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ment efficient social choice by paying each agent the externality her report
imposes on all other agents. This paper provides an alternative mechanism,
where each pair of agents directly compensates each other according to the
externalities they impose. In the new mechanism any agent can guarantee to
receive her ex ante efficient payoff by committing to report truthfully, regardless
of others’ strategies. This absence of ex ante externalities makes all equilibria
efficient, whether agents act individually or in coalitions. Truthful report is
a coalition-proof equilibrium, and under mild assumptions it is the uniquely
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1 Introduction

The Coase theorem states that the problem of externalities causing economic ineffi-
ciency can be solved if the externalities can be traded. When the externalities are
traded, their effects are internalized, inducing any agent responsible for the external-
ities to make the efficient social choice. This paper shows that the similar idea can be
used in a benevolent social planner’s problem with agents having independent private
types and quasilinear preferences. The social planner asks the agents to report their
private types, and then she makes the social choice which maximizes the total payoft
of the agents. Since any agent’s report affects the social choice, the agents impose
externalities on each other and may benefit from misreporting their types. In order
to induce truthful reports, the agents should be made to compensate each other for

these externalities.

The idea of internalizing of externalities has been already used in the classic Vickrey-
Clark-Groves (VCG) and d’Aspremont-Gerard-Varet (AGV) mechanisms, though the
way it is implemented in these mechanisms is not as in the Coase theorem. In VCG
mechanism it is the social planner who compensates the agents for the externalities.
In AGV mechanism the compensation is unfair: if agent ¢’s report causes externalities
on agent j and no externalities on agent k, agent k still has to pay agent i. As a
result, both VCG and AGV mechanisms internalize the externalities partially and are
not resistant to group deviation. In these mechanisms each agent individually prefers
to report truthfully, but a group of agents can coordinate on a misreport and jointly

benefit.

The current paper presents an alternative mechanism, where each pair of agents
directly compensates each other for externalities. In the mechanism the agents are
ordered in an arbitrary sequence and report their types sequentially according to that

ordering. Each report is publicly observed, including the agents who has yet to report.



When any agent ¢ reports own type, social planner updates her beliefs on the efficient
choice she will make at the end, and she updates the expected payoffs of agents from
that choice. The mechanism prescribes any other agent j # i to pay agent i the
change in j’s expected payoff which occurred from i’s report. These payments are

made for the report of each agent.

In the new mechanism each pair of agents directly compensates each other for the
externalities of their reports. As a result, all externalities are removed at ex ante level.
If any agent ¢, before learning her type, commits to report truthfully, she guarantees
to get her ex ante efficient payoff, regardless of others’ strategies. This result follows
from the way the payments are being made. First, agent i receives a payment from
any other agent j, equal to the change of j’s payoff caused by i’s report. Since agent
1 reports truthfully, in expectation over i’s report that change is zero, and so is j’s
payment to . Second, agent ¢ makes payment to j, equal to the change in i’s expected
payoff caused by j’s report. Effectively the utility of agent i (payoff from social choice
plus payments) does not change with j’s report. Therefore, i’s utility does not change
with reports of other agents and equals to its ex ante value, to i’s ex ante efficient

payoff.

The idea of the mechanism is similar to the property rights of the Coase theorem.
Before the mechanism the social planner expects each agent i to obtain ex ante efficient
payoff, and provides agent ¢ with the guarantee for that payoff. This guarantee is an
attractive feature of the mechanism, since agent ¢ does not need to hold any beliefs

about others’ strategies.

The property of no ex ante externalities guarantees the social choice to be efficient
in any equilibrium, (i.e., full efficient implementation). Since reporting truthfully is
always an option, in any equilibrium each agent gets at least her ex ante efficient
payoff. The total utility of all the agents equals to at least total efficient payoff.

Since the mechanism is ex post budget balanced, the total payoff of all the agents is



efficient, and so is the social choice. The full efficient implementation holds regardless
of whether agents act individually or being in coalitions. If the process of coalition
formation is endogenous, any agent guarantees ex ante efficient payoff by refusing to
join the coalition and reporting truthfully. If the process of coalition formation is
exogenous, happening before the mechanism and making the agents in coalition to
act as a single player, then truthful report guarantees efficient payoff to coalition as

well as to any agent outside the coalition.

The set of equilibria in the mechanism always contains truthful equilibrium. This
equilibrium is coalition-proof: it is not profitable to misreport for any coalition. Oth-
erwise, if a coalition could strictly benefit by misreporting, it would decrease the
utility of some agent outside the coalition below ex ante efficient payoff. This is

impossible, however, since that other agent reports truthfully.

