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1 Introduction

Factor models are widely used to capture the co-movement of a large number of time series and
to model covariance matrices. They provide useful dimensionality reduction in many applications
from climate modelling to finance. Perhaps the current state of the art for factor modelling is Fan,
Liao, and Micheva (2013), which allowed the idiosyncratic covariance matrix to be non-diagonal
but sparse, and used thresholding techniques (Cai and Liu, 2011) to impose sparsity and thereby
obtain a better estimator of the covariance matrix and its inverse in this big-data setting. The usual
approach ignores covariate information that can sometimes be informative. Connor, Hagmann and
Linton (2012) developed a semiparametric factor regression methodology that introduces covariate
information into the factor loading parameters. This model is well motivated in finance applications
where it can be understood as a properly formulated version of the popular Fama-French (1992)
approach to modelling returns with observable characteristics. The model also makes sense in
other contexts where covariate information is available. Their application was to monthly stock
returns, which is where the finance literature was focussed. Moreover, Fan, Liao and Wang (2016)
proposed a Projected-PCA approach which employs principal component analysis to the projected
data matrix onto a linear space spanned by covariates. It is worth noting that most existing
works in the literature of factor models require at least four moments to establish their theoretical
properties. See, for instance, Bai and Ng (2002), Bai and Li (2012), Lam and Yao (2012), Connor,
Hagmann and Linton (2012), Fan, Liao, and Micheva (2013), Fan, Liao and Wang (2016), Li et
al. (2017), among others. This may not be a binding restriction for monthly stock returns, but for
daily stock returns this is a bit strong.

Quantile methods are widely used in statistics. They have the advantage of being robust to
large observations. They can also provide more information about the conditional distribution
away from the centre, which is relevant in many applications. In this paper, we propose estimation
and inferential methodology for the quantile version of the Connor, Hagmann and Linton (2012)
model. Our contribution is summarized as follows.

First, we propose an estimation algorithm for this model. We use sieve techniques to obtain
preliminary estimators of the nonparametric beta functions, see Chen (2011) for a review, and use
these to estimate the factor return vector at each time period. We then update the loading func-
tions and factor returns sequentially. We compute the estimator in two steps for computational
reasons. We have J x T unknown factor return parameters as well as J x K sieve parameters

to estimate, and simultaneous estimation of these parameters without penalization would be chal-



lenging. Penalization of the factor returns here is not well motivated so we do not pursue this.
Instead we first estimate the unrestricted additive quantile regression function for each time period
and then impose the factor structure in a sequential fashion.

Second, we derive the limiting properties of our estimated factor returns and factor loading
functions under the assumption that the included factors all have non zero average values and
under weak conditions on cross-section and temporal dependence. A key consideration in the panel
modelling of stock returns is what position to take on the cross sectional dependence in the id-
iosyncratic part of stock returns. Early studies assumed iid in the cross section, but this turns
out to be not necessary. More recent work has allowed for cross sectional dependence in a variety
of ways. Connor, Hagmann and Linton (2012) imposed a known industry cluster/block structure
where the number of industries goes to infinity as do the number of members of the industry. Un-
der this structure one obtains a CLT and inference can be conducted by estimating only the intra
block covariances. Robinson and Thawornkaiwong (2012) considered a linear process structure
driven by independent shocks. Dong, Gao and Peng (2015) introduced a spatial mixing struc-
ture to accommodate both serial correlation and cross—sectional dependence for a general panel
data setting. Conley (1999) studied that under a lattice structure or some observable or estimable
distance function that determines the ordering, one can consistently estimate the asymptotic co-
variance matrix. However, this type of structure is hard to justify for stock returns, and in that
case their approach does not deliver consistent inference. Connor and Koraczyck (1993) considered
a different cross-sectional dependence structure, namely, they supposed that there was an ordering
of the cross sectional units such that weak dependence of the alpha mixing variety was held. They
do not assume knowledge of the ordering as this was not needed for their main results. We adopt
and generalize their structure. In fact, we allow for weak dependence simultaneously in the cross-
section and time series dependence. This structure affects the limiting distribution of the estimated
factor returns in a complicated fashion, and the usual Newey—West type of standard errors can’t
be adapted to account for the cross-sectional dependence here because the ordering is not assumed
to be known. To conduct inference we have to take account of the correlation structure. We use
the so-called fix-b asymptotics to achieve this, namely, we construct a test statistic based on an
inconsistent fixed-b estimator of the correlation structure, as in Kiefer and Vogelsang (2002), and
show that it has a pivotal limiting distribution that is a functional of a Gaussian process.

Third, our estimation procedure only requires that the time series average value of factor returns

be non zero. A number of authors have noted that in the presence of a weak factor, regression



identification strategies can break down (Bryzgalova, 2015). In view of this we provide a test of
whether a given factor is present or not in each time period.

Fourth, we apply our procedure to CRSP daily data and show how the factor loading functions
vary nonlinearly with state. The median regression estimators are comparable to those of Connor,
Hagmann and Linton (2012) and can be used to test asset pricing theories under comparable quan-
tile restrictions, see for example, Bassett, Koenker and Kordas (2004), and to design investment
strategies. The lower quantile estimators could be used for risk management purposes. The ad-
vantage of the quantile method is its robustness to heavy tails in the response distribution, which
may be present in daily data. Indeed our theory does not require any moment conditions.

The organization of this paper is given as follows. Section 2 proposes the main model and then
discusses some identification issues. An estimation method based on B—splines is then proposed in
Section 3. Section 4 establishes an asymptotic theory for the proposed estimation method. Section
5 discusses a covariance estimation problem and then considers testing for the factors involved in
the main model. Section 6 gives an empirical application of the proposed model and estimation
theory to model the dependence of daily returns on a set of characteristic variables. Section 7
concludes the paper with some discussion. All the mathematical proofs of the main results are

given in an appendix and on-line supplemental materials.

2 The model and identification

We introduce some notations which will be used throughout the paper. For any positive numbers
ap and by, let a, < b, denote lim,,_,oa, /b, = ¢, for a positive constant ¢, and let a,, > b, denote
a,; b, = o(1), and let a,, < b, denote a,b,! = o(1). For any vector a = (a1, ..., a,)T € R?, denote
lall = (X, a?)l/z. For any matrix Ay, denote its Lo norm as ||A|| = max¢ern ¢20 || AC|| 1en.
We use (N,T) — oo to denote that N and T pass to infinity jointly.

We consider the following model for the 7" conditional quantile function of the response y;; for

the i*" asset at time t given as

Qui (71X0) = Futer + 37 93 (X50) (2.1)

fori=1,...,Nandt=1,...,T, where y; is the excess return to security 7 at time ¢; f,; - and fj; -
are factor returns, which are unobservable and treated as fixed-effects parameters to be estimated;

gj+(Xji) are the factor betas, which are unknown but smooth functions of Xj;, where Xj; are



observable security characteristics, and Xj; lies in a compact set Xj;. Let X; = (Xq4,..., X )7.

Model ([2.1]) can be written as

Yit —fut‘r+z g]T 7t f]tT—’_g’Ltv (22)

where the error terms ;; are the asset-specific or idiosyncratic returns and they satisfy that the
conditional 7" quantile of &;; given Xj is zero. Note that the factors fut,r and fj; r and the factor
betas g;-(-) are 7 specific, so is the error term ;. For notational simplicity, we suppress the 7
subscripts such that fur = fut, fjr.r = fje and g;-(-) = g;. Let fr = (fut, fie,- -, f7e)7. For model
identifiability, we assume that:

AssuMPTION AO. E{g;j(X;;)} = 0 and E{g;(X;)}?> = 1 for all j = 1,...,J. Furthermore,
lim infr_, o ‘Zle fjt/T’ > 0 for each j.

The case where 7 = 1/2 corresponds to the conditional median, and is comparable to the
conditional mean model used in Connor, Hagmann and Linton (2012). The advantage of the
median over the mean is its robustness to heavy tails and outliers, which is especially important
with daily data. The case where 7 = 0.01, say, might be of interest for the purposes of risk
management, since this corresponds to a standard Value-at-Risk threshold in which case gives
the conditional Value-at-Risk given the characteristics and the factor returns at time ¢. To obtain
an ex-ante measure we should have to employ a forecasting model for the factor returns.

Suppose that the 7' conditional quantile function Q,, (7|X; = z) of the response y;; at time ¢

given the covariate X; = z is additive

(T‘.%' - hutT + Z ]tT x] (23)

where hj; -(-) are unknown functions and are 7 specific. Again for simplicity, we suppress the
7 subscripts by writing hyuir = hw and hji.(-) = hj(-). Without loss of generality, we assume
E{hj;X;))} =0fort =1,...,T (Horowitz and Lee, 2005). Under the factor structure (2.1, we

have for all j

1 T

T T
B{m Y hit(Xji)}* = B{g;(Xji)}” x ( Zf]t = Zfﬁ. (24)

t=1



Provided 23;1 fjt # 0, we can identify g;(z;) by

TZt 1 hji(z5) .
\/E{Tzzﬂﬁljt( ﬂ)}

95(xj) = (2.5)

We will use this as the basis for the proposal of the estimation method in Section 3 below.

3 Estimation

3.1 Factor returns and characteristic-beta functions

We propose an alternate optimization algorithm to estimate the factor returns and the characteristic-
beta functions. The algorithm makes use of the structure in so that it circumvents the “curse
of dimensionality” (Bellman, 1961) while retaining flexibility of the nonparametric regression. The
right hand side of is biconvex in unknown quantities, so it seems difficult to avoid such an
algorithmic approach.

To estimate g;(-), we approximate them by splines. We adopt the centered and standardized
B-spline basis functions of order m introduced in Xue and Yang (2006): Bj(x;) = {Bj1(xj),...,
Bj iy (x)}7, satisfying var{B;;(X;)} =< 1, where Ky = Ly + m, Ly is the number of interior
knots satisfying Ly — oo as N — oo. We first approximate the unknown functions g;(z;) by B-
splines such that g;(x;) =~ Bj(x;)TA;, where Aj = (A\j1,...,AjKky)T are spline coefficients. Denote
Jo = {fur, (fjt,1 < j < J)TIT. Let A = (A],...,A])T and let p (u) = u(r — I(u < 0)) be the
quantile check function. The alternate optimization algorithm is described as follows:

1. Find the initial estimates g[ ]( ).
~i]

2. For given g:

i (x;), we obtain for t =1,...,T

i+1 . N T
A}Jr - arg min . Pr <yit — fut — ijl Qg'](in)fjt> : (3.1)

ftERJ+1 =1

3. For given flit1l we obtain

~[i+1] i J i
A =arg min Zl 1Zt P (yzt—f[ﬂ] ijl Bj(in)TAjEtJrH)'



Let ;' (a)) = By(a)TA;

;- The estimate for g;(x;) at the (i + 1)t step is

~k[i41]
i g; (z5)
9 M) = f]

YNSRI

We repeat steps 2 and 3, and let the final estimates be f; = /T 1 and 9i(z;) = A][.Hl} (x;) if the

algorithm is stopped at the (i + 1) step. We will show in Section [4f that for any finite number

2hi+1] ~Ji41] (
¢

i, the estimates f, = and gj(z;) = g; " (z;) have desirable asymptotic properties. In our

numerical analysis, we let the algorithm stop at the (i + 1)*® step according to the two rules: (1)

[z—i—l]

|| FEH — FUL A X"|| < € for a small positive value e (we let € = 1073); (2) setting a
finite number ¢ such as ¢ = 0,1 or 2. Our experience in numerical analysis suggests that if the
first stopping criterion is used, the algorithm stops after a finite number of iterations by using the
consistent initial values proposed in Section The estimation is the problem of minimizing a
biconvex function such that the objective function is convex in one set of parameters for fixed the

other set of parameters. We refer to Gorski et al. (2007) for the convergence property of this

alternate optimization algorithm.

3.2 Initial estimators

The proposed iterative algorithm given in Section starts from the initial estimates @LO](-) which
are obtained by the following way. We first approximate the unknown functions hj(x;) by B-
splines such that hj(x;) ~ Bj(x;)70;, where 0 = (0,1, ..,051,Kxy)7 are spline coefficients. Let

0, = (0],,...,07,)T. Then the estimators (At EI)T of (hyt, 0])T are obtained by minimizing

N J
> Pt — Bt — ijl Bj(X;i)T051)

with respect to (hyut, 8])T € R7ENTL Ag a result, the estimator of hji(z;) is ﬁjt(xj) = Bj(xj)Téjt.

We then obtain the initial estimators of g;(z;)

A[O 1Zt 1 Jt(xj) '
~ 2
\/N Dl 1 =1 hﬁ(in))

(3.2)



4 Asymptotic theory of the estimators

We suppose that there is some relabelling of the cross-sectional units ¢, ...,7,, whose generic
index we denote by i*, such that the cross sectional dependence decays with the distance |i* — j*|.
This assumption has been made in Connor and Korajczyk (1993) and Lee and Robinson (2016).
Our estimation procedure does not need to know the ordering of the data. However, to develop
a robust inference procedure that accounts for heteroscedasticity and cross-sectional correlation
(HAC), we need to order the data across i. The ordering assumption can be relaxed by allowing
sy indices to be mis-assigned, where sy satisfies sy = o(N 1 2). We refer to Remark 4 in Section
for a detailed discussion. As discussed in Lee and Robinson (2016), in some economic applications,
data may be ordered according to some explanatory variables. Such considerations are pursued in
our real data analysis with detailed discussions given in Section [} For notational simplicity, we
denote the indices as {i,1 < i < N} after the ordering.

Let g?(~) for j = 1,...,J and f) = ( 3t,f{]t,...,f9t)T be the true factor betas and factor
returns in model . For model identifiability, assume E{g?(in)} = 0 and E{g;-)(in)}2 =1
Let N denote the collection of all positive integers. We use a ¢-mixing coefficient to specify the
dependence structure. Let {Wj; : 1 < i < N,1 <t < T}, where Wy, = (X;,Eit)T and g;; =

yit = £o — 371 99(X5) £ For S1,8, C [1,...,N] x [L,...,T], let
(51, 52) =sup{|P(A|B) — P(A)| : A € (Wi, (i,t) € S1), B € o(Wy, (i,t) € S2)},
where o (+) denotes a o-field. Then the ¢-mixing coefficient of {W;;} for any k € N is defined as

¢(k) = sup{¢(5‘1, Sg) : d(Sl, SQ) Z ]{7},

where

d(S1,52) = min{\/|t —sl2+1i—j|?: (4,t) € S1, (4, 8) € So}.

