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1 Introduction

The assumption about independent observations is often not met even in the analysis of cross-sectional data.
Since cross-sectional dependence can be captured by a certain spatial or economic ordering in many economic
applications, spatial models have become an extensively used tool in applied econometrics. In this paper,
we propose spatial extensions of sample selection models. We introduce spatial dependence into a sample
selection model via a spatial lag of a latent dependent variable or a spatial error in both the selection and
outcome equations. To our best knowledge, this is the first paper which analyzes a sample selection model
with a spatial lag of a latent dependent variable, facilitating easy estimation in applications such as peer
effects in education with non-randomly missing data (see Section 2 for more details). A spatial sample
selection model with a spatial error, which can be used, for instance, in agricultural yield studies, has been
analyzed before, but the proposed estimators are either computationally demanding or they do not have
desirable small sample performance.

The computational difficulties in the spatial sample selection models stem from the (spatially) correlated
errors: their joint density function cannot be expressed as a product of the density functions for each obser-
vation, and the full maximum likelihood estimator (MLE) becomes computationally very demanding as it
involves high dimensional integration. It is possible to overcome this obstacle by using the heteroskedastic
maximum likelihood estimator (HMLE), which takes into account only heteroskedasticity stemming from spa-
tial correlation while neglecting the corresponding spatial autocorrelation to obtain consistent but inefficient
estimates.? Based on this idea, Flores-Lagunes and Schnier (2012) in the context of a sample selection model
with a spatial error in both the selection and outcome equations proposed to use the generalized method of
moments (GMM) estimator.? The estimator however has poor small sample properties (see Section 4 in their
paper and Section 5). Dogan and Tagpinar (2018) suggest to estimate the same model using the Markov
chain Monte Carlo approach in the context of Bayesian estimation, whereas earlier McMillen (1995) sug-
gested to use the Expectation Maximization algorithm. Both of these methods are however computationally
demanding in larger samples due to the necessity to invert the spatial weight matrices numerous times, and
moreover, a rigorous theory is not developed for either of them.

In the closely related context of binary choice models with spatial errors, Wang et al. (2013) therefore

suggested an intermediate approach between the full MLE and HMLE that is based on the idea that all

I Poirier and Ruud (1988) developed the result under fairly general conditions for a probit model with serial correlation in a
time series setting, whereas Robinson (1982) established the same result for a Tobit model.

2For empirical studies that use the estimator suggested by Flores-Lagunes and Schnier (2012), see Section 5 of Flores-Lagunes
and Schnier (2012), Mukherjee and Singer (2010), and Ward et al. (2014).



observations are divided into clusters of two observations and the dependence within clusters is taken into
account, whereas the dependence between clusters is not employed in the estimation. This approach avoids
the computationally demanding full MLE (at the cost of losing efficiency), while it facilitates the estimation
of the spatial error structure by taking the correlation within clusters into account. Wang et al. (2013) apply
the partial maximum likelihood estimator (PMLE) to a spatial error probit model. In this paper, the PMLE
approach is generalized to sample selection models with a spatial lag of a latent dependent variable or a
spatial error and their special cases.

Since the special cases of the considered sample selection models include probit and Tobit models (see
Section 2), this paper also extends Wang et al. (2013)’s results to the probit and Tobit models with a spatial
lag of the latent dependent variable and to the Tobit model with a spatial error.> We analyze the asymptotic
properties of the proposed PMLE using the near epoch dependent random fields framework introduced by
Jenish and Prucha (2012). Note that the asymptotic results derived for a spatial error probit model in Wang
et al. (2013) cannot be directly applied to our models because the structure of the spatial sample selection
models is more complicated and requires additional treatment. For example, the uniform L,-boundedness of
the (bivariate) likelihood scores cannot be established by simply assuming that the support of exogeneous
regressors is bounded since the observed dependent variables also enter the cumulative distribution function
of the bivariate normal distribution. Moreover, Wang et al. (2013) base their analysis on a-mixing processes
and make assumptions about dependence based on the observed responses instead of deriving more primitive
conditions.* They also impose a strong assumption on the expansion speed of the sampling region® and
suggest to estimate the variance matrix of the proposed estimator based on the approach proposed by Conley
(1999), who explicitly models the sampling process from a regular lattice and assumes that the data generating
process is strongly spatially stationary. This assumption is in general not satisfied, for example, for the Cliff-
Ord type models (see Kelejian and Prucha, 2007, for a further discussion). We relax these assumptions and
suggest to estimate the asymptotic variance matrix using parametric bootstrap.

The paper is organized as follows. In Section 2, the sample selection models are defined, whereas the
PMLE is introduced in Section 3. In Section 4, its consistency and asymptotic normality are established,
and the estimator of the asymptotic variance matrix is discussed. In Section 5, we study the finite sample
properties, while Section 6 concludes. Proofs are provided in Appendices.

It proves helpful to introduce the following notation. Let A,,, n € N, be some matrix indexed by n; we

3The Tobit model with a spatial lag of the observed dependent variable has been recently analyzed by Xu and Lee (2015a).
4See conditions (vii) and (i) of Theorems 1 and 2 by Wang et al. (2013), respectively.
5See condition (ii) of Theorem 2 by Wang et al. (2013).



denote the 7jth element, the ith row, and the jth column of A, by Ajjn, A;. », and A.;,, respectively.
Similarly, if v, is a vector, then v, ,, denotes the ith element of v,. (The same notation applies for

vectors and matrices that are not indexed by n.) If A is a 2 x 2 matrix, then A = [A1; Aj2; A2 Assl

is a matrix with the vectors (411, A12)" and (Aa1, A22)’ in the first and second row, respectively. Further,

let g = (i,7) and § = (k,1)’. Then A,., = (A

i-,n?

A} ) with its gmth element, gth row, and mth column
denoted by Aggm.n, Agg-n, and Ag.p, n, respectively; Agg = [Aign Aitn; Ajkn Ajin] and Ay, = Aggn with
Agn = [Agi1n Agian; Agoin Agoey]. Similarly, vy, = (Vin,v;,) with its gth element denoted by vgq.y.
Furthermore, for any random vector Y, let ||Y]|, = [EHYHf"]l/p7 p > 1, denote its L,-norm, where || - || is the
Euclidean norm. For an n x n matrix A, the Euclidean, row sum, and column sum matrix norms are defined
s A1 = (S0 0 140P) L Al = maxcs S0 Ayl and Al = masxisy S0 |4
respectively.® Note that these norms are sub-multiplicative: ||AB||, < ||Al|a|/B||a, where || - ||, denotes one

of the mentioned norms.

2 Model

To define the sample selection model, consider first the following latent selection (s) and outcome (o) equations

with spatial lags of the latent dependent variable:

i = NW2 i + X256+ us 1)

*0 __ o , %0 o o o
Yim = oW a0’ + X7 .80 +ui,

for i =1,...,2n,” where 2n represents the actual sample size and n serves as the sample-size index, yiy, and
y;5, are latent variables, X, and X7  are 1 x L® and 1 x L dimensional vectors of exogenous variables,
and u; , and u? , are the error terms for the selection and outcome equations, respectively; the corresponding
vectors and matrices of all observations are denoted by y:* = (yi5)72,, Wi = (Wg )i, X5 = (X7 ,),

us = (ug,,)#, and analogously for the outcome equation. The spatial nonstochastic weight matrices W2 and

n i
W2 are assumed to be known, contain nonnegative elements, and have zero elements on the main diagonal.
For example, the elements of W7 and W, can be indirectly proportional to the strength of an economic
relationship or distance between two observations, or they can be equal to 0 or 1, indicating unrelated or

related (neighboring) observations (e.g., see LeSage and Pace, 2009). If the ijth element of the spatial weight

matrix is nonzero, there is a direct dependence between the latent variables of observations ¢ and j. If the

6See Horn and Johnson (1985, pp. 291, 294-295) for more details.
"For notational convenience, we assume that the number of observations is even.



ijth element of the spatial weight matrix is zero, it does not mean that observations 7 and j are independent
because there might exist an observation k£ that has an effect on the latent variables of both observations
and j.

The relation between the observed outcomes and latent variables in (1) is defined as y;,, = 1(y;5, > 0)
and y7,, = y;,y’, so that the selection equation determines which cases are observed, while the outcome
equation determines the magnitude of the observed responses. (In general, y¢, is missing for observation i
rather than being zero if y7, = 0, but the definition is made for the simplicity of notation similarly to Chen
and Zhou, 2010, among others and does not affect the likelihood function.) This version of a sample selection
model is chosen because it is used in many empirical applications and includes other important models. For
example, under normality of errors, modelling just y;,, leads to probit, and taking equations in (1) identical
results in Tobit. Generalizations to other sample selection models might also be considered. For instance, a
binary sample selection model with y;, = 1(y;5, > 0) and y7,, = y;,1(y;7, > 0) or a model with a Tobit
selection equation defined as y;,, = max{0,y;3} and y7, = 1(y;,, > 0)y;5,. Finally, the latent model (1) can

be easily adapted to include spatial errors instead of spatial lags:

Yin = X305 + €70 (X)

Yim = X7 008 +€70(X0);

(2)

where 5f,n()‘8) = )\BWf,mefL(/\S) + v, and sf,n()\g) = /\SWi?’nefL()\g) +uf , similarly to y;3, and y;9, in (1)

with €5 (X§) = (g5,,(A§))72; and €5,(A§) = (£7,,(A§))721; the observed variables are defined in the same way

1=

as before. The results presented in the paper are also derived and hold for this sample selection model

with spatial errors. Adjusting for different spatial error structures such as €7, (A\5) = A\gW; ,u;, + uj,, with

S
n

ug, = (uf )" is straightforward.

An important feature of the latent model in (1) is that spatial lags of the latent instead of observed
variables are included in both the selection and outcome equations. For the outcome equation, it is true
that y7,, = y;9, if y;,, = 1. Thus, the outcome equations with a lag of the latent variable and a lag of the
observed variable differ primarily by the presence of 9, with 7, = 0 on the right hand side of the equation.
Note also that &7, (A§) in (2) in general depends on u$,, with y;, = 0. For the selection equation, y;, and
y;, differ though, and the choice of the model depends on whether only individuals’ decisions or also their
motives are observable to others. By means of two empirical examples we will illustrate where models (1)

and (2) are plausible specifications; see also a related discussion in Qu and Lee (2012) for the censored model.

