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TESTING IN HIGH-DIMENSIONAL SPIKED MODELS

By IAIN M. JOHNSTONE* AND ALEXEI ONATSKIT
Stanford University and University of Cambridge

We consider the five classes of multivariate statistical problems
identified by James (1964), which together cover much of classical
multivariate analysis, plus a simpler limiting case, symmetric ma-
trix denoising. Each of James’ problems involves the eigenvalues of
E~'H where H and E are proportional to high dimensional Wishart
matrices. Under the null hypothesis, both Wisharts are central with
identity covariance. Under the alternative, the non-centrality or the
covariance parameter of H has a single eigenvalue, a spike, that stands
alone. When the spike is smaller than a case-specific phase transition
threshold, none of the sample eigenvalues separate from the bulk,
making the testing problem challenging. Using a unified strategy for
the six cases, we show that the log likelihood ratio processes para-
meterized by the value of the sub-critical spike converge to Gaussian
processes with logarithmic correlation. We then derive asymptotic
power envelopes for tests for the presence of a spike.

1. Introduction. High-dimensional multivariate models and methods,
such as regression, principal components, and canonical correlation analysis,
repay study in frameworks where the dimensionality diverges to infinity
together with the sample size. “Spiked” models that deviate from a reference
model along a small fixed number of unknown directions have proven to be
a fruitful abstraction and research tool in this context. A basic statistical
question that arises in the analysis of such models is how to test for the
presence of spikes in the data.

James (1964) arranges multivariate statistical problems in five different
groups with broadly similar features. His remarkable classification, recalled
in Table 1, relies on the five most common hypergeometric functions pFy. In
this paper, we describe rank-one spiked models that represent each of James’
classes in a high dimensional setting. We derive the asymptotic behavior of
the corresponding likelihood ratios in a regime where the dimensionality
p of the data and the degrees of freedom ny,n2 increase proportionally.
Specifically, we study the ratios of the joint densities of the relevant data
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2 I. M. JOHNSTONE AND A. ONATSKI

TABLE 1
The five cases of James (1964)
Statistical method niH na F

oFy PCA  Principal components analysis Wp(ni, X + @) na2X

[latent roots of covariance matrix]
1Fo SigD  Signal Detection Wp(ni, X + @) Wp(na,3)

[equality of covariance matrices]
oF1 REGoe Multivariate regression, known error Wp(ni, X, n1®) NaX

covariance [non-central means]

1Fi REG  Multivariate regression, unknown error Wp(ni, 2, n1P) Wp(nz, X)
covariance [non-central latent roots|

oF1 CCA  Canonical correlation analysis Wp(ny, 2, 2(Y)) Wy(ne,X)

James’ names for the cases, when different from ours, are shown in brackets. Final two
columns interpret H and E of (1) for Gaussian data, so that W, denotes a p-variate
central or noncentral Wishart distribution, see Definitions. Matriz ® has low rank, equal
to one in this paper. For CCA, ®(Y) is a random noncentrality matriz, see
Supplementary Material (SM) 3.2 for definition. In cases 1 and 3, E is deterministic, ¥
is known, and nz disappears. Otherwise E is assumed independent of H.

under the alternative hypothesis, which assumes the presence of a spike, to
that under the null of no spike. The relevant data consist, in each case, of
the maximal invariant statistic represented by eigenvalues of a large random
matrix.

We find that the joint distributions of the eigenvalues under the alterna-
tive hypothesis and under the null are mutually contiguous when the values
of the spike is below a phase transition threshold. The value of the threshold
depends on the problem type. Furthermore, we find that the log likelihood
ratio processes parametrized by the value of the spike are asymptotically
Gaussian, with logarithmic mean and autocovariance functions. These find-
ings allow us to compute the asymptotic power envelopes for the tests for
the presence of spikes in five multivariate models representing each of James’
classes.

Our analysis is based on classical results that assume Gaussian data. All
the likelihood ratios that we study correspond to the joint densities of the
solutions to the basic equation of classical multivariate statistics,

(1) det (H — A\E) =0,

where the hypothesis H and error sums of squares F are proportional to
Wishart matrices, as summarized for the various cases in Table 1. The five
cases can be linked via sufficiency and invariance arguments to the statistical
problems listed in the table. We briefly discuss these links in the next section.
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James’ classification suggests common features that call for a systematic
approach. Thus the main steps of our asymptotic analysis are the same for all
the five cases. The likelihood ratios have explicit forms that involve hyperge-
ometric functions of two high-dimensional matrix arguments. However, one
of the arguments has low rank under our spiked model alternatives. Indeed,
for tractability, we focus on the rank one setting. We can then represent the
hypergeometric function of two high-dimensional matrix arguments in the
form of a contour integral that involves a scalar hypergeometric function of
the same type, Lemma 1, using the recent result of [12]. Then we deform
the contour of integration so that the integral becomes amenable to Laplace
approximation analysis, extending [27, ch. 4].

Using the Laplace approximation technique, we show that the log like-
lihood ratios are asymptotically equivalent to simpler random functions of
the spike parameters, Theorems 10 and 11. The randomness enters via a
linear spectral statistic of a large random matrix of either sample covariance
or F-ratio type. Using central limit theorems for the two cases, due to [6]
and [38] respectively, we derive the asymptotic Gaussianity and obtain the
mean and the autocovariance functions of the log likelihood ratio processes,
Theorem 12.

These asymptotics of the log likelihood processes show that the corre-
sponding statistical experiments do not converge to Gaussian shift models.
In other words, the experiments that consist of observing the solutions to
equation (1) parameterized by the value of the spike under the alternative
hypothesis are not of Locally Asymptotically Normal (LAN) type. This im-
plies that there are no ready-to-use optimality results associated with LAN
experiments that can be applied in our setting. However at the fundamen-
tal level, the derived asymptotics of the log likelihood ratio processes is all
that is needed for the asymptotic analysis of the risk of the corresponding
statistical decisions.

In this paper, we use the derived asymptotics together with the Neyman-
Pearson lemma and Le Cam'’s third lemma to find simple analytic expres-
sions for the asymptotic power envelopes for the statistical tests of the null
hypothesis of no spike in the data, Theorem 13. The form of the envelope
depends only on whether both H and F in equation (1) are Wisharts or
only H is Wishart whereas F is deterministic.

For most of the cases, as the value of the spike under the alternative
increases, the envelope, at first, rises very slowly. Then, as the spike ap-
proaches the phase transition, the rise quickly accelerates and the envelope
‘hits’ unity at the threshold. However, in cases of two Wisharts and when
the dimensionality is not much smaller than the degrees of freedom of F,



4 I. M. JOHNSTONE AND A. ONATSKI

the envelope rises more rapidly. In such cases, the information in all the
eigenvalues of E~'H might be useful for detecting population spikes which
lie far below the phase transition threshold.

A type of the analysis performed in this paper has been previously imple-
mented in the study of the principal components case by [30]. Our work here
identifies common features in James’ classification of multivariate statistical
problems and uses them to extend the analysis to the full system. One of
the hardest challenges in such an extension is the rigorous implementation
of the Laplace approximation step. With this goal in mind, we have devel-
oped asymptotic approximations to the hypergeometric functions 1 F/; and
oF1 which are uniform in certain domains of the complex plane, Lemma 3.

The simple observation that the solutions to equation (1) can be inter-
preted as the eigenvalues of random matrix EF~'H relates our work to the
vast literature on the spectrum of large random matrices. Three extensively
studied classical ensembles of random matrices are the Gaussian, Laguerre
and Jacobi ensembles, e.g. [22]. However, only the Laguerre and Jacobi en-
sembles appear in high-dimensional analysis of James’ five-fold classification.
This prompts us to look for a “missing” class in James’ system that could
be linked to the Gaussian ensemble.

Such a class is easy to obtain by taking the limit of \/ni (H — X) with
Y = I, as n; — oo, for p fixed. We call the corresponding statistical prob-
lem “symmetric matrix denoising”(SMD). Under the null hypothesis, the
observations are given by a p x p matrix Z/,/p with Z from the Gaussian
Orthogonal Ensemble. Under the alternative, the observations are given by
Z/\/p+®, where ® is a deterministic symmetric matrix of low rank, again of
rank one for this paper. We add this “case zero”to James’ classification and
derive the asymptotics of the corresponding log likelihood ratio and power
envelope.

To summarize, the contributions of this paper are as follows.

e We revisit James’ classification, which covers a large part of classi-
cal multivariate analysis, now in the setting of high-dimensional data
and show that the classification accommodates low rank structures as
departures from the classical null hypotheses.

e We show that in such high dimensional settings with rank-one struc-
ture, random matrix theory allows tractable approximations to the
joint eigenvalue density functions, in place of slowly converging zonal
polynomial series.

e We show that the log likelihood ratio processes, when parametrized
by spike magnitude, converge to Gaussian process limits in the sub-
critical interval.
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e Hence, we show that informative tests are possible based on all the
eigenvalues whereas tests based on the largest eigenvalue alone are
uninformative.

e As a tool, we develop new uniform approximations to certain hyper-
geometric functions.

e We identify symmetric matrix denoising as a limiting case of each of
James’ models. It is the simplest model displaying all the phenomena
seen in the paper. We clarify the manner in which the simpler cases
are limits of the more complex ones.

The rest of the paper fleshes out this program and its conclusions. The
proofs are largely deferred to the extensive Supplementary Material (SM).
They reflect substantial effort to identify and exploit common structure in
the six cases. Indeed some of this common structure appears remarkable and
not yet fully explained.

Definitions and global assumptions. Let Z be an n X p data matrix with
rows drawn ii.d. from N,(0,X), a p-dimensional normal distribution with
mean 0 and covariance . Suppose that M is also n X p, but determin-
istic. If Y = M + Z, then H = Y'Y has a p dimensional Wishart dis-
tribution Wy,(n, X, ¥) with n degrees of freedom, covariance matrix ¥ and
non-centrality matrix ¥ = X1 M’M. The central Wishart distribution, cor-
responding to M = 0, is denoted W) (n, X).

Throughout the paper, we shall assume that

p <min{ni,na},

where p is the dimensionality of matrices H and F, and ny, ny are the degrees
of freedom of the corresponding Wishart distributions, as summarized in
Table 1. The assumption p < ng ensures almost sure invertibility of matrix
E in (1), whereas the assumption p < m; while not essential, is made for
brevity, as it reduces the number of various situations which need to be
considered.

2. Links to statistical problems. We briefly review examples of sta-
tistical problems, old and new, that lead to each of James’ five cases, plus
symmetric matrix denoising, and explain our choice of labels for those cases.

PCA. In the first case nq i.i.d. N, (0,2) observations are used to test the
null hypothesis that the population covariance ) equals a given matrix .
The alternative of interest is

Q=2+® with & =0y
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where 6 > 0 and 1) are unknown, and 1) is normalized so that ||S~1/2¢| = 1.
Without loss of generality (wlog), we may assume that ¥ = I,. Then
under the null, the data are isotropic noise, whereas under the alternative,
the first principal component explains a larger portion of the variation than
the other principal components.
The null and the alternative hypotheses can be formulated in terms of
the spectral ‘spike’ parameter 0 as

(2) H0:90:OandH1:90:9>(),

where 6y is the true value of the ‘spike’. This testing problem remains in-
variant under the multiplication of the p x nq data matrix from the left and
from the right by orthogonal matrices, and under the corresponding trans-
formation in the parameter space. A maximal invariant statistic consists of
the solutions A; > ... > A, of equation (1) with n;H equal to the sample
covariance matrix and F = 3. We restrict attention to the invariant tests.
Therefore, the relevant data are summarized by Mg, ..., Ap. For convenience,
details of the invariance and sufficiency arguments for all cases are in SM
2.1.

SigD. Consider testing the equality of covariance matrices, 2 and X,
corresponding to two independent p-dimensional zero-mean Gaussian sam-
ples of sizes n1 and ny. The alternative hypothesis is the same as for case
PCA. Invariance considerations lead to tests based on the eigenvalues of the
F-ratio of the sample covariance matrices. Matrix H from (1) equals the
sample covariance corresponding to the observations that might contain a
‘signal’ responsible for the covariance spike, whereas matrix F equals the
other ‘noise’ sample covariance matrix. We again can assume that the pop-
ulation covariance of the ‘noise’ ¥ = I,,, although this time it is unknown
to the statistician (SM explains why such an assumption is wlog). Here, we
find it more convenient to work with the p solutions to the equation

(3) det (H—)\(EJrZ—;H)) —0,

which we also denote A\; > ... > A, to make the notations as uniform across
the different cases as possible. Note that as the second sample size no — o0,
while n; and p are held constant, equation (3) reduces to equation (1), E
converges to %, and SigD reduces to PCA.

REGy, REG. Now consider linear regression with multivariate response

Y=XB+¢
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when the goal is to test linear restrictions on the matrix of coefficients 3. In
case REGq the covariance matrix X of the i.i.d. Gaussian rows of the error
matrix ¢ is assumed known. REG corresponds to unknown 3.

As explained in [24, pp. 433-434], the problem of testing linear restrictions
on (8 can be cast in the canonical form, where the matrix of transformed
response variables is split into three parts, Y7, Yo, and Y3. Matrix Y7 is
n1 X p, where p is the number of response variables and n4 is the number of
linear restrictions (per each of the p columns of matrix ). Under the null
hypothesis, EY; = 0, whereas under the alternative,

(4) BY: = Vnipy/,

where > 0, | £=1/24|| = 1, and ||| = 1. Matrices Y5 and Y3 are (g — n1) xp
and (T — q) X p, respectively, where ¢ is the number of regressors and T is
the number of observations. These matrices have, respectively, unrestricted
and zero means under both the null and the alternative. SM contains a
discussion of the relationship between alternative (4) and a corresponding
constraint on the coefficients of the untransformed regression model.

In the important example of comparison of ¢ group means, i.e. one-way
MANOVA, the null hypothesis imposes equality of all means, while a rank
one alternative would posit that the ¢ mean vectors lie along a line, for
example g = p1 + s for scalar s, k = 2,...,q and ¢y € RP. This will be a
plausible reduction of a global alternative hypothesis in some applications.

For REGy, sufficiency and invariance arguments lead to tests based on
the solutions Ay, ..., A, of (1) with

H=Y/Yi/n; and E = X.

These solutions represent a multivariate analog of the difference between
the sum of squared residuals in the restricted and unrestricted regressions.
Under the null hypothesis, niH is distributed as Wy(n1, %) whereas under
the alternative, it is distributed as Wp(n1, %, n1®), where ® = X1y
Without loss of generality, we may assume that ¥ = I,.

The canonical form of REGy is essentially equivalent to the recently stud-
ied setting of matrix denoising

Yi=M+ 7.

References which point to a variety of applications include [11, 35, 25, 15].
Often M is assumed to have low rank, and the matrix valued noise Z to have
i.i.d. Gaussian entries. Here we test M = 0 versus a rank one alternative.
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For REG, similar arguments lead to tests based on the p solutions A, ..., A
of (3) with
H =Y]Y1/ny and FE = Y{Y3/na,

where the error d.f. ng = T — ¢q. These solutions represent a multivariate
analog of the F' ratio: the difference between the sum of squared residuals in
the restricted and unrestricted regressions to the sum of squared residuals
in the restricted regression. Again, we may assume wlog that Y, although
unknown to the statistician, equals I,,. Note that, as no — oo while n; and
p are held constant, REG reduces to REGy.

CCA. Consider testing for independence between Gaussian vectors x; €
RP and y; € R™, given zero mean observations with ¢ = 1,....,n; + no.
Partition the population and sample covariance matrices of the observations

(af,;)" into
Yox Yay Sez S,
T €T and xrxr Ty ,
( Yye Dy ) ( Syz Sy )

respectively. Under Hy : ¥, = 0, the alternative of interest is

7119 ’
5 o=
( ) e n10+n1+n2w<p’
where the vectors of nuisance parameters 1) € RP and ¢ € R™ are normalized
so that

1552200 = 1155, 2ell = 1.

The peculiar parameterizations of the alternative § # 0 in (4) and (5) are
chosen to allow unified treatments of PCA and REG( and of SigD, REG
and CCA in our main results, Theorems 11 and 12 below.

The test can be based on the squared sample canonical correlations, which
are solutions to (1) with

H= SxyS;ylsyz and = S;,.

Remarkably, the squared sample canonical correlations scaled by ng/nj,
which we denote as A1, ..., A, also solve (3) with different H and E, such
that F' is a central Wishart matrix and H is a non-central Wishart matrix
conditionally on a random non-centrality parameter (see SM 3.2).

SMD. We observe a p x p matrix X = ® + Z/,/p, where Z is a noise
matrix from the Gaussian Orthogonal Ensemble (GOE), i.e. it is symmetric
and

Lii ~ N(O,Q) and Zz‘j ~ N(O, 1) if 1 > J-
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We seek to make inference about a symmetric rank-one “signal” matrix & =
6v7)". The null and the alternative hypotheses are given by (2). The nuisance
vector ¢ € RP is normalized so that |[7)|| = 1. The problem remains invariant
under the multiplication of X from the left by an orthogonal matrix, and
from the right by its transpose. A maximal invariant statistic consists of the
solutions Ay, ..., A, to (1) with H = X and E = I,. We consider tests based
on Ai, ..., Ap.

The SMD case can be viewed as a degenerate version of each of the above
cases. For example, consider PCA with p held fixed and n;y — oo. Take
¥ = I, for convenience and set Q = I, + \/p/n1® with ® = 67, so that
the original value of the spike is rescaled to be a local perturbation. Now
write H in the form QY2HQY? where H ~ Wy (ny1, I,). A standard matrix
central limit theorem for p fixed, e.g. [16, Th. 2.5.1], says that

H = I, + Z/\/m1 + op(ny %),

where Z belongs to GOE. Writing QY2 = I, + 1/p/m® + o(n; /%), and
introducing p = \/n1/p (A — 1), we can rewrite

det(H — \I,) = (p/n1)P/? det[® + Z/\/p — ul, + op(1)],

so that PCA degenerates to SMD. Compare also [4].

Indeed, each of the cases eventually degenerate to SMD via sequential
asymptotic links (SM 2.2 has details). For convenience, we summarize links
between the different cases and the definitions of the corresponding matrices
H and FE in Figure 1. We note that the SMD model has been studied recently,
e.g. [9, 20] and references therein, though not with our techniques.

Cases SMD, PCA, and REGq, forming the upper half of the diagram,
correspond to random H and deterministic £. The cases in the lower half
of the diagram correspond to both H and F being random. Cases PCA and
SigD are “parallel” to cases REGg and REG in the sense that the alternative
hypothesis is characterized by a rank one perturbation of the covariance
and of the non-centrality parameter of H for the former and for the latter
two cases, respectively. Case CCA “stands alone” because of the different
structure of H and E. As discussed above, CCA can be reinterpreted in
terms of H and FE such that E is Wishart, but H is a non-central Wishart
only after conditioning on a random non-centrality parameter.

3. The likelihood ratios. Our goal is to study the asymptotic behav-
ior of likelihood ratios based on the observed eigenvalues

A =diag {\1,..., \p}.
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SMD
H=GOE/,/p+ @
E=1I,
n; — o0 / ny — o0
0 — /p/n0 0 — \/p/m0
PCA REG
niH =W,(n, I, + ) niH = W,(n1, I,,n ®)
E=1I, E=1I,
Ng — 00 Ny — 00 Nng — 00
SigD REG
niH =W,(n, I, + @) niH =W, (n1,I,,n1P)
na B =Wy(ns, I) CCA no B =Wy (ns, 1)
H= S;rysyiyl yx
E= S.’l:z:

Fi1c 1. Matrices H and E, and links between the different cases. Without loss of generality,
matriz E or, in SigD, REG, and CCA cases, its population counterpart ¥ is assumed to
be equal to I,. Matriz ® has the form 6y’ with 6 > 0 and [|¢| = 1.
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Let p(A;0) be the joint density of the eigenvalues under the alternative and
p(A;0) the corresponding density under the null. James’ formulas for these
joint densities lead to our starting point, which is a unified form for the
likelihood ratio

p(A; 6)
p(4A;0)

where U = U(6) is a p-dimensional matrix diag {¥11,0, ...,0} , and the values
of U171, a(0), p, q, a, and b are as given in Table 2

For SMD, we prove that L (0;A) is as in (6) in SM 3.1. For PCA, the
explicit form of the likelihood ratio is derived in [30]. For SigD, REGq, and
REG, the expressions (6) follow, respectively, from equations (65), (68), and
(73) of [18]. For CCA, the expression is a corollary of [24, Th. 11.3.2]. Further
details appear in SM 3.2.

Recall that hypergeometric functions of two matrix arguments ¥ and A
are defined as

(6) L(6;A) = =a(0) pFy(a,b; ¥, A),

ap),. Cr (1) C (A
ab\I’A Zklz )H (C’n)(lp)( )7

= /-d—k:

where a = (a1, ...,ap) and b = (b1, ....,bq) are parameters, k are partitions
of the integer k, (a;), and (b;), are the generalized Pochhammer symbols,
and Cy are the zonal polynomials, e.g. [24, Def. 7.3.2.]. Note that some
links between the cases illustrated in Figure 1 can also be established via
asymptotic relations between the hypergeometric functions. For example,
the confluence relations

0Fp (¥, A) = lim 1Fp (a; a_l\Il,A) and
0Fy (b0, A) = lim 1 Fy (a, b; a’l\I/,A>

TABLE 2
Parameters of the explicit expression (6) for the likelihood ratios. Here n = ni + na.

Case oFq  a(0) a b Wy,

SMD  oFy exp (—p92/4) _ 6p/2

PCA  oFy, (1+6) ™72 3 N oni/(2(1+6))
SigD  1Fy (1+6) ™/? n/2 3 Oni/ (ns (1+6))
REGo oF1 exp(—ni16/2) _ n1/2  Oni/4

REG 1F1  exp(—ni60/2) n/2 n1/2  On?/ (2nz)

CCA  oFr  (1+mf/n)™"? (n/2,n/2) m1/2 0nl/(n3+nam (1+0))
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e.g. [28, eq. 35.8.9], imply the links SigD — PCA and REG — REGq as
ny — oo for p and nq held constant.

In the next section, we shall study the asymptotic behavior of the likeli-
hood ratios (6) as ni,nz, and p go to infinity so that

(7) c1 =p/n1— 7 €(0,1) and ca = p/ng — 72 € (0,1].

We denote this asymptotic regime by n,p —- 0o, where n = {ny,n2} and
v = {71,72}. To make our exposition as uniform as possible, we use this
notation for all the cases, even though the simpler ones, such as SMD, do
not refer to n. We briefly discuss possible extensions of our analysis to the
situations with 3 > 1 in Section 7.

We are interested in the asymptotics of the likelihood ratios under the
null hypothesis, that is when the true value of the spike, 6y, equals zero.
First, some background on the eigenvalues. Under the null, Aq, ..., A, are the
eigenvalues of GOE/,/p in the SMD case; of W), (n1, 1) /n1 for PCA and
REGy; and of a p-dimensional multivariate beta matrix, e.g. [23, p. 110],
with parameters n1/2 and na/2 and here scaled by a factor of na/nq, in the
SigD, REG, and CCA cases. The empirical distribution of Ay, ..., A,

p
F==3"1{} <)}
j=1

is well known, [3], to converge weakly almost surely (a.s.) in each case:

FSC  for SMD
F= F,={FMP for PCA, REG,
FW  for SigD, REG, CCA,

the semi-circle, Marchenko-Pastur and (scaled) Wachter distributions re-
spectively. Table 3 recalls the explicit forms of these limiting distributions.
The cumulative distribution functions F}ylm (M) are linked in the sense that

FY(N) — PN asye =0,
EMP(yAA +1) — F5C(X) as y1 — 0.

If p is a ‘well-behaved’ function, the centered linear spectral statistic

(8) > e (A) —p/so(k) dFy™ (X),
j=1
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TABLE 3
Semi-circle, Marchenko-Pastur and scaled Wachter distributions

Case Flim Density, A € [8—, B+] B+ Threshold 6
SMD sC ) +2 1
27

R(\
PCA MP % (1+,m)? Nan
REGo ™

2

SigD W % ) (pi_il> ptm
REC A7 = 72) pE — 72
CCA

R(\) = +/(B+ =N (A= p-) pP=+/7+ 72— 7172

converges in distribution to a Gaussian random variable in each of the semi-
circle [7], Marchenko-Pastur [6] and Wachter [38] cases. Note that the cen-
tering constant is defined in terms of Fe, where ¢ = {c1,c2}. That is, the
“correct centering” can be computed using the densities from Table 3, where
~1 and 2 are replaced by ¢; = p/n; and ca = p/na, respectively.

Finally, let us recall the behavior of the largest eigenvalue A1 under the
alternative hypothesis. As long as § < 0, the phase transition threshold
reported in Table 3, the top eigenvalue \; — B4, the upper boundary of
support of F,, almost surely. When 6 > 0, \1 separates from ‘the bulk’ of
the other eigenvalues and a.s. converges to a point strictly above g4. For
details, we refer to [21, 8, 26, 29, 12, 10] for the respective cases SMD, PCA,
SigD, REGg, REG, and CCA.

The fact that Ay converges to different limits under the null and under
the alternative hypothesis sheds light on the behavior of the likelihood ratio
when 6 is above the phase transition threshold 6. In such super-critical cases,
the likelihood ratio degenerates. The sequences of measures corresponding
to the distributions of A under the null and under super-critical alternatives
are asymptotically mutually singular as n,p —~ oo, as shown in [21] and
[30] for SMD and PCA respectively. In contrast, as we show below, the
sequences of measures corresponding to the distributions of A under the
null and under sub-critical alternatives § < 6 are mutually contiguous, and
the likelihood ratio converges to a Gaussian process. In the super-critical
setting, an analysis of the likelihood ratios under local alternatives appears
in [13].
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4. Contour integral representation. The asymptotic behavior of the
likelihood ratios (6) depends on that of ,Fy (a,b; ¥, A). When the dimension
of the matrix arguments remains fixed, there is a large and well established
literature on the asymptotics of ,Fq (a,b; ¥, A) for large parameters and
norm of the matrix arguments, see [23] for a review. In contrast, relatively
little is known about when the dimensionality of the matrix arguments ¥, A
diverge to infinity. It is this regime we study in this paper, noting that in
single-spiked models, the matrix argument ¥ has rank one. This allows us to
represent p Fy (a, b; ¥, A) in the form of a contour integral of a hypergeometric
function with a single scalar argument. Such a representation implies contour
integral representations for the corresponding likelihood ratios.

