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ABSTRACT

The dynamic conditional score (DCS) models with variants of
Student’s t innovation are gaining popularity in volatility modeling, and
studies have found that they outperform GARCH-type models of
comparable specifications. DCS is typically estimated by the method of
maximum likelihood, but there is so far limited asymptotic theories for
justifying the use of this estimator for non-Gaussian distributions. This
paper develops asymptotic theory for Beta-t-GARCH, which is DCS with
Student’s t innovation and the benchmark volatility model of this class.
We establish the necessary and sufficient condition for strict stationarity of
the first-order Beta-t-GARCH using one simple moment equation, and
show that its MLE is consistent and asymptotically normal under this
condition. The results of this paper theoretically justify applying DCS
with Student’s t innovation to heavy-tailed data with a high degree of
kurtosis, and performing standard statistical inference for model selection
using the estimator. Since GARCH is Beta-t-GARCH with infinite degrees
of freedom, our results imply that Beta-t-GARCH can capture the size of
the tail or the degree of kurtosis that is too large for GARCH.
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1. INTRODUCTION

Asset price volatility is a key ingredient in many aspects of finance, including
risk management, security pricing, and trading derivatives that are written on
volatility. It is also monitored as an indicator of vulnerability in financial
markets and used in assessing the portfolio risks of financial institutions by
policymakers. The generalized autoregressive heteroscedasticity (GARCH)
model introduced by Engle (1982) and Bollerslev (1986) is perhaps the most
popular mode of forecasting volatility. Its empirical success stems from its
simplicity, practicality, and intuitive structure. The dynamic equation in
GARCH is a linear function of squared observations and analogous to the sample
variance formula, which is an efficient estimator for Gaussian data. Studies have
found that the widely-documented non-Gaussian, particularly heavy-tailed,
features of financial returns determine the efficiency, robustness, and asymptotic
normality of (quasi-)maximum likelihood estimators ((Q)MLE) in GARCH. An
enormous GARCH literature dedicated to developing robust-modifications of it
have highlighted the need for a simple, practical, and unified approach to
modeling heavy-tailed data. The dynamic conditional score (DCS) model!
developed by Creal et al. (2011, 2013) and Harvey (2013) takes a step in the
direction called for above.

DCS is a new class of simple and elegant observation-driven model that
encompasses as its special or limiting cases popular existing models including
GARCH, the autoregressive conditional duration (ACD) or intensity (ACI)
models by Engle and Russell (1998) and Russell (1998), and Poisson count
models with dynamic mean (see Davis et al. (2005)). DCS models with variants
of Student’s t innovation are gaining popularity in volatility forecasting and
contrast with GARCH models of comparable specifications.? DCS is also
extended to time-varying copula functions, non-negative distributions, and
multivariate distributions.® These studies find that DCS captures heavy-tails
well and outperforms existing, particularly GARCH-type, forecasting
methodologies in respective applications. Successful applications of DCS abound:
they include high-frequency trade volume prediction, inflation forecasting in

macroeconomics, forecasting value-at-risk, modeling credit or sovereign-default

IDCS is also called the generalized autoregressive score (GAS) model.

2See, for instance, Harvey and Chakravarty (2008), Harvey and Sucarrat (2014), Janus et al.
(2014), Harvey and Lange (2015), Gao and Zhou (2016), and Lucas and Zhang (2016).

3See, for instance, Creal et al. (2011), Ito (2013, 2016), Avdulaj and Barunik (2015), and
Salvatierra and Patton (2015).



risk, modeling mixed-measurement and mixed-frequency panel data, and
dynamic location modeling.*

In these applications, DCS is typically estimated by the method of maximum
likelihood, but there is so far limited asymptotic theories for justifying the use of
this estimator for non-Gaussian distributions. In this paper, we develop
asymptotic theory for Beta-t-GARCH, which is a version of DCS with Student’s
t innovation and a benchmark volatility model in DCS capable of capturing
heavy-tails in asset returns. In particular, we derive the necessary and sufficient
condition for strict stationarity of the first-order Beta-t-GARCH, and show that
its MLE is consistent and asymptotically normal under this condition. We show
that the asymptotic normality does not require the fourth moment of the error
distribution to be finite. The only restriction instead is a finite second moment
since Beta-t-GARCH is a volatility model.® The results of this paper
theoretically justify applying Beta-t-GARCH to heavy-tailed data with a high
degree of kurtosis, and performing standard statistical inference for model
selection using the estimator. Since GARCH is Beta-t-GARCH with infinite
degrees of freedom, our results also imply that Beta-t-GARCH can capture the
size of the tail or the degree of kurtosis that is too large for GARCH.

QMLE is perhaps the most popular mode of estimation for GARCH when
the data exhibits non-Gaussian features. The properties of this estimator are
studied by Lumsdaine (1996), Lee and Hansen (1994), Boussama (2000), Berkes
et al. (2003), Francq and Zakoian (2004), Straumann and Mikosch (2006), and
Jensen and Rahbek (2004), among others. Also see Francq and Zakoian (2010,
Ch. 7 and 9) for a review. The asymptotic normality of the estimator fails (for
both the strictly stationary and the nonstationary cases) when the fourth
moment of the error distribution is not finite. Moreover, the efficiency of the
estimator is determined by how far the data is from normality. These are
relevant issues in high-frequency finance as emphasized above, since it primarily
deals with heavy-tailed data with a high degree of kurtosis. See, for instance,
Bollerslev and Wooldridge (1992), Caviano and Harvey (2013a, 2013b), and
Ibragimov et al. (2013).

The dynamic equation of GARCH is sensitive to large-sized observations
since it is a linear function of past squared observations. Its robust modifications

typically take approaches classified as Winsorising or trimming. However, many

1See, for instance, Creal et al. (2014), Harvey and Luati (2014), Lucas et al. (2014), and
Caviano and Harvey (2014), as well as the above references.

SEven this moment assumption may be relaxed if we reformulate the Student’s t likelihood
to model dynamic scale instead of volatility.



robust-GARCH models are still found to lack robustness against isolated
additive outliers. See, for instance, Li et al. (2010), Park (2002), and Muler and
Yohai (2008). To deal with non-Gaussianity, some attention in this literature has
shifted to nonparametric procedures or the use of non-Gaussian likelihood in
(Q)MLE. See, for instance, Hall and Yao (2003), Francq et al. (2011), and Fan
et al. (2014). The asymptotic properties of MLE in GARCH with Student’s t is
shown by Berkes and Horvath (2004), Straumann (2005, Ch. 6), and Pedersen
and Rahbek (2016),° but its dynamic equation is still sensitive to large-sized
observations.

In contrast to the dynamic equation in question, a novel feature of DCS is
that the score function of the error distribution drives its dynamic equation.
Thus, the choice of likelihood influences the sensitivity of time-varying
parameters to large-sized observations. For instance, the score of Student’s t
dampens the effect of large-sized observations when the distribution is
heavy-tailed. This is also how applying the model to non-Gaussian distributions
leads to unified formulations of different observation-driven models including,
and not limited to, ACI, ACD, and Poisson count models as mentioned above.

Harvey (2013) studies the asymptotic properties of MLE in weakly stationary
DCS with the exponential link function and a selection of well-known
heavy-tailed distributions. This version of DCS can be compared with EGARCH
of Nelson (1991). Blasques et al. (2014) derive a list of sufficient conditions of
the error distribution for MLE in DCS to be consistent and asymptotically
normal. In contrast, we derive the necessary and sufficient condition of the
parameter space for which Beta-t-GARCH(1,1) is strictly stationary. Thus, we
identify the parameter space for Beta-t-GARCH(1,1) that is larger than implied
in the results by Blasques et al. (2014). The condition we derive is given by one
simple and explicit moment equation.

We impose very mild assumptions on the parameter space: the first moment
(or the location parameter, denoted by ) of observations is finite, the dynamic
parameters are bounded and strictly positive (so that volatility is positive), and
the second moment of Student’s t is finite. To derive asymptotic normality, we
also assume that the persistence parameter on the lagged conditional variance

(denoted by ) is less than one.” This upper-bound is also a standard

6The asymptotic normality does not require the fourth moment of the error distribution is
finite.
"See Lemmas 15-16 in Appendix D.



assumption in the GARCH literature.® In the strictly stationary case, apart from
the initial volatility parameter (w), consistency and asymptotic normality are
established for all other parameters. In the nonstationary case, we conjecture
from simulation results that the asymptotic results can be established for three
parameters: 3 and the coefficients on the lagged score (« and the degrees of
freedom parameter, v). We think that the asymptotic results do not hold for
and the intercept parameter (J) in the nonstationary case since the second
derivatives of the log-likelihood with respect to these parameters collapse to zero
asymptotically (see Lemma 11). These parameters are not identified when the
process loses ergodicity and stationarity.” These findings of this paper are

reinforced by our simulation results in Section 5.

2. THE MODEL

The first-order Beta-t-GARCH is given by

%
Z+ (v —2) (1)
hot = 6o + Bohot—1 + (v + 1) hoi—1bor—1,

Yt =% +¢, €= Vhoz, bo=

for t € Nyg. Each z; is assumed to be an independently and identically
distributed (i.i.d.) Student’s t random variable with the degrees of freedom
parameter, vy, and the first two moments, E[z] = 0, and E[2}] = 1.
Beta-t-GARCH encompasses GARCH as its limiting case for when vy — oo. This
is because Student’s t becomes standard normal and (vy + 1)by; — €2 /hot = 27 as
vy — 0o. Then the dynamic equation becomes ho; = &y + Bohot—1 + ape?;.

This model is nested in the first-order DCS, which is

Y =" +Et, €= Sotzt, Sor = link(hot),
hot = 0o + dohot—1 + Kotp—1

fort =1,...,n. link(-) denotes some link function with the canonical link

parameter, hg;. 2; is some i.i.d. centered standard random variable, and its

8See, for instance, Lee and Hansen (1994) and Berkes et al. (2003). The consistency of global
QMLE in Lee and Hansen (1994) also requires « + 8 < 1, where o and 8 are the coefficients on
the lagged squared observation and the lagged conditional variance, respectively. The (strong)
consistency of QMLE in GARCH(p, ¢) requires that the coefficients on the lags of conditional
variance sum to less than one (i.e. Z‘;:l B; < 1), which is implied by the strict stationarity
assumption (Corollary 2.3 of Bougerol and Picard (1992)).

9This compares with the results by Jensen and Rahbek (2004), which require v, § and w to
be fixed and known. The QMLE of ¢ is found to be inconsistent in nonstationary GARCH(1, 1).
(See the discussions in Jensen and Rahbek (2004) and Francq and Zakoian (2010, p. 180)).



distribution characterizes the conditional distribution, F(-), with the density,
fy(+), of an observation y;. u is the score of f,(-) standardized by the conditional

Fisher information quantity:
Ur = alogfy(yt) E _aQIngy(yt)
! Ohiy on,
where F;_; denotes the set of information available at time ¢ — 1.

Beta-t-GARCH is DCS with the centered standard Student’s t distribution and
the square-root link function, in which case
hOt (I/[) -+ 1)&'? h()t
— —1)=— Dby — 1).
This gives (1) by setting ¢g = ap + By and oy = Kko/2. A higher-order DCS model

includes additional lags of hy; and u; in the dynamic equation of (2). If no lags

‘E—1:| 3

of hg; are included, the model becomes analogous to the ARCH model of Engle
(1982).