Example 1 (Peer effects in education with non-randomly missing data). The peers effects in education



literature investigates whether students are affected by behaviours of their peers. For example, students
could increase their effort level if their peers study hard. In such situations, typically test scores are used to
measure the unobserved effort level and, if test scores are observed for all students, the second equation in (1)
is employed with y;9, being replaced with y7, (e.g., see Lin, 2010). Unfortunately, in some cases test scores
are missing for some students. For example, Booij et al. (2016) found that, in the department of economics
and business of the University of Amsterdam, only 46% of the students take all the first-year exams during
the first year of their study. The sample selection problem arises if a student’s decision to attend the exam
and his score depend on the student’s ability to succeed in the subject. Such a situation can be handled
using the model in (1) with y?,, and y;, being a student’s decision to take an exam and his (potential) score
from that exam, respectively.

This model does not only allow for the effort level of students to be affected by their peers but also
incorporates peer interactions in the decision to attend the exam. These interactions could be modelled
either by a spatial lag of the latent dependent variable or a spatial lag of the observed dependent variable.
Since students decide whether to attend the exam simultaneously, their decisions are likely to be affected
by their beliefs about their peers’ attendance rather than actual choices. Therefore, this situation might
be better approximated by a spatial lag of the latent dependent variable as in equation (1) rather than
the observed one. Likewise, we also include a lag of the latent rather than observed dependent variable in
the outcome equation. Students who did not attend the exam could had influenced their peers by solving
assignments together and attending the same tutorial classes. Therefore, the outcome equation should also
capture these interactions.

Model (1) can also be used to study cases when a missing data problem arises due to non-responsiveness
to a survey. Consider, for example, the National Longitudinal Study of Adolescent Health data, which has
been extensively used to study peer effects in education (e.g., Calvo-Armengol et al., 2009; Lin, 2010). In this
data, Hoshino (2019) found that information on GPA is missing for 11% of the respondents (after taking into
account missing data on the exogeneous variables used in his study). It might be the case that unobserved
abilities of a student affect both his decision to reveal his GPA and his GPA itself. Model (1) can thus
be used to account for this kind of sample selection, where a lag of the latent variable is included in the
outcome equation and is not included in the selection equation as the students filled-in the questionnaire

independently.

Example 2 (Agricultural yield). Ward et al. (2014) apply the GMM estimator proposed by Flores-Lagunes

and Schnier (2012) to estimate a cereal yield response function taking into account potential sample selection



bias due to farmers’ endogenous decision about whether to plant cereals. Flores-Lagunes and Schnier (2012)
consider the latent model in (2) with spatially correlated errors and W2 = W2 (see, for instance, equations (1)
and (2) in their paper), but for the estimation, observations with y;, = 0 are omitted from the weight matrix
in the outcome equation (see footnote 16 of their paper). The estimator is thus inconsistent with the model.
Ward et al. (2014) overcame this issue by choosing W # W in such a way that W, can have positive
values only if y;, = y;, = 1. In this case, the weight matrix depends on potentially endogenous farmers’
decisions whether to plant cereals. This approach however requires further research as neither PMLE nor the
GMM estimator proposed by Flores-Lagunes and Schnier (2012) are designed for the cases when the weight
matrix in the outcome equation depends on the outcomes in the selection equation. On the one hand, if the
correlation among unobservables in the outcome equation is driven by production technology or knowledge
spillovers, then the farmers who decided not to plant a field do not likely have a lot of influence on those who
decided to plant a field, and the weight matrix W2 # W considered in Ward et al. (2014) should be chosen.
On the other hand, if the correlation among unobservables is mainly driven by unobserved geographical and
meteorological characteristics, then both planted and not planted fields are affected similarly if they are
close to each other. Since the unobserved geographical and meteorological characteristics affect both the
decision to plant a field and a cereal yield response function, a nonstochastic weight matrix which captures

the closeness of fields can be used, and the specification in (2) with W2 = W2 should be considered.

Model (1) can be written in a reduced form, provided that the respective inverses exist, as

Yo = Sn(A0) X555 + €7 (A5) )
Yo" = Sp(A) X055 + €5,(A5),

where the observed responses y;, = 1(y;5 > 0) and v, = i, 579, and for b € {s,0}, matrices S (\) =
(Ign, — AW2)~1 and errors €2 (\) = St (A)ul. These definitions of £3(\3) and €9 () are equivalent to those
in the spatial error model (2), and models (2) and (3) thus differ only by the presence of S7(A§) and S2(A§)
in the latter model.®

The spatial weight matrices in the original and reduced form models have to satisfy the following assump-

tion.

Assumption 1. (i) The matrices Iay, — N*WS and Iz, — N°W? are nonsingular for all (A\°,\°)" € A, where

A is the space of the spatial parameters. (ii) The row and column sum matriz norms of matrices W2, W2,

8For the simplicity of notation, we do not consider models with both spatial lags and spatial errors in both the selection and
outcome equations. These models can however be analyzed in a similar way as the spatial lag model.



S2(A%), and S2(X\°) are bounded uniformly in n € N and (A%, \°) € A.

The first condition implies that there is a unique solution to y3° and y}° in (1) as well as to 5 (\§)
and €2 (A§) in (2). Since there is no natural parameter space for spatial parameters, this condition is usually
ensured by normalizing spatial weight matrices and bounding the parameter space. In applications, the weight
matrices are typically normalized in such a way that the sum of each row is equal to 1 and the parameter
space of (A®,\°) is chosen to be (—1,1) x (=1,1). However, if there is no theoretical reason for the row
normalization, this might lead to misspecification. Kelejian and Prucha (2010) instead suggest to normalize
the weight matrices by their largest absolute eigenvalues. The second condition restricts dependence to a
manageable degree. This is a classical assumption in the spatial econometrics literature (e.g., see Kelejian

and Prucha, 1998, 1999, 2010).

3 Partial Maximum Likelihood Estimator

The (partial) maximum likelihood estimator requires a parametric specification of the distribution of the error

s
i,m?

o
n

terms. Although we could consider a general elliptically contoured distribution of (uf,,u¢, )", we restrict

our attention to the Gaussian case as it turns out to be not only the most frequently used one, but also the
most complicated one (relative to heavier-tailed distributions) due to the necessity to study and bound the

moments of the logarithm of the bivariate normal cumulate distribution function and their derivatives. Let
0= (8",57,A% %, p,0%)'.

Assumption 2. (i) The error terms (u;,,u?,) i (0,%(o)), where $(0p) = [1 pooo; pooo 0F) is a

i,m?

positive definite matriz. (ii) (X;, X;)) and (u;,,u;) are independent. (iii) X7 ., X7 ., W

i-,n?

o
and W2, are

,n’

always observed.

Assumption 2(¢) is strong but standard in the literature that analyzes parametric sample selection models
(see Heckman, 1974, 1979). The variance of u{,, is normalized to 1 in order to ensure identification. The
correlation coefficient py controls the selection bias; if py is zero, the outcome equation can be estimated
independently of the selection equation. Even in that case, standard estimators for spatial linear models,
for example, MLE (see Lee, 2004) or GMM (see Kelejian and Prucha, 1998), cannot be applied in order
to estimate the outcome equation in (1) for a subsample of observations with Y;n = 1 because y79 on the

right hand side of the outcome equation is missing if y; , = 0. If data are missing at random, the methods

developed by Wang and Lee (2013) for estimation of spatial autoregressive models are applicable to model



(1) and a version of the MLE estimator? can be applied to the outcome equation in (2) for a subsample of
observations with y;,, = 1. Neither method is applicable if py # 0 though.

Further, in the standard sample selection model, it is assumed that (X} ,,X? ) and (ui,,u?,) are
independent. Due to spatially correlated errors €7, (\*) and £7,,(A\?), which are present in both the spatial
lag and spatial error models in (3) and (2), respectively, we need to make an assumption that the exogenous
variables and the error terms are mutually independent as in Assumption 2(iz). Finally, Assumption 2(i7)
states that the exogenous variables and spatial weights have to be observed even for missing observations.
The observability of the exogenous variables in the outcome equation for missing observations is not required
neither in the standard parametric sample selection model nor in model (2) with spatial errors. If the model
contains a spatial lag, the partial maximum likelihood estimator is however based on the reduced form in (3),

|

i,n n

which requires full observability. This assumption is not too strong since X; , contains variables in X
many empirical applications (e.g., Buchinsky, 1998; Vella, 1998; Sharma et al., 2013).

The assumption about observability of spatial weights is not very restrictive either, at least if the spatial
weights are based on distances between observations, which are typically not difficult to obtain even for
missing observations. For example, both exogenous variables and spatial weights are available for missing
observations in Examples 1 and 2. In studies on peer effects in education, weight matrices are typically
constructed by assigning value 1 to the ijth element of the weight matrix if students ¢ and j are in the same
classroom and value zero otherwise. As studies on peer effects in education usually use educational registers,
both classroom compositions and background variables are also available for students who skipped a few
exams. Likewise, in agricultural yield studies, spatial weight matrices are usually constructed based on the
proximity of fields, hence also available for missing observations. The meteorological variables considered in
Ward et al. (2014) are also available for fields that were not planted.

Due to the spatial dependence, the error terms ¢, (A*) and ¢, (A°) in latent models (3) and (2) are
heteroskedastic and cross-correlated. Hence, the full MLE is computationally demanding in this setting.
Based on the idea introduced by Wang et al. (2013), we therefore suggest to estimate the models by applying
the partial maximum likelihood estimator. Specifically, we divide 2n observations into n mutually disjoint
pairs based on the idea that the internal correlation between two observations in a pair is more important
than the external correlation with observations in the other pairs, at least if observations within a pair are
“close” to each other. If only very weakly correlated observations are paired, the estimator will be similar

to HMLE and there will be no gains from forming the pairs. The way how the observations are paired

oTf ug |1 X7, ~ N, 02), then yio | X5 ., ~ N(XP .56, Sﬁ7n()\8)527n()\8)08). If the dependent variable is missing randomly,
y?,1X? ,, follows the same distribution.



thus has an effect on the estimation precision, and it is desirable to group observations in such a way that
the variance of the estimator is minimized. Given that the asymptotic variance is a function of unknown
parameters, a two-step procedure might be considered, where the initial estimates based on some primitive
grouping are used to construct an optimal grouping. It is unfortunately very difficult, if not impossible,
to construct the asymptotic distribution of such a two-step estimator because the grouping becomes data
dependent. Moreover, it is not clear how to obtain an optimal grouping practically as it would involve huge
computational costs unless very rough approximations of the asymptotic variance are used. For these reasons,
we suggest to group observations based on deterministic variables that potentially capture the strength of
dependence between observations, for example, the Euclidean distance between observations (see Section 5.1
for details). As discussed in Wang et al. (2013), it is also possible to try a finite number of different grouping
schemes and to choose the one which delivers the smallest standard errors.