In truthful equilibrium the payment made to each agent ¢ equals to the expected payoft
of all other agents; that payoff is estimated given the reports before 7 and assuming
agents after ¢ report truthfully. The incentives to report truthfully thus lie between
VCG and AGV mechanisms. The solution concept for the truthful equilibrium can
also be made to lie between weak dominance of VCG and Bayesian Nash equilibrium
of AGV. With a mild assumption of efficient social choice being unique, truthful
report becomes a uniquely rationalizible strategy. The last agent strictly prefers to
report truthfully regardless of others’ reports. Knowing that, the second-to-last agent
strictly prefers to report truthfully as well. By induction, all the agents have truthful

report as the uniquely rationalizible strategy.

The mechanism has other features. The ordering in which the agents report their
types, determines the monetary transfers to each agent from the mechanism. How-
ever, even if one fixes the ordering, it is possible to find alternative transfers achieving
the main property of ex ante removal of externalities. One could also impose sym-

metry by making all the agents to report their types simultaneously and then choose



the ordering of 'revealing’ the reports uniformly. Since the mechanism works for any
arbitrary deterministic ordering of agents, it works for random ordering as well. In
the resulting symmetric mechanism each agent pays the externality other agents im-
pose on her, and gets paid the Shapley value of externalities her report imposes on
others. Switching to simultaneous reports, however, prevents unique rationalizibility

of truthful report.

The mechanism built in this paper can be extended to other environments. First,
the mechanism is shown to work in a dynamic setting with agents’ types changing
over time, as in paper by Athey and Segal (2013). In the dynamic setting the agents
compensate each other for the changes in their expected continuation payoffs. As a
result, on equilibrium path one achieves full efficient implementation and coalition-
proofness. Second, under some conditions, the idea of trading externalities can be

applied when taken into account interim participation constraint.

The paper is organized as follows. Section 2 discusses the relevant literature. Section
3 builds the mechanism and shows the properties of full efficient implementation and
coalition-proofness. Section 4 describes other properties of the mechanism, including
unique rationalizibility of truthful report. Section 5 adjusts the mechanism to a

dynamic setting and to a setting with participation constraints. Section 6 concludes.

2 Literature review

The idea of internalizing the externalities in efficient mechanism has given rise to
classic Vickrey-Clarke-Groves (VCG) and d’Aspremont Gerard-Varet (AGV) mech-
anisms. In VCG mechanism, introduced by Vickrey (1961), Clarke (1971), Groves
(1973), each agent is paid the externality her report imposes on other agents. As
a result, the truthful report is a weakly dominant strategy. AGV mechanism from

the paper by d’Aspremont Gerard-Varet (1979), uses similar idea: each agent is paid



the expected externality her report imposes on other agents. The payment is made
budget-balanced by taking it with equal shares from other agents. As a result, AGV
mechanism is budget-balanced, though the solution concept is weaker: truthful report

is Bayesian incentive-compatible.

The mechanisms in Samuelson (1985) and Cramton, Gibbons, Klemperer (1987) per-
form similar to the Coase theorem. They consider the environments where the agents
have property rights of an asset and trade them through efficient mechanisms. Each
agent owning share of the asset imposes individual rationality constraints and makes
it impossible to always have efficient allocation. The authors find the conditions on
the initial shares under which one gets efficiency. In comparison, my paper builds the
mechanism in which each agent is expected to get her ex ante efficient payoff from the
social choice, similar to initial share of the asset. By submitting their private types,
agents change their efficient payoffs, and compensate each other for those changes.

Since there is no participation constraint, the mechanism always achieves efficiency.

The idea of internalizing the externalities has been considered in dynamic environ-
ments in the papers by Bergemann and Valimaki (2010) and Athey and Segal (2013).
Athey and Segal extend AGV mechanism to a dynamic setting: agents’ private types
evolve stochastically over time. In order to incentivize the agents to report truthfully,
each agent ¢ is paid the change of efficient continuation payoff of other agents, caused
by i’s report. The mechanism is budget-balanced by taking that payment with equal
shares from other agents. As a result, truthful report is Bayesian Nash equilibrium.
The same idea of compensating the agents for the change in their payoff is used in my
paper. The difference is that, unlike AGV mechanism, each pair of agents directly

compensates each other.

