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Abstract

Online platforms that link buyers and sellers are able to shape the pattern of
observation between market participants. We model buyer-seller interactions as
a series of bipartite graphs, which are each realised with a probability chosen by
the platform owner. Prominent sellers disproportionately increase competition,
which decreases prices. To maximise profit, the platform owner ensures that the
size of the neighbourhood of each buyer is the same in each state of the world
and randomises buyer observation across all sellers on the platform, a result that
still holds even when buyers are heterogeneous. When products are vertically

differentiated, the platform owner faces a trade-off between biasing observation
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towards high-quality products and increasing competition. The extent to which
platforms highlight high-quality products and the number of sellers depends on

the characteristics of the market(s) in which they operate.

KEYWORDS: Networks, strategic interaction, network games, interventions, in-

dustrial organisation, platforms.

1 Introduction

Owners of large online marketplaces, like Airbnb or Amazon Marketplace, choose
the ordering of sellers and number of results, both per search and in total, shown to
buyers on the platform, and therefore determine the pattern of buyer-seller observa-
tions. On these platforms, buyers only observe a subset of sellers (Kim, Albuquerque
and Bronnenberg, 2010 and Ringel and Skiera, 2016). Consumers engage far less with
results on the second search page of online search engines than the first, and so on
(Smith and Brynjolfsson, 2001, Baye et al, 2009 and Baye et al 2016), to the extent
that the bottom item on the first page of results drew 140% more clicks than the first
item on the second page (Chitika, 2013).

In choosing the search environment, platforms choose which buyers observe which
sellers and how many sellers effectively compete with one another. A natural question
is: what is the profit-maximising pattern of buyer-seller interactions? More specifi-
cally, how many sellers should compete for a given group of buyers and which sellers
should those buyers observe?

We find that sellers being relatively prominent on a platform is costly in terms
of aggregate platform profit, as prominence leads to competition being more con-
centrated among the prominent sellers, which has disproportionately large effects on

prices across the network, even for those sellers who are less likely to be observed.t

! Prominence here refers to the probability that buyers observe a given seller, and is therefore
modeled differently to e.g. Armstrong, Vickers and Zhou (2009) and Armstrong and Zhou (2011),
where prominent sellers are observed first and either accepted or rejected in a search model.



As a result, the platform has an incentive to display a fixed number of sellers to each
group of buyers. Under the assumptions that there is some probability that buyers
are also able to find sellers through means other than the platform’s internal search
process and products are not vertically differentiated, this incentive results in it being
optimal for the platform to randomise which set of sellers buyer groups observe, such
that each buyer observes each seller with equal probability. This result continues
to hold, even when buyers are heterogeneous with respect to how substitutable they
view the products on offer.

Furthermore, when products are vertically differentiated, our model suggests that
while the platform has an incentive to bias observation towards higher quality sellers,
even the lowest quality sellers are observed with some probability if quality dispersion
is not too high. If platforms were to limit search results for some behavioural reason?
then high quality sellers would always be shown to each buyer in order to maximise
demand, which is not necessarily optimal here.

Markets in which quality dispersion is high tend to result in higher profits, as
the platform is able to increase the probability that high-quality sellers are observed.
Whether the number of sellers observed by buyers is higher or lower in markets with
lower quality dispersion depends on product substitutability. If products are not
that substitutable, then the competition effects associated with a high-quality seller
being observed dominate, and so fewer sellers are observed on average when quality
dispersion is high.

However, when products are highly substitutable, there are few competitors in
the market to start with, and the cost of missing out on sellers near the top of the
quality distribution is in expectation higher when quality is highly dispersed, so the
platform shows more sellers to the buyers in this setting compared to the case where

seller quality is more similar.

2For example, rational inattention, see Hefti and Heinke (2015), or choice overload, see Chernev
et al, (2015) for a meta-analysis and e.g. Nager and Gandotra (2016) and Moser et al. (2017) for
applications to an online setting.



In terms of our approach, we develop a model of groups of buyers and sellers
interacting on a network, with sellers competing on price.®> We eschew network bar-
gaining models (Kranton and Minehart, 2001, Corominas-Bosch, 2004 and Polanski,
2007) in favour of a model in which each seller sets a single price for all buyers.
This approach makes it possible to model an arbitrary set of observation patterns,
characterise optimal prices and platform structure, even when there a large number
of buyers and sellers that are potentially heterogeneous.

Our set-up allows us to characterise the equilibrium price of a seller as a decreasing
function of the seller’s Bonacich centrality in the network, a result consistent with the
broader games on networks literature (Ballester, Calvo-Armengol and Zenou, 2006,
and Bramoullé, Kranton and D’Amours, 2014), and the application of this literature
to an IO context (Bimpikis, Ehsani and Ilkili¢, 2018 and Elliott and Galeotti, 2019).
In this setting, a seller’s centrality captures the amount of competition they face on
the platform: more central players face more competition from other more central
players, which in turn leads to lower prices.

From a theory perspective, our contribution is that the platform owner chooses
the distribution of possible bipartite networks in order to maximise total profits given
the equilibrium behaviour of the sellers. This methodology nests approaches in which
a central planner can (costlessly) choose the weighted or unweighted edges of a de-
terministic network (see Sun, Zhaou and Zhou, 2021 and Li, 2020), but allows for
further flexibility by allowing for the realisation of particular link structures to be
correlated probabilistically, which, as we shall see, is generally profit increasing in

this particular setting.?

30ur set-up thus bears a relation to work on captive buyers; see, Ireland (1993), McAfee (1994),
Salvadori (2013) and Armstrong and Vickers (2019). This literature does not model buyer-seller
interactions as a graph, but it does consider a pattern of seller competition that can be summarised
in this way.

4Our methodology thus differs from other approach to the interventions in networks, for example
the intervention by targeting specific nodes (of which there is a large literature, including, e.g.
Ballester, Calvo-Armengol and Zenou, 2006; Galeotti and Goyal, 2009, Bloch and Querou, 2013;,
Leduc, Jackson, and Johari, 2017; Akbarpour, Malladi, and Saberi, 2020, Belhaj, Deroian and Safi,
2020) or changes to private returns on investment (see Galeotti, Golub and Goyal, 2020).



Given that the platform designer chooses an optimal platform in order to elicit
a particular equilibrium action profile, our analysis shares some similarities from
approaches that apply persuasion to the context of platforms, examples of which
include where platforms segment markets by withholding information (Armstrong and
Zhou, 2020 and Elliott, Galeotti and Koh, 2020) or use seller ratings as a means of
biasing search results (Charlson, 2021). The latter approach shares some similarities
with the analysis here, but our analysis gives the platform full control over the pattern

of buyer observations and does not model seller ratings explicitly.

Our analysis suggests that competition authorities should examine intra-platform
competition, in addition to inter-platform competition, which has been emphasised
in the traditional platforms literature (Tirole and Rochet, 2003, Armstrong, 2006 and
Tan and Zhou, 2019). Regulating the internal structure of the networks that underpin
large online platforms may reduce the extent to which consumers are harmed by the

formation of monopolistic platforms, by increasing choice and lowering prices.

2 Motivating example

Large, online platform owners must design platforms in which many sellers compete
for groups of buyers. If sellers can only set one price, then network design has implica-
tions for the nature of competition between sellers for different buyers. If a platform
owner can affect which buyers observe which sellers and sellers only set one price, then
the platform owner faces a trade-off between more sellers being observed, increasing
demand, and the resultant increase in competition.

As an example, suppose the probability that two buyers observe two sellers is
strictly between 0 and 1. Then all the possible ex-post market structures (ignoring

the case where no buyer observes any sellers) are shown in Figure 1.
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Figure 1: The black nodes represent sellers, the white nodes represent buyers. Assum-
ing sellers and buyers are identical, these configurations represent all possible market
types when there are two sellers and two buyers.

Consider the nature of total profits and competition if prices were set after the
realisation of a network structure. Market structures on the bottom and to the right
of the diagram exhibit less competition, but profits are lost because the buyers will
be assumed throughout to purchase at least some goods from any seller they observe.
This issue is reduced in market structures above and to the left of the diagram;
however, there, the two sellers are in more direct competition with one another,

which reduces profit due to both sellers setting a lower price.

3 Model

Sellers, buyers and the platform owner

Suppose there is a finite set, B, whose elements are “consumer segments”, in the sense
that they are a finite mass of consumers who are assumed to share some trait, such

as geographical location, age demographic, occupation, etc. We use n to denote the



number of consumer segments.

Similarly, let S be a finite set of sellers, where |S| = m. Sellers each sell a single
type of completely divisible good, and each seller’s good is an imperfect substitute

for each of the goods.

Sellers and consumer segment interact on a platform, with each consumer segment
observing a subset of S. These observations generate a network G, = (B U S), with
an observation between a consumer segment ¢ and seller 7 represented by an edge,
E;; € G.. We assume that the graph generating process is stochastic in the sense
that there is a probability 0, € [0, 1] that a graph G, is generated for every possible
m — n bipartite graph, and hence ) _6. = 1. Let 8 denote a vector whose 7th entry
is 0.

