Testing CAPM with a Large Number of Assets

M. Hashem Pesaran and Takashi Yamagata

March 2012

CWPE 1210



Testing CAPM with a Large Number of Assets*

M. Hashem Pesaran Takashi Yamagata
Cambridge University and USC University of York

March 12, 2012

Abstract

This paper is concerned with testing the time series implications of the capital asset
pricing model (CAPM) due to Sharpe (1964) and Lintner (1965), when the number of
securities, IV, is large relative to the time dimension, T', of the return series. In the
case of cross-sectionally correlated errors, using a threshold estimator of the average
squares of pair-wise error correlations a test is proposed and is shown to be valid even
if NV is much larger than 7. Monte Carlo evidence show that the proposed test works
well in small samples. The test is then applied to all securities in the S&P 500 index
with 60 months of return data at the end of each month over the period September
1989-September 2011. Statistically significant evidence against Sharpe-Lintner CAPM
is found mainly during the recent financial crisis. Furthermore, a strong negative
correlation is found between a twelve-month moving average p-values of the test and
the returns of long/short equity strategies relative to the return on S&P 500 over the
period December 2006 to September 2011, suggesting that abnormal profits are earned
during episodes of market inefficiencies.
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1 Introduction

This paper is concerned with testing the time series implications of the capital asset pricing
model (CAPM) due to Sharpe (1964) and Lintner (1965), when the number of securities,
N, under consideration is large relative to the time dimension, T, of the return series.
The Sharpe-Lintner CAPM predicts that expected excess return (measured relative to
the risk-free rate) on any given security or a given portfolio of securities is constant of
proportionality to the expected excess return on the market portfolio, with the constant of
the proportionality, 3, being security/portfolio specific.

There exists a large literature in empirical finance that tests various implications of
Sharpe-Lintner model. Cross sectional as well as time series tests of the model have been
proposed and applied in many different contexts. Using time series regressions, Jensen
(1968) was the first to propose using standard ¢-statistics to test the null hypothesis that
the intercept, «;, in the Ordinary Least Squares (OLS) regression of the excess return of
a given security, 7, on the excess return of the market portfolio is zero.! The test can be
applied to individual securities as well as to portfolios.

However, when a large number of securities are under consideration the individual test
outcomes are difficult to interpret. Due to cross-sectional dependence of the errors in
the CAPM regressions, the individual ¢-statistics are correlated which makes it difficult
to control the overall size of the test. Gibbons, Ross and Shaken (1989, GRS) propose an
exact multivariate version of the test which deals with this problem if the CAPM regression
errors are normally distributed and N < T'. This is the standard test used in the literature,
but its application has been confined to testing the market efficiency of a relatively small
number of portfolios, typically 20 — 30, using monthly returns observed over relatively long
time periods. But grouping of securities into portfolios can lead to loss of information and
reduced power of the test, and under certain circumstances can also result in endogeneity
problems ruled out in the multivariate GRS testing procedure. The use of large T" as a way
of ensuring that N < T, is also likely to increase the possibility of structural breaks in the
B's that could in turn adversely affect the performance of the GRS test.

It is clearly desirable to develop tests of market efficiency that can deal with a large
number of securities, ideally over short time periods so that the problem of time variations
in 3's can be somewhat minimized. It is also important that such tests are reasonably
robust to non-normal errors, particularly as it is more likely that one would encounter
non-normal errors in the case of CAPM regressions for individual securities as compared
to regressions estimated on portfolios comprising a large number of securities.

Out of the two main assumptions that underlie the GRS test, the literature has focussed
on the implications of non-normal errors for the GRS test, and ways of allowing for non-
normal errors when testing a; = 0. Affleck-Graves and McDonald (1989) were amongst the
first to consider the robustness of the GRS test to non-normal errors who, using simulation
techniques, find that the size and power of GRS test can be adversely affected if the
departure from non-normality of the errors is serious, but conclude that the GRS test
is ".. reasonably robust with respect to typical levels of nonnormality." (p.889). More
recently, Beaulieu, Dufour and Khalaf (2007, BDK) and Gungor and Luger (2009, GL)
have proposed tests of «; = 0 that allow for non-normal errors, but retain the restriction
N < T. BDK develop an exact test which is applicable to a wide class of non-Gaussian
error distributions, and use Monte Carlo simulations to achieve the correct size for their
test. Gungor and Luger (2009) propose two distribution-free nonparametric sign tests in

! Cross sectional tests of CAPM have been considered by Douglas (1968), Black, Jensen and Scholes
(1972), and Fama and Macbeth (1973), among others. An early review of literature can be found in Jensen
(1972), and more recently in Fama and French (2004).



the case of single factor models that allow the error distribution to be non-normal but
require it to be cross-sectionally independent and conditionally symmetrically distributed
around zero. In a more recent paper Gungor and Luger (2011) extend their analysis to
models with more than one factor.?

Our primary focus in this paper is on development of multivariate tests of a; = 0, for
1=1,2,....,N, when N > T. We begin by assuming that the errors of CAPM regressions
are Gaussian with a known variance-covariance matrix, V, and use recent advances from
the analysis of large panels to develop an exact T test which converges to a standard
normal variate as N — 00.> We refer to this test as Jensen’s o test of CAPM and denote
it by Jo(V). To make the J, test operational a suitable estimator of V is required. But
when N > T this is possible only if the off-diagonal elements of V are suitably restricted.
In the case of CAPM regressions where the errors are at most weakly cross-sectionally
correlated, this can be achieved by adaptive thresholding which sets to zero elements of
the estimator of V , say V, that are sufficiently small. Alternatively, feasible estimators of
V can be obtained by Bayesian or classical shrinkage procedures that scale down the off-
diagonal elements of V relative to its diagonal elements.* Fan, Liao and Mincheva (2012)
consider consistent estimation of V in the context an approximate factor model, identical
to the one considered in this paper. They assume V is sparse and propose an adaptive
thresholding estimator, V, which they show to be positive definite with satisfactory small
sample properties. However, as we show, using V instead of V in the construction of the
Jo (V) test yields asymptotically valid test of CAPM only if NIn(N)/T — 0, that rules
out cases where N > T'. It seems also unlikely that the problem can be resolved by using
other estimators of V.

An alternative testing strategy that we follow in this paper is to initially ignore the off-
diagonal elements of V and base the test of CAPM on J, (D), where D is a diagonal matrix,
having the same diagonal elements as V, and then correct the resultant test statistic for the
non-zero off-diagonal elements of V. The test can be viewed as a robust version of J,(V),
in cases where the off-diagonal elements of V become relatively less important as N — oo.
This condition prevails when the errors of CAPM are cross-sectionally weakly correlated,
an assumption that underlies Chamberlain’s (1983) approximate factor model formulation
of the capital and arbitrage pricing models. More formally, it is established that a test
based on J,(D) will be asymptotically N(0,1) for any fixed 7" and as N — oo, under the
null hypothesis of a; = 0, for all 4, if N~'Tr(R?) is bounded, where R = D 1/2vD~1/2,

Based on these results, two new tests of CAPM are proposed that exploit recent ad-
vances on the analysis of large panel data models that are valid even if N > T. When the
errors are Gaussian and cross-sectionally independent, a test, denoted by JAO“l, is proposed
which is N(0,1) as N — oo, with T fixed. Even when the errors are non-Gaussian we
are still able to show that ja,l tends to N(0,1), so long as the errors are cross-sectionally
independent and N/T® — 0, with N and 7" — oo, jointly. In the case of cross-sectionally

?Bossaerts, Plot and Zame (2007) provide a novel GMM test of CAPM which does not require large
T, but is designed for the analysis of experimental data on a few risky assets held across a relatively large
number of subjects. It is interesting to see if their approach can be adapted to the analysis of historical
observations of the type considered in this paper.

3The basic idea behind the test proposed here was first used in Im, Pesaran and Shin (2003) to develop
a unit root test in large panels.

4There exists a large literature in statistics and econometrics on estimation of high-dimensional co-
variance matrices which use regularization techniques such as shrinkage, adaptive thresholding or other
dimension-reducing procedures that impose certain structures on the variance matrix such as sparsity, or
factor structures. See, for example, Wong, Carter and Kohn (2003), Ledoit and Wolf (2004), Huang, Liu,
Pourahmadi, and Liu (2006), Bickel and Levina (2008), Fan, Fan and Lv (2008), and Fan, Liao and Mincheva
(2012). It is also possible to employ the design-free estimator of the covariance matrix recently proposed
by Abadir, Distaso and Zikes (2011).



correlated errors, using a threshold estimator of the average squares of pair-wise error cor-
relations, a modified version of JAQJ, denoted by ja72, is proposed. A distinguishing feature
of our approach is that estimation of an invertible high dimensional error covariance matrix
is not required.

Small sample properties of the j%l and ja,g tests are investigated using Monte Carlo
experiments designed specifically to match the correlations, volatilities, and other distri-
butional features (skewness and kurtosis) of the residuals of Fama-French three factor
regressions of individual securities in the Standard & Poor 500 (S&P 500) index. We con-
sider the test results for the following eight sample size combinations, 7" = 60 and 100, and
N = 50,100,200 and 500. The J, tests perform remarkably well even for N = 500 and
T = 60, with size very close to the chosen nominal value of 5%, and satisfactory power.
Size and power of the GRS test are also compared with those of J,, tests in the case of
experiments with NV = 50 < T" = 60, 100 for which the GRS statistics can be computed.
Interestingly, we find that the J, tests have a higher power than the GRS test in most
experiments. This could be due to the non-normal errors adversely affecting the GRS test,
as reported by Affleck-Graves and McDonald (1989) in their simulation exercise. Also see
Affleck-Graves and McDonald (1990).

The J, tests also outperform the nonparametric sign tests of Gungor and Luger (2009)
that can be implemented even if N > T and are designed to deal with non-normal errors.
The sign tests are shown to over-reject, for some designs quite substantially, and have lower
power as compared to the J,, tests.

Encouraged by the satisfactory performance of the J, tests, even in cases where N is
much larger than T', we apply the JAa72 test (which allows for both non-Gaussian and weakly
cross correlated errors) to all securities in the S&P 500 index with 60 months of return data
at the end of each month spanning the period September 1989 to September 2011. In this
way we minimize the possibility of survivorship bias since the sample of securities considered
at the end of each month is decided in real time. For S&P 500 as a whole we report the ja,g
test statistics for a single and a three Fama-French factor model over the period September
1989 to September 2011 and find statistically significant evidence against Sharpe-Lintner
CAPM only during the recent financial crisis. But we find prolonged periods of low p-values
for the ja,g test in non-crisis periods suggesting considerable time variations in the degree
of market efficiency.

Finally, we examine if there exists any relationship between the p-values of the jag
test and excess returns on long/short equity hedge funds (relative to the return on S&P
500). A priori one would expect a reverse relationship between market efficiency and excess
return of an investment strategy, with excess returns being low during periods of market
efficiency (high p-values) and vice versa. In fact, we find a strong negative correlation
between a twelve-months moving average p-values of the ja,g test and excess returns of
long/short equity strategies over the period December 2006 to September 2011, suggesting
that abnormal profits are earned during episodes of market inefficiencies.

The outline of the rest of the paper is as follows. Section 2 sets out the panel data model
for the analysis of CAPM, and discusses some of the limitations of the GRS test. Section
3 proposes the J, test for large N panels, derives its asymptotic distribution. Section 4
proposes operational versions of the .J, test. Section 5 reports small sample properties of
Jo, GRS and nonparametric sign tests. Section 6 presents the empirical applications. Some
concluding remarks are provided in Section 7.

Throughout the paper, Apin(A) and Apax(A) will be used for the minimum and maxi-

mum eigenvalues of the N x N matrix A = (a;;), Tr(A) for its trace, [|A|; = maxi<j<ny {Zf\il \aij\}

for its maximum absolute column sum norm, ||A|, = maxi<j<y {Z;\f:l ]aij]} for its



maximum absolute row sum norm, ||A|p = /Tr(A’A) for its Frobenius norm, and
Al = )\%n/zgx(A,A) for its spectral norm. We also note that for a vector o, ||a]| = (o/a)l/Z,

K and e denote finite and small positive constants.

2 The Panel Regression Model: Some Preliminaries and the
GRS Test

The individual return regressions can be written in the form of the following panel regres-
sions
yit = o + Bify +uy, fori=1,2,.. N;t=1,2,...,T, (1)

where the m x 1 vector of factors, f;, are observed. Stacking by time series observations we
have
yi. = a7 + FB; +u;, (2)

where Yi. = (yila Yi2, "')y’iT)/7 TT = (]—7 17 ceey 1),5 F,: (f17 f27 cey fT)7 and u;. = (uiluui27 ceey uiT),-

Stacking by cross-sectional observations we have
ye = a—f-Bft—Fut, (3)

where y; = (yit, Yot .-, Ynt)'s e = (a1, @2, ...,an), B = (8,8, ..., By) and uy = (u1y, uat,

Assumption 1: The common factors, f;, are distributed independently of the errors,
uip for all i, t and ¢/, T"'G'G, with G = (F, ), is a positive definite matrix for all T,
and as T' — oo, and 7, Mp7r > 0, where Mp = Iy — F (F’F)f1 F.

Assumption 2: uy ~ IIDN(0,V), where V is an N x N symmetric positive definite
matrix.

Assumption 1 is standard in the literature on tests of CAPM. It is likely to be satisfied
when ¢ refers to individual securities. However, it is also often invoked when i refers to
sub-market portfolios, although in such cases it is less likely to hold since the left and
right hand side variables could end up with sizeable common components. Assumption 2 is
needed for exact sample tests of CAPM, although as was pointed out in the Introduction,
Beaulieu, Dufour and Khalaf (2007) have proposed a bootstrap procedure that allows exact
test of CAPM under certain departures from error normality. Assumption 2 also implies
that errors, u;, are serially uncorrelated for each u; and across the pair of errors u; and
wj, namely E(uiu;p) = 0 for all ¢, jand ¢ # t'. A non-Gaussian version of Assumption 2
will be considered below.

Jensen’s « test of CAPM are based on estimates of a; which can be obtained efficiently
by univariate OLS regressions, given by

a =y (MeTT
=Y T MpTr )

This is an important result and follows since (2) is a seemingly unrelated regression equation
(SURE) specification with the same set of regressors across all the NN securities. It is also
easily seen that

b = (curlp+BF +u) <

= «a;+u,c fori=1,2 N,

Mpgtr )
T MpTT

with
CcC = MFTT/T/TMFTT. (4)

...,uNt)'.



Writing this in matrix notation we have

T .
where u’i.c = thl u;tct, and ¢ is the tth element of c. Hence

T
& =oa+ E uscy, (5)
t=1
where as before u; = (u14, ugy, ..., u Nt)/. Hence, under Assumptions 1 and 2,

X ~N ——— V.
@ <a7TlTMF’TT >

Also in the case where T' > N 4+ m + 1, an unbiased and invertible estimator of V is given
by (Tf'n;fl)V, where V is the sample covariance matrix estimator

~ T
V=71 thl 1), (6)

Uy = (U, Gat, ..., Unt)', Ui is the OLS residual from the regression of y;; on an intercept
and f;. Under Assumptions 1 and 2, Gy have a multivariate normal distribution with zero
means, & and 0; are independently distributed, and hence using standard results from
multivariate analysis it follows that (see, for example, Theorem 5.2.2 in Anderson (2003))

“ — N — ' M ~
R Bl G [CERR SRS

is distributed exactly as a non-central F' distribution with (T'— N — m) and N degrees

of freedom, and the non-centrality parameter p2 = T_]]\(,_m (TITN;F TT) o'V~ la. Under
Ho o= 0,
- T—N — "M N
Wo= o (TT TFTT> &'Vla, (7)
which is the same as the GRS statistic (see p.1124 of GRS),
A T—N — —a_1=\"! e
GRS = Wy = Tm (1 + f’ﬂ—lf) &Vla, (8)

where f =TS £, and @ =T ' S°1 | (£;—F)(f;—F)". Tt is easily seen that
RN |
(1+FQ7T) =77 (r5Mpry).

As noted in the Introduction, the single most important limiting feature of the GRS and
other related tests proposed in the literature is the requirement that 7" must be larger than
N. In applications where GRS is used the individual securities are grouped into portfolios
and the GRS test is then typically applied to 20-30 portfolios over relatively long time
periods. But grouping of individual securities is likely to result in loss of power. To see
this suppose that N, of the N securities are grouped using the portfolio weights w,, such
that Tyw;, = 1 for p=1,2,..., P, and w,ws = 0 for p # s, with 25:1 N, = N. The GRS

5



test is then applied to the P portfolio excess returns defined by W;yt, forp=1,2,..., P,
where P is a small fraction of N. The null hypothesis of market efficiency applied to these
P portfolios is given by

Hg : w;a =0,p=12,.,P

as compared to Hy : a = 0 used when all the underlying securities are considered individu-
ally. It is clear that e = 0 implies W;a = 0, but not wvice versa. Since «; can take positive
as well as negative values, failure to reject Hjj does not necessarily imply that we shall also
fail to reject Ho. It is quite possible that Hy is rejected, but HY is not.

A testing strategy based on portfolios rather than individual securities can also be
subject to an endogeneity problem, if N,/N,, — ¢, for some p, where ¢, > 0, and Ny, is
the total number of assets used to form the return on the market portfolio. In this case
the excess return on the portfolio p with ¢, > 0 will be a non-negligible component of the
excess return on the market portfolio, and a regression of the former on the latter is likely
to be subject to the endogeneity problem. In the case of individual securities where N, = 1,
the endogeneity bias will be of order 1/N,, which is likely to be negligible if, as Roll (1977)
argues, the market portfolio is chosen to cover a sufficiently large number of assets, such
that 1/N,, is sufficiently small.

The above difficulties can be somewhat mitigated if 7' and IV, can be chosen to be
sufficiently large, since this allows the investigator to include a larger number of portfolios
in the GRS test, without becoming unduly subject to the endogeneity problem. But due
to exit and entry of firms in the market and the possibility of structural change in the
parameters of the return regressions, the use of T large can present a new type of bias
with unpredictable consequences for the test outcomes. Therefore, it is clearly desirable to
develop tests of market efficiency that can be applied to a very large number of individual
securities over relatively short time periods, which inevitably lead to cases where T' < N.

Even in cases where N < T, the power of the GRS test could be compromised since
it assumes V to be unrestricted, whilst in the context of CAPM regressions the errors are
at most weakly correlated, which places restrictions on the off-diagonal elements of V and
its inverse.” As we shall see below, a test that exploits restrictions implied by the weak
cross-sectional correlation of the errors is likely to have much better power properties than
the GRS test that does not make use of such restrictions. It is also important to bear in
mind that being a multivariate F' test, the power of the GRS test is primarily driven by T,
whilst for the analysis of a large number of assets or portfolios we need tests that have the
correct size and are powerful for large V.

