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1 Introduction

Over the past decade and a half, high-frequency financial data have become increasingly available.
In tandem, the development of econometric tools to study the dynamic properties of high-frequency
data has become an important subject area in economics and statistics. A major challenge is provided
by the accumulation of market microstructure noise at higher frequencies, which can be attributed to
various market microstructure effects including, for example, information asymmetries (see Glosten
and Milgrom (1985)), inventory controls (see Ho and Stoll (1981)), discreteness of the data (see Harris
(1990)), and transaction costs (see Garman (1976)).

It has been well-established (see, e.g., Black (1986)) that the observed transaction price1 Y can be
decomposed into the unobservable “efficient price” (or “frictionless equilibrium price”) X plus a noise

component U that captures market microstructure effects. That is, it is natural to assume that

Yy = Xe + Uy, 1

where further assumptions on X and U need to be stipulated. While estimating the IV of the efficient
price is a canonical problem in high-frequency financial econometrics (see, for example, Ait-Sahalia
and Jacod (2014)), the study of microstructure noise, e.g., its magnitude, dynamic properties, etc., is the
main focus of the market microstructure literature (see, for example, Hasbrouck (2007)). A common
challenge, however, is that the two components of the observed price Y in (1) are latent. Therefore,
distributional features of one component, say, of the microstructure noise, will affect the estimation of
characteristics of the other, such as the IV of the efficient price.”

While the semimartingale framework provides the natural class to model the efficient price (see,
e.g., Duffie (2010)), the statistical assumptions on noise induced by microeconomic financial models
range from simple to very complex, depending on which phenomena the model aims to capture. For
example, the classic Roll model (see Roll (1984)) postulates an i.i.d. bid-ask bounce resulting from un-
correlated order flows; Hasbrouck and Ho (1987), Choi et al. (1988), and Stoll (1989) introduce autocor-
related order flows, yielding autoregressive microstructure noise; and Gross-KlussMann and Hautsch
(2013) model microstructure noise with long-memory properties. Therefore, being able to account for
the potentially complex statistical behavior of microstructure noise that contaminates our observations
of the semimartingale efficient price dynamics, would be an appealing property of any method that

aims at disentangling the efficient price and microstructure noise.

n this paper, “price” always refers to the “logarithmic price”.

2Indeed, while high-frequency data in principle facilitate the asymptotic and empirical analysis of volatility estimators, the
pronounced presence of microstructure noise at high frequency subverts the desirable properties of traditional estimators such
as realized volatility.



To estimate the IV of the efficient price, several de-noise methods have been developed, mostly
assuming i.i.d. microstructure noise. Examples include the two-scale and multi-scale realized volatility
estimators developed in Zhang et al. (2005) and Zhang (2006), the likelihood approach initiated by Ait-
Sahalia et al. (2005) and Xiu (2010), the realized kernel methods developed in Barndorff-Nielsen et al.
(2008), and the pre-averaging method developed in a series of papers by Podolskij and Vetter (2009b)
and Jacod et al. (2009, 2010), see also Podolskij and Vetter (2009a). The variance of noise is usually
obtained as a by-product.

In this paper, we allow the microstructure noise to be serially dependent in a general setting, nesting
many special cases (including independence). We do not impose any parametric restrictions on the
distribution of the noise, except for some rather general mixing conditions that guarantee the existence
of limit distributions, hence our approach is essentially nonparametric. In this setting, we first derive
the stochastic limit of the realized volatility of observed prices after j lags. Using this limit result,
we develop consistent estimators of the variance and covariances of noise. The aim of estimating the
second moments of noise is twofold. On the one hand, we would like to explore the dynamic properties
of microstructure noise. In particular, we would like to compare these properties to those induced by
various parametric models of microstructure noise based on leading microstructure theory, and obtain
corresponding economic interpretations to achieve a better understanding of the microstructure effects
in high-frequency data. On the other hand, the second moments of noise become nuisance parameters
when estimating the IV, which is a prime objective in the analysis of high-frequency financial data.

To estimate the IV, we next adapt the pre-averaging approach (PAV) to allow for serially dependent
noise in our general setting, first based on non-overlapping sampling blocks and next based on overlap-
ping sampling blocks, in both cases using general weight functions (i.e., general kernels). We find that
the stochastic limits of the adapted PAV estimators are functions of the volatility and the variance and
covariances of noise, and the latter, constituting an asymptotic bias, can be consistently estimated by our
realized volatility estimator. Hence, we can correct the asymptotic bias, resulting in centered estimators
of the IV, for which we establish the associated central limit theorems.

A key interest in this paper is to unravel the interplay between asymptotic and finite sample biases
when estimating the IV. In a formal finite sample analysis, we find that the realized volatility estimator
has a finite sample bias that is proportional to the IV. This bias term becomes significant when the num-
ber of lags (in computing the variant of realized volatility) is large, or the noise-to-signal ratio” is small.
Therefore, we are in a situation in which the IV generates a finite sample bias to the estimators of the
second moments of noise, while the latter introduce an asymptotic bias when estimating the former. This

“feedback effect” in the bias corrections motivates us to develop multi-step estimators. First, we simply

3That is, the ratio of the variance of noise and the IV.



ignore the dependence in noise and proceed with the pre-averaging method to obtain an estimator of
the IV. Next, we use this estimator to obtain finite sample bias corrected estimators of the second moments
of noise, which can then be used to correct the asymptotic bias, yielding the second-step estimator of the
IV. Repeating this process leads to three-step estimators (and beyond). Figure 1 gives a simple graphical
illustration of the implementation of the multi-step estimators. We establish consistency and a central
limit theorem for our multi-step estimators.

We conduct extensive Monte Carlo experiments to examine the performance of our estimators,
which proves to be excellent. We demonstrate in particular that they can accommodate both serially
dependent and independent noise and perform well in finite samples with realistic data frequencies
and sample sizes. The experiments reveal the importance of a unified treatment of asymptotic and
finite sample biases when estimating IV.

Empirically, we apply our new estimators to a sample of Citigroup transaction data. We find that the
associated microstructure noise tends to be positively autocorrelated. This is in line with earlier find-
ings in the microstructure literature, see Hasbrouck and Ho (1987), Choi et al. (1988), and Huang and
Stoll (1997). When we attribute this positive autocorrelation to order flow continuation, the estimated
probability that a buy (or sell) order follows another buy (or sell) order is found to be 0.87. Furthermore,
microstructure noise turns out to be negatively autocorrelated under tick time sampling. This is con-
sistent with inventory models, in which dealers alternate quotes to maintain their inventory position.
We obtain an estimate of the probability of reversed orders equal to 0.84. Turning to the estimators of
IV, we find that with positively autocorrelated noise the commonly adopted methods that hinge on the
iid. assumption of noise tend to overestimate the IV. Under two alternative (sub)sampling schemes
our estimators also appear to work well. This testifies to the critical relevance of the bias corrections
embedded in our multi-step estimators.

In earlier literature, Ait-Sahalia et al. (2011) show that the two-scale and multi-scale realized volatil-
ity estimators are robust to exponentially decaying dependence in noise. In this paper, we provide
explicit estimators of the second moments of noise and analyze their asymptotic behavior, develop
bias-corrected estimators of the IV based on these moments of noise, and empirically assess the noise
characteristics. Furthermore, Hautsch and Podolskij (2013) study g-dependent microstructure noise, de-
velop consistent estimators of the first g autocovariances of microstructure noise and define the associ-
ated pre-averaging estimators. An appealing feature of their approach is that their autocovariance-type
estimators of g-dependent noise consider non-overlapping increments which avoids finite sample bias.
We allow for more general assumptions on the dependence structure of microstructure noise. Owing
to its generality our setting incorporates many microstructure models as special cases. We therefore do

not need to advocate any particular model of microstructure noise.



In two contemporaneous works, Jacod et al. (2017, 2019) also study dependent noise in high-
frequency data. In Jacod et al. (2017), they develop a novel local averaging method to “recover” the
noise and can, in principle, estimate any finite (joint) moments of noise with diurnal features. More-
over, they also allow observation times to be random. Empirically, they find some interesting statistical
properties of noise. In particular, they find that noise is strongly serially dependent, with polynomi-
ally decaying autocorrelations. Employing this local averaging method, Jacod et al. (2019) develop an
estimator of IV that allows for dependent noise. The local averaging method differs from, and allows
to analyze more general noise characteristics than, the simpler realized volatility method developed
here. The key difference is our explicit treatment of the feedback effect between the asymptotic and
finite sample biases: we show that in a finite sample, the IV and second moments of microstructure
noise should be estimated in a unified way, since they induce biases in each other. We design novel
and easily implementable multi-step estimators to correct for the intricate biases. Our multi-step esti-
mators of the IV, which are designed to allow for dependent noise, also perform well in the special case
of independent noise, and in a sample of reasonable size as encountered in practice. This robustness
to (mis)specification of noise and to sampling frequencies is an important advantage of our multi-step
estimators. Our unified treatment of the asymptotic and finite sample biases may help explain why the
empirical studies in Jacod et al. (2017) render the strong dependence in noise they find (and question
themselves); see our empirical analysis in Section 7.

In another independent paper, Da and Xiu (2019) introduce a novel quasi maximum likelihood ap-
proach to estimate both the volatility and the autocovariances of moving-average microstructure noise.
They also extend their estimators to general settings that allow for irregular observation times, intraday
patterns of noise and jumps in asset prices. Their approach treats “large” and “small” microstructure
noise in a uniform way which leads to a potential improvement in the convergence rate. Our approach
is essentially of a nonparametric nature and provides unified estimators of a class of volatility func-
tionals (see Theorem 4.1) including the asymptotic variance, which account for the feedback between
finite sample and asymptotic biases. Our empirical study also has a different focus. Our investigation
is not as extensive as in Da and Xiu (2019),* but we explicitly consider different sampling frequencies,’
analyzing the autocovariance patterns of noise in connection to microstructure noise models and their
impact on IV estimation.

The remainder of this paper is organized as follows. In Section 2, we introduce the basic setting
and notation. In Section 3, we analyze realized volatility with dependent noise and develop consistent

estimators of the second moments of noise. The pre-averaging method with dependent noise is studied

4Da and Xiu maintain a website to provide up-to-date daily annualized volatility estimates for all S&P 1500 index constituents,
see http://dachxiu.chicagobooth.edu/#risklab.
5n their empirical studies, Da and Xiu (2019) only consider tick time sampling.


http://dachxiu.chicagobooth.edu/#risklab

in Section 4. Section 5 introduces our multi-step estimators. Section 6 reports extensive simulation
studies. Our empirical study is presented in Section 7. Section 8 concludes the paper. All proofs and
some additional Monte Carlo simulation and empirical results are collected in an online appendix, see

Li et al. (2019).

2 Framework and Assumptions

We state the following assumption regarding the efficient log-price process:

Assumption 2.1 (Efficient log-price). The efficient log-price process X follows a continuous Itd semimartingale

defined on a filtered probability space (Q), F, (Ft)i>0,P):
t t
0 0
where W is a standard Brownian motion, the drift process bs is optional and locally bounded, and the volatility

process 05 is adapted with cadlag paths.

We assume that all price observations are collected in the fixed time interval [0, T|, where without
losing generality we let T = 1. We let 1 4- 1 be the number of observations and denote A, = 1/n. The
observation times are given by t? =iA,,i =0,...,n. We make the following assumption regarding the

market microstructure noise:

Assumption 2.2 (Market microstructure noise). The noise process (U;);cN is defined on the probability space
(0O, G, P©)), which has discrete filtrations G; = o(Uy : k < i), Gt = o(Uy : k > i) that satisfy G = G* =

Goo. Moreover, we assume

1. U is stationary and p-mixing and the mixing coefficients® {p;,}3>_, decay at a polynomial rate, i.e., there

exist some constants C > 0,v > 0 such that
C
Pn < o 3)

2. v > 1, E(U) = 0, and all moments of noise exist.

The mixing conditions in Assumption 2.2 item (1.) ensure that the noise process evaluated at differ-

ent time instances, say, i and i + £, is increasingly limited in dependence when the lag I increases. In

The mixing coefficients constitute a sequence satisfying
pon = Sup{|]E(Vka+h)| CE(Vi) =E(Virn) =0, [Viell, €1, Vgl €1 Vi € Gy, Vi € gf+h},

We refer to Bradley (2007) or Chapter VIII of Jacod and Shiryaev (2003) for further details on and properties of mixing sequences.



particular, that assumption implies that there exists some C’ > 0 such that

lv(h)| < — @)

where y(h) = Cov(U;, U, ) is the autocovariance function of U. We assume all moments of noise exist
because this is required for the validity of Theorem 4.1 below for any even integer r > 2.

At stage 1, we will denote U; by U}', Vi < n. The i-th observed price is thus given by
Y =X+ U}, (5)

where XJ' = Xja,,.

Remark 2.1 (Microstructure noise in discrete time). We allow the noise process U to generate dependencies
in sampling time. Hernce, our noise process essentially constitutes a discrete-time model — it does not depend
explicitly on the time between successive observations. Ait-Sahalia et al. (2005), Hansen and Lunde (2006),
and Hansen et al. (2008) study various continuous-time models of dependent microstructure noise. In these
continuous-time models, the noise component of a log-return over a time interval A is of order Op(\/Z), the
same order as the logarithmic return of the efficient price. Our theory focuses primarily on sampling in calendar

time.” In our simulations and empirical work, we also analyze sampling in transaction time,® and tick time.’

Remark 2.2 (General dynamic properties of microstructure noise). Our assumptions on the dependence of
noise are quite general, nesting many models as special cases including, for example, i.i.d. noise, g-dependent noise
(ie., y(h) =0, Vh > q), ARMA(p, q) noise (see Mokkadem (1988)) and some long-memory processes (see Tsay
(2005)). We note that AR(1) and AR(2) noise are studied in Barndorff-Nielsen et al. (2008) and Hendershott et al.
(2013) respectively, q-dependent noise is considered by Hansen et al. (2008) and Hautsch and Podolskij (2013),
while Gross-KlussMann and Hautsch (2013) study long-memory bid-ask spreads.

Another recent strand of the literature explores the variety of microstructure data including observable infor-
mation, seeking to parameterize the microstructure noise; see Li et al. (2016), Chaker (2017), Clinet and Potiron
(2017) and Clinet and Potiron (2019). The parametrization allows for rich dynamics of the microstructure noise
and at the same time improves the convergence rates of associated volatility estimators. Specifically, the noise
component in these models can be serially correlated. The correlation is attributed to persistent observable quanti-

ties, e.g., trading volume and trading directions, that constitute the “observable part” of the microstructure noise.

"Under this sampling scheme, Y/ (resp. X", U") is the observed log-price (resp. efficient log-price, microstructure noise) at
regular time iA,;, with A, = 1/n in the main text.

8Under this sampling scheme, Y (resp. X”,U!) is the observed log-price (resp. efficient log-price, microstructure noise)
associated with the i-th trade. The observation times (#})o<j<, can, in general, be deterministic or random, and regular or
irregular.

