/ ohw xv srvwxodwh wkh iroorzlqj qrq0udqgrp revhuydwlrqdo uxoh iru
uhjlrqdo zdjh gdwd1

�&� ' �E�&� : B��&�c +4316,

vxfk wkdw uhjlrqdo gdwd lv rqo| revhuyhg li zdjhv h{fhhg B1 Iru qrwdwlrqdo sxusrvhv
ohw ��

&� E�
�
&�� ghqrwh/ uhvshfwlyho|/ wkh vxe0vdpsoh ri xqrevhuyhg +revhuyhg, zdjhv1

Wkh wrwdo lqirupdwlrq zh revhuyh frpsulvhv wkh qdwlrqdo �jxuhv/ hvwlpdwhv ri k
dqg q iurp +4315, dqg ��

&�1

58Wklv llg dvvxpswlrq pd| eh uhod{hg1
59Qrwh wkdw wkh sureohpv ri xvlqj lpsxwhg ydoxhv lq d vxevhtxhqw prghoolqj h{huflvh/ vxfk dv

surylglqj dq dffxudwh hvwlpdwh ri sdudphwhu xqfhuwdlqw| zkhq hohphqwv ri wkh uhjuhvvdqg kdyh

ehhq lpsxwhg/ duh glvfxvvhg lq vhfwlrq ;1
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Iru wkh xqrevhuyhg zdjh gdwd/ wkh srsxodwlrq uhjuhvvlrq ixqfwlrq frqglwlrqdo
xsrq wkh revhuydwlrqdo uxoh pd| eh zulwwhq

�&� m �&� 	 B ' k� nf�
&�q

� n 0�� +4317,

Vlqfh �&� lv xqrevhuyhg zh fdqqrw uhfryhu sdudphwhu hvwlpdwhv k�1 Zh frxog
xwlolvh +4314, dqg vhw ��

&� ' 	k n f�
&�
	q exw wklv lv lqfruuhfw vlqfh wklv lpsolflwo|

dvvxphv wkdw wkh gdwd lv erwk pdu dqg rdu/ zkhuhdv lq wklv lqvwdqfh .E0�� 	
B� k� n %�&�q

�� Wkhuhiruh/ dq dssursuldwh prgl�fdwlrq ri +4314, zrxog eh wr xvh

	��
&� ' 	knf�

&�
	q n

�E��

xE��
c +4318,

zkhuh � ' B�	knf�
&�
	q dqg � Ex� duh uhvshfwlyho|/ wkh vwdqgdug qrupdo suredelolw|

ghqvlw| dqg fxpxodwlyh glvwulexwlrq ixqfwlrq1 Lq +4318, zh qrwh wkdw zh vxevwlwxwh
	k dqg 	q iru wkh xqrevhuyhg 	k� dqg 	q��

4314161 Dq Hqwurs|0edvhg Vroxwlrq

Zh lqwurgxfh d E-� ?� frh!flhqw pdwul{ �c zlwk w|slfdo hohphqw

@�� ' ���*��c +4319,

ghqrwlqj wkh udwlr ri zdjhv iru lqgxvwu| �c uhjlrq � wr wkh wrwdo +djjuhjdwh, zdjh
eloo iru lqgxvwu| �/ �� '

S
�

���� Zh pd| zulwh wkh dffrxqwlqj lghqwlw|

`-C ' �` U�(c +431:,

zlwk wkh �uvw urz ri `-C jlyhq e|

`-C
�

' @��`
U�(
�

n @�2`
U�(
2

n � � �n @�?`
U�(
? c +431;,

zkhuh hdfk @�� frh!flhqw doorfdwhv wkh wrwdo zdjh eloo iru wkh �wk lqgxvwu| wr uhjlrq
41 Jlyhq +431:,/ nqrzohgjh ri wkh lqglylgxdo @�� frh!flhqwv doorzv xv wr hvwlpdwh
wkh xqrevhuyhg glvdjjuhjdwh zdjh gdwd xvlqj 	��� ' �� � @��1

Wkh remhfwlyh lv wr �qg dq hvwlpdwh ri wkh xqnqrzq D pdwul{ jlyhq djjuhjdwh
yhfwruv `-C dqg ` U�(/ zklfk uhvshfwv +431:, dqg wkh iroorzlqj frqvwudlqwv dqg
qrq0qhjdwlylw| uhvwulfwlrqv=