3 J, Tests for Large N Panels

Building on some of the preliminary derivations set out above, we now introduce the basic
idea behind our test. To focus on the main issues involved, initially we assume that V is a
known positive definite matrix and consider the following version of the GRS statistic, as
set out in (7),

W, = (t/Mp7r) &'V 14, (9)

where we have dropped the degrees of freedom adjustment term and replaced \Y% by its
true value. Consider now the asymptotic distribution of W, for a fixed T' > m + 1, with
N — oo. Since V is a positive definite symmetric matrix it has the Cholesky decomposition
V = QQ/, where Q is a non-singular N x N lower triangular matrix. The errors of CAPM

’ A similar conclusion is reached under the approximate factor model advanced in Chamberlain (1983).



regressions can now be written as
ur = QEt, (]‘O)

where e, = (€14, €2¢, ....,ent)’. Using this decomposition and (5), we have

Wy = (T,TMFTT) gb,gb,

b= ¢+ Zj:1 Ct€t. (11)
where qAb = Q_léc, and ¢ = Q 'a. Under the null hypothesis Hy : oy = 0 for all i,
W, = xpxr,
where
xr = (TpMpT7) 1/2 Zthl CLEt, (12)

and recall that ¢; is the t** element of ¢ given by (4).

To derive the asymptotic distribution of W, and related statistics, to be discussed
below, we consider the following variant of Assumption 2, and introduce Assumption 3
which governs the degree of cross-sectional dependence in the errors, wu;:

Assumption 2% u; ~ IID(0,V), where V is an N x N symmetric positive definite
matrix, such that V = QQ/, and ;= (14,2, ..., ent)’ = Q 'uy. {eit} is an 11D process
over ¢ and ¢, with means zero and unit variances, and for some € > 0, E (lsit\4+€) exists, for
all ¢ and t.

Assumption 3: Q and Q! are non-singular lower triangular matrices with bounded
absolute maximum column and row sum matrix norms.

Assumption 2% allows the errors to be non-Gaussian. Assumption 3 ensures that the
errors are weakly correlated in the sense defined by Chudik, Pesaran and Tosetti (2011).
This is also in line with the assumption of approximate factor model analyzed by Cham-
berlain (1983). Note that under Assumption 3 |[V||; = |V, < K < 00, 0 < Apin(V 1) =
Amax(V) < |[V]l; < K < o0, and 0 < Apin(V) = Amax(V™1) < HV’lH1 < K < oo. The
above assumptions also ensure that sup,(c?) < K < oo, and inf;(0?) > 0, for all 7.5

As with the panel testing strategy developed in Im et al. (2003), a standardized version
of W, can now be considered. Using results in Appendix A, under Assumptions 1 and 2%,
we have”

E(Wv) = N,

1
Var (W,) = 2N <1 + 272,5‘]T> ,

" o= () (X0, 4) o, (13

Yo = E(72) < o0, and vy ; = E(e%) — 3. Consider now the standardized test statistic
(T’TMFTT) &V1la—-N
_ 1/2 ’
(1+ %72,5(1T) / V2N

bSee, for example, Horn and Johnson (1985).
"The results can be obtained by setting A = Iy in (48) and (50) in Appendix A.

Ja(v) =




and note that under Hy : a; = 0,for all ¢,

N—1/2 / - N
Jav) = 2l 2 )

(24 Yo car) "’

which has mean zero and a unit variance for any N and T > m + 1. It is also easily
established that the central limit theorem for linear-quadratic forms in Kelejian and Prucha
(2001,KP) is applicable to x/-x7, and under Assumptions 1 and 2% we have

Jo(V) =4 N(0,1), as N — oo, for any T' > m + 1.

It is interesting to note that this results does not require Assumption 3, so long as V is a
positive definite matrix. The conditions of Theorem 1 of KP require that the i*" element
of X7 to be independent across i, and N~'Var(W,) > K for some K > 0. Notice that in
this application Assumption 2 of KP is trivially satisfied since in our application matrix
A,, that enters KP’s theorem is equal to Iy. Note also that

N~War(W,) =2+ ¥2,£4T

and under Assumption 2%, we have {’72,5{ < sup;(72,;) < o0. For a finite T', gr > 0, and if
it is further assumed that 7, . > 0, (which is likely to be met in most finance applications)
then, N~'Var(W,) > K > 0, as required. Also noting that E(e},) > 0, then 5, . > —3, and
since gy > 0 and of order T~!, then we would expect 2 + Ya2,.q9r > 0, when T is relatively
large.

The J, test allows the degree of non-Gaussianity to vary across securities, with the test
depending on the average excess kurtosis, 7, ., and not the individual kurtosis, v, .;. In the
case where the errors are Gaussian, 7y, . = 0 and the denominator of .J, statistic reduces to
V2N. Also since gp = Op(Tfl)7 then as be expected, the dependence of J, on 7, . declines
with T

To obtain a better understanding of the asymptotic distribution of .J,, consider the
Gaussian case and note that under Gaussian errors

Ja(V) = \/IN Zjil <x?T\f; 1)

where x;p is the " element of xp. In this case z;r, being a linear combination of

Gaussian errors, it is distributed as N(0,1), independently of x;7 for all i # j. Then

ZiT = % (ath - 1) is a (0,1) random variable, which is also distributed independently of

zjr for ¢ # j. Hence, for a fized T'> m + 1 and as N — oo, we have

22—
\/% > <T\/§1> 4 N(0,1), (14)

The above results are summarized in the following theorem.

Theorem 1 Consider the CAPM regressions, (1), suppose Assumptions 1 and 2* hold,
and V is known. Then under Hy : a; = 0 for all ¢, and as N — oo, for any T > m + 1
N=YV2 (¢ Mprr) &V ia — N
Ja(V) = (rrMrr) & Lo v, (15)
- /2
(2 + 72,EQT)

where & = (G, G, ..., an)', G;is the OLS estimator of a; in (1), Jo. = E(ya) > 0,
Voo = E(ely) — 3, & = Q g, and qp = Op(T1) is defined by (13).



Using a similar line of reasoning, it is also relatively easy to derive the asymptotic
distribution of J, under the alternative hypothesis, H; : a; # 0, for some i. Using (11) we

have ,
a'via = <?>'<?> = (¢+ Zil Ct€t> (¢+ ijl Ct€t> )
and
JV) = (V) + T MeTr) 66
(2 + 72,561T) /2
where

XXy + 2 (T/TMFTT)I/Q ¢'xr — N
_ 1/2 :
(1+ 37s.ar) /? V2N

Applying the KP central limit theorem for quadratic-linear forms to Ji o(V), it is then
easily established that for a fixed T' and N — o0, Ji (V) —4 N(O,wia), where,?

4(TeMpTr) | (@0 , T Sy 6 ()
e A (40) o (52.4) (25210

which for a fixed T tends to a finite limit as N — oo. Hence, J,(V) diverges under H;
at the rate of N"2a/V~la. But, N"Y2a/Vla > (N*1/2a’a) Amin(V™1), and since
under Assumption 3, 0 < Amin(V™1) < K < 00, then J, (V) test must have power against
alternatives

J1a(V) =

N
H : Zi:l o? = d'a = O(N%), (16)

so long as 6, > 1/2.% This specification requires that «; is non-zero for a sufficiently large
number of securities. It does not require that «; to be non-zero for all securities under
consideration.

3.1 A J, test based on an adaptive thresholding estimator of V

To make the J, test operational a suitable estimator of V is required. But as was noted
in the Introduction this is possible only if we are prepared to impose some restrictions on
the structure of V. In the case of CAPM regressions where the errors are at most weakly
cross-sectionally correlated, this can be achieved by adaptive thresholding which sets to
zero elements of 'V that are sufficiently small, or by use of shrinkage type estimators that
put a substantial amount of weight on the diagonal elements of the shrinkage estimator of
V. In their recent paper, Fan, Liao and Mincheva (2012) consider consistent estimation of
V in the context of an approximate factor model, identical to the one considered in this
paper. They assume V is sparse and propose an adaptive thresholding estimator, V., which
they show to be positive definite with satisfactory small sample properties. In particular,
they assume that the rows of V have only a finite number of non-zero elements which is in
line with our requirement that the maximum absolute row sum norm of V is bounded in
N. Fan, Liao and Mincheva show that

V=i -vT=0, <(m 1) m(z{v)) , (17)

8This result can be obtained using (53) with A = Iy in Appendix A.
Tn view of this result, the null hypothesis of Theorem 1 can be written more generally as Hp : Zf\;l a? =
O(N?*), for 64 < 1/2.



where m is the number of factors, and r is the maximum number of non-zero elements in the
rows of V. Using V~! we have the following operational version of the .J, test (assuming
Y2,e is known)

Jo(V) = (T"Mprr)&V3ia - N I (ThMprr)& (V71— VhHa
[0 - 2 - (073
(1+ $acar)”* V2N (1+ 49s.07)* VAN

and J, (V) —4 N(0,1), if (recalling that Yo qr = Op(T71))

)

(ThMprr)& (V71— V1) a
VN

But
(ThMprr)& (V71— V- hHa
VN

and under a = 0 (and in view of (5))

HaH2 — a/a = <Zt:1 utct> (thl utct> = TT’(V)Op <Zt=1 C%) .

Using this result together with (17), and recalling that (Z;‘le c%) (t:Mp77) = 1, and
Tr(V) =0(N), we now have

™ Mprr) &) |V -V,

(ThMprr)é& (V1 -V a
VN

Therefore, Jo(V) —q N(0,1), if NIn(N)/T — 0. However, this is not good enough
since our objective is to construct tests that are valid when N > T, whilst the condition
N1In(N)/T — 0 requires just the reverse. It is not clear to us if the use of other available
estimators of V can overcome the curse of testing a = 0, when NV > T'. Instead, we consider
other formulations of the J, test that do not require an estimate of V1.

<O, ((m+ 1)r NII;(N)> :

3.2 A J, test based on the diagonal elements of V

In view of the above results and considering that in an approximate factor model we would
expect the off-diagonal elements of V to become relatively less important as N — oo,
in what follows we consider J, type tests that are based on an N x N diagonal matrix,
D= diag(a%, J%, e O’?V) with 012 =F (u?t), rather than the full covariance matrix.

Let Wy = (7:Mp77) & D '&, and consider the standardized test statistic

Jo(D) _Wa— E(Wg)
“ Var(Wy)

Initially, assume that D is known and note that under o = 0,

Wy = (TITMFTT) <Zjl utct> D! <Zjl utct>
= TTMFTT <Z Qetct> B <Zf1 Qetct>
= (e () et @D Q0] et
)

= XT(QD1 XT.
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Therefore, setting A = Q'D~1Q in equations (48) and (50) of Appendix A we have
(t/Mp7r)&D & — Tr(A)

Jo(D) = : (18)
\/2T7°(A2) + (sz\il a?ﬂz,ei) qr
where a;; is the i*" diagonal element of A, Voei = (5 — 3, and ¢r is given by (13). 1
is easily seen that Tr(A) = Tr(R) = N, and Tr(A?) = Tr(R?), where R = (p;;) is the

correlation matrix of the errors, uy.
To apply the Kelejian and Prucha’s Theorem 1 to J,(D) we note that under the null

hypothesis, o = 0,
(x7Axp — N)

\/2T7"(A2) + <Z¢]\L1 a?ﬂzm‘) qr

where the elements of xp are distributed independently across i, have zero means, and
finite fourth-order moments. Therefore, Assumption 1 of KP’s Theorem is satisfied. Also,
Assumption 2 of KP is met since

Ja(D) =

1
@D, < [, D7, 1l < () 11, [l

which is bounded in N under our Assumption 3. Finally, KP require that N~1Var(Wy) > c
for some ¢ > 0. In the case of the present application

N~ War(Wy) = 2 [N~ 'Tr(A%)] < 12 ) W%@) ar, (19)

where gr > 0. But
N7'Tr(A%) = N"'Tr(RR) = N7! |R| %

and since R is a full rank matrix, the following inequality holds between its Frobenius and
spectral norms

2 2 2
IR[” < [IR[% < N R
Hence

2
NTITr(A?) = N7 R|; < [RJ? = [D7/2QQ D2 < DI Q) Q1 -

which is bounded in N under Assumption 3. Furthermore,
rR) =" TV 2o [1 (N - 1)?} (20)
i=1 &—j=1"" ’

102:]\7(]\[2_)21 22] 1ij— (21)

Therefore, since under Assumption 3 N~'T r(R2) is bounded in N, it also follows that
(N —1)p?2 < K < co. Furthermore, since N~ IZZ (ak < N~ 1T7‘(A2) = N 'Tr(R?) =
14 (N —1)p2, we have

N
~1 2
‘N E g Bii 2

Using the above results in (19), it follows that N =1V ar(Wy) is bounded in NNV, and we have
limy oo N~1Var(Wy) > ¢ > 0, as required by KP’s Theorem 1 if Y2,e > 0.

where

N N _
<N Zi:l a?i }72,51’} < sgp(hg,m})]\f—l Zi:1 %2@‘ < Sgp(|72,ei|> [1 + (N - 1)P2] .
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Theorem 2 Consider the CAPM regressions, (1), suppose Assumptions 1, 2*, and 3 hold,
and V is known. Then under Hy : a; = 0 for all i, and as N — oo for anyT > m + 1

N2 [(ttMp1r) &D7 & — N|
\/QN—lTr(R2) + (N‘1 POl a?ﬂz,a) qar

where V.= D YV2RD 2, and as in Theorem 1 & = (1, Gigy .oy i)', Gy is the OLS esti-
mator Of Q; in (1)7 72,& = E(VZ,&@‘) >0, V2,60 = E( ;1) 3, et = Q_lut; and qr = Op(T_l)
is defined by (13).

Ja(D) =

—q N(0,1), (22)

Some of the conditions of the above theorem can be relaxed, but it serves our purpose
of showing that an asymptotically valid test of & = 0 can be constructed in the large N
case without needing to make use of the inverse of V, so long as the cross correlation of the
errors is not too strong, namely if (N — 1)? is bounded in N. But, this latter condition
holds for a wide class of cross-sectionally weakly correlated errors.'? To see this suppose
that the errors have the following multi-factor structure

!
Ui = p;hy + wiei,

where h; is the r x 1 vector of unobserved common factors, ¢, is the associated r x 1
vector of factor loadings, €;; ~ iid(0,1) are the purely idiosyncratic components of w,
and r is assumed to be fixed. To ensure that u; are serially uncorrelated with mean zero
and Varlance O’ , without loss of generality, we further assume that h; ~ I7D(0,1,.), and
note that O'Z = plp; + w?. The degree of cross-sectional dependence is measured by &
defined by (see Chudik, Pesaran and Tosetti, 2011, and Bailey, Kapetanious and Pesaran,
2012) Zf\il b'b; = O(N%), where b; = ¢,;/0;. The parameter §, is referred to as the
exponent of cross-sectional dependence. In the standard factor literature it is assumed that
0p = 1, which corresponds to the case of strong cross-sectional dependence. It is now easily
established that in fact limpy_, oo (N — 1)p2 = 0 for all values of §, < 1/2, and we have the
following general theorem which sets out empirically verifiable assumptions and conditions
under which the J, (D) test is applicable. In the borderline case of §, = 1/2, (N — 1)p2
tends to a finite non-zero limit and in implementation of J,(D) test knowledge of p? is
required. See Section 4.3.

Theorem 3 Consider the CAPM regressions, (1), suppose Assumptions 1, 2% and 3 hold,
E(u?t) a 1=1,2,...,N are known, the errors, u;, follow the multi-factor model
uip = @iy + wigq, (23)

where € ~ 1id(0,1), hy is the r x 1 wvector of unobserved factors distributed as hy ~
IID(0,1,), ¢, is the 7 x 1 vector of factor loadings, r is fized, 0% = @lp; +w? < oo, for
all i, and

N
Zb;bi = O(N®), for some &, < 1/2, (24)

where b; = @;/0;. Further assume that v, .; and a;; are independently distributed, where
VYoei = E(ek) — 3, and a;; is the it diagonal element of A = Q'D1Q. Then under
Hy:a; =0 for all i, and for anyT > m+1, as N — oo

N2 [(ttMprr) &D7 & — N|
\ 2+ F)/Q,aQT

0Tn cases where the errors of CAPM model are not weakly corrected but (semi-)strongly correlated, it
can be argued that important factors are missing from the CAPM regressions.

Jo(D) = —q N(0,1), (25)
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where & = (&, &g, ..., N ), Gy is the OLS estimator of o in (1), Voo = E(Vai), Voei =
E(e})-3, et = Q luy, and gr = O,(T7Y) is defined by (13). When §p = 1/2, limpy oo (N —
1)p? exists but does not vanish, and the term (N — 1)? must be included in the denominator
of Jo(D), as in (22). The Jo(D) test has power for a fized T > m+1, against alternatives
H,y defined by (16), with §, > 1/2.

A proof is provided in Appendix B.

Consider now the asymptotic power of J,(D) test. Using the results in Appendix A
it is easily seen that power function of J,(D) test diverges at the rate of N~/2a/D e,
and as with the J, (V) test, it has power against alternatives defined by (16) for all values
of the cross-sectional exponent, d, > 1/2. But, not surprisingly, J,(V) test that makes
use of the off-diagonal elements of the error covariance matrix will exhibit higher power,
although the differential in the power function of the two tests is likely to diminish as
N — 00, under the assumption that the errors, u;;, are cross-sectionally weakly correlated
(with 0, < 1/2). The relative efficiency of the J,(V) test over the J,(D) test depends on
the size of Apax(R). The higher A\jax(R), the higher will be the power superiority of J, (V)
over the J, (D) test. But, this gain in power is unlikely to be attainable in practice where
a sufficiently accurate estimate of V~! can not be obtained, as argued in Section 3.1.

The use of J,(D) is also complicated by the fact that error variances o2, and Y2,. must

be replaced by their estimators. In what follows we focus on alternative operational versions
of the J,(D) test.

4 Two Operational Versions of the J, Test

In view of the above theoretical results we focus on the J, test, by considering the following
estimate of Wy

< N T-MpTT Y /a2
o / AIR™—14a &y
o= (M) &0c1a = () 3 (5).
1=
where D, = (v71T) diag(67,63, ....6% ), 67 = 1,1, /T, and the degrees of freedom v =

T —m — 1 is introduced to correct for small sample bias of the test. It is then easily seen
that

N
=1

where t; denotes the standard t-ratio of «; in the OLS regression of y;; on an intercept and
f;, namely
t2 _ CAYZZ(T,TMFTT)

T mlTs? 27

As with the J,(D) test statistic, which is defined by (18), a standardized version of Wy
can now be considered

J, = VVd_E(VVd) (28)
Var (Wd)

We examine the properties of J, under each of the four combinations of assumptions
regarding the distribution of the errors and the strength of their cross-sectional correla-
tions: (i) Gaussian cross-sectionally uncorrelated errors, (ii) (possibly) non-Gaussian and
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cross-sectionally independent errors, (iii) Gaussian and (possibly) cross-sectionally corre-
lated errors, (iv) non-Gaussian (possibly) and cross-sectionally correlated (possibly) errors.
Firstly, we introduce a test, which we denote by jml under Gaussian cross-sectionally un-
correlated errors, which turns out to be robust to non-Gaussianity or weak cross-sectional
error correlation, such that 0, < 1/2 (defined by (24)). Then, we introduce another variant,
called ja72 test, which is expected to be robust even to moderately strong degrees of error
cross-sectional correlations, namely when 4 is close to or even slightly above 1/2.