9Tick time sampling removes all zero returns; see Ait-Sahalia et al. (2011) and Griffin and Oomen (2008). Hence, Y is by
definition different from Y;’ ; and Y}, ; under this sampling scheme.



By contrast, we introduce an essentially nonparametric model of microstructure noise, without singling out the

sources of the noise.

3 Estimation of the Variance and Covariances of Noise

In this section, we develop consistent estimators of the second moments of noise under Assumptions 2.1
and 2.2. These estimators will later serve as important inputs to adapt the pre-averaging method. We

also analyze our estimators’ finite sample properties.

3.1 Realized volatility with dependent noise
We start with the following preliminary result:

Proposition 3.1. Assume that the efficient log-price satisfies Assumption 2.1, the observations follow (5), the
noise process satisfies Assumption 2.2, and that G is independent of F. Let j > 0 be a fixed integer and assume

the sequence of integers j, satisfies j, — o, juAy — 0. Then we have the following convergences in probability

as T oo n—j 2
0 ()= Zi;ﬁ,ﬁyf*j - f)) 520 (), ©
7(0),, := 2?2({;( i;];f;)z 5 7(0), @)
Y@= 70), = ) B 1) ®)

The special case of (6) that occurs when j = 1 appears in Ait-Sahalia et al. (2011) assuming expo-
nential decay. We also note that in the most recent version of Jacod et al. (2017) similar estimators as
@ (j)n are mentioned but without formal analysis of their limiting behavior. To our best knowledge,

our paper is the first to estimate the variance and covariances of noise using realized volatility under a

general dependent noise setting.

3.2 Finite sample bias correction

The theoretical validity of our realized volatility estimators in (6)—(8) hinges on the increasing avail-
ability of observations in a fixed time interval, the so-called infill asymptotics. In general, an estimator
derived from asymptotic results can, however, behave very differently in finite samples. Our realized
volatility estimators of the second moments of noise are an example for which the asymptotic theory

provides a poor representation of the estimators’ finite sample behavior.!

10This applies to the local averaging estimators developed in Jacod et al. (2017) as well; see Footnote 13 for further details.



Intuitively, the finite sample bias stems from the diffusion component, when computing the realized
volatility </Y,?)( j)n over large lags j in a finite sample, and we will explain later (e.g., in Remark 3.3)
why it is critically relevant to account for it in real applications. In the remainder of this section, we
assume the drift b; in (2) to be zero. As shown by, for example, Bandi and Russell (2008) and Lee and

Mykland (2012) this is not restrictive in high-frequency analysis. This will be confirmed in our Monte

Carlo simulation studies in Section 6 and Appendix B.

Proposition 3.2. Assume that the efficient log-price follows (2) with bs = 0Vs, and assume there is some 6 > 0
so that oy is bounded for all t € [0,6] U [1 — &,1]. Furthermore, assume the observations follow (5), the noise
process satisfies Assumption 2.2 and G is independent of F. Then,
Eo (V) (1)) = 5t +(0) = 7(j) + 0y (/). ©)
2(n—j+1) P
where IV := fol o?dt is the integrated volatility. Here, E,(+) denotes the expectation conditional on the volatility

path.

Remark 3.1. If o} is locally bounded, then the assumptions on oy required for Proposition 3.2 will hold. The
regularity conditions with respect to o} in Proposition 3.2 trivially hold if the volatility process is assumed to be

continuous. (Volatility is usually assumed to be continuous when making finite sample bias corrections.)

Remark 3.2. Let j = 1. In that special case the result in Proposition 3.2 bears similarities to Theorem 1 in Hansen
and Lunde (2006). Contrary to Hansen and Lunde (2006) we assume that the efficient log-price X is independent
of the noise U. Therefore, any correlations between the two drop out.

Proposition 3.2 reveals that (Y,Y)(j), — m will be a better estimator of (0) — y(j) in finite

—

samples than (Y, Y)(j)n, and this motivates the following finite sample bias corrected estimators:

T G i= W G — 5 (10)
’ ] n--— ’ ] n 2(][[ _ ] + 1)

— (adj)  —— 2jn

— (adj) — (adj)) ——(adj)

7(])71 = ’Y(O)n - <Y' Y> (])”; (12)
where 2 is an estimator of IV. We note that the bias corrected estimators are still consistent, as the

fraction ﬁ is negligible when j is much smaller than 7.

Remark 3.3 (Why the finite sample bias matters). We now explain why the finite sample bias correction is



crucial in applications. We first rewrite (9):

Eo ((Y,Y)(j)n) = 2(]1\/) +9(0) = 1) + 0y (/)
i (13)
= (7(0) = () (HW) +0, (] /n )

and 7(0)1;,7(]'). The first
7(0)1;/7(]')/ is

Observe that the finite sample bias is determined by the ratio of the two terms T _jj =y

term depends on the data frequency (n) and “target parameters” (j); the second term,

’ W
the (latent) noise-to-signal ratio. If the second term is “relatively larger (smaller)” than the first one, then the
finite sample bias will be small (large). In other words, the finite sample bias is not only determined by the data
frequency and target parameters, but also by other properties of the underlying efficient price and noise processes.

In high-frequency financial data, the noise-to-signal ratio ( ) s typically small, but it can vary from O(10~2)
(see Bandi and Russell (2006)) to O(10~°) (see Christensen et al. (2014)) in empirical studies. The ratio m,
while typically small as well, can still be relatively large, depending on the specific situation. Consider the

following two scenarios:

1) We have ultra high-frequency data with n = O(105) (recall that the number of seconds in a business day is

23,400), and we select j, = 20. Then, the ratio y = = 0(107%).

2(n—ju+1) ] +1
2) We have i.i.d. noise and we would like to estimate the variance of noise by </Y,7>(1)n using high-frequency
data with average duration of 20 seconds (thus n =~ 103); see, e.g., Bandi and Russell (2006). Hence,
7(71 1) =0(1073).

In both scenarios, the ratio of 3 ] +l) and 'Y(O)I;,'Y(j ) can vary widely, depending on the magnitude of the latent

noise-to-signal ratio. It is then clear from the first line of (13) that the finite sample bias term, which is proportional

to the IV, may well wipe out the variance of noise, depending on the specific situation.

Remark 3.4. Note that increasing the sample size by extending the time horizon to [0, T| with large T will not

remove the finite sample bias. Hence, the finite sample bias may be viewed as a low frequency bias.

Throughout the remainder of this paper, we assume the following conditions hold:!!

51 11
P A0 - ATK -z
v>3, <A, <A, 56(36 6) K€<8,6), (14)

with ¢, another sequence of integers. The following proposition provides an estimator of the “long-run
variance” of microstructure noise. As we shall see later, the long-run variance of noise appears as an

asymptotic bias in the de-noise method developed in this paper.

115ome results, e.g., Proposition 3.3, hold already under weaker conditions. The conditions (14) are, however, needed to
establish our main theorems in the next sections.

10



Proposition 3.3. Assume that the efficient log-price satisfies Assumption 2.1, the observations follow (5), the

noise process satisfies Assumption 2.2 and G is independent of F. Define

— K” —
z'un = ’)/(O)n + 2 Z ’)/(])Tl’ (15)
j=1

—_—

where «v(0),, and «y(j),, are defined in (7) and (8). Then,

-~

Su B2y, (16)
where
Ty =700)+2) () (17)
j=1

For i.i.d. noise, Xy reduces to y(0), and it is known (see Zhang et al. (2005) and Bandi and Russell
(2008)) that the variance of noise can then be consistently estimated by the standardized realized volatil-
ity of observed returns. However, when noise is dependent we face a much more complex situation: all
variance and covariance terms constitute X(;. Nevertheless, Proposition 3.3 above provides a consistent

estimator of X;.

4 The Pre-Averaging Method with Dependent Noise

In this section, we adapt a popular “de-noise” method — the pre-averaging method — to allow for
serially dependent noise in our general setting. The pre-averaging method was originally introduced
by Podolskij and Vetter (2009b) (see also Jacod et al. (2009), Jacod et al. (2010), Podolskij and Vetter
(2009a), Hautsch and Podolskij (2013), and the textbook treatment in Ait-Sahalia and Jacod (2014)). We
first construct our pre-averaged statistics based on non-overlapping sampling blocks and next based on

overlapping sampling blocks, in both cases using general weight functions.

4.1 Pre-averaging based on non-overlapping intervals

Let k,, be a sequence of integers, with k;, — oo and k;A;, — 0 as n — oo, satisfying

VA, =04 0(A)), (18)

11



where 6 > 0 is a constant. Furthermore, let ¢ be a general kernel (i.e., weight function). We assume g
is continuous, piecewise C! with a piecewise Lipschitz derivative ¢/, and satisfies ¢(s) = 0, Vs & (0,1),

and fo s)ds > 0, as in Jacod et al. (2009). We introduce the following notation associated with g:

g =g(i/kn); g =gl — 8
2 . =n—=n
¢ = & iez (87)" 91() = kn Licz 8} gi*]';
= [} g(wg(u — 5)du; = J; 8w’ (u = s)du

@i = [} ¢i(s)pj(s)ds, i = ¢;(0), i,j € {0,1}.

Example 4.1 (Triangular kernel). A simple canonical example of g is given by the triangular kernel g(x) =

A (1 —x). Then,
Po=1/12, ¢ =1, Py =151/80640, Dy =1/96, D13 =1/6.

For any sequence {Z” iy, denote AYZ = ZI' — 7' ;,i=1,2,..., and let its pre-averaged value be
given by

kn 1 ka1

Furthermore, let M,, = L]f—nj, where |-| is the floor function. For any real r > 2, the pre-averaged
statistics of the log-price process Y based on non-overlapping intervals are defined as follows:
r—2 Ma—1
PAV(Y,r),:=n% Y|

m=0

r

. or>2 (20)

N
Ymk,,

Under our general setting of dependent noise, we establish in the following results first a consistency
theorem for the general functional form of the pre-averaged statistics, based on which we derive a con-
sistent estimator of the IV, and next a central limit theorem providing the associated limit distribution,

with a consistent estimator of the asymptotic variance.

Theorem 4.1. Assume that the efficient log-price satisfies Assumption 2.1, the observations follow (5), and the
noise process satisfies Assumption 2.2. Furthermore, assume G and F are independent. Then, for any even

integer r > 2,

Hr 2, 2
PAV(Y, ), 5 PAV(Y,r) := ; 6go0? + 5 Zu | ds, 1)
0

where X is defined in (17) and y, = IE(Z") for a standard normal random variable Z.
Aided by this result, we obtain consistent estimators of the IV and the integrated quarticity I1Q :=

12



fol o4ds, as follows:

Corollary 4.1. Under the assumptions of Theorem 4.1, we have the following consistency result for the IV and

the IQ:
- by
W, . PAV(Y.2)y U By, (22)
%o Pob
— PAV(Y,4), 215y IV, Wi (ZU") P
0, - cetn o S 1Q, (23)
350 ot 095

where iun is defined in (15).

Theorem 4.2. Assume all conditions in Theorem 4.1 hold. Furthermore, assume that the process o is a continu-

ous It6 semimartingale. Then,

-1/~ L—s 2 1 U /
An 4 (IVn - IV) — \/:%/0 (GIPOUS + FZU dWs/ (24:)

where =5 denotes stable convergence in law and where W' is a standard Wiener process independent of F.
-~ 1 =
Moreover, letting X, := 2PAV(Y,4),/ 31/1%, we have that A, * (IVn — IV) /N Ly converges stably in law to a

standard normal random variable, which is independent of F.

A main advantage of the pre-averaging approach and the associated estimators introduced in this
section is their simplicity. In fact, we obtain from Theorem 4.1 a class of consistent estimators of fol oids
with arbitrary even integer r, since we have a consistent estimator of ¥;;. When only estimation of the

IV is concerned, this leads to a simple estimator of the asymptotic variance of the IV estimator.'?

4.2 Pre-averaging based on overlapping intervals

Now we extend our pre-averaging estimator of the IV in two directions. First, we allow for overlapping
intervals to conduct pre-averaging; second, we accommodate more general stochastic volatility pro-
cesses when deriving the respective limit distribution. (We recall that we assumed the process ¢ to be a
continuous Itd semimartingale in Theorem 4.2.)

In particular, we propose the following estimator of the IV, with iun as introduced in (15):

IV, = (25)

\/Afnnfkwrl a2 lP1iun
By zg() (Yl> - 921/10 ’

20ur simulation experiments presented later show that, compared to the pre-averaging estimators based on overlapping
intervals introduced in the next subsection, the pre-averaging estimators based on non-overlapping intervals often deliver a
somewhat smaller bias, although their standard deviations are typically somewhat larger.

13



Theorem 4.3. Assume that the efficient log-price satisfies Assumption 2.1, the observations follow (5), the noise

process satisfies Assumption 2.2, and G is independent of F.Then,

A, (ﬁ/n - IV) £y, (26)

with Y; = fot Vsd W/, where W' is a standard Wiener process independent of F, and where V; satisfies

4
V= — (qaooeaf + 2Py; (27)

o?ry Py
5 + :
%o

0 63

Remark 4.1. The tuning parameter 0 (recall (18)) can be chosen such that it minimizes the asymptotic variance,

which will improve the efficiency of our estimators. The optimal 0 is given by

1/2
o \/ @2, IV252, + 3P, 52,1Q + Py IVEy o8
; PgolQ
The optimal choice of 6 requires an estimate of 1Q. Therefore, we provide a consistent estimator, as follows:
ot (7)) aps,m, ()
—~ j— i 1 n
Q, = == _ 2zu Ve P 1Q. (29)

30245 tpo6? 04y
Note that that an is analogous to I/C\Qn introduced in (23).

To apply the limit distribution result in Theorem 4.3 above to construct confidence intervals, we
need a consistent estimator of the asymptotic variance f01 V2dt. Among other possibilities, we propose

the following:

. \2
B n—kitl 4 8§ IV 4 Zu, 2P
s . 4% 3 (Yn> +8u,71n <<I>01 _ 1/’1<D00> " ( ) Dy — ¥ 200 ' (30)

sy & l 05 Yo 595 %o

Corollary 4.2. Under the assumptions of Theorem 4.3, we have
< r [t ,
5, B / V2dt. (31)
0

1 -
Therefore, the sequence A, * (IVn - IV) /N Ly converges stably in law to a standard normal random variable,
which is independent of F.
Remark 4.2 (Irregular Observation Schemes). We note that, following similar arguments as in Jacod and

Mykland (2015), our results, in particular those in Theorem 4.3, extend to (i.e., are robust to) mildly irrequ-
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lar observation schemes, as follows. Let T be a function with strictly positive Lipschitz derivative. Assume
T(0) =0and T (1) = 1. Now let ! := T (iAy). Such irregular observation schemes have been considered e.g.,
by Barndorff-Nielsen et al. (2008) and Mykland and Zhang (2012).