?[
�

@��`
U�(
� ' `-C

� ;� ' �c � � � c -( +431<,
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-[
�

@�� ' � ;� ' �c � � � c ?( +43143,

@�� � f ; � ' �c � � � c -( � ' �c � � � c ?� +43144,

Wklv w|sh ri sureohp kdv d frqvlghudeoh olqhdjh lq pxowlvhfwrudo uhjlrqdo htxl0
oleulxp prghov +vhh Kduuljdq/ PfJloyud|/ dqg PfQlfroo +4<;3, dqg B,1 Iru h{0
dpsoh/ lq wkh frqwh{w ri xsgdwlqj lqsxw0rxwsxw pdwulfhv wkh jhqhulf irup ri wklv
sduwlfxodu plvvlqj gdwd sureohp iroorzv iurp wkh qhhg wr ghwhuplqh ?2|n� slhfhv
ri lqirupdwlrq iurp 2� ?|n� ixoo| revhuyhg gdwd srlqwv +iru shulrg |n �, dqg ?2|
slhfhv ri lqirupdwlrq lq shulrg |1 Lq wklv frqwh{w/ pdq| gdwd uhfryhu| surfhgxuhv
vxfk dv UDV +vhh Vfkqhlghu dqg ]hqlrv +4<<3,, duh edvhg xsrq phwkrgv wkdw uho|
rq dffrxqwlqj frqvwudlqwv1 Uhfhqw zrun e| Jrodq/ Mxgjh/ dqg Urelqvrq +4<<7,
kdyh sursrvhg dq dowhuqdwlyh phwkrg edvhg xsrq wkh Pd{lpxp Hqwurs| +PH,
Sulqflsoh/ zklfk lq wkh fdvh ri xsgdwlqj d +?�?� lqwhulqgxvwu|  rz pdwul{ D/ ds0
solhv dq rswlplvdwlrq fulwhulrq vxfk wkdw wkh hvwlpdwh ri �c vd| �Wc lv wkdw pdwul{
zklfk fdq eh uhdolvhg lq wkh juhdwhvw qxpehu ri zd|v/ jlyhq h{lvwlqj nqrzohgjh15:

Wkh pd{lpxp hqwurs| vroxwlrq wr wkh deryh sureohp lv wr �qg wkh pdwul{ �c
jlyhq wkh revhuyhg djjuhjdwh gdwd dqg wkh frqvwudlqwv +431<,0+43144,/ wkdw pd| eh
uhdol}hg lq wkh odujhvw qxpehu ri zd|v1 Li fhuwdlq ��� duh nqrzq wklv lqirupdwlrq
pd| eh lqfrusrudwhg yld dgglwlrqdo frqvwudlqwv/ wkhuhe| uhgxflqj wkh dprxqw ri
hqwurs| lq wkh v|vwhp1 Irupdoo|/ zh pd| vwdwh wkh sureohp dv

�@% M ' �
[
�

[
�

@�� *L}E@��� +43145,

vxemhfw wr +431<,0+43144,1
Li ��� lqirupdwlrq lv dydlodeoh iurp d suhylrxv shulrg/ vd| �|3�

�� / wkhq wklv pd|
eh lqfrusrudwhg lqwr wkh sureohp5;1 Lq wklv lqvwdqfh zh qrwh wkdw wkh dssursuldwh
uhihuhqfh glvwulexwlrq lv qrw rqh zklfk uh hfwv d frpsohwh odfn ri sulru lqirupdwlrq
dv wr wkh glvwulexwlrq ri wkh wrwdo zdjh eloo ryhu lqgxvwuldo vhfwruv dqg uhjlrqv/
exw udwkhu zh xvh wkh glvwulexwlrq ri zdjhv lq d suhylrxv shulrg dv wkh uhihuhqfh
glvwulexwlrq1 Wkh uhvxowlqj furvv hqwurs| sureohp5< pd| eh zulwwhq dv