Without loss of generality, we assume that Xj; = [a,b]. Denote h(z) = {h?t(mj), 1 <5< J}T,
where h(;»t(-) are the true unknown functions in (2.3) and = = (x1,...,25)7. Let G)(X;) =

{1,99(X1i), - - -, 95(X 7i)}T. We make the following assumptions.

(C1) {Wy} is a random field of ¢-mixing random variables. The ¢-mixing coefficient of {W;;}
satisfies ¢(k) < K1e~MF* for K1, A\ > 0.



(C2) The conditional density pj (g |x;) of i given x; satisfies the Lipschitz condition of order 1
and infi<;<n1<t<7 pit (0]x;) > 0. For every 1 < j < J, the density function pin(-) of Xj; is
bounded away from 0 and satisfies the Lipschitz condition of order 1 on [a,b]. The density

function fx,(-) of X; is absolutely continuous on [a,b]”.

C3) The functions g2 and hY, are r-times continuously differentiable on its support for some r > 2.
J Jt

The spline order satisfies m > r.
(C4) There exist some constants 0 < ¢ < C} < oo such that ¢, < ( Zt 1 0) < Cy, for all j.

(C5) The eigenvalues of the (J + 1) x (J + 1) matrix N~ SN | B(G9(X;)GY(X;)T) are bounded

away from zero.

(C6) Let Q9, be the covariance matrix of N~/2 3N GO(X;)(7 — I(g;s < 0)). The eigenvalues of

Q?Vt are bounded away from zero and infinity.

We allow that {W;;} are weakly dependent across ¢ and ¢, but need to satisfy the strong mixing
condition given in Condition (C1). Moreover, Condition (C1) implies that {X;} is marginally
cross-sectional mixing. Similar assumptions are used in Gao, Lu and Tjgstheim (2006) for an
alpha—mixing condition in a spatial data setting, and Dong, Gao and Peng (2015) for introducing a
spatial mixing condition in a panel data setting. Conditions (C2) and (C3) are commonly used in
the nonparametric smoothing literature, see for example, Horowitz and Lee (2005), and Ma, Song
and Wang (2013). Conditions (C4) and (C5) are similar to Conditions A2, A5 and A7 of Connor,

Matthias and Linton (2012).

Define
- Z Ef{pi (0|X;) G7(X:) G (Xi)T}-
and
S0 = T(1 = 7) (M) TR (AR) (4.1)
The theorem below presents the asymptotic distribution of the final estimator ft A[ + given in

Section for a given finite number ¢ > 0. Define

onr = VEN/INT) + K3* N4\ log NT + K. (42)

Let dy1 be a sequence satisfying

dnr = O(dnT)- (4.3)



Theorem 1. Assume that Conditions (C1)-(C5) hold, and KN~ = o(1), K5 " ?(logT) = o(1),
Ky'(log NT)(log N)* = o(1) and ¢y = o(1). Then, for a givent, there is a stochastically bounded

sequence O ;i such that as (N,T) — oo,
VN(E) V2 (fe — f2 — dnrdng) B N(0,1141),

where dn ¢ = (On,jt,0 < j < J)T, dnr is given in , and Iy is the (J 4+ 1) x (J + 1) identity
matriz.

The next theorem establishes the rate of convergence of the final estimator g;(z;) = @LHI] (x5)

given in Section for a given finite number i > 0.

Theorem 2. Suppose that the same conditions as given in Theorem hold. Then, for each j, as
(N, T) — oo,
1/2
[/{ﬁj(mj) — g%(z;)Ydz;| = Op(dny) + 0p(N71?), (4.4)

where ¢ 1S given in .

Remark 1: Note that in the asymptotic distribution in Theorem [l there is a bias term
dnToN, involved. In addition to the order requirements of Ky, N and T given in Theorem |I|7 we

also need vV N = o(1) in order to let the asymptotic bias be negligible, and as a result we have

\/N(E(Z)Vt)_l/z(ﬁ - fto) — N(O> IJ+1)7 (4'5>

1/2
= 0,(N~/2). These conditions on the orders of Ky, N and T

and [ [{3;(z;) — o9(x;)dz;
are equivalent to max(N ") (log NT)(log N)*) < Ky < min(T, NY/%{log(NT)}~/3), for r > 3.

This implies that N/?") « Ky <« T.

5 Covariance estimation and hypothesis testing for the factors

In order to construct the confidence interval given in 1} we need to estimate Q?\/t and A?Vt, since
they are unknown. For estimation of A?Vt, if we use its sample analogue, the conditional density
pit (0]X;) needs to be estimated. Instead of using this direct way, we use the Powell’s kernel

estimation idea in Powell (1991), and estimate AY;, by

N T Yy A U
KNt — (Nh)fl Z‘:il K (yzt fut Z}izl gj (le)fjt> GZ(XZ)GZ(XZ)T7 (46)

9



where G(X;) = {1,51(X1), ..., Gs(X5:)}T, while K(-) is the uniform kernel K (u) = 27 (|u| < 1)
and h is a bandwidth.
First, we show that the estimator KNt is a consistent estimator of A?Vt given in the theorem

below.

Theorem 3. Suppose that the same conditions as given in Theorem hold, and h — 0, h™ ' ¢np =
o(1), R *N~12 = O(1), where ¢y is given in . Then, as (N,T) — oo, for a given t, we have
[ ANt — A(])VtH = op(1).

Moreover, the exact form of Q% defined in Condition (C6) is given by

N

o, = N5 HZZJ\; COX) (7 — I(eq < 0))} {Zi_l GUX) (T — (e < 0))}?

TS B0 + N Y B,

where v, = GY(X;)(1 — I(eyy < 0)) for ¢ = 1,..., N. To estimate Q?Vt, its sample analogue is not
consistent. Kernel-based robust estimators that account for HAC are developed (Conley, 1999),
and are shown to be consistent under a variety of sets of conditions. It requires to use a truncation
lag or “bandwidth”, which tends to infinity at a slower rate of N. As pointed out by Kiefer and
Vogelsang (2005), this is a convenient assumption mathematically to ensure consistency, but it is
unrealistic in finite sample studies. Adopting the idea in Kiefer and Vogelsang (2005), we let the
bandwidth M be proportional to the sample size N, i.e., M = bN for b € (0,1], and then we
derive the fixed-b asymptotics (Kiefer and Vogelsang; 2005) for the HAC estimator of Q;, under

the quantile setting. The HAC estimator is given as

~ Tl—7 JUEPN -~ _ N =T\~ ~
Qe = (N) Zi:l Gi(X)Gi(X)T+ N~ Zi#j K (M]> UitV (4.7)

where v;; = él(Xl)(T —I1Ey <0)) fori=1,...,N, 4 = yit — f;t — ijl @(in)f}t, K*(u) is
a symmetric kernel weighting function satisfying K*(0) = 1, and |K*(u)| < 1, and M trims the
sample autocovariances and acts as a truncation lag. Consistency of 0 ~N¢,Mm needs that M — oo and
M/N — 0. The following theorem provides the limiting distribution of Q Nt,M=bN When M = bN
for b € (0,1].

Next, we will show asymptotic theory for the HAC covariance estimator under a sequence
where the smoothing parameter M equals to bN. Let QY = limy_,0o Q?Vt, and Y can be written
as QY = T, Y], where T; is a lower triangular matrix obtained from the Cholesky decomposition of

Q0.

10



Theorem 4. Suppose that the same conditions as given in Theorem hold, and ¢NTN1/2 = o(1)
and K*'(u) exists for u € [—1,1] and is continuous. Let M = bN for b € (0,1]. Then as

(N, T) — o0, for a given t,

~ vyt L (r—s
QNt,M:bNth/O /0 _ﬁK "( 5 )BJ+1(?”)BJ+1(S)TdrdsTtT;

where Byy1(r) = Wypi(r) — Wi (1) denotes a (J + 1) x 1 vector of standard Brownian bridges,

and Wyi1(r) denotes a (J + 1)-vector of independent standard Wiener processes where r € [0, 1].

Remark 2: Theorem [4] provides the limiting distribution of Q Nt,M=bN, although 0 Nt,M=bN 1S
an inconsistent estimator of QY. However, it can be used to construct asymptotically pivotal tests
involving ff. Establishing the result in Theorem [ requires ordering of the indices {i,1 <i < N}.
This assumption can be relaxed by allowing sy indices to be mis-assigned, where sy satisfies sy =
o(N'/2). To see this, we let {m(i),1 < i < N} denote a permutation of the indices {i,1 < i < N},
and assume that (i) # i for i € S and 7(i) = i for ¢ € §¢. Let the cardinality of S be sy satisfying
sy = o(N'/2). Then denote ﬁ’}‘w 1 the HAC estimator of Q;, obtained from the data indexed by
{m(i),1 <i < N}, where SAT]‘W’M is defined in the same way as SA)*NuM with ¢ and j replaced by 7(7)
and 7w (j). It is straightforward to show that HSA)NLM - (AZ}‘WMH = Op(s%/N) = 0p(1). Therefore,
the result in Theorem [4] follows from the Slutsky’s theorem.

Consider testing the null hypothesis Hy: RfY = r against the alternative hypothesis Hi: Rf. #
r, where R is a ¢ x (J + 1) matrix with rank ¢ and r is a ¢ x 1 vector. We construct an F-type

statistic given as
Fyip = N(Rf; — ) {RT(1 — 1) A QN vmon At RTY (R — 1) /g

When g = 1, we can construct a t-type statistic:

NY2(Rf — 1)
Tnip = —— — .
\/R’T(l — T)A;V%QN,:’M:bNA;V}f}flRT

(4.8)

The limiting distributions of Fy¢p and T p under the null hypothesis are given in the following

theorem.
Theorem 5. Suppose that the same conditions as given in Theorem hold, and h — 0, h "I N—1/2 =

O(1), ¢y N2 = 0(1) and K*"'(u) exists for u € [—1,1] and is continuous. Let M = bN for

11



b € (0,1]. Then under the null hypothesis Hy: RfY =1, as (N, T) — oo, for a given t,

Frvey B {r(1 1) {/ / ——K*” < ;5> Bq(r)Bq(s)Tdrds}_l W,(1)/q.

If =1, then as (N, T) — oo, for a given t,

Wi (1)

VIO Jo Jd =K (552) Bu(r) B (s)drds

(4.9)

D
Tnep —

Let AY = limy_00 A?Vt. The limiting distributions of Fy;, and Ty p under the alternative

hypothesis Hi: Rf) =r +cN —1/2 are given in the following theorem.

Theorem 6. Let Y; = (RA;'QVA;RT)Y2. Suppose that the same conditions as given in Theorem
E’i] hold. Let M = bN for b € (0,1]. Then under the alternative hypothesis Hy: Rf> = r + eN—1/2,

as (N, T) — oo, for a given t,

Frnep 2 {r(1 = 1)} T e+ Wy (1)} Tx

{// K*”( g‘s) Bq(r)Bq(s)Tdrds}1{T:1c+Wq(1)}/q,

If ¢ =1, then as (N, T) — oo, for a given t,

T te+Wi(1)

VIO I S = b (552) Bu(r) B (s)drds

Remark 3: If K*(x) is the Bartlett kernel, then

/1 /1 _%K*” <7’ ; S) By(r)By(s)Tdrds

1 1— b
_ 2/0 B,(r)B, Tdr/ L+ D) By(r)T + By(r)By(r + b)T}dr.

D
Tnep —

These results allow one to test whether the factors are zero in a particular time period or not. Our

tests are robust to the form of the cross-sectional dependence in the idiosyncratic error.

6 Monte Carlo Simulations

In this section, we conduct simulation studies to assess the finite-sample performance of our pro-

posed method.
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6.1 Data Generating Processes

We generate the responses from the model:

Yit = ut7'+§ ng ﬂ jt7'+€lt7

for v = 1,....,N and ¢t = 1,...,T, where ng = ( utT,fltT,fth) and X; = (X1;, X2:)'. We
obtain {f ;,1 <t < T} from the multivariate normal distribution with mean (1.5 + (0.5 — 7)1z,

[+2
’

where 17 is the T-dimensional vector of ones, and covariance Xy = {ow} = 0.4/t and

obtain {fY, _,1 < t < T} from the same distribution, for j = 1,2. We fix the values of f?,

jt,
t =1,..,T, for all simulation replications. We simulate X1; and Xy; from U(—1, 1), respectively.
Let g?ﬁ(azl) = 0.5(2.5 4+ 0.57) cos(mx) and 9877(332) = 0.5(2.5 4+ 0.57) sin(mx). We consider the
following setups for the error terms e;.

Case 1 (Cross sectional dependence): e; = {g;,1 <i < N} are generated independently from
the multivariate ¢-distribution with the covariance matrix ¥ = {0/} = 0.5/=%I'and 2 degrees of
freedom.

Case 2 (Heteroskedasticity): e = o;e;, where o; are generated independently from U(0.5,1.5)
and e;; are simulated independently from Laplace(0, 1) distribution.

Let N = 100,200,400 and T" = 20, 40,100, 200,400. All results are based on 500 simulation

realizations.