LEMMA 1. Assume that p < min{ni,n2}. Let K be a contour in the
complex plane C that starts at —oo, encircles 0 and A1, ..., \, counterclock-
wise, and returns to —oo. Then

(9)
L(0:A) = C(s+1)a(f)gs

U$, 2ni

P
/K: pFq (a—s,b—s;¥112) H (z — )\j)fl/z dz,
j=1

where s = p/2 — 1, the values of a(0), V11, a, b, p, and q for the different
cases are giwen in Table 2; a—s and b—s denote vectors with elements a; —s
and b; — s, respectively; and

_1rle =8y L)
QS_H F(aj) izll“(bi—s)'

In cases SigD and CCA, we require, in addition, that the contour K does
not intersect [\Ill_ll, oo), which ensures the analyticity of the integrand in an
open subset of C that includes K.

The statement of the lemma immediately follows from [12, Prop. 1] and
from equation (6). Our next step is to apply the Laplace approximation to
integrals (9). To this end, we shall transform the right hand side of (9) so
that it has a “Laplace form”

(10) L) = VB [ e ~(p/2) (=0} gl0)dz.

The dependence on 6 will usually not be shown explicitly. Leaving ,/7p/ (27i)
separate from g(z) allows us to choose f(z) and g(z) that are bounded in
probability, and makes some of the expressions below more compact. In or-
der to apply the Laplace approximation, we shall deform the contour of
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TABLE 4
Values of fo and gc = gc/(1 4+ o(1)) for the different cases. The terms o(1) do not depend
on 0 and converge to zero as n,p —~ 0o. In the table, 1(0) =14 (1 + 0)cz/c1 and

r? = c1+c2 —ciceo.

Case fe ge = gc/(1 +0(1))
SMD  1+6%/2+1og6 6
PCA 142 < Jog(1+6) + log - i (1 4+6)" et
SigD R f 3% g1
REGy 14+ —— f+a —l—logci-k%log(l—cl) Oc (1 — )"/
C1 1 1
REG B9 4 fig geFG0 410
CCA REG + f21 REG le/l( )
2 2
fo=—1-T—log—"— +10g L2 510 = c;lr(er + )2
cicz c1+c2 c1
0 r? 2

=—1-—-——log——
fZl C1 C1C2 o8 cll(Q)

integration so that it passes through a critical point zp of f(z) and is such
that Re f(z) is strictly increasing as z moves away from zg along the contour,
at least in a vicinity of zp.

4.1. The Laplace form. We shall transform (9) to (10) in three steps. As
a result, functions f and g will have the forms of a sum and a product,

(11) f(z) = fe+ fe(2) + fu(2) and
9(2) = ge % ge (2) X gn(2),
where f. and g. do not depend on z. The subscripts (c,e,h) are mnemonic
for ‘coefficient’, ‘eigenvalues’ and ‘hypergeometric’.
First, using the definitions of « (0), ¢s, Y11 and employing Stirling’s ap-
proximation, we obtain a decomposition

= ;771_13;?(19) L = e {~(p/2)fe} g
where g. remains bounded as n,p —~ 0o. The values of f. and g. are given
in Table 4. Details of the derivation are given in SM 4.1.

Second, we consider the decomposition

(13) H 2= X)) 2 = exp {—(p/2) fo(2)} ge(2),
j=1

(12)
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where
(14) fol2) = [ (2= N RN,

and
(19 gl =exp{~/2) [In(z=Na (PO - F)}.

For fe(z) and ge(z) to be well-defined we need z not to belong to the support
of Fe, which we assume. In addition, z ¢ supp(F ) since by definition contour
K encircles it. Note that ge(z) is the exponent of a linear spectral statistic,
which converges to a Gaussian random variable as n, p —, oo under the null
hypothesis.

Third and finally, we describe a decomposition

(16) plq (@ —s,0—5;V112) = exp{—(p/2) fn(2)} gn(2)-

For the q = 0 cases, the corresponding ,Fy can be expressed in terms of
elementary functions. Indeed, ¢Fp(z) = €* and 1 Fy(a;2z) = (1 —2z)~%. We set

—z0 for SMD
(17) fm(z) =< —20/(c1 (1+0)) for PCA
In[1—co20/ {c1 (1+6)}] 72/ (c1c2) for SigD,

and

(18) () = 1 for SMD and PCA
guie) = [1—cp20/{c1 (1+0)}]" for SigD.

Unfortunately, for the g = 1 cases, the corresponding ,Fy do not admit
exact representations in terms of elementary functions. Therefore, we shall
consider their asymptotic approximations instead. Let

m=(n1—p)/2and k= (n - p) / (m — p).
Further, let

20/ (1 —c1)? for j =0
(19) N = 2902/ [Cl (1 — Cl)] for j =1 5
20c3/ [c31(0)] for j =2

(20) L) =1+ (14+0)cz/ca.
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With this notation, we have

oF1 (m+1;m?n) = Fy for REGy
(21) olqg =4 1F1 (me+1;m+1Lmm) =F for REG
oF1 (mk +1,mr+ 1;m + 1;m2) = F5  for CCA.

The function Fy(z) can be expressed in terms of the modified Bessel func-
tion of the first kind I, (+), see [2, eq. 9.6.47], as

—m/2
(22) Fy =T (m+1) (m*n) P L 2mntl).

This representation allows us to use a known uniform asymptotic approx-
imation of the Bessel function [2, eq. 9.7.7] to obtain Lemma 2, proven in
SM 4.2. To state it let

(23) po(t) =Int—t —no/t+ 1 and to = (1+v/T+ 1) /2.
Further, for any § > 0, let Qg5 be the set of 19 € C such that
largno| < m — 4, and ny # 0.
LEMMA 2. Asm — oo, we have
(24) Fo = (1 +4n0)* exp {—mypo (to)} (1 + o(1)).

The convergence o(1) — 0 holds uniformly with respect to ng € Qgs for any
0> 0.

To foreshadow our results for Fj(z) and F(z), we note that the right
hand side of (24) can be formally linked, via (22), to the saddle-point ap-
proximation of the integral representation, see [37, p. 181],

m/2 m (0+)
I, (2m77(1)/2) = M/ exp {—myp (t)} t1dt.

2mi 00

Point ¢g can be interpreted as a saddle point of ¢ (¢) , and the term (1 + 4770)71/ 4
in (24) can be interpreted as a factor of (¢f (to))fl/z.

Turning now to functions Fi(z) and F»(z), to obtain uniform asymptotic
approximations, we use the contour integral representations, see [28, egs.

13.4.9 and 15.6.2],

Cm

T 2

(1+)
(25) =g [ e om0} v (0
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where

Im+1)T'(m(k—-1)+1)
(26) Cm = T (mr + 1) :

) it —=klnt+(k—1)In(t —1) for j =1
@7) et = { il (t) (1 —npt) + (= DIn(t—1) forj=2
and
P (S Y for j = 1

(28) Vi) = { t—1)"" A —mt)" forj=2 "

For j = 2, the contour does not encircle 1/n, and the representation is valid
for n2 such that |arg (1 — n2)| < m. We derive a saddle-point approximation
to the integral in (25) to be summarized in Lemma 3 below. The relevant
saddle points are

2 .
%j{nj—l—l—\/(nj—l) +4m7j} for j =1

(29) tj = . ,

We shall need the following additional notation. Let
(30) wj = argy] (tj) +m and wo; = arg (t; — 1),
where the branches of arg (-) are chosen so that |w; + 2wg;| < 7/2.

LEmMMA 3. As m — oo, we have for j = 1,2

—iw; /2 " —1/2
(81) Fj = Conthy (t5) €79/ [2mmegf ()| exp{=mep; (£)} (1 + o(1)).

The convergence o(1) — 0 holds uniformly with respect to (k,n) € Qjs for
any 6 > 0, where ;5 are as defined in Table 5.

Point-wise asymptotic approximation (31) was established in [34] for j =
1, and in [32, 33] for j = 2. However, those papers do not study the uni-
formity of the approximation error, which is important for our analysis.
Lemma 3 is proved at length in SM 4.3. It is fair to say that the corre-
sponding derivations constitute the technically most challenging part of our
analysis. This further highlights the technical difficulties that occur when
going from SMD, PCA, and SigD cases to REGgy, REG, and CCA.
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Using Lemmas 2 and 3, and Stirling’s approximation

(32) C,, = M exp{m(k —1)In(k — 1) —mrInk} (14 o(1))

we set the components of the “Laplace form” (16) of ,Fq for the q = 1 cases
as follows

1—

_ 5o (to) REGo
(33) fh(z) - {1Tlc]_ (90]' (tj) +krlnk — (/@ — 1) In (/@ — 1)) REG, CCA

and
(1+4n0) " (1 +0(1)) REGo

. ~1/2
Vel 1) v (1) (1+0(1)) REG, COA
To express t; and 7; in terms of z, one should use (29) and (19). We do not
need to know how exactly the o(1) in (34) depend on z. For our purposes,
the knowledge of the fact that o (1) are analytic functions of n; that converge
to zero uniformly with respect to (k,7;) € €5 is sufficient. The analyticity
of o(1) follows from the analyticity of the functions on the left hand sides,

and of the factors of 1 4 o(1) on the right hand sides of the equations (24)
and (31).

(34) gn(2) = {

Confluences of functions f. As co — 0 with ¢; held fixed, we have
(35) P (2) = [P (2),

FREC(2), fOR(2) — fHE00(2).
Also, as ¢ — 0,
(36) FO (), fREG0 (2) — VP (2),

after making the substitutions § — /c,60 and z — \/c,z+1 on the left hand
side. Some details appear in SM 4.4.

TABLE 5
Definition of Qs from Lemma 3.

Qs = N ng with the following s and ng

Set  Definition: pairs (z,z) € R x C s.t.
Qs  0<x—-1<1/0, 2| £1/6, and infyepy\jo,00) |2 — Y| =
D15 Rez>-2zx+1

Qo5  infycgr\(—o0,1] |2 — y| > § and x is unconstrained.
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4.2. Saddlepoints and Contours of steep descent. We shall now show how
to deform contours K in (10) into the contours of steep descent. First, we
find saddle points of functions f(z) for each of the six cases. Note that

_dfu(2)/dz = / (A= 2) " dFa(\) = me (2) ,

the Stieltjes transform of F;. Although the Stieltjes transform is formally
defined on C*, the definition remains valid on the part of the real line outside
the support [b_, b4 ] of Fe. Since we assume that p < ny, F. does not have
any non-trivial mass at 0.

To find saddle points zy of f(z) we therefore solve the equation

(37) me (2) = dfu(z)/dz.
A proof of the following lemma appears in SM 4.5.
LEMMA 4.  The saddle points zo(0,c) of f(z) satisfy

0+1/6 for SMD
(38) z0(B,c)=1< (1+6)(0+c1)/0 for PCA and REG,
(140)(0+c1)/[01(8)] for SigD, REG, and CCA.

For 6 € (0, éc), zo > by, where 5} is the threshold corresponding to Fc, which
is an analogue of the threshold 0 = 0 corresponding to F, given in Table 3.

As co — 0 while ¢ stays constant, the value of zg for SigD, REG, and CCA
converges to that for PCA and REGg. The latter value in its turn converges
to the value of zg for SMD when ¢; — 0, after the transformations 6 — /c10
and zp — /c120 + 1. Precisely, solving equation

Veizg+1= (14 /) (Veil@+ ) [/ (Ved)
for zp and taking limit as ¢; — 0 yields zo = 6 4+ 1/6.

REMARK 5. For all the six cases that we study, f(z9) equals zero. SM
4.6 has a verification of this important fact.

REMARK 6. As n,p — 00, 29(0,¢) — 2o(0,7) > B4, where the latter
inequality holds for any 6 € (0,0). Since A\; “3 S, the inequality z0(6,c) >
A1 must hold with probability approaching one as n,p —-, oo.
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Ky

1220

K

20

71220

Fic 2. Deformed contour IC for SMD, PCA, and SigD.

For the rest of the paper, assume that 6 € (0, é). We deform contour XC
in (10) so that it passes through the saddle point zy as follows. Let K =
K+ UK_, where K_ is the complex conjugate of K and ;. = K71 UKs. For
SMD, PCA, and SigD, let

(39) Ki={z+it:0<t<22} and
(40) Ko={z+1i22: —co <z < 2p}.

The deformed contour is shown on Figure 2.

Note that the singularities of the integrand in (10) are situated at z = A;
(plus an additional singularity at z = ¢1(1 4 0)/ (fc2) < zp for SigD). Since
29 > A1 holds with probability approaching one as n,p —, oo, Cauchy’s
theorem ensures that the deformation of the contour does not change the
value of L (#; A) with probability approaching one as n, p —~ oco.

Strictly speaking, the deformation of the contour is not continuous be-
cause Kt does not approach K_ at —oo. In particular, in contrast to the
original contour, the deformed one is not “closed” at —oo. Nevertheless,
such an “opening up” at —oo does not lead to the change of the value of
the integral because the integrand converges fast to zero in absolute value
as Rez — —o0.

REMARK 7. Inthe event of asymptotically negligible probability that the
deformed contour K does not encircle all A\;, we not only lose the equality
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Ko

K

z1 20

Fic 3. Deformed contour KC for REGo and CCA.

(10) but also face the difficulty that function g(z) ceases to be well defined
as the definition of ge¢(z) contains a logarithm of a non-positive number. To
eliminate any ambiguity, if such an event holds we shall redefine ge(z) as
unity.

For REGg and CCA, let

=@ =)/ [46] for REGg
TN e (1—c)?1(0)/ [46r?] for CCA

and let

K1 ={z1+ |20 — 21| exp {iv} : v € [0,7/2]} and
Ko ={z1 —x+ |20 — z1]exp {in/2} : = > 0}.

The corresponding contour K is shown on Figure 3. Similarly to the SMD,
PCA and SigD cases, the deformation of the contour in (10) to K does not
change the value of L (6; A) with probability approaching one as n,p —~, occ.

For REG, deformed contour K in z-plane is simpler to describe as an
image of a contour C in 7-plane, where 7 = n1t; with

(41) m = 20cy/ [c1 (1 = c1)]
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and ¢; as defined in (29). Let C = C4UC_, where C_ is the complex conjugate
of C4 and C4+ = C1 UCy, and let

C1 = {—r+ |70 + Kl exp {iy} : v € [0,7/2]} and
Co = {—k —x + | + &|exp {ir/2} : x > 0},

where o = (0 +c1) /(1 —c1).
Using (41) and the identity

(42) m=71(r+1)/(1+k),
we obtain
(13) zzcl<1—61)7'(7'+1).

Oco T+K

We define the deformed contour K in z-plane as the image of C under the
transformation 7 — z given by (43). The parts K, K_,K; and Ky of K
are defined as the images of the corresponding parts of C. Note that 7y is
transformed to zg so that I passes through the saddle point z.

The next lemma, proven in SM 4.7, shows that K are contours of steep
descent of —Re f (2) for all the six cases, SMD, PCA, SigD, REGq, REG,
and CCA.

LEMMA 8. For any of the sixz cases that we study, as z moves along the
corresponding K1 away from zy, — Re f (2) is strictly decreasing.

5. Laplace approximation. The goal of this section is to derive Laplace
approximations to the integral (9) for the six cases that we study. First, con-
sider a general integral

Iy = / efp%’“(z)xpjw(z)dz,

p,w

where p is large, w € Q C RF is a k-dimensional parameter, and Kpw is
a path in C that starts at a,,, and ends at by.,. We allow x, (%) to be a
random element of the normed space of continuous functions on K, ., with
the supremum norm. Assume that there is a domain 7)., O K, on which
for sufficiently large p, ¢p(2) and xp.(2) are single-valued holomorphic
functions of z, in the case of x, ., with probability increasing to 1.

We describe an extension of the Laplace approximation detailed by Olver
[27, p. 127] to a situation in which functions ¢, x and contour K depend
on p and w and in addition y is random. In Olver’s original theorem, both



24 I. M. JOHNSTONE AND A. ONATSKI

functions and contour are fixed. In what follows, however, we omit subscripts
p and w from ¢, ., Xpw, Kpw, etc. to lighten notation.

Suppose that ¢'(z) = 0 at z¢ which is an interior point of &, and suppose
that Re ¢(2) is strictly increasing as z moves away from zg along the path. In
other words, the path K is a contour of steep descent of — Re ¢(z). Denote a
closed segment of IC contained between z; and 2o as [21, 22]). Similarly de-
note the segments that exclude one or both endpoints as [21, 22), , (21, 22]x »
and (z1,22),. Let 5 be the limiting value of arg (z — 2zp) on the principal
branch as z — zg along (20, ). Finally, let ¢5 and x, be the coefficients in
the power series representations

(44) P(2) = ¢s(2—2)",  x(2) = xs(2—20)".
s=0 s=0

We assume that there exist positive constants C1, ..., Cy that do not de-
pend on p or w, such that for all w € ), for sufficiently large p :

A0 The length of the path K is bounded, uniformly over w € Q and all
sufficiently large p. Furthermore,

sup |z — 29| > C1, and sup |z — zo| > Cy
2€(20,b) z€(a,20)

A1 Functions ¢ (z) and x(z) are holomorphic in the ball |z — 29| < C;
A2 The coefficient ¢y satisfies Co < |p2| < C3
A3 The third derivative of ¢ (z) satisfies inequality

sup |d% (2) /d2*| < Cy

|z—20|<Cq

A4 For any positive € < C, which does not depend on p and w, and for all
z1 € K such that |z; — zg| = €, there exist positive constants Cs, Cg,
such that

Re (¢ (21) — ¢0) > C5 and [Im (¢ (21) — ¢o)| < Cp

A5 For a subset O of C that consists of all points whose Euclidean distance
from K is no larger than Cf,

sup [x(z)| = Op(1)
z€0

as p — 0o, where Op(1) is uniform in w € Q.
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Assumptions A0-A5 ensure that Olver’s proof of the Laplace approxima-
tion theorem (Theorem 7.1 on p. 127 of Olver (1997)) can be extended to
cases where functions ¢(z) and x(z), as well as the contour K, depend on
p and w. Note that in Olver’s notations, ¢(z), x(z), and p are, respectively
p(t), q(t), and z.

The first part of A0, which requires the boundedness of ||, taken together
with A5 and the assumption that /C is a contour of steep descent guarantee
the absolute convergence of the integral [ e P(@(z)=%)y(2)dz, in probability.
The second part of AQ ensures that as p — 0o, K does not collapse to a point.

Assumption Al excludes situations where zy approaches singular points
of ¢(z) or x(z) as p — oo. Assumption A2 guarantees that the second
derivative of ¢(z) at zyp does not degenerate to 0 or infinity as p — oo.
Assumption A3 implies that |¢(z) — ¢(20)| can be bounded from below by
a fixed quadratic function of z in a vicinity of zyp as p — oo. This ensures a
regular behavior of function (¢(z) — qb(zo))l/ 2. Assumption A4 implies that
larg (¢(2) — ¢(20))| < /2 is some neighborhood of zy as p — oo. We need
this condition to be able to use an asymptotic expansion of an incomplete
Gamma function in our proofs (Section 5.1 of SM). Assumption A5 ensures
that |x (z)| remains bounded in probability as p — co.

LEMMA 9. Under assumptions A0-A5, for any positive integer k, as
p — 00, we have

k-1
_ 1\ a Op (1)
o 1) 2s P
Ipw = 2779 [ZOF (3 + 5) P12 + pk+1/2] ’

where Op (1) is uniform in w € Q and the coefficients ags can be expressed

through ¢s and xs defined above. In particular we have ag = Xo/[2¢;/2],

where ¢§/2 = exp {(log |p2| + iarg ¢o) /2} with the branch of arg o chosen
so that |arg ¢2 + 26| < 7/2.

Lemma 9 is proved in SM 5.1. We use it to obtain the Laplace approxi-
mation to

. — 1 —(p/2)f(=
(45) Ly (6:0) = /P /’Cluﬁle (#/25() g(2)d>.
Then we show that L; (6; A) asymptotically dominates the “residual” L (6; A)—
Ly (0; A). For this analysis, it is important to know the values of f(zy) and
d?f(z)/dz2. As was mentioned in Remark 5, f(z) = 0 for all the six cases
that we study. The values of d2f(zg)/dz? are derived in SM 5.2. All of
them are negative. The explicit form of Dy = 6% (—d?f(z9)/ dzz)f1 , which
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TABLE 6
The values of Dy = 0%(—d?f(20)/dz?)"" for the different cases.

Case  Value of D» Case Value of D

SMD 1 -—6? REGo a1 (1+c1+20) (e —67)

PCA ¢ (c1 —0%) (140)° REG  cih(a+0+ (1+0)1) /1*

SigD  r?h(146)* /I* CCA  Gh(2(c1+0)+1(1—c1))/ (P’ (c1 + ¢2))
1=10)=1+1+0)cz/cr h=h(0) =c1+c2(1+6)>—6°

is somewhat shorter than that for d2f(zg)/dz?2, is reported in Table 6. We
formulate the main result of this section in the following theorem, proven in
SM 5.3.

THEOREM 10. Suppose that the null hypothesis holds, that is, 8y = 0.
Let 0 be the threshold corresponding to Fy as giwven in Table 3, and let € be
an arbitrarily small fixed positive number. Then for any 6 € (0,5 —¢l, as
n,p —~ 00, we have

9(20) —1
46 L(6;A) = +0 ,
o 08 = e O ()
where Op (p~1) is uniform in 6 € (0,0 — €] and the principal branch of the
square root is taken.

6. Asymptotics of LR. Combining the results of Theorem 10 with
the definitions of g(z) and the values of —d?f(z9)/d22, given in Table 6, it
is straightforward to establish the following theorem, details in SM 6.1. Let

A(0) = p/ln(zo(e) ~NA(FX) - Fe ().

In accordance with Remark 7, we define Ap(6) as zero in the event of as-
ymptotically negligible probability that zg < Aj.

THEOREM 11. Suppose that the null hypothesis holds, that is 6y = 0.
Let 0 be the threshold corresponding to FE, as given in Table 3, and let € be
an arbitrarily small fixed positive number. Then for any 0 € (0,@ —¢l, as
n,p —~ 00, we have

L(6:8) = exp {~58,(0) + 3 1n (1= 6, (0)) } (1 + op(1).
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where
0 for SMD

o (0) =13 0//cx for PCA and REG,
Or/ (1l (0)) for SigD, REG, and CCA,
72 = c1 + c2 — c1c2 and op(1) is uniform in 6 € (0, 0 — g].

Statistic Ap(#) is a linear spectral statistic. As follows from the CLT for
such statistics derived by [7], [6], and [38] for the Semi-circle, Marchenko-
Pastur, and Wachter limiting distributions F¢, respectively, statistic Ap(6)
weakly converges to a Gaussian process indexed by 6 € (0,5 —e¢]. The
explicit form of the mean and the covariance structure can be obtained
from the general formulae for the asymptotic mean and covariance of linear
spectral statistics given in [7, Th. 1.1] for SMD, in [6, Th. 1.1] for PCA and
REGy, and in [38, Th. 4.1 and Exmpl. 4.1] for the remaining cases. SM 6.2
provides details on the use of [7, 6, 38] to establish convergence of A,(6),
and the use of Theorem 11 to obtain the following theorem.

THEOREM 12. Suppose that the null hypothesis holds, that is g = 0. Let
0 be the threshold corresponding to E, as given in Table 3, and let € be an ar-
bitrarily small fized positive number. Further, let C |0, 6 — g| be the space of
continuous functions on [0, 60— e] equipped with the supremum norm. Then
In L (0; A) viewed as random elements of C [0,0 — €| converge weakly to L (0)
with Gaussian finite dimensional distributions such that

EL () = +In(1 — 6%(9))

and
Cov (L(01),L(62)) = —% In(1—0(601)9(62))
with
0 for SMD
0(0) =19 0/ for PCA and REG,

Op/ (v1 + 72+ 072) for SigD, REG, and CCA

Here p,v1,72 are the limits of r,c1,c2 as n,p —~ 0.

Let {P,¢} and {P,0} be the sequences of measures corresponding to the
joint distributions of A1, ..., A, when 6y = 6 and when 6y = 0 respectively.
Then Theorem 12 implies, via Le Cam’s first lemma, the mutual contiguity
of {P, ¢} and {P,0} as n, p —~ 00, for each § < 6. This reveals the statistical
meaning of the phase transition thresholds as the upper boundaries of the
contiguity regions for spiked models.
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The precise form of the autocovariance of £ (6) shows that,' although
the experiment of observing A1, ..., A, is asymptotically normal, it does not
converge to a Gaussian shift experiment. In particular, the optimality results
available for Gaussian shifts cannot be used in our framework. To analyze
asymptotic risks of various statistical problems related to the experiment of
observing A1, ..., Ay, one should directly use Theorem 12.

Here we use it to derive the asymptotic power envelopes for tests of the
null hypothesis §y = 0 against the point alternative 8y > 0. By the Neyman-
Pearson lemma, the most powerful test would reject the null when In L (6; A)
is above a critical value. By Theorem 12 and Le Cam’s third lemma (see
[36, Ch. 6]),

L (6;A) 5 N (£3In(1 - 6%(0)), -3 In(1 - 6%(9)))

with the plus sign holding under the null, and the minus under the alterna-
tive. This implies the following theorem.

THEOREM 13. Let 8 be the threshold corresponding to Fy as gen in
Table 3. For any 6 € |0, 5) , the value of the asymptotic power envelope for
the tests of the null 89 = 0 against the alternative 8y > 0 which are based on
A1, s Ap and have asymptotic size o 1s given by

PE@)=1-2[07 (1—a)—a(0)],  o(0) =/-5m(1-62(0)).

Here ® denotes the standard normal cumulative distribution function. For
0 > 0 the value of the asymptotic power envelope equals one.

The envelopes differ only for cases with different limiting spectral dis-
tributions: Semi-circle, Marchenko-Pastur, and Wachter, denoted PESC(H),
PEMP(9,~1) and PEW(0,7) respectively. Figure 4 shows the graphs of the
envelopes for @« = 0.05 and 73 = 2 = 0.9. Such large values of v, and
~o correspond to situations where the dimensionality p is not very different
from the degrees of freedom n; and neo.

Envelope PEMP (6, 1) can be obtained from PEW (6,~) by sending 2 to
zero. Further, PESC () can be obtained from PEMP (6, ~,) by transforma-
tion 6 —— /710. Further, note the difference in the horizontal scale of the
bottom panel of Figure 4 relative to the two other panels. For v1 = 72 = 0.9

'[17] has an interesting discussion of ubiquity of random processes with logarithmic
covariance structure in physics and engineering applications. In that paper, such processes
appear as limiting objects related to the behavior of the characteristic polynomials of large
matrices from Gaussian Unitary Ensemble.
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FIG 4. The asymptotic power envelopes PESC(9), PEMF(0,v1), and PEWY(6,) for a =
0.057 Y1 =72 = 0.9.

the phase transition threshold corresponding to the Wachter distribution is
relatively large. It equals (v2 + p) /(1 — 72) ~ 18.9. Moreover, the value of
PEW () becomes substantially larger than the nominal size o = 0.05 for 6
that are situated far below this threshold. This suggests that the information
in all the eigenvalues A1, ..., A, might be effectively used to detect spikes that
are small relative to the phase transition threshold in two sample problems.
We leave a confirmation or rejection of this speculation for future research.