Consider a simple example of the above set-up, with three sellers (X,Y and Z)
and three consumer segments (1,2 and 3). Suppose the two graphs that can be
realised with some positive probability are: (1) the complete graph, in which each
buyer observes each seller and; (2) the graph depicted on the right of Figure 2, in

which sellers Y and Z compete for consumer segment 2 but the other two segments

are captive. Assume both of these graphs are realised with equal probability.

N I I BT

Figure 2: A case where two graphs can be realised.

Let p denote a m x 1 vector whose jth component is p; € Ry, the price of j’s good.

We assume that sellers set prices prior to the realisation of the links in the network,



but with full knowledge of the vector 8. Let a, 7;, ¢; be strictly positive scalars and
pi; be such that if there exists an edge between 4, j, E;; € G, then pf; = 1 and 0
otherwise. Consumer segment i’s expected demand function, z;;(.) : R™ — Ry, for

product j can be expressed as follows:®

Elzi;(p; 0)] = Z eTﬂiTj(a’Yj —ap; + ¢ ZMZk(Pk — ),
T K]

if the expression on the right is positive, and otherwise E[z;;(p; 8)] = 0. The param-
eter -y, is a measure of the quality of the seller j. As ¢; > 0, each product is a gross
substitute for every other product.

Each seller, j, is assumed not to be able to price discriminate across buyers, and
hence sets a single price p; € R. Sellers compete with one another on price, and set
prices simultaneously. Seller j’s expected aggregate demand function is then defined
E|z;(p; 0)] = >, E[xi;]. Profit is similarly defined E|r;(p; 0)] = E|p;z;(p; 0)]. Each

seller’s maximisation problem can be expressed:

max E[r;(p;, p_;3 0)]-

J

Let I'(0) represent the simultaneous move m-player game played on a network G
with payoffs as specified above and strategy space R,. The platform owner has the

following profit function:

where 0 < y < 1.

Given the implicit assumption here that sellers have no marginal cost, the platform

5We show that this assumption is an approximation of the linear demand curve that is generated
from a quadratic, quasi-linear demand curve in the Appendix.



owner’s profit function is equivalent to taking a proportion of seller revenues. A
number of large platforms (e.g. Airbnb, Amazon Marketplace, Etsy and eBay) take a
proportion of total revenue, and hence the dynamics on these platforms are captured
by this assumption. If sellers were to have equal constant marginal costs, then the
qualitative results of the model would remain unchanged.

An extension not considered here would be the case where sellers had different
marginal costs, as the two models of platform revenue would potentially result in
different optimal network structures.® We also do not consider a fixed-fee based
model of platform in our analysis: such a model seems less commonly used in the

kind of large-scale buyer-seller platforms that we wish to analyse here.

The search environment

We consider a search environment in which the platform owner chooses a baseline
distribution of networks, @, optimising their above profit function. If a seller, j, is
not observed by a buyer, 7, in a baseline network G generated with positive probability
by 6y, then there is a probability, v € [0,1) Vi, j, of “external observation”, where i
observes j even though E;; ¢ G. Together, the baseline distribution of networks and
these external observation probabilities induce a probability vector, 6.

The baseline distribution of networks, 6,, reflects the groups of sellers presented
to consumer segments by the platform owner, when, for example, they enter a search
term on the platform’s internal search engine.

The external observation probability v captures the notion that buyers may find
the seller through some other means, like an external search engine or word of mouth,

even if they are not shown the seller by the platform intentionally through the plat-

6The difference between profit and revenue on these platforms is complicated by the fact that
some of the costs are borne by consumers (i.e. postage and packaging), and platforms do not
necessarily take a proportion of these elements of seller revenue. The recent changes to the Amazon
algorithm, which reportedly takes into account a product’s profitability to the platform reflects this
nuance (see, WSJ, 2019), and supports the possibility of seller profit being aa component of the
platform’s objective function.



form’s search process.” If a graph G is realised with probability 6 for the distribution
0y, then its realisation probability for the distribution 8 is 0(1 — v)™"=9) where ¢
is the number of edges in G. The graph G + E;; where E;; ¢ G is realised with
probability fv(1 — v)(™=9)~! and so on.

Of course, the existence of such leakages from the internal search process may
generate an incentive to limit the number of sellers allowed to enter the platform. We
leave this decision unmodelled, though note that the attractiveness such a strategy
would depend on the platform’s owner’s ability to screen sellers for e.g. quality before
they enter. If the platform is fully in control of the observation process, then v = 0.

Given the platform owner’s profit function above, they are assumed to choose 6,

in order to solve the following maximisation problem:

maxg,E[mp(p; s, v)].

We assume throughout that € is common knowledge, and prices are hence set after
the realisation of 8, but, as stated previously, prior to the realisation of the actual

observation network.

4 Equilibrium characterisation

We characterise the equilibrium price setting behaviour for a given vector of graph
probabilities 8. Define 3;(0) := >, > 0-u7;, as the expected number of consumer
segments that observe j and ¢;,(0) = ﬁ Do 0032005 > Cilti; iy, Which is a mea-
sure of the strength of the connection between j and k because it measures the
weighted link between the sellers and shared buyers.

Define the competition network, Gs(0) as a projection of G(8), where the edge

"To get some perspective on the proportion of users who receive information using external
sources, more than 10% of users find products on Amazon via means other than Amazon’s internal
search process (Nasdaq, 2018).
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between sellers j and k has the weight ¢;,(0). The competition network of the prob-
ability vector @ that generates the two graphs in Figure 2 with equal probability is

shown in Figure 3 below.

0.25 >4 o
0.2 0.2 '

,/ e \
e 015
X z
0.19

Figure 3: Transforming the network G into the competition network Gg. Here it is
assumed that a = 1 and ¢ = 0.25 for each buyer and ~; = 1 for all j.

Let v; denote the smallest component of the vector 7. Throughout, we make the

following assumption:

(A1) :a> MW

n
Define Rg(0) as a zero-diagonal matrix of a network Gg(0) with elements ¢;,(6) and
C(0)1, = > 12, R%(0)1,,, which is the Bonacich centrality measure of the network
Gs(0). The following Proposition, which characterises the equilibrium price vector,

then holds:

Proposition 1. If (A1) holds, then the game I'(0) has a unique Nash equilibrium in

pure strategies, which 1s the equilibrium price vector:

p(6) =7 ;C(O)7

A seller’s equilibrium price is decreasing in their centrality in G5(0). Sellers who are
connected to more isolated consumer segments face relatively less competition than

sellers who are largely connected to segments with different goods to choose from,

11



and therefore are able to set a higher price in equilibrium than other sellers. The
above expression implies seller j’s price is increasing in 7; but is decreasing in every
other element of the vector ~.

The assumption (Al) provides a restriction on each ¢;;(6), which measures the
substitutability of products relative to the effect own price has on demand. Specifi-
cally, (A1) guarantees both that (a): z;;(8) > 0 for all 4, j pairs at equilibrium and (b)
that I — ARg(0) is strictly diagonally dominant for all 8, and thus positive definite.
Jointly, these two facts guarantee that the Nash equilibrium of the game both exists
and is unique for any graph structure.

Recall that sellers target segments of consumers in the model, meaning that for
z;;(0) > 0 to hold, it only need be that a small subset of consumers within the

potentially large group, ¢, has positive demand for j’s product at equilibrium.

5 The role of prominence

To better understand some important properties of our price equilibrium, we assume
in this section that there is a probability that ¢ observes j of w;; = w; for all i
and these probabilities are determined by nature (rather than the platform) in the
following sense: each w; is the realisation of a random variable w; according to the
symmetric probability distribution, A, which is bounded such that w; € [0,1]. The
random variables w; are independently and identically distributed, and generate the
distribution over bipartite networks, 8. 8 is assumed to be common knowledge.

The observation probabilities of the consumer segments can be thought of as a
measure of “prominence” in the sense that they capture the likelihood that the seller is
observed by a given buyer. Seller j’s prominence in the network potentially increases
profits as a result of increasing the probability of sales, but at the same time it imposes
a cost on the rest of the network by increasing competition, reducing prices of every

seller, including for the more prominent seller.

12



Recall that the centrality vector in Gg can be expressed C(6)1 = Y 77 R%(0)1.
It follows that 322—;}79) > 0. Recall that prices are falling in the centrality of the sellers
in this setting. Hence, increasing w; imposes a cost upon the platform owner be-
cause the centrality measure has a feedback effect such that increasing an observation
probability w; reduces j’s price, which reduces every other seller’s price, which then
reduces j’s price and so on. This feedback effect, which is a feature of the Bonacich
centrality measure, is increasing as the centralities of the sellers in G's become larger.