4.1 Gaussian and cross-sectionally uncorrelated errors

We begin with the basic case where the errors are Gaussian and uncorrelated, and then
consider different ways that these assumptions could be relaxed. In this case where the
errors, u;, are normally distributed the individual ¢; statistics are distributed as Student ¢
with v degrees of freedom, and we have (assuming v =T —m —1 > 4)

v 3'112
BE) = 3 PO =0y
2 2 —
Var(t) = E(t?)-(vi2> :<vi2> -1

Therefore,
vIN

E(Wd) :;E(t?) - —

and since the errors are cross-sectionally uncorrelated

Var (1) = 2V (U32)2.

Thus we have the following exactly standardized test statistic

Jur = N-123N (t? - UEZ), (20)

( v ) 2(v—1)
v—2 (v—4)
which is distributed as N(0,1) under the Hy : a; = 0, for all i, as N — oo, for any
T > m + 5. The proof follows by application of the Lindeberg-Lévy central limit theorem

directly to N—1/2 Zf\i 1 (t? - 1;%2)7 noting that ¢? has a finite second order moment since

by assumption v =T —m —1 > 4.

4.2 Non-Gaussian and cross-sectionally independent errors

Maintaining the error independence assumption, suppose now that the errors u; are non-
Gaussian with v, ; = E(u})/0? and v, ; = [E(u};) —3]/o.!* Note that under non-Gaussian
errors, t; is no longer Student t distributed and E(t?) and V(t?) need not be the same
across i, due to the heterogeneity of v, ; and v5; over . In order to deal with these
problems, we need to slightly strengthen Assumptions 1 and 2%, by further assuming that:

(i) f/fy < K < oo for all t, and; (i) E(lex|>") < K < oo for some € > 0. Assumption (i)

ensures that each element of Mp7r is bounded in absolute value. Assumption (ii) enables
us to obtain higher order approximations for the mean and variance of t?.

1 Observe that under the error independence assumption, Vo,i = Vo,eir
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Using a slightly extended version of Laplace approximation of moments of ratio of
quadratic forms by Lieberman (1994), we can obtain F(t?) and Var(t?) up to O(v=3/2),
given F (see Proposition 16 proved in Appendix D):

2y _ Y Sov | Woiv
E(t) = o9 T2 T T2 (30)
2 2 2
Var (tz2) — v 2 (U - 1) + 71,1‘5111 + 72,1’5211 4 7171'5311 + ’}/277;541) n Wléw (31)
v—2 (v—4) v v3/2 v
where
_ v'2Tr (Pg © Hp)
v = T MpTT
87l (1 Hy)Hy (1 M
Sy, = — [ (Ir © fv) F(T2® G)TT],ng:vqT—&
(TTMFTT)
_ v'P12[rh (Ir © Hp) Mg (Ir © Hp) 7] g, — 02107y (Pg © Hy)
v (rpMprr)? P TLMpTr

© represents the Hadamard (or element-wise) product matrix operator, Hp = Mp7T77/MFp,
Mg = Iy — Pg, Po = G (G/'G)"' G/ with G = (F,77), Sj», 7 = 0,1,2,3,4, Wo, and

Wi i» are O(1) functions of F, v and v;;, £ = 1,2,...,6, which are at most O(1), are given

by Y15 = E(§§t)7 Y2, = E( ;'lt) —3,73, = E(f?t) - 10’71,z‘a Va5 = E(f?t) - 107%,1‘ — 157, ;—15,

Vsi = E (€]) — 2173, — 3579715 — 105714, V6 = B (€5) — 28745 — 5673715 — 3573, —

21079 — 2807%72‘ — 105, where &;; = u;t/0;. These results can now be used to establish the

following theorem:

Theorem 4 Consider the regression model (1), and suppose that Assumptions 1, 2* and
3 hold. Further assume that: (i) ff; < K < oo for all t, and; (i) E(|ey|>™) < K < oo for
some € > 0. Consider the statistic, jaJ, defined by (29). Then, under Hy : o; = 0 for all
1, ja,l —q N(0,1), if N/T? -0, as N — oo and T — 0o, jointly.

Proof. Consider J, defined by (28), and note that under Assumption 1 it can be written

as
NV [ - B

VNLEN, Var()

Substituting for E(t?) and Var(t?) from (30) and (31), respectively, we have

a =

— N ~ B )
N2y N (tf — 1:2) + N1/2’7253% i Nl/z%

o — y
v 2 2(’!1—1) + ’Y% S].’UJFP_YQSZ’U + ’7%‘931)“1"725'41} + W]_/U
v—2 (v—4) v3/2 v2

v

where 7% = N_l Zi\il 7%71" 7}/2 = N_l &il ’)/271‘7 V_VO’U = N_l sz\il WO,iw and le =
N1 Zfi 1 Wi,iv. Under our assumptions, 'y% an Yo, bei_ng averages of bounded sequences,
are O(1), and as established in Appendix D, Wy, and W7y, are also Op(1). It is now easily

seen J, = ja@ + 0, <§) + O, (%), where ja,l is defined by (29). However, under As-

sumptions 1, 2¢ and 3, ja —4 N(0,1), as N — oo with T' > m + 5. Hence, by Lemma 4.7
in White (2001, p.67), Jo,1 —q N(0,1) if VN/T? — 0, as N and T — oo, as required. m
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Therefore, under non-Gaussian errors, the use of the JAQJ test is asymptotically justified
even when N is much larger than T, when T is not too small. Monte Carlo results, to be
reported below, suggest that the test works well even if T'= 60 and N = 500.

One could be tempted to adjust the J,, test statistic by including the higher order terms
given by (30) and (31). However, sample estimates of 73, and 7V2,i needed to implement
such second order corrections are themselves subject to estimation uncertainty and their
use need not result in improvements over the ja’l test.

4.3 Gaussian and cross-sectionally correlated errors

To consider the case under cross-sectionally correlated errors, we assume that the correla-
tion matrix R is sparse.'? In terms of Assumption 3, it is sufficient to require that Q is
sparse in addition to its inverse having bounded absolute maximum column and row sum
matrix norms.

Suppose now that the errors are Gaussian but the errors are weakly cross-sectionally
correlated such that d, < 1/2. In this case the numerator of JAO[J is still valid, but an exact

expression for Var (Wd> now depends on the average of pair-wise correlation coeflicients

of t2 and tjz, specifically

Var (Wd> = 2]2;(1:;)1) <v 3 2)2

1/2
where C’orr(tf,t?) = C’ov(t?,tjz)/ [Var(t?)Var(t?)} . The relevant J,, statistic for this

case is given by

1 255 Com(2.2) (32)
-2 8 S oo,

j%l . N-1/2 z (t2 7:2) | )

1/2
N i—1
{21(\2(34)1) (U32) 1+ % Z > C’orr(t?,t?)]}

1=2j=
However, as shown in Appendix E, under Gaussianity and R being sparse, for all i # j we
have

Corr (t?,t?) { gZZJ +O™?), E; Pij f 0,
) pz] - 07
where p;; = E(uiuje)/ /E(u?t)E(ugt) is the correlation coefficient of the errors, u; and
ujt. Therefore, considering that by assumption R is sparse, then the maximum number of
elements in each row of R must be bounded and we have
2 N i—1

¥ 3, X, Cornleh, i) = (N = 1 +.0 (v772), (34)

where p? is defined by (21). Hence, the .J, statistic in the present case can be written as

. N-1/2 2171 (t? _ 1:2) . N-1/2 Z <t2 1:2) | )

A 2 —
v 2(v=1) 2 ~1/2
Var (Wd) \/(v_2> =y [1+(N71)p + 0 (v1/2)
2Matrix R = (p;;) is said to be sparse if the maximum number of non-zero elements in its rows (columns)

is bounded in N, namely if Z?;l I(p;; #0) < K < oo, for all i, where I (A) is an indicator function that
takes the value of unity if A is true and zero otherwise.
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The derivation of the asymptotic distribution of J, is complicated by the fact that under

error cross-sectional dependence the t? statistics are not independently distributed. But

from Theorem 3 under Gaussian errors and when J§, < 1/2 (defined by (23) and (24)), we

know that

N-Y2[(+/Mprr) &D & — N]
V2

Also, when &, < 1/2, then (N —1)p2 — 0, as N — oo, and

Jo(D) =

—4 N(0,1). (36)

2

. 2(v—1 _

Var <Wd> = < e 2> ((U 4)) [1 +(N-=1p?2+0 (vil/ZH — 2, as N and 7' — oo, in any order.
v— v —

Hence, to establish the asymptotic normality of J, it is sufficient to prove that Zy7 defined

by

N
_ Nq/zz (t? _ 1}32> _ N2 [(r7MpT7) &D la — NJ, (37)
i=1

also tends to 0 as VN and T' — oo. This result is established in Appendix F. The following
corollary summarizes this finding:

Corollary 5 Consider the regression model (1), and suppose that Assumptions 1, 2, and
8 hold, and Q defined in Assumption 8 is sparse. In addition, suppose that the errors, u,
are sufficiently weakly correlated, such that &, < 1/2, so that (N —1)p2 — 0, as N — oo.
Then, under Hg : a; = 0 for all 1, ja,l —q N(0,1), as N and T — oo, jointly, where ja,l
is defined by (29).

Now consider the slightly stronger case of error cross-sectional dependence where d; <
1/2. In this case, (N — 1)p? does not necessarily tend to zero but is merely bounded,
as N — oo, thus, the Ja1 test should be modified such that (N — 1)? is replaced by a
consistent estimator. Therefore, in order to accommodate the case 6, = 1/2 and also to
improve the small sample performance of the test, particularly in cases where 9y is very

close to 1/2, we propose to estimate 2 ZZ]\LZ Z Y Corr(t?, t?) by (N — 1)p2, where

0] 2 i1 » -2
2=m21 223 1% (Upij 291\7), (38)

R

Pij = ﬁ;.ﬁj,/\/(ﬁfi.ﬁi.) (ﬁ;.ﬁj), and I (A) is an indicator function which returns unity if A

is true and zero otherwise. The threshold value 6 is chosen such that Pr(p;; # 0) decline
steadily with N. This is because in the case of weakly correlated errors with R being
sparse, there are only a finite number of non-zero elements per each row of matrix R as
N — oo. Under the null hypothesis that errors are cross-sectionally independent, for each
i, the N — 1 separate tests of p;; =0, for j = 1,2,..., N, j # 4, are also independent, and
the size of the individual N — 1 tests is given by py =1 — (1 — p)l/(N_l), or approximately

~ = p/(N—1), where p is the overall size of the test."® Now noting that under p;; = 0, and
for T sufficiently large vﬁ?j ~ x3, we obtain /@y = @71 (1 — BX), where ®!(.) represents
the inverse of the cumulative distribution function of the standard normal variate. The

13The approximate formula also admits dependence across tests using Bonferroni’s formula. We set
p = 10% in the Monte Carlo experiments and the empirical analysis that follow.
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test statistic for this case can then be written as

Jun = N-123 N (t? - v32) ’ (39)

(+%) \/ b [1 +(N - 1)52}

with p2 defined by (38).
By using a similar discussion for Corollary 5, from Theorem 2 under Gaussian errors
and 0, < 1/2, we know that

N2 [(rtMprr) &D~ & — N]
\/2 [1 + (N - 1)?2}

Since it is shown that Zy7 —p 0 as N and T' — oo in any order when d;, < 1/2 with R being
sparse in Appendix F, to establish conditions that J,(DD)—J,,2 is asymptotically negligible,

Jo(D) = —4 N(0,1). (40)

it is enough to verify conditions under which plimy 7o (N — 1)? =limy_ 00 (N — 1) P2

In Appendix G we show that (N — 1) p2 is consistently estimated by (N — 1) p2, if R is
sparse and In(N)/VT — 0, as N and T — oo. In terms of the factor specification in
Theorem 3, JAa,g test continues to be valid even if §;, < 1/2, which allows for a higher degree
of error cross-sectional dependence as compared to d, < 1/2 assumed in Theorem 3.

The following corollary covers the case where limy_,o (N — 1)? is finite but possibly
NoN-zero:

Corollary 6 Consider the regression model (1), and suppose that Assumptions 1, 2, and
3 hold, and Q defined in Assumption 8 is sparse. Then under Hy : a; =0 for all i,
Jaa —a N(0,1), as N and T — oo, such that In(N)/VT — 0, where Juo is defined by
(39).

In practice where the extent of error cross-correlations is unknown, ja’Q is preferred to
Ja,1. Small sample evidence in favour of this observation is provided in the Monte Carlo
section.

4.4 Non-Gaussian and cross-sectionally correlated errors

When §;, < 1/2, combining the results of Theorem 4 and Corollary 5, then JA(M continues
to be asymptotically N(0,1) so long as N/T% — 0, as N — oo and T — oo, jointly, if it
is further assumed that (i) f/f; < K < oo for all ¢, and (ii) E(|ey|>™) < K < oo for some
€ > 0. When §, < 1/2, combining the results obtained in sub-sections 4.2 and 4.3, ja’Q
is asymptotically a valid test so long as N/T3 — 0 and In(N)/VT — 0, as N — oo and
T — oo, jointly.

5 Monte Carlo Experiments

We examine the finite sample properties of the J,, tests (namely j%l, and ja72) by Monte
Carlo experiments, and compare their performance to existing tests whenever possible. For
comparison, we consider the GRS test as well as two distribution-free sign tests of a; = 0,
proposed by Gungor and Luger (2009). These tests, referred to as SS and WS tests,
allow the error distribution to be non-normal but require it to be conditionally symmetric
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around zero.!* These tests are relatively easy to compute and are applicable even when
N > T. However, they are constructed for models with a single factor and their validity is
established only under N < T.

The SS test is based on the sign statistic

A R
SSn=) S (41)
where
ST Iz > 0)| - T/2
1T T/4 I
I (A) is the indicator function as defined by (38),
YirT Vit \ (St — ft+T>
gy = (AT T (LT IHT ) 9T,
t ( Jerr ft> < feferr

7 is the nearest integer part of 7'/2. The WS test is based on the Wilcoxon signed rank
statistic

N
WSN - Z‘fl Wiza (42)
where

ST Iz > 0) Rank(|zl)| = T (T +1) /4
VT (T +1)(27 +1) /24

Rank(|zi|) is the rank (natural number) of |z;| when |zi1], |22/, ..., |2zi7| are placed in an
ascending order of magnitude. Gungor and Luger (2009) show that under the null hypoth-
esis, a; = 0 for all 4, both S; and W; statistics have limiting (as 7 — oo) standard normal
distributions. Under the additional assumption that the errors in the CAPM regressions are
cross-sectionally independent, conditional on the values of the single factor (f1, fo, ..., fr),
SSy and WSy follow X?V distributions.!®

W, =

)

5.1 Monte Carlo designs and experiments

We consider the following data generating process (DGP)

m
ri =i+ Y Bufu +ua,i =12, Nit=12,.,T, (43)
/=1
and calibrate its parameters to closely match the main features of the time series observa-
tions on individual returns and the three Fama-French factors (market factor, HML and
SMB) used in the literature on tests of market efficiency.'® The Monte Carlo (MC) de-
sign is also intended to match the models used for the empirical applications that follow.
Accordingly, we set m = 3 and generate the factors as

foo = 0.53+0.06fp¢—1+ \/ he Cpy, for £ =1, Market factor,
fft = 0.19+ 0.19f€,t—1 + 4/ hgt Cft) for ¢ = 2, HML,
for = 0.19+0.05fp¢—1 + \/het Cpy, for £ =3,SMB,

1See equation (13) in Gungor and Luger (2009) for the definition of SS and WS test statistics.

1 Gungor and Luger (2011) extend their approach to accommodate multiple factors, but will not be
considered here since even in the case of single factor models Gungor and Luger’s proposed tests suffer from
serious size distortions in the presence of non-normal errors and/or cross-correlated errors, as documented
below.

'6See Fama and French (1993). SMB stands for "small market capitalization minus big" and HML for
"high book-to-market ratio minus low". See Subsection 6.1 and Appendix C for further details and data
sources.
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where (;; ~ ITDN(0,1) and'”

hee = 0.89+0.85hgs_1 + 0.11(7, , for £ =1, Market
hey = 0.6240.74hgy 1 +0.19(7, ,, for £ =2, HML
he = 0.80+40.76hgs—1 + 0.15¢7, 4, for £ =3, SMB.

The above processes are generated over the period t = —49,—48,....0,1,2,.....,T with
fo—s50 = 0 and hy_50 = 1 for £ = 1,2,3. Observations ¢t = 1,2,...,T are used in the
MC experiments.

To capture the main features of the individual asset returns and their cross correla-
tions, we generate the idiosyncratic errors, w; = (u1¢, us, ..., unt)’, according to uy = Qe,,
where g; = (14, €9¢, ..., ent), and Q = DY2P with D = diag(o?,03,...,0%)" and P being a
Cholesky factor of correlation matrix of uy, R, which is an IV x IV matrix used to calibrate
the cross correlation of returns. For each 7, €;; is generated such that u;; exhibits skewness
and kurtosis which is typical of individual security returns.

To this end, motivated by the error factor structure discussed in Subsection 3.2, we
generate R as

R =1y +bb' — B2, (44)

where b = (b, by, ....,by)" and B = diag(b). The choice of R is also related to the single
error factor model, u;; = p;hy + wigir, with hy ~ iidN(0,1), and &;; ~ iidN(0,1), where
Var(u?) = 0? = ¢? + w?, and letting b; = ¢;/0;, then the correlation matrix of u; =
(u1t, ust, ....,unt) can be written as (44). To generate different degrees of cross-sectional
dependence, we draw the first and the last N, (< V) elements of b as Uniform(0.7,0.9),
and set the remaining middle elements to 0. We set N, = | N% |, where | A| is the largest
integer part of A, and consider the exponents ¢, = 0.25,0.50, and 0.60. The case of no
error cross-sectional dependence is obtained when N, = 0, and the error cross-sectional
dependence is weak when d;, < 0.5. The case of d, = 0.60 is included to see how the two
operational versions of the J, test (namely JAQJ and jag) perform when cross-sectional
error correlations are higher than the threshold value of 0.50 allowed by the theory. As
discussed earlier, the J, test is asymptotically valid when N~1Tr(R?) = O(1), and this
condition is satisfied for §, < 1/2, but not for ¢, > 1/2.

To calibrate the variance, skewness and kurtosis of the simulated returns, we used
estimated values of these measures based on residuals of Fama-French regressions for each
security over the estimation windows 7 = 1989M9, 1989M 10, ..., 2011 M9, using sample of
sizes of T" = 60 months. Specifically, for each ¢ = 1,2,..., N- we run the Fama-French
regressions 1 ¢ — rf.r¢ = Qir + B4 (Tmrt — Tprt) + Boir SM Bir + B, HM Lir + i 7, t =
1,2,...,60, at the end of each month 7 = 1989M9 to 2011M9, and computed &ZZ’T = M2r,
Vi = m3,ir/mg,/i27 and Jy 4, = Mair /3, — 3 With 1 = (60)7 300 (G — Gir)’,
and G, = (60)713°% 4, .. We ended up with 126,181 different values of 61277, Yiir
and 9, , estimated for around 476 securities over 265 different estimation windows. We
discarded estimates that lied below the 2.5% and above the 97.5% quantiles to avoid the
calibrated values being dominated by extreme outliers. The same procedure was applied
to the estimated factor loadings, Bgm.