7. Concluding remarks. Note that Theorem 12 establishes the weak
convergence of the log likelihood ratio viewed as a random element of the
space of continuous functions. This is much stronger than simply the con-
vergence of the finite dimensional distributions of the log likelihood process.
In particular, the theorem can be used to find the asymptotic distribution
of the supremum of the likelihood ratio, and thus, to find the asymptotic
critical values of the likelihood ratio test. It also can be used to construct
asymptotic confidence intervals for a sub-critical spike as well as to describe
the asymptotic properties of its maximum likelihood estimator. We do not
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pursue this line of research here, but provide a general outline.

Consider the log likelihood ratio In L (6; A) — In L (fo; A) . According to
Theorem 12, this ratio converges to X (6) = £ (0) — L(6y). By Le Cam’s
third lemma, under the null hypothesis that the true value of the spike equals
o, X () is a Gaussian process with mean

L (1-20) (0 -8 (0)
1T (1-5(0)6(00)°

EX (0) =

and covariance function

L (125060 (6)) (1 5(60) 5 (60))
Cou (X (01), X (42)) = =5 10 (=5 5,7 5(3,)) (1= (@) 5 (0))

An approximation to the distribution of the supremum of such a process
over 6 € [0, 0 — e] can be obtained via simulation. Alternatively, it might
be expressed analytically in the form of converging Rice series (see e.g. [1]).
Quantiles of the distribution can be used as asymptotic critical values for the
likelihood ratio test of the hypothesis 8 = 6. Inverting the test, we obtain
asymptotic confidence intervals for the true value of a sub-critical spike.

The maximum likelihood estimator for the spike, 01 L, equals the arg max
of InL (6;A) — InL (Ap; A) over 6 € [0,0 —]. By Lemma 2.6 of [19], the
limiting process X (@) achieves maximum at a unique point with probability
one. Therefore by the argmax continuous mapping theorem, 0 ML converges
in distribution to the arg max of X (#). The distribution of such an arg max
can be approximated using simulations.

Unfortunately, the quality of the estimator 01, cannot be “good”. For
PCA, we were able to prove that no estimator of # has root mean squared
error better than the order of magnitude of the sub-critical parameter 6.
This result will appear in another work.

Our asymptotic discussion of James’ framework can likely be extended
to a fixed number of sub-critical spikes. Such an extension would require
developing Laplace approximations to multiple contour integrals, and uni-
form approximations to hypergeometric functions of two matrix arguments
in terms of elementary functions. Alternatively, one may employ large devi-
ation analysis of spherical integrals as in [31], which covers the PCA case.
As this paper is already long, the extension will appear separately.

Addressing the case of slowly increasing number of spikes may require
new techniques, perhaps, similar to those developed in [14]. In such a case,
relatively little is known even about the phase transition phenomenon. For
sample covariance matrices, Theorem 1.1 of [5] can be used to show that the
phase transition still happens at the usual threshold § = V1. However, it is
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not clear whether the experiments of observing sample covariance eigenval-
ues corresponding to the null case and an alternative with a growing number
of sub-critical eigenvalues remain mutually contiguous.

Note that, intuitively, the asymptotic power of the likelihood ratio test of
the null hypothesis of no spikes against the alternative of one spike should
not decrease if the rank-one assumption on the alternative is wrong and
there are additional spikes. In SM, we confirm this intuition for SMD and
PCA cases. A confirmation or refutation of the intuition for the other James’
cases requires further analysis and is left for future research.

In this paper, we make the assumption that no > p to ensure the in-
vertibility of matrix E in (1) with probability one. However, we also make
the assumption ny > p, which probably can be lifted without a substan-
tial reformulation of the problem. We make the latter assumption mostly to
simplify our exposition. The assumption is irrelevant for SMD. For PCA the
case p > n; was explicitly covered in [30]. For REGq the assumption can be
relaxed using the symmetry of the problem.

Specifically, the canonical REGq problem tests restriction M = 0 in the
model Y = M + ¢, where all matrices are n; X p and ¢ has i.i.d. standard
normal components. Clearly, interchanging roles of n; and p yields essentially
the same problem.

For CCA, the sample canonical correlations are not well defined for p >
n1, so we are not interested in such a case. This leaves us with SigD and REG
cases, which we mark as more difficult from the point of view of relaxing
nq1 > p assumption.

For SigD, our derivations (not reported here) show that the equivalent
of (6) for p > n; involves the hypergeometric function 9 F}. Therefore, SigD
with p > nq represents the fifth, rather than the second, group of multivari-
ate statistical problems according to James’ (1964) classification. For REG,
an equivalent of (6) for p > n; can be obtained using [18, eq. (74)]. However,
further analysis of SigD and REG in the situation where p > n; needs more
substantial changes to our derivations. We leave such an analysis for future
research.

Finally, many existing results in the random matrix literature do not
require that the data are Gaussian. This suggests that some results about
tests for the presence of the spikes in the data may remain valid without the
Gaussian assumption. We hope that the results of this paper might provide
a benchmark for such future studies.
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SUPPLEMENTARY MATERIAL

Supplement A:
(link TBA). The supplement has proofs for all results in the paper, organized
by section for easier cross-reference.
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1. Introduction. There is no supplementary material for the Introduction section of JO.
2. Links to classical statistical problems.

2.1. Sufficiency and invariance considerations. In this subsection, we clarify which sufficiency
and invariance arguments lead us to consider tests based on the solutions of

(1) det(H—-AE)=0

and

2) det (H—A<E+Z—;H>>—O
1
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2 I. M. JOHNSTONE AND A. ONATSKI

for SMD, PCA, SigD, REDy, REG, and CCA problems. Most of this discussion is standard and
can be found, for example, in Muirhead (1982).

SMD: Consider the group of transformations
3) G={U:UecO0Op)},

where O(p) is the group of p x p orthogonal matrices, acting on the space of p x p symmetric
matrices X = 0y’ + GOE/,/p by
UoX =UXU".

The corresponding induced group of transformations on the parameter space of points (v,0) is
given by
Uo (¢,0) = (Uy,0).

A maximal invariant in the parameter space is #, whereas that in the sample space is given by the
ordered eigenvalues A1 > ... > A, of X. Since neither the null nor the alternative hypothesis,

(4) HO:HO:OandH1:90>O,

is affected by the transformations, it is natural to base the test on the maximal invariant in the
sample space.

PCA: In this case, the data are given by X ~ N (0,2 ® I,,,), where Q = X + 0y1)’, where X is
a known positive definite symmetric matrix and HEil/ QzﬁH = 1. Without loss of generality, we can

set ¥ = I,,. A sufficient statistic is H = X X'/n;. Consider the group of transformations (3) that
acts on the sample space of the sufficient statistic by

UoH =UHU,

and on the parameter space by
Uo (¢,0) = (Uy,0).

The maximal invariant in the parameter space is €, and we base the test of (4) on a maximal
invariant in the sample space of the sufficient statistic, which is given by the ordered eigenvalues of
the sample covariance matrix H.

SigD: The data are given by independent matrices
X~N(0,Q1I,) andY ~N(0,X® I,,),

where Q = X + 6¢)’, ¥ is an unknown positive definite symmetric matrix, and HZ_l/ 2¢H = 1.
A sufficient statistic consists of the sample covariance matrices H = XX'/ny and E = YY'/na.
Let GL (p) be the group of non-singular p x p matrices. Consider the group of transformations
G ={B:B e GL(p)} that acts on the space of points (H, E) € S, x Sp, where S, is the space of
positive definite symmetric p x p matrices, by

Bo(H,E)= (BHB',BEB')
and on the parameter space by

Bo (2,4,0) = (BLB', B, 0) .
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Note that we restrict the sample space to S, x S, that is we exclude from consideration zero-
probability event where the matrix HE is singular. The maximal invariant in the parameter space
is 6 and we base the test of (4) on a maximal invariant in the sample space of the sufficient statistic,
which is given by the ordered solutions to (1) or to (2) (see Theorem 8.2.2 of Muirhead (1982)).
The links between SigD and PCA become particularly clear when we work with the solutions to
(2).

Note that we can assume that > = I, wlog. It is because A1 > ... > A, that solve equation (2)
are invariant with respect to the transformation

(H,E) — (27V2Hn"12 912 p5—1/2),

In particular, the joint distribution of Ay > ... > A, under the null hypothesis Hy : {2 = X is the
same as in the case where () = ¥ = I,. Similarly, the joint distribution of Ay > ... > X, under

the alternative Hy : Q = X + 6y’ with HE_I/QwH = 1 is the same as in the situation where
Q= 1I,+ 0y’ with [|¢|| =1 and ¥ = I,,.

REG,: Consider linear regression ¥ = X3 +¢, where Y isT xp, X isT x g, 8 is ¢ X p, and ¢
has i.i.d. N(0,%) rows. For REGg, ¥ is a know symmetric positive definite matrix, which can be
set to I, wlog. We would like to test a general linear hypothesis C'8 = 0, where C is a known n; x ¢
matrix of rank nj.

As explained in Muirhead (1982, pp 433-434), the problem can be cast in the canonical form,
where the matrix of transformed response variables is split into three parts: an n; X p matrix Y7,
a (¢ —m1) X p matrix Y, and an nyg X p matrix Y3 with ng = 7' — ¢. Under the null hypothesis,
M = EY; = 0, whereas under the alternative,

(5) M = V n1990¢/7

where 6 > 0, [|£~1/24|| = 1, and ||| = 1. Matrices Y and Y3 have, respectively, unrestricted and
zero means under both the null and the alternative.

In terms of the original regression model, matrix M can be expressed as the product of an
invertible matrix, which depends only on C' and X, and matrix C{. In particular, M = 0 if and
only if C8 = 0. Alternative (5) corresponds to a rank-one alternative C3 = +/n10@y’ in the
original model, where vector ¢ is obtained from vector ¢ via a linear transformation that depends
on matrices C' and X.

A sufficient statistic for v/n10p’ is Y;. Consider a group of transformations

G={U,V):UeO(p),VeO(m)}
that acts on the points Y7 of the sample space R™*P by
(U, V)oY, = VWU
and on the parameter space by
(U, V) o (0,0,0) = (Vip,Uth, 0).

A maximal invariant in the parameter space is 8, whereas the maximal invariant statistic consists
of the ordered eigenvalues of H = Y1Y{/n;.

REG: The difference between the cases REG and REGq is that in REG X is assumed to be an
unknown matrix from S,. The sufficient statistic now is (Y1, Y2, E) , where E = Y3Y3/ny. Consider
a group of transformations

G={(B,V,A): BEGL(p),V € O(m),AcRI-m-m)xr}
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that acts on the points (Y1, Y2, E) of the sample space R™*P x RT—m1=m2xp x § hy
(B,V,A)o (V1,Y2,E) = (VY1 B,YoB' + A, BEB')
and on the parameter space by
(B,V,A)o (p,9,0, M,¥) = (Vo,B,0, MB'+ A, BLB').

A maximal invariant in the parameter space is 6, whereas the maximal invariant in the sample
space consists of the ordered roots of equation (2), where H = Y1/Y;/n; and E = Y3Y3/ny (see
Theorem 10.2.1 on page 437 of Muirhead (1982)).

S:c:c S:cy

CCA: For this case, the sufficient statistic is S =
Syz Sy

>. Consider a group of transfor-

mations

G ={B: B =diag{Bi1,Bs},B1 € GL(p), B2 € GL(m)}

acting on the sample space, restricted so that S, and Sy, are invertible, by
BoS=BSB.
On the parameter space, the group acts by
B o (Zs, Syys ¥, 0, 0) = (B1342B1, B2Xyy By, By, Bap, 0) .

As follows from Muirhead’s (1982) Theorem 11.2.2, a maximal invariant in the parameter space is
6 and that in the sample space consists of the solutions to (1) with

H = S4yS;,) Sye and E = S,

2.2. Sequential asymptotic links between the cases. PCA—SMD: Recall that the relevant data
for PCA case are represented by the solutions to equation (1) with £ =3 and n1H ~ W), (n1,Q).
Let

(6) Q=X +/p/mi0yy’

with HE_l/ 21/)” = 1. That is, let the value of the spike in the original version of PCA be scaled by
/p/n1. Equation (6) implies that

2—1 —_ Q_l + \% p/nle Z—1¢w12—17
1+ +/p/n16

and therefore, equation (1) is equivalent to

-1 \/]We -1 /y—1 - —
det((Q +71+JW92 'S >H Mp>_o,

which, in its turn, is equivalent to

(7) det (QVZHOV2 om0 PO < gy ) ~0,
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where

1/2
n=Q2x"1y/ (1 + p/n19>

is such that ||| = 1. The latter equality follows from the fact /'~ ~1Q% "1 = 1 + /p/n16, which
is a consequence of (6) and of the normalization HE_I/QwH =1.
Now assume that nj diverges to infinity while p is held constant. Then, by a CLT

(8) QV2HO T = I, 4 7/ /i + op (n2) |

where Z belongs to GOE. Multiplying (7) by (n;/p)?/? and using (8), we see that, as n; — oo,
equation (7) degenerates to

det (Z/\/p+ 0nn' — plp) =0 with = \/ny/p(A—1).
Hence, PCA degenerates to SMD.

SigD—PCA: As shown in JO, SigD degenerates to PCA as no — oo while n1 and p are held
constant. Therefore, SigD can be linked to SMD via PCA.

REG; —SMD: Consider REGg with

EY; =/ (p/n1)"? ni6py,

so that the original value of the spike 0 (see equation (JO4)) is scaled by (p/nl)l/Q. Suppose now
that n; diverges to infinity while p is held constant. Then, by a CLT,

(9) STVRHS YR — 1, = 2/ Jax + /p/mabm + oe (07 1?),

where Z belongs to GOE and n = £ ~'/24. On the other hand, equation (1) is equivalent to
(10) det (272HD 712~ AL,) = 0.

Multiplying it by (n;/p)P/? and using (9), we see that equation (10) degenerates to

det (Z/\/p+ 0nn' — ply) =0 with = \/n1/p(A—1).
Hence, REGq degenerates to SMD.

REG—REG: The REG case degenerates to REGq as ny — oo while ny and p are held constant.
Therefore, REG can be linked to SMD via REGy.

CCA—REG,: Recall that the CCA case is based on the solutions to equation (1) with
H = S3yS;,} Sye and E = S,
where S;, and Sy, are sample covariance matrices corresponding to i.i.d. N (0, ¥;;) sample ; € RP,

t =1,..,n1 +ng, and iid. N (0,%,,) sample y; € R™, t = 1,...,n1 + ng, respectively. Matrices
Sgy and Sy, are the corresponding sample cross-covariance matrices. Since the transformations
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6 I. M. JOHNSTONE AND A. ONATSKI

/ 23:,5 and y; — Z;yl/ 2yt do not affect the roots of (1), we shall assume without loss of
generality that ¥,, = I, and ¥, = I,,,. Recall that, by assumption,

—1
Tt — Yo

n19 ’

Yy =4 ————
w ni16 +nip + no

Suppose that ny diverges to infinity while n; and p are held constant. Then, by a CLT,

Sze =1Ipy+o0p (1), Syy = In, +op (1),
whereas

Sxy = Exy + ny/\/nl + n9 + op ((nl + n2)—1/2) ,

where Z,, is a p X nq matrix with i.i.d. N(0, 1) entries. Therefore, equation (1) degenerates to

(11) det (L (Suy + Zay) (zmzmy)’_ﬂp) 0

with y
E:cy =V n19¢90’
and
v=(1+mng/n1) A

Hence, CCA degenerates to REGg. It can further be linked to SMD via REGy.
3. The likelihood ratios.

3.1. SMD entry of Table JO2. The explicit expression for L(SMP) (0; A) given in Table JO2
follows from the following lemma.

LEMMA 1. For SMD case, the joint density of the diagonal elements of A evaluated at the
diagonal elements of v = diag {z1, ..., xp} with x1 > ... > x,, equals

(12) cp (@) exp {—pb?/4} oFy (¥, 2)

where ¢, () is a quantity that depends on p and x, but not on 0, and ¥ = diag {0p/2,0,...,0}. The
density under the null hypothesis is obtained from the above expression by setting 6 = 0.

Proof: The proof is based on the “symmetrization trick” used by James (1955) to derive the
density of non-central Wishart distribution. Let Y = U’XU, where U is a random matrix from
O(p) and X = Z//p + nfn’ with Z from GOE, 6 > 0, and ||n|| = 1. Note that the eigenvalues of
X and Y are the same. The joint density of the functionally independent elements of Y evaluated
at y is

(QW/p)*P(IWl)/‘l 2—17/2/

O(p)

where etr{-} denotes the exponential trace function, and (du) is the normalized uniform measure
over O(p). Taking the square under etr and factorizing, we obtain an equivalent expression

(27T/p)_p(p+1)/4 27P/2 oxp {—%92} etr {—ggf} /O(p) etr {p?euyu'nn'} (du).

etr {—g (uyu' — 77(977’)2} (du),

imsart-aos ver. 2012/04/10 file: subcritical_sm_06122017.tex date: December 11, 2017



SUPPLEMENTARY MATERIAL 7

Now change the variables from y to (H,z), where y = HxH' is the spectral decomposition of y.
Using the strategy of the proof of Muirhead’s (1982) Theorem 3.2.17, integrate H out to obtain
(12) with

pP+1)/47p(p—1)/4
o (x) = QP(P—l)/4+PFp w72 etr (

_%2) ﬁ (i = 2j),

where I'), (p/2) is the multivariate Gamma function. [J

3.2. Identification of the parameters of expression (JOG6). For the reader’s convenience, we pro-
vide some extra detail on the identification of the parameters of expression (JOG6) for the likelihood
ratio L(0; A) summarized in Table JO2. To have a self-contained source for derivations, we refer
below to Muirhead (1982), henceforth [M], in addition to James (1964), [J] below.

Some Notational conventions. |A| = det(A), and ¢, for a constant depending only on p, n. The
hypergeometric function

oFolabi A, B) = [ pFola,b AHBH')(dH),
O(p)

We sometimes drop explicit mention of the parameter vectors a, b, and write ,F4[A; B]. In particular,
we have

(13) pFqlA; B] = o Fq4[B; A and pFqlcA; Bl = pF4[A;cB],
and
pFq[A; 0] = F40] =1
For gFy(A) = etr(A) we also have
(14) 0F0(A,I+C) = etr(A) OFO(A, C)
To indicate the extension to rank r perturbations, we write ¢ = [¢1 - - - 1, for a p X r matrix with
YN =1, 0 = diag(6y,...,60,), 1+ 0 for I, + 6 and V0 for diag(v/6y,...,V0,).

PCA. [J, eq. (58)], [M, Th. 9.4.1]. We assume a p X n; matrix X ~ N(0,Q ® I,,) with
Q=3+ ¢y for ¥ > 0 and 'S "1 = I.. Without loss of generality we can set ¥ = I,. The
matrix n1H = X X’ has eigenvalues A = diag();). Using the dictionary

M: § m n ¥ L
JO: H p ni Q A’

[M, Th. 9.4.1] gives the joint density of A as

P(AQ) = cpny |27 2|A| P70 20(A) g Fy (—5mah, Q7).

where
p

v(A) =TT = ).

1<j
Since oFp(A, I) = etr(A), the likelihood ratio

p(Al$2)

LO:» = SR

= ’Q‘_n1/2 etr(%nlA) OFO(—%nlA, Q_l).
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8 I. M. JOHNSTONE AND A. ONATSKI
We have Q| = [I + 6], and Q71 = I — 0(1 + §)~1¢’, and referring to (14), we obtain
oFo(—3n A, Q1) = etr(—3n1A) o Fp(3n1A, (1 + 0)~1y),

and arrive at

L(0; A) = [1+ 0|72 oFo(3n190(1 4+ 6) ¢/, A).

SigD. [J, eq. (65), citing Constantine (unpublished)], [M, Th. 8.2.8]. Now assume independent
matrices

X ~N0,Q®I,,) and Y ~N0,X® I,),
with dimensions p x n; and p X ng, and Q = ¥ + 0y’ for ¥ > 0 unknown and 'Sl = I,.
Without loss of generality (wlog) we can again set ¥ = I,. The sample covariance matrices are
given by
H=XX'/m and E=YY/ns.

Using now the dictionary

M: Al A2 m ni ng 21 22 A
JO: miH noE p nmg ng Q I, QF

[M, Th. 8.2.8] gives the joint density of the eigenvalues F' = diag(f1, ..., fp) of

(15) det(an — fng) =0

as
P(FIR2) = cpnyn |2 |F| P70 20(F) 1 Fo(5m; —Q 71 F),

where n = nj +ny. It is helpful to transform the hypergeometric function using [M, Lemma 8.2.10],
due to Khatri (1967), which says here that

Vo[- L Fl = [T+ F| ™2 Fy[l —Q L F(I + F)™ ]

Note that, as for PCA, I—Q~! = 10(1+60)~1¢’. The (generalized) eigenvalues A = diag(A1, ..., \p)
of (JO3) are seen to be related to those of (15) via the transformation A = (na/n1)F(I + F)~L.
In forming the likelihood ratio, terms not depending on 6 cancel, including the Jacobian of this
transformation. Hence we arrive at

(AlQ) _ p(F19)

Lo A) = Z(Au) = 5@ = LT LRl /m2)yf(1+ )7 AL

REG,. [J, eq. (68)], [M, Exer. 10.9]. After reduction to canonical form, we assume that
we observe an nj; X p matrix Y7 ~ N(M,I,, ® 3). The unnormalized sample covariance matrix
n1H = Y]Y; has a non-central Wishart distribution with non-centrality matrix = S—IM'M.
Without loss of generality we can set > = I,,. Using the dictionary

M: A m n
JO: miH p ni’
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SUPPLEMENTARY MATERIAL 9

, BExer. 10.9] gives the joint density ol the eigenvalues = diag(w;) ol n1t as
M, E 10.9] gi he joint densi f the ei 1 W =di fniH
PW|Q) = cpn, etr(—3Q) etr(—2W)|W | =P~V 2 (W) o 7y (3015 20, W).

The low rank assumption (JO4) posits M = \/n_lcp\/@@b’ with @' = 'S "M = I, so that with
¥ = Ip, we have Q = Qy = n196y’. Note that EH = I + ¢6¢’, which explains the normalization
chosen for M.

The eigenvalues A of H are related to the eigenvalues W of nyH by A = W/n;y and so

ay _ P(AQg)  p(W ) 1 1 ’
L(0;A) = (M) p(VI0%0) etr{—5n10} oF1[3n190¢", n1A]
= etr{—4m0} o F1[iniyoy’, A],

where we used (13).

REG. [J, eq. (73), citing Constantine (1963)], [M, Th. 10.4.2]. We are in the situation of
REGy, but with ¥ unknown and estimated by an independent Wishart matrix no & ~ Wy (ng, ).
[M, Th. 10.4.2] gives the joint density of the eigenvalues F' of equation (15). Using the dictionary

M: A B m r n—-p X
JO: nmiH meFE p m ng I, Q°

this may be written as
P(F|Q) = cpnin, etr(—3Qw(F) 1F1(3n, 3n1; 10, F(I + F) 7).

where w(F) = |F|(m=P=D/2|[ 4 p|~(m+12)/24(F) does not depend on 6.
As for SigD, we make the transformation A = (ng/n1)F (I + F)~! to the generalized eigenvalues
of (JO3). So, as in previous cases,
p(A[Qq)  p(F[) 1 1 /
( ) ) p(A’Qo) p(F|Qo) € r{ 2”1 } 1 1[27111/1 ¢;(n1/n2) ]

= etr{—2m10} 1 F1[3(n/n2)0y, Al.

CCA. [J, eq. (76), citing Constantine (1963)], [M, Th. 11.3.2]. We recall some of the steps from
[M, Th. 11.2.6], borrowing some text from Johnstone and Nadler (2015). The canonical correlation
problem is invariant under change of basis for each of the two sets of variables, e.g. [M, Th. 11.2.2].
We may therefore assume that the matrix ¥ takes the canonical form

Y= (If, P) , P=[P0], P=diag(ps,...,ps0,...,0)
P I,

where P is p X nq and the matrix P is of size p X p with r non-zero population canonical correlations
p1,-..pr. Furthermore, in this new basis, we decompose the sample covariance matrix as follows,

X'X XY
(16) nS = <Y’X Y’Y)

where the columns of the n X p matrix X contain the first p variables of the n = nq + no samples,
now assumed to have mean 0, represented in the transformed basis. Similarly, the columns of
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10 I. M. JOHNSTONE AND A. ONATSKI

n X ni matrix Y contain the remaining ny variables. For future use, we note that the matrix
Y'Y ~ Wy, (n, In,).

The squared canonical correlations {r?} are the eigenvalues of S;xleyS&}Syx. According to [M,
Th. 11.3.2], the joint density of R? = diag(r?, ... ,7“]2)) is given by

P(R?|P?) = cpmyny | Iy — P22 (R?) oFi(3n, dn; dny; P2 R?),

where w(R?) = |R?|(m~P=1/2| [, — R?|("2=P=1)/2y( R?) does not depend on P2. Below, we abbreviate
the hypergeometric function as o F1[P?, R?] since the parameters (%n, %n; %nl) don’t change.
If we set Py = Y(Y'Y)7'Y’ the canonical correlations r? can be rewritten as the roots of

det(r’X'X — X'PyX) = 0. Now set n1H = X'PyX and noFE = X'(I — Py)X: the previous
equation becomes

(17) det(n1H — r?(n1H +noE)) = 0.

We now recall a standard partitioned Wishart argument. Conditional on Y, matrix X is Gaussian
with independent rows, and mean and covariance matrices

MY)=YYS, Sy, =YP
Seay = Doz — DaySyy Dye = I — P,

Conditional on Y, and using Cochran’s theorem, the matrices
niH ~ Wy(n, Y52, 2(Y)) and noE ~ Wp(ng, pp.y)
are independent, where the noncentrality matrix

DY) =30, MY)MY).
The generalized eigenvalues ); of (JO3) are related to the canonical correlations 72, the general-
ized eigenvalues of (17), by A; = (n2/n1)r?. Thus we obtain the interpretation of the roots of (JO3)
in terms of a pair of matrices n1H and neF which are conditionally independently Wishart given
(part of the data) Y. Further, as for the previous cases, we can write the likelihood ratio as
p(A’PQ) P(R2’P2) 2\n/2 2 p2
pA0)  prrg) M TR

= |I, — P*|"? 3 F1[(n1/n2) P%, Al.

Now in our rank r setting, P? = 3] p?e;el with p? = n16;/(n10; + n1 + n2). From the previous
display we obtain, after setting ¢ = [l O (p—r)]’,

A P2
Lo, 8) = % = |I, +m0/n| ™" 3 F1[n3y0(n31, + noni (I, + 0)) ', Al.