First, we note that such a time transformation theoretically does not affect the microstructure noise process,
as the noise is a discrete-time process that does not depend on the time between successive observations. Thus,

under the new observation scheme, we have that
Y = Xp + U} (32)

Denote the time-transformed efficient price process by X7t = Xy with by := by T'(t) and oy =
o7 VT (1)

Several conclusions are immediate. First, the new process X satisfies Assumption 2.1; second, under the
transformation T, the irregular observation scheme becomes regular in the sense that Xy = XTin, third, the
integrated volatility is unchanged due to the properties of T, upon a change of variable; finally, the probabilistic
and statistical behavior of the noise is unchanged, in particular, X; is unchanged and its consistent estimator
remains valid.

Thus, upon replacing i, by F!, we can apply our Theorem 4.3 to observed noisy prices Yor ! = X7+
Uj', which agrees exactly with (32). The limit distribution remains valid but the limit has a slightly different

asymptotic variance:

2
VF= I;LZ (%oetff T'(T7H(t) + 2P0 (33)

0

Remark 4.3 (Jumps in the Efficient Price). Assumption 2.1 does not allow for jumps in the efficient price
process X. (Jumps in the stochastic volatility process are allowed.) We note from the proof of Proposition 3.1
that jumps in the efficient price will not affect the convergences of the realized volatility estimators of the second
moments of noise, as the noise has larger asymptotic orders. For the pre-averaging estimators, we conjecture that
under suitable conditions both IV, and IV, will converge to the quadratic variation of X instead of to the IV. One
can apply the truncation method (Mancini (2001)) to eliminate the jumps. But this is beyond the scope of this
paper. In this context, it is worth mentioning an extensive empirical study by Christensen et al. (2014), in which
the authors show that, as far as IV estimation is concerned, the jump component of the efficient price process in

(very) high-frequency data typically only accounts for a small portion of the total price variation.
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4.3 Efficiency

It is well-known that estimators of volatility from noisy observations can achieve efficiency when the
volatility is a constant, c,, i.e., the integrated volatility over [0, ¢] equals tc,, and the noise takes the form
of Gaussian white (i.e., i.i.d.) noise with variance Var(U); see Gloter and Jacod (2001a) and Gloter and
Jacod (2001b) for a detailed account. In this case, an efficient estimator of the IV will converge at rate
A, i with an asymptotic variance equal to Z?pt = 8tc3/ 2 \/W . This result has been extended to
time-varying but non-random volatility processes plus Gaussian additive noise; see Reif} (2011). When
the assumption of constant volatility is maintained but the noise is serially dependent, the optimal
asymptotic variance becomes f?pt = 8tc2/?\/%y;, with the variance of noise replaced by the long-run
variance of noise; see Da and Xiu (2019). We can show that the asymptotic variance of our estimator
IV,,, with the optimally selected 6 (recall Remark 4.1) and using the triangular kernel, is quite close to

P! under constant volatility:

fot V2ds
<opt
L

~ 1.07. (34)

With stochastic volatility, it is still possible to achieve (34) asymptotically using local estimation —
divide all observations into B blocks and perform estimation on each block and then aggregate the block
estimates; see, e.g., Jacod and Mykland (2015), Clinet and Potiron (2018) and Da and Xiu (2019). Our
simulation experience (not reported here) shows that in finite samples our estimators often do, but need
not always, improve when following such a local estimation procedure. In those cases in which there is
a lack of improvement, this may be partially due to a relatively worse estimation of the optimal 6 in a
smaller sample.

Any proper estimation of 8, whether local or global, requires accurate estimates of characteristics of
the efficient price and noise processes. We will show through our extensive simulations and empirical
studies that model (mis)specification and finite sample biases play first-order roles in the estimation of
such characteristics, and that our multi-step method introduced in the next section provides a robust
approach. In our analyses presented later, we don’t pursue local estimation, but focus on illustrating

the robustness of our multi-step approach to model misspecification and to finite sample biases.

5 Multi-Step Estimators

In this section, we introduce our multi-step estimators of the IV and the second moments of noise based
on both our asymptotic theory and finite sample analysis.
We observe from Theorem 4.3 that the second moments of noise contribute to an asymptotic bias in

the estimation of the IV. Our finite sample analysis indicates, however, that we need an estimator of
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the IV to correct the finite sample bias when estimating the second moments of noise. Our multi-step
estimators are specifically designed for the purpose of correcting the “interlocked” bias.
In the first step, we ignore the dependence in noise and estimate the variance of noise by realized

volatility. Hence, our first-step estimators of the second moments of noise are given by

—— 1) X — @) M

1O = VW 100y =020 S =), (35)

Next, we proceed with the pre-averaging method to obtain the first-step estimator of the IV (cf. (25)):

1) \/Ain”*%“ (?”)2 ‘Pli(&n)

"o o ) g, (36)

(1
To initiate the second step, we first replace 62 by IV,(1 )

in (10) and (11) and obtain the second-step
estimators of the variance and covariances of noise. They will in turn be used to correct the asymptotic
bias in the estimation of the IV, to eventually obtain the second-step estimator of the IV. Upon iterating

this procedure, one obtains multi-step estimators. Specifically, for any k > 2, we define the k-step

estimators recursively as follows:

—— @ . .i‘\-;(kfl)
_ _ n
G = (V) (= 5ty 37)
. o5(k=1)
— (k) e~ 7nIV, )
k) (k) T
MW =20), = X6 (39)
S S (k) = ()
=0 =700, +2Y 10, ; (40)
j=1
_ 5 (k)
—(K) AT N2 iRy
v, = ;0 (Y1) -4 o (41)
5 (k) 57 (%) 5i(k))?
< 4dgy et 4 STV P 42y, 2
ZI(\k/)n = 702 ) (Yi + — (4901 _4 OO> + <3 2) D1 — # 200 . (42)
30y i 05 %o 0°45 %o
We state the following theorem:
Theorem 5.1. Under the assumptions of Theorem 4.3, for any fixed K € IN*, we have
s 5wy, (43)
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1 =
and the sequence A, * (IVSIK) - IV) / ZI(\IZ), converges stably in law to a standard normal random variable,

which is independent of F.

We note that, for brevity, our multi-step estimators introduced above are based only on the pre-
averaging estimators using overlapping intervals. Of course, we can adopt the same approach and de-
velop, by analogy, consistent and asymptotically normal multi-step estimators from the pre-averaging
estimators using non-overlapping intervals as well. They will henceforth be denoted by I/\\lilk) and will

(k)

be analyzed alongside IV, later.

Remark 5.1. As the simulation results in the next section will reveal, our multi-step estimators introduced above
perform well. An advantage of our multi-step estimators is that they are quite robust to the choice of the tuning
parameter 0. To offer some insight into this issue, we briefly analyze the relationship between the choice of 6 and
the theoretical finite sample bias of two estimators: our IV, and the benchmark estimator IAVLLZ recently proposed
by Jacod et al. (2019), which employs the local averaging (LA) method to correct the asymptotic bias of pre-
averaging estimators. A simple calculation shows that the finite sample errors of IV, and IT/LLZ (as a percentage)

are approximately given by

(280 + 1)jn + Lje<e, 1€ 97 (0) Errr )~ 4K Yjj<e, 97 (€)
21624, o e 3162y

Er TRy ~ , (44)

respectively, where K, is the tuning parameter of the LA method. While these errors can be significant for both
estimators, and moreover a small change in 0 can lead to sharp changes in the errors, our multi-step estimators
are specifically designed to remove this error. Consequently, they are much more robust to changes in 6 than

estimators without unified bias corrections.

6 Simulation Study

6.1 Simulation design

Motivated by the empirical studies in Ait-Sahalia et al. (2011), we consider an ARMA(1,1) noise process
U given by the following dynamics:
Uy = et +e, (45)

where e is centered i.i.d. Gaussian and € is an AR(1) process with first-order coefficient ¢, 1| < 1. We will
examine the performance of our estimators for different values of this coefficient: 1 € {—0.7, —0.3, 0, 0.3, 0.7}.
The processes e and € are assumed to be statistically independent. We set E(e?) = 1.9 x 1077, and

E(e?) = 1.3 x 10~7. These values are chosen to mimic the results of our empirical studies.
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We assume that the efficient price is generated by the following dynamics:

dXt = 7K1(Xt — yl)df + O'tth,

dg’tz =1 (],12 - Utz) dt + x30¢dB; + ANy,

where B and W are standard Brownian motions with quadratic covariation (B,W); = ot, N is a Poisson
process with parameter A, and ¢; is an independent jump size following an exponential distribution
with parameter k3. We set the parameters as follows: x; = 0.5, 1 = 1.6, xp = 5/252, yp = 0.04/252,
k3 = 0.05/252, A = 3, and ¢ = —0.5. We assume the processes X and U to be mutually independent.

We simulate each sample path within a fixed time interval [0, 1] that represents one trading day.

6.2 Realized volatility estimators of the second moments of noise

To get a first impression of the properties of our estimator (7,?)( j)n defined in (6), we plot m( Jn

—

against the number of lags j in Figure 2. In addition to (Y, Y)(j)», we also plot the bias adjusted version
W (o) (j)n defined in (10), in which we employ three “approximations” to the IV that (7,-?) (o) ()n
depends on: 0% = 121V, 62, = IV, and 67 = 0.8IV. Figure 2 shows that a prominent feature of our
realized volatility estimator (7,7)( j)n is that it deviates from its stochastic limit ¢(0) — 7(j) almost
linearly in the number of lags j, as predicted by Proposition 3.2. The deviation, induced by the finite
sample bias, can be largely corrected when only rough “estimates” of the IV are available. In the ideal
but infeasible situation that we know exactly the true volatility (07, = IV), the bias corrected estimators
almost perfectly match the underlying true values.

Next, we estimate the second moments of noise by our realized volatility estimators (RV) and, for
comparison purposes, by the local averaging estimators (LA) proposed by Jacod et al. (2017). We
demonstrate the importance of the finite sample bias correction to obtain accurate estimates, and this
applies to both estimators.'® In Figure 3, we plot the means of the autocorrelations of noise estimated
by RV and LA based on 1,000 simulations. In the top panel we plot the estimators without finite sample
bias correction and we plot the estimators with finite sample bias correction in the bottom panel, in

which we use the true IV instead of any approximation/estimator to make the bias correction. We will

analyze the case in which IV is estimated in the next subsection.

13The finite sample bias corrected local averaging estimators of the noise covariances are given by
S0 1 . Ky (4
R(j)y == — (22
G = yut©.s - 52 (57,
where U((0, 7)) /n is the local averaging estimator of the j-th covariance without bias correction and &2 is an estimator of the IV;
see Jacod et al. (2017) for more details. While Jacod et al. (2017) provide a finite sample bias correction when developing their

local averaging estimators of noise covariances, they don’t consider the feedback between, and unified treatment of, asymptotic
and finite sample biases, which is a key interest in this paper.
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We observe that both estimators (RV and LA) perform poorly without finite sample bias correction.
In particular, the noise autocorrelations estimated by the LA estimators decay slowly and hover above
0 up to 20 lags, from which we might conclude that the noise exhibits strong and long-memory de-
pendence, while the underlying noise is, in fact, only weakly dependent. However, both estimators
perform well after the finite sample bias correction. In Figure 3, we also plot the 95% simulated confi-
dence intervals of the two bias corrected estimators. In terms of mean squared errors, both estimators,
after bias correction, yield accurate estimates.

Figures 2-3 reveal that the finite sample bias correction is crucial to obtain reliable estimates of noise
moments. The key ingredient of this correction, however, is (an estimate of) the IV. Yet, to obtain an
estimate of the IV, we need to estimate the second moments of noise first — whence the feedback loop
of bias corrections. This is why we introduced our multi-step estimators, which allow successive bias

corrections in estimates for both the IV and noise autocorrelations.

6.3 Multi-step estimators of IV

In this subsection, we examine the performance of different estimators of the IV. We compare the es-
timator IV, in (22) which is generated by the pre-averaging method using non-overlapping intervals,
with the estimator IV, defined in (25) using overlapping intervals. We then assess the improvement

in accuracy from our unified treatment of asymptotic and finite sample biases that can be achieved

by using the K-step estimators I/\7,(1K) and f\v/,(fq introduced in (41). We also compare f\\/,(:) and f\7,(11)

@) (2

to IV, and IV, ) to assess the gained accuracy by dropping the possibly misspecified assumption of
independent noise.

In Table 1, we report the centered means of our estimators and the standard deviations (between
parentheses), based on 1,000 simulations.'* Throughout this subsection, the tuning parameter j, is
fixed at 20, we take £, = 10 and 6 = 0.4, and use the triangular kernel. When comparing the estimators
I/\7n and I/VSZZ) in the first and the third rows of Table 1, we observe the important advantage of our multi-
step estimators over the pre-averaging method that ignores the finite sample bias, since our estimators

,(11) and I/\7,(12) in the

yield strongly improved accuracy. Furthermore, a comparison to the results for v
second and third rows leads to the striking conclusion that ignoring the finite sample bias yields even
more inaccuracy than ignoring the dependence in noise. This shows that one should be cautious when
applying estimators without appropriate bias corrections even with data on a 1-sec time scale (i.e.,
23,400 observations in a day of 6.5 trading hours). The “cost” of applying our multi-step estimators

(K)

IV, is the slightly larger standard deviations they induce. This increased uncertainty is introduced by

4The numbers are multiplied by 10°.

20



correcting the “interlocked” bias. However, the reduction in bias strictly dominates the slight increase
in standard deviations when noise is dependent. Therefore, the multi-step estimators have smaller
mean-squared errors than their counterparts in the first two rows of Table 1. These standard deviations
can be reduced by the use of overlapping intervals, as can be observed when we compare the standard
deviations of I/\7§1K) with those of WSZK) (i.e., the first four rows in Table 1 and the next four rows).
Although the centered means of the estimators become slightly worse when we adopt overlapping
pre-averaging intervals, the significant reduction in the standard deviations implies a better overall
performance under a mean-squared error criterion.

The estimator TVLLZ recently proposed in Jacod et al. (2019), which corrects the asymptotic bias of
pre-averaging estimators by local averaging but does not include a unified treatment of asymptotic and
finite sample biases, performs better than the estimators f\7n and f\v/n, but worse than all estimators
with finite sample bias corrections. The method proposed in Da and Xiu (2019) generates an estimator
I/VSMLE which outperforms our method when the autocorrelation in the noise is small, but its perfor-
mance deteriorates when the noise autocorrelation parameter ¢ is closer to —1 or 1.