��? �. '
[
�

[
�

@�� *L}E@��*@
|3�
�� � +43146,

5:Wkh hduolhvw uhihuhqfh lv Vkdqqrq +4<7;,1 Pruh uhfhqw glvfxvvlrq dqg dssolfdwlrqv duh wr eh

irxqg lq Zlovrq +4<:3, dqg ]hooqhu +4<<3,1
5;D vlplodu sureohp lv ghvfulehg lq Wkhlo +4<9<,/ zkr xvhv hqwurs| phwkrgv lq wkh dqdo|vlv

ri �qdqfldo vwdwhphqwv1
5<Wklv lv dovr uhihuuhg wr dv wkh Nxooedfn0Ohleohu lqirupdwlrq fulwhulrq1
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vxemhfw wr wkh vdph gdwd dqg dgglqj xs frqvwudlqwv1
Lq Jrodq/ Mxgjh/ dqg Ploohu +4<<9, wkh xvh ri PH dqg FH lv ghprqvwudwhg

xvlqj duwl�fldo gdwd iru d vpdoo lqwhu0lqgxvwu|  rz pdwul{1 Wkh dxwkruv vkrz wkdw
wkh xvh ri FH wr lpsxwh plvvlqj glvdjjuhjdwh gdwd uhsuhvhqwv dq lpsuryhphqw
ryhu wkh wudglwlrqdo UDV dssurdfk1 Zh frxog mxvw dv hdvlo| xvh wkh vdph gdwd wr
uhsuhvhqw wkh plvvlqj zdjhv sureohp1 Iru h{dpsoh/ lq wdeoh 4 wkh urzv uhsuhvhqw
uhjlrqv dqg froxpqv lqgxvwulhv/ vxfk wkdw ��� ' eD vljql�hv wkdw 78 xqlwv ri zdjhv
duh hduqhg lq lqgxvwu| 4/ zklfk lv orfdwhg lq uhjlrq 4> wkh wrwdo zdjh eloo iru uhjlrq
4 lv 4731 Vlploduo|/ vlqfh �2� ' f wkh gdwd lqglfdwhv wkdw duh qr �upv iurp lqgxvwu|
6 lq uhjlrq 51 Li zh qrupdolvh wkh zdjh gdwd e| wrwdo lqgxvwu| zdjhv/ wkh zh fdq
jhqhudwh wkh frh!flhqw pdwul{ �c zlwk hohphqwv @���

Wdeoh 4= Zdjh Gdwd dqg Frh!flhqw Pdwul{
zdjh gdwd �� �

78 3 48 ;3 473 31:59 31333 31498 31634
43 48 3 453 478 31494 3159; 31333 31784
: 6; 98 3 443 31446 319:; 31:47 31333
3 6 44 99 ;3 31333 31387 31454 3157;

��� 95 89 <4 599
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Uhihuhqfhv

Eurrnh/ D1/ G1 Nhqgulfn/ dqg D1 Phhudxv +4<<5,= JDPV= D Xvhu*v Jxlgh/
Uhohdvh 51581 Vflhqwl�f Suhvv/ Vrxwk Vdq Iudqflvfr/ FD/ XVD1

Exfn/ V1 +4<93,= �D Phwkrg ri Hvwlpdwlrq ri Plvvlqj Ydoxhv lq Pxowlyduldwh
Gdwd Vxlwdeoh iru Xvh zlwk Dq Hohfwurqlf Frpsxwhu/� Mrxuqdo ri wkh Ur|do
Vwdwlvwlfdo Vrflhw|/ Vhu1E/ 55// ss1 635�6391

Fkrz/ J1/ dqg D1 Olq +4<:4,= �Ehvw olqhdu xqeldvhg lqwhusrodwlrq/ glvwulexwlrq
dqg h{wudsrodwlrq ri wlph vhulhv e| uhodwhg vhulhv/� Uhylhz ri Hfrqrplfv dqg
Vwdwlvwlfv/ 86/ 6:5�:81

Gdylg/ P1/ U1 Olwwoh/ P1 Vdpxkho/ dqg U1 Wulhvw +4<;9,= �Dowhuqdwlyh
Phwkrgv iru FSV Lqfrph Lpsxwdwlrq/� Mrxuqdo ri Dphulfdq Vwdwlvwlfdo Dvvr0
fldwlrq/ ;4+6<6,1