6.2 Results

To evaluate the estimation accuracy of the proposed estimates, we first report the square root
of the mean squared error (RMSE) of the estimates fjt and gj(-), defined as {Zj_l ZtT_l(]/“}t —
0)2 /(T2 and [0, SN {35 (X0) — 62(X0) 2/ ()] Y2, respectively, where fy; and g;(-) are
generic notations for estimators of f;; and g;(-). We present the RMSE values for three different
estimates obtained from the algorithm described in Section (1) ﬁ = ftm and g; = g][ ] (the
algorithm is stopped at the 1% step ); (2) ﬁ = ﬂﬂ and g; = fq\][?] (the algorithm is stopped at
the 2°¢ step); (3) £ o= ft[i] and g; = ’g}m given that the algorithm converges at the i'" step (meets
the stopping rule (1) given in Section .The RMSESs of these three estimates are denoted as
RMSE_1, RMSE_2 and RMSE _c, respectively. We use B-splines of order m = 4 for estimating

the loading functions, and the number of interior knots for the B-splines are selected by the BIC

given in Section [/} We consider three quantiles 7 = 0.3,0.5 and 0.7. Tables [I{3] report the median
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value of the RMSEs for the estimates of the factors and their loading functions obtained from the
500 simulation replications at 7 = 0.3,0.5 and 0.7, respectively. We observe that the values of
RMSE_2 and RMSE_c are almost identical for all cases. This indicates that the estimates at the
274 step behave similarly to the estimates at convergence. In general, the RMSE_1 values are close
to the corresponding values of RMSE_2 and RMSE_c. However, for the estimates of the factors,
the RMSE_1 values are obviously larger than the RMSE_2 and RMSE _c values for some cases; see
the results for Case 1 in Tables [2| and As a result, we recommend to use the estimates at the
itM step, where i is finite and i > 2, or the estimates at convergence. Moreover, we see that the

RMSE values decrease as N increases. This corroborates the asymptotic results obtained in Section

and the estimates perform well for all the T" values considered in our simulations.

Table 1: The median value of the RMSEs based on the 500 simulation replications at 7 = 0.3.

factors factor loading functions
(N, T) RMSE_1 RMSE_2 RMSE_c RMSE_1 RMSE_2 RMSE_c
Case 1
(100, 20) 0.311 0.313 0.313 0.124 0.124 0.124
(200, 20) 0.237 0.240 0.240 0.100 0.100 0.100
(400, 20) 0.174 0.176 0.176 0.082 0.082 0.082
(100, 40) 0.314 0.318 0.318 0.118 0.118 0.118
(200, 40) 0.240 0.243 0.243 0.097 0.097 0.097
(400, 40) 0.179 0.182 0.182 0.079 0.079 0.079
(100, 100) 0.322 0.325 0.325 0.114 0.114 0.114
(200, 100) 0.243 0.248 0.248 0.095 0.095 0.095
(400, 100) 0.184 0.186 0.186 0.078 0.078 0.078
(100, 200) 0.337 0.340 0.340 0.113 0.113 0.113
(200, 200) 0.249 0.253 0.253 0.095 0.095 0.095
(400, 200) 0.185 0.188 0.188 0.078 0.078 0.078
(100, 400) 0.354 0.358 0.358 0.113 0.113 0.113
(200, 400) 0.262 0.264 0.264 0.094 0.094 0.094
(400, 400) 0.190 0.192 0.192 0.078 0.078 0.078
Case 2
(100, 20) 0.120 0.122 0.122 0.105 0.105 0.105
(200, 20) 0.084 0.089 0.089 0.080 0.080 0.080
(400, 20) 0.067 0.070 0.070 0.055 0.055 0.055
(100, 40) 0.120 0.124 0.124 0.100 0.100 0.100
(200, 40) 0.088 0.092 0.092 0.079 0.079 0.079
(400, 40) 0.067 0.070 0.070 0.054 0.054 0.054
(100, 100) 0.125 0.129 0.129 0.098 0.098 0.098
(200, 100) 0.082 0.088 0.088 0.077 0.077 0.077
(400, 100) 0.065 0.069 0.069 0.053 0.053 0.053
(100, 200) 0.120 0.122 0.122 0.098 0.098 0.098
(200, 200) 0.085 0.090 0.090 0.077 0.077 0.077
(400, 200) 0.066 0.069 0.069 0.053 0.053 0.053
(100, 400) 0.122 0.128 0.128 0.097 0.097 0.097
(200, 400) 0.087 0.092 0.092 0.077 0.077 0.077
(400, 400) 0.065 0.068 0.068 0.053 0.053 0.053

Next, we let f;, = ng +eN~Y21 ;. for a given ¢, and simulate the responses from the model
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Table 2: The median value of the RMSEs based on the 500 simulation replications at 7 = 0.5.

factors factor loading functions
(N,T) RMSE_1 RMSE_2 RMSE_c RMSE_1 RMSE_2 RMSE_c
Case 1
(100, 20) 0.300 0.287 0.287 0.114 0.114 0.114
(200, 20) 0.204 0.200 0.200 0.093 0.093 0.093
(400, 20) 0.166 0.164 0.164 0.079 0.079 0.079
(100, 40) 0.302 0.292 0.292 0.113 0.113 0.113
(200, 40) 0.218 0.216 0.216 0.092 0.092 0.092
(400, 40) 0.171 0.170 0.170 0.078 0.078 0.078
(100, 100) 0.376 0.308 0.308 0.115 0.115 0.115
(200, 100) 0.271 0.230 0.230 0.094 0.094 0.094
(400, 100) 0.200 0.176 0.176 0.079 0.079 0.079
(100, 200) 0.380 0.316 0.316 0.114 0.114 0.114
(200, 200) 0.276 0.238 0.238 0.093 0.093 0.093
(400, 200) 0.210 0.184 0.184 0.078 0.078 0.078
(100, 400) 0.388 0.324 0.324 0.113 0.113 0.113
(200, 400) 0.290 0.250 0.250 0.093 0.093 0.093
(400, 400) 0.215 0.189 0.189 0.078 0.078 0.078
Case 2
(100, 20) 0.126 0.127 0.127 0.104 0.104 0.104
(200, 20) 0.086 0.091 0.091 0.080 0.080 0.080
(400, 20) 0.066 0.069 0.069 0.055 0.055 0.055
(100, 40) 0.122 0.125 0.125 0.100 0.100 0.100
(200, 40) 0.085 0.088 0.088 0.078 0.078 0.078
(400, 40) 0.063 0.068 0.068 0.053 0.053 0.053
(100, 100) 0.122 0.126 0.126 0.098 0.098 0.098
(200, 100) 0.085 0.090 0.090 0.077 0.077 0.077
(400, 100) 0.064 0.068 0.068 0.053 0.053 0.053
(100, 200) 0.120 0.123 0.123 0.098 0.098 0.098
(200, 200) 0.083 0.088 0.088 0.077 0.077 0.077
(400, 200) 0.064 0.067 0.067 0.053 0.053 0.053
(100, 400) 0.120 0.124 0.124 0.097 0.097 0.097
(200, 400) 0.083 0.088 0.088 0.077 0.077 0.077
(400, 400) 0.064 0.067 0.067 0.053 0.053 0.053
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Table 3: The median value of the RMSEs based on the 500 simulation replications at 7 = 0.7.

factors factor loading functions
(N,T) RMSE_1 RMSE_2 RMSE_c RMSE_1 RMSE_2 RMSE_c
Case 1
(100, 20) 0.311 0.285 0.285 0.106 0.106 0.106
(200, 20) 0.223 0.205 0.205 0.081 0.081 0.081
(400, 20) 0.155 0.144 0.144 0.051 0.051 0.051
(100, 40) 0.319 0.290 0.290 0.098 0.098 0.098
(200, 40) 0.239 0.215 0.215 0.078 0.078 0.078
(400, 40) 0.155 0.148 0.148 0.047 0.047 0.047
(100, 100) 0.344 0.300 0.299 0.096 0.096 0.096
(200, 100) 0.247 0.224 0.224 0.074 0.074 0.074
(400, 100) 0.161 0.150 0.150 0.046 0.046 0.046
(100, 200) 0.361 0.312 0.312 0.094 0.094 0.094
(200, 200) 0.249 0.227 0.227 0.074 0.074 0.074
(400, 200) 0.169 0.160 0.160 0.045 0.045 0.045
(100, 400) 0.371 0.326 0.326 0.094 0.094 0.094
(200, 400) 0.263 0.241 0.241 0.074 0.074 0.074
(400, 400) 0.175 0.169 0.169 0.045 0.045 0.045
Case 2
(100, 20) 0.120 0.122 0.122 0.105 0.105 0.105
(200, 20) 0.086 0.090 0.090 0.080 0.080 0.080
(400, 20) 0.064 0.068 0.068 0.055 0.055 0.055
(100, 40) 0.122 0.125 0.125 0.100 0.100 0.100
(200, 40) 0.085 0.090 0.090 0.078 0.078 0.078
(400, 40) 0.065 0.069 0.069 0.054 0.054 0.054
(100, 100) 0.120 0.122 0.122 0.098 0.098 0.098
(200, 100) 0.087 0.092 0.092 0.077 0.077 0.077
(400, 100) 0.065 0.069 0.069 0.053 0.053 0.053
(100, 200) 0.120 0.122 0.122 0.098 0.098 0.098
(200, 200) 0.086 0.091 0.091 0.077 0.077 0.077
(400, 200) 0.065 0.069 0.069 0.053 0.053 0.053
(100, 400) 0.125 0.129 0.129 0.097 0.097 0.097
(200, 400) 0.087 0.092 0.092 0.077 0.077 0.077
(400, 400) 0.065 0.069 0.069 0.053 0.053 0.053
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1’ using these factors and the same loading functions 9?,7(') given in Section The error
terms €4 are generated from the two cases described in Section We consider the hypotheses:
Hy: fjt1r = f?w versus Hyi: fjir # fgot,r for j = 1,2, respectively. Based on the 500 simulation
realizations, we use the proposed ¢-type statistic Ty given in to obtain the empirical power=
SO {I(TNeps > Ticaya) + I(Tneps < Tay2)}/500 at the significance level a = 0.05, where Ty, s
is the value of the s'® replicate of Ty, and Tay2 and Ti_q /o are the (a/2)" and (1 — a/2)th
quantiles of the null limiting distribution given in . The estimates of the factors and their
loading functions are obtained by using the algorithm with the stopping rule (1) given in Section
For calculation of KNt and QNt,M:bN in , we let h = kN~ with k = 0.5,1,1.5 and
b=0.2,0.4,0.6, respectively. The results for these x and b values are similar, so we choose to report
the results for kK = 0.5 and b = 0.6. Figure [I| displays the average value of the empirical powers
over all ¢’s versus the ¢ values for N = 100,200,400, and 7" = 20 (black solid line) and 7" = 400
(red dashed line) at 7 = 0.5. The plots of the empirical powers at 7 = 0.3, 0.5 and 0.7 look similar,
so we only report the plots at 7 = 0.5 for saving spaces. The c¢ values range from 0 to 30. We see
that the Type I error rates (the powers at ¢ = 0) are close to the nominal significance level 0.05
for all cases. Moreover, the empirical size of power increases rapidly to 1 as ¢ increases, and the

proposed test has similar performance at T" = 20 and 7" = 400.

7 Application

In a series of important papers, Fama and French (hereafter denoted FF), demonstrated that there
have been large return premia associated with size and value, which are observable characteristics
of stocks. They contended that these return premia can be ascribed to a rational asset pricing
paradigm in which the size and value characteristics proxy for assets’ sensitivities to pervasive
sources of risk in the economy. FF (1993) used a simple portfolio sorting approach to estimat-
ing their factor model. Connor, Hagmann, and Linton (2012) used kernel-based semiparametric
regression methodology to capture the same phenomenon.

In our data analysis, we use all securities from Center for Research in Security Prices (CRSP)
which have complete daily return records from 2005 to 2013, and have two-digit Standard Industrial
Classification code (from CRSP), market capitalization (from Compustat) and book value (from
Compustat) records. We use daily returns in excess of the risk-free return of 347 stocks. We
consider the same four characteristic variables as given in Connor, Hagmann and Linton (2012),

and Fan, Liao and Wang (2016), which are size, value, momentum and volatility. Connor, Hagmann

17



Figure 1: The plots of the average value of the empirical powers over all ¢’s versus the ¢ values for
T = 20 (black solid line) and 7" = 400 (red dashed line) at 7 = 0.5.
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and Linton (2012) provided some detailed descriptions of these characteristics. They are calculated

using the same method as described in Fan, Liao and Wang (2016).

It is commonly accepted based on empirical evidence that financial asset returns are heavy-
tailed (Bradley and Taqqu, 2003). One attractive feature of the quantile factor model is that
it offers a parsimonious way of characterizing the entire conditional distribution, and moreover it
can be more robust to heavy tails and outliers than mean factor models. To this end, we fit model
for each year, so that there are T' = 251 observations. By taking the same strategy as He
and Shi (1996), we select the number of interior knots Ly by minimizing the Bayesian information

criterion (BIC) given as

J ~ log(NT)

BIC(Ly) = log{(NT) Y27 S oo~ Fue = S0 G (G0 T} + e T (L +m).

j=1

For comparison, we fit the quantile model given in Connor, Hagmann, and Linton (2012) through
mean regression, in which we use the B-splines to approximate the unknown loading functions. We
use the method given in Koenker and Machado (1999) to find the pseudo—R? for each stock at
different quantiles. Then we obtain the average pseudo—R? among the 347 stocks, which is 0.441,
0.422, 0.428 at quantiles 7 = 0.2,0.5, 0.8, respectively. The average R? from the mean regression is

0.312. This indicates that a higher percentage of variability of asset returns may be explained by
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the quantile model compared to the mean factor model.

Next, we test significance of the factors using the proposed t-type statistic given in Theorem
To use the asymptotic distribution given in Theorem [5| for statistical inference, we need to estimate
the covariance matrix. For the estimator A Nt given in , the optimal order for the bandwidth A
is in the order of N~1/%. We let h = £N~'/5 in our numerical analysis and take different values for .
For the estimator Nt,M=bN given in , we use different values for b, and use the Bartlett kernel
as suggested in Kiefer and Vogelsang (2005). We let k = 0.5,1,1.5 and b = 0.2, 0.4, 0.6, respectively,
for calculation of A Nt and Q Nt,M=bN- For obtaining the robust estimator Q Nt,M=bN, the data need
to be ordered across i. We consider two different orderings. First, we take the same strategy as
Lee and Robinson (2016) by ordering the data according to firm size, since firms of similar size
may be subject to similar shocks. Second, we use the information of the four explanatory variables
by ordering the data according to the first principal component of the covariate matrix. We then
test for the statistical significance of each factor at each time point based on the proposed t-type
statistic. For each factor, we find the percentage of the ¢-type statistics that are significant at a
95% confidence level across the 251 time periods. Based on the two different ordering strategies,
Tables 1 and 2, respectively, show the annualized standard deviations of the factor returns, the
percentage of significant t-type statistics for each factor, and the median p-value at 7 = 0.5 for the
year of 2012. We obtain similar results for other years. We can see that the results are consistent
for different values of x and b and for the two different orderings of the data. Moreover, all five
factors are statistically significant with the median p-value smaller than 0.05.