Let a grouping of observations be described by an index set G,, containing n pairs g = (4, j) of observations
i and j; Ugeg, 191,92} = {1,...,2n}. Let yy5 = (y;5 ., ¥p5.,) and yy%, = (Y9 ,,Yy5,) be 2-dimensional
vectors of latent variables in a group g € G,. The latent processes for a group g from the reduced form in

(3) can be then written as

Ygin = Sg.n(A0) X055 + 5., (A5)

Ygin = Sg.n(A0) X080 +€5.,.(A3)
with observed responses yg ,, and yg ,,, where all variables are defined in the same way as in Section 2 except
that now they are defined for a group g instead of an individual i; that is, S3. ,(A§) = ( ;;_’n()\g), ;/2,’”()\8))',
€5 n(A0) = (€510 (X5),€52,0(A))"s ¥ n = (Yg1,ns Yg2,n)'» and so on. The grouped spatial error model can be
defined analogously.

Before constructing the log-likelihood function @, () and its population counterpart in the limit Qq(6),
note that the log-likelihood function will be composed of four parts because there are four scenarios: one
observation in a pair is missing (yg; ,, = 1 and yg, , = 0 or vice versa), no observations are missing (yg; ,, =
Yg2.n = 1), and two observations are missing (Y, ,, = Y2, = 0). To simplify notation, we therefore define an
index set A = {10,01,11,00} based on the values that Yg1,n and ygo , take and the corresponding indicator

functions dg , = 1(10y;; , + Y52, = a). In order to construct the likelihood function, we also need to

introduce some additional notation. Let (;, = 2y, , — t2, where t5 is the 2-dimensional vector of ones,

10



~ , , 1
S50 = (GrnSsha(V)s CanSan(V)) , and

a5 () = Q511,1(0) Co1.nCo2.n 512, (0) Qe (0) - Co1.n2g71,0(0)  Co1,n825%0.(6)

Cg1,nCg2,n 2551, (6) Q552,1.(0) Co2n8351,1(0)  Co2.n82555 1, (0)
with Q55(0) = S5(A%)S5 (A%, Q2(0) = S5(X\*)S2 (A°)po, and Q2°(0) = S°(A\°)SY (X°)o2. Further, let
2gn(0) = yg ,, — S5, ,(\?) X7 8°, and for any a € A, Rj ,(0) be the correlation matrix obtained from %3  (6),
Vg (8) = (Diag(S ,(0)) % (4g,0(8) — 15.,(8)) with qg.n(8) = S;. ,(A*) X5, and

100, (0) = Q2 1 (0)21.0(0) /225, 1 (6), 210.(0) = Q25 (0) — Q5% (0)2:° . (0) /9%, ,,(6),
0L (0) = Q3% 1, (0)242,1(0) /92295, (6), 2OL(0) = 3, (0) — 3%, (0)€2%.,,(6) /92935, (0),
il (0) = Q20 (0)Q251(0) 24, (6), SiL(0) = Q35,(0) — Q59 (0)Q0% 1 ()22, (6),

1% (6) =0, 200 (8) = Q2%,(0).

Then the log-likelihood function based on a grouping G, is defined by (see the derivation in Appendix
G.1)

1 . ) 1 (0
an):Z{n@glm:l,ygm:onn ot by e EMGHORAE)

gll,n gll,n

1 ¢ Zggyn(e)
9232,71 (9) 9332,71(0)

+ ]l(ygl,n = 1’ y22,n = 1) In [¢2 (zg,’ﬂ(a)’ Qg?n(9)> CI)Q (v;,ln(6>7 R;,ln(e))]

+ 1Y = 0,455, =1)In @, (v91,(0), R, (9))

+ ]l(ygl,n = Oa y;Q,n = O) In [CDQ (Ug?n(e)v Rg?n(o))] }

DI N0

9gEGn a€A

where f¢, (), a € A, represent the log-density functions, ¢(-) is the standard normal density function, and
@2(+, X) and Po(+, X) are the bivariate normal density and distribution functions, respectively, with zero mean
and variance matrix 3.

Although the log-likelihood function looks complicated, it is not difficult to implement and to maximize.
If there is the spatial error instead of the spatial lag in the selection or outcome equations, z4,(6) and

qg.n(0) have to be replaced with z{ ,(0) = yg , — X7. ,3° and ¢ ,,(0) = ng,,nﬂs, respectively, where X’gs_yn is

11



constructed in the same way as Sy, ()).

4 Asymptotic Properties of Partial Maximum Likelihood Estima-
tor

The main difficulty in proving asymptotic properties of PMLE stems from analyzing the nonlinear objective
function based on heterogeneous and spatially dependent processes. Hence, this dependence has to be
restricted to a manageable degree. We do so by employing the near epoch dependent (NED) random fields
framework developed by Jenish and Prucha (2012). We consider a topological structure proposed in their
paper. Let the location of an observation ¢ be defined by [; € 35,“ where ’}5n is a finite sample region of
a d-dimensional lattice ® C ]RJ, d > 1, equipped with the Euclidean metric. Since the likelihood function
in (4) is in terms of likelihood contributions for pairs, let a group g = (¢,7)" be assigned a location [, =
(lg, lg,) = (I3, 15)" € D, x D, = D,, which is a finite sample region of a 2d-dimensional lattice ® =
D x D C R24. Given this definition, the distance between two groups g and ¢ depends on configurations
of four points in RY. We consider a distance metric between two points in R24 defined by d(l4,1;) =
min{ || (lg,, 15,)" — @5, 05,1 10, 1g,) — (15,5 15,) I} The distance between any two subsets 2, B C D is

defined as d(A,B) = inf{d(g,9) : l; € A, l; € B}, where the fact that the observations are indexed by

natural numbers allows us to write d(g, g) = d(ly,l;) for two groups g and ¢ with locations Iy, € R24,

Assumption 3. Individual units in the economy are located or living in a region 5n c® c R The
cardinality of ©, = D, x D, satisfies lim, oo |Dy| = co. The distance d(g,§) between any two different

groups g and § is larger than or equal to a specific positive constant, which we normalize to 1.

Region ® corresponds to a space of economic or geographic characteristics or a mixture of them. In
Example 2, a geographical space can simply be used. Although there is no natural location for an observation
7 in Example 1, a location can be constructed. Assume that there are t = 1,...,7T tutorial groups with at
most S students in each group. Let ¢; be the tutorial group of student i and a; be his rank in tutorial group
t; based on the alphabetical ordering. Then student 4’s location can be given by I; = (£;S,a;)’. Assumption
3 implies that the increasing domain asymptotics is used (as an alternative to the infill domain asymptotics):
the distance restriction in Assumption 3 implies that there is a finite number of units in any bounded region
and that the sample region ®,, has to expand when the sample grows.

For reference, the definitions of a-mixing and NED properties presented in Jenish and Prucha (2009,

2012) are reviewed first.
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Definition 1. Let {ngn}qeg, be a triangular array of real random variables defined on a probability space

(Q,F,P). Moreover, let A and B be two o-algebras of F and
a(A,B) =sup(|[P(ANB) — P(A)P(B)|,A € A,B € B).

For2A C®, andB C Dy, let 0,(A) = 0(gn : lg € A) and o, (A, B) = a0, (A),0,(B)). Then the a-mizing

coefficients for the random fields {ngn}qeg, are defined as
i(k,m, ) = supsup(an (2, B), [2A] < &, |B] < m, d(2,B) > 5),
n 2A,B

where | - | denotes the cardinality of a set.

This definition is similar to the time series literature. The major difference is that, in the random fields
setting, the a-mixing coeflicients do not only depend on the distance between two sets but also on the sizes

of the sets. The definition of the NED property follows.

Definition 2. Let {Z, ,}geq, and {ngn}tqeg, be random fields located on ©,,, and additionally, {Z4,}geq,
satisfy || Zgnllp < 00, p > 1. Moreover, let {tyn}geg, be an array of positive constants. Then the random

field {Zy n}gegq, is said to be L,-near epoch dependent on the random field {ngn}qgeq, if

1Zg.n = ElZgn

Fan($)llp < tgnt(s)

for some sequence ¥(s) > 0 with lims_,o ¥(s) = 0, where Fgn(s) = 0(ngn : d(g,9) < s),s € N. The NED

random field is uniform if and only if supty ., < oco.
n,g

In Definition 2, the term Z,, — E[Z, ,|Fyn(s)] measures the prediction error of Z,, based on the
information contained in {n;, : d(g,§) < s}. The NED property then states that the prediction error
converges to zero as s increases. Note that NED is not a property of a random variable itself as a-mixing is,

but it is a property of a mapping.

4.1 Consistency
To prove consistency, we need to introduce additional assumptions.

Assumption 4. (i) {(X. ., X ,)}gec, is an a-mizing random field with a-mizing coefficients a(k,m, s) <

(k+m)"a(s), 7> 0, for some a(s) = 0 as s — oo such that Y 22, s> 1a(s) < oo. (ii) sup E| X} ,[|P < oo

n,t
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and sup £ [||Xf’n||p\yfn = 1] < oo for any 1 <p < p, where p > 18 and b € {s, 0}.

ni

Assumption 4(i) states that the exogenous variables may be cross-sectionally dependent under some
restrictions. Assumption 4(é) implies that p moments, p > 18, of the exogenous variables exist. This is
less restrictive than the assumption that the support of the exogenous variables is bounded, which is usual
in the (spatial) literature studying discrete choice or limited dependent variable models.'® Moreover, the
large number p of finite moments is related to the assumed normality of the errors and the need to bound
the moments of the logarithm of the bivariate normal cumulative distribution function and their derivatives
(cf. Lemma C.5). It is likely that for heavier-tailed error distributions (e.g., the Laplace distribution), a
substantially smaller number of moments would have to exist. The derivatives of the log-likelihood function
are inversely proportional to the values of the distribution function, and therefore, are likely to be increasing
slower for heavier-tailed distributions. Thus less moments of the explanatory variables could potentially be
required.