Another series of papers studies the problem of collusion in mechanism design. Laf-
font, Martimort (1997, 1998, 2000) consider the environment with two agents and

show the optimal outcome to be collusion-proof in case of independent types. The



paper by Che and Kim (2006) extends the model to an arbitrary number of agents
and more general environment with object allocation. Making the principal to ’sell’
the object to the grand coalition, Che and Kim show that any incentive compatible,
individually rational mechanism can be adjusted to be collusion-proof in case the
grand coalition is formed. With an additional requirement of ex-post incentive com-
patibility, the same result holds if a subgroup of agents can form a coalition and the
principal knows at least two agents in the subgroup. In another paper on auctions
Che and Kim (2009) show that with passive beliefs, assuming impossibility of forming

the grand coalition, the seller can achieve the same revenue as in case of no collusion.

The assumption of passive beliefs, used widely in the models of collusion, was moti-
vated in Myerson (2007). The agents report their types to the social planner, though
they are not yet committed to them. The third party proposes a collusion, and if
successful, the involved agents resubmit their reports. Otherwise, if the collusion fails,

the reports are unchanged.

The problem of different aspects of the mechanism with collusion has been studied
more extensively in auctions. McAfee and McMillan (1992) show that the inability of
the cartel members to pay each other cuts down their payoffs. Later, Che, Condorelli
and Kim (2013) show that in this case the seller is not hurt by the collusion possiblity.
Erdil and Klemperer (2011) propose a new class of payment rules to make the agents
less willing to submit non-truthful bids if colluding. Biran and Forges (2011) consider
the stability of a collusion in auctions with respect to externalities each bidder may
impose on others if getting the object. Chen, Micali (2012) allow the agents to report
not only their value but also the coalition they belong to. If several agents consistently
report being in a same coalition, and one of them wins the good, the bids of other
coalition members do not increase the payment, inducing the agents to reveal being

in a coalition.

An independent branch of literature is devoted to full implementation: it considers



mechanism design in which all equilibria achieve the desired social choice. In the
environment with observable types one requires Maskin monotonicity condition (de-
scribed in Maskin (1998)). This condition is extended to Bayesian monotonicity in
the environments with incomplete information and interdependent types, as shown
in Jackson (1991). The idea is that for any undesirable outcome, there is an agent
who can credibly inform the designer if this outcome is being played and get re-
warded. However, one needs a non-direct mechanism for this communication to be
possible. Matsushima (1993) shows that with quasilinear utilities and side payments
one can replace Bayesian monotonicity with much weaker condition, which is satis-
fied for a generic class of social choices. This result is further developed by Chen,
Kunimoto, Sun (2015) where one needs only small transfers for full implementation.
A recent paper by Ollar, Penta (2015) shows the full implementation using a direct
mechanism. In their paper mechanism designer uses moment conditions, commonly
known to both the designer and the agents, and make truthful report the uniquely

rationalizible strategy.

3 Mechanism

I consider a setup with n agents. Each agent i € {1,...,n} privately observes own
private type ;. The total type profile over all agents is denoted as #. Types are inde-
pendently distributed across the agents, the ex ante distribution of types is publicly
known. There is a set of social choices S, each choice s € S gives agent ¢ a payoff
u;(0;,s). 1 allow for monetary transfers and assume the agents to have quasilinear
utilities: if agent i receives amount x; of money, her total utility equals u;(6;, s) + ;.
Later in the paper I will refer to the 'payoff’ as the payoff u;(6;, s) from social choice,

and the ’utility’ as the payoff plus monetary transfers.



[ assume that for any type profile 6 there exists an efficient social choice s*(0) =
argmaxs y . u;(0;,s), which maximizes the sum of agents’ payoffsﬂ given 6. The
payoff of agent i at efficient choice s*() is denoted as u;(#). I assume there exists
a social planner, who implements an efficient mechanism. In the mechanism each
agent ¢ reports her private type 6;, and then the social planner chooses s*(é) as a
function of total report profile 6. Since each report affects the social choice, agents
impose externalities on each other. I will now introduce transfers z;(6) into the

efficient mechanism, which will remove the externalities at ex ante level; achieving

full efficient implementation, coalition-proofness and ex post budget balance.