To model this discussion formally, suppose w; ~ A; and let Ay be a mean-
preserving spread of A; such that when u?; ~ Ay constructed in the following way
such that 11); = wj + €, where ¢; is symmetrically distributed and has mean 0, and is

bounded such that QI); € [0,1]. Let 6, denote the random probability vector generated
by the distribution Ag. Then the following result holds:

Theorem 1. Suppose 7; = v Vj. Then, E[p;(01)] > Elp;(65)] and E[rxp(6,)] >

E[ﬂ'p(eg)] .

The expected number of matches (i.e. E[}_,w,]) is the same for both probability
distributions. Hence, any differences in expected profit between the two are the
result of differences in the expected prices.

As the quality vector « is independent of centrality in this case, the expected price

vector can be denoted: E[p*(0)] =~ — %E[C’(é)]’y Recalling that gzg’; > 0 and that
the ;s are independent of one another, we show in the Appendix that E[C;(85)] >
E[C;(6,)] Vj. This implies that expected prices are lower in the case where each 1,
is distributed according to the mean preserving contraction 0. Intuitively, this result
is driven by the fact that high realisations of an observation probability w; result in
a disproportionately low price compared to low realisations of w;.

Furthermore, as observation probabilities are independent of each other, if they

have a distribution of 6, it results in a higher probability that two or more sellers are

13



prominent. We refer to the case where there is relatively intense competition between
a subset of the sellers on the network as one in which competition is concentrated.
There being a higher-than-average probability that two sellers compete with one

another drives their own prices down, which propagates across the network.

6 Optimal networks

In this section, we use the equilibrium characterisation in Section 4 and the analysis in

Section 5 to show which networks are optimal for both consumers and the platform.

Consumer surplus and profits

We first characterise the networks that maximise consumer surplus. Define the ex-
pected consumer surplus of consumer segment ¢ for a given equilibrium price vector

*

p* and demand vector x} is as follows:

* * 1 - T % - T Ci * *
E[CS;(x};p")] = 2 Z QT[Z i (v + Z NikE(Pk — k) — ;)]
T j=1 k=1

Define CS(x*; p*) := >, CS;(z};p*), where * is an m x n matrix whose 7jth com-
ponent is xj;(p*). As I — AR is diagonally dominant by (A1), it is clear from the
above expression that the expected value of each CS;(x};p*) is falling in p*. Tt is
also straightforward to show that expected consumer surplus, ceteris paribus, is in-
creasing in the expected number of connections in GG a buyer has. Define G, as the
complete graph, in which each consumer segment observes each seller. Let 6. denote
the probability vector in which the complete graph G, is yielded with probability 1.
The following Proposition holds:

Proposition 2. For any probability vector 0; # 6., E[CS(x};p*)|0=0.] > E[CS(0)6=0;].

The centrality of each agent is at its maximum for a given number of buyers and

sellers when the network is complete. Intuitively, when the network is complete, each

14



buyer is competed for by each seller. A complete network maximises competition,
which reduces the equilibrium price level of each seller.

While consumer surplus is maximised by the complete network, it does not neces-
sarily maximise the platform’s profit. To maximise profit, the platform owner must
choose a network structure that maximises the expected number of sellers each con-
sumer segment observes while accounting for the constraint that increasing observ-

ability decreases prices. Proposition 3 formalises the above intuition:

Proposition 3. For all v, there exists a ¢ € Ry such that if ¢; > ¢ for at least one

1, then in any solution to the platform owner’s mazimisation problem, 6%, 0% < 1.

As products on the platform become increasingly substitutable to a consumer seg-
ment, i, the owner’s incentive to reduce the number of sellers observed by 7 increases.
If ¢; becomes too large, the platform owner will show ¢ fewer products, reducing
expected sales, but increasing prices and profit.

Taken literally, Proposition 3 indicates that if products are sufficiently substi-
tutable, platforms will or should intentionally display only a subset of sellers, hiding
some from consumers entirely. It is unclear how prevalent the hiding of products on
the platforms of interest are, but the Proposition captures the idea that there is a

theoretical incentive for platforms to engage in such behaviour.

At the very least, the Proposition highlights the incentive from a platform per-
spective to reduce competition between sellers, and such an incentive could shape
decisions such as the number of results displayed per search page. Chitika (2013)
suggests that buyer observation is discontinuous, in the sense that the last search
result on the first page of results is far more likely to be observed than the first result
on the second page, and so displaying fewer search results per page would reduce the

effective number of results observed by most consumers.

15



Profit-maximing graphs with homogeneous consumers and sell-
ers

The above analysis indicates that the platform owner has an incentive to reduce
both the number of products observed and the extent to which sellers are prominent.
We can use these observations to understand which networks are profit maximising
for the platform when they are able to choose the baseline distribution of networks.
Throughout this section, we assume that ¢; = ¢ Vi, and v; = v Vj.

The platform owner’s desire to reduce seller prominence implies the following

result:

Proposition 4. Any solution, 6;, to the platform owner’s mazimisation problem, in-
duces a 0* and Gg(6%) such that C;(0*) = Ci(0") for all j, k pairs where 3;(60%), 5,(0%) >
0.

To understand why Proposition 4 holds, we define the concept of a neighbourhood
switch. Take a graph G, where the 7th component of 8 is 6, > 0. Define G}, as a
graph which is the result of performing a neighbourhood switch between two sellers
j and k in G, such that for any ¢ where E;; € G and E;, ¢ G, E;; ¢ G and vice

versa. Such a switch is depicted in Figure 4.

Figure 4: A neighbourhood switch between sellers X and Y.

Define a vector 0, where the probability that the graph G is realised is equal to

16



0. for each graph G, which has a positive component in the vector 8. Now define
another probability vector, éj, as follows: éj =(1=(m—-1)e)0+>,0j.

Let C;(0) be (jointly one of) the smallest component(s) of the vector C(0)1,,.
Then éj involves there being some positive probability that each seller k£ (who by
definition are weakly more central than j) will face the competition faced by j in
every graph realised with positive probability. Due to seller prominence being costly
to the platform, such a switch increases k’s price more than it decreases j’s price. As
such a switch is performed on every seller, prices rise overall, and each price rise also

has further second-order price effects, as prices are strategic complements. It follows

A~

that 7p(0;) > 7p(0).

Hence, the optimal competition graph structure is one in which each active seller
is as central as every other active seller. If this is not the case, then the platform
owner can always find a marginal re-allocation that increases the expected number of
consumer segments observing the higher priced seller and increases prices across the
network.

Proposition 4 does not fully characterise the optimal solution to the platform
owner’s problem. Instead, it provides a condition under which a graph Gg(0) is the
result of the platform owner’s maximisation problem. It is possible to use this result to
map the optimal set of competition graphs onto corresponding bipartite observation
graphs.

Let @] and ¢;(6*) denote the number of sellers consumer segment i observes in
the graph G, and the expected number of sellers 7 observes across all graphs for the
vector 8*. We show in that each consumer segment’s number of observations should

be centered closely around this average in any optimal solution:

Theorem 2. Any solution to the platform owner’s problem, 6, and its induced prob-
ability vector, 0*, are such that: (a) $F(0%) = ¢(0*) Vi; and (b) any component,
0x > 0, of 8, corresponds to a graph G, such that ] = |p(0;)] or ¢ = [p(6;)]
for some ¢ € (0,m] and all i. If v = 0, then this implies that ¢] = |p(0*)] or

17



v = [p(67)] for all i.

A network G in which a consumer segment i observes ¢(0*) + k (where k£ > 1)
sellers has a disproportionately negative effect on profits compared with the otherwise
identical network G in which i observes ((6*) — k sellers. The reason for this is that
in G each of the ¢(0*) + k sellers competes with ¢(6*) + k — 1 other sellers. Hence,
the sum of links generated by i’s observation in any network is convex in the number
of sellers observed.

In the Appendix, we show that in the case where there is probability of graphs
such as G and G being generated, it is always possible to find a reallocation of
probabilities such that: (a) consumer segment i (and every other consumer segment)
observes the same number of sellers in expectation and (b) prices increase.

The platform owner maximises aggregate profit by ensuring that the number of
sellers observed by each buyer is as tightly focused around some mean, which is deter-
mined by the innate demand for the sellers’ goods and how substitutable those goods
are, as possible. For any given v, such an outcome minimises the probability of there
being states in which there are a large number of sellers competing and some sellers
being relatively more prominent than others, both of which are disproportionately
costly to the platform owner.

When v = 0, the platform owner is able to fully control which sellers consumer
segments observe, and hence show consumers either [$(6*)] or [¢(6*)] sellers. When
v > 0, it is still optimal to intentionally show each consumer segment |p(6;)] or
[p(0;)] sellers, with [p(0;)] < [¢(0*)], as when v > 0 the average number of sellers
observed will be greater than the average number of sellers intentionally shown to
consumer segments by the platform owner.