For comparison, we also conduct tests for significance of each factor via fitting the mean fac-
tor model and using the asymptotic distribution of the estimated factors given in Theorem 1 of
Connor, Hagmann, and Linton (2012). Table |§| shows the percentage of significant statistics for
each factor and the median p-value from fitting the quantile regression and the mean regression
(mean), respectively. We let k = 1 and b = 0.2 for calculation of A Nt and Q ~Nt,M=pN and order the
data according to the first principal component of the covariate matrix. We see that the quantile
regression identifies more significant factors across time than the mean regression does.

Lastly, we plot the four estimated loading functions and the 95% pointwise confidence intervals
at different quantiles 7 = 0.2, 0.5 and 0.8 for the year of 2012. The plots of the estimated functions
have similar patterns from other years. The pointwise confidence intervals are obtained from a wild
bootstrap procedure (Mammen, 1993). Figure 2[shows the plots of the estimated loading functions

and the pointwise confidence intervals at quantile 7 = 0.5. The solid black lines are the estimated
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Table 4: Factor return statistics at 7 = 0.5 for the year of 2012 when the data are ordered according
to the firm size.

(k,0) Intercept Size Value Momentum Volatility
Annualized volatility 0.024 0.023 0.025 0.025 0.029
(0.5,0.2) % Periods significant 92.43 65.34 62.95 64.54 74.10
Overall p-value < 0.001 0.010 0.016 0.009 0.001
Annualized volatility 0.020 0.020 0.022 0.022 0.026
(0.5,0.4) % Periods significant 91.63 58.17 57.20 58.17 66.93
Overall p-value < 0.001 0.020 0.019 0.020 0.010
Annualized volatility 0.018 0.019 0.019 0.020 0.023
(0.5,0.6) % Periods significant 90.84 55.78 56.40 55.38 66.93
Overal p-value < 0.001 0.032 0.028 0.023 0.006
Annualized volatility 0.026 0.026 0.027 0.027 0.032
(1.0,0.2) % Periods significant 92.03 62.95 63.60 62.15 71.31
Overall p-value < 0.001 0.014 0.019 0.011 0.002
Annualized volatility 0.022 0.023 0.023 0.024 0.028
(1.0,0.4) % Periods significant 90.44 55.20 56.40 55.98 65.74
Overall p-value < 0.001 0.036 0.030 0.033 0.011
Annualized volatility 0.019 0.022 0.021 0.021 0.025
(1.0,0.6) % Periods significant 89.24 56.20 55.40 58.80 62.95
Overall p-value < 0.001 0.032 0.032 0.026 0.016
Annualized volatility 0.027 0.028 0.029 0.029 0.034
(1.5,0.2) % Periods significant 92.03 59.76 55.38 61.75 70.12
Overall p-value < 0.001 0.021 0.032 0.015 0.003
Annualized volatility 0.023 0.025 0.025 0.026 0.031
(1.5,0.4) % Periods significant 90.44 56.57 95.94 55.94 63.75
Overall p-value < 0.001 0.030 0.030 0.036 0.014
Annualized volatility 0.020 0.019 0.022 0.022 0.026
(1.5,0.6) % Periods significant 88.44 58.14 56.80 56.00 61.75
Overall p-value < 0.001 0.027 0.028 0.024 0.018
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Table 5: Factor return statistics at 7 = 0.5 for the year of 2012 when the data are ordered according
to the first principal component of the covariate matrix.

(K, b) Intercept Size Value Momentum Volatility
Annualized volatility 0.023 0.027 0.025 0.025 0.027
(0.5,0.2) % Periods significant 94.02 62.15 62.55 67.73 75.30
Overall p-value < 0.001 0.023 0.018 0.011 < 0.001
Annualized volatility 0.019 0.024 0.022 0.021 0.023
(0.5,0.4) % Periods significant 92.43 57.60 54.20 58.96 70.92
Overall p-value < 0.001 0.023 0.032 0.019 0.001
Annualized volatility 0.016 0.021 0.020 0.019 0.020
(0.5,0.6) % Periods significant 92.83 55.60 56.40 61.60 71.31
Overal p-value < 0.001 0.028 0.028 0.018 0.004
Annualized volatility 0.025 0.032 0.027 0.027 0.030
(1.0,0.2) % Periods significant 93.23 56.80 60.40 64.80 74.30
Overall p-value < 0.001 0.033 0.021 0.016 0.001
Annualized volatility 0.020 0.026 0.024 0.024 0.025
(1.0,0.4) % Periods significant 92.03 54.80 56.20 59.60 71.20
Overall p-value < 0.001 0.030 0.030 0.019 0.002
Annualized volatility 0.016 0.024 0.022 0.022 0.022
(1.0,0.6) % Periods significant 92.80 56.20 55.40 56.80 68.80
Overall p-value < 0.001 0.027 0.031 0.029 0.002
Annualized volatility 0.027 0.030 0.029 0.028 0.032
(1.5,0.2) % Periods significant 92.03 56.00 54.40 68.00 74.00
Overall p-value < 0.001 0.033 0.032 0.013 0.002
Annualized volatility 0.021 0.028 0.026 0.026 0.026
(1.5,0.4) % Periods significant 92.03 56.60 55.90 55.20 68.00
Overall p-value < 0.001 0.028 0.028 0.030 0.002
Annualized volatility 0.018 0.025 0.024 0.023 0.024
(1.5,0.6) % Periods significant 92.03 58.10 54.80 56.00 67.60
Overall p-value < 0.001 0.027 0.030 0.029 0.003

Table 6: P-value statistics for testing significance of factors from quantile regression at 7 = 0.2,
0.5, 0.8 and from mean regression (mean) for the year of 2012 when the data are ordered according
to the first principal component of the covariate matrix.

Intercept Size Value Momentum Volatility
7=0.2 % Periods significant 97.20 63.20 62.80 58.00 83.20
Overall p-value < 0.001 0.015 0.011 0.022 < 0.001
7=0.5 % Periods significant 93.23 56.80 60.40 64.80 74.30
Overall p-value < 0.001 0.033 0.021 0.016 0.001
7=0.8 % Periods significant 97.20 66.40 65.60 71.20 79.60
Overal p-value < 0.001 0.004 0.010 0.008 < 0.001
mean % Periods significant 0.840 0.152 0.312 0.264 0.456
Overall p-value < 0.001 0.314 0.314 0.173 0.071
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loading functions from the quantile regression, the dashed blue lines are the confidence intervals
and the dotted red lines are the estimated loading functions from the mean regression. For the size,
value and momentum characteristics, the estimated functions show a clear nonlinear pattern. This
indicates that the effects of these characteristics on the stock returns change with their values. For
instance, at 7 = 0.5, both small and big sizes of firms tend to have a strong effect on stock returns.
However, the effect of size becomes insignificant when its value falls into certain range. For other
three characteristics, their effects are strong for most of their values. In Figures [3| and 4] we also
plot the estimated loading functions and the 95% confidence intervals at quantiles 7 = 0.2 and 0.8,
respectively. We see that the four characteristics can have different effects on the stock returns at
different quantiles. For example, at 7 = 0.2 and 0.8, the effect of size fluctuates around zero, and it
suddenly becomes strong after the value of size exceeds certain value. This patten is quite different
from what we observe for the size characteristic at 7 = 0.5 shown in Figure |2l The results indicate
that the effect of small firm sizes on stock return becomes weaker from the middle to tails of its

distribution.

8 Conclusions and discussion

Our semiparametric quantile factor models are motivated by the classical factor models (Bai and
Ng, 2002) and the characteristic-based factor models (Connor et al., 2012), in which the factor
betas are time-invariant, i.e., there is no structural change in the factor betas over time. The four
characteristics considered in Connor et al. (2012) and Fan et al. (2016) are used as the time-
invariant baseline covariates in the loading functions, and they are calculated using the data right
before the data analyzing window. In practice, the firm characteristics can be varying over time.
It is of interest to consider an extended model which incorporates the time-varying characteristics.
This model can be given as Qy,, (7| Xi) = fut,r + Z}le 9j,+(Xjit) fjt,r, where Xj; are observable
time-dependent characteristics. Further investigations are needed for developing the estimating
methods for this model and the associated statistical properties. We will consider this interesting
yet challenging problem as a future research topic to explore.

We have taken for granted that the J factors are present in the sense that

1 T
plim, > h#o0 (8.1)
for j =1,...,J. For the factors in our application this is quite a standard assumption, but in some
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Figure 2: The plots of the estimated loading functions from quantile regression (solid black lines) at 7 = 0.5,
the 95% pointwise confidence intervals (dashed blue lines) and the estimated loading functions from mean
regression (dotted red lines).

Size Characteristics, t=0.5 Value Characteristics, 1=0.5

Momentum Characteristics, t=0.5 Volatility Characteristics, t=0.5

-1

-2

23



Figure 3: The plots of the estimated loading functions from quantile regression (solid black lines) and the
95% pointwise confidence intervals (dashed blue lines) at 7 = 0.2.
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Figure 4: The plots of the estimated loading functions from quantile regression (solid black lines) and the
95% pointwise confidence intervals (dashed blue lines) at 7 = 0.8.

Size Characteristics, t1=0.8 Value Characteristics, t=0.8
o -
o~
I
<t
y
© |
f
T T T T T T T T T T
-2 -1 0 1 2 -1 0 1 2 3
Momentum Characteristics, 1=0.8 Volatility Characteristics, 1=0.8
~ 4
-
o -

25



cases one might wish to test this because if this condition fails, then the right hand side of (2.4
is close to zero and this equation cannot identify g? (xj). We outline below a test of the hypothesis
(8.1) based on the unstructured additive quantile regression model (2.3)). A more limited objective
is to test whether for a given time period ¢, fj; = 0.

We are interested in testing the hypothesis that

T
. 1
HOA], : Tlgléo T ;hjt(xj) = 0 for all z;, (8.2)
against the general alternative that lims_,q = Zthl hje(xj) = p;(x;) with E{p;(X;:)%} > 0. We
also may be interested in a joint test Hy = ﬂjeIJHoAj, where [I; is a set of integers, which is a
subset of {1,2,...,J}. These are tests of the presence of a factor.

We let

~ 2
T
_ J (% t=1 hjt(%‘)) dPj(x;) — anT
T.j7N7T = SNT )

where ﬁjt(-) is an estimator of the additive component function hj(-) from the quantile additive
model at time ¢, while ay r and sy are constants to be determined. Under the null hypothesis

(8.2) we may show that
?jynzT 2) N(O’ 1)7

while under the alternative we have 7;, 7 — oo with probability approaching one. To ensure that
7,7 has an asymptotic distribution, we may need a two-step estimator for the additive functions
hjt(-) as given in Horowitz and Mammen (2011) or Ma and Yang (2011). This interesting and
challenging technical problem deserves further investigation, and it can be a good future research

topic.

9 Appendix

We first introduce some notations which will be used throughout the Appendix. Let Apax (A) and
Amin (A ) denote the largest and smallest eigenvalues of a symmetric matrix A, respectively. For an
m x n real matrix A, we denote [|A||, = maxi<j<m > [Ajj|. For any vector a = (ai1,...,a,)7 €

R", denote ||a||,, = maxi<i<p |a;|. We first study the asymptotic properties of the initial estimators

0]
J

in the proofs of Theorems [I] and

(x;) of g?(acj). The following proposition gives the convergence rate of /g\J[.O} (x;) that will be used
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Proposition 1. Let Conditions (C1)-(C4) hold. If, in addition, K N~' = o(1), K5 " ?(logT) =
0o(1) and K (log NT)(log N)* = o(1), then for every 1 < j < .J, as (N,T) — o0,

SUP¢; €(a,b) |§J[‘O] (2;) — 99(x;)| = Op(Kn/VNT + K3 N34\ flog NT + K") + 0,(N~'/?),

1/2
U{A[Ol — V@) Y2dw;| = Op(VEN/(NT) + K> N=*\/log NT + Ky") + 0,(N~V/?).

9.1 Proof of Proposition

According to the result on page 149 of de Boor (2001) and Lemma 2 in Xue and Yang (2006), for
hgt satisfying the smoothness condition given in (C2), there exists G?t € R%» such that h?t(wj) =
RO, (x5) + bje(;)

E?t(xj) = Bj(xj)T Hjt and sup sup |bj(z;)| = O(Ky"). (A1)

Jit xj€la,b)

Denote h9(z) = {Egt(:ﬂj), 1<j<J}T, and

J

bt(fﬂ)zzj 1h9t( i) — B(m)TH?,

where B(z) = {Bi(1)7,...,Bs(z;)T}T and 69 = (8Y],... ,HOJI)T. Then by (A.1), we have

SUPze(a,p)7 |01(2)] = O(KR).

Then B(2)(hut, ;)T = (hut, he(2)T)T and B(z)(hY,, 87T = (k0

uts ut»

h9(2)T)T, where

IB(I) = [dlag{l, Bl(l‘l)T, ey BJ(IIZ'J)T}](1+J)X(1+JKN) 5 (AQ)

hy(x) = {ﬁjt(xj), 1<j7<J}7, and Ejt(-) are the estimators given in Section We first give the

Bernstein inequality for a ¢-mixing sequence, which is used through our proof.

Lemma 1. Let {§;} be a sequence of centered real-valued random variables. Let S, = Y 1" | &;.
Suppose the sequence has the ¢-mizing coefficient satisfying ¢(k) < exp(—2ck) for some ¢ > 0 and
sup;>1 |€;| < M. Then there is a positive constant C1 depending only on c such that for all n > 2

0152
v2n + M? + eM(logn)?