4. Contour integral representation.
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SUPPLEMENTARY MATERIAL 11

4.1. Derivations for Table JO4. In this subsection, we obtain decomposition (JO12)

F'(s+1)a(f)gs
= = — 2
A N exp{— (p/2) fc} g,
where s = p/2 — 1, and g. and f; remain bounded as n,p — oo, for SMD, PCA, SigD, REDy,
REG, and CCA. The values of g. and f. for the different cases are given in Table JOA4.

Structure of the prefactor A. Let us rewrite

I(s+1) [p/2]°
1 A= 7o Lo

as a product of terms Ay = gre~®/2fe(1 + o(1)) where fi, gr depend only on (c1,¢2,6), p, and
g, see (24) below. The idea is to show the dependence on p, q. Referring to Table JO2, we have
a; =n/2 and b; = n1/2 whenever they are present, and so

_[T(n/2=9)1°[ T(ni/2) 1¢
19) o= |sep=s)
Table JO2 also shows that
(20) o(6) = A(B) ", P2 _p L e

Uy g B(6) (n1/2)
where A(6) and B(f) depend on the particular case in James’ classification. This dependence is
shown in Table 1 below.

TABLE 1
Terms A(0), B(0) in the prefactor pAq, formula (24).

Case pFy A(0) B(0)
SMD* oFo e9%/2 0
PCA oFo 1+6 0/(1+9)
SigD 1Fy 146 6/(1+6)
REG, oFy e’ 0
REG 1F1 69 9
CCA oF1 (14 n0/n)™™  0/1(0)

(*) replace n1 by p, 1(6) =1+ 2—2(1 +0)
1

Combine like terms in (19) and (20) to get

(n2/2)P*  (ma\P* ©P(n/2,p/2)
(21) (n1/2)as e~ ( n ) 09(n1/2,p/2)’

where we define

M-1 _ N—M+1/2
(22) oy = N I'(N M+1)N€M< M) |

T'(N) =5
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12 I. M. JOHNSTONE AND A. ONATSKI

[This is verified at the end of this section.] Finally, define

Ty
MM=1\/20 M

Combining (18), (20)—(22), we obtain the desired form

(23) E(M)

(24) A= pAq = E(p/2)A(0)™/2B(6)* <

Each factor in this product is easily cast in the form gze~ (/2 (14 0(1)), with the resulting values
of fi and g shown in Table 2. When needed, we factorize g = §rpgr to show the leading term g
and the term gp = 1+ o(1), with the specific dependence of the o(1) term (which comes from the
error bound in Stirling’s formula) shown in the final column of Table 2.

TABLE 2
Form of each term in (24), when expressed as gwe P/ with gi, = Grgr. Here 9m denotes a term that is o(m™).

fx Jk Jk
E(p/2) 1 1 149,
A(g)~m1/2 c; M log A(6) 1 1
B(6)~* log B(0) B(6) 1
(p/n1)* —logci 1/c1 1
(2) log (1+2) 1+ 2 1
n C1 C1
7'2 2 T
O(n/2,p/2) BT s (c1+c2)1/? L4 O+ Gnp
0 '(ni/2,p/2) | 1+ 12—1“ logl—c1)  (I—c)™ 2  140n, +0n_,
TABLE 3

Table JO4. Values of fo and e = g./(1 + o(1)) for the different cases. The terms o(1) do not depend on 6 and
converge to zero as n,p —~ 00. In the table, 1(0) =1+ (14 0)cz2/c1 and r2 =c¢1 + ¢ — ciea.

Case fe ge = ge/(1+0(1))
SMD  1+6%/2+1logf 6
PCA 1+ 1;‘:1 1og(1+9)+1ogcﬁ 0(1+60) et
1 1
SigD POA 4 fio 95 10
REG, 1+ 2 Jcr a +1og§ + 1 ;Cl log(1—c1) Oc7t(1— )~ Y/?
1 1 1
REG  fRFSo 4 fi0 gEEGo gy,
CCA  fREG 4 385%g10/1(0)
2 2
fio=—-1— I log r + log G tc Jio = CIIT(Cl + C2)1/2
ci1c2 2(31 + c2 ) C1
0
foi=-1——— " —

C1 C1C2 08 Cll(e)
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SUPPLEMENTARY MATERIAL 13

Verification of Table JO4. We write g. = gc(1 + o(1)) and gi10 = g10(1 + o(1)) when we seek
to be explicit about the leading term. The o(1) term differs from row to row, but depends only on
p,n1,n2 (and not #). The explicit dependence can be constructed from the rows of Table 2, from
which it is seen in fact always to be O(m~1), where m = min(p, n1 — p).

The lines for SMD, PCA and REGq in Table JO4 — reproduced here as Table 3 below — are
immediately verified from Table 2. Next, we consider ratios in which the p index decreases by one
from numerator to denominator. We then have from (24)

APCA = oAo = AREGo — [ A;

Referring to Table 2, we recover the terms fig and g19 and hence the lines for SigD and REG in
Table JO4. For future reference, it is useful to decompose

SigD REG s
e = a0~ e o~ () 002/ =g e

fio = k1 + ko,
2 2

(25) ki =—-1-— L log 72, ko = - log(eq + ¢2) + log Gt e
C1C2 C1C2 C1

Using (24) we have, in an obvious notation,

ACCA 4, AC\ /% ge\ T g\ * _AREG
= (m) (am) () e =R

and referring to Table 2, R = [71(0) exp{—(p/2) fao} , where

ni AC B¢ c1+co Cll<9) 0
26 = —log— + log — = 1 — — —logl(0
(26) fo p BARTBBRT T Bute o s (6)
:kQ_k()?
and
0 r2
2 ko= —— 4+ —1 1(0).
(27) 2 - e og c1l(0)

This establishes the CCA line of Table JO4 after we note that

(28) fo1 = fao + fio = k2 — ko + k1 + ko = ko + k1.

Verification of (22). Use Stirling’s formula (23) twice:

I(N)~V2rN NV e and
(N —M+1) = (N — M)['N — M)

~/21(N — M)(N — M)N-M=N+M

to arrive at

N7ID(N — M +1) (N-M)l/2 (N — M)N-M
~ e
I'(N) N NN

and hence formula (22).
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14 I. M. JOHNSTONE AND A. ONATSKI

4.2. Proof of Lemma JO2 (approximation to oF;). By equation 9.6.47 in Abramowitz and Ste-
gun (1964), we have

(29) Fo=T(m+1) (m2n0)_m/ I, (ané/ 2) ,

where the principal branches of the fractional powers are taken, and I, (-) is the modified Bessel
function of the first kind. Using equation 9.7.7 in Abramowitz and Stegun (1964), we obtain

m/2
1/2 Ul m(2to—1—In
(30) o (2mm”) = o S T (L et

where o(1) — 0 as m — oo uniformly with respect to 79 € Qgs for any ¢ > 0. Using (30) in (29),
and invoking Stirling’s approximation

F'(m+1)=m"e ™V2rm (1 +0(1)),

we obtain
FO — (1 + 4770)—1/4 e—m(—2t0+2+lnt0) (1 + 0(1)) )

Since 1 — tg = —no/to, we obtain —2tg + 2 + Intg = ¢g (tg) and thus,
Fo = (1 + 4ng) V4 emeolto) (1 4 o(1)).

4.3. Proof of Lemma JOS3 (approxzimation to 1F1, oF1). First, let us change variable of integra-
tion in

C,, [0+
Fj=5= exp {—mip; (t)} ¢; () dt
™1 Jo
from ¢ to 7 = tn;. We obtain
Cram; ™ (11)
(31) Fy= =2 [T exp {—mo (1)} g () dr,
7w Jo
where
(32) 6:(7) = —7—klnT+ (k—1)In (7 —n;) forj=1
)= —kln(r/(1=7))+(k—1)In(r —n;) forj=2
and

P n;) "t for j=1
X; (1) = { (r — 77;)*1 (1- 7-)*1 for j =2

Note that, for j = 2, the contour in (31) does not encircle 1.

To obtain point-wise asymptotic approximation to (31), the method of the steepest descent
(ascent) is very convenient. However, establishing the uniformity of the approximation requires the
knowledge of details of the structure of the steepest descent paths. For example, this knowledge
becomes essential when some of the steepest descent paths contain two saddle points. Unfortunately,
for our problem, the steepest descent paths are relatively complicated. Therefore, we will consider
very simple paths that are steep (but not the steepest) in a neighborhood of a saddle point. This
strategy allows us to rigorously establish the uniformity for relatively large sets of parameters s
and 7;. A downside of this approach is that we need to explicitly characterize the behavior of ¢; (1)
on the simple paths, which requires some relatively lengthy but elementary calculus.
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SUPPLEMENTARY MATERIAL 15

We shall prove Lemma JO3 separately for j = 1 (REG) and for j = 2 (CCA). Therefore, we
shall omit subscripts j from the notation below.

Proof of Lemma JOS for REG.
Saddle points, REG. The saddle points satisfy
k—1 2+ (1 —n)7T — KN B

d K
E¢(T):_1_;+T—n__ T(T—mn) =0

There are two solutions to this equation

(33) Ti:%{n+2/€—1:|:\/(77+2H—1)2—4/1(I€—1)}—/i,

where we choose the principal branch of the square root (cut along (—oo,0]) when Ren > —2x+ 1,
and the other branch when Ren < —2x + 1. The following lemma collects facts about the behavior
of 74 for various (k,n). Suppose that x > 1 (which is certainly true if 0 < p < min {ny,n2}). Let
B = argn. Here and in what follows the principal branch of arg (cut along (—o0,0]) is considered,
unless stated otherwise.

LEMMA 2. (i) If Imn > 0, then 0 < arg (7 —n) < B; if Imn < 0, then B8 < arg (14 —n) < 0.
For real n > 0, 74 is real and 74 > 0.

(i) For n € C\ (—o0,0], function Re ¢ (1) is strictly increasing as T moves away from 74 (in any
direction) along the circle with center n and radius |74+ — n| until it reaches a point B on the circle.
IfImn > 0, then —m < arg(B—n) < —=. If Imn <0, then 7+ <arg(B—n) <w. Ifn>0,
then B =2n — 1.

Proof: (i) For Imn > 0 and the branch of the square root chosen as described above, we have

Im\/(n+2/<;—l)2—4/<;(/<;—l)>Im(77+2/£—1):1m77.

Since

2Im (14 —n) = —Imn—l—Im\/(n—i—Zﬁ— 12 —dk(k — 1),
we have Im (7. — n) > 0. Therefore,
(34) if Imn >0, then 0 < arg (7 — 1) < 7.

Similarly, we can show that if Im7 < 0, then —7 < arg (74 — 1) < 0.
Now let p = |7 — n|. Then, for 7 = 1+ pel® we have

Re¢(r) = (k—1)lnp—Ren—pcosz
K
—5 I (o + [nf* + 20 lnlcos (@ — ),

and therefore

d

(35) aRecb(T):P{SinxﬂLk‘n (z)sin(z — B)},
where
(36) ky (2) adul >0,

%+ nf* + 2p || cos (x — B)
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16 I. M. JOHNSTONE AND A. ONATSKI

unless cos (z — 8) = —1 and p = |n|, in which case 7 = 1+ pel® = 0 and £ Re¢ (1) — —o0 as
x| B —mand d%Re<]§(T)—>+oo asx | B+m.
For Imn > 0, (35) implies that

d

(37) aReqﬁ(T) > 0 for z € [8,7], and
d

(38) aReqﬁ(T) < Oforze[f—m0.

But, since 7 is a saddle point of ¢ (7),

d
aReqﬁ(T):Oforac:arg(nr—n).

Therefore, inequalities (34) and (37) guarantee that arg (7 —n) € (0,3). Similarly, we can show
that Im 7 < 0 implies that arg (71 — n) € (,0). The part of (i) that deals with real n > 0 holds by
inspection.

(i) Consider the case Imn > 0. Let us show that there are no zeros of & Re¢ () on (0, 8)
other than arg (7 — 7). First, suppose that k, (5/2) < 1, where ky, (-) is as defined in (36). Then,
since k; () is a decreasing function of = € (0, 5) , equation (35) implies that all zeros of d% Re ¢ (1)
on z € (0,) must belong to (0,3/2). Furthermore, at any zero z of - Re¢ () we must have
ky (z) < 1.

Indeed, let x = 3/2 4+ y. Then,

sinz + ky(x) sin(z — 8) = sin(8/2 +y) — ky(z) sin(5/2 — y)

On the other hand,
Sin(8/2 + ) — sin(8/2 — y) = 2siny cos(8/2),

which is positive for 0 < y < /2 and negative for 0 > y > —//2. Therefore, sin x + k() sin(z — 3)
(and % Re ¢ (1)) is positive for z € (8/2,/), and it may equal zero for some z € (0,/2) only if
ky (z) < 1.

If there are more than one zero for z € (0,3/2), then by the mean-value theorem there must
exist z1 € (0, 3/2) such that, at © = z1, (f—;z Re(r) <0and {£ Re¢ (1) > 0. The latter inequality
and the fact that d% Re ¢ (1) < 0 at = 0 implies that some zeros of d% Re ¢ (7) must be less than
or equal to z1, and hence, k; (z1) < 1.

To summarize, if there are more than one zero of d%; Re ¢ (1) on (0, 5/2), we must have

(39) p {cos 1 + Ky (1) cos (x1 — B) + k) (1) sin (21 — ﬂ)} <0
for some x; € (0,5/2) with k, (1) < 1. Since
Ky (z1) sin (1 — B) > Oand (1 — ky(z1)) cos 1 > 0,

we must have
cosx1 + cos (x1 — ) < 0.

Therefore,
(40) 2cos (x1 — B/2)cos (8/2) <0,
which is impossible for z; € (0,5) and 0 < 8 < .
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SUPPLEMENTARY MATERIAL 17

Now, suppose that k, (8/2) > 1. Then, all zeros of -L Re¢ () on z € (0, 3) belong to (8/2, 3).
If there are more than one zero, there must exist x; € (5/2, 5) such that (?_;2 Reg (1) <0at x=x;
with &, (x1) > 1. That is, (39) holds. Since

ky (x1)sin (z1 — 8) > 0, cos(z1 — 3) >0, and ky (x1) > 1,

we still must have (40), which is impossible.
Finally, if &, (8/2) = 1 then, since k, (x) is decreasing, (35) implies that there is only one zero
of L Re¢ () on = € (0, ), which is z = 3/2. To summarize, we have shown that

Ty = arg (14 — 1)

is the only zero of d% Re¢ (1) on (0,(). Similar arguments show that there exists only one zero,
say x_, of %Regb(T) on (—m, B —m). (If [n| = p so that Re¢ (1) is singular at x = § — 7 with
d% Re¢ (1) - —c as z | f—m and %Regb(ﬂ — +oo as x T B+ m, we formally define d%Red)(T)
at x = [ — 7 as zero).
We will set
B=mn+pexp{iz_}.

The uniqueness of the zeros of £ Re¢ () on (0,3) and on (—m, 8 — ), and inequalities (37,38)
imply (i) for the situation where Imn > 0. The analysis for the cases with Im»n < 0 is similar to
the above, and we omit it.

It remains to note that for real n such that n > 0, we have

%Re(é(T) =p{l+ky,(z)}sinz

which implies the validity of (ii) for n > 0. O

Contours of steep descent, REG. We shall choose the contour of integration in (31) so that it
passes through 71, and Re ¢ (7) increases as 7 moves away from 74 along the contour, at least in a
neighborhood of 7. Such contours are called contours of steep descent (of —Re ¢ (7)). The contour
consists of a circle with center n and radius p = |7+ — n| (which, in what follows, we refer to as the
circle) and two overlapping straight segments of opposite orientations.

We consider four situations. The first and the second ones correspond to Ren > 0 and to p < |1
and p > |n|, respectively. The third and the fourth ones correspond to Ren < 0 and to p < |n| and
p > |n|, respectively. In situations 1, 3, and 4, the two straight segments of opposite orientation
connect zero and the point A where the circle is intersected by a half-line that starts at 7 and passes
through zero. In situation 2, the point A is the intersection point of the circle and a half-line that
starts at 7— and passes through zero. Figure 1 illustrates the choice of the contour. The points B
on the circles are as defined in Lemma 2.

Let us show that in situation 2, that is when Ren > 0 and p > |n|, the circle intersects the
straight segment [7_,0), as shown in Figure 1. Indeed, by definition of 7+ we have

(41) —(r—=m)=(+—n)+n+1

Since, by Lemma 2 (i), Im (74 —7n) has the same sign as Imn and Re (7 —7n) > 0, and since
Re(n+1) >0 and Im (n + 1) = Imn, we have

[Re {= (- =)} > [Re (74 —n)| and [Im {—(r— —n)}| > [Im (74 —n)],

which implies that the circle must intersect the straight segment [7_,0).
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18 I. M. JOHNSTONE AND A. ONATSKI

Situation 1 Situation 3

T+

Situation 2 Situation 4

Fia 1. Contours of steep descent, j = 1.

We shall split the contour, which we shall call I, in three parts. In situations 1, 3, and 4, the
splitting is

(42) K =Ko +Kuar s +Kpao-

This decomposition assumes that Im#n > 0. If the sign of Imn changes to the negative, so that
n — 7, then I is transformed to its complex conjugate, and the orientation of such a complex
conjugate must be changed to the opposite one. The decomposition then becomes

(43) K =Kio,a,8 + Kipry 4+ Kag-

In situation 2, when Imn > 0, the splitting is (43) because arg (B —n) > arg (4 —n). (We will
verify the latter inequality shortly.) In what follows, we consider only the case Imn > 0. The
complex conjugate case is analyzed similarly, and we omit details of such an analysis.

As follows from the proof of Lemma 2, Re ¢ (7) is strictly increasing as 7 is going along Kz, B
away from 7. In other words, K4 -, p] is a contour of steep descent. Below, we shall use Lemma
JO9 to analyze

Z[A,T+,B] = /’C e~ (1) dr.
[A74.B]
We shall then show that Zjg 4 and Zjp 4, which are defined similarly to Zj ;, pj, are asymp-
totically dominated by Z(4 ., p). However, before we embark on this agenda, let us show that
arg (B —n) > arg (A — n) as was claimed above.
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As follows from Lemma 2, to see that the latter inequality holds, it is sufficient to verify that

d% Re ¢ (7) is positive at 7 = A. For such a verification, we will refer to Figure 2.

F16 2. An illustration to the argument that % Re ¢ (1) is positive at 7 = A.

First, note that 77— = —kn and (74 — n)(7— —n) = (1 — k)n, where by assumption, x > 1. The
first of these equalities implies that arg7_ = —m 4+ argn — arg 74 > —m, so that point C' on Figure
2 rightly belongs to [A,n] (the line passing through D, C,0 is a horizontal line). The second of the

equalities implies that the angle ZDn0 = 6, equals arg(r — 7). Furthermore, we have

dia: Re ¢ (1) = p{sinz + |7TT|||§| sin(z — )}

For 7 = A, we have x = arg(A — n) and § — x — m equals ZCn0 = 6,. This implies

d _
(44) —Red (1) = p{-sin(8 - 0o) + ‘Tﬂ; |

sin 92}

For 7 = 7, the derivative is zero, and hence

(45) 0 =sin6; + I sin(0; — j).
74|

Now, by the law of sines applied to the triangle nC0, we have

sinfy  sin(f8 — 62)
46 = .
1o - m

Similarly, for the triangle nD0, we have

sinf;  sin(8 — 61)
47 = .
(7 DI ]
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20 I. M. JOHNSTONE AND A. ONATSKI

Combining (46) with (44), we obtain

d - [ ll7-] \nl}
4 4 _ _
(48) e Re ¢ () p51n02{ VI ]
Combining (47) with (45), we obtain
T+||D
(19) ol =21
Using (49) in (48), we get
d o Il fI? D]
—Reqb(T):psmeg—{ —— ¢ >00
dz I | [A]P[C]

Saddle point approximation for 7}, ., g, REG. We shall now derive a saddle point approxima-
tion to the integral 7| ,, p) which is uniform with respect (x,7) € €5, where

(50) Qs ={(r,m) ERXC:d<r—1<57", dist (p, R7) > 6, and [n] <571},

d is an arbitrary fixed number that satisfies inequalities 0 < § < 1, R™ = (—00,0) and, for any
ACCand BCC,
dist (A,B) = inf |a—b|.
a€A,beB
Let us show that assumptions A0-A5 of Lemma JO9 hold. For this, we shall need the following
lemma.

LEMMA 3. The quantities |74 — n| and |74| are bounded away from zero and infinity, uniformly
with respect to (k,n) € Q5.

Proof: Note that |7 — 7| and |7 | are continuous functions of (k,n) € Q5. On the other hand,
the definitions (33, 50) of 74 and s together with Lemma 2 imply that |74 —n| # 0 and |74| # 0
for any (k,n) € Qs. The lemma follows from these observations and the compactness of €5.0J

Lemma 3 implies that the length of K4 -, p) is bounded uniformly with respect to (x,n) € Qs.
Further,

sup |T—74|>|A—7¢| and sup |T—74|>|B— 14|
< T8

with |[A — 74| and |B — 74| being continuous functions of (k,n) € s, which are not equal to zero
for any (k,n) € Q5. Therefore, |A — 71| and |B — 7| are bounded away from zero, uniformly with
respect to (k,n) € Qs and assumption A0 holds.

Assumptions Al, A2, A3 and A5 follow from Lemma 3. Finally, let 71 and 7» be the points
of intersection of K with a circle with center at 7 and a sufficiently small fixed radius €;. The
validity of Assumption A4 follows from the fact that Re (¢ (75) — ¢ (74)), s = 1,2, are positive
continuous functions of (k,n) € € (the positivity being a consequence of Lemma 2 (ii)) and
Im (¢ (15) — ¢ (14)), s = 1,2, are continuous functions of (k,n) € Q5.

Since assumptions A0-A5 hold, we have by Lemma JO9

—m ao O (1)
Tiary,B = 27" ﬁml/z toar|

[A74]

imsart-aos ver. 2012/04/10 file: subcritical_sm_06122017.tex date: December 11, 2017



SUPPLEMENTARY MATERIAL 21

where O (1) is uniform with respect to (k,n) € Qs,

(51) ¢o=—T4 —KlnTi + (kK —1)In(r4 —n)
and
(52) ao (TJr - 77)71

22— ) (r — 1)

with the branch of the square root chosen as described in Lemma JOO9.
Precisely, let

a=m/2+arg(r — 1),
where the principal branch of arg (-) is taken, and let
(53) w=arg (26/73 —2(k = 1)/ (. = 1)*),
where the branch of arg (-) is chosen so that |w + 2a| < 7/2. Then
e /2 (ry —m)7!

(54) ag = .
N

Analysis of 7y 4) and I|p 4, REG. Let us show that 7|4 . p] asymptotically dominates Zjg 4
and Zp 4,0 uniformly with respect to (k,n) € {15, where

Qs = N{(k,n) eRxC:Ren>—-2k+1}.

It is sufficient to prove that there exists a positive constant .S, such that, for 7 on Ky 4) and K 4,0,
we have Re ¢ (1) > Re¢g + S, uniformly with respect to (k,7n) € Q5. For concreteness, we again
assume that Im#n > 0. The complex conjugate case is very similar, and we omit its analysis.

Note that, by Lemma 2 (ii), for any 7 € K(p 4}, Re¢ (1) > Re¢ (A4). Hence, it is sufficient to
prove that Re¢ (1) > Re¢g + S for 7 from Kio,4)- Moreover, for situations 1, 2 and 4, shown on
Figure 1, it is sufficient to establish the fact that Re¢ (A) > Redo + S. Indeed, let 7 € K 4}, and
let = = |7|. For situations 1 and 4, using the definition of ¢(7) we have, respectively,

L Reg(r) = —cos - wfz— (5 — 1)/ (Jn] —z) <O,

dx
and d
= Reg (r) = —cos(m— B) 5/ + (s — 1) /(] +2) <0,
where § = argn. Therefore,
(55) Re¢(A) = inf Reo(r).
TE’C[O’A]

For situation 2, we have

K}_
2

1
Re¢ (1) = —xcos(arg7_) — klnx + In (232 + |17|2 — 2z |n| cosv) ,
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22 I. M. JOHNSTONE AND A. ONATSKI

where v = 27 + arg 7— — 3, and thus,

2

%Reqﬁ(r) = k/22+(k—1)

—22 — |n|* cos (2) + 2z || cosy
2
(22 + Inl* — 2z |n cos )
2 2
R/ 717 = (s =1) /T —n[".

On the other hand, using the fact that 747 = —xn and Lemma 2 (i), it is straightforward to verify
that v > 7/2 and therefore, |7> < |7 — n|? for any 7 € Ko,4)- Hence, dd—; Re ¢ (1) > 0. But the first
derivative of Re ¢ (7) with respect to & must become positive for x — oo, negative for x — 0, and
zero for = |7_|, where z is any point on the ray connecting 0 with 7_. Hence, < Re ¢ (7) must
be negative for 7 € Kjg 4}, and (55) again holds.

For situation 3, let 7 € Kg 4). There are two possibilities. First, there exists 71 on the circle,
such that Re7 = Re7 and [Im 7| < [Imn|. In such a case, Re¢ (1) > Re ¢ (1). Furthermore, by
Lemma 2 (ii), Re ¢ (11) > Re ¢ (C), where C' = n + |7 — n|. Hence,

AV

(56) Re¢ (1) > Re¢ (C).

Second, ReT > Ren + |7+ —n|. Assuming that (k,n) € 5, the latter inequality implies that
Re7 > —k. Indeed, for (k,n) € Q5, the definition (33) of 74 implies that Re 74 > —k. Therefore,

Rer > Ren+ |ty —n| > Rery > —k.

Let x = |7|, then

%Regf)(ﬂ =—cosf—k/r—(k—1)/(|In]—z),
and 1 d K k—1
cos,B&Red)(T):_l_ Rer Ren—Rer
But -1
—1—%20and —m>0.

Therefore % Re¢ (7) < 0, and (56) holds. Note that in the analysis of situation 3 we used the
assumption (k,n) € 5, and in particular that Ren > —2k + 1. If the latter inequality is not
satisfied, the minimum of Re ¢ (7) on K can be achieved at some point on Kjg 4j. This fact will be
used later, in our proof of Theorem JO10.

It remains to show that, for some positive S,

(57) Re ¢ (A) > Rego + S
uniformly with respect to (k,n) € 45, and
(58) Red (C) > Regg + S
uniformly with respect to (k,7) € Qys, where

Qs = Qs N {k > 1,Ren < 0}.

Inequality (58) follows from the fact that function Re ¢ (C) — Re ¢ is continuous and positive for
(k,m) € Q15 and from the compactness of y5.
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We cannot use a similar argument to establish inequality (57) because Re ¢ (A) — Re ¢ is not
a continuous function of (k,n) € Q15, as we may have A = B = 0 and Re¢ (A) = +oo for some
(k,m) € Q5. However, we can bound Re ¢ (A) — Re ¢ from below by the minimum of two positive
continuous functions Re ¢ (11) — Re ¢ and Re ¢ (12) — Re ¢, where 71 and 7 are the points of the
intersection of the circle with center 7 and radius |74 — n| and a circle with center 71 and a fixed
radius, which is smaller than |A — 74|, uniformly with respect to (k,n) € Q5. Therefore, there
exists S > 0 such that (57) holds uniformly with respect to (k,n) € Q5.