The elements of the spatial weight matrices determine the strength of dependence between observations.
An important question is under which structures of spatial weight matrices the limit laws based on the NED
framework hold. Given that the likelihood function is specified in terms of (the inverses S3(A*) and S2(A°)
of) Iy, — M¥WS and Iy, — A°W2 and the grouping is determined by the user of the method, we impose

restrictions on the weight matrices indirectly by the following assumption.

Assumption 5. ILm (s) = 0 with (s) = max{y*(s),1°(s)}, where ¢*(s) = sup sup D id(g,9)>s ||S§£-7 A0/
5—00 n,g 0€O ) ’
Sb. ()], b€ {s,o0}.

gg,n

sup sup Zg'egn
n,g 0€O

As shown in the proof of Theorem 1, Assumption 5 is needed to show that {3, 4 dg . fo . (0)}geg, is a

NED random field on the c-mixing random field {ng, = (X ,, X2 ,, u?

o e
oo Xgo U5 s UG o) bgeg, - The main implication

of Assumption 5 is that dependence between pairs should decrease to zero with an increasing distance between
the pairs. Given the Euclidean norm used in Assumption 5, this means that the weights |S§’j7n()\)| between

observations i € g and j € ¢ have to decrease with their distance. For example, it follows similarly to Qu and

Lee (2015) that Assumption 5 and also Assumption 1(7i) hold if the spatial weights W},

17,m?

b € {s,0}, can be
bounded by C,||l; — ;] ~C»% for some C, > 0 and C,, > 2, and additionally in the case of an asymmetric W?,
if the number of columns with their absolute sums exceeding the row norm ||W?||+ is bounded uniformly in
n (see Appendix H). Assumption 5 is also satisfied if the observations with their distance above a certain
threshold have zero spatial weights. For instance, if tutorial groups are analyzed in Example 1, it is typically

assumed that the ijth element of the weight matrix is equal to zero if students ¢ and j are from different

10E.g., see condition (v) of Theorem 1 by Pinkse and Slade (1998) and condition (vi) of Theorem 1 by Wang et al. (2013).
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tutorial groups. Thus assuming that the number of students in each tutorial group is even, it is beneficial to
form only pairs of students who are in the same tutorial group. Given the definition of locations for Example
1 presented below Assumption 3, if d(g,§) > S, students in pairs g and ¢ are from different tutorial groups

implying that HSg (AY)]| = 0 and Assumption 5 is trivially satisfied.

g,n

Next, we make an assumption about 2 x 2 submatrices of matrices €2;°(6) and Q5°(6) and X5 ,(0), a € A,

defined in Section 3.

Assumption 6. The minimum eigenvalues of matrices €0;%,(0), 25%,(0), and 5 ,(0), a € A, are bounded

away from zero uniformly inn € N, g € G,, and 0 € O, where © is the parameter space of 0.

Assumption 6 ensures that the above mentioned 2 x 2 (sub)matrices are invertible for each pair. Thus, the
observations should be grouped in such a way that this assumption is not violated. Its validity can be checked
using a grid covering possible values of the spatial parameters and the correlation coefficient since matrices

Qs5,(0), Q99,(0)/0?, and X2, (6), a € A, do not depend on regression parameters 3°, 3°, and variance o2.

Assumption 7. The parameter space © is a compact subset of RY.

Assumption 8. The population log-likelihood functions E[Q,(0)] are uniquely mazimized at 0y for n > ng

and some ng € N: iminf,, oo (E[Qn(00)] — supjg_g,|>c £[Q@n(0)]) > 0 for any e > 0.

Whereas Assumption 7 is a standard assumption for nonlinear extremum estimators, Assumption 8 is
the identification condition for PMLE, allowing the non-existence of the limit of E[Q, ().} If Qo(f) =
lim,, 00 E[Qn(0)] exists, Qo(#) is simply required to have a unique maximum at 6y. This PMLE likelihood
is based on the correctly specified distribution for each pair of observations, and therefore, it attains its
maximum at the true parameter values by the Kullback-Leibler information inequality (see also Appendix G
for the validity of the population first-order conditions). We assume rather than prove identification because
it is a very challenging task. Wooldridge (1994) claims that usually some additional knowledge about the
distribution of conditioning variables is needed to establish identification, and therefore, it is assumed rather
than proved in many cases. For this reason, many other papers analyzing nonlinear spatial models make
assumptions similar to Assumption 8, for example, see Wang et al. (2013) and Xu and Lee (2015a,b, 2018).

Finally, the consistency of the proposed PMLE follows.

Theorem 1. Under Assumptions 1-8, 6,, — 6y = 0,(1) as n — co.

11We thank an anonymous referee for suggesting this generalization allowing for very general forms of heterogeneity defined
by the spatial weight matrices.
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4.2 Asymptotic Normality

In order to establish asymptotic normality, we need to strengthen the assumptions regarding the dependence
structure. In particular, the NED coefficients of random field {4 d; ,,0f¢ . (00)/00} 4eg, have to decrease
to zero at a certain relatively fast rate, see Assumption 10 below, because the likelihood function is not only
nonlinear but contains indicator functions as well. Additionally, some standard regularity conditions are

required.

Assumption 9. (i) {(X;. ., X ,)}gec, is an a-mizing random field with a-mizing coefficients a(k,m, s) <
(k +m)Ta(s) with some &(s) — 0 as s — 0o such that for some § > 0, 3.°° 2T +1)=138/(4420) (5) < o0,

where 7. = 07/(2+6), 7 > 0. (i) supE||XZb,7n||p < oo and sup E [[| X}, |IPly;,, = 1] < oo for any p > 1.

n,i n,i

Assumption 10. The mazimum (s) of the NED coefficients ¥°(s) and °(s) defined in Assumption 5
satisfies 3°° 23 1p(r=2/(12r=12) () < o6 for some r > 2.

s=

Assumption 11. 6y is in the interior of the parameter space ©.

Assumption 12. Let mineig A represents the smallest eigenvalue of matrixz A and assume for some ng € N

that (i) Hy(6p) = F {%] exists, is finite, and non-singular; (i) J,(0) = E naniégo) ané,QO)} exists,

is finite, and inf,>,, mineig J,(6y) > 0.

Assumption 9(4) implies that infinitely many moments of the exogenous variables exist. The proof of
asymptotic normality requires only finitely many moments but finding the exact p, which is much larger than
18 imposed in Assumption 4(ii) and thus practically irrelevant, would require a lot of effort such as calculating
the third order derivatives of the bivariate normal distribution functions in (4). Some sufficient conditions on
the spatial weight matrices for Assumption 10 are provided in Appendix H. Assumption 12 admits again that
the limits H(0y) = lim, o0 Hp(6p) and J(0p) = lim,, oo Jn(6p) do not necessarily exist due to practically
unrestricted heterogeneity defined by the spatial weight matrices. If these limits are well defined, Assumption
12 becomes the standard requirement that the Jacobian and Hessian matrices corresponding to the limit of
the population partial maximum likelihood function exist and are non-singular. Note that the non-singular
Hessian matrix is not necessary for the asymptotic normality formulated in the following theorem, but for

its use in real data analysis.
Theorem 2. Under Assumptions 1-3, 5-12, \/ﬁng/z(Oo)Hn(Qo)(én —6p) LN N(0,IL) as n — oo.

Finally, since the likelihood function does not account for the dependence between groups, the variance
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matrix of PMLE is not equal to the inverse of the Fisher information matrix. Thus, PMLE is in general not

efficient as the full MLE is.

4.3 Estimation of the Variance Matrix

Although we do not model the dependence between pairs in the likelihood function, it has to be accounted for
when the variance matrix is estimated. On the one hand, it is relatively easy to estimate the Hessian matrix
H,(0y) = E[0°Qn(00)/0000] as it can be obtained using its sample analog and a consistent estimate of 6:
H,(0,) = 8Q,(0,,)/0006". On the other hand, estimation of the variance matrix J,(6y) and its limit .J(6)
is complicated due to the dependence between groups. It is theoretically possible to consider a spatial analog
of a heteroskedasticity and autocorrelation consistent (HAC) estimator of the variance matrix that has been
extensively analyzed in the time series literature (i.e., Newey and West, 1987, and Andrews, 1991). Conley
(1999) adapted the HAC estimator for the spatially stationary observations. Noting that the Cliff-Ord type
models are in general not spatially stationary, Kelejian and Prucha (2007) and Kim and Sun (2011) relaxed
the stationarity assumption, but considered only processes linear in error terms. This is not the case for
0Q,(6p)/00 here, and therefore, the HAC estimator is not easily applicable in the present setting.

On the other hand, it is not uncommon to estimate the variance of an estimator of a spatial model using the
bootstrap when it is very difficult or practically impossible to obtain a closed form expression of the variance
matrix (e.g., a residual based bootstrap method is used by Su and Yang, 2015, in spatial dynamic panel data
models). The bootstrap standard errors are also often recommended in the linear regression models with
clustered errors (Cameron et al., 2008), which are closely related to model (2), although stronger dependence
(larger clusters) can adversely affect traditional boostrap procedures such as the wild bootstrap (MacKinnon
and Webb, 2017). However given that the considered sample selection models are completely parametrically
specified, it is possible to use the parametric bootstrap to estimate J,,(6p). Note that we suggest to bootstrap
Jn(60) instead of the complete variance matrix of the estimator to guarantee good computational speed. The
bootstrap procedure for estimating J,,(6p) can be described for the spatial lag model as follows (the spatial

error model can be dealt with analogously).

1. Obtain the partial maximum likelihood estimate 6,, = (55, 8%, A5, X%, pn, 52)'.

s(b) _ o(b)

im Wiy ) of size 2n from the distribution

2. For every b = 1,..., B, generate a random sample (u

N(Oa Z(én))y where E(én) = [1 pAna-n; [)na’n &EL]
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3. Given W2, W2, X5 X?° and én, generate the bootstrap data (indexed by b) according to

' = S5 (A)X58 + el ()

= Sp () XRB, + en® (A7)

with observed responses y; , o) ]l(y::fb) > 0) and yo(b) = y:(f)yz*f’n(b), where 59(5)0\5) = SZ(S\Z)qu(b)
and so(b)()\o) SO()\O)uO(b).

4. Compute the score 'Y )( 0,) = 8Q(b)( 0,,)/00 for B bootstrap samples; QY ( ) is thus obtained using

yf(fl))y o(b) Wi, We X2, and X2, whereb=1,...,B.