P(|Sn] =€) < exp(— );

where v? = sup;~o(var(§;) + 2 Zj>i [cov(&;,€5)1)-
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Proof. The result of Lemma [I] is given in Theorem 2 on page 275 of Merlevede, Peligrad and Rio
(2009) when the sequence {¢;} has the a-mixing coefficient satisfying «(k) < exp(—2ck) for some
¢ > 0. Thus, this result also holds for the sequence having the ¢-mixing coefficient satisfying

o(k) < exp(—2ck), since a(k) < ¢(k) < exp(—2ck). 1

Denote B(X;) = {B1(X1;)T,..., Bj(X;)T}T and Z; = [{1, B(X4)"}T] (147K y)x1- Denote 9; =
(hut, 81)T and 99 = (h9,,6°T)T. Define

uts

Gin,i(9) = [T — Hew < Z] (9 — 9Y) — bi( X)) Zi,

ini(01) = [1 — Ful{Z] (9 — 99) — b(X0)}| X, fi)] Zs

where Fy(e|X;) = P(eir < ¢|X;), and étN’i(ﬁt) = Gin,i(9) — Gin (Y1), Let d(N) = (1 + JKn).
Let Uy = N 7! sz\il pit (0|X;) Z; Z]. By the same reasoning as the proofs for (ii) of Lemma
A.7 in Ma and Yang (2011), we have with probability approaching 1, as N — oo, there exist

constants 0 < Cq < Cy < oo such that
Cl S )\min(\I’Nt) S )\max(\I’Nt) S C2a (AS)

uniformly in ¢t =1,...;7T.
Next lemma presents the Bahadur representation for 9; = (ﬁut, EI)T using the results in Lemmas

IA.1HA.3| given in the Supplemental Materials.

Lemma 2. Under Conditions (C1)-(C3), and K3; N~ = o(1), K¥N~(log NT)*(log N)® = o(1)
and K" (logT) = o(1),
9, — 9Y = Dny1 + Do + Ry, (A4)

where

Dty = Ty, {Nl ZL Zi(t = I(eir < 0))] : (A.5)

Dz = 034 [NV S0 2l 01 X (650

uniformly in t, and the remaining term Ry satisfies

s || Rl = Op(K3PN~' 4 K32N-3/4flog NT + K\* ™ + N~V2K[/**12 flog KN T)

1<t<
= Op( 3/2 3/4\/logNT—i—K1/2 " ) + 0, (N~Y2).
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Proof. By Lemma in the Supplemental Materials, we have

~ N N ~
Dy =) = NT'U Y pie (01X0) Zib(Xi) = NI D 0 Gina(@0) + Rivee

Moreover,
Ut Gini(90) = Ut Gon,i(D1) — Uit Gena(99) — Tt [Gen i (D1) — G i (99)].
Thus,
9 — 0 = 12 Gini(99) + Uy Z it (0|X3) Zibs(X3) + R, (A.6)
where

N ~ o N ~ o~ - i}
Ry, =~V N7 ) Guva(@) + Nty [Gena(9) — Gewa(99)] + Ry (AT)
By Lemmas and in the Supplemental Materials and (A.3]), we have

— — N -~
sup ||Ryl| < sup |[Wyyl| sup [N 1ZA71GtN,i(19t)H
1<t<T 1<t<T 1<t<T i=
_ R
+ sup [[U]| sup ||V 1Z,_I[Gtzv,i("ﬂt)—Gtzv,z'(ﬂ?)]llJr sup || Rl
1<t<T 1<t<T = 1<t<T

= O (K3PN~1 4+ (K3 N)¥/*\/log NT + K}/*™™")

Define Gy (97) = {1 — I(eix < 0)}Z;y and Gin(97) = {Ginie(99),1 < £ < d(N)}. Then
E{Gth(ﬁ ) — Gin,ie(9 9} = 0. Moreover,

E{Ginie(9) = Genae(9))}* < B [z < —bi(X0)} — {ea < 0}Zi4)* < CKR'
for some constant 0 < C' < 0o, and by Condition (C1), we have

E{Gt]v 1[('19 ) GtN 7,5( )}{GtN z/é(fﬂ ) GtN z’@(’lg )}
<2 x 42{p(|i' — i)} [E{Gn,ie(0)) — Gin (99} E{Gin,i0(97) — Gon,ire(99) }2]H/?

S C/K167A1|Z/71‘/2K&7"‘
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Hence, by the above results, we have

VY (G i(99) — G (99}

SNTIOKY + N7 Cae MR
1F

<ONT'KN +C'KiN2N(1— e M) IR m < O"N KR,
for some constant 0 < C" < co. Thus

_ d(N) =N~ _
E|INT Z {GtN’L ) — Gin (O = Z E[N"! Zizl{GtN,iE('ﬂg) - Ginie(99)}?

/=1
<C"(1+JKN)NT'KY.

Therefore, by the Bernstein’s inequality in Lemma [I| and the union bound of probability, following

the same procedure as the proof for Lemma given in the Supplemental Materials, we have

sup [INTVST (G (89) — Cin s O} = Op(N V2K /2 flog KNT). (A.8)

1<t<T

Therefore, by , and , we have 19t 19? = DNt + Do + Ry, where

Sup | Rnil| = Op(K3PN"1 4 (K3 N) 3"\ /log NT + K> + N~k [/*TV2 flog KN T).
1<t<

Proof of Proposition[]. Let 1; be the (J + 1) x 1 vector with the I*" element as “1” and other

elements as “0”. By (A.4) in Lemma [2] we have

hjt(z;) — h§(z;) = 11, B(x)(Dni1 + Dne) + 17, B(2) Ry,

sup { 12 (17 B(X:) Rve) }1/2< sup HRNtH[ max{ N~ 12 B;(X;i)B;(X,i)T}?

1<t<T
= 0,( 3/2 -3/4 /—logNT+K1/2 27“ )+ 0p(N _1/2)’
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and

SUP1<¢<T SUPze[a,b]/ ’1;'+1B(95)RN15’
< SUDgeq,0)7 |[B(2)T 111 supy << |[Rvel|
= O(KYH0,(K3AN= + K32N=3/4/log NT + KY* 72 4 N=V2K /212 flog KN T)

—O K2 —-3/4 /IOgNT+K1 27“ +0 ( —1/2)7

by the assumption that Ky N~! = o(1), Ky ?(logT) = o(1) and r > 2. Since hgt(:vj) = h?t(xj) +

bjt(x;), then we have

hije(x5) — hy(a;) = 1T B(x)(Dne + Die2) — bje(z;) + 11,1 B(z) Ry,

Also by (A.1), we have sup|<i<y SUPgeqp)/ 1JT+1]B($)DN@2 = Op(KyN"). Then ﬁjt(z:j) - hgt(:vj)

can be written as

hiji(x;) — W, (x;) = 1T B(x) Dne + 1 ji(5), (A.9)

where the remaining term 7y ;;(z;) satisfies

N
sup (N2 {iy o (XG50 Y2 = Op(KR7) + Op (KN4 log NT) + 0,(N"12),  (A.10)

1<t<T

sup { [ nnje(z)) d:nj}l/2 Op(KK,T)+Op(K}9’V/2N_3/4\/logNT)+0p(N_1/2),

1<t<T
1215 SUPz ;€ [a,b] e (7)) = Op(KRY") + Op(K?VN73/4 VIog NT) + Op(N71/2)- (A.11)

Moreover, by Berntein’s inequality and following the same procedure as the proof for Lemma [A.T]

we have sup;<i<r |[[Dnt1|| = Op(v/ Kn/N+/log KNT). Hence,

sup sup lle.H]E%(a;)DNt,l]:Op(\/logKNTKN/\/N),

1<t<T xe[a b}]

sup {N~ 12 (1T B(X;)Dne1)*}/? = Op(\/log KNT\/Kn/N). (A.12)

1<t<T

Therefore, by (A.9), (A.10), (A.11)) and (A.12), we have

sup N° 12 AR (X5i) = B9,(X;i)Y* = Op((log KNT)En /N + N2,

31



1215 SUP,, fab] |h]t(x]) h ()] = Op(\/log KNTKNN™— 1/2—|—K_T) (A.13)

Moreover, by Conditions (C3) and (C4), we have with probability approaching 1, as N — oo,

ChSNilziI\;l Zt . jt <Ch, cp, < N™ 122 . 712,5 ) jt ji SCh

(A.14)

Hence, this result together with (A.9)) leads to that with probability approaching 1, as N — oo,

N T ~ N T

1/\/N_1 Do Ty hi(XGi)? - 1/\/1\7_1 > Tty h?t(in))Q‘

= My NS TS (XG0 — BGCGNTEST (X)) + RO (X

= |MyrNT'Y TN (i (Xg) — B (CGOYTT Y {Rye(X) + hG(Xa)}
. N o T ~ _ T

= 2MyrN~' Y T (X)) = B (GO HT T YD G (XG0}

N T ~
+ MypN~! Z.il T Z Ahie(Xii) = h5(X50) ¥
‘2MNTN 121 1 _12 J+1 Xi)Dnea{T™ 12 Xji)} + 0]
+2MNr N~ lzl T IZ B Dvea } + i o (X5i)

+2My7 N~ Zi:l Tt thl{nN,jt(in)}2 (A.15)

for My satistying M7 € (¢/,C") for some constants 0 < ¢/ < C’ < oo, where

0it = (X)) {T71 ST h?t(in)}. Moreover by 1) there exists a constant C* € (0, c0) such
that

B N T i B N
N Zi:l T Zt:l 0| < C7supp N ' Zi:l 154 (XG)|
B N
< O supy <[V 1Zi:1{nN7jt(in)}2]l/2

= Op(Ky) + Op(KY* N34\ /log NT) + 0,(N"1/2),  (A.16)

and

N T
NI TN i ()1 = Op(KR) + (K N/ log(NT)) + 0,(N1). (A1)

Define ¢;, = {@Z)it’g}g(:]\{) = Ui Zi(T—I(eit < 0)). Then E(1;4) = 0. Moreover, E||1);||* < ¢1 K yfor
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some constant 0 < ¢; < oo, and by Condition (C1), we have

1Bl < 2{06(V]i — 2 + It - }1/22 Vitd) B0}
< {o(Vli = j> + 1t - s )}1/2(EHwitH2 + EH%HQ)

< 2e1 Kn{o(V1i — j2 + [t — s[)} 2.

Hence by Condition (C1), we have

BT S 2

(NT) QZ”/ Z“ Plpiy) <20 Kn(NT) 22“/2 {9 (VIi— 2+ [t — s]2)11/2
< 201 K1 Kn(NT) ™2 Z“,Z, eV PR
<2¢(NT) 2K Ky Z“,Z — (/2 (i~ | +[t—t')

T N
<201 K1 KN(NT)™? (NT)(Zk:O e—(Al/z)k)(Zkzo e=(A1/2ky

<20 K1 KN(NT) 2(NT){1 — e~ M/ =2 — 20 K1 Ky {1 — e M/ "2(NT) ™! = O{Kn(NT) 71},

Thus, by Markov’s inequality, as (N,T) — oo,

INT) 30 ST all = Opl{EN(NT) 1, (A18)

Moreover, by the definition of Dy 1 given in 1} we have Dy 1 =N -1 Zfi 1%;- Therefore, as
(N, T) = o0

NS TS AT () D = [N 12 BT TS ST )
< H NT Zt 1ZZ 1 th max{N 12 Xﬂ) }]1/2:Op[{KN(NT)71}l/2]-

By (A.12) and log(KnT)KNyN~"/2 = 0(1), we have

1Zz I 12 {1g+1 D1} = {0p(V1og KNTv/Kn/N)?} = 0,(N~Y2).
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Therefore, the above results together with (A.15)), (A.16)) and (A.17) lead to

1/\/ NS @S h(0) - 1/\/ N ST R (X))

= Op,[{KN(NT)™ 1}1/2]+O( ")+ Oy (K 3/2N_3/4\/W)+0p(l\7‘1/2).

Denote wnr = \/N*1 S (T hje(Xi))? and wlyy = \/N*1 Sty (T30 B, (X))
Then

Ty 1{@ z))/wnT — () /@)
=T 12 hje(x;) /Nt — (@) Jonrt + T 12 {h]t zj)/@NT — by (25) [N}

=T Y {hglay) — W) fwonr + TS W) (L @ — 1w}

By the above result and Condition (C3), we have

T
S, efan 1T ), W) {1/wnr = 1/wRir}|

= O,[{Kn(NT)"1}1/2) 4 Op(KN") + Op(K]?’V/zN*?’M\/W) +op(N712),
Moreover, (A.9) leads to

T3 {hley) — W)} @

=T 12 g—i—l DNtl/wNT+T Z nN,jt(ij)/wNT:(I)NTj,l(xj)_’_q)NTjQ(xj)-
By (ATI) and (A1), as N - oo,

SUPy,efas) [ONTj2(25)| = Op(KR) + Op(KENT4/log NT) + 0p(N71/2),

1/2
{/¢NTJ,2($1)2d$j} = Op(Ky") + Op(K*N=*/4\/Iog NT) + 0,(N'72).
By (A.14) and (A.18), as (N, T) — oo

SUD o) | PNT (25)] < ¢ H{I[(NT)™ Zt 121 Wil P supg e 1By ()P}

= Op{En(NT)1/?},

1/2 T N
{ / @wn-,l(wj)?dxj} < CAINT) TN Y. D0 dal PV = Op{ K (NT) ),
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Hence, the results in Proposition [1] follow from the above results directly. 1

9.2 Proofs of Theorems [1l and [2]

We first present the following several lemmas that will be used in the proofs of Theorems [I| and

We define the infeasible estimator f; = {fy;, (5,1 < j < J)T}T as the minimizer of

S el — fu = 3 K ) (A.19)

1

Lemma 3. Under Conditions (C1), (C2), (C4), (C5) and (C6), we have as N — oo,
VNSRS = 1) = N0, L),

where Z(])Vt s given in .