When ¢(6*) is not an integer, either any optimal probability vector 8* is non-
degenerate, to ensure that the correct number of sellers are observed in expectation
or m and n are such that some consumer segments can be shown |p(6*)] sellers and

some [p(0*)] sellers so that the correct average number of sellers can be displayed
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using a single, deterministic graph. Either way, when v = 0, there are solutions to
the platform’s optimisation problem in which there are only [$(0*)] sellers for whom
B;(@) > 0, and are thus active in the network. If v > 0, this is not the case, as by
definition there is some probability every seller will be observed by every consumer
segment. This fact has implications for the optimal network structure, as we outline

below.

Comparative statics and the optimality of randomisation

Suppose that v > 0. When this holds, it is possible to further characterise the optimal
graph structure, even in the case where v is arbitrarily small. Let w;;(0*) denote the
total probability that ¢ observes j for a probability vector 8*. The following result
holds:

Proposition 5. If v > 0, then any solution to the platform owner’s mazximisation
problem, induces a 0* such that B;(0*) = € Ry Vj. Hence for any v € [0,1), m and
n there exists a solution to the platform owner’s mazximisation problem that induces a
0* in which w;;(0*) = w for all i,j pairs and each consumer i observes (6*) sellers

i expectation.

The first result in Proposition 5 implies that the total probability that each seller is
observed across all consumer segments must be the same for all sellers. If 5;(6*) >
Br(0*) for some seller pair (j, k), then it must be that 5;(0;) > [5,(0;). Given at the
optimum it must be that ¢ = |p(0*)] or I = [$(0*)] for all i, we show in the
appendix that this inequality in turn implies C;(0") < Cj(6™).

Intuitively, conditional on being active, sellers who are more likely to be observed
in the baseline graph are also more likely to be active in a state of the world in
which there are fewer sellers, i.e. states where few or none of the sellers who are
not observed in a given baseline graph are observed by some other means by the

consumer segments. This reduces the centrality of these sellers compared with those
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sellers who are less likely to be observed in a baseline graph, who are more likely to
be externally observed and thus competing with sellers shown to consumers directly
by the platform owner.

Our analysis implies then that one solution to the platform owner’s problem in-
duces a vector 8* that sellers observe completely at random, such that each consumer
segment observing each seller with the same probability and the expected number of
sellers observed overall is ¢(6*). This is not a unique solution in all cases, as different
sellers could be shown to each consumer segment with different probabilities depend-
ing on n and m as long as each (;(0*) = [ overall. However, randomising across
sellers and consumer segments in this way is optimal for for all values of v € [0, 1),
m and n.

We can also characterise the effect of changing parameters in the model on the
optimal average number of sellers observed, ¢(6*). To do so, we write $(0*) =

©*(0*(c,7)), and state the following result:

*(c,v)) and

Proposition 6. Suppose ¢ > ¢ and v > . Then $*(6*(c,v)) > ¢*(0
O*(0*(c,v)) > ¢*(0*(c, 7)), with the inequalities strict if $*(0*(c,~)) € (1,m).

As substitutability increases, the platform has an incentive to reduce the average
number of sellers observed by each consumer segment, as this reduce the level of
expected competition in the network. As seller quality increases, so too does the
demand of every consumer for a given price vector, p, which increases the platform
owner’s incentive to show consumers additional products, increasing competition, but

also expected sales.

7 Heterogeneous consumer segments and sellers

Thus far, we have considered the case in which both consumer segments and sellers
are homogeneous. We now consider the case where sellers differ in terms of product

quality, and consumer segments differ in terms of how substitutable they see each
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seller’s product as being. In doing so, we highlight the flexibility of the network

approach to modelling buyer-seller interactions in this setting.

Vertical differentiation

In the previous section, we considered the case in which goods are horizontally dif-
ferentiated, but are of the same quality. We now consider the case where products
may differ in quality, which in the model corresponds to the case where 7; > 7, for
at least one pair of sellers j and k. In this subsection, we assume that ¢; = ¢ Vi to
focus on the effect of vertical differentiation.

When one product is of higher quality than another, the platform owner has an
immediate incentive to always show buyers the highest quality sellers. However, the
analysis in Section 6 suggests that doing so imposes a cost on the platform owner,
as it means that the likelihood that high quality sellers will be in the relatively-
competition states (i.e. where ¢7 = [$(0*)] more often) will be larger and, when
v > 0, it increases the expected level of competition lower quality sellers face, reducing
prices.

To understand the platform owner’s trade-off in more detail, let 4 := v, —~;, where
v, and 7y, represent the quality of the best and worst quality sellers respectively. The

following result holds:

Proposition 7. Suppose v > 0 and 4 > 0. (i) If v; > v then 5; > By and (ii)
30 € Ry such that when 5y < 0, for any solution to the platform owner’s mazimisation

problem, 6, there is at least one graph, G., where 6, > 0 is a component of 0, and

Ei; € G; for all 3.

The platform has an incentive to bias observations towards high quality products.
However, doing so increases the probability that low quality sellers compete in high
competition states, as it is more likely that they are active as a result of being in-

directly observed and thus compete with those sellers shown to the buyers directly.
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These sellers then set lower prices than they would if observation probabilities were
equal, which has a negative effect on the prices set by the high quality sellers.

If the difference between the highest and lowest qualities in not too high, then the
platform owner is willing to forgo some of the profit associated with only ensuring that
the highest quality products are observed in order to reduce the level of competition
in the network. To do so, they display sellers of lower quality to consumers with some
positive probability.

We show in the Appendix that Proposition 4 holds when products are vertically
differentiated. Proposition 7 then implies that for any optimal probability vector @*
each consumer segment is still optimally presented with either |(0*)] or [¢(6*)]
sellers, but is shown a mix of high quality and low quality sellers in expectation
when 4 < ¢§. If the platform were motivated to display fewer products as a result of,
for example, consumers facing choice overload or search costs, then it would always
display the highest quality products available, which differs from the outcome of
optimisation in our model. The selection of sellers presented to a given consumer
segment is more likely to contain the best quality seller than the worst quality seller,
but at least some consumers are directed to even the lowest quality sellers by the
platform with positive probability.

Increasing the probability that high quality products are observed increases the
level of effective competition in the network, which affects the optimal pattern of
observations. Suppose that each §; ~ ®, where ® is a symmetric and bounded
probability distribution, such that the realisation of 7;’s value, v; > 0 and E[¥;] =7
for all 5. Suppose that the platform owner sets the vector @ after the realisation of
.

Let &4 denote the random quality vector associated with the case where each
7; ~ ®;. Suppose that if 4, ~ @, it is bounded such that ; € [y, v,]. Now define
®, such that when 7; ~ ®,, 9; can be decomposed such that 7; = '7; + ¢, where
. ~ ®; and g; is distributed symmetrically with mean 0 and is bounded such that

J
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€ € [e1, €n)-
We examine the ex-ante (i.e prior to the realisation of 4) profits and expected
number of sellers observed by each segment when qualities are have a distribution of

®; in the following theorem:

Theorem 3. i) For any value of ¢ and v € [0,1), E[rp(6%)|7 ~ ®3] > E[np(6*)|F ~
Q4] and i) for any value of v € [0,1), ey € Ry such that if ¢ < cr, E[Q(0%)|F ~
©1] > E[p(07)|7 ~ D2 and if c > cr, B[p(07)[F ~ ©2] > E[S(67)[F ~ 4.

To illustrate the results in Theorem 3, we consider a more limited case where under
®, each 7; = 4 with probability 1. Consider first the claim relating to profit. If ¢
is sufficiently small (e.g. equal to zero), then in expectation the optimal probability
vector for either distribution will be such that 6% = 1. In this case, expected profit is
the same under both distributions.

However, in the case where the platform owner restricts the number of sellers
consumers observe, they are able to bias consumer observation towards high-quality
products. In the case where ®; results in each seller having the same quality with
probability 1, this is clearly not possible, whereas the mean-preserving spread ®,
generates some high-quality and low-quality players in expectation. Thus, when ¢
is sufficiently high, E[rp(0*)|5 ~ ®3] > E[rp(0*)|7 ~ ®4] due to consumers being
more likely to observe high-quality sellers.

Now consider the second result in Theorem 3. As ¢ increases, the number of
sellers observed by consumers reduces for either distribution of qualities. However,
the expected loss of a segment observing fewer sellers to platform profit is increasing
more slowly in the case where is no vertical differentiation. The reason for this is
that as ¢ becomes large, the expected quality of a seller that the platform owner is
marginally willing to exclude in the case where quality is dispersed becomes greater
than the mean quality level, 7.

The platform owner is less willing to exclude such high-quality sellers from being

observed. Hence, when c is sufficiently large, the optimal number of sellers a segment
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observes is, in expectation, greater for the vertically differentiated case compared to

the case where product quality is the same. This is shown in Figure 5.