Asymptotics in terms of ¢ and 1, REG. The above analysis implies the following asymptotic
representation

—iw/2 (. _ -1
2% |/ — +Z3 ).

mi/2, |22 = 25 = 1)/ (74— )]

Cpn™™

F p—
1 omi

where O (1) is uniform with respect to (k,n) € €15. We would like to express this formula in terms
of t1,¢1 (), and 91 (+). As follows from the definition of ¢ (see equation (JO27)) and the fact that
T =11,

[26/7%2 = 2(5 = 1) / (74 = 0)*| = |26 (01) /7

i

Furthermore,
¢1(t1) = ¢o — Inn,
and by (JO28)
(re =)= (b))

Therefore, we have

efiw/2efiargn wl (tl) 9] (1)
m3/2

Fy = C,,e~me1(t1) [ .
1

2mrmel ()]
On the other hand, by definition (53),
w = arg (¢ (t1)) — 2argn = w1 — 7 — 2arg,

where w; is as defined in equation (JO30). Hence,

o= Cmemmm)eiwl/zl 240 +O§,}2)
m

[2mme] (1))

= Cuthr (1) e /2 |2m0m (1)) 7% exp {—mepr (81)} (1 + 0(1)).

Proof of Lemma JO3 for CCA.
Saddle points, CCA. From equation (32) with j = 2, we see that the saddle points satisfy

d K K k—1 72(k—1)+7—kn
dT(b(T) T 1—7’+7'—77 T(r—=1)(t—mn)
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There are two solutions to this equation

- (o SEVITEGT

where we choose the principal branch of the square root cut along (—oo,0].
The following lemma collects facts about the behavior of 71 for various (k,7). As usual, we
assume that £ > 1. In addition, we assume that n ¢ (—oo,n,) U [1, 00), where

1

77*:_416(/1—1)'

Note that set (—oo, 1) U [1,00) does not intersect with Qo5 for any § > 0.
LEMMA 4. (i) |7+ —n| < |1 —1n|, and 74 = 0 if and only if n = 0.

(i) If Tmn > 0 and Rery > 1/2, then 0 < Im7 < Imn. If Imn > 0 and Rety < 1/2, then
Im7y > Imn. Similarly, if Imn < 0 and Rety > 1/2, then 0 > Im7y > Imn. If Imn < 0 and
Rery < 1/2, then Im7 < Im.

(11i) For n ¢ (—oo,n.) U [1,00), function Re ¢ (1) is strictly increasing as T moves away from T4
(in any direction) along the circle with center n and radius |7+ — n| until it reaches a point B on
the circle.

Proof: (i) Let
(60) —1 (1 —n.) = p” exp {i20}
with 6 € (—7/2,7/2). Then

(61) T+ = = ;(Zeiqi){iQ}

and a direct calculation (we perform it using Maple’s symbolic algebra software) shows that
ne 2 (|7'+ - 77]2> = —4k (k+ pcosf — 1) ((2& 1?2+ p* =20 (26— 1) COSH) :

Since 0 € (—7/2,7/2) and Kk > 1, the latter expression is less than zero. Further, equation (61)
implies that 7 = 0 if and only if § = 0 and p = 1. The latter two equalities are equivalent to n = 0.
(ii) From (61), we see that Re7y > 1/2 if and only if

(62) pcosf > k.
On the other hand,
(63) —n; Y Im (7. — ) = 2psinf (k — pcosb).

Combining (62) and (63), we obtain (7).
(i17) Recall that

(1) = —/-zln1 T

+(k—1)In(r—n).

Therefore, on the circle with center n and radius |7+ — 7|, Re ¢ (7) equals —xIn|7/ (1 — 7)| plus a
constant. Further, for ¢ > 0 such that ¢ # 1, the set of 7 that satisfy equality |7/ (1 —7)| = ¢ is
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Fic 3. Isolines of the function |7/ (1 —T)|.

a circle with center ¢?/ (¢? — 1) and radius ¢/ |¢* —1|. For ¢ = 1, |7/ (1 — 7)| = c along the line
ReT = 1/2. Figure 3 shows the iso-lines of |7/ (1 — 7)|. For ¢ < 1, the isolines are encircling 0, for
¢ > 1, they are encircling 1.

Since 74 is a critical point of Re ¢ (7), the circle with center n and radius |74 — 1| must have a
common tangent with one of the isolines at 7 = 7. Therefore, Re ¢ (7) must be strictly monotone
as T moves away from 74 along the circle with center n and radius |74 — 7| until it reaches a point
B on the circle. Part (i) of the lemma implies that Re ¢ (7) is strictly increasing. OJ

Contours of steep descent, CCA. We shall choose the contour of integration in (31), which we
shall call K, so that it passes through 7, and Re ¢ (7) increases as 7 moves away from 7 along the
contour, at least in a neighborhood of ;.. The contour consists of a circle with center 1 and radius
r = |74 —nl|, which, in what follows, we refer to as C, and two overlapping circular segments of
opposite orientations, which we will refer to as Cs.

We consider four situations. The first and the second ones correspond to r < |n| and to Ren < 0
and Ren > 0, respectively. The third and the fourth ones correspond to r > |n| and to Ren < 0
and Ren > 0, respectively. Using (61), we obtain

2 e =) =02 n)? = 4k (p2 —2pcosf + 1) (k—pcosf —1).
Therefore, situations 3 or 4 are realized whenever
(64) pcosf <k —1.

In particular, the corresponding 7, must be such that Re7, < 1/2 (compare to (62)).

For situation 1 and 2, Cy consists of a segment of the circle that passes through 0, 1, and n. The
segment starts at the closest to 0 intersection of the latter circle with C; and ends at 0. It does
not pass through 1 or n. For situation 3 and 4, Cs consists of the segment of the circle with center
at 1 and radius 1 that connects 0 with the point A of the intersection of this circle with Cy, and
lies inside C7. Out of the two intersection points we choose the one with the imaginary part of the
opposite sign to that of Im#. Figures 4, 5, 6, and 7 illustrate the choice of K for situations 1, 2, 3,
and 4, respectively.
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15 2 25

Fic 4. Choice of contour K in situation 1. The contour is represented by the dark black circle and the circle segment
ending at 0. The dashed lines are iso-lines of function |7/ (7 —1)|.

0.8
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041

-0.6

Fic 5. Choice of contour K in situation 2. The contour is represented by the dark black circle and the circle segment
ending at 0. The dashed lines are iso-lines of function |7/ (t —1)].

We split the contour in three parts

(65) K =Ko+ Kar. B +KBao,
or
(66) K =Kjo.ap +Kipr a+Kao

depending on whether moving counter-clockwise along Cy from A to B reaches 71 or not. In the rest
of this note, we shall refer to (65) for concreteness. Our arguments do not depend on the specific
form of the splitting.

As follows from Lemma 4, Re ¢ (7) is strictly increasing as 7 is going along K4 ., p) away from
7+. In other words, K4 -, p] is a contour of steep descent. Below, we shall use Lemma JO9 to
analyze

I[A,T+,B] = /’C e ™) (1) dr.

(A7, B]
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0.5
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Fia 6. Choice of contour IKC in situation 3. The contour is represented by the dark black circle and the circle segment

ending at 0. The dashed lines are iso-lines of function |7/ (t —1)].

0.5

0.5 ‘

Fic 7. Choice of contour K in situation 4. The contour is represented by the dark black circle and the circle segment

ending at 0. The dashed lines are iso-lines of function |7/ (7 — 1)|.

We shall then show that Zjg 4 and Zp 4,0), which are defined similarly to Zj4 ,, p), are asymptoti-

cally dominated by Zj4 -, pi-

Saddle point approximation for Zj, ., p), CCA. We now derive a saddle point approximation

to the integral 7|4 ;. p) which is uniform with respect (x,7) € Qg5, where

(67) Qo5 = {(k,m) 16 <k — 1< 577, dist (5, R\ [0,1]) > 6, and |n| <571},

and ¢ is an arbitrary fixed number that satisfies inequalities 0 < § < 1. Let us verify assumptions

A0-A5 of Lemma JO9. For this verification, we need the following lemma.

LEMMA 5.
with respect to (k,n) € Qas.

The quantities |7+ — n| and |74| are bounded away from zero and infinity, uniformly

Proof: The lemma follows from Lemma 4 (i,ii), the fact that 7 # n for (k,7n) € Qas, and the

compactness of (lo5. [
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28 I. M. JOHNSTONE AND A. ONATSKI

Lemma 5 implies that the length of Zj4 ., p) is bounded uniformly with respect to (x,7) € Qas.
Further,
sup |t 7= |A-7i | and  swp Jr—ry| = |B-ryl,
TeK TeK
[A74] [r+.B]

where |A — 74| and |B — 7| are continuous functions of (k,7n) € a5, which are not equal to zero
for any (k,n) € Qg5. Therefore, |A — 71| and |B — 74| are bounded away from zero, uniformly with
respect to (k,n) € Qg and assumption A0 holds.

Assumptions Al, A2, A3 and A5 follow from Lemma 5. Finally, let 71 and 7» be the points
of intersection of K with a circle with center at 7 and a sufficiently small fixed radius €;. The
validity of Assumption A4 follows from the fact that Re (¢ (75) — ¢ (74)), s = 1,2, are positive
continuous functions of (k,n) € s (the positivity being a consequence of Lemma 4 (iii)) and
Im (¢ (75) — ¢ (74)), s = 1,2, are continuous functions of (k,n) € Qg;s.

Since assumptions AO-A5 hold, by Lemma JO9, we have

—m ao O (1)
Liary,p) = 27" \/7_Tm1/2 ToaR |

where O (1) is uniform with respect to (k,n) € Qag,

(68) ¢o = —kln +(k=1)In(r4 —n)

1 — T+
and
(=) 'a-r)"

(69) ap =
J2e0=2m) /(=27 = 2(s = 1)/ (e — )

with the branch of the square root chosen as described in Lemma JOO9.
Precisely, let
a=m/2+arg (T4 —1n),

where the principal branch of arg (-) is taken, and let
w=arg (26 (1—-271) /(1 =7)*73) =2( = 1)/ (. = )°),
where the branch of arg (-) is chosen so that
lw + 20| < 7/2.
Then
€ (tp—m) (A —74)

" \/‘2ﬁ(1—27+)/((1—7'+)2ﬁ) —2(f€—1)/(7+—77)2\'

(70)

Analysis of Zjy 4 and Zjp 4], CCA. Let us show that Zj4 ;, p] asymptotically dominates Zj 4
and Zjp 4,0 uniformly with respect to (x,7) € (as. It is sufficient to prove that there exists a
positive constant .S, such that, for 7 on Zjg 4) or on Z|p 4 ), we have Re ¢ (1) > Re ¢p+ S, uniformly
with respect to (k,n) € Qgs.
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Note that, by Lemma 4 (iii), for any 7 € K4 5], Re¢ (1) > Re¢ (A). Hence, it is sufficient to
prove that Re ¢ (1) > Re ¢ + S for 7 from K[g 4. Moreover, it is sufficient to establish the fact that

(71) Re¢ (A) > Regp + S

uniformly with respect to (k,7) € Q5. It is because for any 7 € Kjg 4}, Red (1) > Re ¢ (4).

Indeed, for situations 1 and 2 this property of Re¢ (7) follows from the fact that |7/ (1 — 7)]
is strictly decreasing and |7 — | is strictly increasing as 7 moves along Ky 4 away from A. For
situation 3, we have

|7 [T =1

Reod(7) —Red(A) = —klog— +(k—1)lo
6(r) ~ Reg (4) B+ (= Dlog =
> —ﬁlogl—wﬁlog 4] ,
[T = |A —n

where the latter inequality holds because |7 — 7| < |A —n|. The iso-lines of function |7|/ |7 — 1|
are similar to those shown on Figure 3 with the concentration points 0 and 7 instead of 0 and 1.
As 7 moves along Ky 4 away from A, the isolines are crossed so that |7| /|7 — 7| is decreasing.
Therefore,

(72) Reo (1) —Rep (A) > 0.
For situation 4, the analysis is more involved. We have the following lemma.
LEMMA 6. Inequality (72) holds for situation 4.

Proof: The analysis is similar to that of situation 3. However, in contrast to situation 3, we
cannot immediately claim that as 7 moves along Ky 4) away from A, the isolines of the function
|7| /|7 — n| are crossed so that the function is decreasing. For this claim to be valid, we must verify
that

(73) Al /1A =nl <1,

so that A and 0 lie on the same side of the iso-line |7| /|7 —n| = 1.

Let z be the point on Cy where |z| /| — | = 1, such that Im (7 — x) has the same sign as Im 7.
To establish (73), it is sufficient to show that z lies inside the circle with center at 1 and radius 1
(circumference of which contains Kjg 41). That is, it is sufficient to show that |1 — z? < 1.

For concreteness, let us focus on the case Imn > 0. Then, we have

x =n/2 —ina, where a = \/(r2 - |77/2|2> / |n|?
and 7 is the radius of C]. A straightforward algebra shows that
1—2z>=r?+1—Ren—2almy.

Furthermore, since r2 > |77|2, we have a > /3/2 > 1. Therefore, the inequality |1 — x|2 < 1 would

follow from the inequality 2 < |n| < Ren + Imn . Let us now show that in situation 4, 2 < |n|.
Let z = pexp {if}, where p and 6 are as in (60). Situation 4 imposes the following constraints on

z21)Rez >0,2) Rez < k—1, 3) (Re2)?—(Im 2)? > 1. The first one is equivalent to 0 € [—7/2,7/2],
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30 I. M. JOHNSTONE AND A. ONATSKI

which must be true by definition of §. The second one is equivalent to (64), and the last one ensures
that Ren > 0. We have

itz and 142
= _
Tk YT T k1)
Therefore,
P e (T el
16k2 (k — 1)
and
in] = |z —1|]|z + 1]
4k (k — 1)

For z that satisfies the above three constraints, we must have |z + 1| > |z — 1|. Therefore, to
establish inequality r? < ||, it is sufficient to show that

2= (2s— 1P
4k (K — 1) =L

The latter inequality is equivalent to
(Imz)24+1 <2Rez (26 — 1) — (Re 2)?.
In view of the third constraint, it is sufficient to show that
2Rez (26 — 1) — (Re 2)? > (Re 2)2.

But the second constraint implies this inequality. The situation where Imn < 0 is analyzed similarly.
]

To summarize, in all the four situations we only need to show that (71) holds. Note that Re ¢ (A)—
Re ¢ is not a continuous function of (k,7n) € Qas because we may have A = B =0 and Re¢ (A) =
+o00 for some (k,n) € Q5. However, we can bound Re ¢ (A) — Re ¢ from below by the minimum of
two positive continuous functions Re ¢ (71) —Re ¢g and Re ¢ (12) — Re ¢, where 71 and 75 are points
of the intersection of the circle with center n and radius |7 — 7| and a circle with center 74 and
a fixed radius, which is smaller than |A — 7|, uniformly with respect to (k,n) € Qas5. Therefore,
there exists S > 0 such that (71) holds uniformly with respect to (k,7n) € Qg;s.

Asymptotics in terms of ¢ and ¢, CCA.
The above analysis implies the following asymptotic representation

—-m —iw/2 o1 - -1
= Cmn. 2e—mb0 Ve (ry —m) (1—7y) + 02/12) :
m

b2 [l (1 =27/ (1= 7207 72) —20— 1)/ (7o )

where O (1) is uniform with respect to (k,7n) € £225. We would like to express this formula in terms
of to, 2 (+), and 13 (+) . Since

26(1=2m) / ((1=74)°72) = 2(k = 1) / (s = 1)°| = | 265 (22) /m?

)

@2 (t2) = ¢o — Inn,

and
(rp =) A —7) = (t2)n !,
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we have

,iw/267iarg77 w2 (t2) N 10 (1)

i m3/2

Fy = Cpe~me2(t2) [e

|12mmepy (t2)]
On the other hand, by definition,

w = arg (¢ (t2)) — 2argn = wp — 7 — 2arg),

where ws is as defined in equation (JO30). Therefore,

Fy = (Ce me2(t2)o—iwz/2 [ Va2 (t2) + O§/12)
m

|2mmipy (t2)]
= Coths (t2) €72/ [2mmigty (t2)] /% exp {—mips (2)} (1 + 0(1)) .

4.4. Proof of Confluences. The confluences (JO35) are established by showing convergence of
each of the components in (JOI1). For the f. and fe components, this follows from inspection of
Tables JO4 and JO3 respectively, while for fElgD(z), this follows from (JO17). For ff¥G(z) and
f}?CA(z), one uses the definitions of ¢; and ¢; and calculation, though one can also appeal to the
confluences

171 (a/e; byex) — oF (b az)

oF1 (a1/€,az/€;b; 62.’1}) — oF1 (b;aasx)
as € — 0, and observe in (JO21) that with k ~ ¢1/((1 — ¢1)c2) and as ca — 0, we have

(mk + V)mn — m2ng

(mk + 1)2n — m2no.

For the confluences (JO36), there is some crosstalk between the components. We write f.[f] to
show the dependence on 6 explicitly. Writing 6 = /¢, £, it is direct to verify that

FEOAVE €] = FMPLE] + ¢/ /ey — €2 —log Ve, + O(Vey)
FREGo[\/e,€] = fEMPIE] + €/v/e, — €2/2 —log Ve, + O(Vey).

From (JO14) and the MP entry in Table JO3, and writing z = 1 + \/c;w, we have
e AL+ Vew) = fEC 1+ Vew) = P (w) +log Ve, +o(1).
For the h term, we write f,(z;60) to show the dependence on 6 explicitly. From (JO17), one

quickly has
PO+ Veyws Ve ) = fMP(wi€) — €/ve + €+ 0(Vey).

For f}?EGO, we have ¢g(tg) = logto — 2(to — 1) and that tg = 1419 — n¢ + O(n3) for small 9. This
leads to fu(2;0) = (1 —c1)ey [—no + 318 + O(n3)] and thence by elementary evaluation to

ARG+ Veyws Ve ) = fMP(w; €) — €/vey + €22+ O(Vey).

Combining terms from the preceding displays yields the confluences (JO36).
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4.5. Proof of Lemma JOJ (saddle points zp). q =0 cases: (SMD, PCA, SigD).
First, note that

(74) f'(2) = fe(2) + fil(2) = —=me(2) + fi(2),

where mc(z) is the appropriate Stieltjes transform. We proceed, then, by solving for z in the
equation fi (z) = me(z).
SMD. We have f{(z) = —6, so substituting m¢(z9) = —6 into the quadratic equation
(75) m24+zm+1=0
SC

satisfied by m = m2~(z), we get

m2+1_02+1
m 0

z0(0) = — =0+1/6.

Obviously, for any 6 € (O, §SMD) =(0,1), 29(0) is larger than biMD = ,BEMD =2.

PCA. Now f{(z) = —0/[c1(1 + 6)], so we substitute me(z0) = —6/[c1(1 + 0)] into the quadratic
equation
(76) crzm? + (z4c1—1)m+1=0

MP

o (2). This is a linear equation for z whose solution is

satisfied by m = m,
20(0) =0+ 1)(0 +c1)/6.

Note that the minimum of zo(6) over 6 > 0 equals bY°A = (1 + \/E)Q and is achieved at

Gzécz\/a.

Therefore, since mMF(z) is well defined for z > YA mMP(z)) must be well defined for any
0 € (0,0.).

SigD. The Stieltjes transform m = mY(z) of the Wachter distribution, as normalized here,

satisfies the quadratic equation

(77) crz(er — caz)m? 4+ [e1(1 — )z — (1 — c1)(e1 — caz)Jm + 12 =0,
while

oy b _ b _
(78) fh(z)_ ].—(IZ’ a_cl(1+9)a b— 0102‘

To solve m(z) = f{(z), insert m = ab/(1—az) into (77) to obtain an apparently quadratic equation.
However the coefficient of z? vanishes, so that as with SMD and PCA, z is the solution of a linear
equation Bz + v = 0, where in this case

B =abcil(0)/(1+0)
v = —abci(c1+0)/0,
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so that
B (c1+0)(1+0)
It also follows that
az —762(cl+9) 1—azy = r’
07 T ale) 07 ¢l(0)
01(0)
/ — _ 7
(80) fh,SigD(zO) - m(Z()) - Cl(l + 0) :

Recall that {(#) = 1+ (1 + 0)ca/c1. Therefore, (79) implies that that the minimum of zy(6) over

0 > 0 equals
i +12
pYieD — ( " )
T\t

and is achieved at
co+r

1—co

0 = 0.

Therefore, mY (z) is well defined for z > biigD, as n,p —~ 00, and mY' (29) must be well defined

for any 0 € (0,0.).

q =1 cases: (REGy, REG, CCA).

We find the critical points 2 () for the g = 1 cases by showing that they are the same as for the
corresponding q = 0 cases. This is cast as a verification rather than a derivation as we still lack a
good explanation for this curious fact.

We have seen, based on (74), that

fopcalzo) =mi® (),  fusign(20) = md (20),
for zp = z(l)j CA and zgigD respectively. We now show that
f}/1,REG0 (20) = fk/l,PCA(ZO)a fﬁ,REG(ZO) = fﬁ,CCA(ZO) = fk/l,SigD(ZO)
for zg = 254 and zgigD respectively. In combination with (74), this verifies that 2§ “* and zgigD

are critical points for the q = 1 cases as well.
The functions defined in (JO23) and (JO27) will sometimes be written in the form ¢;(t,n;) to
show the dependence on 7; explicitly. We have

1 — C1
T[Sﬁj(tj»ﬁj) + 51,

fu(z) =

where ~; = 7v;(n, p) and t; = t;(n;) satisfies

0
(81) 5%t 1) =0,

a quadratic equation for ¢; with coefficients depending on n; and ~. We therefore have, dropping
the subscript j temporarily,

o 1 —-Cl_fl_ Eyz _ 1-— C1 o0 E!z

(82) folz) = ” dns@(t(n)m) - o a—nw(t(n),n) o
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From definitions (JO23) and (JO27), again with t; = t;(n;), and £ = r%/[c2(1 — ¢1)],
9 —1/to
(83) 3—77,90(% n;) = —t1
! —th/(l —772t2).
We now turn to the specifics of the three cases.

REG,. We show that z = 25 = (0 + 1)(0 4 ¢1) /0 solves

0
fhRrEG, (2) = m(20) = N CES

From (82) and (83),
0 1

Ca(l—ca)to(n)’

so that we should solve to(no(z)) = (0 +1)/(1 — ¢1) for z. Since t( satisfies a quadratic equation,
the equation for z becomes

fhrEG, (2) =

no(2) = 13 — to = %

which implies that 2570 = =11 — ¢1)%9 = (0 4+ 1)(0 + ¢1)/0 = z5°A(6).
REG. This time we solve for z in

01(9)

/ _ f __ v
fh,REG(Z) = fh,SlgD(zO) all+ 0)7
where the second equality uses (80). From (82) and (83) we have f} gpg(2) = —coft1(n)/c3, and so

611(9)
62(1 + 9)7

C1

(84) tl(n) = m

ti(n) —1=

The quadratic equation for #1 is 72 + (1 — n1)t; — £ = 0, so that

k=t @+ 1)(0+c)
- tl(tl — 1) - (1 — Cl)Cll(e)

which implies that 2587 = ¢1(1 — ¢1)m/(fc2) = zgigD(H).

(85) m

CCA. Treat this as a modification of REG. Thus

pa(t) = Klog(1 —mat) +mt + 1(t), and

’ _ K12 /
(86) oh(t) = 1_772t+”1+“01(t)'
We verify that at z = zgigD,
_all®)
(87) b= Ao " t1(m(20))

satisfies ¢4 (t2) = 0 for n2 = n2(20). Indeed, writing L(6) = ¢11(0), we have

cA(c1+0)(1+0) _ca(cr+0) r2

mo o PPT e PP T Ior
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and
K L) m

1-— t2772 o (1 — 61)62 o 772’
so that from (86), ©5(t2) = ¢/ (t1) = 0. But now we can see that, at z = 2,

1-— d
a_ & o dp

/ _ e -
fh,CCA(zO) = 11—ty 21

l—cam dna 11— dmy
e S L g 't]_'a:f}/l,REG(ZO)’

1
1 N2 dz C1

so that z also satisfies fioa(20) = 0.

4.6. Verification of Remark JOS: that f(z9) = 0. Recall that f(z9) = fc + fe(20) + fu(20). The
term f. is given in Table 3. The next term,

ﬁxmy:/mhmm—AﬁM;Q%

takes on three different values: one for SMD, another for PCA and REGg, and the third one for
SigD, REG, and CCA.

LEMMA 7. For SigD, REG, and CCA, for any 0 € (0,6_) and for sufficiently large n, p, we have

2

c1+ c2 r
In(146)— 1 —1 1(0)].
- n(1+6) v n(c; +co) + o n [c1l (0)]

(89) ﬁ@wzzmq—ma_l_q

Proof: We follow the usual strategy of reduction to a contour integral. First make the change of
variables A = o — S cos . In order to arrange that A = b_ and by at ¢ = 0 and 7 respectively, we
set

b b_ 2462 by —b_ 2rc?
o L+ :cl(r +c_1)7 g=br _ rcy

(%0) 2 (c1 4 ¢2)? 2 (c1 4 e2)?

We obtain

c1+ e /2” B%sin? pln (29 — a + Bcos @)
o (

fe(20) = e a — Bcos) (c1 — caa + caB cos @)

after extending the integral from [0, 7] to [0, 27| using the symmetry of the integrand about ¢ = .

Now introduce z = €. Since cos ¢ = (2 + 2~ 1) /2, we have from (90) the factorizations

c1 (a— Beosp) = 2_67" (r—c12) (r — 012_1) ,
c1 — caa+ coffcos p = Z_Br (r+ c22) (r + 022_1) ,

20— a+ Beosp =q(z)q (zil) with

0(2) = (,/clz (8) /0 +r2/0] [e1l (9)]) .