In Table 2, we replicate the results of Table 1 but now with a higher data frequency, which corre-
sponds to sampling every 0.2 seconds (i.e., 117,000 observations in a day of 6.5 trading hours). We
observe that, with such very high-frequency data, the multi-step estimators still perform much bet-
ter than their counterparts in rows 1 and 2, and 5 and 6, of Table 2 — with much smaller biases and
only slightly larger standard deviations. Indeed, both the errors caused by ignoring the finite sample
bias and the inconsistencies caused by a potential misspecification of the dependence structure in noise
when using the first-step estimators remain clearly visible. The biases in the estimates typically reduce

) ®) (2 ®)

further when we replace v, by IV, ’, but not in all cases where IV, ) is replaced by IV, ’. We also

(K) (K)

observe that increasing K in our multi-step estimators IV,  and IV, gives only a slight increase in the

@) ®

estimators’ standard deviations. As before, the standard deviations of IV,.’ and IV, ) are substantially
smaller than for ﬁff) and IV,({%), and for IAVLLZ and WSMLE. In terms of CPU, the QMLE-estimator is rel-
atively more time-consuming to compute. Indeed, in the setting of Table 2, 0.1% of the total computing
time was spent on our four estimators based on non-overlapping intervals; 3.1% was spent on our four
estimators based on overlapping intervals; 7.2% was spent on WLLZ ; and 89.6% was spent on WSML .
To numerically “verify” the central limit theorem established in Theorem 5.1, we plot the quantiles of
the normalized estimators A, i (I/V,(Zz) — IV) / il(\z,i and A, i (f\vlflz) — IV) / il(\z,)n against standard

normal quantiles in Figure 4. We observe that the established limit distributions are clearly verified.

Remark 6.1 (Dependence between X and U). The theoretical results in this paper assume independence

between X and U. In practice, the efficient price and the microstructure noise processes may be correlated. In
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Appendix B, we provide additional Monte Carlo simulation results that assess the effects of price discreteness and
correlation between X and U. (Price discreteness renders dependence between X and U.) Our results show that
the presence of minimal ticks has relatively little impact on the estimation of the moments of noise and the IV.
Furthermore, our results show that in the situation when X and U are correlated our multi-step estimators still

appear to be performing well.

7 Empirical Study

7.1 Data description

We analyze the NYSE TAQ transaction prices of Citigroup (trading symbol: C) over the month January
2011. We discard all transactions before 9:30 and after 16:00. We retain a total of 4,933,059 transactions
over 20 trading days, thus on average 10.5 observations per second. The estimation is first performed
on the full sample, and then on subsamples obtained by different sampling schemes. We demonstrate
how the sampling methods affect the properties of the noise, and thus affect the estimation of the IV. We
employ pre-averaging on overlapping intervals, and use the triangular kernel. Throughout this section,
the tuning parameter of the RV estimator is fixed at j, = 30 and 0 is selected according to the optimal

rule (28).

7.2 Estimating the second moments of noise

We estimate the j-th autocovariance and autocorrelation of microstructure noise with j = 0,1,...,30
by three estimators: our realized volatility (RV) estimators in (7) and (8), the local averaging (LA) es-
timators proposed by Jacod et al. (2017), and the bias corrected realized volatility (BCRV) estimators
in (38) and (39). We perform the estimation over each trading day and end up with 20 estimates (of the
30 lags of autocovariances or autocorrelations) for each estimator. In Figure 5 we plot the average of
the 20 estimates (over the month) as well as the approximated confidence intervals that are two sample
standard deviations away from the mean.

We observe that the three estimators yield quite close estimates by virtue of the high data frequency.
Noise in this sample tends to be positively autocorrelated — with the BCRV estimators yielding the
fastest decay. Empirically this positive autocorrelation is consistent with the finding that the arrivals of
buy and sell orders are positively autocorrelated; see Hasbrouck and Ho (1987). This corresponds to
the trading practice that informed traders split their orders over (a short period of) time and trade on
one side of the market, rendering continuation in their orders.

We emphasize that the finite sample bias can be much more pronounced than what we observe in
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Figure 5, even if we conduct estimation on a full transaction data sample. Indeed, in Appendix C, we
analyze a sample of transaction prices of General Electric (GE) and show that, when the data frequency
is very high, the finite sample bias correction is particularly essential when the noise-to-signal ratio is

very small (recall Remark 3.3).

7.3 Estimating the IV
1)

Turning to the estimation of the IV, we study four estimators of the pre-averaging class: IV,, IV, ,

I/\v/,(qz), and IT/LLZ. In the top panel of Figure 6, we plot the four estimators of the IV for each trading

day. We note that the three estimators IV, WLLZ, and I/\V/E,Z) yield quite close results. This is expected,
as the three methods, RV, LA, and BCRYV, provide close estimates of the second moments of noise.
However, the estimator WS), which ignores the dependence in noise, yields very different estimates,
and the differences are persistent — IV ,&l) yields higher estimates over each trading day. Moreover, the
differences are statistically significant by virtue of Theorem 5.1 — all the 20 estimates fall outside of the

95% confidence intervals, as the bottom panel of Figure 6 reveals.

7.4 Decaying rate of autocorrelation

Figure 5 shows that the positive autocorrelations of noise drop to zero rapidly. To assess the rate of de-
cay, we perform a logarithmic transformation of the autocorrelations estimated by BCRV.'> In Figure 7,
we plot the logarithmic autocorrelations for each trading day (top panel) and the mean logarithmic au-
tocorrelations over all days (bottom panel). The plots indicate that the logarithmic autocorrelation is
approximately a linear function of the number of lags, i.e., the autocorrelation function is decaying at

an exponential rate.'©

7.5 Robustness check — estimation under other sampling schemes

It is interesting to analyze how our estimators perform when the data is sampled at different time scales.
In this section, we consider two alternative (sub)sampling schemes: regular time sampling and tick time

sampling (recall Remark 2.1 for details on the sampling schemes).

15We restrict attention to the lags up to j = 10. The logarithmic autocorrelations at higher lags are very volatile since the
autocorrelations are close to zero.

16The autocorrelation decay rate would be slower without unified treatment of the bias corrections, which may explain the
relatively strong polynomial dependence in noise found in Jacod et al. (2017) and questioned by these authors themselves.
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7.5.1 Regular time sampling

The prices in this sample are recorded on a 1-second time scale. If there were multiple prices in a second,
we select the first one; and we do not record a price if there is no transaction in a second. We end up with
21,691 observations on average per trading day. Figure 8 is analogous to Figure 5. The three estimators,
RV, LA, and BCRYV, now produce very different patterns. Both the RV and LA estimators suggest that
the noise is strongly autocorrelated in this subsample, even stronger than in the original full sample.
This would be counterintuitive since we eliminate more than 90% of the full sample in a fairly random
way — the elimination should have weakened the serial dependence of noise in the remaining sample.
However, the estimates by BCRV reveal that in fact the noise is approximately uncorrelated — it is the
finite sample bias that makes the autocorrelations of noise seem strong and persistent if not taken into
account.

1)

If the noise is close to being independent, then IT/,I , which assumes i.i.d. noise, would be a sound

(2)

estimator of the IV. An alternative estimator, e.g., f\?n , f\vfn, or T\V/LLZ would then be robust if it would
deliver similar estimates. In the top panel of Figure 9, we observe that f\?,(ql) and f\7£12) yield virtu-
ally identical estimates. The other two estimators, IV, and WLLZ which don’t apply finite sample
bias corrections, however, yield even negative estimates. It is interesting to briefly elaborate on the
performance of IV, and IAVLLZ in this scenario. Using the triangular kernel, with the selected tun-
ing parameters j, = 30,¢;, = 4,K, = 7 and a reasonable choice of 8 = 0.2, we have by (44) that
Errjpz = 103.69%, Errry = 175.64%. Therefore, IAVLLZ and IV, are in fact estimating —3.69% and
—75.64% of the IV, and this is in line with the estimates in the top panel of Figure 9. We conclude
(1)

that Figures 6 and 9 jointly confirm the importance of our multi-step approach. Indeed, fv,f , which as-
sumes i.i.d. noise, exhibits unreliable behavior in Figure 6, while IV,,, which doesn’t apply finite sample

bias corrections, shows unreliable behavior in Figure 9.

7.5.2 Tick time sampling

In a tick time sample, prices are collected with each price change, i.e., all zero returns are suppressed,
see, e.g., Zhou (1996), Griffin and Oomen (2008), Ait-Sahalia et al. (2011), Kalnina (2011) and Da and
Xiu (2019). For the Citigroup transaction data, 70% of the returns are zero. The corresponding average
number of prices per second in our tick time sample is 3.2. Figure 10 shows that the microstructure noise
has a different dependence pattern in the tick time sample — its autocorrelation function is alternating.
Masked by alternating noise, the observed returns at tick time have a similar pattern; see Ait-Sahalia
et al. (2011) and Griffin and Oomen (2008). This dependence structure of noise is perceived to be due

to the discreteness of price changes, irrespective of the distributional features of noise in the original
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transactions or quotes data.

)

n s

ey

Interestingly, the bottom panel of Figure 9 shows that the two estimators of the IV, IV,,’ and IV

remain close. It is not immediate why f\7,(11) and fof) deliver almost identical estimates, given the fact
that the dependence of noise in this tick time sample is drastically different from i.i.d. noise. However,
a clue is provided by the observation that negatively autocorrelated noise has less impact on the esti-
mation of the IV, as the high-order alternating autocovariances partially cancel out, and thus contribute

—~ ~IJLZ
less to the asymptotic bias ¢7.!” IV, and IVJn are still significantly underestimating the IV due to the

finite sample bias.

7.6 Economic interpretation and empirical implication

The dependence structure of microstructure noise depends on the sampling frequency and scheme. In
an original transaction data sample, noise is likely to be positively autocorrelated as a result of various
trading practices that entail continuation in order flows. The dependence of noise can be reduced by
sampling sparsely, say, every few (or more) seconds as we show in Section 7.5.1; noise is close to inde-
pendent in such sparse subsamples. If, however, we remove all zero returns, thus sample in tick time,
noise typically exhibits an alternating autocorrelogram.

Microstructure theories can provide some intuitive economic interpretations of the dynamic proper-
ties of microstructure noise recovered in this paper. The positive autocorrelation function displayed in
Figure 5 is consistent with the findings in Hasbrouck and Ho (1987), Choi et al. (1988) and Huang
and Stoll (1997) that explicitly model the probability of order reversal 7t (or order continuation by
1 — m1),'® so that the deviation of transaction prices from fundamentals becomes an AR(1) process.
Fitting the autocorrelation function recovered by BCRV in Figure 5 to that of an AR(1) model, we ob-
tain an estimate of the AR(1) coefficient equal to 7 = 0.73 and the probability of order continuation is
1—7 = (141)/2 = 0.87. That is, the estimated probability that a buy (or sell) order follows another
buy (or sell) order is 0.87. In view of the extensive empirical results in Huang and Stoll (1997) (see Table
5 therein), this is a reasonable estimate.

One possible interpretation of the positively autocorrelated order flows is that a large order is often
executed as a series of smaller trades to reduce the price impact, or conducted against multiple trades

from stale limit orders. However, such positive autocorrelation contradicts the prediction of inventory

7For a tractable analysis, one may consider AR(1) noise processes. Let 1 € (0,1) be the absolute value of the AR(1) coefficient.

When the noise is positively autocorrelated, the asymptotic bias 07 corrected by f\V/S) and IT/;Z) is (1 —1)7(0) and ++(0),

respectively; when the noise is negatively autocorrelated, it is (1 + ¢)y(0) and %7(0). Consider : = 0.8. Then, (1 —1)y(0) =
0.27(0) and 1*(0) = 9(0) while (14 )7(0) = 1.87(0) and 1=£(0) = §7(0). Therefore, the difference in the asymptotic bias

1+
is smaller when the noise is negatively autocorrelated; consequently, the IV estimates by ﬁ/i,l) and IA\//,EZ) are close, see also Tables 1

and 2 in our simulation study.
181t is the probability that a buy (sell) order follows another sell (buy) order.
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models, in which market makers induce negatively autocorrelated order flows to equilibrate invento-
ries; see Ho and Stoll (1981). Consequently, according to inventory models the probability of order
reversal would be 7t > 0.5. One remedy, suggested by Huang and Stoll (1997), is to collapse multi-
ple trades at the same price into one order, which is exactly the tick time sampling scheme considered
in Section 7.5.2. Exploiting the estimates by BCRV presented in Figure 10, we obtain an estimate of
the probability of order reversal equal to 7 = 0.84, which is very close to the average probability 0.87
in Huang and Stoll (1997). We emphasize that we recover these probabilities without any prior knowl-
edge or estimates of the order flows.

The dependence structure of microstructure noise affects the estimation of the IV. Popular de-noise
methods that assume i.i.d. noise work reasonably well with relatively sparse regular time samples
or tick time samples. However, this discards a substantial amount of the original transaction data.'’
Instead, we can directly estimate the IV from the original data using our multi-step estimators that
explicitly take the potential dependence in noise into account.

In our empirical study, we have also illustrated that bias corrections play an essential role in recover-
ing the statistical properties of noise and in estimating the IV. Our multi-step estimators are specifically

designed to conduct such bias corrections.

8 Conclusion

In high-frequency financial data the efficient price is contaminated by microstructure noise, which is
usually assumed to be independently and identically distributed. This simple distributional assump-
tion is challenged by both microeconomic financial models and various empirical facts. In this paper,
we deviate from the ii.d. assumption by allowing noise to be dependent in a general setting. We
then develop econometric tools to recover the dynamic properties of microstructure noise and design
improved approaches for the estimation of the integrated volatility.

This paper makes four contributions. First, it develops nonparametric estimators of the second
moments of microstructure noise in a general setting. Second, it provides robust estimators of the
integrated volatility, without assuming serially independent noise. Third, it reveals the importance
of both asymptotic and finite sample bias analysis and develops simple and readily implementable
multi-step estimators. Empirically, it characterizes the dependence structures of noise at several time
scales and provides intuitive economic interpretations; it also investigates the impact of the dynamic

properties of microstructure noise on integrated volatility estimation.