Zn7 n’

5. Finally, the bootstrap estimate of J,,(6p) is given by

B 1B 1 B !
7 (b) ) § ®)(p ®)(p _72 ®)(h

b=1 b=1 b=1

Since the functional form of the derivatives of the likelihood function is rather complicated, we suggest
to use numerical differentiation to evaluate Fg’) in step 4. To achieve consistent estimation, the step size of
the numerical derivatives has to decrease to zero as the sample size increases (Hong et al., 2015), although
no particular rate is required as just averages of the numerically differentiated functions are evaluated. In
practice, the step size should not be too small because this might yield large rounding errors. In our simulation
study (see Section 5), we used a widely adopted rule of thumb and calculated the first-order derivatives using
the step size ,/eps-sgn(f;)-[|0|l«, j = 1,... L, where eps is a machine epsilon and sgn(0;) is equal to -1 if 0;
is negative and is equal to 1 otherwise.'? Additionally, the bootstrapped first-order conditions are now shown
to consistently approximate the asymptotic distribution, and due to their uniform integrability verified in the
proof of Theorem 3, also the moments of the first-order conditions. The result however requires an analog of

Assumption 10 for a product of the spatial matrices.

Assumption 13. glggo 5(s) = 0, where 1*(s) = sup sup 2 5d(g,9)>s 1853 ,(A)I/ sup sup > 9eG. 1553 (A,
© n,g

S33(N\) = SE(MWESE(N), and additionally, the maximum 1 (s) of NED coejﬁczents wé( ), V°(s), and ¥°(s)

satisfies > oo §2d=1(r=2)/(24r=24) (g) < o0, for some r > 2.

Theorem 3. Under Assumptions 1-13, sup cg |Pb(fJ_1/2( )F&b)(én) <¢)=PN(0,I1) < )| =0p(1) as

n — oo, and

sup |[P*(val'(P (6,) < ¢) — P(v/nl'(60) < ¢)| 0,

ceR

12For the second-order derivatives, we used {/eps - sgn(6;) - ||0]|co-
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as n — oo, where PY denotes the probability measure induced by the parametric bootstrap.

5 Monte Carlo Simulations

5.1 Experimental Design

We consider the following data generating process:

Ut = (Ian = XW) X6 + )

i = (Ian = W) H(X25° + u3)

for the spatial lag model and

Ui = X8+ (T — NW2) s,

v = X0B° + (B — XW2) ™ u

for the spatial error model, where X7 |, = (X}, ,,, X5 ., Xi3,,) and X? | = (X7, ,,, X35 ., X3 ,) with X7 =
Xhn=1 X5, =X, ud (0,1), X33, id x2(1), and X%, d x%(1). The error terms (5, ug ) id

N(0,%), where ¥ = [1 0.5; 0.5 1]. The parameters (85, 35, 57,55, 83) = (1,—1,1,1,—1), while 8 is chosen
such that Ply;, = 1|{W;3;A\°] = 2/3. We analyze all the possible combinations of the spatial parameters \*
and \° taking values from the set {0,0.4,0.85}.

Let D,, represent great-cycle distances in miles between counties in the US.'® Similarly to Xu and Lee
(2015a), we use counties in the 10 Upper Great Plains States for 2n = 760.'* For 2n = 344, counties in
Nebraska, South Dakota, Minessota, and Iowa are used, whereas only the first two states are utilized for

2n = 158.1> The weight matrices are generated as follows: Wén =W, = 1(Dijn < 50)-1/Djjn. We

row-normalize er and W;; in order to get W2 and W2. Wang et al. (2013) propose to group adjacent

observations, for instance, using the Euclidean distance. Based on this idea, we formulate the following

13The data is available at http://data.nber.org/data/county-distance-database.html.

14The ten states include Nebraska, South Dakota, Minnesota, Iowa, Colorado, Kansas, Missouri, Montana, North Dakota,
and Wyoming.

15To obtain a sample size that is an even number, Adams county in Nebraska is excluded for 2n € {158, 344}.
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integer linear programing (ILP) problem:!¢

2n 2n
__ min_ > > eijnDijn
€ijnit=1,....2n,7=1,....2n £ -
i=1 j=1
2n
s.t. E €ijmn =1, €jin =0, €in = ¢€jin,
j=1

where e;; ,, is a binary variable, which is equal to 1 if observations 7 and j form a pair and to zero otherwise;
ﬁij’n = ]l(Dij,n < 50)D;jn. We use lN?n instead of D,, in the ILP problem in order to reduce the burden of
computation. The effect on the grouping is small since the algorithm groups nearby observations.

The partial maximum likelihood estimator (PMLE) is compared to the heteroskedastic maximum likeli-
hood estimator (HMLE), which has a likelihood function of a form similar to (4) but for univariate rather
than bivariate observations. The model with the spatial error is also estimated by the GMM estimator pro-
posed by Flores-Lagunes and Schnier (2012). Two versions of the GMM estimator are explored: with the
identity weight matrix (GMM) and with the optimal weight matrix (GMM2).

Given that 5° and ° are 3-dimensional vectors, bias, standard deviation, and root mean squared error
(RMSE) are calculated for each element of 5° and (° separately. In Tables 1, 2, 4, 6, 7, 10, and 11 in
Appendix A, however, only the Euclidean norms of the vectors of the corresponding statistics are reported,
i.e. stat(Bl) = ||(stat(BL,), stat(3L,,), stat(BL,))|l, where b € {s,0} and stat € {bias, s.d., rmse}.

In many empirical applications, marginal effects play a crucial role. For this reason, we also consider
the following marginal effects: mfr1 = O0P(y;, = 11X;)/0X},,, mfra = OP(y;, = 11X;)/0X};5,,

mfrs = OF [y lys, = 1,X5, X3] /0X2

n’ 2,n

and mfry = OF [y;Sly;,, =1, X5, X3] /0X % ,; the formulas
are presented in Appendix G.3. (In the spatial error model, the marginal effects are conditional on X7 o and
X7, instead of X, and X7.) For spatial lag models, three types of marginal effects might be considered —
total, direct, and indirect — as discussed by LeSage and Pace (2009). In this paper, we discuss only total
marginal effects. Since the marginal effects are different for each individual, we use the average marginal

effects to calculate bias, standard deviation, and RMSE; e.g.,
H —_—0 A ——
bias = B3 (mfr0(@0) — mfa®(6)
h=1

where m fz()(0) = (2n) =1 27", mfa™ (i,0) with m fz™ (i,0) being one of the four marginal effects evalu-

ated for an individual ¢ using parameter 6 at iteration h = 1,..., H. The true marginal effects in Tables 3

16We solve this problem in Matlab using the IBM ILOG CPLEX optimizer, which is free of charge for academics.
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and 5 (Appendix A) are obtained as follows:

H
mfz(0p) = H ! mem(h) (0.
h=1

Knowing that the estimator presented in this paper is based on parametric assumptions, we examine its
robustness to distributional misspecification. In particular, we consider the spatial lag model with the error
terms being drawn from ¢- and Wishart distributions with 10 degrees of freedom. For the t-distribution, we
draw bivariate random numbers from t1(0, ¥) and normalize them to have unit variance. For the Wishart
distribution, we draw 2 x 2 matrices from the Wishart distribution with 10 degrees of freedom and variance
matrix ¥, take the two diagonal elements and normalize them to have zero mean and unit variance. In both
distributions, the resulting correlation parameter is equal to 0.5. It is interesting to compare the performance
of PMLE under these two designs with the design where the error terms are obtained from the normal
distribution because the ¢-distribution has heavier tails whereas the Wishart distribution generates errors
that are asymmetric and not elliptically contoured.

To investigate the finite sample performance of standard errors estimates obtained by the parametric
bootstrap method defined in Section 4.3, we compare these estimates with the corresponding standard devi-
ations obtained from the Monte Carlo experiments. Moreover, we perform z-tests of the nominal significance
level of 5% for the null hypotheses that the respective parameters are equal to their true values and report
the empirical sizes of the tests.

The PMLE estimator does not take the entire structure of the variance matrix of the error terms into
account. Therefore, PMLE is not efficient. To investigate the efficiency loss, we would like to compare
PMLE with the full maximum likelihood estimator (FMLE). Given the structure of our weight matrices, the
computation of FMLE would require us to reliably compute 2n-dimensional integrals. Since this computation
is very demanding — perhaps even not feasible at all — we overcome this difficulty by using block diagonal
weight matrices with blocks of size 4 and 8 instead of the weight matrix based on distances between counties
discussed above. To compute the integrals of the normal probability distribution functions needed for FMLE,
we use the Geweke-Hajivassiliou-Keane (GHK) recursive algorithm with 500 draws.

Finally, note that the empirical means, standard deviations, and RMSEs are based on 1000 replications
of each experiment. For bootstrapping standard errors, the number of bootstrap samples is chosen to be

B =100.
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5.2 Monte Carlo Results

Spatial lag model. First of all, let us discuss the sample selection model with the spatial lag in both the
selection and outcome equations. Tables 1 and 2 in Appendix A report biases, standard deviations, and
RMSEs of HMLE and PMLE for sample sizes 158, 344, and 760. In general, the results show superiority of
the former estimator.

Even though the estimates of 5° when A\* = 0.85 and 2n = 158 obtained using both HMLE and PMLE are
severely biased, the bias is smaller when the latter estimator is used. Specifically, the bias of HMLE is 19%,
18%, and 39% larger compared to PMLE when \° is equal to 0, 0.40, and 0.85, respectively. Additionally,
when A\° = 0.85, the bias of the estimates of o2 obtained by HMLE is on average 103%, 70%, and 78% higher
when the sample size is equal to 158, 344, and 760, respectively. Furthermore, in almost all the cases, the
standard deviation of HMLE is higher than the standard deviation of PMLE. The difference is especially
pronounced when \° = 0.85 with the standard deviations of the HMLE estimates for \°, p, and o2 being
on average 147%, 35%, and 69% higher than the ones obtained using PMLE. Likewise, in terms of RMSE,
PMLE outperforms HMLE in the great majority of the cases.

Note that the biases, standard deviations, and RMSEs of Bf obtained using both estimators for the sample
size equal to 158 and A®* = \° = 0.85 are very high. This result is driven by one Monte Carlo iteration: Figure
1 in Appendix I reports the estimates of 5] obtained in all the iterations, whereas Figure 2 in Appendix I
reports the same estimates excluding the Monte Carlo iteration prominent in the former figure. After the
exclusion of the prominent iteration, the bias, standard deviation, and RMSE of HMLE and PMLE are equal
to, respectively, 0.545, 1.045, 1.178 and 0.408, 0.771, 0.872 implying that the qualitative implications about
the superiority of PMLE remain.