The means and medians of &?}T, Vs V2,ir and ﬁgm for ¢ =1,2,3, and their 2.5% and
97.5% quantiles are summarized in Table 1. As can be seen from these results there is a
considerable degree of heterogeneity in estimates of the factor loadings and in the measures

'"The estimates used in the generation of the factors and their volatilities are computed using monthly
observations over the period 1973M4-2011M9.
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of deviations, skewness and kurtosis, across securities and sample periods. Accordingly, in
order to mimic as far as possible the main characteristics of observed security returns, for

each replication, r, we generate O’?(T), ’y@, 'ygg, { 6&), for £ = 1,2,3}, as random draws

2(r)

from their respective empirical distributions. For example, to generate o’ over r and 4,
we first place the estimates J”, fori =1,2,....,N-, and 7 = 1,2,...,265, that lie in the
2.5% to 97.5% quantile range, into 10 bins and then randomly select a bin with probability
equal to the proportion of the estimates in each bin, and then draw randomly a value for
a§2r) from the selected bin. This procedure is repeated over ¢ = 1,2, ..., N and replications
r=1,2..,R.

To generate non-normal correlated errors, ug ), with given skewness and kurtosis, we
use the following procedure ( see Appendix H for full details). For each replication, 7,

1. We generate N random draws a?(r), ’ygrz-)
and set 7

and ’7&27 ©1=1,2,..., N, as described above,

mg) 3(T)fygrl), and mff? ( ) (7&"2 + 3) .

X

(r)

2. We set Q 0 and mg =1, and derive m/ 3), and Mg

as

r r)—1 r r—1 (r
ms’?)):QE?)) mg), '{(T):Q% n(),

where | m ( 531, 832,...., ESN) Q = QMeQMeQ™, m ( (mgi,mé%,....,
)
Wk

k) = (K g, ( RS\)]) QEZ; =Qr @Q(T @Q(T Q). and k(") = (k} (r) Hé ),'_ (1(1)
with K(T) = m(ii 3 and nlm = mfll) — 30?(T), Q= ()I/QP(T), with D) =

dzag(al(r),ag(r), ,02(T)) and P(") being a Cholesky factor of correlation matrix

R(") which is generated as described above (see (44). The operator © denotes the
Hadamard or element-wise multiplication.

3. Following Fleishman (1978), we then generate ¢;;, t = 1,2,...,T as (suppressing the
superscript r for notational convenience)

2 3
git = a; + bjvi + cuy +divy, 1 =1,2,..., N,

where vy ~ IIDN(0,1) and the coefficients a;, b;, ¢; and d; are determined so that
E(ex) =0, E(e%) =1, E(e},) = m.3, and E(e},) — 3 = k. This involves solving the
following system of equations for a;, b;, ¢; and d;:

a; +c¢; =0,
b? + 6b;d; + 2¢ + 15d? =1,
2¢; (b7 + 24b;d; + 105d? + 2) = m. 3,4,
24[bid; + c2(1 4 b7 + 28b;d;) + d? (12 4 48b;d; + 141c? 4 225d2)] = ki

(r) (r) (r)

4. Finally, we compute u;,” = ZN 19;; €j¢ » where q@ is the (i, j) element of Q(), and

jt o 1j
6;? is the 7" draw from the above DGP.

To estimate size of the tests, we set a; = 0 for all ¢. To investigate power, we generated
o; as a; ~ IIDN(0,1) for i = 1,2,..., Ny with N, = |[N% |; oy = 0 for i = N, + 1, N, +
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2,...,N. We considered the values d, = 0.8,0.9,1.0, but the power ended up to be very
high even for d, = 0.8. Therefore, we only report power estimates for §, = 0.80.

Having obtained a general calibrated design based on realized security return data, we
consider four sets of experiments in order to investigate the effect of weak cross-sectional
correlation and non-normality of the errors upon the performance of the tests:

: : : (r) (r) (r) s (r)

(i) Cross sectionally independent normal case: w;,’ = o, '¢;,” with e;,” ~ IIDN(0,1)
for all ¢ and r.

(ii) Cross sectionally independent non-normal case: Use the procedure generating non-

normal errors u( ") as specified in steps 1-4 above, with Q") matrix replaced by D()1/2,

. (11111) Cr(()iss sectionally correlated normal case: ugt) = Z;vzl qgj) S't) with eg ) ~ IIDN (0,1)
or all ¢ and r.

(iv) Cross sectionally correlated non-normal case: ul(: ) are generated following the steps
1-4 set out above.

All combinations of T' = 60, 100 and N = 50, 100, 200, 500 are considered. All tests are
conducted at a 5% significance level. Experiments are based on R = 2000 replications.

5.2 Test results

Table 2 reports the size and power of the SS and WS nonparametric tests of Gungor and
Luger (2009), GRS and J,, tests in the case of models with one factor, under various degrees
of cross-sectional error correlations which are measured by the exponent, d,. Panel A shows
the results under normality, and Panel B gives the results under non-normal errors.

With cross-sectionally independent and Gaussian errors, the size of the SS and WS
tests is very close to the 5% nominal level for all combinations of N and 7. The GRS
test, bemg an exact test, has the correct size (in cases where T' > N). The empirical
size of J .1 and J 2 tests is also very close to the 5% nominal level for all combinations
of N and T. Even when N = 500, the size of J, tests lie in the range 5.0% to 5.3%
for different values of T'. However, the power of the J, tests is substantially higher than
that of the GRS, SS and WS tests. For example, for T' = 60 and N = 50 the power of
the GRS test is 22.1% as compared to 77.2% for the jag test, although both tests have
similar sizes (5.3% for the GRS test and 6.1% for the ja’Q test). This is in line with our
discussion at the end of Section 2, and reflects the fact that GRS assumes an arbitrary
degree of cross-sectional error correlations and thus relies on a large time dimension to
achieve a reasonably high power. In contrast, the power of the J,, test is driven largely by
the cross-sectional dimension. This can be seen clearly from the tabulated results. Keeping
N fixed at 50, and increasing 7' from 60 to 100 results in the power of the GRS test to
rise from 22.1% to 77.2%, whilst the power of the ja,g test (for example) rises from 77.2%
to 93.8%. It is interesting that even in this case (with 7' much larger than N) the J, test
still has substantially higher power than the GRS test, with comparable type I errors. The
power of Gungor-Luger tests is even smaller than that of the GRS test when N = 50. For
example, for N = 50 and T' = 100 the power of the SS and WS tests are 34.7% and 43.0%,
respectively, as compared to 77.2% for the GRS test. Furthermore, whilst increasing N
improves the power of nonparametric tests, the increase is much less than what is achieved
by the J,, tests. For example, keeping T fixed at 60 and increasing IV from 50 to 200 raises
the power of the WS test from 23.0% to 43.7%, while the power of the ja,g test rises from
77.2% to 97.8%. Perhaps this is not surprising considering that the nonparametric tests do
not make full use of the available observations.
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Consider now the case where the errors are normally distributed but cross-sectionally
dependent. Recall that the strength of error cross-sectional correlation is measured by the
exponent, dp. In line with our theoretical findings (see Section 2) for d;, < 1/2, in particular
for d, = 1/4, the sizes of Ja 1 and Ja o tests are very close to the nominal value of 5%, for
all combinations of N and T'. In particular, the size of the J. 2 test for N = 50 and T" = 60
is 6.0%, and its power is 77.9% which substantially exceeds the power of the GRS test at
21.0% for the same combination of the sample sizes. Similar results are also obtained when
one considers the case where N = 50 and T" = 100. Interestingly, the SS and WS tests
have also correct size. When §, = 1/2, the JAOAJ test is no longer valid asymptotically, and
in line with this theoretical result, JAa,l test is now over-sized with its empirical size ranging
between 9.6% and 11.3%. In contrast, the ja,g test seems quite robust to cross-sectional
error correlations, with its size falling in the range 5.4% to 6.9%. At this level of cross-
sectional error correlations, the nonparametric tests also exhibit some size distortions. The
sizes of SIS and WS tests now lie in the range 7.0% to 8.5%, and 7.6% to 9.0%, respectively.
The size of the ja72 test for N = 50 and T = 60 is 6.4%, and its power is 64.6%, which still
exceed the power of the GRS test which for this sample size combination is 30.0%. But,
as expected, increasing T from 60 to 100 results in the power of the GRS test to rise to
90.1%, which marginally beat the power of the ja,g test at 88.9%. When 0, = 3/5 > 1/2,
out of all the tests considered, only the GRS test is valid so long as N < T, and indeed
has the correct size in such cases. However, interestingly, the size of the ja’g test is also
close to its nominal level (at 6.2%—7.2%) even for such a high value of §,. This seems to be

due to the inclusion of (N — 1)p? in the denominator of the ja’g statistic, a term which is
absent from the denominator of the ja,l statistic.

The effects of non-normal errors on the tests are documented in Panel B of Table 2
Consider first the case where the errors are non-normal but cross-sectionally uncorrelated.
The nonparametric tests exhibit a considerable size distortion, which is accentuated as T
or N rises. For example, when T' = 60, increasing N from 60 to 500 results in the size of
the SS test to rise from 11.0% to 34.0%, and fixing N = 500 but increasing 7" from 60 to
100 causes the size of the S'S test to rise from 11.0% to 64.6%. On the other hand, we see
that the size of the GRS test is hardly affected by the types of departures from Gaussianity
observed in the CAPM residuals. The robustness of the GRS test to non-normal CAPM
errors of the type encountered in practice has also been documented by Affleck-Graves and
McDonald (1989). As to be expected from the theoretical discussions, the ja,l test and
the joé,Q test are reasonably robust to non-Gaussian errors, and exhibit only a very mild
tendency of over-rejecting the null hypothesis, even for relatively large N. For example,
whenT = 60, for N = 50, 100, 200, and 500, the sizes of the ja72 test are 6.5%, 6.6%,
6.1%, and 6.6%, respectively. Furthermore, the JAa,l and jag tests continue to maintain
their power superiority over the GRS test.

We now consider the empirically most relevant case where the errors are non-normal as
well as being cross-sectionally correlated. When §;, = 1/4, there is no significant difference
in the results from those reported above for the cross-sectionally uncorrelated case. When
dp = 1/2, the size of the ja,l test lies in the range 10.1%-11.8%, but the size of the ja’g test
is reasonably controlled and lies in the range 5.5%-7.9%. The power comparisons discussed
for the cross-sectionally uncorrelated case also carry over to the present more general set
of experiments.

The Monte Carlo results for the Fama-French three-factor regressions are summarized
in Table 3, and give empirical sizes and powers of the GRS test and the two J,, tests. The
5SS and W S tests are only applicable to models with one factor and are therefore excluded
from Table 3. As can be seen, the results are qualitatively very similar to those obtained
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for the one factor model, and will not be discussed any further.

6 Empirical Application

6.1 Data description

We consider the application of our proposed J,, tests to the securities in the Standard &
Poor 500 (S&P 500) index of large cap U.S. equities market. Since the index is primarily
intended as a leading indicator of U.S. equities, the composition of the index is monitored
by Standard and Poor to ensure the widest possible overall market representation while
reducing the index turnover to a minimum. Changes to the composition of the index
are governed by published guidelines. In particular, a security is included if its market
capitalization exceeds US$ 4 billion, is financially viable and at least 50% of their equity is
publicly floated. Companies that substantially violate one or more of the criteria for index
inclusion, or are involved in merger, acquisition or significant restructuring are replaced by
other companies.

In order to take account for the change to the composition of the index over time, we
compiled returns on all the 500 securities that constitute the S&P 500 index each month
over the period January 1984 to September 2011. The monthly return of security ¢ for
month ¢ is computed as 7 = 100(Pj — Pjy—1)/Pit—1 + DYt /12, where Py is the end of
the month price of the security and DY}; is the per cent per annum dividend yield on the
security. Note that index ¢ depends on the month of which the security ¢ is a constituent
of S&P500, 7, say, which is suppressed for notational simplicity.

The time series data on the safe rate of return, and the market factors are obtained
from Ken French’s data library web page. The one-month US treasury bill rate is chosen
as the risk-free rate (r), the value-weight return on all NYSE, AMEX, and NASDAQ
stocks (from CRSP) is used as a proxy for market return (r,,:), the average return on
the three small portfolios minus the average return on the three big portfolios (SM By),
and the average return on two value portfolios minus the average return on two growth
portfolio (HML;). SMB and HML are based on the stocks listed on the NYSE, AMEX
and NASDAQ. All data are measured in percent per month. See Appendix C for further
details.

6.2 Month end test results (1989M9-2011M9)

Encouraged by the satisfactory performance of the J, tests, even in cases where N is much
larger than T, we apply the ja’Q test that allows for non-Gaussian and cross-correlated
errors to all securities in the S&P 500 index at the end of each month spanning the period
September 1989 to September 2011.'® In this way we minimize the possibility of survivor-
ship bias since the sample of securities considered at the end of each month is decided in
real time. As far as the choice of T is concerned we selected a relatively small sample period
of 60 months, primarily to reduce the impact of possible structural changes in (,’s, return
volatilities and correlations on the test outcomes. Accordingly, we estimated the CAPM
regressions

Tirt — Tfrt = Qir + Bir (Tm,ft - Tf,Tt) + Ui rt, (45)
and the Fama-French (FF) three factor regressions,
Ticet = Tft = Gir + Brir (Pmort = rt) + Boir SMBir + By HMLiz + iz, (46)

18Tn all the empirical applications T < N, and the GRS test can not be computed. We have also decided
to exclude the SS and WS tests discussed in the Monte Carlo Section on the grounds of their substantial
over-rejection of the null particularly in the presence of non-normal errors.
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fort=1,2,...,60,7 = 1,2, ..., N;, and the month ends, 7 = 1989 M9, 1989 M 10, ...., 2011 M9.
All securities in the S&P 500 index are included except those with less than sixty months
of observations and/or with five consecutive zeros in the middle of sample periods.

Table 4 reports summary statistics for p-values of ja’g test, cross-sectional averages of
measures of departure from non-normality and average pair-wise correlations of residuals
from CAPM and FF regressions of securities in the S&P 500 index using five year estimation
windows (sixty months) at the end of the months 1989M09 to 2011M09. The results confirm
important departures from normality in the residuals. The extent of the departures are
particularly pronounced in the case of kurtosis measures where v, = 0 is rejected in 25%
of the samples under consideration. Three measures of average pair-wise correlations of
residuals are reported in the last columns of the table, which indicate minor degrees of
cross-sectional correlations. The residuals from FF regressions tend to be cross-sectionally
less correlated than those of CAPM regressions. The p-values range from 0 to 1, with a
mean and median of 0.59 and 0.74 for the CAPM model, and 0.52 and 0.58 for the FF
model, suggesting important time variations in the degree of market efficiency.

Figure 1 provides plots of the evolution of p-values of jag test based on CAPM and
FF regressions at the end of the months 1989M09 to 2011M09. The months at which
the null of market efficiency is rejected at the 5% level based on both CAPM and FF re-
gressions are 1998MS, 1998M12-1999M2 and 2007M8-2009M3. The period around 1998 M8
and 1998M12-1999M2 coincide with the Russian financial crisis (during August -September
1998) and the subsequent collapse of Long-Term Capital Management. The period 2007M8-
2009M3 matches the recent global financial crisis. In general, the ja’g test tends to result
in rejection of the null of market efficiency, in the Sharpe-Lintner sense, during periods of
major financial disruptions.

6.3 Long/short equity returns and p-values of J,, test

The test results in Figure 1 clearly show important variations in the estimated p-values over
time, and it would be interesting to see if such variations in degrees of market efficiency (as
measured by p-values of the jag test) are related to the performance of trading strategies.
There are many trading strategies that are designed to exploit non-zero «’s in selection
of securities. A prominent example is the long/short equity strategy where securities are
ordered by their predicted returns, from the most positive to the most negative. The
investor then goes long on securities with positive predicted returns and goes short on
securities with negative return predictions. There are many variations in the way that this
strategy is implemented which need not concern us here. What we are interested in is to
see if there are any relationships between the return on long/short (L/S) strategies and
the evidence of market inefficiency as measured by estimated p-values. In time periods
where a; = 0 for all ¢, (or more accurately when Zfil a? = O(N?) with § < 1/2), the
L/S strategy is unlikely to perform better than the market return, and could do even worse
if one allows for transaction costs and management fees. But we would expect a higher
return on the L/S strategies relative to the market if there are positive and negative alphas
that the investor can identify and exploit. Therefore, a priori we would expect an inverse
relationship between p-values and returns on L/S strategies relative to the market.

For return on L/S strategies we used Dow Jones Credit Suisse Core Long/Short Equity
Hedge Fund Index that are available monthly from January 2005. This is a subset of the
Dow Jones Core Hedge Fund Index and provides the aggregate performance of long/short
equity funds, and as such is not subject to a selection bias. We denote the monthly return
on this index by 73, and consider the relationship between 7y; = rp, — 74, Where r is the
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return on S& P 500 index, and monthly p-values of the j{m tests, which we denote by 7;.1?
The p-values needed for this purpose are already reported in Figure 1. Given the consid-
erable volatility of return data, in Figures 2 & 3 we plot twelve-month moving averages
of returns and p-values computed as 75(12) = & 2;1:0 Thyi—j, and T4(12) = 75 Zj 0 Tt—j5
respectively. Figure 2, depicts the relationship for p-values computed using the CAPM
regressions, and Figure 3 shows the relationship for the p-values computed using the FF
regressions. There is a strikingly negative relationship between the two variables as ex-
pected. The fit is much better when the FF p-values are used, yielding a correlation of
around -0.84. The correlation between 714(12) and the p-values computed using CAPM
regressions is -0.74 which is still quite substantial.

7 Concluding Remarks

In this paper we propose a simple test of Sharpe-Lintner CAPM, the J, test, when the
number of securities, NV, is large relative to the time dimension, 7', of the return series.
We considered two operatlonal versions, Ja 1 and Ja o tests, both of which are robust to
non-Gaussianity. The Ja72 test is expected to be more robust against error cross-sectional
correlation. Using Monte Carlo experiments, designed specifically to match the correlations,
volatilities, and other distributional features of the residuals of Fama-French three factor
regressions of individual securities in the Standard & Poor 500 index, we show that the
proposed Ja 1 and Jag tests perform well even when N is much larger than 7. Also in
cases where NV < T and the standard F test due to GRS can be computed, we still find that
the Ja 1 and Ja o tests have a much hlgher power, especially when T is relatively small.
We recommend the use of Jaz test (over Jayl) as it is shown to be relatively robust to
moderately strong degrees of error cross-sectional correlations. It is worth bearing in mind
that under CAPM, we do not expect the errors to be strongly cross-correlated.
Application of the ja’g test to all securities in the S&P 500 index with 60 months of
return data at the end of each month over the period September 1989 - September 2011
clearly illustrates the utility of the proposed test. Statistically significant evidence against
Sharpe-Lintner CAPM and Fama-French three factor models is found during periods of
financial crisis and market disruptions. Furthermore, a surprisingly strong negative corre-
lation is found between a twelve-month moving average p-values of the jag test and excess
returns of long/short equity strategies over the period December 2006 to May 2011.