19To obtain the Citigroup tick time sample and the 1-second regular time sample, we delete roughly 70% and 90% of the original
transaction data, respectively.
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This paper thus introduces a robust and accurate method to effectively separate the two compo-
nents of high-frequency financial data — the efficient price and microstructure noise. The robustness
lies in its flexibility to accommodate rich dependence structures of microstructure noise motivated by
various economic models and trading practices, whereas the accuracy is achieved by the finite sam-
ple refinement. As a result, we discover dynamic properties of microstructure noise consistent with

microstructure theory and obtain accurate volatility estimators.
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Tables and Figures

l 0.7 03 0 0.3 0.7

v, 2237 (14.15) -22.36(14.17) -22.36(14.18) -22.40(14.20) -22.87 (14.27)
W' 171 (419) 097 (421) 023 (424) 085 (429) 433 (4.47)
v 094 (558) 055 (561) 019 (565 031 (5.72) 157 (5.98)
v 055 (632) -035 (635 -0.17 (640) 004 (648)  0.19 (6.79)
v, 2266 (13.94) -22.66(13.96) -22.68 (13.96) -22.74(13.97) -23.30 (13.99)
' 200 (3.07) -127 (3.08) -055 (3.09) 051 (3.10) 3.90 (3.18)
i\ 137 (3.60) -101 (3.60) -0.67 (3.60) 020 (3.61) 093 (3.69)
v 1.06 (3.89) -0.88 (3.89) 073 (390) -0.56 (391) -0.55 (3.99)
VY | 1174 (7.63) -11.65 (7.63) -11.65 (7.64) -11.65 (7.65) -11.19 (7.68)
VO 083(10.13) <019 (3.16) -0.18 (3.43) 004 (352)  1.08 (4.35)

Table 1: Estimation of the IV. We take A = 1 sec and the number of observations is n = 23,400. We report
the estimation results of three groups of IV estimators: our pre-averaging estimator and its multi-step

1) =5(2) ®) :

versions based on non-overlapping intervals IV, IV, , IV,” and IV, ; our pre-averaging estimator and

~ —(1) =2 —~(3 —~IJLZ
its multi-step versions based on overlapping intervals IV,I,IV,(1 ),IVEZ ) and IV,(z ); the estimator IV{1

based on the pre-averaging method proposed in Jacod et al. (2019) and the estimator v SMLE based on
the QMLE method in Da and Xiu (2019). The numbers represent the centered mean estimates based on
1,000 simulations with standard deviations between parentheses. All numbers in the table have been
multiplied by 10°. The tuning parameters for the first eight estimators are j, = 20, £, = 10 and § = 0.4,
and we use the triangular kernel. For the estimator in Jacod et al. (2019) we used the choices suggested
in that paper: i, = 0.5//A,, ky = (Ay) "% and K, = (A,;) /8. In Da and Xiu (2019) the parameter g
of the fitted MA(g) model was found by optimization over 4 € {8,9,10} only for each sample in order
to save time, since test runs indicated that the optimal order was usually around g = 9.
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. 0.7 03 0 03 0.7
v, 449 (3.87) -449(3.88) -449(3.90) -450(3.93) -4.62(4.05)
V| 147083 -072(285) 002(287) 1.13(291)  4.98 (3.06)
v | 011307 -003(3.09) 004@311) 013(3.15) 0.40(3.32)
¥ | 002309 004312 004(314) 0.03(3.18) -0.06(3.35)
v, 4.83(3.48) -4.83(3.48) -4.83(3.49) -4.85(350) -5.00(3.55)
W | 180(213) -1.06(213) -032(214) 0.78(2.15)  4.60 (2.20)
V| 048(228) -041(229) -0.34(229) -025(231) -0.02(2.37)
W | 0350230) -034(230) -034(231) -0.36(2.32) -0.48(2.39)
VY | 379(3.11) -368(3.12) -3.68(3.12) -3.68(3.13) -3.09(3.17)
W 050(3.61) 0.69(2.64) -076(3.16) -0.80(3.28)  0.28 (4.74)

Table 2: Estimation of the IV. We take A = 0.2 sec and the number of observations is n = 117,000.

We report the estimation results of three groups of IV estimators: our pre-averaging estimator and its

—~ (1) =2 —(3
multi-step versions based on non-overlapping intervals IVH,IV,(1 ),IV£I ) and IVEI ); our pre-averaging

estimator and its multi-step versions based on overlapping intervals f\vfn, IAV,(:), f\v/,(f) and f\v/f) ; the es-

—~JLZ
timator IV{1 based on the pre-averaging method proposed in Jacod et al. (2019) and the estimator

—~QMLE
IVS based on the QMLE method in Da and Xiu (2019). The numbers represent the centered mean

estimates based on 1,000 simulations with standard deviations between parentheses. All numbers in
the table have been multiplied by 10°. The tuning parameters for the first eight estimators are j,, = 20,
£, =10 and 6 = 0.4, and we use the triangular kernel. For the estimator in Jacod et al. (2019) we used
the choices suggested in that paper: i1, = 0.5/v/Ay, kn = (Ay)~/5 and K}, = (A,) /8. In Da and Xiu
(2019) the parameter g of the fitted MA(g) model was found by optimization over g € {8,9,10} only for
each sample in order to save time, since test runs indicated that the optimal order was usually around
qg="9.
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Observed price Y — (1) Asymptotic bias — ()

Step 1: =V 7(0),, PAV v,
Finite sample bias l RV
—(2) Asymptotic bias — 2 —(2)
Step 2: Ivn PAV V(O)rz ’ ’y(])n
Finite sample bias l RV

—(3) —(3) Asymptotic bias —(3)
Step 3: 7(0), vy PAV Vo

= (K) —=(K) ~7(K)
Step K: 7(0),, (), IV

Figure 1: Illustration of the construction of the multi-step estimators. In the first step, we use realized

— (1
volatility (RV) to obtain an estimator of the variance of (possibly misspecified) i.i.d. noise, 7(0)7(1 ). Next,
this estimator is used to correct the asymptotic bias of the pre-averaging estimator (PAV) to derive the

—~—(1 —~(1 e e . .
first-step estimator of the IV, IVEz ). In the second step, we use IV,, * to obtain finite sample bias corrected

estimators of the variance and covariances of noise, 7(0),(1 and y(j ),(1 ), which are then used to remove
~—(2
the asymptotic bias in PAV, leading to the second-step IV estimator, IV,S ). Iterating this procedure will

—— (K) — (K) —
lead to K-step estimators 7(0);(1 ), 7(]),(1 ), IV,&K).

34



1 |
0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30

Lags

Figure 2: Realized volatility estimators against the number of lags j, based on a single simulated sample,
without and with finite sample bias correction, cf. (6) and (10). Here, RV: (Y, Y)(j)n; RVL: (Y, Y) (j)n —
O8IV RVM: (Y, Y)(j)n — 5-v—; and RVH: (Y, Y)(j)n — 5~2v—. We take A = 1 sec, the number

2(n—j+1) 2(n—j+1) 2(n—j+1)
of observations is 23,400, and + = —0.7. The designation “True” corresponds to the stochastic limit
(0) = ()
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Figure 3: Realized volatility (RV) and local averaging (LA) estimators of the autocorrelations of noise
against the number of lags j, averaged over 1,000 simulated samples. Top panel: RV and LA estimators
without finite sample bias corrections. Bottom panel: RV and LA estimators with finite sample bias
corrections (RVBC, LABC). The dashed lines are the 95% simulated confidence intervals. We take A = 1
sec, the number of observations is 23,400, and : = —0.7. The tuning parameters of the RV and LA
estimators are j, = 20 and K;, = 6, respectively.
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Integrated volatility

2 4 6 8 10 12 14 16 18 20
Trading days
.1073
11 0 )
—k— f\jfl )
s 08 = WY
= 95% Cls
[
° 06
s
o]
)
s 04
3
s
S 02f
0 | | | | | | | | | J
2 4 6 8 10 12 14 16 18 20
Trading days

Figure 6: Estimation of the IV based on transaction data for Citigroup. Sample period: January, 2011,
consisting of 20 trading days. On average there are 10.5 observations per second in the sample. The

estimators f\vf,(ql), f\v/,(f), and f\v/n are given by (36), (41), and (25). The TVLLZ estimator is proposed in Jacod

et al. (2019). In the bottom panel, the asymptotic confidence intervals (Cls) are based on the limit
distribution in Theorem 5.1. The tuning parameter of the RV estimator is j, = 30, and ¢, = 10. 0 is
selected according to (28).
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Figure 7: Top panel: Logarithmic autocorrelations of noise against the number of lags j estimated by
BCRYV for each trading day based on transaction data for Citigroup. Bottom panel: Means of the loga-
rithmic autocorrelations of noise and a linear regression line. Sample period: January, 2011, consisting
of 20 trading days. On average there are 10.5 observations per second in the sample. The tuning pa-
rameter of the RV estimator is j,, = 30.

40



"0€ = Y st 103°WNISD AY 9Y) Jo 193owrered Suruny oy, “uesw oY)
woIj Aeme SUOTJRIAIP pIEPUR)S g 918 SOUI[ PIYSEP L 'SIJLWIISd () S} JO SUBIUI df} dJedIPUI SIe)s aY ] ‘sAep Surper (g 9y} JO ors I9A0 paSeIaAe jxou
pue 03 parjdde are s10yewISd 991} Y, *9[LIS SWIL} DIS-T B U0 papiodas st ajduresqns ay[, ‘110g ‘Arenue( :porrad sjdweg -dnoidnr)) 105 eyep uondesuen;
a3 jo ardwresqns e uo paseq [ sSef jo requnu ayy jsurede asiou jo (Pued Wo0q) sedUeLIRAOONE pue ([oued doj) suone[arIod0Me 3} JO SIOJLUWSD
(AMDY) A[me[oa pazieal paydaLIod seiq ay} pue ‘(y) Surderaae [ed0] “(AY) A[ne[oa pazipear ayy Aefdsip am “py3ur ayy 03 Po[ a3 wor :g 2In3rLy

s@ep s@ep s@e

>
=)
8
S}
2
fo¥]
=
<X
=
(@]
®

-9 19 -8

(0T (0T 40T
s@e s@e s@ep
0¢ 0¢ 0T 0 0¢ 0¢ 0T 0 0¢ 0¢ 0T 0
, T T c0— , T T c0— , T T c0—

>

120 =
2

H¥0 3
[¢)
=)

190 5

w =}

180

T

AIDO4d

41



Volatility estimation under regular time sampling, A, = 1 sec
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Volatility estimation under tick time sampling

Integrated volatility

Trading days

Figure 9: Estimation of the IV based on subsamples of the transaction data for Citigroup. Sample
period: January, 2011, consisting of 20 trading days. In the top panel, the estimation is performed on a
subsample that is recorded on a 1-sec time scale. In the bottom panel, the estimation is performed on a
subsample that is recorded at tick time; on average there are 3.2 observations per second in the sample.

The estimators f\vf,(f), f\vfiz), and f\v/n are given by (36), (41), and (25). The f\vflnLZ estimator is proposed
in Jacod et al. (2019). The tuning parameter of the RV estimator is j, = 30, and ¢, = 4 for the 1-sec
sample and ¢,, = 6 for the tick time sample. 6 is selected according to (28).
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A Proofs

A.1 Assumptions and Notation

In all proofs that follow, the constants C may vary from line to line, or even within one line. We add a
subscript par if they depend on some parameter par. In the sequel, we will employ Lemma VIIL.3.102
in Jacod and Shiryaev (2003) repeatedly, and we will refer to it as the [S-Lemma.

Adopting the standard localization procedure (see e.g., Jacod and Protter (2011) for further details),

we may assume that:

Assumption A.1. The efficient price X satisfies the Assumption 2.1 with by and oy bounded (uniformly in w
and t).

This implies that for all stopping times 0 < S < T < 1 we have
E (| Xr — Xs|"|Fs) < CoE(T —S|Fs), Vp=>2. (A1)
|E (Xt —Xg|Fs)| <CE(T—S|Fs).
We first introduce some notation that is used to prove the results in Section 4.1:

kn—1
Gi'(s) = X &V (((i+i-an i+ ()
=

Hl = F'®G;

1/4 —n —n
IBZIH =n / (amknAn kan + umk,,) ;

S =1 Yo, = B
nr/4 —
. 3
M *= % (91P0f772nk,1An + llélzu> ;
M,—1

PAV" := Z M

- M,, 1
PAV" Z -

To prove the results presented in Section 4.2 we will also need the following:

/ G1+] 1+] ( )dS,

/ Gl+] t+] ds/ G1+] z+] )du’

X{(t) = Bj'(t) + M (t);

1



where B! (t fo bsG!(s)ds, and M (¢ fo 0sG!" (s)dWs. Furthermore, we define

t
Ki=FeG g TOF =Kl IO =K, Vo= [ ods

() anw, w=B((T)), O = (@) - %= (P

- R R o i+pky,—1
¥ = (V) ~ e = RO KT, )= L Y
j=i
VA _
(D)} = Gge S Pipen TP) = E (1w |7} )
VA —
) = Gt Wi T W] =E (10} |70} )
and let K}, = Lmj — 1,15 = (Kb +1)(p + 1)ky. We can then decompose IV, — IV into the

following terms:

K Kh

F(p)n = ;w);a M(p)a =Y. (n(p)! = 7(p)})

n = 2 e Mpe=Y (1)) -7}
. \/an ﬁJrlT

C
( 91'[)0 i= Ip
= —kn +2)anv/BDy Y1 [ s
C'(p), = ( — 0),+2 ;
(p) o0, i 7(0), ]; ()
. n —ky+1
C "n
9% Z
since we have
IV, — IV = M(p)n+M (p)u+F(p)n+F(p)n+ é(P)n + él(P)n +Cy. (A2)

A.2 Auxiliary Lemmas

We will often need the following two useful results based on the JS-Lemma.
Let Z be an integrable random variable with finite variance and measurable with respect to Gy

(see Assumption 2.2 for the definition of this c-algebra) and define

Ch =E((E(Z|Gy) ~E(2)7), Az= ]E(Z|gk’()j;]E(Z).
Z



Then we have by the JS-Lemma

E(Z|Gv) = E(Z) + Azy/Ch, (A3)

with E(A%) = 1and Ck < Ck=2.
Another application of the JS-Lemma gives thatif Z;, Z; are G;- and G;-measurable random variables

respectively, with mean zero and bounded variance, then we have for all k <i < j that
E(|E (Z:Zi|G:)|) <C(Gj—i)". (A4)
To see this, we use the JS-Lemma to obtain (since the Z; have bounded variance):
e = E((E(216:))%) < Clj—i) ™. (A.5)
Then,

E(|E (ZiZ;|G)]) < \/C(J’—i)_Zle< E (Ziw gk> D
ij

Now applying the Cauchy-Schwarz inequality and using the fact that the variance of the Z; is bounded,

we obtain (A.4).
Next, in the setting of Section 4, we recall some useful estimates (see Jacod et al. (2009)) for pre-

averaged sequences defined in (19):

E(X17)| <oV, E([X

F) < callt, (A6)
for any g > 0, and
— i\ 2
E ((W?) ff) — knfnipo + Op (YY), (A7)

The following lemma, which establishes a central limit theorem for general pre-averaged noise,

plays a central role in the proofs of the results in Sections 4 and 5.