Proof. By Bahadur representation for the ¢-mixing case (see Babu, 1989), we have
N
Ji— 10 = AN Y GHX)(r — I(ei < 0)} +une, (A.20)

and |[vny|| = 0,(N~V/2) for every t, where Ay, = N~ ZZJL pit (01X;) GY(X;)GY(X;)T. By Con-
ditions (C2) and (C5), we have that the eigenvalues of A}, are bounded away from zero and
infinity. By similar reasoning to the proof for Theorem 2 in Lee and Robinson (2016), we have
HA;V}&H = O,(1) and HANt — A(])VtH = 0p(1). Thus, the asymptotic distribution in Lemma [3| can be

obtained directly by Condition (C6). I

Recall that the estimator ftm given in 1' is defined in the same way as f; with g?(Xﬂ)

replaced by §][-0] (Xji) in (A.19)). Then we have the following result for ft[l].

Lemma 4. Let Conditions (C1)-(C5) hold. If, in addition, K N~' = o(1), K3 " *(log T) = o(1),
Ky'(log NT)(log N)* = o(1) and ¢nr = o(1), where ¢y is given in , then for a given t there

is a stochastically bounded sequence oy ;i such that as (N,T) — oo,
VN = f7 = dnrdng) = op(1),

where N = (On,jt,0 < j < J)T and dr is given in (4.9).
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Proof. Denote g = {g;(-),1 < j < J}. Define

J

Lnt(ft, 9) - Z (it — fur — Z] 9;(Xji) fit)
J

=\ 121 P (i — —ijl 95(X5i) F31);

so that f¢ and f|' are the minimizers of Lne(fi,9°) and Ly (f;, %), respectively, where glo =
t ¢

{A[O (),1<j<J}and ¢° = {g?(-), 1 < j < J}. According to the result on page 149 of de Boor

(2001), for g? satisfying the smoothness condition given in (C2), there exists /\? € RE» such that

99 (x5) = G5 (x5) +rj(z;),
9)(x;) = Bj(x;)TA and supsup, e[, |rj(z;)] = O(K).
J

By Proposition there exists Aj y7 € REN such that g[o]( i) = Bj(x;)TAj Nyt and ||Aj N7 —AgH =
O,(dnT)+0,(N1/2). Let d)yp be a sequence satistying d'y = o( N~1/2) and let di, = dyr+dy .

In the following, we will show that
~ N
Jo— £ = dnrdne = AN Y0 GUX)(r — Lo < 0))} + 0p (N2, (A.21)

uniformly in |[A; — /\?H < éd*NT for some constant 0 < C' < oo, where f; is the minimizer of

Lni(ft,9) and gj(z;) = Bj(x;)TA;. Hence the result in Lemma [4] follows from and (A.21).
We have ||f; — fil = o0p(1), since

\Lne(fi, 9) — Lvi(fi0 6°)|
<oV I a0 — gl + 2N ST 1T (03X — (G0

< Cr.C{dnt + o(N~1/2)} = o(1),

for some constant 0 < Cf, < oo, where the first inequality follows from the fact that |p, (u — v) —
p.(w)] < 2Jv]. Thus ||fi—f°|| = op(1). Let X = (X1,..., Xn)Tand Gi(X;) = {1, 91(X14), ..., 95(X5i) } 7.
Let

Yo(e)=717—1I(e<0).
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For A; € RE» satisfying ||\ — A?H < 6’d}‘VT and f; in a neighborhood of f7, write

Lilfis9) = EALxa(fis 91X} = (i = FO){Wiva = E(Wit,|X)}
+ Whia(ft, 9) — EMWne2(ft, 9)1X), (A.22)
where g;(z;) = Bj(x;)TA;, and
Wi = N30 Gi(Xa), (e — FTGH(X0), (A.23)
Wita(fing) = N3 (ool — FTGHX0)) — p, (yie — FGi(X0) (A.24)

+ (fe = ST GH(Xi), (g — f7TGi(X0)}-
In Lemma in the Supplemental Materials, we show that as (N,T) — oo,
1
E{Lne(ft:9)| X} = =(f: — f?)TE(WNt,1!X)+§(ft — AR (fe = 1) + op(llfe = F211%),

uniformly in [|A; —A?H < 6d*NT and || f;— f?|| < wn, where @ is any sequence of positive numbers

satisfying wy = o(1). Substituting this into (A.22), we have with probability approaching 1,

Lvel i 9) = —(f = SO Wavea+5 = ST Ao = 12)

+ Wt (fi, 9) — EWnia(fr, 9)1X)+o(I[ fi — f211%)-
In Lemma in the Supplemental Materials, we show that
WNt,Q(ftmg) - E(WNt,Q(ftvg”X) :Op(Hft - ftOH2 + N71)7

uniformly in |[A; — )\?H < Cdyp and ||f; — f2|| < wx. Thus, we have fi— =A%) " War1 +

op(N71/2). Since ||(AQ,) ™" — (Ane) Y| = 0p(1), we have
fo— 1) = AgiWia + 0p(N712). (A.25)

In Lemma in the Supplemental Materials, we show that for a given ¢ there is a stochastically

bounded sequence 0 j; such that as (N,T) — oo,
N
WNt,l =N! Zi:l G?(Xz)wq—(gzt) + dNTdN,t + Op(N_1/2). (A.26>
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where 0y = (Onjt,0 < j < J)T and gj(z;) = Bj(x;)TA;, uniformly in ||A; — A?H < 5’d7VT. Hence,

result ((A.21]) follows from (A.25)) and (A.26]) directly. Then the proof is complete. I

Let A = (A],...,AT)T. For given 1. we obtain

Y

1 1 J 1
A= T AT = argmin{(NT) TS ST (e — =D BTN

~[1

Let ’\*[1]( i) = Bj(z;)TA; ) The estimator for gj(z;) at the 15 step is

W@y) = g W@ N T glx

21]

We define the infeasible estimator of A as

* * J
A= (AT AT —argrnln{ NT) 122 1Zt P (yit — —ijl B;i(Xji)TA; ]Qt)}.

Let g;(z;) = Bj(z;)TA] and g (z;) = g}*(ffﬂj)/\/f\f‘1 S gt (X

Lemma 5. Let Conditions (C1)-(C5) hold. If, in addition, K3 N~' = o(1), K" ?*(log T) = o(1),
Ky'(log NT)(log N)* = o(1) and ¢y = o(1), then for every 1 < j < J, as (N,T) — oo,

1/2
[ @ - g?<a:j>}2dxj] — O,(KYANT) 2 1 Ky, (A.27)
and
/ (G0 () () — 2 ()} 2de; = Opldor) + 0 (N712). (A.28)

Therefore, for every 1 < j < J,

18 @) = ) s = Opldhir) + 0,(N ). (A.20)
Proof. Denote §°(x) = {Q?(xj),l < j < J}T and g*(z) = {gj(z;),1 < j < J}T. Let A0 =
AT, AT Let B*(z) = [diag[Bi(21)7,..., Bs(xs) ] sk, - Then B*(z)A* = g*(z) and

B*(2)A” = g°(x). Let QY = {B;(X;i)Tf;,1 <j < J}T,

Unp = (NT)™! Zj\; Z pit (01X) Q5,Q, (A.30)
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and 775, = 7j(Xji) fj,. Moreover, define

Unr1 = (NT) 121 1Zt X I(ey < 0)), (A.31)

Unt2 = (NT) 12 Zt 1tapzt (0]X;) (Z . ;kzt>

By the same procedure as the proof of Lemma for K%, (log(NT))?(NT)~! = o(1), we obtain the

Bahadur representation for A* — A% as
X=X = U (Ung + Ung) + Ry, (A.32)
and the remaining term R}, satisfies

| Rirll = Op(K32(NT) ™' + K3(NT) =3/ /log(NT) + K\ >~ + (NT) V2K "/*H/?)

= O, (KY*(NT)=*\/log(NT) + K> ") + 0,(NT)~1/2).

By l} and following the same reasoning as the proof for 1’ we have sup; (4,4 g7 () —

— —r * 1/2 — —r
90(@))| = Op(En(NT) ™2 + K1), [[{g5(x;) — 92(x;)}2der]'/? = Op(K\*(NT)"Y? + KR'), and
[N—1 Zi]il{g;(in) - g?(in)}Q]l/2 = Op(Kjl\,/Q(]\fT)*l/2 + K"). Therefore, we have

N N B _ _
{\/N_l DR HC O {\/N_l Do Xt = Op (KN (NT) ™2 + K3,
and thus

s [75(2) = 4)(23)| = OpUw(NT) 2 4 K,
QTJE a

[ / (7 (25) — 6%(a;) ;)2 = Op(KL*(NT) V2 4+ Ky).

Then the result (A.27)) is proved. Define

L}kVT(f NT 122 1Zt 1 yzt_fut_z B z jf]t)
NT - Zz 1 Zt 1 y’t = fur — Zj—l B](XJZ)TA;)th)

Hence, X[l] and A* are the minimizers of L}‘VT(}U]7 A) and Li+(f9 A), respectively. In Lemma |A.7]
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in the Supplemental Materials, we show that
A = X0 WL Uil = Oy(dwr) + 0p(N72). (A.33)
Hence, by , and || nUna|| = O(Ky"), we have
XY = Xl = Op(dwr) + 0, (N12). (A.34)

Then we have [ {G")(¢;)—g% (2;)}2dx; = Op(d3p)+op(N 1) and N-' N {571V (X0) —g7(X50) 12 =
Op(d%7)+0p(N71). Thus,

Y 50— (N Y 605 = Oyldr) + 0, (V1)

Therefore, the result (A.28]) follows from the above results directly. I

Proofs of Theorems[1] and[3 Based on (A.29) in Lemma 5, the result in Lemma 4| holds for Atm

with a different bounded sequence. Then the result (A.29)) in Lemma [5 holds for §][-2} (7). This

process can be continued for any finite number of iterations. By assuming that the algorithm in
Section stops at the (i + 1) step for any finite number i, the results in Lemmas 4| and |5 hold
for ﬁ = At[i“] and g; = §J[.i+1] (xj). Hence, Theorem 1| for ft follows from Lemmas and directly,

and Theorem |2 for g; is proved by using Lemma |5 I

9.3 Proofs of Theorem [3|

Proof. We prove the consistency of A ~t. Define

L= (f0 T 0(X) #0
Ane = (Nh)™" Zil K (W e Zfiﬂ . aﬂ)fﬁ)) GY(X;)GY(X,)T,

and

~

I e R S
Ayt = (Nh)™! Zz]il K (y” Ut ¥ 25218 (XJZ)f]t)) Gi(X3)Gi(Xq)T.

h

We will show [|[Ay; — An|| = op(1) and [An: — ARy, || = 0p(1), respectively. Let Jit(XZ-) = {f;t +

ST G5(X50) Fiy = {2 + 30720 99(X5) 9} Then,

ANt — ANt = Dnig + Dy 2,
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where

Dyt = (2Nh)~ Z (el < h) = I(leir — dis(X3)| < h)}GY(X0)G(X)T,

Dpia = (2Nh)™ ZZ I(|eir — din(X)| < W){Gi(X:)Gi(X,)T — G (X:)G(X:)T}

Since there exist some constants 0 < ¢y, ¢; < oo such that with probability approaching 1,

~

E{di(X:)}* = /d?-t(l’)fx( Jdz < Cf/d (x)dz < e1¢fp + o(N71),

where ¢np is given in (4.2]), and the last inequality follows from the result in Theorem [2, then

there exists some constant 0 < ¢ < co such that with probability approaching 1,

ElRne — Ayl < e@Nm) 37 Eld ()] x (|G (X) G|
c(2Nh) 12 E{diy(X:)}E||GY (X:)GP(X3)T||*} /2
<cc1/2 ONK) " (VEn/(NT) + K3*N-3/4flog N + Ky") %
S (B GX)TIPY

By Condition (C3), we have sup, (4,4 \g?(a;j)| < (" for all j, for any vector a e R/t! and ||a||* = 1,

we have

aTG?( ) ( Ta {CLO + Z ]’L aj} < (J + 1){0’0 =+ g; (in)za?}

< (J + D{ag + (C’)2a?} < Ca

for some constant 0 < C, < oo. Hence, ||GY(X;)G?(X;)T|| < C,, and thus we have

~ ~ N
E|[Ane = Anell < i *@NR)(gyr +o(NT/2) D" C

=27 lee; 2 Cuh ™ (bp + o(N %)) = o(1)

by the assumption that h™'¢np = o(1) and h~'N~1/2 = O(1). Hence, we have ||Dyy1|| = 0,(1).

Moreover, for any vector a €R’*! and HaH2 = 1, we have with probability approaching 1, there
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exists a constant 0 < C' < oo such that

|aTDNt,2a\g(2Nh)*1Z {a0+z Xji)a;}? — {a0+z Xji)ai}?|
<CENMTYT ST G (G - 99 (X ba
<Cem Y NS (@G - 0K Pad) 2
= O(h"){O(¢nT) + o(N"H%)} = o(1).