19See Appendix C for further details and the source of the L/S equity hedge fund returns.
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Appendix A: Mathematical Derivations and Proofs

Consider the quadratic form
WO,a - x/T-AXT7

and the linear quadratic form
Wl,a = X/TAXT + 2 (T{TMFTT)l/z (z)/.AXT7

where x7 = (T,TMFTT)l/2 Ethl cier, € = (c1, ¢, ..yer) = (1"TMF7'T)71 Mpg77, and A = (a;;) is a given

symmetric with non-stochastic elements, a;j, ¢ = (¢, Py, .-, Pn)  is an N x 1 vector of fixed constants.

Elements of A and ¢ could also vary with N, and strictly speaking they should be written as a;;ny and

¢; n- But to simplify the notations and without loss of generality we abstract from the subscript V.
Recall that

T
Zc? = (TITMFTT)71 = O(U_l) (47)
t=1

E(xr) = (v%Mprr)'? Z; ciE(g) =0,

T T T
Var(xr) = E (xTx'T) = (T'TMFTT) E <Z Z ctct/ste;/) = (T'TMFTT) (Z c?) Iy =1In.
t=1¢—1 t=1

E(Wo..) = E (x7rAxr)=Tr[AE (xrx7)] =Tr(A), (48)
E(Wia) = Tr(A). (49)
Also,
Var(Woa) = E [(x'TAxT)Q] — [Tr(A)2.
But

T T 2
(X'TAXT)2 = (TTMFTT (Z Z ctct/eéAet/>
t=1¢'=1
T T T T
= Z Z Z Z CtCyr CgCgr (e;Aet/) (EQAESI) .
s'=1

t=1¢'=1s=1

Since, by assumption, €;; are iid with zero means then in the above sums only the terms associated with
t=t =s=5;t=t £s=5;s=t#t =5, and s =t #t = s are non-zero. Specifically, for
t=t =s=s" we have

N N N
g E E [ /E EztEthi’tEj’t)

1j=1¢=145'=1

N N 2 N N
S i+ (z ) £23°S aa
i=1 =1

i=1 j=1

NE

E [(s;Ast)Q] =

where v, _; = E(e}y) — 3. Fort =t' # s = ¢
E[(e)Ae)) (L Ae,)] = [Tr (A)] for t £ s.
For s=t#t =5,
E[(e)Acy) (ciAey)] = E[(cpAe) (e)Acy)]
= E(ehAAey) =Tr(A%).

Similarly, for ' =t #t = s
E [(eiAey) (epAel)] = Tr(A?).

Using the above results

N N 2 N N
(TITMFTT)72E [(x’TAxT)2] = (Z cf) Za?ﬂz,m‘ + (Z aq‘,q‘,> +2zzaiﬂ1ji
i=1 i=

t=1 — i=1 j—1
T T T T T

+ ZZC cs—<th> [TT(A)}2+2 ZZC?C?—(ZCt>
t=1 s=1 t=1 t=1 s=1 t=1




But (Zz ST el ) (Zt 1ct) , N au = Tr(A), 2N, Zj\rzl aija;; = Tr(A?), and the above

simplifies to

(-;-'TMF7'T)72 E [(x'TAxT)2] = (Z a?ﬂz,ﬂ) <Z cf) (Z ct) 2Tr A2 +[Tr (A)]z] ,

and since (T/TMFTT)71 = (Ethl C?)

E [ (xrAxr)®] = & 7) M +27r(A?) + [T (A)]2.

Hence

Var(Wo,q) = (EN: az?i’y2,ei> M + 2T7”(A2)~ (50)

Finally
Var (Wi,a) = Var(Wo,a) + 4 (TrMpT7) (¢'A2¢>) +4 (77Mp7r) E [(x7Ax1) (¢'Axr)], (51)
but

Cov (Wo,qu'AxT) = F [(X,TAXT) (d),AXTH

= TTMFTT 3/2 Z Z thct/cg etAet/(ﬁ Ass)

t=1t/=1 s=1

T
= (T/TMFTT)3/2 Z I E (eiAeid' Acy)

(T/TMFTT)3/2

N N N
Z Z Z aijpoaenF (€it€jtert)
N
Z Za“‘ah¢4E (E?t)
T N
= (TITMFTT)3/2 (Z C?) ZaiibiE (e) . (52)

= (‘l'érl\/[]y?‘l'T)3/2

where
and substituting (52) into (51) yields

Var(Wia) = Var(Wo,) + 4 (tpMprr) (¢’ A%¢) + 4 (thMprr)° (Z >ZaubE ). (53)

t=1

Recall that ¢ = Mp7r/75Mp7r, and therefore (75 Mp7r)? (23:1 cf’) = O,(1).

Appendix B: Proof of Theorem 3

Using the factor model (23), the correlation coefficient of the errors u;+ and wj; is given by

(LPE‘Pj)z R WAL WA N . .
o5 =1 rere)(oTrepe,) — PiPabsbi foralli# ],
1, for i = j,

where b; = ¢, /0. Therefore,

-1 2\ _ N ’ -1 N ’ 2
N'Tr(R*) =1+ _E ib;bib; — N~' > (bib;)”.

=1

an



But

2

M=
M=z

N
i=1

s
Il
i

<
Il

> b, ( bjb;) b;
i=1 j=1

N
= Tr [B > bibg} = Tr(B?),
=1

where B = Zf;l b;b; . Using familiar matrix trace inequalities (see, for example, Magnus and Neudecker
(1999, p.204))
Tr(B?) < Amax(B)Tr(B).

Also since B is a positive semi-definite matrix with non-negative eigenvalues, Amax(B) < Tr(B), and we
have
Tr(B?) < [Tr(B)]?.
Also,
2
S (bibi)* < (S0, bibs) = [Tr(B)].

Using these results we now have

NTITH(RY) =14 N Te(BY) - NS (BB <14 {TT(B)} ;

VN
However, N~Y2Tr(B) = N~1/2 Zf;l b;b;, and for all values of §, < 1/2, (defined by (24)) we must have

Jim N~'Tr(R?) =1. (54)
The equality holds since N~'/2T7(B) — 0, simultaneously ensures that N~7r(B?) — 0and N~* 3N | (bib;)?
0.
Suppose now that v, .; and a;; are independently distributed and E(v, ;) = 7, ., noting that ;; are
13d random variables we also have
_ N _ . _ N
NT! Zi:l 11121"72,51' —p V2,6 ngnoo (N ! Zi:l az?i) . (55)
However, since N~! Zfil a? < N7'Tr(R?), then we also have N~* Zfil a2 — 1, as N — oco. Finally,
using the results (54) and (55), the Jo (D) test statistic defined by (22) further simplifies to

—-1/2 +! FTT &' _1617
JQ(D):N [(r2Mr77) &'D N —a4 N(0,1), (56)

\V4 2+ ’72,qu

as required.

Appendix C: Data Description and Sources

We downloaded price and dividend data on all 500 securities included in the S&P 500 index at close of
each month from September 1989 to September 2011 (inclusive) using Datastream.?’ For example, the
code LS&PCOMP1210 will give the 500 constituents of S&P500 index as of December 2010.To construct
our security return data, the security price (P) and dividend yield (DY) are obtained from Datastream, as
specified the table below. We adopted the following rules in selecting individual securities for inclusion in
our analysis. At the end of each month under consideration, we downloaded historical return series on all
500 securities included in the S&P 500 index at the time. We then dropped all securities with less than 60

20We could only download data for 499 securities on September 30, 2008, and it is confirmed on Standard
& Poor’s website that the S&P 500 index on this day was based on 499 securities.
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months of observations and/or with five consecutive zeros in the middle of sample periods.

Variable Description Source (Code)

Price of security ¢ at the market close of the last day of the

B month (¢), adjusted for subsequent capital actions. Datastream (LS&PCOMP, P)
: Dividend per share as a percentage of the share price based on an ) .
DY anticipated annual dividend and excludes special or once-off dividends. Datastream (LS&PCOMP, DY)
Py S&P 500 price index at close of the final day of the month (¢). Datastream (S&PCOMP, PI)
DY: ‘Dividend yield’ on S&P 500 as a percentage of P;. Datastream (S&PCOMP, DY)
SMB; Average return in per cent on the. three small portfolios minus Ken French’s data library
the average return on the three big portfolios.
HML, Average return in per cent on two value portfolios minus Ken French’s data library

the average return on two growth portfolios.

Monthly return of security ¢ in month ¢ in per cent, computed

Tit as 100(Pj; — P;t—1)/Pit—1 + DYj /12, Datastream

One-month US treasury bill rate in per cent in month ¢ as the

L risk-free asset return from Ibbotson Associates. Ken French’s data library
. ?/f?(l)lrllelz—vcvgél;)t) riiltl;)reri ccne}n?l NYSE, AMEX, and NASDAQ stocks Ken French’s data library
Monthly return of S&P500 portfolio at month ¢ in per cent,
Tt computed as 100(P; — P;—1)/Pi—1 + DY:/12. Datastream
, Monthly rate of return of Dow Jones Credit Suisse Core Long/Short Credit Suisse (ROR)
ht Equity Hedge Fund (the end of the month) http://www.hedgeindex.com
Tht Tht —Tt-

Appendix D: Derivation of E (tf) and Var (t?) up to O(v_3/2) under Non-Gaussian
Errors

Recall the model

Vi =a;tr +FB, +u;., (57)
where yi. = (yi1, Yz, ..., yar)', 7o = (1,1,...,1) F'= (£, f2,...,fr), and w;. = (wi1, Wiz, ..., uir)’. Define

with E(u;) = 07, so that E(§;,) =0, E(§,) =1, v, ; = E(&3,), 72.; = E(£};) — 3 such that under normality,
Ye,s = 0 for all ¢ and £ = 1,2. Note that under Assumptions 2* and 3, \7M| < K for all ¢ and ¢ =1, 2.
The t-ratio for testing a; = 0 is given by

2 v &HrE,
b= T MpTT (GQMG& ’ (59)
where &, ~ I11D(0,1Ir),
Mp =Ir —F (F'F) ' F, Hr = Mprr7rMF. (60)
M¢ =Ir - Pg, Po =G (G'G) '@/, G =(F,7;) v =Tr(Mg) =T —m — 1. (61)

For notational convenience, without loss of generality, all the results in this section are obtained assuming
that F is nonstochastic.

Initially, we state and proof a number of useful lemmas, before giving the proposition for the expression
of E (t7) and Var (¢7) up to O(v~3/?) under non-normality:

Lemma 7 (Lieberman 1994) Let ® be a T x T symmetric matriz and T' a positive definite T X T matriz,
and suppose that & ~ IID(0,1I7), where & = (£,,€,,...,&7)". Denote the p™ cumulant of €' TE by kp, and
the m+1 order, m+r degree generalized cumulant of (€' ®&)"(¢'TE) by krm, and assume that the following
conditions hold:

e Condition 1: Forp=1,2,...,kp, = O(T).

e Condition 2: For r =1,2,...,kr0 = E(¢'®&)" = O(T").
e Condition 3: For r,m = 1,2, ..., krm = O(T*), with £ < r.
Then the Laplace approzimate expansion for the r*" moment of g ®E/E'TE is given by

E Ki?ﬁ” = % g+ O(T?), )
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where

v =D {E (£'®E)"] &2]

2 BT el (%9

- [[E(é'renrﬂ
and

k1 = E[(€'®E)"E'TE] - E[(€ ®¢)"|E(ETE). (64)

Proof. See Lieberman (1994). m

Lemma 8 (Moments of Products of Quadratic Forms under Nonnormality): Let & = (§;,&5,....,67) ~
1ID(0,17), with E (6}) =1, E (&) =72 +3, E (&) =73 + 107y, B (£) = 74 + 157, + 1077 + 15, and
suppose that Aj, j =1,2,3, are T x T real symmetric matrices, and T is a T x 1 vector of ones. Then

E (€'A€) = Tr(Ay) (65)
E [(£IA1£) (SlAgg):l = ’}/2T7‘ [(Al @ A.Q)} —|— TT (Al) T?”(AQ) —|— 2TT (A1A2) (66)
E [(€'A1€) (€' Ast) (€' AsE)] = 1,17 (A1 © Az © As) + 7,17 (A1) T (Az © As) (67)

+7,Tr (A2) Tr (A1 © As) + 7,171 (As) Tr (A1 © Az) +4v,Tr [A1 © (A2A3)]
+47,Tr [A2 © (A1A3)] + 47,T7 [As © (A1A2)] + 297 [17 (Ir © A1) Az (I © As) T7]
+2+7 [77 Ir © A1) As (Ir ® Ag) T7] + 273 [77 Ir © A2) Ay (Ir ® Asz) 77
+477 [T (A1 @ A2 © As) 7] + Tr (A1) Tr (A2) Tr (As) + 2T (A1) Tr (A2As)
+2Tr (A2) Tr (A1As) +2Tr (As) Tr (A1A2) + 8Tr (A1A2Aj3),

where ® represents the Hadamard (or element-wise) product matriz operator.
Proof. For (65) and (66), see Ullah (2004, Appendiz A.5). Result (67) was provided to us through a private
communication by Yong Bao. Also, see Bao and Ullah (2006). m

Lemma 9 Suppose that & = (£1,&s,....&7) ~ IID(0,17), v, = E(&}), v, = E(§}) —3 and v, = E (&) —
157, — 1072 — 15, for all t. Then,

E(§'Hpg) =Tr(Hp) = 7;MpTr
E (¢ Mg€) = Tr(Mg) = v
B [(€Mog)*] = ,Tr (Mo ©Ma) +v (v +2)
E [(¢€Hp€) (§Ma€)]| = 7v,Tr M @ Hp) + v(t7MpT7)
E [(g’Hpg)Q] = 7, Tr (Hp @ Hp) + 3 (15 Mprr)®

E[(¢'Hre)® (¢'Mge)| = 7,Tr (Hr © Hr © Ma) + 29,77 (Hr) Tr (Hr © M)

+7,Tr (Ma) Tr (Hr @ Hr) + 47,Tr [Ma © H%] + 43 [t (Ir ©Hp) Hp (Ir © Mg) 77
—|—2’y? [TIT (IT ® HF) Mg (IT ® HF) TT] + 4’}/? [T{T (HF OHr O MG) TT] +3 [TT (HF)]2 Tr (MG)
where Mg, Mq, and Hp = MpTr77MFp, are defined by (60) and (61).

Proof. These results are obtained noting that MgHp = 0 (since MpMg = Mg and MgTr = 0), and
Tr(HZ) = (4-Mp77)>, and using the results established in Lemma 8. W

Lemma 10 Let A be a real symmetric T X T matriz with eigenvalues A1 < A2 < ... < Ap. Then A1 <
awr < A, where ag is the tth diagonal element of A.
Proof. See Theorem 14 in Chapterll of Magnus and Neudecker (1999, p.211-212). m

Lemma 11 Denote the (t,s) elements of Mr, Mg, and Pg (defied in (60) and (61)), by mrts, Ma s

and pg,is, respectively, and suppose that fif, < As < oo for all t, where Az is a finite positive constant.
Then for all t we have

T
0<mpu=7)  mps, <1, (68)

T
0<mgut = Zszl Megis < 1, (69)
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T
0<pou=)  Pous <L, (70)

T
Z _ MFits < Anpp < 00, (71)

T
Z _, MGt < A < 00, (72)

where Ay and Ay are finite positive constants.

Proof. (68), (69) and (70) follow immediately using Lemmas 10, since Mp, Mg and Pg are idempotent
and real symmetric matrices, eigenvalues of which are either one or zero. Next we note that

F’F) I

MFTT:TT_F(T T )

/ -1 ’ , -1
where by Assumption 1 all elements of (g) and F;T are bounded. Let zpr = (FTF) F;T, and

note that the m elements of zr,T, being the OLS estimates of the coefficients in the regression of 1 on f;
are bounded, and hence Y, |ZF7T73|2 < Ay < oo for all T, where Ay is a positive constant. Then, the t'"
element of M pTT can be written as

T ; m
E | MFts = 1-fizrpr=1-— E — frezr .
o= -

Hence,

T m
‘Z mres| <14+ Z | ftezrr.e|,
s=1 (=1

and by the assumption Y ;" |f,g,g|2 < Az < o0, for all t, and a positive constant, Az, we have

57 | € S U € 37 Ul 55, el < <
_y JeezrTe| < z:1| 102r, ] < s +.0 s zrrel” < A1Ag < co.

Therefore, Zle mrts < App < 00 follows as required. Similarly, we have Zle ma,ts < Ay <00. W

Lemma 12 Denote the (t,s) elements of Mp, Mg, and Pg (defied in (60) and (61)), by mrts, ma,ts and
pG.ts, Tespectively, v =T —m — 1, and suppose that f/f, < A2 < co for all t, where A2 is a finite positive

constant. Then ;
Z; (Z;mms) =0(),j=1,234, (73)
Zthl ma,tt (Zil mF,ts)j =0(v), j=1,2,3,4, (74)
Zthl PG tt (ijl mF,ts)2 =0 (U1/2) 7 (75)
Zj:l (ijl mF‘tS)2 Zj:l mate (ijl n”?’es)2 =0 (v3/2) ’ (76)

J J
Proof. By (71) in Lemma 11, Y, (Zstl mp,ts) <y, ’Zilmnts

j = 1,2,3,4, which establishes (73). By (69) and (71) in Lemma 11, Zthl ma, it (Zzzl vatS)J <

j
S meul | mees| < S [ M
t=1 s=1 t=1 s=1

Schwarz inequality, and (71) in Lemma 11,

2 4
ZthlpG’“ (ijl mF’ts) = \/ijlpé’tt\/zjzl (Zj:1 mF’ts) ‘

But, since 0 < pg 1y < paut < 1, then Zthl Do < Zthl pa,w =m~+ 1, and using (71), we have

> ven (3
Sttt mpet )
=17 s=1 B

which establishes (75). Finally,

T T 2 T T 2 T T
E ( E mF,ts) E ma,te ( E mF,es) < E ‘ E MEts
t=1 s=1 =1 s=1 t=1 s=1

but, by Cauchy-Schwarz inequality, and (71) and (69) in Lemma 11, we have

T ( T 2 < T 9 T T
meae (32, mres) S mEa > [ m
Zz:1 Gitt sm1 B )= =1 Gt =1 s ks

32

< v (T/v) Ay, = O(v),

- O (v) by (73), which establishes (74). By Cauchy-

2

< \J(m+ D)o (T/0) ALy, = OWH?),

2 2

T T
E ma,te ( E mF,[s)
=1 s=1

(77)

4
S A /mgyttTAL}WF, (78)

I



and substituting (78) into (77) and using (69) yield

Zj:l (ijl mF’tS)2 ZZ:I MGt (Zj; mE, ZS) < Zt 1

which establishes (76).