Ghpsvwhu/ D1 S1/ Q1 P1 Odlug/ dqg G1 E1 Uxelq +4<::,= �Pd{lpxp Olnhol0
krrg iurp Lqfrpsohwh Gdwd yld wkh HP Dojrulwkp +zlwk glvfxvvlrq,/� Mrxuqdo
ri wkh Ur|do Vwdwlvwlfdo Vrflhw|/ ss1 4�6;1

Ghxwvfk/ H1/ dqg N1 Urgohu +4<<3,= �Djjuhjdwlrq Sureohpv lq d Prgho ri
Zdjh Irupdwlrq dqg Hpsor|phqw Ghpdqg/� lq Glvdjjuhjdwlrq lq Hfrqrphwulf
Prghoolqj/ hg1 e| W1 Edunhu/ dqg P1 K1 Shvdudq/ fkds1 81 Urxwohgjh1

Glherog/ I1 +4<<5,= �Dgydqfhg Hfrqrphwulfv/� Ohfwxuh Qrwhv/ Xqlyhuvlw| ri
Shqqv|oydqld1

Gxqfdq/ D1/ dqg D1 Mrqhv +4<<5,= �QS0UHJ= Dq Lqwhudfwlyh Sdfndjh iru
Nhuqho Ghqvlw| Hvwlpdwlrq dqg Qrqsdudphwulf Uhjuhvvlrq/� Glvfxvvlrq Sdshu
Z<523:/ Lqvwlwxwh iru Ilvfdo Vwxglhv1

Hiurq/ E1 +4<<7,= �Plvvlqj Gdwd/ Lpsxwdwlrq/ dqg wkh Errwvwuds/� Mrxuqdo ri
wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ ;<+759,/ 796�7:81

Jrodq/ D1/ J1 Mxgjh/ dqg G1 Ploohu +4<<9,= Pd{lpxp Hqwurs| Hfrqrphw0
ulfv= Urexvw Hvwlpdwlrq zlwk Olplwhg Gdwd1 Mrkq Zloh| dqg Vrqv1

Jrodq/ D1/ J1 Mxgjh/ dqg V1 Urelqvrq +4<<7,= �Uhfryhulqj Lqirupdwlrq iurp
Lqfrpsohwh ru Sduwldo Pxowlvhfwrudo Hfrqrplf Gdwd/� Wkh Uhylhz ri Hfrqrplfv
dqg Vwdwlvwlfv/ O[[YL+6,/ 874�8831

Jrxulhurx{/ F1/ dqg D1 Prqwiruw +4<;4,= �Rq wkh Sureohp ri Plvvlqj Gdwd
lq Olqhdu Prghov/� Uhylhz ri Hfrqrplf Vwxglhv/ [OYLLL/ 8:<�8;91
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Juhhq/ Z1 K1 +4<<:,= Hfrqrphwulf Dqdo|vlv1 Suhqwlfh Kdoo/ wklug hgq1

Juhhqohhv/ M1/ Z1 Uhhfh/ dqg N1 ]lhvfkdqj +4<;5,= �Lpsxwdwlrq ri Plvv0
lqj Ydoxhv Zkhq wkh Suredelolw| ri Uhvsrqvh Ghshqgv rq wkh Yduldeoh Ehlqj
Lpsxwhg/� Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ ::+6:;,1

Kdplowrq/ M1 +4<<7,= Wlph Vhulhv Dqdo|vlv1 Sulqfhwrq Xqlyhuvlw| Suhvv1

Kdugoh/ Z1 +4<<3,= Dssolhg qrqsdudphwulf uhjuhvvlrq1 Fdpeulgjh Xqlyhuvlw|
Suhvv1

Kduuljdq/ I1/ Z1 PfJloyud|/ dqg L1 PfQlfroo +4<;3,= �Vlpxodwlqj wkh
Vwuxfwxuh ri d Uhjlrqdo Hfrqrp|/� Hqylurqphqw dqg Sodqqlqj/ D+45,/ <5:�
<691

Kduyh|/ D1 +4<;<,= Iruhfdvwlqj/ Vwuxfwxudo Wlph Vhulhv Prghov dqg wkh Ndopdq
Ilowhu1 Fdpeulgjh Xqlyhuvlw| Suhvv1