Lemma A.1. Assume that the noise satisfies Assumption 2.2 and that (14) is satisfied. Then, the following

central limit theorem holds for U, :

WAL N (o, ‘PfU) . (A8)

Proof. Let a;‘ = —g}’, /kun/¢7(0). First, a Riemann sum approximation implies

¢1(0) = 1 +o(ALH). (A9)



Next, for any ¢ € Z, the Lipschitz property of g’ implies

g g] ’ < Cl{|k;?
P (0) — 1| < Cl| /kn +0(AL*). (A.10)

; kn—1 n 2 1 n
Since E (Z].ZO aj i+]-) =70 Yjej<k, 91 (€)7(£), we have

kn—1
(( Z a; Uz+]> ) (Pl( M%n Pry (£

where we used that |y(£)¢| < C|¢|*"? with v > 2, and k,, = O(n!/2). Then Yok, 1) < CkL =7 gives

|7 (0)¢]
< E < CVA,, All
91(0) €] <kn fen ( )

Y. pir(0) —Zy| < CVA,, (A12)

1 ( 16| <kn

2
and we see that [E ( (Z;‘” 01 a”Ul+]) ) — 2.
Since we assume the existence of moments of noise of all orders, and v > 1, we have for sufficiently

large r that v — % > 1, which implies

2
), k2pp < oo,
keIN*

where the {p;} are the p-mixing coefficients. This is sufficient for the following CLT, according to Rio
(1997)*:

kn—1

L
Z a?UH]« —— N (O,Zu) .
j=0
Since n!/ 4U? = Alpl?/(zi Zk”_l ” i+j, we obtain by (A.11) and (A.12), using (18) and (A.9), that
2 >N
JE((nl/‘*u?) ) = ‘/’19 Y1 o(al/%), (A.13)
and the stated result follows. O

The result of Lemma A.1 for the asymptotics of pre-averaged noise will allow us to prove the results
in Subsection 4.1 using a similar strategy as in Podolskij and Vetter (2009a,b). However, their proofs

need to be modified for our setting. The following lemmas will therefore turn out to be useful.

Lemma A.2. Assume the conditions of Theorem 4.1 are satisfied. Then there is, for any q > 0, some constant

IRio (1997) discusses strongly mixing or a-mixing, which is implied by p-mixing.



Cy > 0 (depending on q), such that for all m:

E(|&h|7) +1E(‘n”4y? q) < Cy; (A.14)

E(Bh|") +E(|n/*Y]

q) <G, (A.15)

Proof of Lemma A.2. The boundedness of the moments of n'/4X] follows from (A.6), which also es-
tablishes the same bound for n!/4W; if we take the drift of X equal to zero and the volatility con-
stant. This, together with the boundedness of o, gives the boundedness of [E(&};,) since we can write
G =n'/* (Xan - UmknAnWszH)-

Now we show the boundedness of [E (‘nl/ 4y}

q) . Holder’s inequality implies

)

Boundedness of E ( ‘nl 14X} ‘q) has already been established, while [E (‘ n'/4U ‘q> is known to be bounded

by Lemma A.1 and the well known fact that convergence in distribution implies convergence in mo-

]E(‘nl/‘l??

q) <, (]E(’nlMX?

q) —HE(‘nl/‘lU?

ments under a uniformly bounded moments condition, see, e.g., Theorem 4.5.2 of Chung (2001). The

result for E(|B!,|7) follows by similar arguments. O

Lemma A.3. Assume the conditions of Theorem 4.1 are satisfied. Then we have for all even integers r > 2 that,

uniformly in m,

E (817 | M, ) = (ewoo,iknAn + B2 ”) +op(n1/4), (A.16)

r/2
E ((B1) M, ) = e (Gwovfnk,,A,ﬁl”f ”) +0p(1), (A17)

with y, the moment of order r of a standard normal random variable.

Proof. Let {r,} be a sequence of integers satisfying

m=n’, ——<U<-. A.18
" 4o 4 (A.18)
For any process Z, denote
— rm—1
Zm,r,, = Z g}'1 :lnk,,-&-j/
j=0
_ kn—1
Zyym+1 = — Z g7zg1kn+j'
j=rn
Let
—n L 1/47n - . 1/4 v —n
By = 1 W By sr =17 (G, Wik, + T s ) (A.19)



This implies that ], = Efn,m + Bf, m+1- We first prove (A.16) by establishing the following three results:

E (B [P, ) - ((ﬁ;;,mﬂ)z "H;kn) " (A.20)
E ((ﬂfn,mﬂ)z ‘/H?nkn) - <(:Brn m+1> ‘ mkn) = Op(”_1/4)r (A.21)
E ((ﬁrn,mﬂ)z ’f},ﬁk“) (91/10 ks #11;4 ”) = 0y (n~1/4). (A.22)

1. To prove (A.20), it is enough to show that

((‘BW ) ’ mkn> =op(n1%), (A.23)
((ﬁrn,mﬂ) (ﬁm rn> ‘Hmkn) = OP(”71/4)- (A.24)
To establish (A.23), we write
(Bnm,r,,) nl/2 (Um rn)2 = pnl/2 721 i"z_:g}?g?/u:lnkﬁfu;knﬂ“
j=0 j'=

Taking conditional expectations we see that the left-hand side in (A.23) is smaller than

=1 5 m—2 rp—1
Jg @?) E ((umkn""]) ‘Hmk,,> +2 ]Zo p ;H *’?g;?, E (umkn+jumkn+j, H:‘nkn)’,
Since |g An we find by (A.4),

rm—2 rp—1
E <(ﬁZ1,rn)2‘HZ1kn> < CV/A, (rn+2 Y ¥ (j/_]-)v) < C/Dorn, (A.25)

j=0 j'=j+1

and this proves (A.23) due to (A.18). To prove (A.24) it is enough to show that

VnE ( m,ry rn m+1 ‘gmk ) Op(n_l/2)r (A.26)

nE(E (B, W, Mo, ) ) = 0p(n™1/%), (A.27)

The first result follows since the left-hand side equals

j=0 j'=tn j=0 j=ry

=1k, —1 kol
E (nuz Y ¥ ????qukﬁjuquﬁj’ | kan> < cnl/? Y VBl =170

by (A.4), and since v > 2 we get (A.26).



For (A.27), we note that the independence of G, 7, and the estimates (A.6) and (A.23) imply

)

Z”‘)D = C”%\/E]EQIE (EZW |gmkn)’) <caivnt (A28

1 —n =
niE (‘IE (;Bm,rH ankn
This proves (A.24) and hence (A.20) has now been established.

2. To prove (A.21) we note that the left-hand side of (A.21) is

(1T )"t ) (1T

which is of order O, (7, %) by (A.3), so (A.21) follows from (A.18).

3. Finally, we prove (A.22). We have by Lemma 4 of Podolskij and Vetter (2009a) that

. 2
E ((7’11/40'mk’1An W:lnkn) ’Fil:lkn> = nl/za'rznknAnknAnwO + Op (7’1_1/4) == zknAnl)bOQ + Op(n_1/4)/

where the last equality follows from (18). Due to the independence of G and F we therefore only

need to show that

— 2 1211 -~
B (14T ) = B2y,

We know from (A.13) that
_ 2 3
E((nl/‘lll:ﬂ(n) ) = Lle 24 o(al/b),

so the desired result follows if we can show that

E(()’) B ) )

But this follows from

=0,(n"1/%). (A.29)

— 2 — —
ua((nl/zxufw) ) < Chnt; E(u?,,,rnufmm +1) < CAy,
which can be obtained from (A.23) and (A.26).

This completes the proof of (A.16). To establish (A.17), we show that

E (131" [#sx, ) =B (1B, | [Himg, ) = 0p(1), (A30)
E (1B, al | sk, ) =B (B il [Fi, ) = 0p(n77%), (A31)

— Z 7/2
E (1B mnl” [P, ) — (woaﬁw + ”) = 0,(1). (A32)



1. For (A.30), we use the Mean Value Theorem and (A.23) to write

E((Bh) — (Brmen) |Miw, ) = ( (Brwr) (Bon) !%:;kn) +op(1).

Application of the Cauchy-Schwarz inequality yields that the right-hand side is 0, (1) due to (A.25)

and Lemma A.2.

2. We now turn to (A.31). For any ! < r, apply (A.3) to write

B (2 Tn) i, ) = () ) + ot

with IE(AIZ) =landC, ; < Cr,° < Cn~1/% because of (A.18). This means we can replace the
conditional moments by the unconditional moments plus a correction term that vanishes asymp-

totically. Using the notation Cf = Wlk)' for the binomial coefficients, this gives:

—n r
E ((ﬁrn,erl) ’H%k” )
r . k _ r—k
5 o, () (T0) " o,
k=0
~ ~k k van \ | 2 14 \F
= Y ok E (0 W) [ Fo, JE (74T ) G,
k=0
. r r — k
=E ((ﬁfn,m—i—l) ']:171111{”) + 3 G, a, E <(”1/4W:Lkn) ‘]:an> Crr—kAr—k-
k=0
Clearly, the last term is 0, (1) since (A.6) shows that the conditional expectation in the summation
is bounded for all k, while C, ; < n~1/4, This proves (A.31).

3. The equality (A.32) is a consequence of the asymptotic distribution of B}, which follows from
Lemma A.1, the fact that the sequence of the moments of the noise is uniformly bounded, and the

independence of W and U.
This concludes the proof of Lemma A.3. O

Lemma A.4. Assume that the conditions of Theorem 4.2 hold and let

A NI (LT ) (a33)

We have the following stable convergence in law:

1
L, 53 \/g / (91/;0052 n ”“5”) aw,, (A.34)
0

where W' is a standard Wiener process independent of F.




Proof. Let 0!}, ;= n—1/4 (([37,;1) (61/J0 kA, T ¢1 )) . Then, since M,, < Cy/n,

M, -1
Y. O +op(1),
m=0

by Lemma A.3. We also have

M, —1

Z E (9 ", ) =0, (A.35)
again by Lemma A.3, and
My—1 1 M-l 1 M-l llJlZu 2
mgo ( 19” ’,Hmk”) m mgo ( ﬁn ‘Hmkn) + m mgo (Glpo k,,A,, 0 >

2Mn1

~ o, X, E (B0 Mo, ) <9‘P0 ik ¢192u> +0p(8:/%).

The last remainder term o, (AY/*) is due to the approximation M,, = /n/0 + o(n'/*). Now it follows

from (A.17) and a Riemann approximation that

My—1 2
L 2 1 z
Z E ( o) ‘Hmk E = / (elpoag I ”) du. (A.36)
n 0 Jo 0
Next, denote A%, Z = Z?m 1)k Z,x,, for any process Z. We will show that
My—1 -
Y E (%A%N ‘H;;kn) P o, (A.37)
m=0

for any bounded martingale N defined on the probability space (Q, F, (F;)i>0, P).
According to Jacod et al. (2009) and the proof of Theorem IX 7.28 of Jacod and Shiryaev (2003)
it suffices to consider martingales in N/ 0 or N1, where MY is the set of all bounded martingales on
(Q, F, (Ft)t>0,P) which are orthogonal to W, and where A'! is the set of all martingales having a limit
Neo = f(Y4, - .,Ytq), where f is any bounded Borel functiononR7,t; < ... < t;and g > 1.
First, let N € A9 and let ft’ = Ns>t Fs ® G. Then, for any t > mk,Ay, @;(t) (19"

tional on 0y, a,, is @ martingale with respect to the filtration generated by {W; — Wy, a, |t > mku A, }.

F! ) condi-

By the martingale representation theorem, we have 0, (t) = Oy, (mk,Ay) + / ni k4, TudWy for some pre-

dictable process T. The orthogonality of W and N and the martingale property of N imply that
E (585N [ Fria, ) =B (8 =9 (mkatsn) ) AN + 8, (mkasn) AN | Py o) =0,
which gives

E (5,ALN My, ) =0, (A.38)

10



since HJ, C ‘Fr/nknAn'
Next, assume that N € A1, It can be shown (see Jacod et al. (2009)) that there exists some ft such
thatforallt € [fl, tl+1)/ Nt = ft(YtOI Ytl’ ce ,Ytl)tz ]E(f<Yt0/ ce ’Ytl’YtH—l’ .. -/Ytq>|]:t) with tO = 0, thrl =

oo, and such that it is measurable in (Y3,,...,Y}). Hence, AL N = 0 if it does not cover any of the

points t1, ..., ;1. But such intervals (to compute A}, N) that contain any of the points #1,...,t;,1 are
at most g + 1 in number. Furthermore, by the boundedness of N and the conditional Cauchy-Schwarz

inequality, we have the following:

E ([85A5N] [y, ) < JIE ((op)? \szn)wﬁ (B3N [y, ) = Op(n %),

Now (A.37) follows since there are at most finitely many such intervals.
Due to the fact that 9", is an even functional of 1!/ 4W:lnkn and n!/ 4U:1k,, we know that both have a

symmetric asymptotic distribution, and
E (058 W [, ) 5 0. (A.39)
From (A.17), we deduce that (19,’}1)21{‘19%»} = 0,(n"1/2) for any ¢ > 0, so we have

M;—1
mZ::o E ((1931)21{\034»}

i, ) = 0. (A.40)

Now the proof is complete in view of (A.35)-(A.40), and Theorem IX.7.28 of Jacod and Shiryaev (2003).

O
Lemma A.5. Assume that the conditions of Theorem 4.2 hold. We then have that
Yuk,) — —F= (B)" =op(n="%). (A41)
m=0 " \/ﬁ m=0 "
Proof. Denote
Yo = n"4B0 = Oy, Wik, + U, (A42)
Then,
Mu=1 , o 1 M=l My—1 — N — N
n 2 n n
o[ ()= 8 ) < 2 () o))
m=0 n m=o m=0
. bVl =\ 2 4 . .
Since lE((Ymk" + Y,’}Z) > = O(n~1/%) by (A.6), the result is proven if
Mu—1 — N
y IE((Y:;,{H - Y;,g) ) 0. (A.43)
m=0
But this follows directly from Lemma 7.8 in Barndorff-Nielsen et al. (2006). O

11



A.3 Proofs of the Results in Section 3 and Subsection 4.1
A.3.1 Proof of Proposition 3.1

Proof. For any process Z, we write A” Z = Zl+] Zt, forj=1,2,...,n —i. The process Y then satisfies

n—j n—j n—j
Z(A;ij)z =Y (A X)*+2 Z AILX AU + Z(A;fju)z. (A.44)
i=0 i=0 i=0

We now analyze the asymptotic properties of the three components on the right-hand side of (A.44):
(i) Firstnote that ", ] (A” X)?/j L [X, X], where [X, X] is the quadratic variation of X.

(if) By the independence of X and U, we have

t;juz ( (81X A?,ju)z) = j;le ( (AZjX)Z) E ( (A;fju)z) <Cj. (A.45)

The last inequality follows from the fact that U has bounded moments and from an application
of (A.1). Next,

n n n n
ii;i/ E (AiJX AU By X Ai"fu)
- Y E (A;fjx A;“,J.X)IE (A;{ju A;i,].u)

i,i"i<i’

gc]-An< Y E(anualu)+ p IE(AQJ.UA;{].U))

Lilitj<it il >i

(A.46)

<Cj%.