The idea of the mechanism is to make the agents to compensate each other for the
externalities they impose when reporting. The agents are arbitrarily ordered into
a sequence 1,2, 3,...,n, which is publicly known before the mechanism. The agents
report their types according to that sequence, each report being publicly observed E|
Since the social planner knows the type distribution for each agent, she knows the
distribution over efficient social choices, assuming that all agents report truthfully.
The social planner can calculate ex ante expected payoff Fyu;(f) for each agent i,
before the mechanism starts. When agent 1 submits report él, this new information
allows the social planner to update the expected payoffs of all agents. When agent
2 submits report 0}, social planner makes another update, given the already known
report 0, of agent 1. In general, when any agent reports own type, the expected

payoffs of all the agents get updated.

After agent ¢ has submitted report 8}, the mechanism prescribes other agents to make

the following monetary transfers to ¢ E| Any other agent j # i pays i the change in

In case of several choices maximizing the total payoff, one is arbitrarily chosen as s*(6).
2The results will hold if some of the agents do not observe some of the previous reports. In

particular, the agents may all report simultaneously, and an ordering being put afterwards.
3These transfers can be made immediately after agent i’s report, or at the end, when all the

agents have submitted their reports.



7’s expected payoff caused by i’s report:

DEFINITION 1 Given the total submitted report to be é, agent j pays agent i the

change in expectation of j’s payoff:
E9i+17,,,79nuj' (91, 92, ey Qi_l, Qi, 91’—1—17 ceey Qn) — Egiygwly__.,gnuj'(el, 92, ceey 0,'_1, 91', 9i+1, ceey Qn)

caused by report 0;.

This payment from j to ¢ may be negative (i.e., agent j receives a positive transfer

from agent i), if the change in expectation of payoff u; is negative.

Such payments are made for the report of each agent, making each pair of agents
to exchange monetary transfers according to the externalities they impose on each

other. Let’s show that such monetary transfers lead to:

THEOREM 1 If any agent © commits to report truthfully before observing her type,

her expected utility equals to her ex ante efficient payoff Egu;(0), regardless of others

strategies.

Proof.

The proof will be shown for the concrete example of n = 5 agents to illustrate
the general idea. The agents are numbered in order of submitting their reports,
as 1,2,3,4,5. Let agent 3 commit to report truthfully. Agent 3’s transfers in the
mechanism consist of two parts: a) others pay agent 3 since 3’s report affect their

payoffs, and b) agent 3 pays others since their reports affect 3’s payoft.

First observation is that since agent 3 reports truthfully, in expectation over 3’s report,

any other agent pays zero to 3. For example, agent 1 pays agent 3 the value

E94705U1(9A1, 02,05, 04,05) — E93,94,05U1(é1, 0y, 03,64, 05)

10



This value does not depend on the reports é4, 05 made after 3’s report. Moreover, the
reports él, 05 cannot be conditioned on 3’s report, f5. If one substitutes 3’s report
9}, for a true value 63, and takes expectation over 3’s type, the value of 1’s payment
becomes zero:

E93 [E94,95u1 (éla OAQ) 037 947 05) - E93,94,95u1 (éla éQ) 037 947 95)] - 0

Indeed, agent 1 pays agent 3 the change in 1’s expected payoff, where the expecta-
tion is calculated given 3’s true type distribution. Since agent 3 reports truthfully,
the average of 1’s expected payoff does not change, giving zero expected transfers.

Similarly, agents 2,4, 5 expect each to pay zero to agent 3, too.

Let’s now find transfers which agent 3 pays others since their reports affect 3’s payoff.

Agent 3 pays agent 1 the value

E92,93,94,95u3(é1, 92, 93, 94, 95) - E9U3(9)

and pays agent 2 the value

E93,94,05u3(éla é27 637 04) 05) - E92,93,04,95u3(é17 827 037 947 05)

In total, agent 3 pays both agents 1,2 the externality of their reports on 3’s payoft:

E93,94,95U3(é1, 02,63, 04, 05) — Egus(0) (1)

Similarly, agent 3 pays both agents 4,5 the value

u3<é17 é27 9A37 é47 é5> - E94,95u3(é17 éQa é37 947 05) (2)

11



Thus, agent 3 pays other agents the value

Ep,.0,05u3(01, 0,03, 04,05) — Egus(0) + us(6y, 0, 03, 04, 05) — Eg, g,us (6,602, 65,64,65)
(3)

When taking expectation over 3’s truthful report ;3 = 63, the first and the last
terms in expression disappear, leaving the value u;;(él, Oy, 05, 0,, 9}) — Epuz(0) as
3’s transfer to others. Since agent 3 reports truthfully, the payoff of agent 3 from a
social choice equals to u;;(él, Oy, 03, é4, é5) = U3(é1, Oy, 0, é4, 9},) Therefore, 3’s utility
equals 3’s payoff Ug(él, Oy, 05, 0., 0},) minus 3’s transfer ug(él, 0y, 05, 0., 55) — Eyus(0),
and equals to 3’s ex ante efficient payoff, Fyus(0).