MFE,ts
G 1

Lemma 13 Suppose that Aj; = (ajzts), for j =1,2,3 are T x T real symmetric matrices. Then,

T
Tr (A1 @ Az) = Zt:l a1,t¢02,t, (79)

T
Tr(A1©A20 A3z) = thl a1,:t42,tt A3, tt, (80)

T T
Tr(Ir O A) A (Ir ©As)Tr =3 D a1ua2,505,ss, (81)
T T

0 (A1OA20As)Tr = thl 2521 a1,t502,tsA3 ts- (82)

Proof. By direct computations. ®

Lemma 14 Consider the matrices M, Pc and Hp, defined by (60) and (61), and v =Tr (Mg). Suppose
fif, < K < oo for allt. Then,
TT'(HFQHF@MG) :O(’U),

(83)
Tr (Hr @ Ma) = O (v), (84)
Tr(Hr @ Hr) = O (v), (85)
Tr(PcOPr) <Tr(Pr)=m+1, (86)
Tr(Pe ©@Hp) = 0O(v'/?), (87)
TIT (IT@HF)HF (IT(DMG)TT:O(’U2), ( )
7 (Ir ©Hp) Mg (Ir © Hg) 770 = O(0*/?), (89)
and
7 (Hp @ Hp © Mg) 71 = O(v*/?). (90)
Proof. Denote the (t,s) element of Mp, Mg and Pg by mrts, ma,ts and pc,ts, respectively, and observe
that the (h,£) element of Hp is (Zstl mF,hs) (Estl mF,gs). Then using (80) in Lemma 18, and (74) in
Lemma 12 yields
Tr(HFr ©OHr ©Mg) = ZT ma,tt (ZT mF,ts)4 =0 (v),
t=1 s=1

which establishes (83). Similarly, to establish (84) note that using (79) in Lemma 13, and (74) in Lemma

12 we have )

T T
Tr (HF ® MG) = thl ma,tt (25:1 mF,ts) =0 ('U) .
Now using (79) in Lemma 13, then (73) in Lemma 12 we obtain
T T 4
Tr@EroHn) =Y (37 mas) =0,

that establishes (85). Result (86) follows since Zthl p%,tt < Zthl pa,it = m+ 1, recalling that 0 < p%;,tt <
pa,e <1 by (70). Now using (79) in Lemma 13, and (75) in Lemma 12 we have

T T
Tr (Pc ©OHp) = thl DG, tt (2521 mF,ts) =0(v 1/2)
which establishes (87). Further, using (81) in Lemma 13, (73) and (74) in Lemma 12 we have

7 (Ir OHp)Hr (Ir ©Mg) 77 = Zil (Z::1 mF,ts)B ZZ:I ma,ee (Zj:l mF,Zs) =0(v?),
which establishes (88). Neat, again using (81) in Lemma 13, and (76) in Lemma 12 we obtain

7 (Ir ©Hp) Me (Ir © Hp) 71 = Zil (ZSTZI mF,ts)2 ZZ:1 ma, e (Zil mF,es)2 =0(v*"?), (91)
which establishes (89). Finally, using (82) in Lemma 13 and noting that the (h,£) element of Hp is
(25:1 mF,hs) (Zle vaZs), it is easily seen that T (HF © Hp ® M) T is the same as the right hand
side of (91), so that

T (Hp ©Hp © Ma)Tr = 77 (Ir ©Hp) Mg (Ir @ Hp) 77 = O(v*/?) (92)
which establishes (90).
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Lemma 15 Suppose that & = (£,,€5, ., &7) ~ IID(0,17), and B(&}) = 71, E(§}) = 7, +3, B(&)) =
v +107,, and E(£8) = v, + 1092 + 15y, + 15, for all t. Suppose that Assumptions 1 and 2* hold and that:
(i) £if; < K < oo for all t, where Ay is finite constant, and; (ii) E(|ex|°T¢) < K < oo for some € > 0
exists. Then,

K2 = B [(€'Mc€)?] — [E(EMa€)]” = 7,Tr (Me © Ma) + 20 = O(v), (93)
k11 = E[(¢'Hré) (€ Mc€)] — E(¢HpE)E(E' Mgé)
= 7Tr[(Mc ©Hp)| = O(v), (94)

kan = E [(E'HFﬁ)z (ﬁlMcﬁ)] — E[(¢'Hr¢)?|E(E'McE)
= 67, (TrMp77r) Tr (M © Hp) + 47} [77 (Ir © Hp) Hp (Ir © Mg) 77
+677 [T (Ir © Hp) M (Ir @ Hp) 77] + O(v) = O(v?), (95)
where Mg, Hr, and Mp are defined by (60) and (61), and v =Tr (Mg).
Proof. The results (93) and (94) immediately follow using Lemmas 9 and 14. The result (95) follows

using Lemmas 9 and 14, and the equality (92), noting that Tr (H%) = [T'r (Hp))?, and Tr (Mg ©HY) =
Tr (Hp)Tr (Mg ©® Hr), since H> = Tr (Hp) Hr. =

Proposition 16 Consider the regression model (57), and suppose that Assumptions 1 and 2% hold and
that: (i) fif, < K < oo for all t, and; (i) E(|ei|>T) < K < oo for some € > 0 exists. Then

2N _ U Sov | Woiw v —3/2
E<tl)_1}*2+r}/2’i’03/2+ 7_22 _,072—’—0(,0 )7 (96)
2 2 2
2y v 2(v—1) V1.5 + 72,50 1530 + V250w Wi
Var(t) = (v - 2) (w—4) v T er e 97)
where t; is the t-ratio defined by (59), v=T —m —1,
1/2
Spp = VI (Pc O Hp) (98)
(TpMpTT)
/
5y, = Slrrdr © Hr) Hr (IT2® Me)1r] g, — vgr —3, (99)
(TrMFrTT)
0212 [ (Ir © Hp) Me (Ir © Hr) 77] vY/210Tr (Pg © Hr)
S3 = — . R — : , (100)
(TrMrTT) TrMrTr

G, Mr, Mg, Pg, Hp, are defined by (60) and (61), Sj» = O(1) for j = 0,1,..,4, 7r = (1,1,...,1)’,
Wo,iv and Wiy are O(1) functions of F, and v, and v,,;, £ = 1,2,...,6, which are at most O(1), are
given by Y16 = E(&?t)’ Yo,i = E(&?t) -3, V3,0 = E(f?t) - 10’71,i7 Va5 = E(é?t) - 107%,1 - 15'72,¢ — 15,
V5,0 = E (5;)*2173,1'*3572,2‘71,1'*10571,1'; V6,0 — E (fi'gt)*2874,1*5673,1"71,2‘*3573,1'*21072,1'*2807%,1'*105’

where £;, = wit/0i, and
= (L) (E4) (o
qr b1 Gt o1 Ct) o
with ¢ being the tth clement of ¢ = MFTT/T'TMFTT.
Proof. Using a slightly extended version of Laplace approximation of moments of the ratio of quadratic forms

by Lieberman (1994), that allows T' defined in Lemma 7 to be a positive semi-definite matriz, substituting
d =Hp = MFTTTITMF and T' = Mg into the Lieberman’s formula, we have

2y _ v E (§HFrE;) —2
E(ti) = T MeTr {E(&MGQ) +wi,h,} +0(w™) (102)
where E(é'H ¢)
- HrE )Ri2 | Ki11
boe = | ey |~ [ EENLET) (10%)
Kiz = B [(€Mc€,)?] — [BE(6Mc€,)]” (104)
ki = E[(§HFE,) (6, Mc€,)] — E(§HFE,)E(EMcE,). (105)

Using Lemma 9, it is easily seen that

v E(HRE)
TrMeTr E(§M,)

=1
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and hence

VY, 1y v <E(§;HF§Z-)/%,2 Ki,11 )

T/TMFTT ‘I'fTMFTT

[E(&McE,)®  [E(§;Mcg,)]?
v <(T’TMFTT) [72,1’TT (MG ® MG) + 21}] 72,1’T’r (MG ® HF))

T MpTT v3 v2
2
= = K,
v + fYQ,z
where
szl {TT(MGQMg) _TT(%VI(,*@HF) (106)
v v T MFpTT

Noting that Mg = Ir — Pg with Pg = G (G'G) ' G/ with G = (F,7,), we can write the first term in
the square brackets of (106) as

w = %Tr [(Ir = Pg) © (Ir — Pg)] 1on
- % [T —2Tr (Pg) +Tr (P O Pg) =1 — a (UPG) + (PGUQ =),

Similarly, the second term in the square brackets of (106) can be written as

Tr (MG @HF) 1
—_—— 2 = ——Tr{(Ir—P H 1
‘I’/TMF‘I'T T/TMFTT T[( r G) © F] ( 08)
1 Tr (Pc ©Hp)
- — [Tr(Hp)-Tr(PcoHp) =1 TGO
T MpTT [T (Hr) r(Pe©Hr)] T MpTT

Substituting (107) and (108) into (106), then using Tr (P¢ ® Pg) = O(1) and Tr (Pg @ Hr) = O(v'/?),
which are established by (86) and (87) in Lemma 14, we have

1 oY2Tr (PeOHF) 1 1 Sow s

K, = 37z TfTMFTT + U—zTT (PG O] PG) - ETT (PG) = 372 + O(U ) (109)

where 12

v/ “Tr (Pg © Hr)
Sov = 110
0 (T/TMFTT) ( )
which is O(1) by (87) and (47), so that
2 Sow -

E (&) = 1+;+72,i03%+0(v %). (111)

However, since

v 2 4 _o
v—2 <1+v> T o(v—2) =00
and using Lemma 15 ensures that the three conditions in Lieberman’s lemma are satisfied. Lemma 7 now
implies that the last term can be rewritten as U_QWO,M,, where Wo,iw = O(1) is a function of F, and v.
Then for given values of v, ,;, £ =1,2,3,4, we have

2 v Sow Wo,iv
E (tl) = 71)72 +’y2’i’U3/2 +

o (112)

which establishes (96). To prove (97), we first note that

4 _ v? éiHFEz :
E(“)(r;hAFTTflE[<ahdos;>}’ (13)

but by Lammas 7 and 9 we have

E(&Md)] T EEMeg? T O
, 2
_ Yo Tr (I;)I;r O HF) . 3<TT1\,:[2FTT) i + O™, (114)
where
P9, =3 E[(€HrE) | kia| 2 { Ki,21 } _BE[(§HrE)  Riz 2k
20 =5 T B(E Mg, [BEME)P] vt vt
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Using results in Lemmas 9 and 15, and noting that Tr (Hr @ Hr) = O(v) and Tr (Mg ©@ Mg) = O(v)
(see Lemma 14 for a proof), it can be shown that

3E [(€/HrE;)?] kis 3 [’yMTr (HF ©HFr) +3 (‘I'/TMFTT)2:| [V2.:Tr (Ma © Mg) + 20]
vt - vt
2
_ 97,5 (TITMFTT)4TT (Mg ® Mg) n 18 (TIT]-\;IFTT)Z I O(v72).
v v
Also
26521 1279, (rrMp77r) Tr (Mg © Hr) i 8vi [rr (Ir @ Hy) Hr (Ir © Mg) 77
v3 o v3 v3
+12’Y%,i [TIT (Ir ©Hr)M¢ (Ir ©Hp) TT] + O(v_Q),
so that
18 (4 Mp7r)® 979 (ThMp7r)? Tr (Me © Mg)
¢i,2T = U3 + U4
127, , (rrMp17) Tr (Mg © Hr) 8v: [r (Ir © Hr) Hp (Ir © Mg) 77
B v3 B v3
1292, [ (Ir © Hr) M (Ir © Hp) T
1297 [t (Ir Fv)3 ¢ (Ir ©Hr) 77] + oM. (115)

Substituting (114) and (115) into (113) yields

Tr(HrF © Hp I, . Tr (Mg ® Ma 12v, . Tr (Mg © Hp
4 = 4+ 28472 + , _ ,
E 4 3 18 72 i ( . ) 72 i ( . ) ’72 i . ( ) 116
v (Tt Mp7T) v v (TEMpTT)
8y? [t (Ir © Hr) Hr (Ir ® Mg) 77 127%,2‘ [77 (Ir © Hp) Mg (Ir © Hp) 77] 2
- 5 - 5 +O0(v™ 7).
v (T, MpeTT) v (T, MpTT)

Using the result (111) we have

[E@H“‘O*zf+vw”%m“®““) 2rMeOHr) o2 1y

! v?2 V247, (T/MpT7)
However
1 2\? 2o(w—1 4 (190 — 700* + 760 — 16 _
3+*8‘(1+*> _< - ) b-p_ A 3 )ZO(U “); (118)
v v v—2 (v—4) v2(v—2)%(v—4)
i
and also, noting that Hr = mm’ with m = Mpr17 = (23:1 mF,ls,stzl mp,zs,...7ZST:1 mFVTS) and

(Ir ©HFp) = diag (m(z)), m@E) = m©m, where ©® is the Hadamard matrix operator (or element-wise
operator), we have Tr [(Hr ©® Hr)] = m{ym(y), so that

2, Tr(Hr OHrp) _ miyme) (119)
(TrMprr)? ' (m'm)?

Recalling that ¢ = Mp77/TpMpTr, We can rewrite Y,_, ¢ = m{, my)/ (m'm)* and Y7_, ¢ = m'm/ (m'm)?,

so that gr defined by (101) can be rewritten as

o= (3et) /() -T2 0w (120

(m'm)

Using (116), (117), (118), (119) and (120), and noting that, by (107) and (108),

mTr (MG ® MG) 10Tr (MG ® HF) 107Tr (PG ® HF) 1
-0 =3 COR) L o,
v T MprTT T MprTT
we conclude that
var () = B(t)-[E@)
2 2 2
v 2 (U — 1) Y1 islv + v iS211 Y1 »L'ng + 75 ,'541; _92
= : : : : 121
(v_2) e : § R ETER ow?),  (121)
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where ,
78 [v7 Ir ©Hp)Hp (I7 © Mg) 77]

Siv = , S2y = vgr — 3, 122

1 (TITMFTT)z 2 qr ( )

Say = 0'212[r% (Ir © Hp) Mg (Ir © Hr) 77 S = 02107 (Pe © Hp) (123)
(T’TMFTT)2 ’ T MFpTT

S1, = O(1) by (88) and (47), Sz, = O(1) by (120) and (47), Ss, = O(1) by (89) and (47), and S, = O(1)
by (87) and (47). Lieberman’s lemma implies that the last term can be rewritten as v~ >Wi v, where Wi iy
is a function of F, v, and v, ;, for £ =1,2,...,6. It is easily seen that W1, = O(1), and the result (97)
follows immediately. m

Appendix E: Correlation between t? and t? when Corr(u, ujt) = p;; under Gaus-
sianity

We begin with the following lemma:

Lemma 17 Suppose that & = (£,,&,,....,&7p) ~ IIDN(0,Ir). Then,

7}7‘

E{[v/ (£Mc€)]"} = (w—2)(v—4)...(v—2r)

so long as v > 2r, where Mg is defined by (61), v="Tr (Mg).
Proof. The result follows noting that £ Mgé ~ x2, and then using established results for the moments of
the inverse-x* distribution. Also see Smith (1988) and Ullah (1974). m

(124)

Now, using (59) and denoting, wr = 77-Mp7r, under the null we have

!
tf:%i,ﬁm:Lz...,N,
FEAZ YeX iy

where Mg, Hp, and Mp are defined by (60) and (61) with v = Tr (Mg), &, ~ N(0,1;) with &, =
(i1, &ins o Eir)'s €4 = uit /i (defined by (58)). Consider 7 and t5 (i # j) and denote the the correlation
of the associated CAPM regression errors by Corr(uit,uji) = Corr(§;,,€;,) = p;;- Then,

&, = p€; + /1 —p2¢, with E (¢€]) =0, (125)
where ¢ ~ IIDN(0,1;), and we have dropped the subscript 45 from p;; for notational convenience.
2
Note that Corr (£2,2) = Cou (£2,£3) /Var (£2), and Var (8) = Var (£2) = (%) 252, Now using

Lemma 9, Var (§;Hp€;/wr) = 2, and it is easily seen that [Var (¢7)] T WVar (EHpE, Jwr)) T = 0.
Therefore, since ‘Cov (t?,t?ﬂ <Var (t?) < 00, we have

B Cov (t?, t?)
 Var (§Hr€;/wr)
Next, since E (t7) = E (t3), then Cov (t],t;) = E (it]) — [E (tf)}z Also using Lemma 9 E (t?)z -
[E (&HrE, /wr)]” = ( - )2 —1=0(v™"). Therefore

Corr (tf,t?) +0@™).

v—2

E (£13) — [E (€/Hp¢, /wr))?

2,2\ 1
Corr (t;,t5) = Var (€ HrE, Jwr) +O0(w ). (126)
Now € HE,/ € HrE
2,2y EHpE, /wr SHeg /wur\] (€ HpE, §HFE;
Btit) =P K EMGE, /o ) ( €Mt v )} ‘E{ wr wr } i (127)
where

wr wr | (§Mc§;/v) (§Mag;/v) '

But, by Cauchy-Schwarz inequality we have
§Hpg, §HRE 1 1
wr  wr | (§Mc€;/v) (§5Mc§;/v)

gHrg, §HRE,
wT wT

dr < E

§¢E

2 1
J ‘ (€MaE,/v) (€ MoE, /)

(128)
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Similarly,

-

wr wr wr wr
’ 2 ’ A 12
and using results in Ullah (2004), % =0(1), 511;17;& %17;% =
O(1), at most.
For notational simplicity let
X; = &Mg€, /v and X; = £;MG§j/v, (129)

and write the second product of (128) as E [( ) ] > 0. Also define the finite positive constant,

2
LI
<Xin )

But noting that - > 0 and - > 0, and using the results that sup {f(2) + g(z) : z € Z} <sup{f(z) : z € Z}+
sup{g(z) : z € Z} sup (aY) = asqu for a > 0 and sup (bY) = binf Y for b < 0, we have

) =
B:up{E(ﬁ)—ZE(ﬁ) 1] <o (o )—21nfE<ﬁ)+l (130)

First, by Cauchy-Schwarz inequality and noting that £ (;4) =F (Xl > (XQXQ) <4 /E 1 | B % =
k3 7

B, =sup F

E(ﬁ),or

1 1

sup E (7X-2X2) =F <X4

[ B 7

Next, noting that F (X%) =F (XLJ) and Var (X%) Var (x%) we have

) is the correlation coefficient between --- and <—. Thus, infE(

>

Xle) > 0 is achieved

Xi X J

Whenp<LL) -1, smceE( )>0andVar( )>O:

e () =2 [ ()] - m (). s

Therefore, substituting (131) and (132) into (130), then using (124) in Lemma 17, we obtain

_ v* B 20% (v — 6) — O(v-!
Bv_(va)(vf4)(v76)(v*8) (U—4)(’U—2)2+1_O( )

and thus conclude that
2

1 < B, =0®™). (133)

E _
‘ (€ MG, /v) (€)M, v)
Substituting (133) into (128), together with (127) and (126), we have

E ((€Hr€,/wr) (€ HpE; /wr)) — [E (EHFE, Jur)]”
Var (&HFpE,/wr)

Corr (tf,t?) = + 03,
However, by (125),
(€HrE,) (€HrE,) = (€HFE,) (0] €HRE, +20,5\/1 — p3EHRC, + (1- p7)) CHEC,)

Under Gaussanity, noting that F [(E;HF£7/wT)2] =Tr (H}) +2[Tr(Hr))* = 3 and E [¢HpE, /wr] = 1,
we have

E ((€/Hpg, /wr) (EHRE; /wr)) =3p% + (1—p),
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so that 5

Corr (t,,t )= 3 +0w M = P?j + 0w ).
Also, it is clear that, when p;; = 0, Corr (t3,t3) =0 (ie. no O(v™*?) term involves). Therefore
2 ~1/2 L
2 2y _ [ pi;+ O ), for i,j such that p;; # 0,
Corr (£3,1;) { 0, for 4,4 such that p,; = 0. (134)

Since by assumption R is a sparse matrix, denoting the maximum number of non-zero elements in the rows
of R by r < K < oo, we have

N~— ZZCOT‘”I‘(“ J)

1=1j=

2
orr(t,,tJ) =14+ (N -1)p2 —|—O( 1;2)

[
iz
W‘M

= 1+(N-1)pZ+0 (v*m), (135)

as required.