Kduyh|/ D1/ V1 Nrrspdq/ dqg M1 Shq}hu +4<<:,= �Phvv| Wlph Vhulhv= D
Xql�hg Dssurdfk/� Dgydqfhv lq Hfrqrphwulfv/ 461

Khfnpdq/ M1 +4<:<,= �Vdpsoh Vhohfwlrq Eldv dv d Vshfl�fdwlrq Huuru/� Hfrqr0
phwulfd/ 7:/ 486�4941

Khu}rj/ W1/ dqg G1 Uxelq +4<;6,= �Xvlqj pxowlsoh lpsxwdwlrqv wr kdqgoh
qrquhvsrqvh lq vdpsoh vxuyh|v/� lq Lqfrpsohwh Gdwd lq Vdpsoh Vxuyh|v +Yro1
5 0 Wkhru| dqg Eleolrjudsklhv,/ hg1 e| Z1 Pdgrz/ L1 Ronlq/ dqg G1 Uxelq/ ss1
53<�5781 Qhz \run= Dfdghplf Suhvv1

Krurzlw}/ M1/ dqg F1 Pdqvnl +4<<;,= �Fhqvrulqj ri rxwfrphv dqg uhjuhvvruv
gxh wr vxuyh| qrquhvsrqvh= Lghqwl�fdwlrq dqg hvwlpdwlrq xvlqj zhljkwv dqg
lpsxwdwlrqv/� Mrxuqdo ri Hfrqrphwulfv/ ;7/ 6:�8;1

Nlqj/ J1/ M1 Krqdnhu/ D1 Mrvhsk/ dqg N1 Vfkhyh +4<<;,= �Olvwzlvh Ghoh0
wlrq lv Hylo= Zkdw wr Gr Derxw Plvvlqj Gdwd lq Srolwlfdo Vflhqfh/� Ghsw1 ri
Jryhuqphqw/ Kduydug Xqlyhuvlw|1

Nrrspdq/ V1/ D1 Kduyh|/ M1 Grruqln/ dqg Q1 Vkhskdug +4<<8,= Vwdps
813= Vwuxfwxudo Wlph Vhulhv Dqdo|vhu/ Prghoohu dqg Suhglfwru1 Fkdspdq dqg
Kdoo1

Oloodug/ O1/ M1 S1 Vplwk/ dqg I1 Zhofk +4<;5,= �Zkdw Gr Zh Uhdoo| Nqrz
Derxw Zdjhv= Wkh Lpsruwdqfh ri Qrq0Uhsruwlqj dqg Fhqvxv Lpsxwdwlrq/�
Glvfxvvlrq sdshu/ Udqg Frusrudwlrq/ 4:33 Pdlq Vwuhhw/ Vdqwd Prqlfd/ FD
<37391
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Olwwoh/ U1 +4<<5,= �Uhjuhvvlrq zlwk Plvvlqj [*v= D Uhylhz/� Mrxuqdo ri wkh
Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ ;:+753,/ 455:�456:1

Olwwoh/ U1/ dqg G1 Uxelq +4<;:,= Vwdwlvwlfdo Dqdo|vlv zlwk Plvvlqj Gdwd1 Mrkq
Zloh|/ Qhz \run1

Txdk/ G1 +4<<7,= �Rqh Exvlqhvv F|foh dqg Rqh Wuhqg iurp +Pdq|/, Pdq|
Glvdjjuhjdwhv/� Hxurshdq Hfrqrplf Uhylhz/ 6;/ 938�9461

Uxelq/ G1 +4<:9,= �Lqihuhqfh dqg plvvlqj gdwd/� Elrphwulnd/ 96+6,/ 8;4�<51

+4<:;,= �Pxowlsoh Lpsxwdwlrqv lq Vdpsoh Vxuyh|v 0 D Skhqrphqrorj0
lfdo Ed|hvldq Dssurdfk wr Qrquhvsrqvh/� Surfhhglqjv ri wkh Vxuyh| Uhvhdufk
Phwkrgv Vhfwlrq/ Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ ss1 53�671