In general case of n agents the proof is the same. If agent i commits to report
truthfully, every other agent j # i expects to pay zero to i. Moreover, when any
other agent j # i submits report éj, the expected payoff of agent ¢ changes, and agent
1 pays that change to agent j. Therefore, the expected utility of agent ¢ does not
change. After all reports are submitted, the utility of agent ¢ remains the same as it

was before the mechanism, and equals to ex ante value Eyu;(6). Q.E.D.

3.1 Full efficient implementation and coalition-proofness

Theorem shows that all the externalities among the agents are removed at ex
ante level. This property leads to all equilibria achieving efficient social choice with

probability 1, regardless of the agents forming coalitions:

THEOREM 2 In any equilibrium of the mechanism, the efficient social choice is achieved
with probability 1. This result does not depend on whether agents act individually or

being in coalitions.

Proof.

12



Let’s first consider the agents acting individually. Each agent ¢ has always an option
to report truthfully. Therefore, in any equilibrium, from ex ante point of view, any
agent i gets at least the value Eyu;(6) as her utility. The total utility of all the agents
equals at least ) . Fyu;(f). Since the mechanism is budget-balanced, from ex ante
point of view the total payoff of the agents equals to at least ex ante efficient value
of >, Fgu;(#). This can happen only if the efficient social choice is achieved with
probability 1.

Now let the agents form coalitions, which can happen in two ways. With an endoge-
nous process of coalition formation, the coalition is being formed after the mechanism
was announced. There is a third party which defines rules of the coalition and pro-
poses a group of agents to join the coalition. If all agents in the group agree, they
act in the original mechanism according to the rules of coalition. However, any agent
can refuse joining the coalition and report independently in the original mechanism.
By refusing to join the coalition and reporting truthfully, any agent can guarantee

her ex ante efficient payoff. Full efficient implementation result follows.

With an exogenous process of coalition formation the coalition is formed before the
mechanism. Agents in the coalition act as a single player: their private types are
a common knowledge within the coalition, and they can make monetary transfers
to each other. Coalition members jointly report their types in the mechanism to
maximize their total utility. With this concept of coalition formation, any agent
outside of the coalition guarantees her ex ante efficient payoff, and so does the coalition
by making all its members to report truthfully. The total payoff is thus ex ante

efficient, showing full implementation.
Q.E.D.

The property of full implementation does not guarantee by itself the existence of

equilibrium. The next theorem shows that truthful report is always an equilibrium:

13



THEOREM 3 Truthful report is an equilibrium, whether agents act individually or

being in coalitions.

Proof.

The theorem will be shown to hold under the extreme case of several agents exoge-
nously forming a coalition C' and behaving as a single player. First let’s notice that
if everyone reports truthfully, everyone receives ex ante efficient payoff as utility. Let
the agents outside C' report truthfully, and let’s assume that there exists a type 6
of the coalition, at which the coalition could misreport and strictly benefit. Since the
mechanism is efficient and budget-balanced, coalition C' misreporting and benefitting
would lead to some agent i ¢ C' outside the coalition to strictly lose her utility. If
probability of type 6 was positive, by reporting truthfully at all types except 6,
and misreporting at 6, coalition C' can make i’s utility to fall below ex ante effi-
cient payoff Fyu;(0). By Theorem |1] that is impossible, since i always reports truth.
Thus, truthful reporting is an equilibrium, any agent (coalition) reports truthfully

with probability 1.

Q.E.D.

4 Properties of the mechanism

4.1 Truthful report as a uniquely rationalizible strategy

In truthful equilibrium the incentives to report truthfully lie between VCG and AGV
mechanisms. Each agent i prefers to report truthfully no matter of previous reports
(similar to VCG) and anticipating future reports to be truthful (similar to AGV). The
solution concept for truthful report to be an equilibrium is weaker than in weakly

dominant strategies of VCG; although truthful report is a uniquely rationalizible

14



strategy under the following assumption:

ASSUMPTION 1 For any two type profiles 6 # 0" one has

Zui@) = Zui(ei, s°(0)) > Zui(ﬁi, s*(6')

Assumption [I] imposes the requirement that all reports have to be truthful for the
total payoff to be efficient.