3. STATIONARITY AND ERGODICITY

Our analysis is conditional on the initial value yy € R. The initial value of the
conditional variance, hq, is parameterized by hgy = wy € R+, where
R.g = {x € R:z > 0}. The vector of true parameters are denoted by
0o = (v, o, Bo, 00, Y0, wo) " € O, where
O={cR:2<y<v<y, <0,0<y<a<a,<00,0<3<p<B, < oo,
0<9 <0<, <00,—00<y <7< <0,0<w<w<w, <o}
Assuming that 6y is unknown, we estimate the model,
y=7+e, h(0)=0+ h_1(0)+ a(v+ 1)h_1(0)b;_1(0),
¢ (3)

e? 4+ (v —2)h(6)
for 6 € ©, where t € N5g and § = (v, a0, 3,6,7v,w)" € ©. At 0 = 6, we have
hi(0o) = ho and b(6y) = bo;. Furthermore, we split © into two regions;

Or = {0 € ©: E[In(5 + ao(ro + 1)bor)] < 0},

Oy =16y € © : E[In(fBy + ao(vo + 1)bgt)] > 0}.

bt(e) =

18 strictly stationary and ergodic with a

THEOREM 1. If 6y € O, (hot) e,

well-defined probability measure pi, on (o, 00). If 6y € O, (hOt)teN>0 is

divergent almost surely (a.s.) and its reciprocal converges to zero a.s. as well as

i LP for anyp > 1 ast — oo.



When 1y — oo, Nelson (1990) shows that E[ln(8y + agz?)] < 0 is the
necessary and sufficient condition for the true GARCH(1, 1) process to be
strictly stationarity. Theorem 1 is consistent with this since (v + 1)bo; becomes
22 when 1 is large.

Note that, if z; is centered standard Student’s t, by, is a beta random variable
with shape parameters (1/2,14/2) (denoted by Beta(1/2,1,/2)). These
distributions are defined in Appendix A. Using this property, it may be possible
to rewrite E [In(5y + ao(vo + 1)be:)] as an explicit function of £y, ap, and vy.
Then we know the exact values of these parameters for which hg,; is strictly
stationary.

In what follows, the i-th element of = (v, , 8,6,7,w)" € © may be denoted
by 6; for i = 1,2,...,6, so that §; = v and so on. Define
oh(0) 1 _0Ph(0) 1 A )Nt

90; hy(0)’ ouoi(0) = 80,00; hy(0)’ hoa04(0) = 80,00;00, hy(0)
for 4,7,k =1,2,...,6, so that hg,(6) = hy(0)"*(0h(0)/9B) and so on. The
analytic expressions for the derivatives of the log-likelihood, as well as hg(6),
ho,0,6(0), and heg,g,0,¢(0) for i,j,k =1,2,...,6 are given in Appendix B.1. We

0 : .
also set [] j=1 - = 1 for notational convenience.

hgit (9) =

Next, we consider the stationarity property of the log-likelihood function.
Given a finite sequence of observations (y;)j; for some n € N, the
log-likelihood for the Beta-t-GARCH model is

La(0) =n~" ) " 1(6),

where

L(6) = In (F (”;1)) - %ln(V—Q) - %ln(ﬂ) —In (F (g))

1 v+1 ef
— 5 (h(8)) = —5—1n (Hm)'

Theorem 2 establishes the stationarity and ergodicity properties of the

log-likelihood function and its first two derivatives with respect to 6 evaluated at
0=0,€0y.

THEOREM 2. If 6y € ©r, (1:(0y))iten and its first two derivatives of (14(0))ten
with respect to 0 evaluated at 0 = 0y, denoted by (Voli(00))ten and (Vali(0p))ien,

are strictly stationary and ergodic.



4. CONSISTENCY AND ASYMPTOTIC NOR-
MALITY

We assume that the true initial value of the volatility process is known (i.e.
ho(0) = w = wy = ho) throughout Section 4. Thus, throughout Section 4, we

reduce the dimension of the parameter space to
0= (v,a,p,6,7) € ©CR,

where the dimension of © is adjusted accordingly. We write
L.(0) = L,(5,, 5,7,v,wy), and likewise for the single log-likelihood function,
(), and hy(+).

Theorem 3 states that the MLE of 6, is consistent and asymptotically normal
when 0y € O, w = wp, and z; ~ i.i.d. Student’s ¢,, with vy > 2.

Define Q(0y) = E[V2l:(6y)] and R(6p) = E[Vl;(00)Vel:(0y)"]. The existence
of these moments are by Lemmas 6 and 9. These notations mean that the
derivatives of the log-likelihood function are taken with respect to the free

parameters only, i.e.
Vol (6p) = (01:(6p)/0v, 0l (6p)/Ocv, Dy (0y) /OB, Oly(0y) /06, Oly(6y) ] O).

We denote the convergence in probability by £ and in distribution by 2 We
use || - ||, for p > 1 to denote the LP-norm on (92, F,P).

THEOREM 3 (Consistency and Asymptotic Normality of MLE). Suppose 6,
is an interior point of ©. Assume that 0y € ©r. Assume also that z; ~ i.i.d.
Student’s t,, with vy > 2. Then, with probability tending to one, there exists a

unique maximum point é\n of L,(0) such that @L LS 0y and
V(B — 60) = N(0,V (60))
as n — oo, where V(0o) = Q(0o) " R(6)Q(0) " = Qo) .

Our asymptotic results are derived using Lemma 1 of Jensen and Rahbek
(2004). A notable feature of this lemma is the condition (A.3), which requires
the third derivative of log-likelihood to be bounded in some neighborhood of true
parameter values by a process that is convergent in probability. In contrast,
Lumsdaine (1996) and Lee and Hansen (1994) apply the uniform convergence
results of functionals by Andrews (1987 or 1992), and the convergence results,
described in Amemiya (1985), for the maximizer of a function defined over a

compact parameter space. The use of the results in Amemiya (1985) in



establishing asymptotic normality require the authors to prove that the
third-derivative of log-likelihood is bounded in L' over some admissible
parameter region. We found that the parameters for the unconditional mean of
observations (7y) and the degrees of freedom (1) were the most difficult to
handle.

In this paper, we do not show that the above results are asymptotically
independent of the value of w in the strictly stationary case. We will consider

this in our future research.

4.1. Remark on QMLE

In the GARCH literature, QMLE using Student’s t likelihood function has been
proposed to deal with non-Gaussianity in the data. See, for instance, Fan et al.
(2014) and Francq et al. (2011). Non-Gaussian QMLE in GARCH is possible
partly because the score is a martingale difference as long as the second moment
of the error distribution exists. We do not think that non-Gaussian QMLE in
Beta-t-GARCH using Student’s t likelihood is generally possible. This is because
there is no guarantee that there exists a value of 1 for which the score variable,

Uy, is a martingale difference when z; is not Student’s t.

5. Simulation results

We simulate the asymptotic distribution of MLE and check its large-sample
behavior. We generate K = 500 sets of data from the model, (1) and compute
MLE at each simulation. The sample length at each simulation is up to

n = 5,000.

The simulation results in Table 1 suggest that biases and the size of errors
generally decrease as sample size increases, suggesting consistency.!® The 95%
coverage probabilities seem to validate standard statistical inference for model
selection using this estimator at sample size as large as n = 5,000. The
Kolmogorov-Smirnov (KS) statistics testing the null of Gausianity of MLE at
n = 5,000 are outside the rejection region at the 5% level for all parameters
except for v in the stationary case 1. But this result for v is largely due to the
fact that v is difficult to estimate when it is large, and appears inconsequential

given the farily close coverage probability.

10The median bias and absolute deviation quantities are more reliable than the mean bias or
squared error quantities, as we do not know the existence of these moments in small sample.



Following Theorem 1, we check stationarity of generated series by computing
the sample counterpart of E[fy + ao(10)b:(0p)] at each simulation. If the resulting
500 sample means for a given #y are comfortably in the negative (positive)
region, that 0y gives a stationary (nonstationary) case. Figure 1 shows that that
the first two cases of fy in Table 1 comfortably give stationary cases (i.e.
0y € O), and the last case of 6y in the same table comfortably gives a
nonstationary case (i.e. 6y € Op).

Thus, the simulation results support Theorem 3. When 0y € O, the
simulation results suggest that MLE for v, a, and § are consistent and
asymptotically normal. We found that these results do not hold for v and ¢
when the process is nonstationary since the second derivatives of the
log-likelihood with respect to these parameters collapse to zero asymptotically
(see Lemma 11). These parameters are not identified when the process loses
ergodicity and stationarity.

The selected three cases of 6 are roughly in line with parameter estimates we
would obtain in empirical applications. For instance, if we fit the first-order
Beta-t-GARCH model to the daily returns (computed using the daily closing
level) of the Dow Jones Industrial Average index between 1 October 1975 and 5
July 2011, we obtain 8 = (7, @, 3,0,7,®)" = (5.96,0.13,0.83,0.04,0.05,6.2) 7.
The parameter values are chosen also to ensure that the sample counterpart of
E[5y 4+ ao(10)be(0o)] is comfortably and always positive or always negative at
each simulation, so that we can be farily certain about the stationarity of

generated data.

10



(a) Stationary case 1 (w

)

True value Mean bias MSE KS test (p-val.)
n 500 1000 2000 5000 500 1000 2000 5000 5000
v 10 0.9 0.6 0.7 0.4 125 9.0 87 22 0.0
o 0.13 0.003 0.001 0.000 0.000 0.004 0.002 0.001 0.000 0.735
I3 0.7 -0.064 -0.024 -0.015 -0.004 0.065 0.017 0.007 0.002 0.172
) 1 0.34 0.13 0.08 0.02 156 037 0.15 0.04 0.616
v 0 -0.002 0.001 -0.001 -0.001 0.009 0.005 0.003 0.001 0.648

Median bias Med. abs. dev. 95% cov. prob.

n 500 1000 2000 5000 500 1000 2000 5000 500 1000 2000 5000
v 02 -01 01 02 22 1.7 13 08 097 093 092 0.93
a -0.001 0.001 0.001 0.000 0.042 0.029 0.019 0.013 0.93 0.94 0.95 0.95
£ -0.019 -0.010 -0.007 -0.005 0.098 0.066 0.051 0.031 0.89 0.89 0.91 0.95
6 0.07 004 0.04 0.01 0.41 0.27 021 0.13 090 091 0.92 0.95
~ -0.001 -0.003 0.001 -0.001 0.065 0.049 0.034 0.021 0.97 0.94 0.95 0.95
(b) Stationary case 2 (w =1)

True value Mean bias MSE KS test (p-val)
n 500 1000 2000 5000 500 1000 2000 5000 5000
v 5 0.7 0.3 0.1 0.0 3.8 09 04 0.1 0.5
« 0.12 -0.001 0.001 0.002 0.001 0.005 0.002 0.001 0.000 0.426
B 0.7 -0.073 -0.034 -0.021 -0.008 0.082 0.028 0.011 0.004 0.158
0 2 078 037 022 008 772 276 0.86 0.28 0.107
¥ 0 -0.001 0.000 0.000 -0.001 0.014 0.008 0.004 0.002 0.836

Median bias Med. abs. dev. 95% cov. prob.

n 500 1000 2000 5000 500 1000 2000 5000 500 1000 2000 5000
v 0.2 0.2 0.1 0.0 09 05 04 02 0.89 093 094 094
a -0.003 -0.002 -0.002 -0.001 0.048 0.031 0.020 0.013 0.92 0.92 0.95 0.94
B8 -0.023 -0.014 -0.006 -0.003 0.115 0.086 0.062 0.037 0.88 0.91 0.93 0.93
6 007 010 008 0.00 091 073 050 032 0.87 090 0.93 0.93
~ 0.001 0.000 0.000 0.000 0.081 0.061 0.043 0.028 0.97 0.94 0.95 0.95
(c) Nonstationary case (w =1, =1,7=0)

True value Mean bias MSE KS test (p-val)
n 500 1000 2000 5000 500 1000 2000 5000 5000
v 10 0.8 0.6 0.6 0.3 124 86 6.6 1.9 0.1
o 0.18 -0.009 -0.004 -0.003 -0.001 0.002 0.001 0.000 0.000 0.641
15} 0.86 0.008 0.004 0.003 0.001 0.001 0.000 0.000 0.000 0.250

Median bias

Med. abs. dev.