Expected number of sellers
observed

Substitutability

Figure 5: Dark blue line denotes the case where ¥ ~ ®5, light blue where ¥ ~ ®;.

Heterogeneous consumers

Now we consider the case where each consumer segment’s substitutability parameter,
¢;, can differ from one another, but assume products are not vertically differentiated.
A natural question in this setting is whether it would be more profitable for the
platform to have some seller(s) serve consumer segments who see the products as
highly substitutable, while others are shown to those who see the products as being
less substitutable.

Our model suggests that, in fact, that the distribution of networks where each
consumer segment observes every seller with equal probability is still optimal in this

case, as Proposition 8 shows:

Proposition 8. Suppose ¢; > ¢ for at least one i,k consumer segment pair. Then,
for any optimal vector 0*, p;(0*) < ¢r(0*). Furthermore, there exists a solution to
the platform owner’s maximisation problem, 6y, that induces a 8* such that w;;(0") =
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The first result in Proposition 8 reflects the fact that when products are more substi-
tutable for ¢ than k£ and ¢ observes the same number of sellers as k, prices and profits
from i will be lower than from k. The platform has an incentive to reduce the number
of products observed by 7, and does so in equilibrium, assuming that it is not optimal
to always show both consumer segments every seller.

The second result indicates that, even in the case where consumers are heteroge-
neous with respect to how substitutable they see the goods as being, it is still optimal
to randomise across all sellers equally for each consumer segment. Competing for a
consumer segment composed of consumers who view products as highly substitutable
results in there being an incentive for sellers to reduce their prices. To increase prices,
then, the platform has an incentive to ensure that there is some probability that sellers
are observed by those consumer segments with lower levels of substitutability.

By ensuring that every seller is as central as every other seller for any optimal
probability vector 8*, the platform maximises profits; sellers set the same price and
are induced in doing by there being some probability of them being observed by

segments with high and low values of the substitutability parameter, c;.

One way to implement an outcome in which every seller is as central as another in
this case is by choosing a baseline probability vector that induces a 8* such that each
consumer segment observes every seller with equal probability. Of course, by the first
result in the theorem, that probability will differ between consumer segments with

different levels of ¢;, and if ¢; > ¢, then it will be lower for ¢ than k.

8 Conclusion

We analyse the case where consumers observe a subset of sellers on a platform, which
can be thought of as a bipartite observation network. The probability that an ob-
servation network is realised is determined either by nature or by the owner of the
platform. Prices are set prior to the realisation of the network, but the realisation
probabilities are common knowledge.

Using the characterisation of equilibrium, we observe how changes in network
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structure affect prices. By examining a case in which observation probabilities are
randomly determined, we show that prominent sellers impose a disproportionate cost
on the platform owner’s profits, due to the feedback effect inherent to equilibrium
price setting behaviour. Prominent sellers are more likely in the case where obser-
vation probabilities are more dispersed, and such sellers disproportionately increase
competition, decreasing prices.

Where there is no vertical differentiation, the optimal graph structure is one in
which the expected number of sellers observed by consumers is as close to the average
number of sellers observed across all possible networks. This minimises competition
for a given number of expected buyer-seller links, increasing profits. When there is
even a small probability that consumers observe sellers not explicitly presented to
them by the platform, then it is always strictly better for the platform to randomise
such that buyers observe each seller with equal probability, rather than choose any
deterministic pattern of buyer-seller interaction.

When products are vertically differentiated, the platform owner has an incentive
to increase the probability that sellers of higher quality are observed. This increases
the effective competition faced by other sellers in the network, which reduces prices.
To reduce the significance of this effect, the platform owner reduces the total number
of sellers observed by consumers and, if products are not too vertically differentiated
randomise so that each seller is deliberately presented to buyers some of the time.

As platforms have an incentive to reduce competition in order to increase prices,
our analysis suggests that competition authorities would be well-advised to take se-
riously attempts by platforms to control intra-platform competition. Regulation, in-
sofar as it has been directed at online platforms, has tended to focus on competition
between platforms. As particular online platforms become increasingly dominant, this
kind of competition becomes less relevant, and the incentives to increase prices by
tweaking search algorithms or the use of private information will become increasingly

important.
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More broadly, the framework here could be used to examine the effect of entry,
exit and mergers on networked markets. For example, it is possible to use our charac-
terisation of the price equilibrium to identify firms who impose the most competitive
pressure on the network. Identifying such firms has clear implications for merger

control and which firms to support during economic crises.

Appendix

The demand function

We show that the linear demand curve for the game I'(0) is a form of the one generated
by the following demand system. Let y; denote ¢’s demand for a numeraire good.

Suppose that ¢ has the following quasi-linear, quadratic utility function:

wi(@s) =Yy — Yy kg — > x5 pra) + i
j=1 j=1 k=1

Jj=1

where k,p € R,. Suppose that each buyer has an income of w. Assuming w is
sufficiently large and (A1) holds, the demand for each product is positive. Define the
m X m matrix with 1 on its diagonals and p on its off-diagonals, . Then, as discussed
in Singh and Vives (1984) and Amir, Erikson and Jin (2015), the demand vector x;
can be written &; = k™ (y — p).

Hence, for any consumer segment ¢ and any seller j, the intercept term of the
1’s demand for j’s product is some constant, a, multiplied by v and their own price

sensitivity term is also equal to a.

Proof of Proposition 1

Define «;(0) as follows:

_ >, 0- [IU/Z] (avj = 225 Dk Cibbip k)]

a;(0) : 245,0)
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Note that assumption (Al) guarantees that: (a) a;(0) > 0 Vj where 5;(8) > 0 and
(b) [I — ARg(0)] is positive definite for all 8. To see (a), as ¢y, > 0, then for a given
vector v, and given values for the parameters ¢ and a, «;(0) is lowest when 6 = 6.,
where 0. denotes the probability vector where 6. = 1, where 6. is the probability
that the complete bipartite graph G, is realised. It is also clear that when 6 = 6.,
a;(0.) < a;(0) Vi # . When (A1) holds, oy (6.) > 0, which implies a;(6) > 0 for all
0.

Now note that when (A1) holds, it must be the case that na > (m — 1) . ¢;, as
# > m— 1. This immediately implies that the I — ARg(6.) is positive definite, as

it is strictly diagonally dominant. Let ¢;;(@) denote the ijth component of I—ARg(8).
The following trivially holds:

> i8] =1 is(0)] Vi, 0 #6..

J# J#
Hence, if the matrix I — ARg(0.) is diagonally dominant, then for any 6, the matrix
I — ARg(0) is also diagonally dominant. The first result that «;(@) > 0 Vj for all
guarantees that there exists a price, pj, such that for any vector of prices other than
Us, p_;, xa(p’,p_;) > 0. This holds for all 7, and hence at any optimal solution it
must be the case that: (a) pj(0) > 0Vj and (b) zu(p*) > 0.

Define: E[7;(p; 0)] = WE[@ (p; 8)]. The maximisation problem max,, E[7;(p;0)]
has the same set of first-order conditions as the one that involves maximising j’s orig-
inal profit function. It can be readily shown that the first-order condition (and there-
fore the resulting optimisation problem) for the payoff vector associated with the pay-
off described in (1) is equivalent to the first-order condition of the payoff vector asso-
ciated with the original payoff function. The first-order condition of the payoff vector
with individual components described in (1) is as follows a = [I — ARgs(0)|p(0),where
a is a m x 1 vector whose jth component is maj(e)

As the matrix I —ARg(0) is positive definite, it is non-singular and the above first-
order condition has a solution, which is denoted p*(0). Rearranging this first-order

condition leads to the expression: p*(0) = a[I — ARg(0)]™".
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The first-order condition above yields a unique, interior solution. As shown above,
(A1) guarantees that p; = 0 cannot be a solution for any seller j’s maximisation
problem, as there exists a p; such that z;;(p; @) > 0. Hence, there exists a ¢ > 0 such
that p; = ¢ generates a strictly positive level of demand z;; > 0, yielding a strictly

positive profit.

> 2or 0w (a;)]
2a3;(0)

tor whose jth element is equal to ~;. It follows that p*(0) = > 7 RE(0)y —

Noting that

= %fyj in this setting and define v as a m x 1 vec-

> oo, R%(0)~, which directly implies the result.

Proof of Theorem 1

First, note that as centrality is independent of v the expected price of each seller can
be written as E[p(6,v)] = v — 3E|C(0)]y. Recall that w;j = W;; + €, where €;; is a
symmetric random variable and C'(8)1 = ;7 R%(0)1.

This implies that E[C;(0)] = 1 + > 2, Pjc(0), where Pj(6) is the expected
sum of the weighted paths of length ¢ that begin at j given the vector 6. As
an example, a path of length 2 that goes from j to k& and back to j is equal to

(Zici nijk)(zici nijk) — (chl

S e ) (S s =2 )2p;wy, in this setting.  The weighted sum of all

paths of length 2 starting at j can hence be written (ZQ:T‘;)2 D kot Depn WrWs,and
(Zi i

2na

)? Dkt Dosth Dtts WeWswy gives the same sum for paths of length 3, and so on.