Our integral becomes

’ z— 271’ (g(2)q (=7 z
fe(ZO):_(C1+CQ)7’/C ( )1 (q( )q( )) d

47 (r—c12) (r—c1z70) (r+ c2) (r+ ez 1) 2
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The integral has form I = %ln (q(2)q (271)) H (2) z7dz with H(z) = H (2 !). Hence, expanding
the logarithm yields two identical terms, so that

—(e1 + ¢2) / (22 — 1)21n q(2) %
27 c(r—cz)(z—ci/r)(r+cz)(z+c/r) 2

fe (20) =

For 0 € (0,0) and sufficiently large n,p, we have 0 € (0,0,) with 6, = (c2 +7) /(1 —c2). On the
other hand, for 6 € (0,0,), the function Ing(z) is analytic inside the circle |z| = 1, and so the
whole integrand is analytic inside the circle except for simple poles at z = 0,¢;/r and —co/r. The
residues at these poles are respectively

cl—i-chncl\/cll/H _1—011n61(1+9) and — L=, <
Cc1C2 c1+ c2 ’ c1 Vel ’ Co Vlcql

and their sum, after collecting terms, yields formula (89). OJ

COROLLARY 8. For PCA and REGy, for any 6 € (0,0) and for sufficiently large n, p, we have

(91) fe(z0) =Ineg —Inb — 1-a

11’1(1 + 9) + 9/61.
C1

Proof: The corollary is obtained from Lemma 7 by taking the limit as ca — 0. [J
COROLLARY 9. For SMD, for any 6 € (0,0) and for sufficiently large n,p, we have

(92) fe(20) = —In6 + 6%/2.

Proof: We remarked earlier that SMD is a limit of PCA and REGq as ¢; — 0 after the transfor-
mations ¢ — ,/c10 and z — /c1z + 1. In particular,

2ZMP = lim (2597 —1)//c1 and FSC()\) = lim FMP (Ve A+ 1).
c1—0,0—,/c10 c1—0

These equations imply that
feSMD (Z(S)MD> _ lim [fePCA (Z§CA) —1n \/a] .

c1—0,0—,/c10
Using this relationship together with Corollary 8 yields f. (z0) = —In# + 62/2 for SMD. [J
Observe from Lemma 7 and Corollary 8 that

2

t e log(c1 + ¢2) + I log[c1l(6)] — 0/c1
C1Co

. C
9 = 12+ logey — &

= fYOA + foo, and

REG REG
fe :fe 0 +f207

where fo is defined at (26). Combining Table 3 for f. with this display and Corollaries 8 and 9 for
Je(20), we can summarize the results for f. + fe(20) by case in Table 4 below. For the SigD and
REG lines we use (28), namely fo; = fi0 + fo0, while for CCA we recall that fREG = fCCA
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Case F = fo+ fe(z0)
SMD 1+ 62
PCA 1 + 9/01
SigD FPCA 4 fo1
1-— C1 1-— C1

REGo 2(1+9/01)+ o log 170
REG FREGo 4 fo
CCA FREG fo1

TABLE 4

Explicit form of fo + fe(z0) for the different cases.

37

We turn to the evaluation of fi,(29): in each case it will turn out to equal —F = —f. — fe(20) as
shown in Table 4. Again we start with the q = 0 cases, in which f,(2) is an elementary function.

SMD. We immediately have f,(z9) = —200 = —02 — 1.
PCA. Now fu(20) = —200/[c1(1 +60)] = —1—0/cy.

SigD. This time, referring to the definition of fs; in Table 3,

2 2 2
SigD o _@01%—9]_ T T
Ji™(20) = c1co log { c1 1(0) ci09 log 11(0)

= —for — FPOA,

REG,. Since tg = %(1 + /1 + 4ng) satisfies t% —tg — no = 0, we have
¢o(to) = logto —to — no/to + 1 = log o — 2mo/%o.

Since 1o(20) = (1 + 0)(c1 + 0)/(1 — ¢1)?, we find after algebra that

1+ec¢1+ 260
(93) VIF g = 2
—a
so that
t o 1+9 @_Cl—}—e
"T1oa e 1-¢
" 1 1 1+60  2(c; +96)
—C —C + c +
fu(z0) = Loo(to) = Log _2a _ _ REGo
C1 1—0c c1

REG. Combining the definitions of f, and ¢1(t1) we have

1—61 KR tl—l
}E{EG(z)—T{—n1t1+/<aloga—i—(/i—l)log(R_l)}.

Combining (84) and (85) gives

c1+6 K 2 146 t1—1 1-c

1—017 tlzl—cl (9)7 H—1_1+97

(94) mty =
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so that
ca+60 2 r2 1—¢ 1+6

REG
= 1 1
fh (ZO) C1 + C1Co 8 L(@) + C1 8 1-— C1

We can now compare REG with REGq just as SigD was compared with PCA: thus

2 2
REG(, \ _ fREGo, y_ ™", T a+6_
fh (ZO) h (ZO) c1c9 0og Cll(g) + c1 f21a
and so
(95) B (z) = —FREGo — fo = — pREG,

CCA. Combining the definitions of f, and y2(t2) we have
1—c

JOOA ) =

to —1
{lilog(l—772t2)+/€10g£+(:‘€—1)10g< 2 >}
tQ k—1
In particular, recalling that to = t1,

JOOA (zg) — fRBG () = L=

[klog(1 — mat2) + miti]

r2 r2 c1+0
= 1 = —
c1Co 0g L(Q) + c1 f217

after substitution from (88) and (94). In combination with (95), we get
FEM (z0) = —FREC — fo = —FCOA,

4.7. Proof of Lemma JOS8 (contours of steep descent). For SMD, PCA, and SigD, |z — )| is
obviously strictly increasing for any A € R and as z moves away from zg along ;. Therefore,

Re fe(z) = /ln |z — A|dFe (A)

is strictly increasing. On the other hand, the definition (JO17) of f,(z) implies that Re fy, (z) is
non-decreasing. Hence Re f (z) is strictly increasing.

For REGq and CCA, |z — )| is strictly increasing for any A > 0 as z moves away from zy along
K1 because the center of the circumference that includes Xy is a negative real number. Therefore,
Re fe(2) is strictly increasing. To show that Re fy, (z) is strictly increasing too, it is sufficient to
prove that Re;j (¢;) is strictly increasing for j =0, 2.

Proof of the monotonicity of Rey; (t;) for j = 0,2. Let us show that Rey; (;) is strictly
increasing for j = 0,2 as z moves away from zy along k1. Recall that for z € Ky, we have

z=2z+ |20 — zfexp{iv},y €[0,7/2].

Rl l0—=l8/(1—c)’ forj=0
T |20 — 21] 063/ [31(0)] for j=2
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For REGy, using

| 20/ (1 —=e)? for j=0
(97) = { 20c3/ [c%ll(H)} for j =2

and the definition of g and %y, we obtain
Re g (to) = 1 In (1 + 4R(1J/2 cos (v/2) + 4RO> — 2R(1)/2 cos (v/2)+1—1In2.

Since the derivative of the above expression with respect to v € [0,7/2) is positive, Re ¢g (t9) does
strictly increase as z moves away from zg along X;.
For CCA, using the identity

Kk tog—1
1 — oty =
n2t2 r—1 1
we obtain
(98) Re (t2) = ~2kInfta] + (26 = oty — 1| + £ln — u -
Further, we have
1 .
N2 = —m + Ry exp {iv}

and

2
(99) ty = n

(kg exp {iv/2} +1)’
where kg = \/4Rak (k — 1). Taking the derivative of Re g2 (t2) with respect to v, we obtain

d —kosin~y/2 ko sin~y/2
dy Re gz (t2) = : / 2 / 2
9% 2 ‘]{2 exp {1'7/2} + 1’ 2 ‘1 — 2531 exXp {1’7/2}’

For v € [0,7/2], the above derivative is positive if

ko
k—1

ks exp {iy/2} + 1] > ‘1 e {17/2}' .
The latter inequality does hold because ky/ (2k — 1) < ko. Hence, d% Re pa (t2) > 0 for v € [0,7/2].
(]

It remains to prove Lemma JO8 for REG. In the REG case, z moves away from zg along K
when 7 moves away from 7y along Ci. Using the definition of ¢; (JO27), the formula (JO33) for
fu(z), and the expression (JO42) for 1, we obtain

1-— C1
2c1

Re fu (1) = (—Rer+In|r+ 1|+ krln|r + k| + klnk).

On the other hand, |7 + k| remains constant on C; whereas both —Re7 and |7 + 1| increase as 7

moves away from 7y along C;. To see that |7 + 1| indeed increases recall that the center —x of the

circumference that represents C; is to the left of the point —1. Hence, Re f}, () is strictly increasing.
To show that Re fe (7) is strictly increasing too it is sufficient to verify that

‘Z—ME 61(1—61)7'(7'-1-1)
Ocs T+ kK
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is strictly increasing for any A from the support of Fe. Since |7 4 k| remains constant, it is sufficient
to show that
v(ra)=|r(r+1) —z(r+r)

increases as 7 moves away from 7y along C; for any x = Mca/ [c1 (1 — ¢1)].
Parameterize 7 € C1 as —k + pel®, a € [0,7/2]. Then elementary calculations yield
y(rz)=pt+ (26 — 14+ 2)2 p? = 2p° (26 — 1 4 z) cos
+ K2 (k—1)*+2 (p2C082a - (2k—1 —i—x)pcosa) k(k—1)

so that

d
(100) % = Qp{— 2k —1+x) [pz +k(k— 1)} + 4pk (kK — 1)cosa}.
We would like to prove that the derivative d~ (7, z) /d cos v is negative. As is seen from (100), the
derivative is decreasing in « and increasing in cos«. Since x > 0 and cosa < 1, it is sufficient to

show that dv (7,0) /d cos « is negative for cosa = 1. We have

This is negative because the expression in the figure brackets is positive. The positivity follows from
the observation that

dvy (7,0)

d cos o

k(k—1)2k—1)2—4r2(k—1)> =k (k—1) > 0.

To summarize, both Re f. (7) and Re fy, (7) are strictly increasing as 7 moves away from 7y along
C1. Hence, the image of Cq, K1, is a contour of steep descent of — Re f(z) in z-plane. [J

5. Laplace approximation.

5.1. Proof of Lemma JO9 (extends Olver’s asy. expansion). We closely follow Olver’s (1997, pp.
121-125) derivation of an approximation to a similar integral, augmenting Olver’s proof by explicit
uniform bounds on the approximation errors. First, focus on the integral

I+:/[ ’ e P2y (2)dz.
20,b]

Let us introduce new variables v and w by the equations

(101) wr=v=2¢ (z) — oo,

where the branch of w is determined by lim {argv} = arg ¢ + 25 as z — 2z along (20,b), and by
continuity elsewhere. Here 8 = limarg(z — 2zg) as z — 2o along (20, ).

Consider w as a function of z. A proof of the following auxiliary lemma is given in the next
subsection of this note.

LEMMA 10. Let B (o, R) and B (a, R) denote, respectively, the open and closed balls in C with
center at a and radius R. Suppose that assumptions A0-A/ hold. Then, there exist p1, ps > 0 with
p2 < p1, which do not depend on p and w, such that, for sufficiently large p,
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(i) w(z) is holomorphic in B (20, p1). Furthermore, for any 1, (s from B (2o, p1), we have
[w(G) = w ()] = § |6y%|I2 = ul.

(ii) w(z) maps B (20, p1) on an open set W that contains 0. The inverse function z(w) is holomor-
phic in W.

(tit) For any z1 € [z0, bl such that |z1 — zo| = p2, B(0,2|w (21)]) is contained in W.

Let z; be a point of [z9, b, satisfying Lemma 10 (iii). Then the portion [zg, 21], of K can be
deformed, without changing the value of the integral

I+ — / e_p(b(z)x(z)dz’
[207Z1])C

to make its w(z) map a straight line. Since x(z) may be random, the latter statement is only true
under qualification: “with probability arbitrarily close to one (w.p.a.c.1) for sufficiently large p.”
Transformation to the variable v gives

102 It =P e PYyo(v)dw,
(102) /M p(v)
where

(103) 7= (21) = b0, p(v) = x(2)/'(2),

and the path for the integral on the right-hand side of (102) is also a straight line.
For |v| <7 with |v] # 0, ¢(v) has a convergent expansion of the form

(104) p(v) =" a2,
s=0

w.p.a.c.1 for sufficiently large p. Indeed, it is sufficient to show that expansion
o0

(105) wp(v) = wx(2)/d(2) = Y asw®
s=0

converges for w € W, w.p.a.c.1 for sufficiently large p. But by Lemma 10, wx(z) and ¢'(z) viewed
as functions of w, are holomorphic in W, w.p.a.c.1 for sufficiently large p. Furthermore, since

§ () aw) = 2w,

#'(z) is not equal to zero for w € B (0, 27'1/2) \ {0}, and, since ¢ # 0, ¢/(z) has a simple zero at
w = 0. Therefore, the desired convergence holds, w.p.a.c.1 for sufficiently large p.

The coefficients as in (104) can be computed from the coefficients ¢; and x; defined by equation
(JO44). The formulae for ag,a;, and ay are given, for example, on p. 86 of Olver (1997). We use
the formula for ag in the statement of Lemma JO9.

Define g (v), k =0, 1,2, ... by the relations ¢x(0) = aj and

k—1
(106) p(v) = Z asvV/2 4y B=D20 (1) for v #£ 0.
s=0
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Then the integral on the right-hand side of (102) can be rearranged in the form

k—1
. s+1 as

(107) / e Pp(v)dv = Z I (T) ZW — e (p,w) +ep2 (p,w),

[0,7] s=0
where

k—1
s+1 Qs

(108) €k,1 (paw) = Sgor ( 2 7Tp) p(s+1)/27
(10) cha (p,w) = /[0 D ) o,

and I' (o, z) = [° e~tt*~1dt is the incomplete Gamma function. Keep in mind that 7, a,, and ¢y,
depend on p and w.

Note that argv is a continuous function of z, and as mentioned above, lim |arg v| = |arg ¢ + 20|
as z — 2 along (z0,b);. On the other hand, Lemma JO9 requires that |arg ¢ + 28| < 7/2.
Therefore, lim |argv| < 7/2 as z — z along (20,b), . But since K is a path of steep descent
(of —Re@(z)), Re(v) must be positive for z € (2o,b]. Hence, by continuity, |argv| < 7/2 for
z € (20,b]x. In particular, |arg 7| = |arg (¢ (21) — ¢0)| < 7/2. Therefore, each incomplete Gamma
function in (108) takes its principal value.

Consider ¢(v)w as a function of w. Since ¢’ (z) = 2w(z)w'(z), we have

(110) pv)w = x(2) /(2w'(2)).
By Lemma 10 (i),
(111) [w'(2)] > 4 ||
for z € B (20, p1) . Equation (110), inequality (111), and Assumptions A2, A5 imply that
(112) sup |p(v)w| = sup |x(2)/(2w'(2))| = Op(1)
wew 2€B(z0,p1)

as p — 00, where Op(1) is uniform in w € €.

Further, by Assumption A4, there exist positive constants 71 and 72 (that may depend on ps =
|z1 — 20]) such that for all w €  and sufficiently large p, Re7 > 71 and [Im7| < 79. Since |7| >
[Ret| > 7, B (0, |71 ]1/2) is contained in W, where ¢(v)w is analytic. Using Cauchy’s estimates for

the derivatives of an analytic function (see Theorem 10.26 in Rudin (1987)), (105) and (112), we
get

(113) las] < |17 sup  |pw| = Op(1).
weB(0,|7'1|1/2)

Next, Olver (1997, ch. 4, pp.109-110) shows that I" (o, () = O (e*CCafl) as |¢| — oo, uniformly

in the sector |arg ()| < 7/2 — § for an arbitrary positive . Let us take a« = (s + 1)/2 and ¢ = 7p.
Since Re7 > 71 and |Im 7| < 72, we have

|Tp| > T1p — 0

and
larg (7p)| = |arctan(Im 7/ Re 7)| < arctan(re/71) < 7/2,
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uniformly in w € € for sufficiently large p. Therefore,
1 s— 1
(114) F(S; ,Tp) :O(eiﬁrp (Tp)Tl> :O(GQTIP)

for any integer s, uniformly in w € . Equality (114), the definition (108) of e 1 (p, w), and inequality
(113) imply that

(115) Ek,l (p7w) = OP (67%T1p> )

where Op is uniform in w € €.
Now consider w*py, (v) as a function of w. Since, by definition,

w‘ﬂk( Zas ’

it can be interpreted as a remainder in the Taylor expansion of ¢ (v)w. As explained above, such
an expansion is valid in W, which includes the ball B (O 2 |T]1/ 2) by Lemma 10 (iii). By a general

formula for remainders in Taylor expansions, for any w € B (0 ]T\l/ 2)
k
|w]

w
116 wh V)| < —— max
(116) Wb (v)] < e

k
< (wp <v>>‘.

Further, for any w € B (O, |T]1/2), a ball with radius ]7'1|1/2 centered in w is contained in the

ball B (0, 2 ]T\l/ 2) C W. Therefore, using (112) and Cauchy’s estimates for the derivatives of an
analytic function (see Theorem 10.26 in Rudin (1987)), we get
dk

(117) S (wp (v)

<kl my|7F2 sup. lwe (v)] = Op(1).
we

max
wGB(0,|T|1/2)
Combining (116) and (117), we have

sup |gx (v)] = Op(1).

ve(0,7]

This equality together with (113) and the fact that, by definition, ¢y (0) = ax imply that

(118) nax, lox (v)] = Op(1),

where Op(1) is uniform in w € Q.
For €}, 2 (p,w), the substitution of variable v = 72 /p in the integral (109) yields

k

P _
er2 (p,w) = p*(k“)/?/ e T T 21cpk (v)dez.
0

Therefore,
P
(119) )%2 (p,w) p*FHD/2| < m[%x]]wk )’/ o~ Rera, il ‘T”““ dz
d
<m[g>§]!sok I/ Tyt dy.
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Since Re7 > 71 and |Im 7| < 72, we have

Rer Rer 5!
= >
|7 Re7|+ Im7| =~ 7+ 7o

for all w € Q and sufficiently large p. Therefore, the integral in (119) is bounded uniformly in w € Q.
Using (118), we conclude that

(120) €k (p,w) = Op (Pf(kﬂw) :
Combining (102), (107), (115), and (120), we obtain
(121 TF = P ]Hr sty _a Op (1)
) =€ s;) 2 ) peti/2 + D2 |

where Op (1) is uniform in w € €.
Let us now consider the contribution of [z1, b];- to the contour integral

I+:/[ ' e P2y (2)dz.
20,b] ¢

Since K is a contour of steep descent,

inf  Re(¢(z) — ¢o) > Rer > 7.

2€[z1,b] ¢

Therefore, by assumptions A5 and A0, we have

(122) It - TF| < e o m / (2)dz]
[Zlvb}lc

< g PP PTL IK|Op (1) = e PP PIOp (1),

where Op (1) is uniform in w € .
Combining (121) and (122), we obtain

k—1
¥ _—pdo s+1 as Op (1)
(123) [r=e (SZZOF ( 2 ) p(t1)/2 + pD/2 |

Finally, note that

Lyw=1"—1,

where
I~ :/ e Py (2)dz
[ZOva]lC

where [z, a]) is a contour that coincides with [a, 20|, but has the opposite orientation. The integral
I~ can be analyzed similarly to I". As explained in Olver (1997, pp.121-122), as with odd s in
the asymptotic expansion for I~ coincides with the corresponding as in the asymptotic expansion
for I~. However, as with even s in the two expansions differ by the sign. Therefore, coefficients a
with odd s cancel out, but those with even s double in the difference of the two expansions. Setting
k = 2m, we have

m—1
_ 1\ a Op (1)
_ ol = 2s P
Ipw = 2779 (Z_% r <S+ 2) P12 + pm+1/2> ’
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which establishes the lemma. OJ

Proof of Lemma 10.
First, we show that there exists p; such that w(z) is holomorphic in B (2, p1) and that %w (20) =
;/ ?. Let ¢U) () denote the j-th order derivative of ¢(z). Consider a Taylor expansion of ¢\0)(z) at

20
k

) (2) = > %gb(j“) (20) (2 — 20)° + Rj kt1-

s=0 "

In general, for any z € B (29, z), the remainder R ;1 satisfies

‘Z - Zo‘k—l—l

124 Ripiq| < 2201
(124) |Rj 1| < S

PUHR+1) (t)’ ‘
By assumptions A1-A3, there exist constants C7,Cs, and Cy, such that
C
(125) 6@ ()] < 5 [6® (z0)]
2

for any t € B (20,C1). Let p; = min{Cl, 2—%22} Then, combining (125) with (124) and recalling
that ﬁgb(j)(zo) = ¢;, we obtain for z € B (zq, p1),

|2 —
2

]z—z0]2
6

2|
(126) Ros < 6], and |Rug] < E2200 6.

Further, since
Roa = ¢2 (2 — 20)° + Ro33,
the first of the inequalities in (126) implies that, for z € B (20, p1),
o 2 7 2
(127) g |92l |2 = 20l” < |Rozl| < ¢ 1¢2] |2 — 20"

Next, since ¢1 = 0, inequalities (127) imply that

(125) 6(2) — bl = |Roal 2 2 [6a] 2 — 2ol

for any 2 € B (20, p1) - Since ¢ # 0, inequality (128) implies that ¢(z) — ¢o does not have zeros in
B (20, p1) except a zero of the second order at z = zy. Therefore,

0 -0 w(2)
(z — 20)2 zZ— 20

is holomorphic inside B (zo, p1), and converges to gbé/ ? as z — z. This implies that w (z) is holo-
.S d 1/2
morphic in B (29, p1) and fw (20) = ¢5'".
Now let us show that, for any z € B (20, p1),

(129) % () — %w(zo) <1 %w o)l
Indeed, since "
1 z
T = 5o = H 6 () - 000 (3
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1/2
and Lw (z) = 2/ # 0,
d _1
1 R 2 R
(130) gzw(z) — 1 + 0,3 . (1 + 1,2 )
Lw (20) o2 (z — 20) 2¢2 (2 — 20)

Note that for any y; and yo such that |ys| < 1,

1
(131) + 1 1' < Lyl + |2

ity 1—|ya|

where the principal branch of the square root is used. This follows from the facts that, for |ys| < 1,
IVI+y2| > 1 —|yo| and |1 +y1 — T+ y2| < |y1]| + |y2|. Both of these inequalities follow from
11— T+ y2| < |y2|, which can be established by denoting /T + y2 as z so that the inequality
becomes |1 — z| < |2 — 1] and using the fact that 1 < |z + 1| (because Rez > 0 when |y2| < 1).
Setting

= Ry and 1 — Ry 3
2¢2 (2 — 20) ¢2 (2 = 20)*
and using (126) and (130), we obtain
d
Eel
3w (20)

Hence, (129) holds.
Finally, let ¢; and (2 be any two points in B (zq,p1), and let v(t) = (1 —t) (1 + tC2, where
t € [0,1]. We have

1/4d d _w(@)-—w(@) d
/0 (&w (¥(t)) — —w (zo)) dt = # - w(z0)-

Therefore, using (129), we obtain
‘w(@)—w(ﬁ) d d

LY (20)

— —w(20)| < %

G -G dz

This inequality and the fact that %w (20) = q%/ % imply part (i) of the lemma.

Part (ii) of the lemma is a simple consequence of part (i). Indeed, by the open mapping theorem,
W is an open set. Next, by (i), w(z) is one-to-one mapping of B (29, p1) on W and has a non-zero
derivative in B (zp, p1). Further, let ¢ (w) be defined on W by ¢ (w(z)) = z. Fix @ € W. Then
¥ (w) = Z for a unique Z in B (2g,p1). Ilf w € W and ¢ (w) = 2z, we have

Y (w) — ¢ (w) 2=z

W w(z) —w(2)

By (i), w — w as z — 2, and the latter equality implies -4/ (@) = L. Therefore, z(w) = 9 (w)

dzw(g)
is an analytic inverse of w(z) on W.
Finally, part (iii) of the lemma can be established as follows. Note that by part (i),

‘w (zo +plei<ﬂ> — w(Zo)’ > % ’%

w (20)
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for any ¢ € [0,27]. Therefore, for any w; such that |wy —w (20)| < 2 | Lw (20)], we have
min }wl —w (zo + plew)’ > iw (z0)] -
»€[0,27] — 4 |dz

By a corollary to the maximum modulus theorem (see Rudin (1987), p. 212), the latter in-
equality implies that the function w (z) — w; has a zero in B(zg, p1). Thus, region W includes

B(0,2 [Lw (zo)’) On the other hand,

(12 0 (a1)| < 20| S (20

Indeed, consider the identity
w? (2’1) = ¢ (Zl — ZQ) + R072.

Since ¢1 = 0, (127) imply

(133) w (21)* < = |2] |21 — 20]°

[N N

But, by definition,
(134) ’Zl — Zo’ = pP2.

Since %w (20) = §/2, (133) and (134) imply (132). Setting p2 = p1/16, we obtain that W includes
B(0,2w (21)])-

5.2. Buvaluation of d*f(20)/dz?. Note that —d2f. (20) /dz? = dme (20) /dz. Therefore d? f, (z) /d2>
can be directly evaluated using explicit expressions for the Stieltjes transforms of the semicircle,
Marchenko-Pastur and Wachter distributions. Further, using the definition of f,(z), we directly
evaluate d2fy, (z9) /dz?. Combining the expressions for the second derivatives of f. and f,, we
obtain values of the second derivative of f reported in Table JO6.

Evaluation of dme (z9) /dz. For each of the three cases, it is a little easier to evaluate

(135) o) = Tl20) 4 <1>

m2(z)  dz \m

2=20

In each case v = —1/m satisfies a quadratic equation in v = v(z). Differentiation with respect to z
yields an equation for v which we write in the form

(136) (C+ AW =C.
SMD. From (75), v = —1/m satisfies 1 — zv + v? = 0, and so, differentiating w.r.t. z,
(2v — 20 = .
At z =29 =0+1/0, with m(zy) = —6, we get C = vy =1/6 and A = vy — z9p = —6, and

B C 1
CC+A  1-6%

PCA. From (76), v = —1/m satisfies ¢;z — (z 4+ ¢1 — 1)v + v = 0, and so, differentiating,

a(0) = v'(z0)

20—z—ca+ 1) =v—q.
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At zo = (1460)(c1+0)/0 and vo = ¢1(146) /6, we have C = vp—c1 = ¢1/0 and A = vg—2zp+1 = —0,

so that
C C1

C+A ¢ -0

a(0) = v'(z0) =
SigD. From (77), v = —1/m satisfies
c1z(c1 — caz) — [c% —c1+ (1 + 2 —2c109)z]v + r?v? =0,
and so v satisfies (136) with
C =2 —2cic0(2 — ) — (1 + )0, A=—c1+ (c1+c2)(z—v).

At z0 = (140)(c1+0)/01(0) and v = c1(1+6)/61(0), we find zp —vo = (146)/1(6), and eventually

___a 2 _ 4
C = 91(9)[h(9)+9], A HZ(H)H’
with h(0) = c1 + ca(1 + 0)? — 62, and hence
h(0) + 62
0 pu— / =
o) =1/(z0) = *
The results are summarized for later reference in Table 5.
m(zo) a(0) m’(z0)
1 6>
SMD -0 102 12
PCA, REG, 0 = o

_Cl(l-l-@) c1 — 02 01(1+0)2(Cl —02)

01(9) h(0) + 6° 0%1%(0) h(0) +6°
c(1+0) h(6) 2(1+6)2 h(9)
TABLE 5
Summary of Stieltjes transform quantities. a(0) is defined at (135), h(0) = c1 + c2(1 + 0)* — 6°.