The first inequality follows from the Cauchy-Schwarz inequality and (A.1). To establish the second
inequality, we apply the Cauchy-Schwarz inequality, (A.5), and the fact that v > 1, to obtain

L E(spuspu) = ¥ E(AUE (U], ))

iilitj<i’ iilitj<i’

<cYy ¥ ]E((]E (Aﬁ,ju‘}'(H]-)An))z) (A.47)

i ilitj<i

<CZ Yo (= (+j) <At

idilij<i’

. 2
Equations (A .45) and (A.46) imply that E < (z?;g Al X Ag].u) ) < Cf2, 50
Z ALX AU = O (j). (A.48)

(iii) Turning to the last sum of (A.44), letv; := E ((Ul”ﬂ — U}“)z) = 2(7(0) —¥(j))- Fori > j, we obtain

12



the following, using similar arguments as the ones used to prove (A.47):

[Cov (U —up)? (U —um?) | < cli- )™,

o((

For any fixed j and any j, satisfying A,;j,, — 0, j, — oo, we have by (A.48), (A.49) and (4) that
y J Y] ymng Anj J y

which implies

. 2
/ ((anu)? - 1/]-)> ) < Al (A.49)

0

O, (i) = (1(0) = (1)) = Op (VA ) 5 .
0 Y) (ja)n = 7(0) = Op (max{v/Bujuji" } )
Now the stated result follows. O
A.3.2 Proof of Proposition 3.2
Proof. By Itd’s isometry, we have
n—j D\ S A nol o (DA ),
B\ L@x?) =¥ ¥ [ s = Y Y [ s
i=0 i=0 h=i ’hAn h=0 i=0v(h—j+1) ’hon
n—j h (h4+1)Ay, (n+1—j)Ay
=) / oZds+o(An) = j [ o2ds + o(j2An),
h=j—1i=h—j+17hbn (7=1)An

where we reversed the order of summation in the second equality, while the stochastic orders follow

from the regularity conditions on the volatility path around 0 and 1. Hence, we have

—

2(n = j+1)Eo (X, X)()u) = j/o1 02ds + Oy (20n).

Furthermore, it is immediate that [E, (Z?}{(A?’J»U)Z) =2(n—j+1)(v(0) —(j)). Thus, we have, by

the independence of X and U,

Ea(@(}')n) _ zjfol o2ds

2—j1 1) +7(0) — () + Op(]'zA%)-

A.3.3 Proof of Proposition 3.3
Proof. We note that |27 — iun | is smaller than
[)l

23" )~ 70l +2 > 0.

jzén‘f’l

13



The last sum is of order (¢,)'~? with v > 3 and ¢, > Cn'/8 by (14), so it is o(n~1/#). For the first sum

we use definitions (6)-(8) and then apply (A.50) to conclude that for j < £;:

— — —

YG) =1l = 11(G) = T G+ YNl = Op (max { /B s v/ Bl } ) -

Our restrictions in (14) then guarantee that |y(j) — ')//(]\)n| = Op((8n)>/12) while £, = o((An)~1/®), s0

ly - R
Yo v G) = v()ul = 0p (™) [y = Zg, | = 0p(n7H). (A.51)
=0

This establishes the result. O

A.3.4 Proof of Theorem 4.1

Proof. We present the proof in three steps, which correspond to the following three equations:

PAV(Y,r), — MLPAV" Lo, (A52)
n
1 1 —n P
— PAV" — —PAV A.
7 i Lo, (A.53)
MLIW —PAV(Y,r) B 0. (A.54)

n

We invoke Lemmas A.2 and A.3, which in turn rely on Lemma A.1.

(i) To prove (A.52), recall our choice? of M, = U%J . The difference on the left-hand side of (A.52) is

a sum of martingale differences:

PAV(Y,r), — MLPAV”
n
:M”Z*L(
m=0 \/ﬁ

In light of Lemma 2.2.11 in Jacod and Protter (2011), it suffices to show that

p— T
n%YZm‘ —IE(

l=n |"|,m
n4Ymkn‘ ‘Hmkn )) .

_ 2
n%y;;kn’ r ‘%m) Eo. (A.55)

M, —1
n m=0
But this follows from the boundedness established in Lemma A.2 and the choice of M,,.

(ii) To establish (A.53), we proceed in several steps:

(a) We first note that the error when approximating n'/ 4y by B}, denoted by ¢};,, is small in the

sense that
1 M,;—1

W L E(|gh*) —o. (A.56)

2We interchangeably use k,A, and 1/ M, in the sequel; the difference of the two is always negligible.

14



To see this, we write

(m+1)kn Ay (m+1)kn Ay

&= pl/4 </ bsGpy, (s)ds + (0s = Omkpirn) G, (s)dWs> .

mkn Ay mky Ay

Since b and G are bounded, we have

(m+1)knAy 2
E(”m (/ b:G, (5 ) < Cnl/2(ky)? < CV/By,

mky Ay,

By It6 isometry,

Lo ([ Dk i 2
E(n /m o (05 — Outya,) Gl (5)dW,

("’H’l)knAn
< CA1? /

2
E (((Ts — Omk,A,) )ds,
mky Ay

and hence

1 M;—1

B () e (s [ 2((o i) )o) 1

by Lebesgue’s dominated convergence theorem, since 0 A, 5] — O and ¢ is bounded.
nan

(b) Next, define the approximation error

149" |"
n ‘n ! Ymk” B
gm = 9

Bl

We note that this error is also small:

1 M, -1

Z]E‘gm /

which follows from
1 Ma-1

W E(|gnf?) —0

(A.57)

(A.58)

This can be proved using similar arguments as in the proof of (A.56). Equation (A.57) then

follows, and it implies

i L E (cn

P
mkﬂ) — 0,

by the Markov inequality.

(c) By Lemma A.3 we have

¥\ 2
an) = W <9¢0 mknd T lplg u) +op(1),

E (IBn]"

15
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which holds uniformly in m for any even integer ¥ > 2. Now (A.53) follows from (A.59)
and (A.60).

(iif) Following Proposition 2.2.8 in Jacod and Protter (2011), we see that (A.54) boils down to conver-

gence of a Riemann approximation.

This finishes the proof of Theorem 4.1. O

A.3.5 Proof of Theorem 4.2

Proof. We have, by the definition of I/\7n and (A.16) of Lemma A.3 that

M,—1 R
n1/4IVn — n1/4(¢0)—1 < Z |YZ1kn|2 _ lplg—ZZUn) ,
m=0
1/4 1/4 1 M 2 2
4V = /4 (o)~ E ((B1)7 | Mk, ) = 91072Zu | +0,(1).
OMy, m=0

Subtraction gives, due to (A.41) of Lemma A.5 and because M,, = /n, that nl/ 4(1/\\7,1 —1IV) equals
(0) 'Ly + Cn'/*(Zy — Z,) + 0p(1),

with L, as defined in (A.33) of Lemma A.4. The first statement of Theorem 4.2 now follows from that

Lemma and (A.51), while the second statement is implied by the consistency result in (21). O

A.4 Proofs of the Results in Subsection 4.2

In this subsection we first establish several lemmas to facilitate the proofs of our results in Subsec-
tion 4.2. We follow the classical approach in Jacod et al. (2009) and also use several estimates that have
been derived in Jacod et al. (2019). Our proofs are often less involved than those in the last paper. This is
partly due to our Lemma A.1, which we proved under relatively mild assumptions and from which the
higher order moments of the pre-averaged noise process can be easily obtained. Moreover, our setting

is not as general as in Jacod et al. (2019).

A.4.1 Auxiliary Lemmas for Subsection 4.2
In the following Lemmas A.6 to A.10, we assume the conditions of Theorem 4.3 are satisfied.

Lemma A.6. Forany q > 1, we have

[ (R 17| < can B (|R

! |ff) < Al (A.61)

Proof. Using the decomposition in the proof of Lemma 5.2 in Jacod et al. (2009), we have by It6’s formula

16



)A(fl 3 n
that - =}/, Di,éf where

(i+kn—1)Ay (i+kn—1)Ay
Diy = /1 X' (H)dM; (t), Dj, = bia, /1 MI(H)G(#)dt,

(i+kn—1)Ay (i+kn—1)Ay
D}, :/i M (t)(by — bip, )G} (t)dt + " Bj'(t)dBj'(t).

The boundedness of b, ¢ and g imply that we have that E (|M?(t)‘q “an) < C(kyA,)7? and that
E (|B()|"|F7') < Clkay), and since ky = 0A; /2 + 0 (8;7/*) this gives

E (|Di-fz|q Ifi”) < (A.62)

E (|D33|q Iﬂ”) < CyA. (A.63)

The boundedness of ¢ and g also establish that |IE (M}'(t) | F/")| = 0 which gives, together with the
boundedness of b and g, that

|E (D}, | Fl')| < Chy. (A.64)

The martingale property of M yields [E (Dgl ’Ff) =E (figjk”_lm” X! (t)dM! (t) |]-'l”) = 0 and com-

bining this with (A.63) and (A.64) proves the first part of (A.61). The second part of (A.61) follows
from (A.62), (A.63) and
E(|Dp|" 177 ) < cal?,

which can be obtained by applying the Burkholder-Davis-Gundy inequalities. This finishes the proof.

O

Lemma A.7. Forany p > 2, we have
E(E(@(pn*IKy)) < Cp (A.65)
E((E @(p)} IK!))) < Cpttn. (A66)

Proof. We have by Lemma A.1 that

E( (U ° < CA%, E( (U] ! < CA,, way=E( (U ’ < CAY2. (A.67)
((@)’) ((@)") ((@))

This implies
1E<]E ((ﬁff |/c;ﬂ>> <C <]E((u?)8> n aﬁ) < CAZ. (A.68)
Holder’s inequality gives ((g(p);?>4) < Gl Z;.Z’k"*l (()A(l”)4 + (ﬁf>4 +2 (U?>4 (X?)4> Now
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(A.67), (A.68), together with the second part of (A.61), the independence of X and U, and (A.6) yield (A.65).
We now turn to (A.66). By (A.4) we have

i+pky,—1

y, B((x(1

j=i

i+pky—1 C

2 C 1

9, |k > < — < < C(Ap)" 2. A.69
) ,; =it 72 = 1 =) (A.69)
On the other hand, for any i < j < i+ pk, — 1 we have, by again applying (A .4) and using |g}| < C/ky,

that

B 2
o)) = (o)) )

< kn(C/kn)Zk];1E<(E( ek | 9oty ))2)
kn—1 1 C
< (C/k) & (j+k—i+Lk7"J)2U < o (j_iH%nJ)sz
whence
i+pkn—1 — 2 C
,Z. E((gg (Uj G |y )) ) < 20T < C(ng)" 12 (A.70)
j=i n

By the independence of X and U, (A.6) and (A.61), we deduce

i+pk,—1 R R o
E@p)yiky) = Y, B(X+0r 20X |k}
j=i

e S itpky -1
<cAr+ Y ]E( ” gH%J)JrzA”Z )3 ]E(LI]- gH%nJ). (A71)
=i j=i

Since v > 2, we can now apply Holder’s inequality to the square of this expression to get (A.66)
from (A.69), (A.70) and (A.71). O

Lemma A8. Let ], = j(p +1)knAn and define Zj; = — fol s¢i(s)pj(s)ds, and Aji(p) = pPij + Ejj for
i,j € {0,1}. We then have

4k2 N2 2 8A, 07 %
2 n=nbn 4A,Y nlyn S
E{ [E{ (1(0)]) - ——"200(p) — “g=LAn(p) - —2—Aa(p) [T ()] ||| < it
%o %o ¥
(A.72)
Proof. First, we note that
Pkn—l n n n n
) o S S SN e —m —
C(p)H?* = Z (Xf+ij’+j, + ugju,ﬂ]-, + X;“ﬂ-u;gj, + ugjxg“ﬂ., +4Xi Ui i Xig p Uiy
jij'=0
Sy N T ~n TN 2 N TN ~N"N TN 1y
‘|‘ ZXZ'"HXH]»/ ul‘Jr]'/ ‘|‘ ZXHJUH]'XZIH, + lei”HXiH/ Uiﬂ'/ + 2X1+]u1+]uzn+]/)
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Applying the estimate (A.20) in Jacod et al. (2019), we get

d

Another estimate gives (see the proof of Lemma A.5 in Jacod et al. (2019)):

pkn—1 PN o
Y E (1R — 401G G)) |77
jij'=0

) < Cpal/*. (A.73)

[E (X Xy — (012G, 17 )| < cadlt,
which yields, since X and U are independent while E (UZ1 v ]-U?Jr j’) < CAY?, that
E (

A direct application of the JS-Lemma then leads to

pkn—1 S - N o
Y E (X?HU?HXZ?H/ u?+j, —(o)?G (]/]/)]E(u?ﬂu?ﬂ’) “C?) D < Cpts/t. (A.74)
Jij'=0

pkn—1 R R R N o
' ( pay B (T8 0E |Gy ) - (T T ) <Gk TP <At (A7)
=

sincev > 5/2.
2

We now find bounds for the six remaining terms in the conditional expectation of ({(p)/)* using
symmetry. We first apply the JS-Lemma (A.5) to derive
in 2 in 2\ —2v : —2v
E(E (010 15)) ) < CE((T2) )G+ ka/2) ™ < COli+ka/2) 2, (A.76)
—n 2 —n 2 . —20 . —2v
E(E (T, ‘gi_L%J ) ) < CB((Uly)" )G +ka/2) 7> < CV/B(j +a/2)7%. (A.77)
We use this to find, by the independence of X and U and using (A.61), that
pkn—1 R N pkn—1 R
E( |E Z X?+juz‘n+j’ K < Cpkny Z E(‘]E (uln‘*‘f gi*LkT"J ) D
ji'=0 j=0
pkn—1
<CoV/Ba Y \/Bulj+ka/2)72 < Cual I, (A78)
j=0

For a second estimate, we apply the Cauchy-Schwarz inequality, the bounds of (A.6) and (A.61) and the

independence of X and U to derive

~ — ~ 1/2 — _ 1/2
E (X1 X7 Uy 1K) < E (X520 ) E (K7 U p)? 1K)

1

- 1/2 _ 1/2
< CAL/ZE ((X?+j/)2 |IC?) E ((Uﬂy)z VC?)

_ 1/2
< CAY4E ((u,’»’ﬂ.,)2 |/q“) .
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Therefore, using (A.77),

o

For a third estimate, we use that we know from (A.67) and (A.68) that n!/ 2LAIZ."+ j and n!/ 4U?+]~ are se-

pkn—1 —n pkn—1
( Z X7 z+j'U?+j’|’C?) D < CAY*pk, Y \/\/An(j’+kn/2)*20 < CAY2. (A79)

ji'= j'=0

quences of stochastic variables with variances that converge to one. Together with the estimates in

(A.6), this gives
)

< CpA/ 4k, < C,0374, (A.80)
p=n pen

Lemmas A.9 and A.10 in Jacod et al. (2019) yield

E UH—]’ uln-‘r]
A}l/4 A}[/Z

pkn—1 pkn—1
"
2 U Xi Uiy K} <cal? Y. A3/41E<

= jrj'=0

pkn—1
Y. Giif) —kndiAn(p)| < Cpisy/?;
Ji'=0
pk"il = TN TN
) Gz‘rl(j’jl)]E(ui+jui+j’) — 2% A A0 (p)Zu| < CpAY%; (A.81)
Jij'=0
pkn—1
Y E(UR 07 ) - 4An(p)Th| < CpaY2.
jfj/ZO
Now the result follows from (A.73)-(A.81). O
Lemma A.9. For any p > 2, we have
A VA (p)n 5 0; (A.82)
AYVAR () B 0 (A.83)
AYVAC(p). B0 (A.84)
AVAC (p) B 0; (A.85)
aveer B (A.86)
<sup (M'(p) )2> < C\/Au/p. (A.87)
t<T

Proof. We prove these equations in a number of separate steps.