Further, as the sample size increases, the bias, standard deviation, and RMSE of both estimators decrease.
Despite this fact, PMLE still outperforms HMLE even in the largest sample. For the rest of our analysis, we
consider only samples with 344 observations.

Regarding the marginal effects, the magnitude of the bias obtained by PMLE is in the great majority of
the cases lower than the one of HMLE, whereas the standard deviation and RMSE are always lower. The
difference for the bias is especially pronounced for mfxzs and mfxs when A\° = 0.85, whereas the difference
for the standard deviation and RMSE is especially noticeable for mfx; and mfxy when A° = 0.85 and for
mfxs and mfxry, when \° = 0.85. This result is consistent with our findings above about the parameter
estimates. Note that both m fz; and m fxo depend only on the parameters of the selection equation and that

the relative difference in the performance of HMLE and PMLE in the estimation of the selection equation
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parameters is especially pronounced when A\° = 0.85. Furthermore, both mfxs and mfxz, depend on A\°,
which is noticeably better estimated by PMLE than HMLE.

Spatial error model. Next, we discuss the spatial error sample selection model (Tables 4-5 in Appendix
A). The HMLE estimator in the spatial error case performs much worse compared to the spatial lag case:
there are large biases in the estimates of 8%, A\*, and A° when the spatial parameters in the respective equations
are not equal to zero, although severe biases are not present in the estimates of the correlation coefficient.
The estimates of 5° and \* obtained by GMM and GMM2 are in most of the cases severely biased. These
results are consistent with the simulation results in Flores-Lagunes and Schnier (2012). Finally, there are
biases in the estimates of 3° obtained by PMLE, which increase with the magnitude of A*, whereas the other
parameters are estimated well.

In most of the cases, PMLE outperforms HMLE with respect to both standard deviation and RMSE.
Although the estimates of A° (and in some cases 02) obtained by the GMM estimators have lower standard
deviations and RMSEs than the ones obtained by PMLE when A° € {0,0.40}, the rest of the parameters are
estimated noticeably better by PMLE.

Table 5 in Appendix A shows that the bias in the parameter estimates does not have a substantial
influence on the marginal effects: for all the estimators, the bias is very small. The PMLE estimator, however,
outperforms the remaining estimators in terms of both standard deviation and RMSE. When \° = 0.85, the
standard deviation (and RMSE) of the estimates of mfx3 and m fxy4 obtained by HMLE is on average 15%
and 22% higher compared to PMLE. The superiority of PMLE compared to the GMM estimator is especially
pronounced for mfzs and mfxy when A* = 0.85, where the standard deviation (and RMSE) obtained by
the GMM estimator is, respectively, on average 11 and 4 times higher than the ones obtained by PMLE.
Although the marginal effects are estimated better when the GMM?2 estimator is employed, the standard
deviation (RMSE) obtained by the GMM2 estimator is on average 55% (56%), 61% (61%), 21% (24%), and
12% (12%) higher than the ones obtained by PMLE for, respectively, mfx1, mfzo, mfxs, and mfxy.

Distributional misspecification. Tables 6 and 7 in Appendix A report the performance of PMLE and
HMLE under distributional misspecification in the context of the spatial lag model. Similarly to the case of
the normally distributed errors, PMLE outperforms HMLE in terms of bias when the errors are obtained from
the t-distribution, whereas the performance of the two estimators under the Weibull distribution is similar.
The standard deviations and RMSEs of HMLE are almost always higher than the ones obtained by PMLE in
all the three cases. The largest relative advantage is observed for the estimate of A°> when A\° = 0.85, where

the standard deviation (RMSE) obtained by HMLE is on average 2.8 (2.7), 1.8 (1.8), and 2.2 (2.1) higher
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than the ones obtained by HMLE when the errors are drawn from the normal, ¢-, and Weibull distributions,
respectively.

Estimates of standard errors. The performance of the parametric bootstrap is investigated in the
context of the spatial lag model. First, the standard errors (SEs) obtained using the parametric bootstrap are
very close to the corresponding standard deviations obtained from the Monte Carlo simulation, see Table 8
in Appendix A. Next, Table 9 in Appendix A reports the empirical sizes of the z-tests for the null hypotheses
that the parameters are equal to the true values. Although the empirical sizes of most of the tests are close
to the nominal 5% level, there are a few exceptions. The empirical size of the test that p = 0.5 is on average
4.7pp higher than the nominal 5% level, and the empirical size of the test that o2 = 1 is on average 4.9pp
higher when \° = 0.85. Nevertheless, the Monte Carlo study shows that the parametric bootstrap works
reasonably well in finite samples.

Comparison with FMLE. Tables 10 and 11 report the performance of PMLE and FMLE in the context
of the spatial lag model with a block diagonal weight matrix. In terms of bias, PMLE and FMLE perform
similarly except for the estimates of 5° when A\* = 0.85 where FMLE clearly outperforms PMLE. In almost
all the cases, the standard deviation and RMSE of PMLE are higher compared with FMLE. The difference
is the largest when at least one of the spatial parameters is equal to 0.85. For example, when A* = 0.85
and block size is 4, the standard deviation obtained by PMLE of BZ, 5\;, and p,, is 6.7 — 13.4% higher than
the one obtained by FMLE. When A\° = 0.85 and block size is 4, the standard deviation obtained by PMLE
of Bg, 5\%7 pn, and 62 is 6.7 — 27.7% higher than the one obtained by FMLE. The disadvantage of PMLE
relative to FMLE is more pronounced when block size is equal to 8: the respective ratios are equal to 12.0 —
31.3% and 9.4 — 53.6%. The results in terms of RMSE are similar.

Hence, implementing PMLE instead of FMLE can lead to quite substantial efficiency losses, especially
when weight matrices are composed of larger blocks. However, FMLE is often unfeasible when more realistic
weight matrices are considered, for instance, the one in our main Monte Carlo design. In these cases, PMLE

seems to be a good alternative.

6 Conclusion

This paper examines the sample selection model with a spatial lag of a latent dependent variable or a spatial
error in both the selection and outcome equations. We propose to estimate this model by the partial maximum
likelihood estimator which is based on the idea that all observations are divided into pairs in such a way

that dependence within a pair is more important than dependence between pairs; the likelihood function is
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constructed as a product of marginal likelihood contributions for these pairs. Since the likelihood function
does not capture the dependence between pairs, complexity is reduced and the model can be easily estimated.
Using the limit laws for the NED random fields, we establish consistency and asymptotic normality of the
PMLE. Our simulation study shows that the proposed estimator performs quite well in small samples, and
in most cases, outperforms HMLE and the GMM estimator proposed by Flores-Lagunes and Schnier (2012).
Moreover, PMLE and the developed asymptotic theory can be easily applied to other limited dependent
variable models, that is, probit and Tobit models, because the sample selection model has all the components
of the former models and they are thus special cases of the sample selection model.

The studied model can be extended in several ways. The asymptotic distribution of the proposed estimator
depends on the way how the observations are divided into groups. It is desirable to find an optimal grouping
scheme based on some criterion, for example, such that the sum of variances of parameters of interest is
minimized. Given the complexity of the variance matrix of PMLE, this is a very difficult task. Nevertheless,

as our simulation shows, PMLE performs quite well even with a non-optimal grouping.

Appendix A Results of the Monte Carlo Experiments
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Table 1: Biases and standard deviations of parameter estimates in the context of the sample selection model with a spatial lag
in both the selection and outcome equations.

bias s.d.
A° A° 2n = 158 2n = 344 2n = 760 2n = 158 2n = 344 2n = 760

HMLE PMLE HMLE PMLE HMLE PMLE | HMLE PMLE HMLE PMLE HMLE PMLE

0.00 0.00 B° 0.123 0.123 0.044 0.043 0.019 0.019 0.721 0.719 0.449 0.446 0.281 0.281
B° 0.001 0.000 0.006 0.005 0.002 0.002 0.411 0.412 0.255 0.255 0.165 0.165

b -0.010 -0.012 -0.012 -0.014 -0.006 -0.006 0.200 0.190 0.147 0.141 0.084 0.080

X -0.009 -0.010 -0.002 -0.004 -0.005 -0.005 0.140 0.125 0.099 0.092 0.060 0.055

p -0.035 -0.040 -0.004 -0.005 0.001 0.000 0.367 0.370 0.204 0.204 0.128 0.128

52 -0.020 -0.017 -0.006 -0.005 -0.004 -0.003 0.174 0.175 0.111 0.111 0.072 0.072

0.00 0.40 B° 0.080 0.082 0.041 0.040 0.024 0.024 0.736 0.734 0.442 0.441 0.283 0.281
B° 0.008 0.006 0.002 0.001 0.000 0.001 0.387 0.376 0.234 0.230 0.152 0.148

b -0.004 -0.008 -0.012 -0.012 -0.004 -0.005 0.200 0.187 0.141 0.135 0.079 0.076

e -0.009 -0.011 -0.008 -0.008 -0.001 -0.002 0.109 0.097 0.078 0.070 0.046 0.042

p -0.025 -0.023 -0.014 -0.011 0.002 0.002 0.373 0.358 0.224 0.217 0.135 0.131

52 -0.020 -0.012 -0.012 -0.008 -0.007 -0.005 0.194 0.183 0.123 0.119 0.080 0.076

0.00 0.85 B° 0.093 0.098 0.045 0.044 0.018 0.019 0.709 0.700 0.459 0.452 0.289 0.285
B° 0.021 0.008 0.009 0.005 0.003 0.005 0.517 0.428 0.368 0.284 0.234 0.190

\° -0.007 -0.014 -0.004 -0.003 0.001 0.000 0.208 0.191 0.142 0.131 0.084 0.080

\° -0.005 -0.012 -0.004 -0.005 -0.003 -0.003 0.081 0.044 0.086 0.030 0.061 0.019

p -0.037 -0.032 -0.012 -0.011 0.001 0.003 0.482 0.372 0.305 0.230 0.190 0.147

52 -0.182 -0.101 -0.109 -0.064 -0.040 -0.024 0.411 0.260 0.280 0.174 0.238 0.128

0.40 0.00 B° 0.101 0.099 0.048 0.047 0.016 0.016 0.719 0.712 0.413 0.411 0.284 0.283
B° 0.004 0.005 0.003 0.003 0.001 0.001 0.394 0.397 0.252 0.252 0.162 0.162