95% cov. prob.

n
14

a -0.008 -0.005 -0.004 -0.001
B 0.009 0.004 0.003 0.001

500
0.2

1000 2000
0.0 0.0

5000
0.1

500
2.2

1000 2000 5000

1.7

1.2 08

0.025 0.019 0.013 0.008
0.020 0.015 0.011 0.006

500 1000 2000 5000
0.95 0.93 0.93 0.94
0.95 0.95 0.94 0.96
0.95 0.95 0.95 0.96

Table 1 Selected statistics from the simulated asymptotic distribution of MLE. The
sample length of n = 5,000 is simulated K = 500 times and the MLE is computed
at each simulation to simulate its asymptotic distribution. The KS statistics test the
null of Gaussianity as in Theorem 3 with n = 5000. The in-sample computation of the
information quantity takes the sample mean of the outer-product of the first derivative
of the log-likelihood.

11



(a) Stationary case 1: 6y = (1o, @, Bo, 60,70, wo) ' = (10,0.13,0.7,1,0,1)"

15 ‘ ‘ ‘ ‘ -0.195 : : :
— Ellog(B,+1,(v,+1)b)]
10
-0.
-0.20
-15 ‘ ‘ ‘ ‘ -0.21 ‘ ‘ ‘ ‘
0 1000 2000 3000 4000 5000 0 100 200 300 400 500

Time Simulation round
(b) Stationary case 2: 6y = (v, ao, Bo, 60,70, wo) | = (5,0.12,0.7,2,0,1) "

40

_0.")

‘ — E[log(B,+a,(v,+1)b)]

20

-0.2

-0.215

‘ ‘ ‘ ‘ 0.2 ‘ ‘ ‘ ‘

1000 2000 3000 4000 5000 ) 100 200 300 400 500
Time Simulation round

(c) Nonstationary case: 8y = (o, o, B0, 90,70, wo) ' = (10,0.18,0.86,1,0,1)T

21

6X 10 ‘ ‘ ‘ ‘ 0.03 i i i
— Eflog(B,+a (v, +1)b,)]
4,
0.025,
2,
>0 0.02
_2,
0.015¢
_4,
- ‘ ‘ ‘ ‘ 0.01 : : : :
1000 2000 3000 4000 5000 0 100 200 300 400 500
Time Simulation round

Figure 1 The time series plot of (y;)7; (left) and n=1 3", log(8y+ (o +1)bot) at each
of the K = 500 simulations (right) when n = 5,000. We should have 6y € Oy, for the
top two cases and 0y € Op in the last case, since this sample mean quantity is always
comfortably in the negative or positive region.
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APPENDIX A: Student’s t-distribution

The standard Student’s ¢-distribution has the probability density function (pdf),

o F((l/—i—l)/?) 22 —(v+1)/2 . )
f(z; >_r(y/2) (V—Q)W(H(u—m) , TER, v>2 h>0,

where v > 0 is the degrees of freedom and I'(-) is the gamma function. The mean

is 0 and variance is 1.

If a random variable Y follows the standard Student’s ¢t-distribution after it is
standardized by a scaling parameter h > 0, the pdf of Y denoted by
fr i Rsog — Ris fy(y; h,v) = f(y/h;v)/h for y € R. Since the variance of the

standard Student’s t-distribution is normalized, the variance of Y is determined
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by h and not by v. For a set of i.i.d. observations y,...,yx where each follows
the non-standardized Student’s ¢, the log-likelihood function of a single

observation y; can be written as:

log fy () = log (F (” "5 1)) —1og (T (%)) - %log((u —9)7h)

v+1 y?
- log 1 .
2 "g( T v—2h

The score of fy (i.e. the first derivative with respect to h) computed at y; and

standardized by the Fisher information, h=2, is

alogaj;j(yt) _ g ((V(i ;r)i)_y:yg i 1) _ g (v + Dbi(v) — 1) (A.1)

where we used the notation b,(v) = y?/((v — 2)h + y?). It is easy to check that
the mean of (A.1) is zero. By the properties of Student’s ¢, b;(v) follows the beta
distribution with parameters (1/2,r/2). The beta distribution with parameters
(o, B) characterized by the pdf is
1
f(z;0,8) = Blo. B)
where B(-,-) is the beta function. We denote this distribution by Beta(«, /).

> 1 —2)7t 2 e€[0,1], a,8>0.

APPENDIX B: Functions and Equations

B.1. Derivatives of [;(0)

The first three derivatives of [;(6) with respect to 3 are

T~ Sha®) [+ Do)~ 1,

aztﬁ(f) = %hﬂt(Q)Q (v + 1)bu(0) (be(6) — 2) + 1] (B.1)
+5has(6) [0+ Db(O) 1],

aztﬁ(f) = (v+ Db(0)(1 — b, (6)) hﬁt(e)?’—ghm(e)hmt(@) (B.2)

+(v+ 1)hﬁt(0)3bt(0)(1 — b(6))?

5 (83 (O)30(6) — 26 — hisg(6) [(v + 1)bi(6) — 1.
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Using the fact that
Ob(0) _
05 =0, (0)(1 — b (0)) 3 (0),
0?b,(0)
0p?

recursive substitution gives

= 20,(6) (1 = b.(0))” hsu(8)" — 0u(6) (1 — bi(8)) hgeu(9),

g (0 b he i (0)(B + (v + 1)b_ ()
h5t<9) _ Zﬁ—i_a(yﬁ—i_l ) H ()( —;;t_]i_l;;)> ())7

b ey (0)(B + av + )b (0)?)
1 he—j+1(0) ’

)i
Rt
h55t<9) = kz_; 6+Oé<5’8+ 1§ t) k( )2

h555t<9) = Z_: 6 - hﬁﬁﬁt k(g) H h ](‘9) (ﬁ }—Zji}i(—g)l)bt_A@) )’

where

he(6) =1
Rgn(0) = 2hs,(0) [1 — a(v + 1)by(0)2(1 — by(0))hau(6)]
hgpse(0) = 3hgay(0) — Ga(v + 1)by(0)* (1 — by(6))” hae(0)°
+ 2a(v + 1)bt(0)2 (1 —0.(0)) hpe(0)hpe(6).

With respect to other parameters, we have

) Shad) (v + o) 1),

@) 1

Go = ger(®) (4 Dh(®) = 1),

D (4 ()~ D ) + 0+ AR 0)
oo 1 i1 1 e;

23 () -6) -1+ =)

(I/ + 1)[%(9) 1 (V + 1)bt(9) —1
2(v —2) 2
where 1y(+) is the digamma function. By recursion, we have
/};Qt k(0 (8 +av +1)b—;(0)%) hy—;(0)
h . 0 - I
ou(9) ;5+Q(V+1 be—i( 2H he—j1(0)
fori=1,2,...,6, where
ﬁ6t<9) = 1/h(0)
hat(8) = (v +1)bi(6)
() = —2a(v +1)(1 — b,(9))

hut<9>7

€t

e? + (v —2)h(6)
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Bui(8) = aby(6) — a(v + 1)bi(0) (1 — bi(0)) (v —2)7". (B.5)

The diagonal elements of V?2[;(0) are

o) = R0+ DBO) ~ 1) = S DB~ B0) a0
+ 5+ 1B(6) = Va0
Do) = L DO~ B8~ (v + D) ~ a0
+ 50+ D00 = Dhaad0)
o’L(0) B B e
- %(V + )by (0)(1 — b (0)) e (0) + %((V +1)b:(0) — 1)y (0)
)= 20(6)
(v —2)h(0) + €7
THD <2000+ 5+ 3O = hun(6) + B0
= 01~ B0)ha(0) ~ 001 - b)) a6
" ﬁbt(e)((y F1(0) + (v - 5)).

For the cross derivatives, with ¢, j = 2,3,4, (i.e. §;, = or f or §, and §; = o or

B or J), we have

Topgh = =3+ DB (O = b6 ) (6) = 50+ D) = Dl O 6
+ 50+ 100 = Dhag(6)

L) 1 2e

00,0y _§<V D = bi(6))6.(6) e? + (v — 2)hy(0)
— 507 DO = b0 haa(O)h(6) — 5((7-+ D) ~ Dhie(6)hs4(0)
45+ 1(0) ~ Dho0(6)

0?L,(0) 1 v+1

50,00 §bt(9)h9it(9) - mbt(e)(l = be(0))ho,e(6)
- %(V + 1)b:(0) (1 — b¢(6)) g, (6) bt (6) — %((V + 1)be(6) — 1)ho,thu(6)
+ 50+ D) = D0
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0% (0) _ lbt(e)hwt(e) v+l

b1 (0)(1 = b,(6))11(6)

ovdy 2 2(v —2)
— S+ DO = BOharOhua(0) = 5+ DA(O) = D (0)ne(6)
(@ DB(O) ~ D (0) + 2%9)(@ F1)(0) - 3)
— v+ 1)btét9) (1= b4(0)) i (6).

By recursion, we have

Tg,0,01(6 BB+ alv + 1) (6)2)hy_; (6)
h ] I B.6
o9 Zﬁ‘i‘@ (r+1 bt k( 2]1:[1 hi—j1(0) (8.6

forall t and 4,57 =1,2,...,6, where

~

Baat(0) = =20 (v + 1)by(0)2(1 = by(0)) hat (6)?
hest(0) = —2a(v + 1)by(6)%(1 — by(6)) hsr (6)2,
—632 1 20,(6) (; + hvt(e)ﬂ ,

t

Boe(8) = —a(v + 1)b,(8) (1 — by (6))

Tt (0) = a(v — 2)7 () hur(0)[A(v + 1)y (6)% — 2(v — 4)by(0) — (v — 2)]
1

—2a(v + 1)by(0)*(1 — b(0)*) o (0)?

+2a(v —2)70,(0) (1 = b:(0)) (3 — (v + 1)b,(9)),
Rsat(8) = (v + 1)be(0)*hse(0) — 20(v + 1)be(0)2(1 — by(6)) o5t (0) e (6),
Eé&@) = hse(0) = 2a(v + 1)by(0)* (1 — by(6)) st (0) g (6),

)
Rsyi(0) = —2a(v + 1)b,(0)2(1 — by(8))hsi(6) (2 + we))

s (0) = aby(0)*hs(0) — 20 + 1)b,(0)2(1 — b,(6))hse(0) (v — 2) ™ + hue(6)),
apt(0) = (1 + 1)b,(0)*ha(0) + har(0) — 20(v + 1), (0)*(1 — by(0)) hae (0)54(6),

) =
2
th(e) (V +1 bt 1 — bt e—

+ hyt(ﬁ)) (v 4+ 1)bi(0)h(6)

—2a(v + 1)b(0)*(1 — by(0) ) hor (6) (ez + hwtw)) 5

B () = bi(0) — (v + Dbu(0)(1 = b,(0)) (v — 2) ™ + hua(0))
+ (v 4+ 1)be(0) e (0) 4 by (0)*heay(0)
= 20(v + 1)by(0)*(1 = by(0)) hat(0) (v — 2) ™" + hua(6)),
)

B (6) = hs(8) = 200+ DU (O)1 = b(E)a(0) (2 4 1s6))
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Tgui(0) = huy(0) + aby(6)2hs(6)
— 20(v 4+ 1)0(0) (1 — 01(0)) gt (0) (v — 2) 71 + hun(6)),

Tt (8) = —aby (0) (1 — by(6 ( + hoy(6 ) + aby(6
—a(v+ 1) (v —2) " by(0) (1 — by(6)) e (6)

Faly+ )= 2)7 1= 20O~ b0) 2+ 1)

t

- 20(y+ DB = O)Ra0) (2 +106))
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B.2. Definition of ()

i\L/omz)t(eO) = 205u<1/u + 1)u2t(60)27
ﬂ&ét@o) = 20@(% + 1)u§t<‘90>27
aﬂﬂtwO) = 2“Zt(90) (1 + oy (v + 1)“?%(80)) )

1 2 . 2
=20 ((Vz —2) +“vt(0°)) ] |

Uyt (Bo) = au (v + 1)

Ut (00) = (v — 2) " gy (00) [4(vu + 1) + 2(v — 4) + (v — 2)]

+ 200 (v + Dl (00)* 4 20 (v — 2)2(3 + (v, + 1)),
usat(fo) = (vu + L)ugy(6o) + 200, (vu + 1)ug,(00)ug, (6o),
uspi(0o) = (90) + 20, (v + 1)y, (00)us, (0o),
Usyt (00) = 20, (v + 1)uj,(6) (2 max{1, ((; —2)&) '} + ui;t(eo)) ,
usyt(0o) = uu5t(90) + 200, (v + Dy (00) (1 — 2) 71 + 13, (6o)),
tapt(00) = (vu + 1wz (0o) + uge(Bo) + 200 (v + 1)ug, (0o)up, (6o),
Uayt(60) = (v, + 1) (2 max{1, (v — 2)&) "'} + u:t(eo)) + (v + 1)ul, (6o)

+ 20, (v, + D, (00) (2 max{1, ((, — 2)8) '} + u:t(eo)) ,
Uant(Bo) = 1+ (vu + 1) (1 = 2) 7" +u5,(00)) + (v + 1w (o) + g, (60)

+ 200, (v + D), (00) (v — 2) 7 + u,(60)),
gy (0o) = 200, (v + 1)uj, (o) (2 max{1, ((, —2)%) '} + u’ (90))

+ u;t(eo)v
g (o) = upy(0) + oy () + 20 (v + 1wk, (00) (1 = 2)71 + uy, (60)),
Uyt (60) = v (2max{1, (v — 2)6) '} + uy(60)) + cul, (6o)

+ (v 4 1) (g — 2) 02, (60)

+ (v + 1) (1 — 2)7" (2max{1, (1 — 2)8) "'} + ul,(6o))

+ 200, (v + 1)1y (60) (2max{1, ((n — 2)6;) '} + w2, (60)) -
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B.3. Definition of ()

uss(0) =

Uaat(0) = —QQ(V + 1)by(0)*(1 — by(0))uas (0)?