Consider paths of length 1. Given that each E[e] = 0, Pj;(8;) = Pj1(65). Sim-
ilarly, as E[ejex] = 0, it must be that Pjy(0;) = Pjy(8,). However, as E[¢}] > 0 for
all even values of [ > 0 and all k, it must be that, E[(,)%w;] = E[(@y,+ex)?w,;] >
E[(wy,)%w;] for all k # j. As E[(w},)*w,] for k # j is a component of Pj3(85),it follows
that Pj3(62) > Pj3(0;). A similar argument holds for all Pj¢(0) where £ > 3: Pjc(8)
is a function of at least E[e5 '] and E[¢} ] for all k # j and, for any k, one of these
is by definition is greater than zero, and hence, Pj¢(65) > Pi¢(6,) for &€ > 3.

Tt follows from the above that E[C;(8,)] > E[C;(8,)] Vj and thus E[p;(6;)] >

E[p;(65)]. Now consider the ex-ante profit function of a seller j :
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E[m;(62)] = E[p;(02)a;] — bE[B;p3(62)] + E Y _ éxp; (62)pr(62)].
i#k
Just for the sake of argument, we first assume that the parameters o, §;, and each

;] = Elwy;] and each element of set of

¢jr are independent of the price vector p. As E[w
observation probabilities is independent of every other element of that set, it follows
that the expected profit generated by observation probabilities with distribution A,
would be lower than A;. The reason for this is that: (a) E[p;(82)] < E[p;(8;)] and
(b) (A1) implies that profit is concave in p;. Hence, even if E[p;(65)] = E[p;(6,)], the

following expression:

E[p;(62)|E[c;] — bE[B;]E[p3(2)] + E[C(8)]

is less than the equivalent expression for él, because var(e;;) > 0.
However, the parameters «;, 8; and each ¢;;, are not independent of the realisation
of each random observation probability as they are a function of w;;. Expected

demand in this environment can be written:

Bl7,;(p*)] = @j(ay — ap; + i Y wi(pr — 7).
J#k

Hence, it follows that cov(Z;;(p*), p*) < 0, which holds both because (A1) implies that
demand conditional on i observing j is falling in price and because COV(ZD;, p*) < 0.
Furthermore, |cov(w;',p*)| > |C0v(w;,p*)|. Hence, E[r;(05)] > E[m;(6,)].

Proof of Proposition 2

Given that C'(0)1 = Y_;7, R%(0)1 and the expression for the equilibrium price vector,
it is clear that the complete network maximises the centrality of each node in G,
which then minimises the price vector p for a given m. At the same time, as (Al)
holds, an edge E;; between consumer segment ¢ and seller j increases total demand,

holding prices constant. Hence, a complete network, which implies that, holding price
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constant, ¢’s expected consumer surplus is maximised where 6, = 1. It follows from

these two facts that consumer surplus is maximised when 6 = ...

Proof of Proposition 3

Consider the case where ., = 1 and let G denote a graph which is defined as G.— E;; =
G for some buyer ¢ and the seller for whom +; is the smallest component in the vector
~. Let 6, = 0 — 0. and p;(60.) = p;. By the envelope theorem (Milgrom and Segal,
2002):

8ﬂ-P * * * A *ap]:
8—91|96=1 = —ap;(y — pj + 2¢; ;(Pk —7)+ Xl:;%zpz 00,

As (p; — ) < 0, it follows that _3217:9';

9.—=1 > 0. Hence, there exists a ¢ such that if

¢; > ¢ for all 4, then %”Tf

9.=1 > 0 and thus 6. is suboptimal.

Proof of Proposition 4

Let C;(0) be (jointly one of) the smallest component(s) of the vector C'(6)1,,. We
first examine the effect of the change from 6 to 9jk, which we define as éjk =
(1 —¢€)0 + €0, on the sum of the profits of j and k, holding p; ¢ # j, k fixed. Note

that in this case, the sum of these profits can be written:

Elr;(8) +m(8)] = Y _[pi(6)(c — aBipi(6) + ) éup(6))]:

gk 1#i
As a result of the fact that profits are increasing and concave in prices below the
monopoly price (which is implied by (A1)), it follows that the proposed switch will
result in an increase in the total profits the platform receives from j and k. The same
logic applies for any seller C;(0) > C;(0) and if C;(0) = C;(0), then the proposed

reallocation has no direct effect on prices. It follows that:

p;i(8) + pi(8) < p;(B;1) + pi(6;1,)-
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Hence:

Cirpr(0)) + 0 () < Cinpr(01)) + éxpi(05)).

Furthermore, given that p;(8) < px(0), and that ., p;(6)(c;—apB;p;(0)) is increasing
and concave in p; € [0, %fy], it follows that the effect of the change from 6 to éjk on
the sum of the profits of j and &, holding p; i # j, k fixed is an increase in platform
profits. This then implies that the direct effect of a change in probability vector from
change from @ to 9j (i.e. where the proposed set of neighbourhood switches takes
place between j and every other seller in the network).

We now turn to the second order effects of the proposed reallocation when m > 2.
By second-order effects, we refer to the effect of the proposed set of neighbourhood
switches between j and every k # 7 has on i’s profits. Formally, we compare ) . m;((1—
(m —2)e)0 + 3, ;€0 — €6;) with the sum of profits generated by 6, >, m(0).
Define:

AC; = Ci((1— (m—2)2)0 + > 20 —0;;) — Ci(6)
k#j

As per Bonacich (1972), C;(0) = 1+ 3, ., ¢;;Cy(0), from which two observations
follow. First, as the direct effect of each neighbourhood switch between j and k
increases j’s centrality less than it decreases k’s, it follows that >, AC;(8) > 0.
Furthermore, it must also be the case that if C;(68) > C;(0) then |AC;(0)| > |AC(0)],
il # 7.

The two above facts imply that the sum of second-order prices changes is positive
and that the prices of more central sellers increase more than the prices of less central
players. Again, as mp(0) is concave and increasing in p; € [0, %7] for all 7, it follows
that the sum of the second-order effects of a switch from 6 to éj are profit increasing.

The above analysis then jointly implies that 7rp(9j) > 7p(@). This implies the
result: for any vector in which there exists a pair of sellers j and & such that C;(0) >

Cr(0), there is always a series of neighhbourhood switches that increases profits.
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Hence, any solution to the platform owner’s maximisation problem must be such that
C;(0) = Cy(0) for all j, k pairs

Proof of Theorem 2

Noting that C;(0) =1+ 3, ¢;xCk(6), Theorem 2 implies that any solution, 65,
to the platform owner’s maximisation problem, induces a 8* and Gg(0) such that
> ki Gir(0) = ¢(87) € Ry. Define o7, as the number of buyers for which seller j faces
competition from exactly y € {0, 1...,m — 1} sellers in the graph G, with y = 0 if G,
is such that E;; = 0 for all j. Then we can write »_,_; ¢;x(0) as follows:

oy €2y 2. y0-0g,
;%(9)— R (1)

which implies that 2¢(0%)+1 = ¢;(0*) = ¢(6*) for all i when ¢; = c. For now, assume
v = 0 and hence 8 = 0,. Consider a proposed profit-maximising vector @ in which
(a) C;(0) = Cx(0) for all j, k pairs and (b) it is true for at least one segment i that
ol < |@*] or ¢ > [¢*], with at least one of the inequalities strict, in at least one
graph 7 realised with probability 6. > 0. We rule out that ¢] = 0 for any consumer
segment ¢ in any graph 7 realised with probability 6, > 0, as this clearly suboptimal.

As each consumer segment is identical in such a graph it is possible to construct
a probability vector, 8, which yields the same profits as 6, but makes it easier to
compare profits across graphs.

Take a graph 7 generated with probability 6. > 0. As before, let 7;; denote the
graph generated by a neighbourhood switch between two consumer segments, ¢+ and
7 being performed on the graph 7. Let X denote total number of possible switches
between i,k € B.

Let @ denote the following probability vector. Suppose @, > 0. Then the proba-

0r

bility that 7 is realised in 0 is o

which is also equal to the realisation probability
of each 7;; for i, j € B where ¢ # j. As C;(0) = Ci(0) and consumers have identical

preferences, mp(0) = mp(0). The transformation makes it possible to show that 6 is

33



not a solution to the platform owner’s profit maximisation problem.

We consider first the case where in 6, there exists a graph 7 where @7 < [¢(0*)]
and a graph 7 in which 90]7-/ > [¢(0*)], where ¢ and j may not be the same segment,
and then consider afterwards the case where one of these inequalities is not strict.