+4<;:,= Pxowlsoh Lpsxwdwlrq iru Qrquhvsrqvh lq Vxuyh|v1 Mrkq Zloh|/
Qhz \run1

Uxelq/ G1/ dqg Q1 Vfkhqnhu +4<;9,= �Pxowlsoh Lpsxwdwlrq iru Lqwhuydo Hvwl0
pdwlrq Iurp Vlpsoh Udqgrp Vdpsohv Zlwk Ljqrudeoh Qrquhvsrqvh/� Mrxuqdo
ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ ;4+6<7,/ 699�1

Uxxg/ S1 +4<<4,= �H{whqvlrqv ri Hvwlpdwlrq Phwkrgv xvlqj wkh HP Dojrulwkp/�
Mrxuqdo ri Hfrqrphwulfv/ 7<+6,/ 638�6751

Vdod}du/ H1/ U1 Vplwk/ P1 Zhdoh/ dqg V1 Zuljkw +4<<:,= �D Prqwko|
Lqglfdwru ri JGS/� Qdwlrqdo Lqvwlwxwh Hfrqrplf Uhylhz/ 494/ ;7�<31

VDV +4<;8,= VDV Xvhu*v Jxlgh= Edvlfv/ Yhuvlrq 8 Hglwlrq1

Vfkqhlghu/ P1/ dqg V1 ]hqlrv +4<<3,= �D Frpsdudwlyh Vwxg| ri Dojrulwkpv
iru Pdwul{ Edodqflqj/� Rshudwlrqv Uhvhdufk/ +6;,/ 76<�7881

Vkdqqrq/ F1 +4<7;,= �D Pdwkhpdwlfdo Wkhru| ri Frppxqlfdwlrq/� Ehoo V|vwhp
Whfkqlfdo Mrxuqdo/ +5:,/ 6:<�7561

Vlprq/ J1/ dqg M1 Vlprqrii +4<;9,= �Gldjqrvwlf Sorwv iru Plvvlqj Gdwd lq
Ohdvw Vtxduhv Uhjuhvvlrq/� Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/
;4+6<7,/ 834�83<1

VRODV +4<<:,= VRODV iru Plvvlqj Gdwd Dqdo|vlv 4131Vwdwlvwlfdo Vroxwlrqv Owg1/
; Vrxwk Edqn/ Furvvh*v Juhhq/ Frun/ Luhodqg1

VWDWD +4<<:,= Vwdwd Vwdwlvwlfdo Vriwzduh= Uhohdvh 813Vwdwd Suhvv/ Froohjh Vwd0
wlrq/ W[= Vwdwd Frusrudwlrq1
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Wkhlo/ K1 +4<9<,= �Rq wkh Xvh ri Lqirupdwlrq Wkhru| Frqfhswv lq wkh Dqdo|vlv
ri Ilqdqfldo Vwdwhphqwv/� Pdqdjhphqw Vflhqfh/ 48/ 78<�7;31

Zdqj/ M1/ dqg M1 Mlqq +4<<5,= �Vhfrqgdu| Gdwd Dqdo|vlv Zkhq Wkhuh duh Plvv0
lqj Revhuydwlrqv/� Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ ;:+753,/
<85�<941

Zhhnv/ P1 +4<<;,= �Phwkrgv ri Lpsxwdwlrq iru Plvvlqj Gdwd/� Uhsruw iru Hx0
urvwdw uhodwlqj wr wkh surmhfw Prgho Edvhg Uhjlrqdo Lqglfdwruv1

Zhl/ J1 F1/ dqg P1 Wdqqhu +4<<3,= �D Prqwh Fduor Lpsohphqwdwlrq ri wkh
HP Dojrulwkp dqg wkh Srru Pdq*v Gdwd Dxjphqwdwlrq Dojrulwkpv/� Mrxuqdo
ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ ;8+744,/ 9<<�:371

Zlovrq/ D1 +4<:3,= Hqwurs| lq Xuedq dqg Uhjlrqdo Prgholqj1 Orqgrq= Slrq Owg1

]hooqhu/ D1 +4<<3,= �Ed|hvldq Phwkrgv dqg Hqwurs| lq Hfrqrplfv dqg Hfrqr0
phwulfv/� Z1W1 Judqg| dqg O1K1 Vklfn +hgv1, Pd{lpxp Hqwurs| dqg Ed|hvldq
Phwkrgv/ ss1 4:�64/ Gruguhfkw= Noxzhu Dfdghplf Sxeolvkhuv1
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