Uspr(0) = 2upe(0) [1 — (v + 1)be(0)*(1 — b () )usi (9)]

awt(e) =

Ut (0) = (V —2)7 by (0) e (0) [4(v + 1)by(0)? — 2(v — 4)by(0) — (v — 2)]

— 20 (v + 1)by(0)(1 — by(6))uue(0)*

+20(v — 2) 725, (0)(1 — b(0)) (3 — (v + 1)bi(9)),
sar(0) = (v + 1)be(6)ust(0) — 20(v + 1)b(0)*(1 — be(6) ust (0)1a (6),
s (0) = ust(6) — 2a(v + 1)bi(0)* (1 — bi(6))ust () s (6),
(

Ti(6) = =200 + DO = (0)usl®) (2 +0,00))

st (0) = aby(0)*use(0) — 20(v + 1)e(0)*(1 — be(0) Juse (0) (v — 2) 7" + e (0)),
Tape(0) = (v + 1)be(0) use(0) + uae(0) — 20 + 1)b(0)*(1 — be(6) uae(0)use (9),

2nl®) (2 0®) + 0+ D)0
—2a(v + 1)b(0)*(1 — by(0))ues (0) (e% + uyt(ﬁ)) ,

Uoan(0) = bi(0) = (v + 1)b(0) (1 = bi(0)) (v — 2)™" + w,a(6))
+ (v + Dby (0)une (0) + aby(0)*uas (0)
— 20(v + 1)be(0)* (1 — bi(6) )t (0) (v — 2) ™" + une(6)),

) = ) ~ 20(y + DU~ bO)n(6) (2 +1,00))

gt (0) = 1,0 (0) + by (0)*us(0)
—2a(v + 1)b(0) (1 — b:(0))upe(0) (v — 2) 7" + u(6)),

Uyt (0) = —aby(0)(1 — by (0 ( + U ( ) + aby(0)u. (0
—a(v+1)(v —2)"b(0)(1 — b(0))uy(0)

oy + 1) —2)7 (1 206,(0)b (0)(1 — () (3 T uvt<9>)

t

+ uyt(ﬁ)) .

) =
2

€

<V+ 1—bt

20w+ Dby(0)2(1 — by(6))us(6) (3

€t
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APPENDIX C: Theorem proofs

Proof for Theorem 1. The proof of this lemma is analogous to Theorem 1 of

Nelson (1990). By recursion, we have

t—1 k t
hOt = 50 (1 + Z H (ﬁo + Oéo(Vo + 1)[)075_]')) + wo H (60 + Oéo(V() + 1>b0t—j) .
k=1 j=1
(C.1)

j=1
Clearly, 6y < hq; a.s. for all t € Nog and any 6y € ©. Moreover, (C.1) is
absolutely convergent almost surely as t — oo if E[ln(8y + ao(vo + 1)bgt)] < 0
(i.e. 0y € O©p), and otherwise it is divergent [Stout (1974, p. 332) or Theorem 1
of Brandt (1986)].

Thus hg; for each t € N and lim;_,, ho; are measurable if 8y € ©. Since by; is
strictly stationary and ergodic for all , € © and hg; is a measurable function of
(bot, bor—1, - .. ) if 0y € Of, ho is strictly stationary and ergodic by Theorem 3.5.8
of Stout (1974).

The L? convergence of (1/ho),cy to zero when 6y € Oy is by dominated

convergence, since 0 < 1/hg, < 1/6; < 0o a.s. for all ¢ and 6, € O. |

Proof for Theorem 2. By Theorem 1 and Lemma 3, we know that
(hot)ten, (he,e(00))ien, and (hg,g;¢(60))ien are strictly stationary and ergodic for
all o € O and 4,5 =1,...,6. (by)een is i.i.d., and so it is also strictly
stationary and ergodic. Thus, the desired property holds by Theorem 13.3 of
Billingsley (1986) and Theorem 3.5.8 of Stout (1974). [ |

Proof for Theorem 3. By Lemmas 16, 8, and 10, the necessary conditions
(A.1)-(A.3) in Lemma 1 of Jensen and Rahbek (2004) are satisfied. [ |

APPENDIX D: Lemmas

Throughout the following analysis, note that e; is a function of v because

ee=c+(W—7)=e+g

with g = v9 — 7. We repeatedly use Lemma 1 to bound several quantities in the

subsequent lemmas and obtain the convergence results of Sections 4.
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LEMMA 1. For all 6y,0 € © and t € N, we have
les| 1 it e > 1,

D.
ef + (v — 2)/(0) : (r—=2)0)"1 <00 if e <1, (D0

a.s. If we take the LP-norm of the LHS quantity, it has the following simple
upper-bound;

1
(v —2)0

€t

e? + (v — 2)h(6)

foranyp>1,t €N, and 6 € ©. Moreover, at 0 = 6y € Oy, the quantity on the
LHS of (D.2) tends to zero ast — oo for any p > 1.

< 00 (D.2)

p

Proof. For all 0,0 € © and ¢, we have

e 6? <1
e+ (v —2)h(0) — e+ (v —2)h(6) —

if |e;] > 1, and
|6t| ]_ < ]_
ef + (V - 2)ht(9) N (V - Q)ht<9) N (V - 2)5

if |e;| < 1 a.s. This gives (D.1). As the LP-norms are increasing in p, we have

(E KG? + (v it 2)ht(9))p] ) : = ﬁ (]E Ke? + (ye_% Q)ht(9)>p] ) o

1
(v —2)0
for all t, p > 1, and 6y, 0 € ©. This shows (D.2). Finally, using the property that

| XY, < [|X||2p]|Y ||2p for any random variables X and Y, we obtain for any
0=40,¢c @U,

< 00,

< 00,

€t 2 1
i + (v — 2)hot ||, ~ 1127 + (0 — 2) o, [| Vot Il
- ZtQ 1/2 L 1/2 g F i 1/2
(ZtZ + (VO — 2))2 » h,(]t » - vy — 2 hOt D

and the last quantity on the RHS tends to zero as t — oo for any p > 1 by
Theorem 1. |

The following lemma is used to show that several quantities, especially the
derivatives of the log-likelihood, in the subsequent lemmas are bounded in the

LP-norm.

LEMMA 2. For any 6y € © andt € N,
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(1) ho;t(0p) is bounded in LP for anyp > 1 andi=1,...,5. For instance, we
write ||hge(00)|l, < Hp(6p) < oo for some Hy(6y) > 0.

(i) hg,0,¢(00) is bounded in LP for any p > 1 andi,j =1,...,5. For instance,
we write ||hp(00)|l, < Hi(0o) < 0o for some H(0) > 0.

(i) ho,6,6,4(00) is bounded in LP for any p > 1 and i,j,k =1,...,5. For
instance, we write ||hggp(00)|l, < Hi(0o) < oo for some H}(6p) > 0.

Proof. (i) For all ¢t and 6§y € ©, we have
hot(Bo + an(vo + 1)bgt) < Bo + ao(ro + 1)bgt

hoty1 Bo + ao(vo + 1)bo
a.s. because by, € (0,1) a.s. and it is a non-degenerate continuous random
variable for each ¢t and 6y € ©. Define
Bo + ao(vo + 1)b,

=D,(0y) € (0,1

’ 50—0—050<V0+1)b0t ) P( 0) ( )
for each p > 1, ¢, and 6, € ©. We have D,(6y) € (0,1) for each ¢ by (D.3). Note
that, for any k € Nyg, p > 1, and 6, € ©, we have

0<

<1 (D.3)

Bo + ao(vo + 1)bgt
Bo + ao(vo + 1)bo: »

HBO + ao(vo + 1)b,

= D, (6"
ﬂo—*—ao V0+1)50t »()

by the i.i.d. property of (by)ien- Then (B.3) implies that

I0.Bo)ll, < 57 Z(\hetwo |, Dayl60)"
2p

forallt, 0o € ©, p>1,and i =1,...,5 by the Minkowski inequality and the
property that || XY, < || X]l2p||Y |l2p for any random variables X and Y. Since
Dy(6o) € (0,1) for any p > 1 and 0 € O, ||hg,1(60)][, is bounded in LP for any
p>1,tand 0 € O if so is hg,;—(6p). For i = 3, since hg(0y) = 1, we obtain

Ly " Dyy(6h)
1725:(60) 1, < B, ;pgp(eo) <an =D (@) H,(6) < oo. (D.4)

forall t, p> 1, and 0y € ©. For ¢ = 1, 2,4, we have

/ﬁut(QO)‘ < ap+ ap(vg + 1) (vy — 2) 7" < oo,

haal00)| < (v +1) < 00, [har(0)| < 6" < ox,
for all t and 6y € ©. Thus, we have

1Rt (Bo)l,, < (v + ol + 1) (1 = 2) ™) Hy(6o) < oo, (D.5)
[1Pat(00) ||, < (vu + 1) Hp(00) < o0,
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D2p(00)
IhseO0)ll, < 257D, o))

for all ¢t and 0y € ©. For ¢+ = 5, we have
‘ < 20(0(V0 + 1) <

P (VO — 2)(50
for any p > 1, t, and 6y € © by Lemma 1. Then we have
20 (v, + 1)
172 (00)l, < —=—==5

\/5l(Vl —2)
for any ¢, p > 1 and 0, € ©.