Under this assumption, when the probability vector is 6, there is a strictly positive
probability that a graph 75 will be realised, where ©? > [$(0*)] and i observes a
set of sellers Sy. There is also a strictly positive probability that a graph, 7y 1, is
realised, where 7y 1 is “paired” with 74 in the sense that i observes a set of sellers
Sgr C Sy and ¢;"" < [p(0%)].

Suppose 7y is a graph identical to 7 except that i observes a set of sellers S, C
Sy, such that gz):;f = [¢(60*)]. This is ensured by deleting the edge between i and
J. Eij, for at least one seller j where F;; € 75. Let 7']”{ be a graph identical to T}I
except that i observes a set of sellers Sy, C S} C Sy, such that o;(1) = |$(6%)],
by deleting at most one edge between i and k where Ej, € 7. Note that if ¢ is an
integer, then 7, and 7y are identical, otherwise Sy C Sy C Sy.

Similarly, define T}_L . as a graph identical to 7, 1, except that 7 observes the set of
sellers Sy, such that ¢;(7; ;) = [¢(6*)]. This is ensured by adding an edge between i
and j, E;;, for at least one seller j where E;; ¢ 7. T};’ ; 1s constructed in an analogous
way to Ty, and hence i observes a set of sellers Sy, C Sy C Sy

Let the constant n > 0 be such that it solves the expression n[p(0*)] + (1 —
n)[£(0*)] = ¢(0*). We define the probability vector 6 in the following way. 0, = 0.
for all graphs except the probability that 74 and its pair 74 1, 5}{ and élL, are realised
is zero. Instead, né;;{ + (1 - U)é;g =0,, and né;i +(1— n)é;g =0,,.

Each segment observes, in expectation, the same number of sellers in both 6 and
0. If there is a difference in profit between the two, it is driven by differences in
prices. Suppose that j € Sp;. If it is also the case that k& € S}, then éjk(él) = ¢ix(0).
However, by construction, S;; C Sy, C Sy and there exists a [ € Sy but [ ¢ 5.

It follows that ), éjl(él) < 37,¢1(0) for at least one j,1 pair. It follows that the
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centrality of j and [ are lower in 6 than in 6. This implies that prices are higher
across the network in @ than in 6, which in turn implies that Wp(é/) > 7p(0), s0 0
cannot be a solution to the platform owner’s maximisation problem.

Now consider the case in which there is a positive probability that a graph 7
where go{/ > [¢(0%)] is realised when the probability vector is €, but there is no
graph with positive realisation probability where @] < |p(0*)]. Given that ¢(0*) is
the number of sellers observed in expectation, it must be the case that ¢ = [$(0*)]
for at least one ¢ and 7 pair. Tt follows that if the graph 7 is paired with a graph
in which i observes exactly |¢(6*)] sellers in the way described above, the vector 8
will still be more profitable for the platform owner than 6.

Suppose there exists a graph 7 where ¢] < |¢(6*)], but for no graph generated
with positive probability by the vector @ is it the case that gojT-/ > [p(0%)] for any
4,7 pair. For this to hold it must be the case that ¢* is not an integer and that
90;/ = [4(6*)] and 6_ > 0 for at least one j, 7 pair.

If 7% = [¢(0*)] and ;™" < |$(6*)], then the preceding analysis implies that
St C Sy C Spy. Hence, by the same logic as the case where both original inequalities
were strict, it must be true that 6 will still be more profitable for the platform owner
than 6.even in the case where no segment observes more than [¢(6*)] sellers.

The same proof applies for v > 0, where 8, # 6. Suppose 6, is such that at
least one segment i that ¢ < |@| or ¢ > [¢], with at least one of the inequalities
strict. Define é;) and 6 in an analogous way to @ and @, and let 8" and @ be the
probability vectors induced by the baseline probability vectors 0_; and 6y, respectively.
Noting that v is common across all consumer segments and sellers, it must be that

S, E1(0°) < 3, E1(0), and so wp(0') > 7p(0), which implies the result.

Proof of Proposition 5

Suppose that [5(0*) > 5,(0*) for some s,t pair. By Theorem 2 it must be the case
that for any baseline graph G, that is realised with positive probability when 8 = 8,

wi = [p(67)] or ¢f = [@(07)] for all i.
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Recall from equation (1) above that >, ¢;(0) = ngazﬂ—(yew As B,(0%) >

Bi(0%), it more likely that if ¢ is active then it is unintentionally observed they are

unlntentlonally observed than is the case with s, and hence it must be that <

(9)
5(6%)]— 1, and 225 > T for y = [4(6)]— 1 and y = |5(67)] -
Hence, >, Csk(6) < >4 Cu(0) when 5,(0%) > (,(6~). It follows that Cs(0) <

Cy(0), violating the condition for optimality in Proposition 4. Thus, 5;(6*) = (5 Vj.

Proof of Proposition 6

Let G, denote a graph where 6, for the optimal vector 8, = 6;(c,y) where ¢] =
|¢] € (1,m) for all i and E;; ¢ G, for some buyer ¢ and seller j. Now consider a
graph G, defined as G, + E;; = G, realised with probability 6. Let 6" = 6 — 6,
and p;(60*) = pj:

Orp(0* C, 7y % * N * ps
% = —ap;(y — ; —l-QZC( —1—222@6;3 ckspkae,,.

kj ko stk

For an optimum probability vector, 8*(c,~), 9mp(0”(e7) — (). Note that (pr—7) <0

86//
and W| is increasing in ¢, it follows that % is falling in ¢ for all ¢ € (1,m).
87‘(‘ 9* Cl7 5% 3 * K
Hence % < 0 and thus ¢*(0*(c,7)) > $*(0*(c,)).
Noting that 89,(, ) is increasing in by (A1), it follows that W > 0 and

hence *(8*(c,7)) > ¢*(6*(c,7)). If ¢ = 1,then we have a corner solution, and it is
possible that 3(8*(c,v")) = ¢(0*(c,7)) and $(8*(c,7)) = H(6*(c,7)). Similarly, if
» = m, then it is also possible that those equalities hold. Hence, for ¢(6*(c,v)) >
p(0%(c',7)) and $(8%(c, 7)) = ¢(6%(c,7)).

Proof of Proposition 7

Suppose v, = vg and 7; = . Suppose the converse of the statement in the Propo-
sition holds, so that there is no graph G realised with positive probability under a
baseline probability vector 6y, such that E;; € G. If v > 0 then /3;(8) > 0 even under

this assumption. Let 0 be the probability vector induced by 6.
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First, note that the proof of Proposition 4 does not rely on the assumption that
vj = Y for all j, k pairs: it is still the case that any graph in which ¢7 < [p(0*)] or
©7 > [p(0*)] is suboptimal. By the proof of Proposition 5, it follows that C(0) <
C;(0).

Cousider the vector: 6 = (1 —€)@+¢8;. The proof of Proposition 4 shows that
there is a priori incentive for the platform to switch from inducing the vector 6 to é/
by performing a j, k neighbourhood switch on each GG whose component is 6, > 0 in
the vector 6.

However, in the case where 4 > 0, such a switch imposes a cost on the platform
as v < 1 and thus ﬁk(é/) < Br(0), ﬁj(é/) > (3;(0). Even if p; = p;, (which does not
hold here), Elz;;(p)|ui; = 1] < Elziu(p)|pi; = 1] for all i: each consumer segment’s
innate demand is higher for £ than j.

Define the function D;,(6,7) as follows:
Djn(8.4) = 0:[n{(6) — 7](6)]

Where 77(0) is the profit j receives in G when the probability vector is 8. We define
Bjk:(07 ’3/) :
Bji(0,79) = ZQT[W;(OI) —7,(0)] + Z AT

where Am = m(0') — m(0). Clearly, B;(0,7) + Djx(6,%) = >, Am. Djk(6,7) is
continuous, decreasing in 4 and negative for 4 > 0, while B;;(0,4) is continuous and
increasing in 4, which follows from the fact that it is a positive function of 77(6") and
because m(0) is a function of uf;cy; and pfcyy.

When 4 = 0, Bjx(0,%) + D;i(6,%) > 0 by Proposition 4. Hence, 36 € R, such
that for all 4 where 4 < § such that Bj;(6,%) + D;x(6,%) > 0. As this holds for ~;,
it also holds for any seller, s, with v, < 4.

For (i), suppose the converse is true and that 4y, > 7,, but 8 < B,. Let yp—vs := 7
and 0 = (1 — €)@ + €6;,. As per the argument above, Cy(0) > C,(0) and hence
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Bis(0,7") > 0. Given that 4" > 0, it must also be the case that Dy,(6,~) > 0. It

immediately follows that 7p(0 ) > 7p(0).

Proof of Theorem 3

OE[rp(60)|2=2;]

By the envelope theorem, o,
J

is linear in ;. This follows from the fact that

the following result holds:

IE[rp(0)|® = /]
0,

804]

= E[p; +222a@ (6%) cl,”ak@ d;).