PROPOSITION 1 Assumption (1] makes the strateqy to report truthfully to be uniquely

rationalizible choice for each type of each agent.

Proof.

The proof will be provided for the case of five agents, ordered as they submit their
reports as 1,2,3,4,5. Agent 5’s report, é5, makes the transfers paid to 5 to be equal

to:

> [wi(61, 02, 05,04, 05) — Eg,u;(01, 0, 05,04, 05)]

i#5
The second term does not depend on 0. Essentially agent 5 gets paid the value
> 45 ui(él, Oy, 05, 0., ¢9A5), which is the payoff of other agents from efficient social choice.
This makes 5’s utility to be equal to the total payoff, which is uniquely maximized at
truthful report 05 = 0s.

Now let’s look at incentives of agent 4. Since agent 5 reports truthfully, agent 4
expects to pay zero to agent 5, regardless of 4’s report. Thus, 4’s report only affects

transfers made to 4. These transfers equal to:

15



Z[Eésui(éla é27 és, é4, 95) - E94,95Ui(él, é2, é3, 04, 95)]

i#4
Agent 4’s report affects only the first term, which is the expected payoff of other
agents; the expectation is taken over 5’s truthful report. Agent 4’s utility equals to
the expected payoff of all agents. Since any misreport of agent 4 leads to a positive loss

in the expected total payoff, agent 4 has a unique best strategy to report truthfully.

By induction, agents 1,2,3 can be shown each to have truthful report as the only

rationalizible strategy as well. Q.E.D.

4.2 Symmetric mechanism and Shapley value

The mechanism achieves coalition-proofness and full efficient implementation for any
ordering, in which agents submit their types. The sequential reporting makes the
mechanism non-symmetric for the agents. One could impose symmetry by making
the agents to report their types simultaneously, and then to uniformly randomize over
the orderings, in which agents’ reports are 'revealed’. In the resulting mechanism,

the transfer to agent i equals:

2:(0) = Bgui(0) — u;(0)+

m=n—1

1 N R
+ e > (B 6Ok rtiiorins 060 0510 s 05,) = (4)

Pl ) o jm

—Eo, 0, .05, A{Ok Yhstign jorijon> Ois O s s 031 ))]

m=0

where a(f) = >, u;(0) is the efficient total payoff. One has then:

COROLLARY 1 Transfers given by achieve full efficient implementation, coalition-

proofness and budget balance, with all agents treated in a symmetric way.

16



One way to think of those transfers is as follows. For any agent ¢ the first line in
expression (4)) is how much she should pay other agents as their reports affect her
payoft. Two bottom lines in expression indicate how much agent ¢ should be paid
as her report affects the payoffs of others. One takes any subset J = {4, ji, ..., jm } of
agents including ¢ and calculates the externality of agent i’s report given the reports
of agents outside J. In other words, one calculates externality of ¢’s report, as if
agents outside J reported before i, and agents ji, ..., j,, reported after i. One then
takes the average across all possible J-s, which is a Shapley value of externalities of

1’s report, and pays it to agent i.

It should be noted that with simultaneous reports the truthful report is no longer a
uniquely rationalizible strategy. This leads to the choice of either agents reporting
sequentially and having the truthful report as a uniquely rationalizible strategy, or

agents reporting simultaneously and the mechanism being symmetric.

4.3 Uniqueness

The transfers in the mechanism depend on the ordering in which the agents report
their types. However, even if one fixes the ordering, the transfers achieving ex ante
removal of externalities (Theorem are not unique. When agent ¢ submits her
report, the current mechanism prescribes any other agent j to pay ¢ the change in
expectation of j’s payoff, u;. Instead, one could prescribe agent j to pay the change
in the expectation of the expression Ey u;. That is, one takes the original transfers
given by Definition and applies the expectation operator Ey,(.) If agent j reports
after i, the new transfers coincide with the original ones given by Definition [I} If
agent j reports before 4, the new transfers are calculated as if the social planner has

forgotten j’s report.

17



With the new transfers one still achieves ex ante removal of externalities. The proof

is the same as in Theorem [I}

PROPOSITION 2 Theorem (1 holds, if agent j pays to i the change in expectation of

E@J.Uj.

Proposition [2| implies that if one imposes symmetry on the mechanism by making
the agents to submit their types simultaneously, the transfers required for ex ante

removal of externalities are not unique.