(ii) By (B.6), we have

= H,(0y)/d; < o0,

~

bt (60)

Hp(eo) < 0

t
[7o,0,00)[,, < 57 D Hﬁgiejt*k<90) . Doy (6o)"
k=1

forallt,p>1,4,5=1,...,5, and 6, € O by the Minkowski and Holder
inequalities. Thus, thigjt(eo)Hp is bounded for any p > 1, t, and 6 € O if so is
)?Leiejt—k(eo)

. For instance, we have
p

Hﬁﬂﬁtwo)Hp < 2H,(00) (1 + vy (v + 1) Hop(bp)) < 00

for all ¢t and 6y € © by Lemma 2 (i). Then we have

||h,85t(00)||p < 2H2P<00) (1 + ag(yu + 1)H2p(90)) zt: sz(eo)k
! k=1
< 2Ha,(60) Hy (00) (1 + v (v + 1) Hay(6)) = HJ () < 00
for all ¢t and 0y € ©. Similarly, it is easy to establish that thigjt(ﬁo)Hp < oo for
allt,p>1,0,€0,and i,j =1,2,3,4 by Lemma 2 (i). For i =5 (or §; = ) and
7 =1,...,5, first note that

bot| 1 SR S
5? é‘? + (VO — 2)]’L0t - (7/0 — 2)(50 ’ (D 6)
2 Et '
bot | — + ha (0 <2 h: (6 <
" (st o 0)) S E T e 2hall, IFere (B, < oo

for all £, p > 1, and € € © by the Minkowski inequality, Lemma 1, and Lemma 2
(i). Using these properties, it is easy to establish that H?Lgigjt(Qo)H < oo for any
p>1,t, and ) € © wheni=5and j=1,...,5. ’

(iii) Derivations analogous to the above show that the desired property holds
for Hh@igjgkt(eo)Hp with 4,7,k =1,...,5 for any t, p > 1, and 0y € ©. For

instance, for the case of i = j = k = 3, we have

Hhﬁﬁﬁt(eo)‘

< 3HI(0) + 6 (v + 1) Hay(00)® + 200, (v + 1) Hap(00) H (8p) < 00
p
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for any p > 1, t, and 6y € © by the Minkowski and Hoélder inequalities and

Lemma 2 (i)(ii). Thus we have
1hsst(60)l,
< (3H;<eo> 4 Bt (v + 1) Hay (60)* + 200 (0 + 1)H2p(90>ng(90)) H,(60)
= H;(QO) < 00
for any p > 1, t, and 6, € O. [ |

The following lemma is used to show the strict stationarity and ergodicity of
Vi;(6p) in Theorem 2.

LEMMA 3. If 6y € O, (he,:(6h)),en and (hgigjt(go))teN are strictly stationary
and ergodic fori,7 =1,...,5.

Proof. Note that 0 < (8y + ao(vo + 1)b3,)hot/hots1 < 1 a.s. for all t € N and
0y € ©, and the middle term is strictly stationary and ergodic if 6y € ©5. Then

E {log (50 + ap(vo + 1)bgth’0t)):| <0

h0t+l

we have

for all fy € ©. By Lemma 1 and Theorem 1, (ﬁgit(90)> is strictly stationary
teN
and ergodic and bounded by some fixed real number a.s. for all 8y € ©, and

1=1,...,5. Then we have

hoi(6o)
max {O,log (50 Fao(ve + 1)%) }] < 00.

Thus hg,:(0y) is convergent absolutely a.s. forallt e N, i =1,...,5, and §, € O,
by Theorem 1 of Brandt (1986). Then hy,.(6y) is measurable for all ¢ € N,
i=1,...,5 and 0y € ©r. Hence (hg,:(0p)),cy is strictly stationary and ergodic
for all p € ©p and i = 1,...,5 by Theorem 3.5.8 of Stout (1974).

Then (/ﬁgigjt(igg))tEN is strictly stationary and ergodic for all 6, € © and

E

i,7 =1,...,5. Moreover, using the properties that by, € (0,1) a.s. for all t € N

and max {0, log | X |} < |X| for any real-valued random variable X, we obtain

Eeiojt(eo) in [
max {O,log (50 a0l + 1)b3t> }] < B;'E Hheiejt(Qo)H < 0

forallt e N, 4,5 =1,...,5, and 6y € ©p by Lemma 2 (i). Then (hgigjt(eo))teN is
strictly stationary and ergodic for all 8y € © and i, = 1,...,5 by Theorem 1 of
Brandt (1986) and Theorem 3.5.8 of Stout (1974). [ |

E
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Lemma 4 is used to show Lemmas 5 and 9. Note that the condition,
1 < p <4, in Lemma 4 may be relaxed to any p > 1 if one uses the properties of

the beta distribution to express the quantity,

" <1 ’ <——2>h) " (1 N <vﬁ 2>)

in terms of polygamma functions. This quantity should be finite for any 14 in

= [n(1 = boy)|l,

p

p

our parameter space.

LEMMA 4. For 1 <p<4,t € Ny and 6y € ©, we have

&
(14 —)
( (vo — 2)ho

Proof. As the LP-norm is increasing in p > 1, it is enough to show (D.7) for

< 0. (D.7)

p

p = 4. Using the property that (In(1 + z))? < 5z for all z > 0, we have

(“1 (1 ’ W)) < [(uo i)hm] < g <

E

The preceding results can be used to establish that the elements of V1I;(6)

and V2[;(6y) are bounded in L for some p.

LEMMA 5. ||01:(00)/00;||, < 00 for 1 <p <4, i=1,...,5,t€ Ny, and any
0y € O.

Proof. For the derivative with respect to 3, we have
0li(6) Vy + 2 vy, +2
——H,(0

8/6 , — 2 p( 0) < 00
for any p > 1, t, and 6y € © by Lemma 2 (i). Similar derivations show that
0l:(00)/06 and 0l;(6y)/Oc are bounded in LP for all ¢, p > 1, and 6, € © by
Lemma 2 (i). 0l;(6y)/0v is bounded in L? for all p > 1, ¢, and 6y € © by Lemma
1 and Lemma 2 (i). Finally, 0l;(6y)/0v is bounded in L* for all ¢ and 6, € © by

Lemma 2 (i) and Lemma 4. |

123:(8o), <

LEMMA 6. ||82lt(90)/89i86’j||p <oo forallp>1,1,7=1,...,5, t € Ny,
and 0y € ©.

Proof. This can be established by the Minkowski and Holder inequalities,
Lemma 1 and Lemma 2 (i)(ii). For instance, consider 9%l;(6y)/0%. We obtain
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from (B.1) that

82lt(go) 2Vu + 3 2 Vy + 2
o5 | < =5 helbo)lly, + 155:(00) [,
and the RHS is bounded for all ¢, p > 1, and 6, € © by Lemma 2 (i)(ii). Similar
derivations show the desired property for other second derivatives. |

In order to establish the asymptotic properties of VL, (#) and V2L, (), we

define the following new processes
uet Z Ugtk Hﬂ"’O&V‘i‘ bt J(9>
B+au+1btk B+ a(v+1)b_;(0)
for i =1,...,5, where ug,(0) is set to be the limit of hgit(9> when 0 = 6, € Oy
and t — oo. Thus, we define

B(6) = aby(6) — alv + 1)(v — 2) ' 5(0)(1 - bi(0)),
Tatl0) = (v 4+ DB(0),  Te(6) =1, su(6) =0, T(6) = 0.

Furthermore, define
ertk B+alv+1)b ](9>
g,9,¢(0 Zﬁ—l—au—{—lbtk Hﬁ+au+1bt ;(6)
fori,j =1,...,5, where g, () is set to be the limit of hgigjt(e) when
0 =6y € Oy and t — oco. They are defined in Appendix B.3. The following

lemma establishes some of the useful properties of these processes.

LEMMA 7. The processes, (ug,(0)),cy and (ug,0,:(9))

properties.

ren Satisfy the following

(i) (ug,(00));ey 15 strictly stationary and ergodic for all 6y € © and
i=1,....5.

(11) ug,(0p) is bounded in LP for allp >1,t €N, 0y €O, andi=1,...,5.
(111) 0 < hg,+(0p) < up,t(6o) for all 6y € © and i = 2,3 (i.e. ;= or j3).

(iv) Define

) B+alv+ b0 17 (8 +av+1)b_;(0)2)h.;(0)
il H B+ a(v+1)b_;(0) _j[[l hi—jy1(0)

for k,t € N and 0,0, € ©. Then ||y;_(00)|l, = 0 ast — oo for any p > 1,
keN, and 6y € O.
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(v) ho,t(6o) — we,t(6o) is bounded in LP for allp > 1,t €N, 6y € © and
i=1,....5.

(vi) We have
179:(60) — wo,1(60)l,, = O (D.8)

ast — oo foranyp>1,00 €Oy, andi=1,...,5.

(vii) We have

2 2 (haa(00) ~ 00| 0. (09
—Z 00) = e 80)) o :0, (D.10)
% Z (e (B0) o1 (B) — ueit(ﬁo)u@jt(ﬁo))‘ 0, (D1

asn — oo forallp>1,0,€ Oy, andi,j=1,...,5.
(viii) ug,0,:(00) is strictly stationary ergodic for all 6y € © and i,j =1,...,5.
(iz) wg,9;,:(00) is bounded in L for anyp >1,t €N, € O, andi,j=1,...,5.

(z) Hh@ﬂﬂ(&g) — Uoiejt(eo)Hp <oo forallteN, p>1, 6, € 0, and
i i=1,...,5.

(xi) thigjt(eo) — UQigjt(eo)Hp —0ast— oo forallp>1, 0y € Oy, and

ij=1,....5.

(i) Hn‘l S (hgigjt(e ) — g0, ( 90 || —0asn— o0 forallp>1, 6, € Op,
and i,j=1,...,5.

Proof. (i) (viii) By (D.3), we have
1)b3
E [111 (5”0‘0(”” ) Ot)] <0,
Bo + ap(ro + 1)bos
Moreover, using the property that In(x) <z — 1 for all > 0, we have

E [max{0, I [ig,|}] < E maxc{0, i1 |}] = E [[ig,]] < o

fori=1,...,5. Then (ug,(6p))ien is strictly stationary and ergodic for all
0y € © by Theorem 1 of Brandt (1986). Likewise, we can show that

E [max{0, In |tg,0,:(6o)|}] < oo and E [max{0, In [tg,g0,.¢(60)|}] < oo for all ¢,
0o € ©,and i,j,m =1,...,5. Then we can deduce that (ugiejt(Go))teN and
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(uh,6,0,,¢(00) )een are strictly stationary and ergodic for any ) € © and
i,7,m=1,...,5 by Theorem 1 of Brandt (1986).

(ii) The proof for i = 4,5 (i.e. §; =6 or 7) is trivial as us(0) = U (0) = 0 for
all t and 6 € ©. Recalling (D.3) and D,(6y) defined in in Lemma 2 (i), we obtain

l/u—l—l (vy + 1 0
luea (Bo) ], < ZD%-— Doll) o
k=1

Bi(1—Dy(6)) ~
l E_ Dy (6o) 00
Jus@o)l, < 5 ;Dp(eo) A= D,6) = (.12)
()], < 2ot Ol + D =2)° }jD (60)*

- Bi
(w + (v + 1) (1 — 2)” )DP(HO) <
Bi(1 = Dy(6o))

<

forallt, p> 1, and 6, € ©.

(iii) This is by (D.3) and the fact that uy:(6y) = ﬁgit(eo) for all ¢, 6y € ©,
and i = 2,3 (i.e. §; = o or f).