Appendix F: Proof for Zy7 —, 0 as N and 1" — oo in no particular order under
Gaussianity and cross-sectionally correlated errors

Recall that

where . v
1a 2 (T67Y 2 (€& Mcé,;
(TTMFTT) abD = ; tz ( '1}0'12 = 2 tl " )
2 _ &HrE v
' &McE, wr

and wr = 77°MpT7. Then

N
T N71/2Z (tf B Uﬁ2> —1/2 [Zt (E 'Mgé, > N]

N1/2§: {t? 2 <§’1\/17G£)] - {”\ﬁ \/N} . (136)

v v—2

We know that (by construction) E(Znr) = 0. Then it is sufficient to find conditions under which

N N / !
_ Mcé, » 2&McE;
14 Z =Nt t?—tZL 1 — 722 0.
ar (Zyr) sz(z PaMats o p8let)

i=1 j=1
For use below we note that
N i—1
Var (Zyr)=N"" Zvar (= W) + 2N~ “cov (8 — Wi, t5 — W), (137)
1=2 j=1
where M
W, =t? 2&iMog, 05 = ¢Hpt, Jwr. (138)

Firstly, consider var(tZ —W;) = var(t?) +var(W ) —2cov(t?, W;), and note that E(W;t?) can be written
equivalently as
E(Wit}) = E(W}/Xa),
where X; = £&\Mg€, /v, as defined by (129). But
BOv2/X) = Bv?) + B [wE (- 1) .

and by Cauchy-Schwarz inequality

[ (1)) < ot (e (£ -))



and

Using the result (124) we have

1 2 v? v 8 +2v
E - )=———— 41— = :
(Xg + xi) -4 o2 (w_2)(v_4a)

It is also casily seen that E(W) < K < oo, and

|EW2/X,) - EW?)| =0 (fl/?) for v > 4. (139)

2
Using (139), and recalling that E(W?) = 3, var(t?) = (ﬁ) 2(::41), var(W;) = B(W?) —1 = 2,
cov(t?, W;) = E(Wit?) — -5, we have

v—27
var(t; —Wi) = war(t}) + var(W;) — 2cov(t;, Ws)
2
_ v 2(v—1) 2 v
= (072> ! +2-2 {E(Wzti) 072}
2
_ v 2(v—1) v 2y 2
= (U_2) 22 {3 v—2} 2[EW7/X:) — E(W;)]
2 —
_ 18v 264’[) + 64 1) (’1_}71/2) )
(v—=2)"(v—4)
Hence,
N
N7t Zvar(t? -W;)=0 (U_1/2> , for all values of N. (140)
i=1

To derive the covariance terms we first note that (for ¢ # j)
cov (6] — Wi, t5 — W;) = cov(t;,t3) — cov(t:, W;) — cov(Wi, t5) + cov(Wi, Wj). (141)

Set £ = p;&; +4/1— p?z(ji, where ¢, is distributed independently of §; and {;; ~ N(0,Ir). Note that
Pij = pj;- Then
cov(W;, W;) = E(W;W;) — 1,
and it is easily seen that
E(W:W;) = p2, E(W?) + (1 - p3,).
But from Lemma 9, E(W?) = 3, and cov(W;, W;) = 2p?l-. Next
. P?jE (giHngtf) +(1- p?j)wTE(tf)
wr

E (W) E[tiE(W; |¢,)]

= P E (Wit?) + (1 — pi)) E(t).
Similarly,
E (t?WL) = P?z‘E (thJQ‘) + (1 - P?z)E(t?) =F (t?Wj) .

Recalling that E(W;) = 1, E(t?) = v/(v — 2), and using E(t?) — 1 =v/(v —2) — 1 = 2/(v — 2) and (139),
we have

E (Wit) — E(W:W;) P B (Wit3) + (1= p3) E(t5) — 3p5; — (1= p3;)

O™,

so that
cou(t, W) — cov(Wi, W;) = O(v~1/?).

Collecting terms we have
cov (tf — Wi,t? -W;) = cov(tf,t?-) — cov(Wi, W;) + O(v™?), for i # j.

However, in Appendix E it is shown that cov(t?, tf) — cov(W;, W;) = O(v71/2). Hence, under Assumption
3 and assuming that R is sparse we have

|cov (tzz — Wq;,t? - W])‘

o) (U—W) ,if py; £ 0
= 0, if p,; =0.
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If the maximum number of non-zero elements of the rows of R is denoted by r then

N i—1 r
PSS cow (£ - W 2 m):o(—),
’ =2 j=1 ﬁ
and for a fixed r we have
N i—1
’N ZZCO’U Wl,tJ —W;)| — 0, as v — oo. (142)
=2 j=1

From (137), (140) and (142), and recalling E (Zn71) = 0, we conclude that Zn7 —p 0 as N and T — oo, in
no particular order.

Appendix G: Derivation of plimy7_oo(N — 1)p? under Gaussianity and cross-
sectionally correlated errors

First of all we state a lemma:

Lemma 18 Suppose that x ~ N(p,c?), then

E [x21(5r2 < a2)] = (02 + p2) [<I> (?) -® (y)} (143)
o (p-a) (") — o (at ) B )

Proof. Let z = (z — p)/o, and note that

(a—p)/c
E [m2l(:c2 < aQ)} = / (02,22 +p°+ 2poz) ¢(z)dz,
—(at+p)/o

where ¢(z) = (2r) "2 exp(—0.52%). But

/(;1‘:)/; 2(z)dz = [—z¢(z)](f(;i):)a/a P (a ; p) e (_ao_ p)
- () e () - () - () e

(a—p)/o Cn s

/_(a"rﬂ)/a 29(2)dz = p(— =) = o(——)

Hence

Bt <)) = (4 [0 (5F) 0 (FTE) ottt

)= (atp)s(*P).

Noting that I(z? < a?) =1 — I(z* > a?), then

PRI ] = ) - ) () -8 (7))
_U(p_a)gb(a;p)‘FO'(a—Fp)(’b(?)
or for future use
B = ) [ (100) e ()] »”
to(a—p)o(“ L) +a(a+p)¢(“;P)_

Consider now the estimator of the pair-wise error correlations in the denominator of Jq,2:

(N - 1)72 AT Zz 2 Z] 1 ﬁz] (’Uﬁfj > GN) )

and write it as
5 i—1 -
(Ni]‘)p2 722 22] 1pzj ( >a)7
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where (using T for v )

P”

Also note that as a first-order approximation p,; ~ N(p”, ). It is clear that all elements in the

—

summation for p? lie in the range [0, 1], and hence are uniformly integrable, and the limit of p2 as N and
T — oo is given by

. = . 2 2 2
pN,lll"goo(N B 1)p2 - N}ll"IEoo N i= 2 Z [pu (p” > a )] ’

But the expression for E [[)?jl (Z)f] > a2)] depends on the value of p;;. Under the assumption that R is

sparse, there are only a finite number of non-zero elements in each row (column) of R. Denote the number

of non-zero off-diagonal elements of the i'” row of R by r; and note that the above probability limit can be

written as

Yhm Z’L 221 . E [pz] (pfj > a2)]

N, T—o0 N
. 2 - P
- dm 2 S BRG, > =0)
for allp,ijzo
. 2 P 5
o lm DT BRI > a®) ey #0]
for allpij¢0
. 2 P 5
2 S B > £
for allpij;éo

where 7 = Zivzl r; /N, is finite. Using Lemma 18 with p = 0, we have

E [2*I(2* > a®)[p=0]

e (D) e ()] +2e0)
207 [1-@ (g)} +20ap(%)

a
(e

Also, when p = 0, then 0® = 1/T, and a/o = ®~* (1 - ﬁ) Further

o[ ()| =y

Therefore,
E [p31 (3 > a®) |py; =
- %[ v(o (1 )H
N N )
L Lt 2en (i g Yafe (o ]
and

JAm (N =B [ (> o) |pi; = 0]

= lim lpi(N —7)
B N, T—o0 T (N — ]_)

i O (g ) [ (- )|

The first term clearly tends to zero as N and T — oo, in any order. The limiting behavior of the second
term is more complicated. But using numerical techniques, it can be shown that (for a fixed p)
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and the second term also tends to zero if log(N)/T — 0. (For p = 0.05,7 = 1 and N = 20,000, it is easily
seen that X = 0.58.)
Consider now the term 9
22 T (A2 2
N Y. B[P0 > ) |piy # 0]
for allp;;#0
and recall that the number of non-zero, distinct, off-diagonal elements of R is N7/2, and hence

2 . . o e
N Z E [pfjl (pfj > a2) |pij # 0] — finite limit.
for allp;;#0
To obtain this limit, using Lemma 18 we note that
L2 a2 2
E [piI (pi; > a”) |pi; # 0]
1—p2, VTa—Tp;; —VTa—~Tp;;
= ( Tp” +pfj> T I St 71 I 3 e
\/1_P?j \/1_9123'
n l_p%j (a—p--)qﬁ \/Ta-&-ﬁpij +\/1_pfj (a—l—p--)qS ﬁa—ﬁpij
VT Y 1— 2 VT Y 1—p2 )
i Pij
where as before a = ﬁ‘b‘l (1 — m) . For each p;; # 0, since VTa =71 (1 — SN 1)) O(In(N)),
then

—>p?j as N and T" — oo,

L2 T T, Ta— T,
< p”+p?.> JR 3 (i 7 [P (i el

i
r \/1—0121' \/1_012]'
such that ®~! (1 — 2(N ) /v/T — 0. (Note that for p = 0.05 and N = 20,000, then ®~* (1 — 2(N 1))
4.71.)
Similarly, as N and T'— oo we have
1/1*P?j( \/Ta—i—\/Tpij \/ \/T&—\/Tpij 0

VT

CL—p”)qb +p7,_j ()b
\/1*&2]‘ f \/17p12j

Collecting all the above results, we have

p lim (Ni 1)p72: ]\}gn Zz 22 110137

N, T—o0

which is finite, given sparse nature of the error correlation matrix, R.

Appendix H: Simulating Multivariate Non-normal Random Variates

The objective is to generate N random variables u;, i = 1,2,..., N such that (in population) E(u;) = 0,
B(u?) = o2, E(u) = mai, E(u) = ma; and E(uu;) = Pyt # g fori,j=1,2,..,N.

The problem of generating multivariate non-normal random variables have been addressed in the lit-
erature by Vale and Maurelli (1983) and further discussed by Harwell and Serlin (1989) and Headrick and
Sawilowsky (1999). Following Fleishman (1978), Vale and Maurelli (1983 VM) propose generating u; as,

u; = a; + big; + Ci(:‘? + dié‘?, i=1,2,...,N,

where ¢; ~ ITDN(0,1) and E(gg5) = p, ;;- The unknown parameters a;,bi, ¢i, di, p, ;; are obtained using
the following relationships (see equations (2)-(5) in VM)

a; +c¢; = O7 (145)
b2 + 6bid; + 2¢2 + 15d7 = o2, (146)
QCL(bf + 24b;d; + 105dz2 + 2) = mai, (147)
24[bid; + ¢ (1 + b7 + 28bid;) + di (12 + 48bid; + 141¢; + 225d7)] = mas, (148)
fori=1,2,...,N, and (see equation (11) in VM)
Pij = Pe,ij(bibs + 3bid; + 3dibj + 9didy) + p2 ;;(2cic;) + p ;5 (6did;), (149)
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fori#j=1,2,...,N.

The VM procedure is shown to work reasonably well for non-extreme values of skewness and kurtosis
and when N is small. But even if one follows VM’s two step procedure where the equations (145)-(148)
are solved first, the procedure still requires solving a large number of cubic equations, and hoping that the
solution of (149) for p_ ;; lies in the admissible range of [~1,1]. No proof is provided that such a solution
exists.

In what follows we propose a new more compact algorithm for generation of non-normal correlated
random variables as a generalization of the standard Cholesky factor approach used routinely to generate
correlated normal random variables. Let u = (u1,us,...,un)’, € = (€1,€2,...,en)’, and write each u; as a
linear combination of €

N .
u; = ijl qijej,for i =1,2,..., N,

or in matrix notation
u = Qe,
where g;; is the (z,7) element of Q.
Our approach is to generate ¢;, j = 1,2,..., N, as independent draws from non-normal distributions
with E(e;) = 0, E(7) = 1, E(e}) = me,3; and E(g]) = me.4;. Note also that pi; is determined by Q and

N
is given by the (,7) element of QQ' scaled by o;0; where o? = Z ) qu. For given values of p;; and o2,
j=

Q can be obtained as the Cholesky factor of E(uu’) = V. In such a case Q can be a lower or an upper
triangular matrix with strictly positive diagonal elements. It is assumed that V is non-singular, and as a
result Q will also be non-singular.

Consider now the problem of generating €/s such that E(uf) = m;3 and E(u}) = mis. To this end
note that

ma2;

2 2 N4 .
o;i = E(uj) = ijl qij, for i =1,2,..., N,

ms; = E(ui)=E ZZZZ%MU'%S@&?;"& = Z;\;l qiyme,sj, for i =1,2,..., N,
i g s s

and

s

ma = E(u}) = E ZZZZQijQij’qiSQis’sjsj’Eses’
J g s’/

But since €s are independent draws with mean 0 and a unit variance we have
. . -/ !
E(gjejieses) = Meyj, fj=j =s=s
. . . / . . - / . . i -/
= 1lifj=j ands=s orif j=sand j  =s orif j=s and j' = s

= 0 otherwise.

Hence, it readily follows that
N

Mai =Y Gijme,a; + 3> Qs (150)
= is
But

N N N N 2 N N
2 2 2 2 4 _ 2 4 _ 4 4
qij9is = 9ij9is — qij = dij - qij =0 — qij
J#s j=1s=1 j=1 j=1 j=1 i=1

Therefore, (150) can be written as

N
ma; — 307 = Z - Gij (Meaj —3).

j=
Let kej = me,a; — 3 and k; = ma; — 307, and write the above relations in matrix notation, namely
Ky = Q(4)K/E7

where k = (K1, K2, ..., KN)', Ke = (Ke1, Ke2, .., Ken) and Quy = Q © Q © Q ® Q, where © is the Hadamard
matrix operator (or element-wise operator). Similarly, for the third moments we have

m3 = Q(3ymc3,
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where mg = (ms,1, ms,2,....,m3,n), and me 3 = (Me,3,1,Me 3,2, ..., Me,3,8). Since Q is a triangular matrix
with strictly positive diagonal elements it follows that Qs) and Q4) are also non-singular and hence
invertible. Thus

m.; = Qums (151)
ke = Quku- (152)

Denoting o = (03,03, ...,0%)’ we also have 0° = Q(2)Tn.
Having computed me 3; and me 4; we can now generate €; as

= :a¢+biv¢+civ$+dw§, i=1,2,...,N, (153)

where v; ~ IIDN(0,1) and the coefficients a;, b;, ¢; and d; are determined so that E(e;) = 0, B(¢?) = 1,
E(ef) = Me,3; and E(E;l) = M 4i, using Fleishman’s formula

a; +c¢; =0, (154)

b7 + 6bidi + 2¢; +15d; = 1, (155)

2¢; (b7 + 24b;d; + 105d7 + 2) = me i, (156)

24[bid; + ¢ (1 + b7 + 28b;d;) + d (12 + 48b;d; + 141¢] + 225d3)] = key. (157)
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Table 1: Summary statistics for estimated (3, variance, skewness and kurtosis measures of
residuals from CAPM regressions estimated for all securities in the S&P 500 index with at
least sixty months of return data using five-year estimation windows (sixty months) at the
end of each month September 1989-September 2011

Mean | Median | 2.5% Quantile | 97.5% Quantile
67,6560 44.72 12.81 249.89
Arin | 0.18 0.14 -0.89 1.46
Hoir | 1.00 0.38 -0.71 6.74
Bris| 1.10 0.51 0.24 2.26
Byir | 0.10 0.04 -0.91 1.47
Byir | 0.20 0.24 -1.55 1.72

Notes: Bi,,_ is estimated using the FF regressions, 7; r¢+ — 774 = &ir + BMT ('f‘m,q—t —rfﬂ.t) + BQ,iTSMBtT +
BMHML” +U4,7¢, fori =1,2,..., Nr,and t = 1,2, ...,60, where N, denotes the number of securities at the estimation
windows 7 = 1989M9, 1989M10, ...., 2011 M9. 6?’,, =Mm2,ir Y1,ir = mg,”/mg/j and Yo ;- = m4,i,/m§’” — 3, which
are computed using the FF residuals, where 75 ;- = (60)_1 ?gl <ﬁi,7—t — ﬁi,.r)s and Ei;r = (60)~! Z?ﬂl U, ¢, for
s = 2,3,4. All securities in the S&P 500 index are included except those with less than sixty months of observations

and/or with five consecutive zeros in the middle of sample periods. Under normal errors we have v; ; = v5 ; = 0.