4.4 Impossibility of coalitional weak dominance

The mechanism constructed in the paper can be thought of as a mixture between
AGV and VCG mechanisms, for both agents and coalitions. Since for agents one has
VCG achieving weak dominance, one may wonder whether the similar result holds
for coalitions (dropping budget balance property). That is, after all the agents have
submitted their reports, even if several agents are in a coalition and behave as a single
player, they do not with to change their reports. The following statement shows that
the required condition demands full separability for total efficient payoff'}

PROPOSITION 3 In the efficient mechanism a truthful report is a weakly dominant
strateqy for all exogenously formed coalitions, if and only if there exists a set of func-

tions f;(0;) such that

Z u;(0) = Z_ ) (5)

Proof.

4Crémer (1996) shows the general impossibility of weak dominance for coalitions, even under

weaker version of coalition formation.
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If one wants the coalition C'_;, which contains everyone but agent 7, to have a weakly

dominant strategy to report truthfully, the total transfer to C'_; has to satisfyﬂ:

> x(0) = wi(6) — fi(6:) (6)
i
That is, the coalition C'_; gets as a total transfer the payoff of agent ¢ minus some

term fi(éi), which does not depend on the report GA_Z- of coalition C'_;. The equation
@ has to hold for all <.

In order to incentivize the grand coalition to report truthfully, the total transfer
> xz(é) has to be constant, independent of §. This means, that if one sums up the
equations @ for all 7, then on the left hand side there will be a constant. On the
right hand side one will have the total efficient payoff 3_ u;(f) and sum of terms
— fz(él), each depending only on the type of agent 7, yielding the result. Q.E.D.

REMARK 1 In the proof the incentives for the grand coalition were checked, and one
may find the assumption for the grand coalition (and any big coalition) to be formed
as too strong. However, even if one wants truthful report to be a weakly dominant
strategy for two agents i,j and a coalition {i,j}, it has to be that the total efficient

payoff has to be separable across types 6;,0;, which is a restrictive condition.

Proposition |3 shows that type independence is essential for the mechanism and for
Theorem The property of ex ante removal of externalities is stronger than the
coalition-proofness. The coalition-proofness cannot be obtained in weakly dominant
strategies, and respectively it cannot be obtained either in case of very strong type
correlation among the agents. Indeed, in truthful equilibrium any coalition could pre-
dict others’ reports with a very high probability, and the Bayesian equilibrium would

be almost equivalent to the equilibrium in weakly dominant strategies. Therefore,

5These conditions are the same as in VCG mechanism, written for a coalition.
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type correlation may prevent coalition-proofness and ex ante removal of externalities.

The precise bounds in which the current mechanism works are yet to be found.

5 Extensions

5.1 Individual rationality

The current mechanism, built similar to VCG and AGV mechanisms, does not impose
individual rationality constraint: no agent can quit the mechanism. Since the mecha-
nism satisfies efficiency, incentive compatibility and budget balance, due to Myerson-
Satterwaite impossibility theorem individual rationality cannot be added for general
case. However, a different question may be asked. Let there be an efficient mechanism
which already satisfies interim incentive compatibility and individual rationality, and
ex post budget balance. Is it possible then to add full efficient implementation and

coalition-proofness?

The answer is positive under the some conditions, as shown below.

PROPOSITION 4 There exists a budget-balanced mechanism, which satisfies Theorem

and individual rationality, if either

a) there exists an efficient mechanism M, which satisfies interim incentive compat-
wility and individual rationality, and ex post budget balance. The type profile 0 and
social choice s are elements of a compact set in Fuclidean space. Efficient social
choice s*(0) is differentiable over type profile 0, and payoff of each agent i u;(0;,s) is

differentiable over social choice s and type 0;;
or

b) standard AGV mechanism satisfies individual rationality.
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The proof of this result is straightforward. Consider the (current) mechanism built in
this paper. Part a) guarantees the payoff equivalence between the current mechanism
and mechanism M: for any type of any agent, the expected interim utility differs
in both mechanisms at a type-independent constant. One can adjust the transfers
to the agents in a budget-balanced type-independent manner and make the current
mechanism to satisfy individual rationality. Moreover, for each agent the interim
utility in the current mechanism differs at a type-independent constant from AGV

mechanism, allowing for a similar construction in part b).