\° -0.011 -0.013 -0.008 -0.010 -0.002 -0.002 0.146 0.138 0.102 0.097 0.065 0.063

\° -0.002 -0.006 -0.007 -0.007 -0.002 -0.002 0.134 0.126 0.095 0.089 0.058 0.053

p -0.027 -0.024 -0.002 -0.001 0.001 0.001 0.357 0.355 0.209 0.208 0.133 0.132

52 -0.023 -0.020 -0.012 -0.010 -0.005 -0.004 0.158 0.157 0.105 0.104 0.068 0.068

0.40 0.40 B° 0.097 0.099 0.034 0.034 0.024 0.023 0.713 0.714 0.426 0.424 0.273 0.270
B° 0.004 0.002 0.004 0.006 0.001 0.001 0.364 0.352 0.237 0.231 0.158 0.155

e -0.007 -0.012 -0.004 -0.005 -0.004 -0.004 0.151 0.146 0.099 0.092 0.062 0.059

\° -0.003 -0.007 -0.003 -0.004 -0.003 -0.003 0.108 0.097 0.074 0.068 0.045 0.042

p -0.026 -0.019 -0.004 -0.002 -0.002 -0.001 0.372 0.355 0.204 0.197 0.133 0.129

52 -0.039 -0.030 -0.018 -0.014 -0.010 -0.008 0.184 0.173 0.123 0.116 0.081 0.077

0.40 0.85 B° 0.100 0.101 0.036 0.038 0.023 0.023 0.702 0.695 0.422 0.415 0.279 0.277
B° 0.007 0.023 0.012 0.004 0.009 0.000 0.543 0.415 0.357 0.282 0.237 0.191

e 0.004 -0.005 -0.000 -0.004 -0.001 -0.003 0.157 0.145 0.105 0.097 0.064 0.060

e -0.006 -0.013 -0.005 -0.005 0.001 -0.002 0.080 0.041 0.101 0.029 0.022 0.018

p -0.040 0.009 -0.020 -0.001 -0.020 -0.003 0.453 0.337 0.292 0.207 0.183 0.134

52 -0.161 -0.076 -0.101 -0.061 -0.060 -0.032 0.395 0.252 0.327 0.171 0.174 0.116

0.85 0.00 B° 0.384 0.322 0.125 0.111 0.049 0.045 1.797 1.570 0.693 0.641 0.407 0.389
B° 0.014 0.013 0.003 0.002 0.000 0.000 0.376 0.376 0.229 0.227 0.154 0.152

° -0.004 -0.008 -0.002 -0.004 -0.001 -0.001 0.078 0.068 0.053 0.047 0.032 0.029

e -0.005 -0.009 -0.005 -0.005 -0.000 -0.001 0.152 0.137 0.106 0.097 0.060 0.055

p 0.017 0.011 0.037 0.027 0.004 0.003 0.423 0.402 0.242 0.226 0.155 0.147

52 -0.037 -0.033 -0.012 -0.011 -0.008 -0.007 0.153 0.153 0.099 0.100 0.068 0.068

0.85 0.40 B° 0.356 0.303 0.121 0.108 0.047 0.044 1.938 1.463 0.697 0.646 0.410 0.387
B° 0.002 0.004 0.001 0.000 0.001 0.001 0.352 0.340 0.238 0.229 0.154 0.149

b -0.010 -0.012 -0.002 -0.004 0.001 0.001 0.098 0.088 0.051 0.045 0.032 0.029

A -0.008 -0.010 -0.006 -0.005 -0.004 -0.004 0.114 0.098 0.081 0.072 0.048 0.042

p -0.009 -0.010 0.009 0.006 0.001 -0.001 0.434 0.398 0.252 0.231 0.161 0.146

52 -0.044 -0.035 -0.021 -0.019 -0.009 -0.009 0.178 0.166 0.116 0.109 0.078 0.072

0.85 0.85 B° 14.816 10.665 0.117 0.102 0.050 0.046 1367.749 1357.736 0.706 0.625 0.413 0.389
B° 0.027 0.009 0.013 0.004 0.002 0.005 0.551 0.411 0.418 0.273 0.241 0.185

\° 0.003 -0.007 0.002 -0.003 0.001 -0.000 0.074 0.068 0.049 0.044 0.030 0.027

e 0.003 -0.009 -0.012 -0.007 -0.001 -0.003 0.053 0.039 0.140 0.028 0.023 0.018

p -0.102 -0.004 -0.075 -0.014 -0.031 -0.007 0.510 0.375 0.322 0.232 0.214 0.151

&2 -0.222 -0.102 -0.111 -0.065 -0.049 -0.027 0.364 0.230 0.323 0.155 0.179 0.115
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Table 2: RMSEs of parameter estimates in the context of the sample selection model with a spatial lag in both the selection
and outcome equations.

A A° 2n = 158 2n = 344 2n = 760

HMLE PMLE HMLE PMLE HMLE PMLE

0.00 0.00 B¢ 0.764 0.761 0.459 0.456 0.286 0.285
B° 0.411 0.412 0.255 0.255 0.165 0.165

A 0.200 0.190 0.147 0.141 0.085 0.080

A° 0.140 0.126 0.099 0.092 0.060 0.055

p 0.369 0.373 0.204 0.204 0.128 0.128

&2 0.176 0.176 0.112 0.111 0.072 0.072

0.00 0.40 B¢ 0.764 0.762 0.451 0.449 0.288 0.286
B° 0.387 0.376 0.234 0.230 0.152 0.148

A° 0.200 0.187 0.141 0.135 0.079 0.076

A° 0.109 0.098 0.078 0.071 0.046 0.042

p 0.374 0.359 0.224 0.217 0.135 0.131

&2 0.195 0.184 0.123 0.119 0.080 0.076

0.00 0.85 B° 0.744 0.740 0.469 0.462 0.292 0.288
B° 0.521 0.429 0.370 0.284 0.234 0.190

A° 0.209 0.192 0.142 0.131 0.084 0.080

A° 0.081 0.045 0.086 0.031 0.061 0.019

p 0.484 0.374 0.305 0.230 0.190 0.147

&2 0.450 0.278 0.300 0.185 0.241 0.131

0.40 0.00 B° 0.764 0.755 0.427 0.425 0.287 0.286
B° 0.394 0.397 0.252 0.252 0.162 0.162

A 0.147 0.139 0.102 0.098 0.065 0.063

A° 0.134 0.127 0.095 0.089 0.058 0.053

p 0.358 0.355 0.209 0.208 0.133 0.132

&2 0.159 0.158 0.105 0.105 0.068 0.068

0.40 0.40 B° 0.754 0.755 0.436 0.433 0.278 0.275
B° 0.365 0.352 0.238 0.231 0.158 0.155

A 0.151 0.146 0.099 0.092 0.062 0.059

A° 0.108 0.097 0.074 0.068 0.045 0.042

p 0.373 0.355 0.204 0.197 0.133 0.129

&2 0.188 0.176 0.124 0.117 0.081 0.077

0.40 0.85 B° 0.744 0.737 0.436 0.431 0.283 0.281
B° 0.545 0.417 0.358 0.283 0.238 0.191

AY 0.157 0.145 0.105 0.097 0.064 0.060

A° 0.081 0.043 0.101 0.029 0.022 0.018

p 0.455 0.337 0.292 0.207 0.184 0.134

&2 0.427 0.263 0.342 0.181 0.184 0.120

0.85 0.00 B* 2.090 1.800 0.788 0.723 0.432 0.412
B° 0.376 0.376 0.229 0.227 0.154 0.152

A 0.078 0.068 0.053 0.047 0.032 0.029

A° 0.152 0.137 0.106 0.097 0.060 0.055

p 0.424 0.402 0.244 0.227 0.155 0.147

&2 0.158 0.156 0.100 0.100 0.068 0.068

0.85 0.40 B¢ 2.184 1.681 0.783 0.721 0.434 0.409
B° 0.353 0.340 0.238 0.230 0.154 0.149

A 0.098 0.089 0.051 0.045 0.032 0.029

A° 0.114 0.099 0.081 0.072 0.048 0.042

p 0.434 0.398 0.252 0.231 0.161 0.146

&2 0.183 0.169 0.117 0.111 0.078 0.073

0.85 0.85 B° 1368.463 1358.438 0.788 0.692 0.433 0.407
B° 0.555 0.411 0.420 0.274 0.241 0.185

A° 0.074 0.068 0.050 0.044 0.030 0.027

A° 0.053 0.040 0.141 0.029 0.023 0.019

p 0.520 0.375 0.331 0.232 0.216 0.151

&2 0.426 0.252 0.342 0.168 0.186 0.118
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Table 3: Biases, standard deviations, and RMSEs of total marginal effects estimates in the context of
the sample selection model with a spatial lag in both the selection and outcome equations (2n = 344).

A° A° mfz(0o) HMLE PMLE

bias s.d. rmse ‘ bias s.d. rmse

0.00 0.00 mfxy 0.193 0.002 0.032 0.032 0.001 0.031 0.031
mfxa -0.193 -0.001 0.030 0.030 -0.000 0.029 0.029

mfxs 0.782 -0.002 0.131 0.131 -0.004 0.126 0.126

mfxy -1.000 -0.006 0.112 0.112 -0.003 0.104 0.104

0.00 0.40 mfxy 0.193 0.002 0.032 0.032 0.001 0.031 0.031
mfaxo -0.193 -0.001 0.031 0.031 -0.001 0.029 0.029

mfxs 1.433 -0.000 0.229 0.229 -0.005 0.210 0.210

mfxy -1.657 -0.006 0.209 0.209 -0.001 0.189 0.189

0.00 0.85 mfxy 0.193 0.004 0.033 0.033 0.004 0.031 0.031
mfxs -0.193 -0.002 0.032 0.032 -0.002 0.030 0.030

mfxs 6.306 0.241 1.771 1.787 0.009 1.345 1.344

mfra -6.584 -0.295 1.666 1.691 -0.030 1.236 1.236

0.40 0.00 mfxy 0.303 0.005 0.054 0.054 0.004 0.052 0.052
mfrs -0.303 -0.002 0.048 0.048 -0.001 0.047 0.047

mfxs 0.663 -0.010 0.162 0.162 -0.009 0.158 0.158

mfxy -1.000 0.000 0.101 0.101 0.001 0.096 0.096

0.40 0.40 mfxy 0.303 0.003 0.052 0.052 0.002 0.049 0.049
mfxa -0.303 -0.004 0.047 0.048 -0.003 0.045 0.045