SigD, REG, CCA  —

Computation of d?f, (20) /dz%. Since f"(z) = f!(z) + f{/(z) and f!(z) = —m/(z), we have
—f"(20) = m(20) = fi/(20)-
We will see that in each case there is a factorization
m(z0) = m?(z0)a(h)
i (20) = m®(20)b(0).
Note that the functions a(f),b(#) are distinct from the constants a,b in (78). Thus

—f"(20) = m*(20)[a(0) — b(0))],
and the entries of Table JO6 are
62 62 1

(137) Do = 5y = w2 (z0) a6) — b(0)°
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6* 1
b(6 _
@ 2G)  a@) =)
SMD 0 1 1— 62
PCA 0 A(1+6)? ?
1
2 2 2
. cicz ci(1+90) hr?
Sigh ) 2 312
C1 2 2 ho Ko
E — 1 _—
R GO KO Cl( +9) 61(1+9)2
2 2
c1 Cl(l + 9) hK1
E =1 et A S et S
REG e P ICENEE
CCA ci—co(l+6) SE(1+6) hKo
Ko 12 (Cl +62)(1+9)2l
TABLE 6

Remaining quantities needed for Table JOG6: as shown at (137), the entries there are obtained by multiplying the last
two columns of this table. In the last three cases, some algebra is required to verify that a(0) — b(0) factorizes as
shown in the last column. Here ho =c1 — 6%, Ko =14+¢c1+20, K1 =c1 + 6 + (1+6)l and
Ky =2(c1+60)+ (1 —c1)l. As ca — 0, we have h — ho,l — 1,72 = ¢1 and K1, Ko — Ko.

Evaluation of b(f). For SMD and PCA, fy,(z) is linear in z so b(#) = 0.
For SigD, from (78) and (80), we find that

2
feo) =5 (00 ) = - 2m?(e0)

1—az

For the q = 1 cases, we have from (82) that

—c 2
(138) 1) =2 (L)

1

where x(n) = x;(1;) = (8/0n;)¢;(tj,1;) is given by (83).
REG,. Recall that tg = (1 + /T + 419) = (1 +60)/(1 — ¢1), so that from (93)

. d _ 1—01
0 d770 (14 4mo) T+t 20
We have both .
CRAR N T Y. S
anO = dn \ to(n)) & dz (1 —c1)?’
and so 52
" _ — 2 €1
w0 = Tt " T

REG. We have x1(n1) = —t1(n1) and recall that ¢; satisfies a quadratic equation n;t? + (1 —
m)t — Kk = 0, so that £; = dt; /dn solves

[27]1t1 +1-— 771]251 = tl(l — tl).

Using (84), we can evaluate
cil(0)

S R
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and setting
Ki(0)=c1+0+ (1+0)(0),

we also have from (94) and (85)
2mti +1—m =

We then find from (138), the previous displays and dn;/dz = fca/[c1(1 — ¢1)] that

" B 6212(0) 1 B
h(20) = 1 +02caK(0) m2(z0)

a
Ki(0)

CCA. Recall that to(n2) satisfies n2(k — 1)t + ¢t — k = 0, and hence 3 = dto(n)/dn is given by

—(k— 1)t}

ty = :
2T 1y 2n2(k — 1)ta

Since xa(t2) = —kta/(1 — mata), we have

d —K 9
— =" (B +1).
an2(77) (1 _n2t2)2( 2 2)

We have k = 72/ca(1 — ¢1) and k — 1 = ¢1/ca(1 — ¢1), and so from (88),

c1+0
(k= Umsts = 5= 51

and if we define
KQ(H) = (1 — 61)1(9) + 2(61 + 9),

we arrive at

B LB
t§+t_62{@ Kz(e)]‘

Some algebra shows that
Cc1 [CQKQ(Q) — L(@)] = 7"2[62(1 + 9) — Cl].

From (138) and the preceding displays,

1—01{ Kt dngr 72 ca(14+60) —

" _ —_
h(20) = 1 —mty dz | cieo K5(0)

KC1
Now from (87) and (88),

Kty dn _ Ql(g) B C1
1—mtadz  (1+60)(1—c1)  1-— Clm(ZO)

and so finally
1 —c2(l1+0)

llll(z()) = mQ(ZO) KQ(G)
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5.3. Proof of Theorem JO10. First, let us show that

(139) L) =—22 o, (v ).
—d?f(z0)/d22

where Op (1) is uniform with respect to 6 € (0,0 — €] . Changing the variable of integration in
(JO45) from z to ¢ = 0z, we obtain

(140) L (6:0) = VAT [Le ™ On()c,

where

o(¢) = £ (¢/0) /2, x(¢) = 9(¢/0)/9,
and K is the image of K1 U K; under the transformation z — (. The set of possible values of § is
Q=(0,0-¢].

Using Table JO6 and the definitions of K1, zg, f(2), and g(z), it is straightforward to verify that
the assumptions A0-A4 of Lemma JO9 hold for the integral in (140) for all the six cases that we
consider. The validity of A5 follows from Lemma 11 given below and from the definitions of g (z).
Let

(141) AQ) =p [1n(c/o=Nd(FO) - F (V).
so that A(¢) = —21nge(¢/0).

LEMMA 11.  Suppose that the null hypothesis holds, that is g = 0. Then there exists a positive
constant Cy, such that for a subset © of C that consists of all points whose Euclidean distance from
K is no larger than C7, we have

sup |A (¢)| = Op(1)
ceo

as n,p —~ oo, where Op(1) is uniform with respect to 6 € Q= (0,0 —¢] .

Proof: Let us rewrite (141) in the following equivalent form

AQ) =p [In(1=20/Q)d (F () ~ Fe ().

Statistic A(() is a special form of a linear spectral statistic

Al =p [ e d (FO) - Fe()

studied by Bai and Yao (2005), Bai and Silverstein (2004), and Zheng (2012) for the cases of the
Semi-circle, Marchenko-Pastur, and Wachter limiting distributions, respectively. These papers note
that

Alp) = -2 /P o (€) (7 (€) — me (6)) dE,

where

€)= [ THdFE), me©) = [+

are the Stieltjes transforms of F and F,, and P is a positively oriented contour in an open neighbor-
hood of the supports of F' and F¢, where ¢ (§) is analytic, that encloses these supports. Theorem

dF, (\)
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2.1 and equation (2.3) of Bai and Yao (2005) for SMD case, and Lemma 1.1 of Bai and Silverstein
(2004) for the rest of the cases, imply that if the distance from P to the supports of F' and F¢ stays
away from zero with probability approaching one as n,p —, oo, then

[ 1p () = me (€))d| = Op (1),

(Throughout these notes, notation [ |f(£)d¢| should be interpreted as |, f |f(P(t))P'(t)| dt, where
P is parameterized as a continuously differentiable complex function on [, 5] C R!. For piecewise
continuously differential pathes, [a, 8] should be split into a finite number of sub-intervals where P
is continuously differentiable.) Therefore, for any ¢ > 0, there exists B > 0, such that

(142) Pr (!A(w)\ < Bsup|y (5)\) >1-9
Eepr
for all n and p, where constant B does not depend on ¢. Now, consider a family of functions ¢ g (§)

{pco(§) =In(1-£0/¢): (€O and d cQ}.

By the definitions of © and €2, there exists an open neighborhood N of the supports of F and F,
and a constant Bi, such that, with probability arbitrarily close to one, for sufficiently large n and
P, @c0 () are analytic in N for all { € © and 0 € Q and

Sup sup sup |90§70 (f)| < Bj.
0eQ (€O EeN

Since A(g¢p) = A(C), we obtain from (142) that for any ¢ > 0, there exists By > 0 such that for
sufficiently large n and p,

Pr (supsup IAQ)] < Bg) >1-4.
0eQ (€O

In other words, sup;cg |A(¢)| = Op(1) uniformly over 6 € Q. O
Applying Lemma JO9 to the integral in (140) and using the fact that f(z9) = 0, we obtain (139).
It remains to show that Ls (6; A) is asymptotically dominated by L; (6; A), where

Lo (0;A) = L(6;A) — L1 (6; 7).

For SMD, PCA, and SigD we have

p
7T —
Ly (6; A)] = | X2 WA g g ()] (2 = Ag) 2 de
271'1 KoUK, i

< \/E P ege (220) P2 [ | @DRE g, ()]
v ICo

< \/gew)fcyc (220) 7/ / | e PR, (z)da.

Explicitly evaluating the latter integral and using the exact form of g., available from Table JO4,

we obtain
20 - 0/2fe (220) 7P/ = 0/DI) (1 4 o(1)),
Tp

L2 (6; A)] <
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where o(1) does not depend on 6, C = 1 for SMD and PCA, and C = /¢; + co/r for SigD.
Therefore,

|L2 (6;A)] < j—f_p@(P/Q)f(zo) exp {—(p/2) (In(220) — fo (20))} (1 + 0(1))
_ jf_p exp {—g /m (ZOZiOA) ch()\)} (1+0(1)),

where we used the fact that f (z9) = 0. But In (229/ (20 — A)) is positive and bounded away from
zero uniformly over 0 € (0,0 — €] with probability arbitrarily close to one, for sufficiently large n, p.
Hence, there exists a positive constant K such that

Lo (0: )] < j—f_pff (1+ o(1))

with probability arbitrarily close to one for sufficiently large n, p. Combining this inequality with
(139), we establish Theorem JO10 for SMD, PCA, and SigD.
For REGy, we shall need the following lemma.

LEMMA 12.  For sufficiently large n and p, we have
(143) [oF1 (b — 83 W112) | < 4v/mmfexp {—meo(to)}|
for any z and any 6 > 0.
Proof: We use the identity (see formula 9.6.3 in Abramowitz and Stegun (1964))
I (¢) = e ™™/2 ] (i¢) for — 7 < arg( < /2,
where J,, () is the Bessel function. The identity and (JO22) imply that

)"

(144) 0F1 (b= 5 W11z) =T (m+1) (m?no 2 0y (i2mmg?)

On the other hand, for any ¢ and any positive K,

sin K Cexp{m} "
K '}{ Vi } ’

(see Watson (1944), p. 270). The latter inequality, equation (144), and the Stirling formula for

I'(m + 1) imply that (143) holds for sufficiently large m, for any z and 6 > 0. The constant 4 on

the right hand side of (143) is not the smallest possible one, but it is sufficient for our purposes. [J
Using inequality (143), we obtain for REGq

(145) i (KO < {1+

p
exp {—mpo(to)} [] (2 — ;) /?dz

J=1

(146) Lo (0; A)] < de~®/D e g, Jpm /K
2

It is straightforward to verify that Re (o) is strictly increasing as z is moving along KCy towards
—00. Therefore, for any z € Ko,

Re o (to(2)) > Repo(to(2)),
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where Z = 21 +1 (29 — 21) is the point of K2 where Ko meets ;. The latter inequality together with
(146) yields
1/2

' |dz| .

Z—)\j

p
|La (0: A)] < de~@/ARIC) g g (2)] /P /K 11
2 j=1

Since, for some constant 71, Re f (2) > f(20) + 1 = 71 and since, by Lemma 11, 4g. (2) = Op (1)
uniformly over € (0,0 — €], we obtain

1/2

22N 4 0p (1),

— )\

p
(147) Lo (0; A)] < e @27 g /pm . II
2 j=1

Note that for any z € Ko and any j =1,...,p, |(2—A;) /(2 — Aj)| £ 1 and |z — A;| > |2|. Further,
since zg < |z| and with probability arbitrary close to one, for sufficiently large n and p, \; < zp, we
have |z — \j| < |Z — 20| < 2]|Zz|. Thus, for p > 4, we have

P 1

J 10

2 j:l

E—Aj
Z—Aj

/2
|dz| S/ 41z/2 72 |dz| = |21 O(1)
Ko

Combining this with (147) and noting that g.|z| = O (1) uniformly over 6 € (0,0 — ¢], we obtain

(148) 1Ly (0; A)| < /pme~ P21 0p (1),

where Op (1) is uniform with respect to 6 € (0,0 — £]. Theorem JO10 for REGy follows from the
latter equality and (139).
For REG and CCA, the Theorem follows from (139) and inequalities

(149) Ly (0;A)] < peP™20p (1),

where 7 is a positive constant. We obtain (149) by combining the method used to derive (148)
with upper bounds on 1 F} and oF}, which we establish using the integral representations (JO25).
O

A proof of the domination of Ly (6;A) by L, (0;A) (via establishing (149)). By definition, we
have

P

. _ b 9e9e(20) ‘ 20 — Aj V2
(150)  La0A) = vAzes {5 e+ o) SR [T (252 a

271 S\ Aj

with j = 1 for REG and j = 2 for CCA. The idea of the proof is to use the integral representations
(31), that is
Crm; ™ (11)
By = =g [ exp {mmo; ()} x () dr.

27

to find simple upper bounds for |Fj| corresponding to z € K2 U K2. Note that since Fj (2) = F} (2),
it is sufficient to establish the bounds for z € 5. These upper bounds will then be used to estimate
the integral in (150) from above, and eventually to establish the domination of Lg (6; A) by Ly (6; A).

REG.
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LEMMA 13. Let 74 € Co and z be the corresponding point of Ka. Then Re fu(z) > fu(z0) + a,
where a > 0 does not depend on 7+ € Co and does not depend on 6.

Proof: Parametrize points 7 € Co as
(151) T+ = —k — T + |10 + K| exp {ir/2},

x > 0. As x goes from 0 to oo, the corresponding z tracks contour o from the point ¢, where Ko
and X7 meet, to —oo. Recall that

(152) ~5u(z) = —m () + k) = —m (61 () +Inm ).

where k = kInk — (k — 1) In (k — 1) . Using the definition (32) of ¢; and the identity

Ty (e +1)

153
( ) m T+ + K

we obtain
2£ Re fu(z) = —Rery + In|ry + 1| — kln |7y + k| + kln k.
m
Taking the derivative of both sides of the latter equality with respect to z, we obtain

p d r+r—1 KT

——Refu(z) =1+ - .
2mdzx fu(2) I+ 1 |7y + &[]

For > 0, we have
|7 + K| = |-z + |10+ k|lexp{in/2}| > 2 and
|7+ + k| = |-z + |10+ k|exp {in/2}] > k.

Therefore, kz/ |74 + &[> < 1 and 4 Re fu(z) > 0. This implies that

I{e(fh(z) > I{e!fh(C).

On the other hand, as shown in subsection 4.7 (pp 38-40 of these notes), Re fi,(z) strictly increases
as z moves along Iy from zg to . Hence, there exists a > 0 that does not depend on 74 € Ca, such
that

Re fn(2) > Re fu(20) + @ = fu(20) + .

From the definitions of C; (the image of which under 7 — z transformation is K1) and of f,(2), it
is easy to see that « can be chosen so that it does not depend on 6 as well. [J

LEMMA 14. There exist positive constants o and oy that do not depend on 0 such that, for any
T+ € C2

(154) By < anyB il exp { =2 (o) + )}

Proof: Let 74 € C2 and z be the corresponding point of K. Choose the contour in the integral
representation (31) of Fj as in subsection 4.3 (that contains a proof of Lemma JO3) of this note.
We shall call such a contour £*. As explained in subsection 4.3, the minimum of Re ¢ (7) over
T € K* is achieved either at 7, or, in some cases corresponding to situation 3, at 7* that belongs to
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[0, A] and is such that Re7* < —k (see a discussion around equation (56), which shows that points
7* € [0, A] with Re7* > —k cannot correspond to the minimum of Re ¢ (7) over 7 € K£*).

If the minimum of Re ¢y (1) over 7 € K* is achieved at 71 then using (31), (152), and the
Stirling’s approximation

(155) Cp = Mexp{m (k—1)In(k—1)—mrlnk} (14 0(1)),

we obtain, for some & > 0 that does not depend on 7 and on 6,

(156) Bl < avFexn {-ERe fi2)} [ ha(ar.
Recall that y1 (1) = (7 —n1) "' . By definition of K*,
(157) sup P (7)) < max {[ry. —m|™" 7} and 7] < | + 27 [y =l

Identity (153) implies that |74 —n1| = (k — 1) |74/ (74 + &)| is bounded away from zero uniformly
with respect to 74 € Ca. Therefore, (156) and (157) imply that there exists a; > 0 that does not
depend on 74 and on 6 such that

Bl < aryBimlexp { S Re i) |

Combining this with Lemma 13, we obtain (154).
If the minimum of Re ¢ (7) over 7 € K* is achieved at 7* then we must be in situation 3 so that
[7* —m[> |7y —m]and

Regy (") = —Rer" —kln|r*|+ (k= 1)In|7" — ]
> —Rer" —kln|m™|+ (k—1)In|ry —m]|.

Let 7 be any point on the ray starting at 0 and passing through 7, let argn; = 5 (note that
B > /2 so that cos § < 0), and let = = |7|. Then

—Re7m* —kIn|T*| > —mg(%({xcosﬁ+/<alnw} =k —kln(—K/cosp).
x>

Therefore,
Re ¢y (7%) > k — kIn(—k/cos B) + (k — 1) In |74 — m] .

This inequality implies
Reg1 (7%) + In|ni| > k — kln(—k/cos B) + (k — 1) In |7 — m| + In|ny].

Using (153) and the fact that 7 € Ca, we obtain

Re¢1 (7%) +In|jm| > k—kln(—k/cosf)+ kln T::_ /1‘
+Injry +1|+(k—1)In(k —1)
(158) > k—kln(—k/cosB)+ |7 + 1|+ (k—1)In(k — 1),

where 74 = —k + |19 + k| exp {im/2} is the point where Cy and C; meet. On the other hand,
cos B < cosarg Ty = —kK/ |74
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and thus
k—kln(—=k/cosfB) > k—rln|Ty|=r+rln(|7+ + K|/ |7+]) — kIn|T + K|
> K+kln (1/\/5) —kIn|7y + K| > —kIn |74 + K|
Using this inequality and (158), we obtain
Reg1 (7*)+Injm| > —kIn|7y + 6|+ In|7r + 1|+ (k — 1) In(k — 1).

Since |T + k| stays constant for 7 € C; whereas |7 + 1] is strictly decreasing as 7 moves along C;
from 79 to T4, there exists ap > 0 which is independent of 71 and 6, such that

Regr (7*) +1In|m| > —rkln(mo+k)+In(ro+1)+(k—1)In(k—1)+ az
> —1p—kln(ro+k)+In(rp+1)+(k—1)In(k—1) + aq
= Re¢i (10) + In|nio| + az,

where 719 is the value of 7; that corresponds to zg. Therefore, by (152), we have

—m (Re ¢y (77) +1In|m]) < —m (%fh(zg) + g — k:) .

Using this inequality together with (31) and (155), we obtain that, for some & > 0 that does not
depend on 74 and 6,

|F1| < an/pexp {—g (fh(zo) + 27m0é2) } /’C Ix1 (7)d7].

Analysing the integral [i-. |x1 (7) d7| as above, we conclude that there exist o, &y > 0 that do not
depend on 74 and 6, such that (154) holds. OJ
Using Lemma 14 and equation (150), we obtain the following bound on |Lg (6; A)|

P 1/2
20 — Aj
m dz|.
g(z—%)

On the other hand, for any A; from the support of F, we have

(159) |L2 (0;A)| < arpexp {—ga} |gege(20)| /’Cz

(160) 20 — Aj Zo| _ |mo| _ 70 (10 + 1) (T4 + K)
zZ—Aj z m (10 + k) T4 (T4 + 1)
and
ca(l—c) caa(l—c) k(k—1)

161 dz = dm = 1———5 ) dr.
(161) fco n Oco (14 +K)? *
Note that, for any 7 € Co

k(k—1) k(k—1)
(4 +8)*|  (0+k)
A direct calculation based on the definitions
o= 3 {7)10 —1+ \/(7)10 —1)%+ 4nn10},
- zpblcs o — c1+ ¢y —cie and
o C1 (1 — 61)’ C2 (1 — Cl) ’
(14+6)(0+ c1)

T AA+ (10
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yields
0+ c1 c2(0+1)(0+c1)
= , = , and
70 1—¢ o (c1+ca+0c2)(1—cp)
k(k—1) . c1+co—cie
(7’0 + :‘i)z ! (61 +co+ 902)2.

The latter two equalities together with (161) imply that there exists a constant ap > 0 that does
not depend on 0 € (0,0 — €| such that (for sufficiently large n,p as n,p — 00)

«
[modz| < 2 |dry].
Using this and (160) in (159), we obtain

10 (t0+ 1) (74 + K) p/2-1
(ro + k) 74 (74 + 1)

|La (0; A)| < ajcopexp {—]—Q)a} ‘%ge(z()) |d7].

J,

Note that for any 7 € Cy we have |74 + 1| > |7+ + k|. On the other hand, 70 + 1 < 70 + k.
Therefore,

(o +1) (74 + )

CEDICES R

and 21
70 P14~
|L2 (6;A)] < oqoagpexp{—ga} ’%ge(zo) / =2 |d7].
Co | T+
Using parameterization (151), we obtain
p Je o 70 p/2-1
Ly (0;N)] < —= = d
L2 (6;A)] < a1a2pexp{ 206}‘9%(%)/0 POy ——— x
< p e
= ala2a3pexp{—§a} gge(ZO)

for some a3 > 0 that does not depend on 6. Finally, note that g./0 = O(1) and ge(z0) = Op(1), so
that the above display implies equation (149). Since

Ay g(20) -

we see that Lo (0; A) is asymptotically dominated by L; (6; A).

CCA. Let A be an arbitrarily large positive constant. Split the contour Ko into Ko1 and Koo,
where

Ko1 ={z:2€ Ky, Rez > —A}.

Note that the approximation

Fy = Gty (t2) €72/% [2mmigly (1) 7 exp {—meps (t2)} (1 + 0(1))

derived in Lemma JO3 remains valid for z € Ko1. Therefore, the representation

L(0;A) = \/ﬁ% /’Cexp {—gf(z)} g(z)dz

imsart-aos ver. 2012/04/10 file: subcritical_sm_06122017.tex date: December 11, 2017



SUPPLEMENTARY MATERIAL 99

is valid for z € K31 UK. Hence, if we show that o1 UK is a contour of steep descent for — Re f(z),
then
Loy (0;A) + L1 (6;A)

must be asymptotically equivalent to L (6; A), where

1
27

L (0:8) = v [ e {-Era)} o),

and thus, Loj (0; A) must be asymptotically dominated by L; (6;A) .
Obviously, — Re fe(z) is decreasing as z moves along Ka; so that Re z becomes more and more
negative. Let us consider the behavior of

1—61

(162) —Re fu(z) = (—p2(t2) —klnk+ (k—1)In(k —1)).

C1

Recall (98), that states

Re s (t2) = —2kInlto| + (2k — 1)Injta — 1| + k1n A
’i_

Parametrize z € o1 as
z=z1— 2|20 — 21| + |20 — 21]1, € [0, (A + 21) / |20 — 21]]

where
e1(1—e1)?1(0)
4072 '

For the corresponding 72 = 20c3/ [c31 ()] we have

z21 = —

2 =Ry—zRi+ Rii, x € [O,(A—i—zl)/’Zo—ZlH,

where 02
c
Ry=————and Ry = |2 — 21| 5=
0= "o A =l - al
From the definition of ¢3 we obtain
. 2K
2T 1+ It dr(r—1) (Ro -2k + Rii)’
which implies that
2K
163 lg = —————
(163) S APy

where

p=1/4k(k — 1) Ry.

LeEMMA 15.  Let (163) hold. Then <= (—Re s (t2)) < 0 for z > 0.
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Proof: Since

2 1— /2 1
Mand Imv—-—x+i= T

2 2 ’

Rev—z+i=

we obtain

1 pz—pReyV—z+i
2v/2% + 1 ‘1+p\/T+i‘2

251 p*r + (25 — 1) pRev/—z +1i
2va? +1 ‘2,%—1—/)\/T+i‘2 '

o (- Rea t2)

For x > 0 this is no larger than

pRev—z +i -1 n (2k —1)?
o 2 2|
Vel [l pv=aFi|  e-1-pv=a ]

which is negative because

.0
2k —1

\1+pm\>]1_ B e

Lemma 15 and identity (162) imply that — Re fe(2) is decreasing as z moves along Ks;. Hence
K21 U K is indeed a contour of steep descent for — Re f(z), and therefore Loj (6;A) is asymp-
totically dominated by Lq (6; A). It remains to be shown that Lag (0; A) = Lo (0; A) — Ly (0;A) is
asymptotically dominated by L; (6;A) .

For any z € K22 and the corresponding na = 20c3/ [31 (0)], consider the integral representation

(164) py= In /0 T o (e (1)} n () dt,

~ 27i

where
w2(t)=—rln(t)+(k—1)In(t—1) +rkIn (1 —nat)

v (t) = (t=1)" (L —mt) "

For a fixed contour K, in (164), it is clearly possible to make Re p (¢) arbitrarily large and |12 (¢)]
arbitrarily close to zero, uniformly with respect to ¢ € KC, by choosing A sufficiently large (so that
|n2] is sufficiently large). Therefore, by choosing A sufficiently large, we shall have inequality

Bl < ay/Fexp {5 (Re i) + )}

for some &, @ > 0 (that do not depend on 6) and any z € Ka3. Using this upper bound in (150), we

obtain 1o
H (2’0 — )\j) dz
j=1 z — )\j

L2z 6:) < arpexp { ~Ba b gcge(zo)] [
K22

for some a1 > 0 that does not depend on 6.
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Clearly for any z € K92 and any \; from the support of Fi we have

20 — Aj < |

z

120
T2

)

Z—Aj

where 199 is the value of 7y that correspond to z = zy. Therefore, we have for some ag > 0 that
does not depend on 6
/Kzz

p/2

el de

72

)

Lag (0; A) < agpexp {—ga} %ge(zo)

and thus, for some a3 > 0 that does not depend on 6,

Lz 6:) < aspexp { ~Ba [ %0

Finally, note that g./0 = O(1) and ge(z0) = Op(1), so that the above display implies (149) with
Los replacing L. Since

Ly (0;A) = _dQQJEfzz)/dﬂ +0p (p_1> )

we see that Log (0; A) is asymptotically dominated by L; (6; A).
6. Asymptotics of LR.

6.1. Derivations for Theorem JOI11 (limiting LR). We record details to verify that

(20)
i’f—/?(m) = exp {=5A,(0) + L1og[1 = 32(0)]} (1 + 0(1),

where, perhaps surprisingly, our six cases reduce to the three values for 6,(6) given in Theorem
JO11. Recall the decomposition g = gcgegn and note from the definitions (JO15) that ge(z9) =
exp{—%Ap(H)}. Consequently, from the definition of Dy in Table JOG6, the left side of the previous
display may be written as

0~ gegnv/Da exp{—34,(0)},
so our task is to verify that
(165) P = 07 geguy/Ds = (1 - 62(0)Y2(1 + o(1)).