Hence, we have ||Dp¢2|| = 0p(1). Therefore, ||KNt —/NXNt|| <||Dntall + [|Dnt2|| = op(1). Next, we

will show [|Ay; — AR;,|] = op(1). Since

|E{(2h) " I(leir] < h) — pit (01X, f2) | Xi} |
= (2h) " *h{pi (B* | X;) + pir (=R | X3)} — pir (01X5) |

= 127 [{pie (0" | X)) = pie (01Xi)} + {pir (=1** |Xi) — pir (0| Xi)}]| < ¢

for some constant 0 < ¢’ < oo, where h* and h** are some values between 0 and h, and the last

inequality follows from Condition (C2), then by the above result and Condition (C5),

1ERye — Al = 1N S B2 I(eal < B) — pi (01X} X)X

<IN BQUX)GAX)TI| = O(h) = o(1). (A.35)

Moreover, by Conditions (C1), we have E{I(|e;s] < h)} < 2C*h for some constant C* € (0, c0),

and then for any vector a € R+ with ||a|| =1, by Conditions (C1), (C2) and (C3), we have

var(aTAya)
= (2Nh) %var (Z I(leir] < R) {a0+z Xji)a;} )
< (2Nh) 22 2p(li — ') }1/?x
( [ (lei| < h) {a0+z Xji)a;} Dm( [ (leiw| < h) {ao+z Xji)aj} DI/Q
< (J+1)*{af + C"a3}(2Nh)~ (2C*h)zzi7i/ 2{¢(|i —i'|)}'/?
< (J+DHaf + CPafINTR200 K Y e /R

< (J+1)*ad + C%a2}2C KyN 1 — e~ M/} = O(N 1) = o(1). (A.36)
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By (A.35) and (A.36), we have ||Ay; — A%,|| = 0,(1). Hence,

[1Ane = ARl < 1 Awe = Al + [[Ane = ARl = 0,(1)- (A.37)

9.4 Proofs of Theorem [

Proof. Let Spny = EETZA{] GY(X;)(T — I(eit < 0)), where [a] denotes the largest integer no greater
than a. Let M = bN. Define Any(r) = N~} ZEM{] pit (01X;) GY(X;)GY(X)T, F ne(r) = Nﬁl/QS[TN]t,

and
ot = (i (F55) = (3 - <K*([Z§¥]> e (M)
Denote Kj; = K*(53), and @ne = "5 YN | Gi(X)Gi(X:)T = N~ 0N 440),. Then

. N N
—1
Onen =N E . E ; UthZ] T+ W

1
= N 3 K+ e

Define Sp; = S Bit. By the assumptions in Theorem |1, ¢7N? = o(1) and by the results in

Lemmas we have

J?t - ftO = Nt{N ! Z i1 GO —I(eit < 0))} +0p(N _1/2)7 (A.38)
o 1525) — (1) = Oplor) + op(N 1) = 0, (N 1), (A.30)

Let r € (0,1]. Let S[rN]t = Z[TN GY(Xi)(T I(E?t < 0)), where g?t = Yit — {J?ut +Z}]:1 Qg(in)];’t}-
By Lemma we have
INTY285 3 = NTY2S), el = 0p(1). (A.40)

For any given f; € R/T!, define Sy (fe) = Zy:]\lf] GY(X;)(r — I(eit(ft) < 0)), where e;x(fr) =

Yit — { fur + Z}]:1 g?(X ji) fjt}. Following similar arguments to the proof in Lemma we have

sup IN Y218 w10 () = Synie(f7) = BUSnge(fe) = Sienie (XN = 0p(1)-
lfe—=FNI<CdnT+N=1/2)
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Moreover,

N2E{Spne(f) = Spae(fO)HX]

= 32 GBI £9) < 0) ~ I(ewlf) < 0))IXi £l (A1)

and thus by Taylor’s expansion, we have

|‘N71/2E[{S[TN]t(ft) — S ()} X]

NS (01X £0) GUXDGXTUY — 1)l = 0(1). (A.42)
Hence, by (A.40]), (A.41) and , we have

NG =N‘1/QZ[T_N] GOX,) (7~ (e < 0)

N2 Z pit (01X:) GY(X)GYX)T(fi = £) + 0p(1).
This result, together with , implies
NV2G, np = Fver) = Ae(r) {Ane (1)} we(1) + (1), (A.43)

Thus, N~1/28y; = 0p(1). By following the argument above again, we have ||[N~1/2 ZJ 1 UKy —
N7V 0Kyl = Op(1). Also |[NTY2SX v Kiyll = Op(1) by the weak law of large

numbers. Hence, ||[N—1/2 Z] 10t K\ || = Op(1). Therefore
NI Bk SE = OplLoy(1) = oy(1).

By 1) and 1l Wyt = 0p(1). By this result and also applying the identity that ZIJL ab; =
(Zﬁ;l(al —apy1) Zé:l bj)+an Zl]\il b; to Zjv 1 KZ*JUJT and then again to the sum over i, we obtain

~ _ N-1 ___ N-1 . . N “ —1/2G A—1/20
Ontp=pn = N 121-71 N 12]- NQ((K@“ i) = (K = K )N V25N UQSJTt
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and thus

. N-1~N-1 . . . Su S
Onenr—oy = Zi:1 ijl (K3 — K jyr) — (Ki = i+1,j+1))ﬁ 7\/%

+ 0p(1). (A.44)

Moreover,
N*((Kj — K}j1) — (K j— Kiy i) = —Den{(i — j)/N}. (A.45)
Also limy o0 Doy (1) = HE™(5), [[Ane(r)—rA?|| = 0,(1), where AY = limy_yo0 A%y and F yi(r) 5

WJ+1 (T)TI Thus,

(Ane(r), F ne(r)T, Dy (r)) B (TAgthWJ-i—l( )T, ;QK*” <b>) . (A.46)

Hence, by (A.43)), (A.44), and (A.45)), it follows that

1 1
Qner—by = /0 /0 —Dyn (r = 8)[F Ne(r) — Ane () {Ane(D)}HF ne(1)]

x [F ne(8) — Ane () {Ane (1)} 1 ne(1)]Tdrds + 0,(1). (A.47)

By the continuous mapping theorem,

QNtM bN—>Tt/ / —*K*"

Then the proof is completed. I

I W1 (r) =t W (D H W 1(s) = sWo g1 (1)} TdrdsTT.

9.5 Proofs of Theorems [5] and

Proof. By 1) fi— f2 = N"12AN(1) 7 F ne(1) + 0p(N1/2). Then under Hy, we have

NY2(Rf, —r) = RAny (1) ™' F ni(1) + 0,(1). (A.48)
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It directly follows from (A.37)), (A.46), (A.47) and (A.48) that

Fyep 2 {RAYIT Wy (1)} {Rr(1 — 7) A

x (T4 / / K*” ; — By (r) By (s)TdrdsYT)AY 1R}
X RAg_thWJ+1(1)/q.
Since RAg_thW 7+1(1) is a g x 1 vector of normal random variables with mean zero and variance
RAYICYTAY IR, RAYIY, W, 1 (1) can be written as Ty W, (1), where T Y;T = RAY 1T, YTAY ! RT.

Then replacing RA) 'Y, W, 1(1) by Y;W,(1) and canceling T} in the above equation, we have

the result in Theorem [5, Moreover, under the alternative that Hy: RfY =7+ cN ~1/2_ we have
NY2(Rf, —r) = NY2(Rf? — r) + RAN:(1) 7 F ne(1) + 0p(1)
= c+ RAN:(1) 7 F ne(1) 4 0p(1).
Thus by (A.46)), we have

Funip 2 {e+ RN, Wy (1)} {R(1 — 7)A%

x (T4 / / K*” ; —VBy1(r) By (s)TdrdsYT)AS L RT}

x {c+ RASY, W (1)} g,

Also ¢+ RAY'T, Wy (1) = ¢+ TiW,(1) = TF(Y e+ W,(1)). Then the result in Theorem@

follows from the above results. The proof is completed. §
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In this supplement, we present Lemmas which are used to prove Lemma [2| in Section
We also present Lemmas [A.6] which are used in the proofs of Lemmas [3] and [ and
Lemmas [A.8 which are used in the proofs of Lemma [5] in Section

Lemma A.1. Under Conditions (C1) and (C2), and K%, N~(log NT)?(log N)® = o(1) and K' =

o(1), as N — oo,

1 -1
sup sup IN™ § Gth i) — § Gth ol
ISIST 9, —90||<C K PN -1/

= O,(K3? N3/ /log NT).

Proof. Let By = {9 : |[9;—9Y|| < CKJIV/2N_1/2}. By taking the same strategy as given in Lemma
A5 of Horowitz and Lee (2005), we cover the ball By with cubes C = {C(¥+,,)}, where C(Y:,) is a
cube containing (9;, — 9?) with sides of C{d(N)/N°}'/2 such that 9;, € By. Then the number
of the cubes covering the ball By is V = (2N?)¥). Moreover, we have ||(9; —9?) — (9, —9?)|| <

*The research of Ma is supported in part by the U.S. NSF grant DMS 1712558.
tThe research of Gao is supported in part by the Australian Research Council Discovery Grants Program for its
support under Grant numbers: DP150101012 & DP170104421.
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C{d(N)/N®/?} for any 9; — 9) € C(9.,), where v = 1,...,V. First we can decompose

sup HN 12 Gth 19t 12 Gth ’
Y€EBN
< max sup IN—! Gini(9) — N7} Gini(D0)|]
1<’U<V (19 ’190)€C('l9t v) Z Z Z Z v
+II§%}3§XV||N IZ Gth 'ﬂtv - IZ Gth |
= AN+ Anp2 (A1)

Let yn = C{d(N)/n’/?}. By the same argument as given in the proof of Lemma A.5 in Horowitz
and Lee (2005), we have

< .
A < max. ITen 10| + |max It 20 (A.2)
where
Tiniy = N1 Z | Zil| [Ful Z] (910 — 07) — bu(Xi) + (| Zil |yw | X

it 2] (D0 — 07) — be(Xs) — | Zil I |Xi]]

Tyinow = N1 Zl Iinovi =N~ 12 N Zil| [[I{eir < Z] (94, — 9)) — bi(Xi) + || Zillvw }
— Fi{ Z] (910 — 9)) — bu(Xi) + || Zil [y | X }]

~[Heit < Z] (9t —9Y) = be(X)} — Fiel Z] (91 — 97) — be( X)X }]] -
By Condition (C2), we have that there are some constants 0 < ¢, ¢’ < co such that

sup max |Tyn.10 <07N max_ 1Zilll|Z:]] < ¢"{d(N)/N°?} Ky = O(K3,N~5/%). (A.3)
1<t<T 1<V

Next we will show the convergence rate for maxj<,<y [['tn 20|. It is easy to see that E(I'yy 2,,) = 0.

Also |T'yn 20| < 4|Z;]| < clK']lV/2 for some constant 0 < ¢; < co. Moreover,

9
E[||Zi||[I{eit < Z] (910 — 9)) — be(Xs) + || Zillyw} — I{eir < ZT (e — 97) — be(X4)}]

= E{||1Z:|]2| Zilliw} < csnK? < eoK3P N5/,

A2



for some constants 0 < ¢§ < ¢z < oo. Hence E(FtN72U,i)2 < C2K%2N75/2. By Condition (C1), we

have for 7 # j,
B 20aTenzo)] < 2005 — i) { BT 5 ) E(Chy 0 )2 < 2020015 — il) Ky 2N 52,
Hence

E(Tyn20)* +2 Zpi |E(Tin 20, T tn 20,5
3/2 A7—5/2 N —Ak/2 1-3/2 Nr—5/2
S oKy NP ydey K MPREENTY

< KNP 4 4K (1 - e N2 = o KYAN T,

where c3 = co(1+4K 7 (1—e~*1/2)~1). By Condition (C1), for each fixed ¢, the sequence {(X;, i), 1 <
i < N} has the ¢-mixing coefficient ¢(k) < Kie ™M for K1, \; > 0. Thus, by the Bernstein’s in-

equality given in Lemma (I} we have for IV sufficiently large,

P (|rtN72U\ > aK3*N 1 (log NT)3)

3/2
- C1(aK/* (log NT)?)? ) < (NT)-cse K
- s K3PN-52N + Ky + aK3?(log NT)3¢, K3/ log(N)?

for some constant 0 < ¢4 < oo. By the union bound of probability, we have

P ( sup max |I'yn 2| > aK3/2 (logNT)3)
1<t<T 10V

< (2N2)d(N)T<NT)—C4a2KN < 2d(N)N2(1+JKN)—C4a2KNTl—C4a2KN_

Hence, taking a large enough, one has
P sup max [Tynso| > aK¥ >N (logN)? | < 2KV N—Knp-Kn,
1<t<T IS0V

Then we have

sup  max [Tz = O O, {K3* N~ (log NT)?}. (A.4)
1<t<T 1<0<

A3



fth

Next we will show the convergence rate for Ayn 2. Let gin i o(9¢0) be the £*" element in G, N,i( ) —

étN’i(ﬂ?) for ¢ = 1,...,d(N). It is easy to see that E{gin;¢(F+0)} = 0. Also [gin,ie(Dep)] <

4| Zi| < clKjl\,/2 for some constant 0 < ¢; < oo. Moreover,

E[[[{ei < ZT (91 — 09) — bi(Xi)} — Hew < —be(Xi) Y] Zut)?

< |90 — O KN < GCRNANTV2KN? = CKy N2

for some constant 0 < ¢} < oo. Hence E(Gini¢(9t0))? < 4CKNyN~Y2. By Condition (C1), we

have for ¢ # j,

| E(Gen,ie(O1,0)Gen e (Be0)| < 40015 — i)V *{E Ty 20,0) ETin20)} 2.

Hence

E(.gtN,z,Z ﬁtv + 22 gtN,z,E 1915 v)gtN,] Z(ﬂt v)|
/ ~1/2 —Mk/2 1/2
< 4 CKNN —|—4Zk:1 Kie ME2dOK NN~

< ACKNNY2(1 44K, (1 — e M/ = gaKyN—1/2,

where ¢ = ¢, C(1+4K;(1 —e */2)~1). Thus, by the Bernstein’s inequality given in Lemma and
K% N (log NT)?*(log N)® = o(1), we have for N sufficiently large,

<|N 12 GiNie(90)| > aKNyN~ 3/4\/10gNT>

C1(aKnN'V*/log NT)?
e KNN-Y2N + 2Ky + aKyNY4(log NT)/2¢, K3/ (log N)?

< exp(— < (NT)~ cza’ Ky

for some constant 0 < c3 < co. By the union bound of probability, we have

z%m muWZgwmmmmwﬂmwya>mwww

1<t<T 1<¢<d
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Hence,

N ~
P| sup |[N” 12 GtNZ(ﬂt,,)—N1ZizthN,i(z9$)|yzaKf’V/2N3/4\/1ogNT>

1<t<T

< d(N)T(NT)~ csa?Ky
By the union bound of probability again, we have

P( sup [Auns| > aKy N~ /log NT > < (2NN G(N)T(NT) s n
1<t<T

Hence, taking a large enough, one has

P( sup |Ava| > aK32N 3/4\/logNT> < 2KV K N~ENT RN

1<t<T

Then we have

sup Aol = Op{ KN~ /log NT}. (A5)
<i<

Therefore, by (A.1)), (A.2)), (A.3)), (A.4) and (A.5)), we have

sup sup [N~ 12 Gen,i(9) — 121_ Gini(99)]

1<t<T 9:eBn

= O {K¥N"2 4 K3*N"Y(log NT)? + K¥*N=3/4\/log NT}

= O,(K3?N=3/"\/log NT).