(iv) By Theorem 1 and (D.3), we have

0 < Bo + Ozo(Vo + 1)b%t_j _ (ﬂo + 040(7/0 + 1)b(2)t—j)h0t—j =0
Bo + an(vo + 1)boi—; hot—j41
a.s. as t — oo for any j € N and 0y € ©y. Thus 0 <y ,(6y) — 0 a.s. ast — oo
for any k£ € N and all 6y € ©y. Moreover, y; ()P <1 for any p > 1, ¢t € N and

6,600 € ©. Thus |ly;_,(6o)|l, = 0 as t — oo for any k € N, p > 1, and 6, € Oy by

dominated convergence.
(v) This is by the Minkowski inequality, Lemma 2 (i), and Lemma 7 (ii).
(vi) We prove (D.8) for p =1 first. For any ¢, < t and 6, € O, we have

E [[uat(60) — hozt<00)|]
(vo + 1)bot—k H Bo + ao(vo + 1)b5,_;

b3, k] 50 + oo (vo + 1)bor—;

B Z (vo + 1)bor—k ﬁ hot—;(Bo + ao(vo + 1)5(2»&—]')
Bo +

ao(vo + 1)b3,_ b

|

hot—j+1
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(l/o + 1)b0t7k y
Bo+ ao(vo + 1)b3,_;, 7"

< E [ . (60)

|

(vo + 1)bot i 50 + oo (vo + 1)bG,— j
Bo + (v + 1)b3,_ - - Bo + ao(vo + 1)bot—;

+ZE

|

by the triangle inequality and (D.3). The first term in the final line tends to zero

k=to+1
Vy + 1 o Vy + 1 Dl(eo)t0+1
< E ||y .(00)]| +
<=5 LB+ =515,

as t — oo for any ty < t and 0y € Oy by Lemma 7 (iv). As the choice of ty <t
was arbitrary and D;(6y) € (0,1) for any 6, € O, the second term in the final
line tends to zero as tg — 00. Thus ||[uat(0o) — hat(6)|l1 — 0 as t — oo for all
0y € Op. Analogous derivations show that ||ug:(6o) — hsi(0o)|1 — 0 and
|une(6o) — hut(0o)||1 — 0 as t — oo for all Oy € Op. For i =4 (i.e. 6; = 0), note
that, for any k € N, we have
1 P

0= ((50 +ao(vo + 1)53t_k)h0t—k)

a.s. as t — oo for any p > 1 and 6y € Oy by Theorem 1. The term in the middle

—0

is also bounded above by 1/(5;6;)? a.s. Thus, by dominated convergence,
1

H (Bo + ao(vo + 1)bG,_i ) hoe—r ||,

ast — oo for any p > 1, k € N, and all 6, € Op. Then, for any arbitrary ¢, < t,

to

0 < [lhot(Bo) — use(Bo)ll <
k=1

—0 (D.13)

1
(Bo + ao(vo + 1)b3, 1) hos—k
DZ(QO)toH
Bodo(1 — Da(by))
By (D.13), the first term on the RHS tends to zero as t — oo for any ty < ¢t and
Oy € ©p. The second term on the RHS also tends to zero as t; — 0o. Hence
|hst(Bo) — ust(6o)]|1 — 0 as t — oo for all Oy € Op. For i =5 (i.e. §; =), note
that

Dy(6o)"

2

+

B
&T% + (l/o — 2)h0t

0 < E [y -1(00)l] < 200000+ 1)E [ } 0

as t — oo for all §y € Oy by Lemma 1. Moreover, ﬁ,yt(eo) is bounded in L? for
any p > 1, 6y € ©, and ¢t by Lemma 2 (i). Thus, we can show that

|hyi(Bo) — wye(60)][1 — 0 as t — oo by derivations similar to the i =4 (i.e.

0; = 0) case.

By these properties of L! convergence to zero and the uniform integrability
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established in Lemma 7 (v), we have (D.8) for any p > 1, §, € Oy, and
i=1,....5.
(vii) (D.9) is by the Minkowski inequality and Lemma 7 (vi). We also have

n

1 &t
— ht(60) — 0
n;( 7t(0o) — e (60)) 21 (1 — 2)hos )
< LS (o) — et 2 0

as n — oo for any 0y € Oy by Lemma 7 (vi) and Lemma 1. This establishes
(D.10). Next we show (D.11). For any p > 1, 6y € Oy, and i,5 =1,...,5, we

have

||U9it(90)uejt(90) - heit(eo)hejt(eo)Hp
|ug,:(60) (g, (6o) — ho,i(6o)) Hp + || ho, ¢ (60) (uo,: (6o) — heit(00>)H,p
< [0;(60) 13y, [|u6;0(B0) = Po,e(00) |, + [ R;(60) |, 16,6 (00) = hae(80) I,

<

— 0
(D.14)
as t — oo by Lemma 2 (i) and Lemma 7 (ii)(vi). Thus we obtain
1 n
n Z (hﬂit<80)h9]-t<80) - UGit(e())qut(eO))
=1 »

1 n
< - Z H (hGit(QO)tht(QO) — u9¢t<90)u0jt(90)) ||p — 0
=1

asn — oo for all §y € Oy, p > 1, and 4,5 = 1,...,5. This shows (D.11).
(ix) The proof is analogous to Lemma 2 (i)(ii), and thus omitted.

(x) This is by the Minkowski inequality, Lemma 2 (ii), and Lemma 7 (ix).
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(xi) For any ¢y < t, we have

th‘g.t(eo) - 'Uq9~0't 90 ||

h90t k(6o) ye (0)
Bo + vy + )b(Q)tktk p
N ZO ho 0,0—k(00) — Ug,0,1— k(00) 1o o + ao(vo + 1)bg,_;
1 50 + Oéo(V() + 1)b0t k =1 50 + 040(1/0 + 1)b0t—j )
: 0,4k (0o) E Bo+ ao(vo + 1)b3,_ —j
k—to 60 + Oéo(VO + 1>b(2)t—k =1 ﬁo + Oéo(l/o + 1)b0t7j ) (D15)
<G oo 195 (60) 1,
k_
to
+ Bt ‘he 0,6~k (00) — Ug,0,1— k(el)HQ Doy(0o)*
k=1 P

Doy (6p)"t
1 — Doy (o)

for all £ and 6y € ©. The second inequality used the property that g,g,.(6o) is

+ By " sup ||dg,0,0-1(60)] ],
2Y)

bounded in LP and strictly stationary for allp > 1,0y € ©, and 7,5 =1,...,5.
Note that we have
Hheiejt(eo) — g,9,¢(0o)

-0 (D.16)
p

ast — oo forany p > 1, 0y € Oy, and ¢,5 = 1,...,5 by (D.14), Lemma 7 (vi),
and Lemma 1. Then, by (D.16), Lemma 2 (ii), Lemma 7 (iv)(ix), and the
property that D,(6y) € (0,1) for all p > 1 and 6, € O, the terms after the second
inequality of (D.15) tends to zero as t — oo and ty — oo (since the choice of
ty < t was arbitrary) for any 6y € Oy, p>1,and i,j =1,...,5.

(xii) This is by Lemma 7 (xi) and derivations analogous to the proof for
(D.9) in Lemma 7 (vii). [ |

Lemma 7 is used in the following lemma, which is used to show the

asymptotic property of VgL, (6y) and Vg« L, (65).
LEMMA 8. Assume that 6y € ©r,. Then

% D Vi) = E [Vil(00)] = Q(), (D.17)
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where Q(0y) is a constant symmetric matriz given 0y. Moreover, if 6y € Oy, then
1 n
~ D Vili(6) = E[V54(60)] = Q"(80) (D.18)
t=1
for all Oy € Oy, where Q*(0y) is a constant symmetric matriz given 0.

Proof. For all § € O, V2l,(6) is strictly stationary and ergodic by Theorem 2.
Moreover, E[|0%1,(6y)/00,00;]] < oo for all 5 € © and 4,5 =1,...,5 by Lemma
6. Thus (D.17) holds for all 6, € ©f, by replacing the almost sure convergence of
Theorem 3.5.7 of Stout (1974) by convergence in probability. For 6y € Oy, we

have

n Z ’ gﬁz = % Z [(vo + 1)boe(bor — 2) + 1] (hge(60)* — upe(60)?)

+ % Z ((vo + 1)bor — 1) (hapi(fo) — ugse(6o))

t=1

+ % Z [(vo 4 1)bot(bor — 2) + 1] uge(6o)?

n

+ % Z ((vo + 1)bor — 1) uppe(o)

t=1

E [(Vo + 1)b0t(b0t — 2) + 1] E [U5t<90)2}

(Voi)—?) - 1) E [ug:(60)*] <0

as n — oo by Lemma 7 (i)(vii)(viii)(xi)(xii) and the property that by, for each

t € Nis ii.d. with the distribution Beta(1/2,14/2). Similarly, we can use the
results of Lemma 7 to establish the desired convergence of other diagonal and
off-diagonal elements of (D.18). [ |

The following lemma verifies that the limiting distribution of V4L, (6y) and

Vo« L, (6p) in Lemma 10 have well-defined variances.

LEMMA 9. E[|(0l;(60)/06;)(0l:(60)/06;)| | < o0 for allt €N, 4,5 =1,...,5,
and 0y € ©.

Proof. Using the property that || X2||, = || X||3 for any random variable X, we
know that E Ualt(eg)/(%} | is bounded for all 6y € © and i = 1,...,5 by Lemma
5. For i # j, (01,(60)/06;)(01;(0)/D6;) are also bounded in L' since
Hazt (6o) 3lt 90 < Halt(%) Ol (6o)
e 06,

2 2
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for all 7,5 = 1,...,5 and ¢ # j by the Holder inequality and Lemma 5. |

The following proposition is used to establish Lemma 10.

PROPOSITION 1. Let (X;)i2, be a sequence of random variables satisfying
nty X, L 0asn— oo Ifnt S E[X;] converges as n — 0o, then its

limit is zero.

Proof. We can find a subsequence (X3, )32, such that n=1 >~ X;, — 0 a.s. as
n — 0o. Then n' Y} E[X; ] — 0 as n — oo, and since ' Y"1 | E[X,] is

convergent, its limit must be zero. |

We are now ready to show that the asymptotic distribution of VL, (6y) and

Vo« Ly, (6p) are normal with a well-defined covariance matrices.

LEMMA 10. For all 6y € O,
R(60) /2 /nVeL,(0)) B N(0,1) as n — oo, (D.19)
where R(0y) = E[Vli(00)Veli(00)T]. Moreover, for all 6y € Oy,
R*(60)~Y2/nV g L,,(6o) KN N(0,1) as n— oo, (D.20)
where R*(0p) = E[Vg-1:(00)V-1:(60)T].

I

Proof. We first verify that (Vgl;(6)),cy and (Vg-1:(6p)),cy are martingale
o |:alt(00) }}—1} _r [alt(go)
22 v+ 1 Vo
N [m (H( 0—2>> f“l ~ Rl :%( E ) ) (5)

difference sequences (MD). Since (by;),c is i.i.d. with the distribution,
Beta(1/2,1/2), for each t, we have
1] =0
a6 Ja } ’
for all t. Moreover, we have
for all ¢ by the properties of the beta distribution. Thus E [01;(6y)/0v|Fi_1] =
Finally, we have E [0l;(6y)/07v| Fi-1] = 0 if

E {m’ ]—"H} — 0. (D.21)
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Computing the integral directly, we obtain

_votl

E i 7 oc/oo & 1y T
2+ (y—2)" " o0 22 (10— 2) vy — 2 N

™2 tanx — il
= / — (1 + tan? .CE) 2 sec? x dx
=2 tan“x +1

x /ﬂ/2 sinz (cosx)” dx
—n/2

=0,
for all t € N, where the second line is by the change of variable,
2/+/vg — 2 = tan z, the third line is by basic trigonometric identities, and the
last line is by the fact that the integrand is an odd function for any vy € R. Thus
(D.21) holds. Then, since Vyl;(0y) and Vy1;(0y) are integrable for all 6y € O,
and 6 € Oy, respectively, by Lemma 5, (VI;(6y)),cn and (Vg-1:(6p)),cn are MDs.

If 6y € O, Vgl (6p) is a strictly stationary and ergodic martingale difference

with finite unconditional second moment by Theorem 2 and Lemma 9. Thus
(D.19) holds at 8 = 6y by the central limit theorem for stationary ergodic
martingales [Theorem 6.11 of Varadhan (2001, p.144)].

For 0, € ©, we aim to show that

1 n
- Z E [Vo-1(00)Vo-1:(60) "] = R*(60), (D.22)
t=1
Ol (00) Ol(6o) Ol(6p)
E for all D.2
[ 20, a0, 00, < oo for all ¢, and (D.23)
1 n
E Z V@*lt(eo)VQ*lt(eo)T E) R*<90>, (D24)
t=1

where i, j, k = 1,2, 3, convergence is as n — oo, and R*(f) is a deterministic and
finite positive definite matrix for each 6y € Oy. (D.22)-(D.24) imply that (D.20)
holds for 6y € Oy by Proposition 7.9 of Hamilton (1994, p.194). (Note that the
proofs for (D.22) and (D.23) presented below holds for all §, € ©, whereas the
proof for (D.24) holds only for 6, € Oy.)