To this end, Table 7 collects values for 871§, gn, and /Dy from Table JO4, Section JO4.1 and
Table JOG6 respectively. Cases SMD and PCA require no further comment. For the remaining cases,
we add remarks on the evaluation of gy(zp) and then the product (165).

SigD. First observe that since 200 = (14 0)(c1 + 6)/1(9),

gn(z0) = (1_(1_o+99)> _ ﬁ

and we get the claimed expression for P,

+ Cz)h 0272
166 pr_latae)h - 07
(166) A2 Az’
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075, gn v D2
SMD 1 1 V1 — 62
1
PCA _ 1 1+ 60)+\/h
C (110 c1(1+0) o/c1
SigD ri/c1 + c2 ca1l(0) r(l—i—G)x/E
& c2(1+0) r2 12(9)
1 \/1 — C1
REG _— Koh
" avisa Vi v/ Koo/
REG T\/m Cl(l — Cl)l(e) c1Ki1h
3AV1-—a rvKi 12(0)
CCA 7’2(01 + ¢2) civ1— cll3/2(9) vV Ksh

V1 —c1l(9) r2v/Ks Vel + e2l3/2(6)

TABLE 7
Components of the product P = 0" gegnv/Da. The CCA entry for gy is shown for completeness — it is derived, post
facto, from the calculations above.

after using the identity

(167) (c1+ c2)h = 312 — 62

REG. From (JO34) and (93), we have

gn(20) ~ (1 +410)~H* ~ /T =¢1/V/Ko.

REG. We use (JO34) to evaluate gp(z0). Using (84) to evaluate ¢;(zp), we have

K k—1 c%(1+9)2[ 72 1]

‘Plll(tl) = g o (t; — 1)2 - ca(1— 1) | L2(0) - C_l
B _c%(l + 9)2 K1(0)
G(1—c1) 12(0)

(168)
using the identity
L2(9) - 617“2 = Clchl(Q).

Since t1—1 > 0 and ¢/ (t1) < 0, we can take wy = 0. Together with ¢ (t1) = (t1—1)"! = c2(1+6)/c1,
we obtain from (JO34) and (84)

n(20) ~ \/%M(h)!‘”%l(tl) _ W“@

K1(0)

The product P then reduces to the first expression in (166).

CCA. We show that Poca = Prec(1 + o(1)). From Table 7 and (JO28), we have

0 'g9ec  TV/CE + c2 Dy | alld) Ko Palts) 1 all)
0lger  cl(® D> r c1+e Ky’ P1(t1) 1 —mats r2

imsart-aos ver. 2012/04/10 file: subcritical_sm_06122017.tex date: December 11, 2017




SUPPLEMENTARY MATERIAL 63

Multiplying these ratios and referring to (JO34), we obtain

(169)

Poca ‘ ¢ (t1)

/2 H mm} V2 s
Prec  1¥5(t2) '

7“2 Kl((g)

We now compare ¢ (t2) to ¢f(t1), recalling that ty = ¢;. First, from (86),

K13
(1 —mata)?

In particular, ¢4 (t2) < 0 and, as with wy, also we = 0. From (88), we evaluate

P5(t) = — + 1 (1)

ks B+ 0)% (1 +0)?
(I=mt2)®  cf(l—e1) Pr2 7

so that from (168),

Pats) _ . caler +0)* _ cl()Ka(9)

©1(t2) r2K1(0) r2K1(0)
where the second identity follows after some algebra. The latter display and (169) show that Pcca =
Preg(1+o(1)).

6.2. Proof of Theorem JO12 (Gaussian process limit). Some general considerations

Almost sure continuity of In L (6; A). Let € > 0 be a fixed small number. First, let us show that
InL (9; A) are continuous functions of 6 € [0, — €] for each of the six cases under study. Recall
equation (JOG6)

(170) L) (0; A) = o (0) pFy (a,b; 9, A)

where ¥ is a p-dimensional matrix diag{¥;1,0,...,0}, and the values of ¥11, a (), p, q, a, and b
are as given in Table 8. Consider the series representation

a.b: _ aP)l-ﬁ C"‘ (\II) C” (A)
pFq(a,b; 0, A) = z:: /;c . (bg),. Cy (Ip)
> l ap)k U§,Ck (M)
Z_: k! (b)), Cr(Ip)

where the second equality follows from the fact that Cy (¥) = 0 unless partition k - k is trivial,
that is & = k, in which case C, (¥) = U4, (see definition 7.2.1 iii in Muirhead (1982)). James (1968)
shows that the coefficients of zonal polynomials are positive. Therefore, for non-negative ¥1; and
Aj, j=1,...,p, we have

0 < U1 Cr ()

Y (Ip)

This implies that ,Fy (a,b; ¥, A) is an analytic function of 6 € [0,0 —¢] and pFy (a,b; ¥, A) > 1 (the
first term in the expansion of pFq (a,b; ¥, A) is 1) when p < q, that is for SMD, PCA, REGy, and
REG cases. For SigD and CCA, ,Fy (a,b; ¥, A) is an analytic function of § in the domain

< (‘1111/\1)k-

Ui < 1.
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Case oFq  a(0) a b Uy
SMD  oFy exp (—p92/4) _ _ 6p/2

PCA  oFy, (1+6)™/? On1/(2(1+0))

SigDh  1Fy (1+6) /2 n/2 B On1/ (n2 (14 6))
REGo ofF1 exp(—ni60/2) _ ny/2 9n%/4
REG 1F1  exp(—ni0/2) n/2 n1/2  On?/ (2nz)

CCA  oF  (14+m0/n)"™? (n/2,n/2) ni/2 6n2/ (n% +nong (1+ 9))
TABLE 8
Parameters of the JO’s explicit expression (JOG6) for the likelihood ratios. Here n = nq + na.

But for SigD and CCA ); are solutions to

det (H—A<E+@H>) -0,

n2

and hence, with probability 1, A\; < ng/n; because H and E are positive definite. Therefore, for

SigD we have
0’!11 0

v =—N < —<1
111 n2(1+0))\1 <135 <
for any 6 € 0,0 — €], and for CCA we have
On? Ony

<1

A = e ) S e 1+ 0)
for any 6 € [0, 0—¢]. Thus, pFy (a, b; ¥, A) is an analytic function of @ € [0,0—¢] and ,Fy (a, b; ¥, A) >
1 for all six cases that we consider. Using (170) we conclude that In L (6; A) are continuous functions
of § € [0,0 — ¢] with probability one. In particular (see Bosq (2000) p. 22) InL (f;A) can be
interpreted as random element of the space Cjy;_.] of continuous functions on [0,1 — €] equipped
with the supremum norm.

Reduction to a linear spectral statistic. By Theorem JO11 we have

(171) InL (6;A) = —3A,(0) + %ln (1 — [6p (9)]2) + op(1),
where
0 for SMD
o (0) =13 0//c1 for PCA and REG
Or/ (1l (0)) for SigD, REG, and CCA
and
(172) A(6) = p / In (20— A)d (£ (A) — Fe (1))
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with

0+1/0 for SMD
(173) 20=% (14+6)(0@+c1)/0 for PCA and REGy
(140)(0+c1)/[01(6)] for SigD, REG, and CCA

and F¢ equals the semicircle distribution for SMD, the Marchenko-Pastur distribution for PCA
and REGg, and the scaled Wachter distribution for SigD, REG, and CCA. As explained in JO, the
statistic A, () should be interpreted as zero whenever zg < Aj.

Since both In L (6; A) and Ay () are random element of Cjg 1_.}, op(1) is also a random element

of Clo,1—¢], and [Jop (1) || L, 0. Therefore by the standard argument, see for example Theorem 3.1 of
Billingsley (1999), p. 27, the weak limits of In L (6; A) and of —2A,(0) +3 In (1 —[9p (9)]2> coincide.
Note that %ln (1 —[9p (9)]2> is converging in the space Cjg 1] to

0 for SMD
5(O)=4 0/\ym for PCA and REGq
Op/ (y1 +v2 + 0v2) for SigD, REG, and CCA

Therefore, we only need to establish the weak convergence of A,(#). There are two facts to be
established. First, the tightness of A,(f), and second, the convergence of its finite dimensional
distributions.

Tightness of A,(6). There are three cases to consider: F¢ is the semicircle, the Marchenko-Pastur,
and the Wachter distribution. Whether the Marchenko-Pastur F, corresponds to PCA or REGy
cases is of no importance because we consider the tightness under the null hypothesis so that Fis
the same for PCA and REGg. Similarly, the differences between SigD, REG and CCA cases are of

no importance here.

Tightness, Semi-circle Fe. The tightness of A,(#) in this case is a direct consequence of Theorem
1.1 of Bai and Yao (2005).

Tightness, Marchenko-Pastur F.. Following Bai and Silverstein (2004), let us represent the linear
spectral statistic A, () in the following form

1

Ay (0) = jégln (z0 — 2) p[8(2) — sc(2)] dz,

27

where R is contour that does not intersect the supports of F and F, and does not encircle zo. Here

8(z) = /()\ —2) PdF (\) and s (2) = /()\ —2) TdE, ().

With asymptotically negligible probability the above requirements for R are impossible to satisfy.
We will therefore condition our arguments on the high probability event that ensures the existence
of required R.

Precisely, recall that the supports of F, and F. are given by

B8] = [0—vA)? (1+ )] and
p-b] = [@-ve)®. (1 + Ve,
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respectively, and the threshold  equals ,/77. Furthermore, ¢ — ~. Using these facts and the
definition of zp, it is straightforward to verify that there exists n > 0 that depends on € such that

min (20 — By — 1) >0
0€[0,6—¢]

for all sufficiently large n1,n2,p along the sequence n,p —~ oo. Further, note that A % B4 and
Ap % B_ when n, p —~ 00.
Consider the event

(174) QP = {max{)\l,b+} S /BJr + 77/2 < 20— 77/27 min {)\pab*} Z /87 - 77/2} .

The discussion above implies that
(175) plLIgo Pr{@,} =1.

Let R be the rectangular contour with the vertices at (54 + n)=+iv and (S— — n)=+iv for an arbitrary
fixed positive v. Conditional on the event (), R does not intersect the supports of F and F, and
does not encircle zp as required. Since Pr{Q,} — oo, it is sufficient to establish the tightness of
A,(0) conditional on @,. Therefore, in what follows we shall assume that (), holds.

Let C be the part of R that lies in the upper half complex plane. Then

A(0) = —%Im /C In (20 — 2) p [3(2) — se(2)] d=.
Since the mapping .
f(z)—g(0) = - Im/cln (z0 — 2) f(2)dz

is a continuous mapping from the space C¢ of the complex-valued continuous functions on C (with
the supremum norm) to the space Cy 1], the tightness of A,(0) would follow from that of

My(z) = p[8(2) — sc(2)] -

As in Bai and Silverstein (2004) p. 561, choose sequence {e,} such that €, — 0 as n,p — oo
and
Ep >p

for some a € (0,1). Further, let
Co = {ztiw:zelf—nby+nl},
¢ = {B-—m+iy:ye p e},
¢ = {(By+m) +iy:ye p o]},
and let C, = C; UC, UC,. Define the process Mp (z) on C as follows

M,(z) for z € C,
M, (z) =3 My(B++n+ ip~le,) for z =4 +n+iy, y € [O,p_lsp]
My(B- —n+ip~te,) forz=p_—n+iy, ye [0,p e,
Note that

~

My (2) = p[3(2) — sc(2)] + op(1),
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where op(1) is uniform over z € C. Indeed, for any z € C, we have

My (2) = p[3(2) — sc(2)],
whereas by the definition of §(z) and (174)

—1
P “&p

sup  p|3(Ba £ +iy) — $(B £n+ip'e,)| < pr—fy — 0,
yEl0p~"e)] (n/2)
and similarly
1 ple
sup  p|se(B+ £n+iy) — se(B+ £n+ip” Ep)‘ 1{Qp} < p(n/z)}; -

y€[0,p~ ey

Therefore, it is sufficient to prove the tightness of Mp (1) as a sequence of random elements of C.
Lemma 1.1 of Bai and Silverstein (2004) establishes this result along with the weak convergence of
M, (+) to a Gaussian process.

Tightness, Wachter F.. We shall base our arguments on the results established in Zheng (2012). He
establishes a CLT for linear spectral statistics of multivariate F' and Beta matrices via representing
those statistics in the form of a contour integral that involves a process related to M, (z) (see the
previous section). The CLT follows from his proving the convergence of the process to a Gaussian
process.

-1
In contrast to JO, whose attention is focused on the eigenvalues of H (E + Z—;H ) , Zheng’s
(2012) primary focus is on the eigenvalues of HE~!. Let F' and G be the empirical distributions
-1
of the eigenvalues of H (E + Z—;H ) and HE™!, respectively. If z is an eigenvalue of HE ™!, then

~1
x(1+ oz /1)t is an eigenvalue of H (E + Z—;H) , and thus

@)= (Tromym)

A similar equality holds for the corresponding limiting distributions G and F,. Therefore,
Ay0) = p/ln(zo ~Nd(F Q) - Fe (V)

= p/ln (ZO_H+2$/01>C1(G<$)_GC($)>‘

Denote the Stieltjes transform of G as 7(z) and that of G¢ as me(z). Then, similarly to the
Marchenko-Pastur case, we have

8y(0) = 5 0 (20— T ) pz) = me(2)] =

1+ caz/c1

where R is contour that does not intersect the supports of G and G and does not encircle
20/ (1 — cazp/c1) . As above, the existence of such a contour requires conditioning on a large prob-
ability event, which we shall assume.

Zheng (2012) pp. 467-470 sketches a proof of the weak convergence of p [1(z) — me(2)] . Such a
weak convergence implies the tightness, which in its turn implies the tightness of A,(6).
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For the reader’s convenience, we provide here a brief description of the main steps in Zheng’s
proof. The proof is based on the decomposition

pln(z) = me(z)] = p [(=) = m ()] +p [m)(2) = me(2)]
where ng) (z) is the Stieltjes transform of GS:E), the limiting spectral distribution (as n,p —¢ 00) of
HA, I where the empirical spectral distribution of symmetric positive definite matrix A, converges
to that of F as n,p —¢ oo. First, Zheng establishes the weak convergence of p {m(z) - ng)(z)}

conditional on {F,p = 1,2...} by appealing to Lemma 1.1 of Bai and Silverstein (2004). Since the
limiting process does not depend on {E,p =1,2...}, the unconditional convergence also follows.

(E)

Next, Zheng represents p [mc (z) —me(2)| as a product of a continuous function of z that con-
verges in Cg and the term p [1hg (—me(2)) — me, (—me(2))], where g is the Stieltjes transform
of the empirical spectral distribution of E, m,, is that of the corresponding limiting distribution
as n,p —¢ 0o, and m,, is defined via the Stieltjes transform m, of G by

1-c¢
me(z) = — . Lt eime (2).

Then, she points out that —mg(2) converges to —m.(z), which is defined analogously with ¢
replaced by 5. Function —m.(z) transforms R to a contour encircling the support of the limiting
spectral distribution of E. Zheng appeals to Lemma 1.1 of Bai and Silverstein (2004) to establish
the weak convergence of p [mpg (2) — me, (2)] as a random continuous function on such a contour.
Zheng’s proof omits some details, probably for the sake of saving the space. For example, she does
not mention that to be able to view p {m(z) - ng)(z)} and p {ng)(z) - mc(z)} as continuous
random functions on R, a conditioning on some event of increasing probability in needed. Having
a detailed proof would be useful, but requires a separate research effort.

Finite dimensional convergence. The convergence of the finite dimensional distributions to
Gaussian distributions follow from Theorem 1.1 of Bai and Yao (2005) for the semicircle Fe, from
Theorem 1.1 of Bai and Silverstein (2004) for the Marchenko-Pastur Fg, and from Theorem 4.1
of Zheng (2012) for the Wachter F,. We now use the results in the above mentioned papers to
compute the means and covariance matrices of the asymptotic finite-dimensional distributions of

AL(0).
Finite dimensional asymptotics, Semi-circle F.. Recall that zyp = 6 4+ 1/6, we obtain
A, (6) :p/ln(QQ—)\H—l—l)d(F()\) ~Fe ().

Theorem 1.1 Bai and Yao (2005) implies that the random vector (A (61), ..., Ay (0k)) with 6; €
[0,0 — ¢] converges in distribution to a Gaussian vector (D (61), ..., D (6x)) with

1

(176) ED (6) = [ [(1=60)%] +10 [(1+6.)] | - 370 (9)
and
(177) Cov (D (91),1)(9])) = 2%[7‘1 (92) Tl (Qj),
=1
where

7 (0) = % /_ In (1 + 62 — 20 cos gp) cos (ly) de.

ﬂ'
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LEMMA 16. For any 0, such that |0] < 1, and any integer | > 0, we have 7 (0) = —6'/1 and
70(9)::0.

Proof: Changing the variable of integration from ¢ to z = €', we obtain
_ 1 —1\] -1
Tl (9)—2—m%ln {(1—02) (1—92 )}z dz,

where the contour integral is taken over the counter-clockwise oriented unit circle. Representing
the logarithm of a product as the sum of logarithms, we obtain

7 ( ]{ln Z1dz —|— — ?{ln 92_1 214z,
" 2mi
Since, for || < 1, In (1 — #z) is analytic in the unit circle and equal to zero at z = 0, we have
1 Zldz =0
2 % " =

for any integer [ > 0. Hence,

1
7(0) = pw In [1 - 92_1} 271z

Changing the variable of integration from z to ¢ = 27!, and noting that dz/z = —d(/(, we get

7 (0) = QLm f In[l —6¢] ¢t 1de.

On the other hand, for |¢| < 1, we have the following power series expansion

In[l—6¢ = Z (ﬂ

Jlj

Thus, by Cauchy’s residue theorem, 73 (8) = —6'/I for I > 0 and 7 (0) = 0. O
Lemma 16 together with (176) and (177) yield

ED (0;) = §1n (1 07)
and
Cov (D (6),D (6;)) = —2In (1 - 6,0;) .

Finite dimensional asymptotics, Marchenko-Pastur F.. For PCA and REGq the finite dimensional
distributions of A, (#) are derived in Lemma 12 of Onatski et al (2013). They show that the random
vector (A (61),...,Ap () with 6; € [0,0 — €] converges in distribution to a Gaussian vector
(D(61),...,D(6x)) with

ED (0;) = $1n (1 02/7)

and
Cov (D (0:),D(0;)) = —2In (1 — 0:0;/71) -
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Finite dimensional asymptotics, Wachter Fe. Let

X

Gz) = F (m) and G (z) = Fo (#ﬁm) .

Then
(178) /ln ( = m/cl) d (G (@)~ Ge (x)).
Recall that
(14 0)(0+c1)
DT A+0)cafer)
Let

01+ (1+0)y2/m)

Since zp — 2,0 and ¢ — v as n,p —, 00, the asymptotic distribution of the random vector

(Ap (61) ..., Ap (0r)) must be the same as that of (A, (61),..., Ay (6r)), where

(180) A, (6) =p / In (m _ ﬁm) 4 (G (2) - Ge (@)

This can be formally shown by considering the representation

A () — A (0) = —— 1o | 2
p(0) — vp()——%ﬂn Z70_1+v§z/71

ST ) - el

(see subsection “Tightness, Wachter F.”) and using the convergence of p [f(z) — mc(2)] established

by Zheng (2012) to demonstrate that

(181) Ay (6) = Ay (6) = op(1).

Theorem 3.1 of Zheng (2012) implies that the random vector (A, (61),..., Ay, (0k)) with 6; €
[0,6 — €] converges in distribution to a Gaussian vector (D (61),...,D (6)). Let us find the asymp-

totic mean and covariances.
Equations (179), (180) and some elementary algebra yield

(182) Ay () = AL (6) =A%) (6),

A%,)(H)—p/ln(Q—i—’h—i—(72-%)95)(1(@(37)_61(:(@))7

AR (0) = p / I (y1/7 +2) d (G (2) ~ Ge ().

Note that both A%) (#) and A%) (#) have form

where

and

Yab:p/ln(a+b:ﬂ)d(@(:fc)—Gc(:ﬂ)).
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For a,b,a’, b’ > 0, Zheng (2012), Example 4.1 proves that (Y, Yy ) converge to a Gaussian vector
(Xap, Xy ) with

2 _ 2\ 2
(183) EXq = 3 log e =d)p
(cp — 72d)
and
cc
(184) Cov (XalnXa’b’) = 210g m,
where ¢ > d > 0 satisfy
1+ p? b
(185) Etd®=a+b—L anded= —2
(1—=72) (1=72)
and ¢ > d' > 0 satisfy
1 2 !
(186) P td?=d +0—L and dd = bipz.
(1—12) (1 —12)

A direct inspection reveals that Zheng’s proof of (183) and (184) remains valid for any real a, b, a’,
and b’ such that log (a + bz) and log (a’ + b'z) are analytic in an open domain containing the support
of G as long as there exist real ¢ and d satisfying (185) and real ¢’ and d' satisfying (186) such
that |c¢| > |d| and |¢/| > |d'|. Such ¢,d, ¢ and d’' do exist for Yy, = A%) (0) and Yy = A%) (9).
Indeed, the values of a and b for Yy, = A%) (0) are

0
—9 db=ry— —.
a + 71 an o 150
The corresponding ¢ and d that satisfy (185) are
p Y2 —0(1—7)
187 c= and d = .
( ) \/04‘1(1—’)’2) \/0—%1(1—’)’2)

Since v2 < p, |c| is clearly larger than |d| for positive d. For non-positive d, |c| > |d| if and only if

0(1—2) =12 <p,

But this inequality folds for any 6 € [0,0 — €| because 6 = (72 + p) / (1 — y2) (see Table JO3).
Further, the values of o' and b for Yy = A%) (0) are

a =v1/y2 and b = 1.

The corresponding ¢ and d’ that satisfy (186) are

1Y / V2
188 f—— T andd = .
(188) ‘T 0w V2 o 1—

Since 2 < p, we have ¢ > d' > 0.
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Using (182), (183), (187), and (188), we find that

(2 = d) (dp—d)?

(e —2d)” (2 — ?)

202
(71 +72(1+90))

ED(0) = ilog

and
2
Cov (D (0;),D(0; = 2lo
(PO DO = 28 e, 6 ) (6,1 )
—2log — o
p? = (2= 0; (1 —72)) 72
—2log v
p? = (12 = 0; (1 —12)) 72
2
+2log ——
P’ =%

o B p20i0'
B 21g<1 (71+'72(1+9i)>(’731+72(1+9j))>‘

7. Concluding remarks.

7.1. Power of the LR test under multi-spike alternatives. Consider the likelihood ratio test that
rejects the null hypothesis of no spikes when the supremum of In L (6; A) over 0 € |0, 6 — e is above
an asymptotic critical value. In this section, we study the power of such a test in the situation where
the rank-one assumption on the alternative is wrong and there are multiple spikes, the highest of
which is at least as high as the spike under our rank-one setting.

Intuitively, the power should increase under such a multi-spike alternative because it is “further
away” from the null than the one-spike alternative. Below, we confirm this intuition for SMD and
PCA cases.

First let us show that, in any of James’ cases, the corresponding likelihood ratio test has a
monotone acceptance region. That is, the null is accepted if and only if g (A,...,Ap) < const for
a function g which is non-decreasing in each argument. Recall that the likelihood ratio has the
following form

(189) L(0;A) = () pFq (a,b; ¥, A),

where ¥ = diag {VU11,0, ...,0}, A =diag {1, ..., Ay} , and the values of W11, «(6), a, b, p, and q for the
different cases are given in Table JO2. As explained in Section 6.2, we have the following expansion

s 1 (al)k (ap)k \I/’fle (A)
LO:A) = a(0)Y =

kz::() k! (b1)y, .- (bg),  Ck (Ip)
where Cj are zonal polynomials. James (1968) shows that zonal polynomials have positive coeffi-
cients. Therefore, Cj, (A) and L (6; A) are nondecreasing in each A; for any fixed 6 € [0,0 —¢] . As
a consequence, the supremum of In L (f; A) over 6 € [0,0 — ] is a non-decreasing function in each
Aj.
Next, recall that SMD refers to the problem of testing Hp : ® = 0 against Hy : ® = 01919
using the eigenvalues \j, j = 1,...,p of matrix X = ® + Z/,/p, where Z is a noise matrix from
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the Gaussian Orthogonal Ensemble. Now suppose that the actual situation corresponds to the
alternative

Hype 0 @ = 29]%%7
=1

where 01 > ... > 60, > 0 and 1, ..., 9, is a set of orthonormal nuisance vectors. Since ® under H
is no smaller than under Hj, the j-th largest eigenvalue of X under Hp,; is no smaller than under
H;. But as shown above, the likelihood ratio test has a monotone acceptance region. Hence, its
power to reject Hy in favour of H,,; is at least as high as its power to reject Hg in favour of Hj.
Similarly, recall that PCA refers to the problem of testing Hy : Q2 = I, against Hy : =
I, + 01319} using the eigenvalues of Y'Y’ /nq, where Y = Q'/2¢ and ¢ is a p x n; matrix with i.i.d.
standard normal entries. Suppose that the actual situation corresponds to the alternative

Huute : =1, + > 05050
j=1

Note that the non-zero eigenvalues of Y'Y’ /ny coincide with those of £’Q2e/ny. Since Q under H
is no smaller than under Hj, the j-th largest eigenvalue of £’Q2e/n; under Hyy is no smaller than
under Hy. Therefore, using the monotonicity of the acceptance region of the test, we conclude that
the power corresponding to Hpy i is no smaller than that corresponding to Hj.

Unfortunately, for the remaining cases, the above logic does not go through. For example, for
SigD, we test Ho : Q = I, against Hy : Q = I+ 61919 using eigenvalues of (XX /ng) L (YY /ny),
where Y = QY2¢ is as above, and X is a p X ng matrix with i.i.d. standard normal entries indepen-
dent from Y. It is conceivable that

£'Q1/2 (XX'/ng)f1 QY2 /ny,

as opposed to €'Qe/ny (cf. the PCA case above), has some of its eigenvalues under Hp,, smaller
than the corresponding eigenvalues under Hj. Of course, on average over the distribution of X, the
situation will be exactly the same as in the PCA case. Therefore, although we cannot prove the
increase in power, it remains intuitively plausible.

Perlman and Olkin (1980) study the unbiasedness and power monotonicity of tests with monotone
acceptance regions in cases that correspond to our REGy, REG, and CCA. Although they prove the
unbiasedness of such tests, the power monotonicity remains a “strong conjecture” (see p. 1329 of
their paper). Their Proposition 2.6 (ii) formulates conditions on the likelihood ratio (corresponding
to general alternatives) that guarantee the power monotonicity. However, as shown in Richards
(2004), these conditions do not hold for likelihoods of form (189), in general. Of course, this does
not mean that Perlman and Olkin’s conjecture is wrong, it just cannot be established directly via
Proposition 2.6.
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