O

Lemma A.2. Under Conditions (C1) and (C2), as N — 0o, supj<icrp |[N7? PR GtN,i(;?t)H =
3/2 nr—
O, (K3*N-1).

Lemma A.3. Under Conditions (C2) and (C3), as N — oo,

UG (90) = —(9 —99) + N0 ST i (01X) Ziby(X) + R,

A5



where || Ry,|| < C*{K}V/zﬂﬁt — 92 + Kjl\,/z_zr} for some constant 0 < C* < oo, uniformly in t.

Proof. The proofs of Lemmas and follow the same procedure as in Lemmas A.4 and
A.7 of Horowitz and Lee (2005) by using the results (A.1) and (A.3)) which hold uniformly in
t=1,..T. 0

Lemma A.4. Under Conditions (C2) and (C3), as (N,T) — oo,
(Lo )X} = ~(fe = ST EWnealX)+5 (e = STARfi = 2) + oplI1fe = SEIP),

uniformly in [|A; — )\9|| < CN’d}‘VT and ||fi — fP|| < wn, where Wiy is defined in and

9j(x;) = Bj(x;)TA;.

Proof. By using the identity of Knight (1998) that

Pl = 0) — pr(t) = —vipr () + /0 (Iu < )~ I(u < 0)ds,

we have

pr (it — FTGH(X)) — pr(yir — FTGi(X,))
= —(fr — FO)TGHX)0r (yir — £TCi(X3))

(fe=fD)TG:(X0) 0 0
+ /0 (Tt = £TGi(X0) < 5) = Tlie = £TGi(X3) < 0)) ds. (A.6)

By Lipschitz continuity of p;:(e|Xj, fi) given in Condition (C2) and boundedness of fjot in Condition
(C3), we have

Fu{ £7T(Gi(X3) — GY(X2)) + 8| X, fi} — Ful fT(Gi(Xs) — GY(X3)) | X:}

= spal f{T(Gi(X;) — GY(X:))| X} + o(s),

A6



where o(-) holds uniformly in ||A; — A?H < 5’d*NT and ||f; — f?|| < @wn. Then we have

E{Ln(ft,9)IX}
= BB+ N[ e 7Gx - Gk + o1
— Falf7(G (X)) — GO(X0)) XY ds
G B+ N [T oo - ctonxalas
o= STV GURIGHXTH - 9)
~(fo— FTE (Wi [X) + 1<ft 1T
NS el (GX) — XX GOOG | (- 57)
o= iy v Zizl GG - 19)]. (A7)
Since sup,, 195 (@) — 90(z,)| = o(L), then sup,cy [£7(Gi(w) — G2@)| = o(1). By similar
reasoning to the proof for Theorem 2 in Lee and Robinson (2016), we have

-1 Zl 1Gi(X)Gi(X)T=N"1 Zfil E{Gi(X;)Gi(X;)T}+o0p(1). Hence, by these results, we have
the result in Lemma [A.4] O

Lemma A.5. Under Conditions (C2) and (C3), we have, as (N, T) — oo
W2 (fe: 9) = EWn2(fi, 9)1X) =op(Ife = 1P+ N7

uniformly in [|Aj — )\?H < éd"]‘vT and ||f: — fP|| < wn, where Wit a(fi, g) is defined in and
9j(x3) = Bj(z;)TA;-

Proof. By (A.6), we have

(Fi=F2)7Gi(X.) . .
Wia(hio) = | (1 = £7Gi(X0) < ) = Iy = £7Gi(X0) < 0) ) s,

AT



and thus

[Ea{ £ (Gi(X;) — GY(X3)) + s X;}

(fe—fDTG(Xy)
E(WNt,Qi(ft79)|Xi>_/

0

— Fu{ ;T (Gi(Xy) — GY(X3))| X Hds.
By following the same reasoning as the proof for (A.7)), we have

sup |E(WNt,2i(ftag)‘Xi)_%(ft — )it (01X:) G (Xa)Gi(Xa)T(fe — fO)] = op(|1fe — FPI1P)-
X;€la,b)’

Hence with probability approaching 1, as N — oo,

sup  |E(Wni2i(fi, 9)1 X)) < Cwllfs — £11%
X»;E[(Lb]‘]

for some constant 0 < Cyy < oco. Moreover,

E{Wni2i(ft,9)}>

/(ftftO)TG’i(X’i)

= E[E[{ (I(yir — 1,TGi(X) < 8) = I(yar — {TGs(X,) < 0))ds}*| Xi]]

0
< BE(I(yix — {TGi(Xs) < (fi — [1)TGi(X4)) = Iy — 1,7 Gi(X:) < 0)]
x{(fe = [)TGi(X) Y2 |Xi]]

= E[E[[I(eir < f7Gi(X) — f;TGi(X,)") — I(ea < f;T(Gi(X:) — Gi(X:)°)]
< {(fi = FTG(X) 1 X))

< C"E|(fe — f)7Gi(X:)|> < C"E|lfe — fIP

A8



for some constants 0 < C” < oo and 0 < C"” < co. Therefore, for N — oo,

E{Wnia(fi»9) — EWnia(fir 9)[X)}?
=N~ QZ WNt 21 ft7 ) (WNt 21 ft? )’X )]
<N°? Zizl[ZE{WNt,zi(ft,g)}2 +2B[E(Wyt2i(fi, 9)|1 X3)]’]

< NT'QCE||f - £IP +2CH B — Y < CNTEE||f - P,

for some constant 0 < C""" < oco. Following the same routine procedure as the proof in Lemma

by applying the Bernstein’s inequality, we have

L fe = L3 Wi (frr 9) — EOWaia(fi, 9)|X)| = Op(N7Y/2).
12 =M <Cly || fr= FP < won

Hence, we have |Wxy2(fi,9) — E(Wai2(fi, 9)|1X)| = Op(||fr — f2173/2N~1/2), uniformly in ||A; —

A|| < Cdip and || f — fP|| < . Since

N2 5= 2132 < N7YIfe = A2+ 11 fe = £ — £

< N'eoy +|Ifi — 1=,
then we have Wxio(ft, 9) — EMWnta(fi, 9)1X) = op (|| fr — f21|?> + N71), uniformly in [|A; — A?H <
Cdyp and [|fi — 0| < wn. O

Lemma A.6. Under Conditions (C1)-(C3), for a given t there is a stochastically bounded sequence

dn,j¢ such that as (N,T) — oo,
Wi = N* Z - GY(X:)ibr (eit) + dnTON; + 0p(N7H2),

uniformly in [|A; — )\?H < éd*NT, where Wy 1 is defined in , ont = (0n,;t,0 < j < J)Tand
9j(xj) = Bj(x;)TA;.
Proof. Write

Wht1 = W1 + Wiz + Waeas, (A.8)
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where

WNt,ll =N"! Z ¢r yzt - ftOTGO( ))
Witz = (Wntji2,0<j < J)T=N"1 ZZ . — GU(X)r (yie — ft()TG?(Xi))v
Witz = (Whij13,0 < j < J)T

= NS X W (g — FTCHX) — (i — STENX)).

It is easy to see that E(Wpyj12) = 0. Also by the ¢-mixing distribution condition given in Condition
(C1), we have var(Wnj12) < Cwy, N71d3%, for some constant 0 < Cyy,, < oo, then by following

the routine procedure as the proof in Lemma we have

SUP| 5, 20| < [Nt 12| = op(N71/2). (A.9)
Moreover,
E(Wntj131X)= Z Xji) E{I(yse — [{TGN(X) < 0) — Iy — f{TGi(X3) < 0)] X3}
=N (Xi) / pit(s|X;)ds
Zzl v P

=N~ 12 X;i)pit(01X:) £ ( L(Xi) — Gi(Xy)) + O(dRr) + o(N 7).

Let
dnToNjt = N~ Z (X;a)pie (01X) £ (G (Xs) — Gi(X3) + O(dRrr)-

Since N~ ! Zfil{gj(Xﬂ) - g?(in)}2 < (Cdyp)?, then as N — oo, |dnToN jt| < Csdyg for some

constant 0 < C5 < co. Therefore,
E(Wnij13|X) = dnrdn ji + o(N~12). (A.10)

Also by the ¢-mixing condition given in Condition (C1), we have E{Wny;13 — E(Wny;13/X)}? <

Ci{N~dny for some constant 0 < C§ < co. Therefore, by following the procedure as the proof in

A.10



Lemma we have

SUD) 0 <y, [WNti13 = E(Wij131X))] =op(N71/2). (A.11)

Therefore, the result in Lemma is proved by (A.8)), (A.9), (A.10) and (A.11)). O

Lemma A.7. Let Conditions (C1)-(C4) hold. If, in addition, Ky N~' = o(1), Ky "(logT) =
o(1), Ky'(log NT)(log N)* = o(1) and dnt = o(1), then we have as (N,T) — oo,

~N
AT — A0~ WL Uy || = Op(dur) + 0p(N7172),

where UnT,1 15 defined in and VU N is defined in .

Proof. By Lemma [4| and 1) we have ||ﬁ0} — I < Cp(dnt + N71/2) for some constant
0< Cf < 0o. Let Qit = {Bj(in)Tfjt, 1 S] < J}T Let f = (ff, . .,fJTw)T satisfy that Hft — ftOH <
Cy(dnt + N71/2). Write

Lyr(f,A)
= E{Lyr(f, M)|X} = (A =XV (f) = EVara(f)1X)}
+ Vnr2(f, A) = E(VnT2(f, A)[X), (A.12)
where
Vara(f) = (NT)™ Zj\;l Zthl Qivtbr (yit — fur — A%TQur), (A.13)

VN 2(f, A) = (NT)il Zjil ZtT:l{ﬂr(yit — fut = ATQit) — pr(yit — fur — )\OTQit)

+ A= A)TQistr (yir — fur — ATQur) }.
By following the same reasoning as in the proofs of Lemmas and we have

E{Ln7(f,NIX} = —(A— AO)TE(VNTJ(f)!X)Jr%(A = A)TTNT(A =A%) +op(|[A = A7), (A.14)

A1l



Vra(f, A) = E(Vra(f, N)[X) =op([[A = X°* + (NT) ™), (A.15)

uniformly in ||f; — f]| < Cp(dnT + N~—1/2) and [IA = A%| < sn7, where ¢y7 is any sequence of

positive numbers satisfying ¢y = o(1).Thus, by (A.12), (A.14)) and (A.15)), we have

Lyp(f; ) = =(A - AO)TVNT,l(f)Jr%()\ = AN)TUNT(A = A%)+op(||X = N7+ (NT) 7,

uniformly in ||f; — f2|| < Cf(dnt + N7Y2) and ||A — A%|| < gyr. Therefore, we have

N

X=X = UV (F) + o, {(NT) )

By following the same reasoning as the proof for (A.3), as (N,T) — oo with probability approaching
1, we have ||[Uy|| < C% for some constant 0 < €}, < oco. In Lemma we will show that
HVNTJ(]?[OU — Unr.1]| = Op(dnT) + 0,(N~1/2). Therefore, the result in Lemma follows from

the above results, and thus the proof is completed. ]
Lemma A.8. Let Conditions (C1)-(C4) hold. If, in addition, K4 N~' = o(1), Ky "*(logT) =
0o(1), Ky'(log NT)(log N)* = o(1) and dy7 = o(1), then we have as (N, T) — oo

Vv (F) — Unrall = Opldnr) + 0p(N72),

where V11 and Unt1 are defined in (m) and (A.5] (-) respectively.

Proof. Write

Vnta(f) = Vvrar + Vvrae(f) + Vivras(f), (A.16)

where

Vnri1 =Unr1 = (NT)™ ZZ 1Zt ) Q5 (it),
Vnta2(f) = (NT)™! Z Zt . (Qit — QY)r (eir)),
Viras() = (VD) S0 ST Qulthe (i — fur — AQu)) — (i)}

A2



Since [|[N~' 2N B(X)¢-(gi)|| = Op(N~1/2), we have with probability approaching 1,

W< TS VS, B ol
||ft—f?||§Cf(dNT+N71/2) i

X sup fe — 2l = O{N"Y2(dnp + NV} = o(N"V2 4 dyp). (A7)
fe=fN<Cy(dnr+N~1/2)
By following the same procedure as the proof for (A.36)), we have for any vector a € RENY with
lal| =1,
var(aTViyr1(f)a) =O{Kn(dxr + N~/ (NT) "},

uniformly in ||f; — fP|| < Cy(dnr + N7Y/2). Then by the procedure as the proof in Lemma

we have

sup [[VNT13(f) — E{VNT13(f)}] \:Op{Kzlv/Q(dNT + N_1/2)1/2(NT)_1/2}
|l fe—fOl|<Cy(dnr+N—1/2)
= Op(dNT).
Hence,
Vv (F%) = BE{Vari(FOYY] = op(dnr). (A.18)
Let

kil ) = 1% = fur+ 3 _ @GS = Fie) +15.0)

Then there exist constants 0 < C,C’ < oo such that

IE{VNT13(H)IXH] < ClIE[(NT)” Z Zt  BiltXi){I(eir <0) = I(eir < wie(f))}X]]]

< C'||(NT)~ Z 1Zt | Bi(Xo)rit(£)pie (01X, fo)] (A.19)

A3



uniformly in ||f; — fP|| < Cf(dnt + N~'/2). Moreover, by (A.20) and Lemma {4} we have

H(NT)l Zil T: Bi(X,)rar(f)pis (01X:)
+(NT) 12112“ X)pie (01 X:)3° (X;:)T[A 1{lei1c:0

= O(dnt) 4 0,(N7Y2).
Since ||((NT)™' S0, 2oL, GY(X) (7 — I(ew < 0))|| = Op{(NT)~/?}, and

Y S BiXapa 01X ]| = 0,(1),

we have

H NT lzl 1Zt1 pltO’X) ( ) 1{N 12_1(;0

— O,{(NT)"1/2}.
Therefore, by and , we have with probability approaching 1,
| E{VNr13(FO)IXH| = Odwr) + o(N71/2).
By and , we have

1Varas(FO)| = Op(dnr) + 0p(N71/2).

Therefore, the result in Lemma [A.8]follows from (A.16)), (A.17), and (A.22) directly.

A14
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(A.20)

~ 1 <0

(A.21)
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