Table 2: Size and power of S.S, WS, GRS and J, tests in the case of models with a single
factor

Table 2, Panel A: With Single Factor, Normal Errors

N% No Cross Correlation op=1/4 op=1/2 5y =3/5

100 | 93.8 99.3 100.0 100.0 | 94.9 98.8 100.0 100.0 | 88.9 96.7 99.7 100.0 | 83.0 94.3 98.7

(T,N) | 50 100 200 500 50 100 200 500 50 100 200 500 50 100 200 500
Size: a; = 0 for all 4

SS 60 | 4.2 4.8 4.7 4.6 4.3 5.2 4.3 5.1 7.0 7.7 8.5 7.8 9.1 9.7 12,6 124
100 | 4.5 5.3 5.1 4.8 4.5 4.7 5.3 5.1 7.4 7.9 8.3 7.7 110.5 100 11.5 12.2

ws 60 | 4.3 5.0 4.6 4.8 4.3 4.8 4.4 4.6 7.6 8.2 9.0 8.6 9.8 99 13.1 13.2
100 | 4.4 5.0 4.8 4.6 3.8 5.3 5.2 5.1 7.9 8.1 8.1 7.8 10.4 114 129 134

GRS 60| 53 N/A N/A N/A | 43 N/A N/A N/A | 44 N/A N/A N/A | 45 N/A N/A N/A
100 | 50 N/A N/A N/A |50 N/A N/A N/A |45 N/A N/A N/A |45 N/A N/A N/A

ja,l 60 | 6.2 6.0 5.6 5.1 6.1 6.6 5.6 5.8 9.6 10.2 11.0 10.1 |14.0 13.6 16.3 15.9
100 | 6.1 6.0 5.9 5.3 6.1 6.5 6.6 5.6 |10.1 104 11.3 10.4 |13.3 12.7 155 16.0

ja,Q 60 | 6.1 5.9 5.4 5.0 6.0 6.1 5.3 5.6 6.4 6.9 6.5 5.5 6.8 6.3 6.2 7.2
100 | 6.0 5.9 5.8 5.2 5.9 6.1 6.3 5.5 6.8 6.4 6.8 5.4 6.8 6.2 7.1 6.9

Power: a; ~ IIDN(0,1) for i = 1,2, ..., No with No = | N% |, otherwise a; = 0.

SS 60 | 21.8 259 36.3 489 |20.8 26.2 349 479 |22.2 255 352 489 |21.1 28.2 354 45.7
100 | 34.7 45.2 60.7 81.4 |36.6 47.0 62.8 80.7 |[35.1 456 59.9 779 |35.3 44.5 56.8 72.6

ws 60 | 23.0 32.0 43.7 60.2 |23.4 323 43.0 59.2 [25.4 30.8 404 582 |25.5 324 413 521
100 [ 43.0 55.2 73.0 91.2 |44.3 587 74.0 90.3 |42.0 553 709 87.6 [41.5 519 67.2 833

GRS 60 [22.1 N/A N/A N/A [21.0 N/A N/A N/A [300 N/A N/A N/A 357 N/A N/A N/A
100 |77.2 N/JA N/A N/A |80.1 N/A N/A N/A |90.1 N/A N/A N/A |933 N/A N/A N/A

ja,l 60 | 77.6 89.8 97.8 999 |78.6 &89.7 97.7 99.8 |[73.8 87.2 969 999 |73.3 86.9 953 995
100 1 93.9 99.3 100.0 100.0 | 95.1 98.9 100.0 100.0 | 94.0 98.3 100.0 100.0 | 93.5 98.3 99.9 100.0

Jo2 60 | 77.2 89.7 97.8 999 | 779 89.2 97.7 99.8 |[64.6 80.3 93.2 99.7 |54.6 68.1 814 945

100.0
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Table 2, continued, Panel B: With Single Factor, Non-normal Errors

No No Cross Correlation op=1/4 0, =1/2 5, =3/5

(T,N) | 50 100 200 500 50 100 200 500 50 100 200 500 50 100 200 500
Size: a; =0 for all @

SS 60 | 11.0 12.7 199 34.0 |10.3 13.8 199 334 |[11.8 14.0 185 33.4 |11.8 174 228 322
100 | 15.1 22.8 36.9 64.6 |16.3 23.7 352 633 |15.5 21.3 33.8 57.2 |184 245 326 499

ws 60| 9.2 11.6 15.1 25.1 | 83 11.5 16.5 249 |12.7 127 169 26.8 |13.1 16.5 19.1 28.7
100 | 12.2 174 274 49.0 | 14.0 18.3 27.1 51.6 | 16.0 18.6 28.2 44.1 |17.2 20.8 28.3 39.0

GRS 60| 53 N/A N/A N/A| 55 N/A N/A N/A| 53 N/A N/A N/A| 50 N/A N/A N/A
100 61 N/A N/A NJA|49 N/A N/A NJA| 62 N/A N/A N/A|56 N/A N/A N/A

ja,l 60 | 6.5 6.6 6.2 6.7 7.2 6.6 6.4 6.5 |[11.8 10.2 10.2 11.0 |13.8 13.3 159 17.6
100 | 6.3 5.6 6.4 6.8 6.1 7.0 6.8 6.9 |10.8 10.8 11.5 10.1 |134 14.3 151 164

ja,z 60 | 6.5 6.6 6.1 6.6 6.9 6.2 6.2 6.3 7.9 6.6 6.1 6.6 7.6 6.5 7.1 7.5
100 | 6.2 5.5 6.4 6.5 5.9 6.4 6.7 6.6 7.1 6.8 6.5 5.5 6.7 6.5 6.7 5.8

Power: a; ~ IIDN(0,1) for i = 1,2,..., Ny with Ny = | N% |, otherwise a; = 0.

SS 60 | 31.2 43.6 61.7 85.0 |31.8 43.5 57.7 83.2 [30.6 42.1 57.0 79.8 |29.2 41.0 54.8 74.1
100 | 53.1 74.2 89.2 99.3 |55.9 73.6 906 99.2 |51.5 67.1 88.0 988 |50.6 64.7 81.8 97.5

ws 60 | 33.1 46.9 64.1 87.0 |33.3 46.2 62.6 87.1 |32.2 446 61.2 81.5 [32.3 433 55.8 76.1
100 | 58.5 78.0 92.0 99.7 |59.1 77.2 926 99.6 |[554 705 90.7 99.3 |52.5 68.3 84.6 98.0

GRS 60 [23.1 N/A N/A N/A|212 N/JA N/A N/A [30.6 N/A N/A N/A|344 N/A N/A N/A
100 | 77.2 N/A N/A N/A[81.3 N/A N/A N/A 890 N/A N/A N/A|93.1 N/A N/A N/A

ja,l 60 | 76.8 90.9 98.1 100.0|76.7 90.6 97.1 100.0|75.0 884 97.3 100.0|73.5 85.4 93.8 99.6
100 |1 93.6 98.9 100.0 100.0 |94.1 99.1 100.0 100.0 | 93.7 98.2 99.9 100.0|{90.9 979 99.7 100.0

ja’2 60 | 76.7 90.8 98.1 100.0 | 75.7 90.0 96.9 100.0|66.0 81.1 93.6 99.6 |56.5 69.0 80.6 95.1
100 | 93.5 98.9 100.0 100.0 |193.9 99.0 100.0 100.0 | 89.0 96.4 99.8 100.0|81.4 93.1 982 100.0

Notes: The data is generated as y;; = o; + By, fie +ui, i =1,2,..,N;t =1,2,..,T, f1; = K1 +pf1f17t,1 + VRt Cigs
hit = pp1 + P11 h1,e—1 +p2h1<%’t71, C1¢ ~ IIDN(0,1), t = —49,...,0,1,..., T with f1,_50 = h1,-50 = 0, sy = 0.53,
pr1 = 0.06, ppq = 0.89, pypy = 0.85, pgpy = 0.11. We generate the idiosyncratic errors, uy = (wit, U2ty -y unt)’s
according to u; = Qe;, where e; = (e1¢,€2¢,...,en¢)’, and Q = D/2P with D = diag(c?,03,...,0%) and P being
a Cholesky factor of correlation matrix of uz, R, which is an N x N matrix used to calibrate the cross correlation
of returns. We consider the following design of generating R: (i) No cross-sectional correlation, R = Iy; (ii) Cross
sectionally correlated errors, R = Iy + bb’ — B2, where b = (b1, b2, ....,by)’, B = diag(b), we draw the first and the
last Nj, (< N) elements of b as Uniform(0.7,0.9), and set the remaining middle elements to 0. We set N = | N% |,
where |A] is the largest integer part of A. We examine §, = 0.25,0.50 and 0.60. For non-normal case, u; are
generated following steps 1-4 of the procedure in Subsection 5.1, using skewness and kurtosis measures, v; ; and 7y ;-
0?, V1,4 V2,i and By, for £=1,2,3, are randomly drawn from their respective empirical distributions, see Subsection
5.1 for details. SS and WS are the signed and singed rank tests of Gungor and Luger (2009), which are distributed
as X?\, and applicable for one-factor model. GRS is the F test due to Gibbons et al. (1989) which is distributed as
FN,7—N—m, and is applicable when T" > N 4+ m + 1. N/A signifies that the GRS statistic can not be computed.
JAa,l is the propose large N test which is robust to non-Gaussian errors. JAa,2 is the modified version of the JAQJ test
which is more robust to cross-sectional correlations; Values of J, are compared to a positive one-sided critical value
of the standard normal distribution. All tests are conducted at the 5% significance level. Experiments are based on

2,000 replications.
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Table 3: Size and power of GRS and J, tests in the case of models with three factors

Panel A: With Three Factors, Normal Errors

N No Cross Correlation oy =1/4 op=1/2 o, =3/5
(T,N)| 50 100 200 500 50 100 200 500 50 100 200 500 50 100 200 500
Size: a; =0 for all 4
GRS 60| 60 N/A N/A N/A |51 N/A N/A N/A| 40 N/A N/A N/A |50 N/A N/A N/A
100 | 50 N/A N/A N/A |55 N/JA N/A N/A |48 N/A N/A N/A | 43 N/A N/A N/A
j&,l 60| 6.6 6.3 5.5 59 | 6.7 6.6 5.6 7.1 (101 11.1 11.6 11.5 |13.1 153 15.6 15.1
100 | 6.0 58 54 53 | 66 6.7 6.3 5.8 109 11.8 11.0 9.9 |12.9 14.1 16.2 16.1
ja’g 60| 6.5 6.2 5.4 58 | 6.1 59 54 69 | 6.1 69 6.9 6.6 | 6.7 6.5 7.0 6.4
100 | 5.9 58 5.2 53 | 63 62 6.0 58 | 69 7.0 6.8 57 | 64 6.8 6.7 6.6
Power: a; ~ IIDN(0,1) for i =1,2,..., Ny with Ny = | N% |, otherwise a; = 0.
GRS 60148 N/A N/A N/A |152 N/A N/A N/A |203 N/A N/A N/A |243 N/A N/A N/A
100 | 68.2 N/A N/A N/A |689 N/A N/A N/A |84.0 N/A N/A N/A |8.6 N/A N/A N/A
ja,l 60 [ 66.3 79.3 92.2 994 [659 81.0 928 99.1 |64.7 774 91.7 987 [624 759 86.8 97.0
100 | 88.8 96.7 99.9 100.0 | 88.8 96.9 99.7 100.0 | 87.6 96.5 99.6 100.0 | 85.3 96.1 99.3 100.0
ja,z 60 [ 66.0 79.2 92.0 99.3 [65.2 80.2 925 99.0 [53.9 66.3 854 97.4 |[45.0 54.8 65.9 83.8
100 | 88.8 96.7 99.9 100.0 | 88.3 96.8 99.7 100.0 | 81.7 93.8 99.0 999 [71.8 86.9 950 99.4
Panel B: With Three Factors, Non-normal Errors
N No Cross Correlation o, =1/4 op=1/2 o, =3/5
(Ty,N)| 50 100 200 500 50 100 200 500 50 100 200 500 50 100 200 500
Size: a; =0 for all 4
GRS 60| 55 N/A N/A N/A| 48 N/A N/A N/A| 52 N/A N/A N/A| 55 N/A N/A N/A
00| 51 N/A N/A N/A| 55 N/A N/A N/A| 53 N/A N/A N/A| 45 N/A N/A N/A
Je1 60| 6.0 6.8 6.4 58 | 6.0 73 58 6.5 |10.6 10.7 9.8 122 |12.6 13.8 154 15.8
100 | 6.5 6.8 5.9 54 | 73 69 5.8 6.5 [ 99 99 11.5 10.7 [12.5 14.6 16.9 15.6
j&,z 60| 5.8 6.8 6.3 5.7 | 56 6.7 5.3 6.1 7.0 6.0 6.5 70 | 64 73 7.1 7.2
100 | 6.4 6.6 5.8 5.2 7.1 6.5 5.4 6.3 6.2 6.1 6.9 5.6 6.2 7.2 6.9 6.2
Power: a; ~ IIDN(0,1) for i = 1,2,..., Ny with Ny = | N% |, otherwise a; = 0.
GRS 60145 N/A N/A N/A|145 N/A N/A N/A|203 N/A N/A N/A|239 N/A N/A N/A
100 | 674 N/A N/A N/A|705 N/A N/A N/A|834 N/A N/A N/A|87.1 N/A N/A N/A
Jo1 60 [ 68.0 82.8 93.2 99.2 [66.1 838 926 99.2 [66.1 781 91.8 989 [61.2 774 859 958
100 | 90.0 97.4 99.8 100.0 [ 88.4 97.0 99.8 100.0 | 87.0 96.9 99.6 100.0 | 85.5 954 99.2 100.0
ja,g 60 [ 67.8 825 93.2 99.2 [65.3 829 925 99.2 |53.9 673 84.6 96.8 [43.0 564 64.4 81.9
100 | 90.0 97.4 99.8 100.0 [87.9 96.9 99.8 100.0 |81.9 93.0 99.0 100.0 | 72.1 86.7 94.6 99.3
Notes: The data is generated as y;+ = a; + 2?21 Beifer + wit, i =1,2, ., Nyt = 1,2, .., T, for = pgpp+ ppefoe—1 +

Vhet Covs bt = pine + prnehes—1 + paneCi 415 Cee ~ IIDN(0,1), t = —49,...,T with fo,_50 = 0 and hg,_50 = 0,
¢ =1,2,3, py, = 0.53,0.19,0.19, py;, = 0.06,0.19,0.05, pp, = 0.89,0.62,0.80, pyj, = 0.85,0.74,0.76, pyp,, =
0.11,0.19,0.15, for £ = 1,2, 3, respectively. The SS and WS tests are not included since they are not applicable when

m > 1. See also notes to Table 2.
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Table 4: Summary statistics for p-values of J, 2 test, cross-sectional averages of measures
of departure from non-normality and average pair-wise correlations of residuals from CAPM
and FF regressions of securities in the S&P 500 index using five year estimation windows
(sixty months) at the end of the months 1989M09-2011M09

Average skewness

& excess kurtosis Rejection f:requcnq Avcragc. pair-wise
for normality tests at 7 correlations
measures
-value — — =0 — — —
N‘r f))f ja,2 Yir Yar 71,7L‘r =0 72,727' =0 z;::: =0 Pr pf’ p72—
PANEL A: CAPM regressions

Mean 476 0.59 0.18 1.12 0.24 0.28 0.31 0.03 0.03 0.01
Median 477 0.74 0.17 1.11 0.23 0.27 0.30 0.01 0.03 0.00
Min 462 0.00 -0.01 0.38 0.13 0.12 0.15 0.01 0.02  0.00
Max 487 1.00 0.35 2.06 0.34 0.46 0.47 0.09 0.05 0.02
stand. dev. 6.3 0.40 0.08 0.41 0.05 0.09 0.08 0.03 0.01 0.00

PANEL B: Fama-French regressions
Mean 476 0.52 0.18 1.00 0.22 0.25 0.28 0.01 0.03  0.00
Median 477 0.58 0.19 0.97 0.22 0.24 0.28 0.01 0.03 0.00
Min 462 0.00 0.02 0.38 0.12 0.11 0.14 0.00 0.02  0.00
Max 487 0.99 0.33 1.70 0.30 0.39 0.42 0.03 0.03 0.01
stand. dev. 6.3 0.35 0.08 0.33 0.05 0.07 0.07 0.01 0.00 0.00

Notes: Reported summary statistics in PANEL A are of the values which are computed using CAPM regression
residuals, 7; 7t — 75 ¢ = Gir + BMT (rmy-,—t - T’f,rt) + s ¢, for t =1,2,...,60, and ¢ = 1,2, ..., N, and the month
ends 7 = 1989M09, 1989M10, ..., 2011M09. 7, = Ny P SN7 4,0 for € = 1,2, 4y 4, = 1ngir /1y and 55, =
7?7,4,1-7-/7?1%,” — 3 with s i = (60)71 Z?gl @7 - Skewness statistic for testing v, ;, =0 is SKjr = T&%”/f% ~ X3,
and the Kurtosis statistic for testing v5,;, = 0 is KRi; = T'”ygyh_/24 ~ x32. Jarque and Bera (1987) statistic
for testing vy ;7 = V2, = 0is SKir + KRj7 ~ X2. Rejection frequency refers to the proportion of normality
tests rejected out of the N tests carried at the end of each month 7. p, = m vazzl Z;.V:i_‘_l Prijs E =
N e i P2y With pp gy = @ 8./ 0.0) 20 0512, G5 = (@01, 10,720 8, 07) s and
i = m SN, Z;;ﬁ [)E’ij] (ﬁfﬂ.j > QTN), O, is chosen such that Pr(x? >0y, ) = 0.1/(N; —1), v =T —
m—1. Reported summary statistics in PANEL B are of the values which are computed using FF regression residuals,
Tiyet —Tf et = Qir +B1 iy (Pmort = 7f,0t) + Ba.iz SM Bir + Ba; HM Ly + i vy, for t =1,2,...,60, and i = 1,2, ..., Nr,
and the month ends 7 = 1989M 09, 1989M 10, ..., 2011 M 09.

Figure 1: Plots of the evolution of p-values of jag test based on CAPM and FF regressions

of securities in the S&P 500 index using five year estimation windows (sixty months) at
the end of the months 1989M09-2011M09

Notes: Reported plots are the p-values of ja,g test, which are computed using CAPM regressions, 7i -+ —
Tt = diT+BiT (rm,rt — 7f,r¢)+1i -+ and FF three factor regressions, r; r+—7f -+ = di.ﬂLﬁMT (rm,rt —Tfre)+
By i»SMBir + By, HM Ly + i re, for t =1,2,...,60, and i = 1,2, ..., Ny, of the month ends estimation win-
dows 7 = 1989M09, 1989M10, ..., 20111 09.
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Figure 2: Monthly rate of returns of Dow Jones Credit Suisse Core Long/Short Equity
Hedge Fund Index relative to S&P500 returns, and p-values of J, 2 test based on CAPM
regressions over the period December 2006 to September 2011
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The long/short return variable, 7,:(12), is computed as 7r¢(12) = % Z;io Tht—j, Where The = The — T't, The
is the return on Dow Jones Credit Suisse Core Long/Short Equity Hedge Fund Index, and r; is the return
on S&P 500 index. 7,(12) = % Z;io r—j;, where 7, is the p-values of the ja,z test at the end of month 7,
computed using CAPM regressions estimated on samples of 60 months. See the notes to Table 4 for details

of CAPM regressions.

Figure 3: Monthly rate of return of Dow Jones Credit Suisse Core Long/Short Equity
Hedge Fund Index relative to S&P500 return, and p-values of J, 2 test based on Fama-
French regressions over the period December 2006 to September 2011
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See the notes to Figure 2. See the notes to Table 4 for details of Fama-French regressions.
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