5.2 Dynamics

It is possible to have a dynamic version of the current mechanism, in a multiple-period
environment from Athey and Segal (2013). In that environment, in each period the
social planner makes a social choice, and each agent i gets a payoff as a function of
social choice and 7’s current type. The type of each agent evolves over time according
to a Markov chain, depending on the social choice and independently of other agents’
types. The social planner maximizes the total expected discounted sum of payoffs
of all the agents. Athey and Segal extend AGV mechanism to this dynamic setting.
In their mechanism in each period agent ¢ is paid the change in expected efficient
continuation payoff of others, caused by i’s report. Their efficient mechanism makes

truthful report a Bayesian equilibrium, and is ex post budget-balanced in each period.

The idea of the current mechanism makes it possible to add full implementation and
coalition-proofness. To show this, let’s first introduce some notations. Assuming all
the agents always report truthfully, let the type profile to be # in the current period.
Respectively, the efficient social choice s*(6) is chosen, and each agent ¢ obtains payoff
u;(0). Agent i’s expected efficient continuation payoff for the future period is denoted
as V;(0); the expectation is taken at the beginning of the future period over the

future type profile. Let’s also denote the discount factor as d, which is the same for
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all the agents. At the moment between the agents having announced type 6 and the
social planner making choice s*(), the continuation payoff for agent 7 is denoted as
Ui(0) = u;(0) + 6V;(0). Since the social planner knows current type 6, she has correct
beliefs about the future type distribution, 67!, In the mechanism the agents report
their types sequentially; as the reports are getting submitted, i’s continuation payoft
changes in the future period from V;(6) to U;(6™'). When agent i reports own type,

any other agent j pays ¢ the related change in j’s expected continuation payoff.

PROPOSITION 5 If agent i reported truthfully her type ;" in the past period and she
commits to always report truthfully before learning current type 6;, then she guarantees
herself the continuation payoff of Vi(6~},0: 1), where 8~} is others’ report in the past

period.

Proof.

The proof will use induction. Let’s suppose at period t + 1 agent ¢ can guarantee
herself the continuation payoff V;(H:i, GZ)H if she commits to report truthfully from
period t 4+ 1 onwards, and she reports truthfully type 6; at period t. Let’s show that
at period t agent ¢ can guarantee herself the continuation payoff V;(Hiil, 0;1), if she
reported truthfully type 6; ' at period ¢t —1 and commits to report truthfully at period
t. Agent i’s continuation payoff, estimated just before the social choice is made at
period t, equals Ui(Q:i, ;) = ui(H:i, 0;) +5\/i(9:i, 0;). Moreover, since agent i reported
truthfully at period ¢ — 1, the social planner has correct beliefs about the distribution
of type 6; in period t. In period t any other agent j # i is expected to pay zero to i.
On the other hand, if other agents report their types in period ¢ as G:i, agent ¢ will
pay other agents the value U;(0_;, 6;) — Vi(Qiil, 6;'). This means that the continuation

payoff of agent i at the beginning of period t equals to

Ui(04,0:) — (U0, 0)) — Vi(6=1, 071 = Vi(0=L, 0.

1974 R

6The continuation payoff Vi(9:i, 6;) is estimated before agent 4 learns her type in period ¢ + 1.
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Q.E.D.

Since at the beginning of the game social planner has the correct beliefs about future
types’ distribution, every agent guarantees herself her ex ante efficient continuation
payoff, making any equilibrium efficient and coalition-proof. However, off-equilibrium
path one may have inefficient equilibria. That is, if it so happens that agent i has
misreported at some period and induced incorrect beliefs for social planner, agent ¢ no
longer guarantees to get the efficient continuation payoff and may prefer to continue

misreporting in future periods.

6 Discussion

This paper provides an efficient mechanism with agents having independent private
types and quasilinear preferences. In the mechanism each pair of agents directly
exchanges monetary transfers according to the externalities they impose on each
other. The transfers internalize externalities, achieving coalition-proofness and full
efficient implementation. This method of removal of externalities can also be applied

in a dynamic setting.

The assumption of independent private types is crucial for the mechanism. The
removal of externalities is based on two effects: if any agent ¢ commits to report
truthfully, then a) other agents expect each to pay zero to i, and b) agent i makes
the payments to other agents which keep 4’s utility constant. If types of the agents
are interdependent, then part a) may no longer hold. Any agent j # ¢ would hold
beliefs about i’s type dependent on own private type ¢; and therefore might expect
to make a non-zero payment to ¢. This may induce agent j to misreport and make
the social planner to underestimate the externality of i’s report on j’s payoff. The
current method of trading externalities cannot therefore be applied to the general

setting, and it remains an open question how to extend it.
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