(1) Proof of (A.82) and (A.83). First, we note that due to (A.76) we have [E (‘]E (131” |ICZ” ) D < Ck,; %Ay
Together with (A.61), and the independence of X and U, we get

E([E (Y] [K7)[) < CAw, B(IE((p)] [KF)]) < Cpkubn.
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1
Since K}, < pkn%n’ we have E(|F(p)n|) < CAZ. The same result holds for F/(p),. Now (A.82)

and (A.83) follow.

(2) Proof of (A.84). From the estimates (A.61), (A.6) and (A.67), we have
E((T;?)Z) < CAy.

Since n — k;,, — Iff < Cp/ /Ay, the claim follows.

(3) Proof of (A.85). Let I'y = ¥ j¢<¢, 7(¢). Then (18) implies

¢1rn l/Jlrn %
— =, — A
A —knt2) " ke +o(An)
Since a; = kin Yjo<ks—1 97 (€)7(£), we have
r 1
I~ E I SRS RN ()
n R o<k, —1 |e]<ty
1 1 ;
< o [ Y. () T Yo (O (1) — )
n £, <)) <kp—1 e <kn—1
14 (o
< (;71 +£ y(£)¢ SCA’lq/\(2+(v 1)x)’
knfn k}’l ‘elékn_l ki’l

(A.88)

(A.89)

(A.90)

where the second inequality is due to (A.10) and the last inequality follows from the fact that v > 2

so that }"y(¢)¢ < oo, while ¢, < A;*. Then (A.89) and (A.90) imply

(n—kn+2)anvDu T
n

1o 0240

v—1)x

1
< ca TR oAl

Since (v — 1)k > 1/4 we have

A_1/4<<7”l—kn +2)“n\/E P

" 6%, — 92%1",1) — 0.

On the other hand, we have by (A.51) that

Now (A.85) is proven by (A.91) and (A.92).

(4) Proof of (A.86): see Lemma 5.5 of Jacod et al. (2009).

(A.91)

(A.92)

2
(5) For (A.87), we apply Holder’s inequality and (A.88) to conclude that ]E((q’ (p)]”) ) < CpAn.
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Doob’s inequality and the fact that K/, < C/(p+/A,) then together imply

t<T

E (sup (M'(P)n)2> <4 2E<(W’(p)7)2> < CV/Bu/p.
=

O
Lemma A.10. For any p > 2, the sequence A, Vam (p)n of processes converges stably in law to
! /
Yi(p) = [ V(p)edW,, (493)
where W' is as in Theorem 4.3 and V (p); is the square root of
VR =t (Aot + 200 () Tt + Ay () ). (A.94)
Y+ t 0 6°

Proof. In view of the classical central limit theorems for triangular arrays of martingale differences in,

e.g., Theorem IX.7.28 in Jacod and Shiryaev (2003), it suffices to prove the following:

jffzo (£ (o)’ |77 ) = (ap) ) 5 [ vipies, (1.95)

1,1§1E ((’7(”)7)4 ‘j(P)7> =0, (A.96)

e KZOE ((n0)y) sV p)} [T} ) 0, (4.97)
n =

where A(Z, p)!' = Z(j41)(p+1)kusry — Zj(p+1)kua,» and N is any bounded martingale on (Q, F, (Ft):=0, IP)
orthogonal to W, or N = W.

. . . _ 2 1 Kb [ 2p
1. Proof of (A.95). Equation (A.66) implies IE <77(p)7) < CpA2, whence 7 Lito (q(p)’?) = 0.

The estimate (A.72), plus Riemann integration, and (18) yield
p
1 Kn 2 P 1
—~ V'E n ) / V(p)2ds.
7 LE((oy) ey ) 5 [ vita

4
2. Proof of (A.96). By (A.65) we have A; Z]E((U(p);“) ) < C so the Markov inequality gives

4 _1
E ((11(;0)}”) ‘j(p)}“) = Op(A2). Then (A.96) follows since K, < CpA,, 2.
3. Proof of (A.97). Let £(p)} = j(p + 1)ky. It is equivalent to prove

K}
BY Y ()b}
j=0

7wy ) Ho.
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In view of (5.62) of Jacod et al. (2009), it then suffices to prove that

La(p) :==AYV*Y E ( Y. (W' +2XU;)AN, p)! j(p)y) Lo,
j=0 i=((p)"

where we may assume that N is a square-integrable martingale.

é(p)}Urpk” -1

Y [E(arawpy;

Since N is a process on (Q), F, (F)>0, P), the independence of F and G implies that
i=l(p)]

2
< \/JE ((s0v)* |78, ol
£(p)j +pkn—1

Y [E(ERTAN ) T0)) <\/IE((A(N,p>7)2'f;(w)@(p);;
()] :

(»))

where
£(p)}+pkn—1 (p)+pky—1 -
i=l(p)} i=((p)
Note that we have used (A.6) to bound [E ( ’]-" n ) by Al/ 2 We find that

2
Lu(p) (Z E((s0vp)” |71, )(®(P)?+2®(P)?)) .
Repeated applications of the JS-Lemma and the independence of G and F give

B( (o)) < kz(c”l) E((@0))) <

so we have

K

B((La(p)) < Vs E(E( N )2>E(Jg(®<p>?+2@<p>7)z)

< Cp]E((N1 — No) )Az—l 0.

(A.98)

(A.99)

The first inequality is an application of Cauchy-Schwarz inequality, and the second one is due

to the fact that N is a square-integrable martingale, the estimate (A.99) and the fact that K}, <

Co/ v/ B

This completes the proof of Lemma A.10.
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A.4.2 Proof of Theorem 4.3

Proof. We invoke Lemmas A.9 and A.10, which in turn rely on Lemmas A.6, A.7 and A.8. Recalling the

decomposition in (A.2), we note that we have proved in Lemma A.9 that

lim timsup P(|Q(p)| > ) =0,

n—o0

for any € > 0, where

Q(p)n =54 (M (p) + F(p)a+F () + C(p)a + C (p)u + Cr) .

Lemma A.10 shows convergence of A, /*M(p), to Y1(p), and for the fixed Brownian motion W’ we

have that V(p):(w) converges pointwise to V;(w) so Y(p); L y,. This proves Theorem 4.3. 0O
A.4.3 Proof of Corollary 4.2
Proof. The result £, LN fol V2dt follows from the following convergence in probability results:

n—ky,+1

Su, BEy, WV, BV Y

o\t el 3
(Vi) = /O (3924)50{* + 6oy 07y + 9241%2%1) dt.
i=0 :

The first two statements follow from Proposition 3.3 and Theorem 4.3, whereas the last one is due to
(5.65) in Jacod et al. (2009) when we replace the asymptotic variance of pre-averaged noise (called &; in

that paper) by X;, and this can be done because of our Lemma A.1. O

A.5 Proofs of the Results in Section 5
A.5.1 Proof of Theorem 5.1

Proof. By Theorem 4.3 we have v, LR IV, by Proposition 3.3 we have fun LN >y and by Proposition 3.1
we have i(&n) =(Y,Y) (1), LN 7(0) — (1). Therefore
Sy, —=W) _
(1) ~7 lpl u, u, P 1/’1 (ZU ,Y(O) +7(1))
— =S IV+ .
4o 6240

This shows that

— (2) —

1(0), = 7(0), = Op(jura), (X, Y)(NZ = (¥, Y)(j)n = Op(Anf),
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which gives

10 =10 = (10, = NG ) = (70~ T G) = 0p(duiv i),

—(2) —

L

2 o ( L —=@) —x .

£0) 20, =10, — 70, +21 (100" = 70)) = Ou(@ v juta) )
j=1

The asymptotic conditions (14) then imply that A,/ 174 (igg - iun) L 0. This proves (43) for K = 2

and the consistency il(\z,)n 5 fol V2dt. It also immediately yields A, /4 (f\v/,(f) - IT/n> o.

Now assume we have for a certain k > 2 that

AL (zg - iun) o (A.100)
—(k —

A4 <IVE1 ) IVn> Eo, (A.101)

_ 1

L /O VAdt. (A102)

A direct calculation shows

slet) s _ [ @b+ s () =)y o ‘
A zun_< 2(n—jn+1)+zn—j+1 AV, =1V, ") =0p((£5 V juln)An);

j=i

S(k S (k+1
—(kt1)  —(k) P (Z(un) A

v, -1V, o ) = Op((2V juln) D).

Assumption (14) then implies that (A.100) and (A.101) hold for k + 1 as well, and (A.102) then follows.
This proves Theorem 5.1. O
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B Additional Simulation Studies

In this section, we provide additional Monte Carlo simulation results that assess the effects of price
discreteness and correlation between X and U. Price discreteness renders dependence between X and
U. The results in Section B.1 show that the presence of minimal ticks has relatively little impact on the
estimation of the moments of noise and the IV. Furthermore, the results in Section B.2 show that in the

situation when X and U are correlated our multi-step estimators still appear to be performing well.

B.1 Price Discreteness

We consider a setting in which the observed price is rounded to 1 cent. The observed logarithmic price

is then given by:
¥ = log ([100 exp(Y;)]/100) , (B.1)

where [x] denotes the integer that is closest to x. Now the microstructure noise has two components:

1

ulrd = Yilgn - XiAn = Y}Zin - YiA;r + YiAn - XiAn . (Bz)

error due to discreteness  error due to market microstructure

Figure B.1 compares our two-step estimators of the second moments of U™ to the true values for the
model setup of Section 6. The two-step estimators still yield accurate estimates, although there is a
small bias. In the estimation of the integrated volatility, we have a bias of 4.47 x 107> and a standard
deviation of 3.55 x 10~°; these are relatively small compared to the expected value of the integrated

volatility which is 4.44 x 1074,

B.2 Correlation between X and U

We also provide simulation evidence on the robustness of our estimators when dependence between X
and U is introduced by choosing a fixed correlation p. between the process € in (45) and the increments
of the Brownian motion W. Table B.1 shows the centered means and standard deviations of IA\7,(12).
Results are shown for the cases pew = 0, peww = 0.7 and p.w = —0.7, and for three different values of
the tuning parameter: 8 = 0.4, 8 = 0.6, and the value § = 6" defined in (28). The results show that our
estimator is relatively insensitive to the choice of the tuning parameter  and to the correlation between
X and U for this model specification.

In a second simulation experiment, we investigate the performance of our two-step estimators for
the second moments of noise when the increments of the Brownian motion W and the noise component
e in (45) are correlated. The fixed correlation coefficient p,y was taken to be either 1 or —1. The results

in Figure B.2 show that the biases in the estimates are very small, both for a fixed value of § and for the

optimized value 6*.
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. 0.7 03 0 03 0.7
0=04
pew =0 133 (372) 096 (371) 062 (371) -014 (3.72) 100 (3.78)
pew =07 | -139 (371) -1.01 (372) -0.60 (3.72) 004 (3.74) 200 (3.88)
pew =—07 | -126 (371) -090 (370) -0.62 (370) -031 (3.71)  0.02 (3.73)
0 =106
pew =0 -1.00 (433)  -093 (433) -086 (433) -0.77 (434) -056 (4.38)
pew =07 | -1.00 (433) -093 (433) -0.85 (434) -0.72 (435) -035 (4.43)
pew = —07 | 099 (433) 092 (433) -0.87 (433) -0.81 (433) -0.76 (4.34)
0 =0
pew =0 118 (3.87) -097 (391) -0.80 (391) -059 (3.96) -024 (4.13)
pew =07 | -121 (388) -099 (3.90) -0.79 (392) -0.48 (400)  0.00 (4.28)
pew =—07 | -1.15 (390) -096 (3.89) -0.82 (3.90) -0.67 (3.92) -059 (3.95)

(2)

Table B.1: Estimation of the IV using IV, when X and U are correlated. The numbers represent the
centered means with standard deviations between parentheses, based on 1,000 simulations for each
scenario. All numbers in the table are multiplied by 10°. The time step is A, = 1 sec and the number of
observations 7 is 23,400. For the tuning parameters we took j, = 20 and ¢,, = 10 while the value of 0
varies, as shown in the first column of the table.

C Empirical Study of Transaction Data for General Electric

We collect 2,721,475 transaction prices of General Electric (GE) over the month January 2011. On aver-
age there are 5.8 observations per second. In contrast to the analysis of Citigroup transaction prices in
Sections 7.2 and 7.3, bias correction plays a very pronounced role here. Despite the high data frequency,
the finite sample bias can be very significant if the underlying noise-to-signal ratio is small (recall Re-
mark 3.3). This is indeed the case as Figure C.1 reveals: compared with Citigroup, the data frequency of
the General Electric sample is typically lower but the noise-to-signal ratio is also (much) smaller. While
the data frequency is immediately available, the noise-to-signal ratio is latent. Therefore, one should
always be wary to rely solely on asymptotic theory in practice.

The top panel of Figure C.2 shows that both the realized volatility (RV) and local averaging (LA)
estimators indicate that the noise is strongly autocorrelated, while the bias corrected realized volatility
(BCRYV) estimator reveals that the noise is only weakly dependent. Such a pattern also appears in our
simulation study, where we have seen that it is the finite sample bias that induces this discrepancy.
Since the dependence in noise is quite weak, we would expect the estimators IT/S) and IV 512) to be close
to each other, if the latter is accurate. This is indeed the case, as the bottom panel of Figure C.2 shows.
However, the other two estimators IV, and fVLLZ, which don’t apply finite sample bias corrections,

seem to be biased downwards.
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Figure B.1: Estimation of the autocovariances of microstructure noise with rounded prices as specified

in (B.1) and (B.2) for the model setup of Section 6. The estimators 7(0),(12),7(j)512) are defined in (38)
and (39). The AR(1)-coefficient of U equals : = 0.7. The number of simulations is 1,000 and the time
step is A, = 0.2 sec. The tuning parameters are j, = 20 and ¢, = 10 and 6 is selected according to (28).
The “true autocovariances” were determined as the means of the 1,000 sample autocovariances of U™.
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Figure C.1: Number of daily observations of transaction prices (top panel) and noise-to-signal ratio

(bottom panel) for Citigroup (C) and General Electric (GE). Sample period: January, 2011, consisting of
+(2)

. . . . 0. . z S
20 trading days. In the bottom panel, the noise-to-signal ratio, ——4—, is estimated by =2, where 52
01 o2ds IV(Z) Un

and IAV,SZ) are defined in (40) and (41), respectively. We set j, = 30, £, = 10 and 6 is selected according
to (28).
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