The expression 8%'729) is linear and increasing in v;. opi(0) _ —%{RS}M for all k£ # 5

2t}

op* (6

and aj( )
i

Rs. By (Al), the sum which constitutes the second term in the right hand side of

the above expression is positive and linear in ;. For small changes in +;, then, profit

= 1 — 1{Rg};;, where {Rg};; denotes the ijth component of the matrix

is approximately increasing linearly in 7;. If E[7p(0)] were increasing and linear in

7, the following statement holds:

Y EBAI® =] = Y E[BA® = & < E[rp(6)|® = ©;] > E[rp(6)[® = 4.
Proposition 7 indicates that 3; = 3;(5;) where 8;(.) > 0. The following result holds:

Z E[B:(3)%|® = ®2] = Y _(E[Bi(7:)%|® = 1] + E[5i(7)ei]-

i

It is clear that E[5;(%;)e;] > 0 as cov(5;(%),€:;) > 0 and E[g;] = 0. Hence:

ZE@ DA @ = <I>2>ZE@%%!<I> P,].

Of course, for large changes in v;, E[rp(0)], is not linear in ~;. This is because j’s
price is linearly increasing in v;, and hence j’s profit is a function of %2. Given that
(A1) holds, BLP” > 0 for all §, which in turn implies that if 5;(5;) = 3; that profit

under ¢, would be larger than ®;. This implies that:
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ZE[@"%@ = dy] > ZE[/@'%@ = &, = E[rp(0)|® = ®;] > E[rp(0)|P = P4,

which is the result in (i).

With regards to (ii), we consider the case where ¢ increases from 0. When ¢ = 0,
0. = 1 for either distribution, as per Proposition 3. Let 65 denote the realisation
probability of a graph, GG, in which each segment observes every seller except that i

does not observe a seller k£ and thus observes m — 1 sellers. Define 0, := 0, — 5. We

Orp(0*:7y)
/

consider the ex post expression ——/

= Ty,

T

When c is sufficiently small, 7p_. > 0 when 8 = 6., in which case the optimal
0

solution is 8" = @.. It is clear that: 2= < 0,887% < 0 and (glg;;?' > 0 for some j #

Olmo, |

k. Furthermore, o is independent of 7, as p* = 7—%0(0)7. Abusing notation
slightly, we can then write my_ as a function of 75 and v, the (m — 1) x 1 vector of
quality parameters not including k, mg_ (76, Y _)-

For any (7,,v) = (&, _j), there exists a threshold level of ¢, ¢ (v, 7x) such
that if ¢ > ¢ (v;,vn) then m_ (v, vn) < 0, but if ¢ < c/(fyl,'yh) then o (Vk, ¥ _g) > 0.
Note that, when ¢ = ¢ (7, Yn), 7o, (Vs ¥_ ) > 0if 7% >y and v, < 4p or Vi < Y
and v, > . Let 4y = v + ey and 4 = 4, + €1, the lowest and highest possible

values the quality of a seller can take when 5; ~ ®5. As ®, is symmetric, it must be

the case that:
Pr(’yj = ’A}/H‘q) = CDQ) = PI‘(’N}/]g = "A)/L‘q) = @2) > PI‘(’N}/j = ’A}/H’(I) = (I)l) =0.

Let 4y denote an (m — 1) x 1 vector with components all equal to 5. When

c=cAL,9m), Pr(m, < 0|® = &y) > Pr(m,, < 0|® = &) = 0. It follows that:
E[2(6%)]c = ¢ (31, 9m), ® = ] < m = E[p(8")|c = ¢ (31, m), © = P1].

Suppose the largest component of v is v;,. Let G; denote the graph in which seller A
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and only h is observed by every consumer segment. Let @y denote the probability
vector in which 6, = 1.

Let v, be the largest component of the vector v__,. Define G as a graph which is
identical to G; but where 7 observes h and seller s, and let 0, denote the probability
that this graph is realised. Let 8; = 0, — 6,,. For a given quality vector ~, when c is

sufficiently large, mp, < 0 when @ = Oy and in this case 8 = 0y is an optimal solution

o o s
to the platform owner’s problem. As before, it is clear that: gzd < 0, ;fd > 0 and
8‘”#9616‘ 0
7 > U.

For a given ~,, the incentive to increase 6, is greatest when v, = 7,. Consider the

marginal effect of increasing 6, from 0 when @ = @y, using the envelope theorem:

OE[rp(0)] _ . e s 0D
26, — P (7s — p3) + 2a35(0")ésnp; 20, Mt 2a4(0")Cnspy, 26, -

While apa’*’—é(f) = —{Rs}nsyn and 8’%0(6!9) = —{Rs}snn, by (Al) the above expression is

increasing in .

We can see that Omoy < 0 and we also know there exists a values of ¢ such that

e
0 = 0. and that @6 = 6Oy are solutions to the platform owner’s problem. For a
given 7, and assuming 7, = 4, then there exists a ¢ (73,) such that if v, = v, and
c < ¢’ (y),then 7o, > 0 and ¢ > ¢’ (ya) then 7o, < 0. The analysis above relating to
%fd(g)] directly implies that ¢’ () is increasing in ;.

Suppose ¢ = ¢ (9g). It follows that:
Pr(ys = 4u|® = ®2) > Pr(3s = yu|® = ¢1) = 0.

Hence Pr(my, < 0|® = ®3) > Pr(my, < 0|® = @) =0, and thus:

B[p(0%)[c = ¢ (Ju), @ = ®o] > 1 = E[p(07)|c = ¢ (1), P = &4].

Now consider the function ¢'(¢) = E[3(8%)|c,® = @3] — E[p(0*)|c,® = ®;]. The
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1"

above analysis shows that there exists a ¢ where ¢'(¢') < 0 and a ¢’ where ¢'(¢”) > 0.
Furthermore, E[3(8*)|c, ® = ®,] is a continuous function, and hence ¢'(c) is as well.
Hence, by the intermediate value theorem, there exists a ¢y € R such that @’(CT) =0.

N

It follows that if ¢ < ¢z, ¢'(c) < 0 and if ¢ > ¢, ¢ (c) > 0.

Proof of Proposition 8

For the second claim in the Proposition, note that the proof of Proposition 4 does
not rely on the assumption that ¢; = ¢ for all 7. In which case, for any optimal
probability vector, it must be that C;(0*) = Cy(6*) for all j, k pairs. Consider a
probability vector € in which this condition holds and w;;(0) # w;;(0) for some
consumer segment ¢ and seller pair j, k,and consider the following transformation:

Take a graph 7 generated with probability 6, > 0 under 8. As before, let 7
denote the graph generated by a neighbourhood switch between two sellers, 7 and &
being performed on the graph 7. Let Y denote the total number of possible switches
between any pair of sellers 7,k € S.

Let @ denote the following probability vector. Suppose €, > 0. Then the proba-

[

bility that 7 is realised in 0 is Vo

which is also equal to the realisation probability
of each 7;; for 7,7 € B where i # j. As C;(0) = Cy(0) and sellers are identical,
7p(0) = 7p(0). Furthermore, w;;(8) = w;,(0) for all j, k, and hence if 6 was an
optimal probability vector, so too will be 6.

For the first claim, we can show that for all optimal baseline distribution of net-
works, 0}, o7 = |pi] or @] = [¢;] for some ¢; € [1,m] for all i. To see this, we
note that the proof of Theorem 2 can be applied to each buyer node individually by
noticing that 6 is analogous to 8. Applying the same proof method to 6 then yields
the same conclusion as that Theorem.

Suppose contrary to the first statement in the proposition that @;(0*) = $.(0*) €
(1,m) for some optimal 8*. Let ¢l = [{;(0*)] where E;; ¢ G, for i and seller j.

Now consider a graph G.., defined as G, + Ei; = G., realised with probability 6.

T7
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Define 9;5 in the same way for consumer segment k. Let 6. = 6 — 0., 6’; = 9;) — 0,

and p;(6*) = pj. By the envelope theorem and the fact that ¢} = |¢;] or ] = [¢;]

for all :
Orp(p;0;,v . . . . Op?
% = _ap](’y_p]+2zcl(pk +ZZQQBK Ckspkaeu :07
T k47 k stk

with the analogous result for 6. Recall that (p; — ) < 0 and by the result in

Proposition 1, it must be that |§g,:, ‘aps for all s, with ggf,, ggs < 0. Hence, if
omp(p;0;,v) Bﬂ'p(pe

it Cannot hold for

the above statement holds for o o0

) when £i(0*) =
&r(0%), yielding a contradiction. It follows that all optimal baseline distribution of
networks, 8y, E[p;] < E[py], and hence 67 induces a 8*such that ¢;(0*) < ¢, (6*).
If |£:(0*)] = m, then |$r(0*)] = 1 and in which case $;(0*) = $(0*). Similarly,
if [@r(0*)] =1 then [¢;(6*)] = 1. Tt follows that ¢;(0*) < pr(0*) for any optimal

probability vector 6*.
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