By the integrability of Vg-l;(6y)Ve-l;(fy)" shown in Lemma 9,
E [V@* lt(HD)Vg*lt(HO)T} = R;(6y) is a finite positive definite matrix for each t € N
and 0y € O. Since (R} (0))sen is a deterministic sequence of real matrices, its
sample average, n=' > 1| Rf(fp), converges to some constant positive definite
matrix R*(0y) as n — oo. (This convergence is verified easily by considering a
special case of the law of large numbers where the sequence of i.i.d. random

variables are replaced by a deterministic sequence.) Thus (D.22) holds for all
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0y € O.
(D.23) holds if
‘ Ol (6p) Ol(6p)
90; 5| 00;
for 7,7,k =1,2,3 and all t € N, since

Ol (0o)
00y,

(D.25)

3 3

EXYZ]] < [ XY Z][ < [[X[ls[[Y [l 215

for any random variables X, Y, and Z. (D.25) holds if Vy:1(6) is bounded in
L3. By Lemma 5, (D.25) holds for all 6y € ©. Thus, we have (D.23) for all
b € O©.

Finally, we show (D.24) for 6y € ©y. If we can show that
n=t ST Vel (00) Ve 1i(6p) " converges in probability to some constant positive
definite matrix as n — oo, then the limiting quantity must be the same as the
RHS of (D.22) by Proposition 1. Thus there is no need to verify that the limit of
(D.22) and (D.24) are the same. We deal with the diagonal elements first. For
all fy € Oy and 1 = 2,3, we have

t=1 t=1

1) b -1

where the RHS converges in probablhty to ((vo + 1)2/4)Var(boy ) E[ui (0p)?] < oo
by Lemma 7 (i)(ii)(vii). (Note also that by and wu;(6y) are independent for all ¢.)

Next, we have

_Z(alt60>
vo+ Db —1 1 22 1 Vo + 1 voy \ 17
_Z[ Vo—2 _51n<1+V0—2)+§(w0< 2 >_¢0<§))}

n

L1 1 ( v+ 1 bOt — 1) (oo (60)? — uye(60)?)

= vo+ Db —1 1 22 1 v+ 1 Y
+n H 2(vp — 2) _5ln<1+ 0—2>+§(¢0< 2 )_%(5))1

(L= ) — o)

N %z”: ((uo + 12)b0t - 1)2uyt(60)2

t=1

3

| no
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2 — Vo + 1)boy — 1 22 1 vy + 1 Y
+HZH 20— 2) —51“<1+V012>+§(¢0< 2 )‘ME)”

t=1

§ ((y0+ Q)bm - 1) uytwo)}

The summand of the first, fourth, and fifth terms are stationary and ergodic by
Lemma 7 (i). By (D.9) and (D.11) of Lemma 7 (vii), and by the properties that

u,(0p) and h,.(0y) are independent of by, and z;, the second and third terms

converge to zero in L for all §y € ©y. Then we obtain

() e (5 11 2)
+ O D ) (007

2
L0 i 1Cov (M —In <1 + ) bOt> Elus:(6o)]

2 V0—2 V0—2
< 00

as n — oo for all 6y € Oy.
Next, we consider the off-diagonal elements of (D.24). We have

L - 8lt(90) 8lt(00) _ l i (1/0 -+ 1)b0t —1
n —1 892 aﬁj n 2

) (heit(eo)hejt(eo) — UQit(eo)qut(Qo))

L1 Z ( vt 1 bOt - 1) ug,(0o) o, (6o)

R MV&r(bOt)E[ueit(Qo)uejtwo)] <0

for all 0y € Oy, 4,7 = 2,3, and ¢ # j by Lemma 7 (i)(ii)(vii). Similarly, we obtain

Z Ol ( 90 8lt 90 _ 1 Z vo + Dbor — 1)° (st (00) hun(00) — wpt(60)tn (6))

IR ) n(os )
) X ((vo + L)bor — 1) (hge(6o) — use(0o))}

+ % Z ((vo + D)oy — 1) uge(60) e (o)

t=1

40



(o (5) - () g) - s
X ((vo + 1)bor — 1) ug(6o)}

£> MV&I([)QOE [Uﬁt(eo)uut(eﬂ)]

1 1 2
+ VOI Cov ((y()+—)2l)mt —1In (1 + “ 2) 7bOt) E [ug(6y)] < oo.

Vo — Vo —
for all 6, € Oy by Lemma 7 (i)(ii)(vii). Analogous derivations show that
" alt(eo) (9lt((90) £> (VO + 1)2

Var(bo)E [wai(6o) e (6o)]

n — Oa ov 4
vy + 1 v+ 1)b 22
+ 04 Cov (% —1In (1 + Vo — 2) >b0t) E [uat<00)] :
for all 0y € ©p. This completes the proof of (D.24) for 6y € Oy . [ |

In the next lemma, we show that, if 8y € Oy, the joint log-likelihood function
is asymptotically flat in the § and v dimensions, so that the consistency and

asymptotic normality of MLE do not hold for these parameters when 6, € Oy .

LEMMA 11. Fori=4,5 cmdj =1,...,5, we have

8[,5(90) 8lt(90) P
w2 o6 o6,

when 8y € Op.

Proof. For all §y € Oy and i =4 (i.e. §; =6), we have

—Z (azt (6o) ) _ %z": ((u0+ 12)bOt - 1>2(h5t(00)2 s (60)?)

t=1

Y, —i—lb —1
+ = Z( 0 o )Uat(90)27

where the RHS converges in probability to ((vg + 1)?/4)Var(by)E|us:(69)?] = 0
by Lemma 7 (i)(ii)(vii). Next, we have

- Z (alt - > B % ; (o + 1)bor = 1)* (he(00)* — 4(60))

V0—|—1 u &t
1)bor — 1) (hy(6y) — 6
+ ;((VOWL Jbor = 1) (hye(0o) — uye( 0))€?+(V0 ey
V(] +1 2 & 2
—1 VO —2)h0t>
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The first two terms on the RHS converges in probability to zero by (D.10) and
(D.11) of Lemma 7 (vii). The third term converges in L' to zero because

Et 2
€2 + (1o — 2)ho

n

1
SEZ

t=1

— 0
2

n 2
1 on

n 2 (2 4 (vy — 2)hoy)?

=1
as n — oo for all §y € Oy by Lemma 1. Thus n=' Y"1 | (9l,(60)/07)

£ 0 for all

Oy € @U We also have
Al (0y) D1, (0 1 — + )by — 1\ ?

ni=" 00, 09, &
=1 =
+1 b Ay
+ - Z( il " ) ug,t(0o)uo,:(0o)
=0

vy +1
5 %var(bmm[uw(eo)ugjtwo)]
for all 6y € Oy, i =4, and j = 2,3 by Lemma 7 (i)(ii)(vii). Analogous

derivations show that
8lt 8lt (6o) P

Z

for all 0y € Op. Next, for i« = 2,3,4, we have
ol 9 0ly(0o) 1 «
o) 2ulbo) _ (0 + 1)bor = 1)* (ho,1(60) e (B0) — vg,e(60)use(60))

Z gl dn t=1
€t

1/0—|—1 -
1)boy — 1) hg,:(6 .

—>0

t=1
By (D.11) of Lemma 7 (vii), the first term converges in L' to zero for all
0y € O©p. The second term also converges in L' to zero for all §, € Oy by the
Minkowski and Holder inequalities, Lemma 2 (i), and Lemma 1. Thus
I3 (01(60)/06:)(D1:(60) /D) L0 for all §y € Oy and i = 2,3,4. Finally, we
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have

8lt 8lt
Z
R v+ 1 22 (o + 1)bgy — 1
_thl{{%( 2 ) %( ) (1+1/0—2>+ vy — 2 }

x (o + 1bor — 1) (hye(0o) — ue(00)) }

T % Z ((VO + 1)b0t - 1)2 (h'yt(‘g())hzxt(eO) - Uyt(eo)uyt(eo))

t=1

vy + 1 vy + 1 1240 Zt2 (I/0+ 1)b0t -1
+ 2n ;{{¢0( )—¢0(5>—1n<1+1/0_2)+ vg — 2 ]
&t
. (53 + (0 —2)h0t>}
n £,

1)bor — 1) (hye(6o) — (0

1 n V0—|—1 y 2 <V0+1)b0t—1
— ) (1
4nt {wo( ) ) n<+y0—2)+ Vo — 2 8

X (o + 1)bor — 1) u:(6o)

Vo—i—l

n

1
™ ((vo + D)bor — 1) 4 (00) e (60)
t=1
Vo + 1 -

- > (o + Dbor — 1) uwe(6o)

t=1

&t
€t2 + (VO — 2>h0t.

Note that u.,(6p) = 0 for all ¢t € N and 6, € © by definition. By (D.9) and (D.11)
of Lemma 7 (vii), the first, second, and fourth terms converge in L' to zero. The
third and seventh terms converge in L' to zero by the Minkowski and Holder

inequalities, Lemma 1, and Lemma 7 (ii). Thus we have shown that
nt S (91(6o) /Ov) (D14(80) /0) = 0 for all 6, € Oy .

Next, we aim to show that the elements of VjL, () and Vi. L, (6*) are
bounded by some stationary processes for all n € N5y and 6y, 60 € ©. For this
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purpose, we introduce the stationary process wt(Qo) defined by

B 0y =0 1 — Bo
w(Bo) = 1+ 5 1—ﬂu ZHBO—i—on o £ 1)

k=1 j=1

bot—;
(D.26)

ay(vy + 1) 1 ( g ) Ba
* 5l(l/z - 2) Z bot—k ’Ztik’ i \/% ]li[l Bo + Oéo(l/o + 1)b0t—k7

for any 0 < 8, < B < B, < 1 and 6y € ©, where § = max{v, — 0,7 — 11}

LEMMA 12. There exists 3, € (0,1) such that w(6y) is strictly stationary
and ergodic for eachp>1,t e N, 0< < B < B, <1, and Oy € O.

Proof. First, note that

e oo (L (1422 )

< E [max {0, — log (by)}] + E {max {0’ 2log (lzt| " \/_5_0) H

E

< 00

for all ¢ € N by the property of the beta and Student’s ¢ distributions. Moreover,

wr )| <= (et om]
E |lo <E <1
[ & (ﬁo +ao(vo+1bot /| = [Bo+ ao(vo + 1)bot
for some 3, € (0,1) as by is non-degenerate for all ¢ € N. Thus, the proof is
complete by Theorem 1 of Brandt (1986) and Theorem 3.5.8 of Stout (1974).

[ |
In order to show that the elements of V3L, (6) and V3. L, (0*) are bounded
by some stationary processes for all n € Ny and 6y, 60 € ©, we show in Lemma
15 that hy,(0), he,0,(0), and hg,g,6,(¢) are bounded by some stationary processes
forallt, 0,0y € ©, and 7,7,k =1,...,5. In order to show Lemma 15, we use the
properties of h;(6) and hg; shown in Lemmas 13 and 14. Lemma 14 is the only

place where we use the unit upper-bound on f.

LEMMA 13. For allt € N and 0,60y € ©, we have

he(8) = hot + (6 — do) Zﬁk (8 = bo) Zﬁ “hot
(D.27)

+ Zﬁk[ v+ 1)bi—(0)hi—i(8) — ao(vo + 1)bot—rhor—k |
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t—1
hot = he(0) + (60 — 6) > 85 + (Bo— B Zﬁ "y k(0
h=0 (D.28)

+ Zﬁg [OZO(VO + D)bor_rhor—r — (v + 1)by_1(0)hy_(0)].

Proof. Since dg = ho; — Bohot—1 — ao(vo + 1)bor—1hoi—1, adding and subtracting
Jdp in the equation for hy(0) give

hi(0) = 8 — 6o + Bhs—1(0) + hor — Bohor—1 — ao(vo + 1)bor—1hor—1
+a(v + 1)y (0)he_r (6).
Then (D.27) follows by noting that ho(6) = hoy = wp. Similarly,
hot = 60 — 0 + Pohor—1 + hu(0) — Bhy-1(0) — a(v + 1)by—1(0) -1 (0)
+ ap(vo + 1)bor—1hot—1-
Then (D.28) follows. n

LEMMA 14. For allt € N and 6,6, € ©, we have

(i)

b (0)h:(0) 1 7\’
< < — .
0= So—2 At 5
(ii) Define qi = q:(60) = Wiz>g,) (20 + 9u/V00)? + Uizy<gy (26 + 61/V/00)?, where
Gu =% — 7 and gi = Y — Yu- Then
_ 2

q:(6) < b,(0) < (|Zt| ;Lg/\/%) <1
qt(00) + (v — 2)he(0)/ hoy (|zt\ + g/\/%) + (v — 2)h(0) / hoy
a.s. for allt € N and 6,0, € ©.

0<

(iii)
0 < hy(0)/hoy < wy(6y) (D.29)

a.s. for some strictly stationary process wy(6y) for allt € N and 6,0, € ©.
Moreover,

a.s. for some strictly stationary process x(6y) for allt € N, 0 € ©, and
9() € @L-

(iv) 0 < b,(0y) < bi(0), where b,(6y) is some strictly stationary process, for all
t €N and 0,0y € ©. Moreover, 0 < b,(0) < by(0y) < 1, where by(0y) is some
strictly stationary processes, for allt € N, 8 € ©, and 6y € Op.
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Proof. (i)-(ii) Note that we have

G < <Zt+ ﬁl_oj < <|zt| +¢’45_0)2. (D.31)

Then, for all t € N and 0,6, € ©, we have a.s.
b(Oh(0) (2 + 9/ Vo) ha(6) /hor

b (a4 9/vha) + (v — 2)hi(6) o

<t () < (e L)
“v-2 Vhy) ~ v —2 Vo
Likewise, (ii) also follows from (D.31).
(iii) First, we show (D.29). By Lemma 13, we obtain, for all 6,6, € © and
teN,

h0) | 0=kt
e LT e Zﬁ

k=1 j—=1 Ot]-i-l

4 Oéo %0} -+ 1 Zﬁk bOtfkhOtfk |:C¥(V + 1)btfk(‘9>ht7k<9) _ 1:|

p o hot ao(vo + 1)bot—rhot—«
0y — 0o 1 P
<1+ 0 — Fo I1
do 1-— 5u By paar e Bo + (o + 1)bos—;
a (Vg + 1) 2k
Z +
/61 Vl_2 Zb@t— <| " k| ) ]1_[1504‘040 V0+1)bOtJ

- wt(QO)v
where the inequality in the middle is by Lemma 14 (i).
Next, we show (D.30). By Lemma 14 (ii) and the just derived inequality, we

have

q+(6o)
@ (00) + (v — 2)we (o)

where the process b,(6p) is in terms of the i.i.d. process z; for any 6, € © and

bi(6) > = b,(6h) > 0,

t € N. b,(6y) is strictly stationary and ergodic by Lemma 12 and Theorem 3.5.8
of Stout (1974) [also see the relevant results in Royden (1988, p.66-68)]. Note
that, by (D.28) of Lemma 13,

hot . 00— i Bo— B htk
o)~ o) ht<9> kzzoﬁ” 20

+ Z ht [0 (o + Dbor_rhor—k — (v + 1)by_(0)hy_1(0)] .
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Since a;_x/a; = H?Zl ai—j/a;—j41 for any sequence (at)ien and 0 < k < ¢, we get

hot
0<
~ h(0)
8 = 0= g o= BT Bl (0) Bohi—y(6)
1+ + Bohizs®) 4 1) =i
mio) 27" 5 kZ huj1(6) 2ol Hht 1 (0)
t Bohor.
+|1- DY oo [ D.32
ap (o + ; ot kl_IlhOt_jH (D.32)
=
The numerator of (D.32) is bounded above by
Oy — Oy — b
1+
(5[(1—6 ZHB["FOZZ l/l+ ) (90)

Bo
toultd) ;}_[1 B+ ou(v + 1)by(0o)

Since b,(6p) is non-degenerate, strictly stationary and ergodic, there exists

B € (0,1) such that this quantity is strictly stationary and ergodic by Theorem
1 of Brandt (1986) and Theorem 3.5.8 of Stout (1974). In the denominator of
(D.32), we have

Bohot—j ; - bo
) Rt D.33
Z 0t— kH ; ot kjl_[1 b0/ hot—j + Bo + ao(vo + 1)bos—; ( )

hOt —j+1

Since max{0, log |X|} < |X]| for any real valued random variable X, we have
E[max{0, [bo:|}] < E[|boe]] < 1 for all t € N and 6, € ©. Moreover,
Bo
B Pog 60/ hot + Bo + ao(vo + 1)bo ] <0

for all t € N and 6y € ©. Thus, the denominator of (D.32) is strictly stationary
and ergodic if 6y € © by Theorem 1 of Brandt (1986) and Theorem 3.5.8 of
Stout (1974).' Thus, we have found a strictly stationary process z;(6y) such
that 0 < z,(0y) < hy(0)/ho for allt € N, § € © and 6y € Oy.

(iv) By Lemma 14 (iii), we obtained b;(6) > b,(6y) > 0. Moreover, by Lemma

1 This is the only place that limits us from proving the consistency and asymptotic normality
results for the nonstationary case (i.e. when 6y € ©py). In order to show the asymptotic
properties for 0y € Oy, we would need to find a strictly stationary and ergodic process that
bounds the denominator of (D.32) from below. We find showing this difficult when the RHS of
(D.33) is greater than or equal to one.

47



14 (ii)(iii), we have
(|2 + ?]/\/%)2
(1] + 3/v30)” + (1 = 2)ha(6) / hoy
< (lz| + §/\/5_o)2
(Il + 9/V&)” + (v = 2)lb0)
where, for all § € © and 0y € Oy, b,(0) € [0,1] and (b;(0))sen is strictly stationary
and ergodic by Theorem 3.5.8 of Stout (1974) and Royden (1988, p.66-68). [ |

b(0) <

Bt<60>7

Finally, in order to show Lemma 15, define the following process.
t

~ k
* —_ U (3
%wzzgﬂwww
k=1 lj:l

fort=1,...,5, where
1)b,(6o)? 1)b:(6p)?
my(fy) = max {Bu * aulvy £ 1), (6) ) Pu t ouulv ¥ )—t( 0) }
B+ au(vi+ 1)by(6o) ~ B+ (v + 1)bi(0o)
is strictly stationary and ergodic by Theorem 3.5.8 of Stout (1974) and Royden
(1988, p.66-68). uy, bounds ﬁgit(ﬁ) forallt, ) € ©,andi=1,...,5. We set

65:1/51, ﬂazyu—i—l, UBIL
Uy = 200, (v, + 1) max{1, ((v, — 2)8,) '},
Uy, = oy + (v + 1) (1 —2)7

Moreover, define the following process;

t

. tg,0,¢—k(0o) i
g0 (00) = tﬂ—l [T me5(60)
=1

j=1
for i,j =1,...,5, where g, (0y) bounds /};Qigjt(9> for any t, € ©, and 6, € Op.
They are defined in Appendix B.2. Similarly, we define

t

, TUg,6,0,t 4 (60) T
0,0, (00) =D T — [T m-i(60)
k=1

j=1
for i,j,m =1,...,5, where ug,p,0,,:(0p) bounds ﬁgigjgmt(e) for any t, 0 € ©, and

6y € ©r. For instance, for i = j =m =3 (i.e. 0§, =0; =6, = [5), we set
Uppt(0) = 3ubgy(60) + 6v (1 + 1)ug,(00)° + 200 (v + 1)us, (6o)ufs, (6o)-

Lemma 15 establishes some of the useful properties of these processes.
LEMMA 15. For all 0 € ©, 6y € O, and i,j,m =1,...,5;
(i) [ho,:(0)| < g, (00) for allt € N.
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(i) |ho,0;¢(0)] < ugg,4(60) for all't € N.
(i) |ho,0;0,,:(0)] < uzi(,j@mt((%) for allt € N.

(iv) (uzit(é’o))teN, <u;i9jt(90)>teN’ and <uzi91'9mt(00)>teN are strictly stationary
and ergodic.

Proof.
(1) It is easy to show that ‘ﬁgit(ﬁ)) < g, for all t and i = 1,...,5. Note that

|/f27t(9)| < U, can be verified by the condition, (D.1), of Lemma 1. Then, by the

condition, (D.3), of Lemma 2 (i), we obtain

ht he—j(0)(8 + a(v + 1)b—;(6)?
|h9t ’<Z| - |H ht_](+1(9)) ( ))

Z

S ueit<00)7

H Bu + au Vy + )bt j(00)2
ey L+ (v + 1)bi—;(6)

where the last inequality used the fact that
B+ a(v+1)bi(6)* {/3u + (v + Dby (00)* Bu+ (v + 1)be(00)° }
< max —
B+ a(v+1)b(0) B+ ai(vi+1)b(00) B+ cu(vi + 1)b (o)
= my(0)
forallt,# € ©, 0, € Op,and i =1,...,5 by Lemma 14 (iv).
(ii) Derivations analogous to Lemma 15 (i) show that |hge,:(6) < ug,q,,(60)
forallt,# € ©,0,€ O, and 7,5 =1,...,5. Note that we can verify

|/f291.9].t(0)| < Ug,p,t(0p) whenever i =4 or j =4 (i.e. 0; = 04 =y or §; = ) by the
condition, (D.1), of Lemma 1 and by noting that
bi(6)

€t

le:]

e? + (v —2)h(6)’

which is bounded a.s. by Lemma 1.

(iii) This proof is analogous to the proofs for Lemma 15 (i)(ii).

(iv) (m(6o))een is strictly stationary, and we can find (5,, 8, o, i, Vu, V)
such that I [In (m,(6))] < 0 for all §, € O, since b(f) € (0,1) and b(6y) € (0,1)
are non-degenerate. Moreover, using the property that In(z) < x — 1 for all

x > 0, we have

E [max{0, In [ug,[}] < E [max{0, [ug,|}] = E [[ug,[] < oo
fori=1,...,5. Then (ug,(6p))ien is strictly stationary and ergodic for all
0y € O by Theorem 1 of Brandt (1986) and Theorem 3.5.8 of Stout (1974).
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Likewise, we can show that E [max{0,In |tg,,:(6)|}] < co and

E [max{0, In |tg,g,0,.¢:(60)|}] < oo for all ¢, 8 € ©, and i, j,m = 1,...,5. Then we
can deduce that (ug,g (6))ten and (ug,g 9 +(6))ten are strictly stationary and
ergodic for any 6y € ©f and i,j,m = 1,...,5 by Theorem 1 of Brandt (1986)
and Theorem 3.5.8 of Stout (1974). [ |

We are now ready to show that the elements of V5L, (6) are bounded by

some stationary and ergodic sequence for all n € Nyg, § € ©, and 0y € Oy.

LEMMA 16. For any 0y € ©1 and n € N, we have
max _sup [0°L,(6)/06;00,00,,| < ca,

t,3;m=1,....5 gc@

whereogcngcasn%oo and 0 < ¢ < 0.

Proof. For the third derivative with respect to (3, from (B.2), we have

Z 33lt
863

< - Z(V + 1)be(6)(1 — be(6)) “hﬂt )+ 5 Vlﬁt( )hsst(6)]

n

LS ) a0 - b0

|0°L,,(6)/05%| =

n

1

57D (31hs(0)hase(O)] + 2 [har(0)°] + hagse(O)]) (v + 1)b(6) -

t=1

Uy, + 1 - * 3 * *
< > (2”&(90)3 + §Uﬁt(90)“56t(90))

t=1

n

> (3us,(Bo) s (Bo) + 2u,(60)° + s, (60))

t=1

v, + 2
2n

EN (v, +1) | 2E [u}}l(%)?’] + ;E [u}}l(ﬁo)uzm(ﬁo)})

vy + 2
2
€ (0,00)

_|_

(3E [u51(00)uhsn(00)] + 2E [uhy(00)°] + E [uss:(60)])

as n — oo by Lemma 15(i)-(iv) and Theorem 3.5.7 of Stout (1974).
Straightforward differentiation shows that the desired inequality holds for other
third derivatives by Lemma 15(i)-(iv) and Lemma 1. [ |
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