mfxs 1.298 0.011 0.236 0.236 0.006 0.221 0.221

mfry -1.657 -0.014 0.202 0.202 -0.008 0.188 0.188

0.40 0.85 mfxy 0.303 0.005 0.054 0.054 0.003 0.050 0.050
mfxs -0.303 -0.007 0.049 0.049 -0.005 0.046 0.046

mfxs 6.093 0.232 1.666 1.681 0.016 1.291 1.290

mfra -6.584 -0.287 1.604 1.629 -0.035 1.179 1.179

0.85 0.00 mfxy 0.757 0.052 0.282 0.287 0.028 0.231 0.232
mfxs -0.757 -0.056 0.273 0.279 -0.034 0.204 0.207

mfxs 0.304 -0.130 0.469 0.486 -0.093 0.404 0.415

mfxy -1.000 -0.005 0.117 0.117 -0.004 0.108 0.108

0.85 0.40 mfxy 0.757 0.057 0.278 0.283 0.033 0.221 0.223
mfxa -0.757 -0.060 0.260 0.267 -0.036 0.196 0.199

mfxs 0.849 -0.105 0.543 0.552 -0.078 0.471 0.477

mfra -1.657 -0.012 0.226 0.226 -0.009 0.208 0.208

0.85 0.85 mfxy 0.757 0.061 0.312 0.318 0.027 0.210 0.212
mfxs -0.757 -0.070 0.363 0.370 -0.032 0.218 0.220

mfxs 5.196 0.299 1.829 1.852 -0.059 1.298 1.298

mfra -6.584 -0.222 1.619 1.633 0.017 1.183 1.182
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Table 4: Biases, standard deviations, and RMSEs of parameter estimates in the context of the sample selection model with a
spatial error in both the selection and outcome equations (2n = 344).

S A° HMLE GMM GMM2 PMLE

bias s.d. rmse |  bias s.d. rmse bias s.d. rmse | bias s.d. rmse

0.00 0.00 és 0.286 2.617 2.698 0.824 3.580 4.044 0.728 3.234 3.649 0.100 0.511 0.559
B° 0.006 0.254 0.254 0.001 0.284 0.285 0.003 0.271 0.272 0.005 0.254 0.254

A8 0.029 0.418 0.419 -0.038 0.593 0.594 -0.079 0.592 0.597 -0.041 0.396 0.398

A° 0.006 0.323 0.323 0.023 0.113 0.115 0.027 0.113 0.116 -0.020 0.241 0.242

p 0.026 0.218 0.219 0.040 0.320 0.323 0.010 0.269 0.269 0.004 0.202 0.202

&2 -0.053 0.137 0.147 -0.082 0.090 0.122 -0.019 0.100 0.102 -0.024 0.112 0.114

0.00 0.40 ﬁs 0.299 2.854 2.939 0.749 2.960 3.419 0.787 3.223 3.707 0.108 1.108 1.138
B° 0.000 0.279 0.280 0.009 0.303 0.304 0.011 0.299 0.301 0.001 0.276 0.276

A° 0.038 0.434 0.436 -0.151 0.641 0.659 -0.091 0.655 0.661 -0.039 0.395 0.397

A° 0366  0.417  0.555 | -0.075 0.094 0.120 -0.068  0.096  0.118 | -0.045  0.192  0.198

p 0.016 0.229 0.229 0.023 0.307 0.308 -0.005 0.273 0.273 -0.001 0.208 0.208

62 -0.014 0.170 0.171 -0.058 0.094 0.110 0.002 0.102 0.102 -0.015 0.132 0.132

0.00 0.85 B:' 0.547 4.552 4.726 0.836 3.303 3.806 0.920 3.630 4.196 0.088 0.491 0.535
B° 0.020 0.623 0.623 0.050 0.622 0.635 0.061 0.628 0.638 0.020 0.555 0.555

A° 0.068 0.491 0.496 -0.253 0.684 0.729 -0.206 0.706 0.735 -0.048 0.382 0.385

A° -0.484 0.733 0.879 -0.089 0.054 0.104 -0.087 0.058 0.104 -0.017 0.046 0.049

p 0.014 0.339 0.339 -0.129 0.321 0.346 -0.142 0.296 0.328 0.003 0.241 0.241

&2 0.206 0.677 0.707 0.156 0.177 0.236 0.216 0.199 0.294 -0.010 0.180 0.180

0.40 0.00 ﬁs 0.264 2.847 2.913 0.767 3.550 3.969 0.733 3.516 3.926 0.084 0.626 0.660
B° 0.002 0.246 0.247 0.007 0.272 0.273 0.011 0.267 0.269 0.002 0.248 0.248

A° -0.394 0.474 0.616 -0.441 0.621 0.762 -0.434 0.623 0.759 -0.103 0.357 0.372

A° 0.018 0.308 0.308 0.005 0.115 0.115 0.008 0.116 0.117 -0.008 0.233 0.233

p 0.017 0.229 0.230 0.048 0.330 0.334 0.005 0.289 0.289 -0.002 0.211 0.211

&2 -0.051 0.135 0.144 -0.084 0.085 0.119 -0.021 0.094 0.096 -0.025 0.113 0.115

0.40 0.40 BS 0.322 2.968 3.058 0.739 3.219 3.633 0.876 3.733 4.244 0.100 0.617 0.659
B° 0.006 0.286 0.287 0.014 0.309 0.311 0.021 0.305 0.310 0.006 0.281 0.281

A8 -0.352 0.512 0.622 -0.577 0.656 0.874 -0.489 0.682 0.839 -0.110 0.368 0.384

A°  -0.367  0.420  0.558 | -0.088 0.100 0.133 -0.083  0.098  0.120 | -0.046  0.188  0.194

p 0.028 0.238 0.240 0.039 0.312 0.314 -0.007 0.288 0.288 -0.000 0.208 0.208

62 -0.022 0.171 0.173 -0.063 0.095 0.114 -0.001 0.101 0.101 -0.018 0.130 0.131

0.40 0.85 BS 0.608 4.673 4.875 0.883 3.550 4.075 0.874 3.332 3.877 0.093 0.624 0.658
B° 0.007 0.626 0.626 0.035 0.643 0.657 0.051 0.636 0.646 0.005 0.551 0.551

A8 -0.308 0.559 0.638 -0.667 0.715 0.978 -0.638 0.720 0.962 -0.081 0.342 0.352

¢ -0.458 0.705 0.841 -0.090 0.052 0.104 -0.085 0.052 0.100 -0.018 0.047 0.050

p 0.086 0.320 0.332 -0.110 0.323 0.341 -0.125 0.301 0.326 0.014 0.210 0.211

&2 0.256 0.719 0.763 0.147 0.160 0.217 0.203 0.188 0.277 0.008 0.184 0.184

0.85 0.00 és 0.545 4.112 4.275 0.041 2.987 2.989 0.061 3.352 3.358 0.227 1.859 1.921
B° 0.001 0.277 0.277 0.012 0.538 0.539 0.000 0.354 0.355 0.000 0.271 0.271

A8 -0.648 0.747 0.989 -0.903 0.645 1.110 -0.903 0.653 1.114 -0.026 0.112 0.115

A° 0.014 0.330 0.330 -0.017 0.120 0.121 -0.011 0.119 0.120 -0.001 0.239 0.239

p 0.010 0.363 0.363 -0.050 0.439 0.441 -0.041 0.366 0.368 -0.004 0.294 0.294

&2 -0.051 0.142 0.151 9.925 316.227 316.383 -0.011 0.142 0.142 -0.021 0.120 0.122

0.85 0.40 és 0.482 4.006 4.145 0.034 2.880 2.880 0.022 2.899 2.900 0.232 1.925 1.988
B¢ 0.002 0.305 0.305 0.005 0.572 0.572 0.004 0.446 0.447 0.002 0.286 0.286

A8 -0.691 0.767 1.033 -1.040 0.672 1.238 -0.951 0.692 1.176 -0.024 0.101 0.104

A° -0.355 0.442 0.567 -0.102 0.105 0.147 -0.096 0.107 0.143 -0.028 0.177 0.179

p 0.053 0.339 0.343 -0.009 0.437 0.437 -0.014 0.380 0.380 0.002 0.253 0.253

62 -0.018 0.179 0.180 5.337 169.987 170.071 0.022 0.441 0.442 -0.016 0.127 0.128

0.85 0.85 ,@5 0.470 4.158 4.276 0.002 2.997 2.997 0.046 2.933 2.934 0.171 1.574 1.617
B° 0.014 0.639 0.639 0.093 0.976 1.010 0.105 0.671 0.703 0.011 0.554 0.554

A° -0.709 0.785 1.058 -1.182 0.698 1.373 -1.130 0.709 1.334 -0.024 0.091 0.094

A° -0.517 0.723 0.888 -0.092 0.062 0.111 -0.083 0.054 0.099 -0.016 0.047 0.050

p 0.132 0.355 0.379 -0.088 0.424 0.433 -0.117 0.407 0.424 -0.001 0.208 0.208

&2 0.311 0.720 0.784 0.574 14.469 14.480 0.162 0.153 0.223 -0.012 0.167 0.167
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Table 5: Biases, standard deviations, and RMSEs of marginal effects estimates in the context of the sample selection model
with a spatial error in both the selection and outcome equations (2n = 344).

A® A° mfxz(0o) HMLE GMM GMM2 PMLE

bias sd rmse ‘ bias sd rmse ‘ bias sd rmse ‘ bias sd rmse

0.00 0.00 mfxi 0.193 0.001 0.016 0.016 0.004 0.020 0.021 0.005 0.022 0.022 0.001 0.016 0.016
mfaa -0.193 0.000 0.014 0.014 -0.001 0.019 0.019 -0.002 0.021 0.021 0.000 0.014 0.014

mfxs 0.782 -0.010 0.086 0.087 -0.013 0.099 0.100 -0.011 0.097 0.098 -0.008 0.087 0.087

mfxy -1.000 -0.000 0.047 0.047 0.000 0.047 0.047 -0.000 0.048 0.048 0.000 0.047 0.047

0.00 0.40 mfxy 0.193 -0.001 0.016 0.016 0.002 0.023 0.023 0.004 0.024 0.025 -0.001 0.016 0.016
mfxo -0.193 -0.000 0.014 0.014 -0.001 0.018 0.018 -0.003 0.019 0.020 -0.000 0.014 0.014

mfxs 0.776 -0.002 0.092 0.092 -0.002 0.193 0.193 -0.004 0.109 0.109 -0.001 0.089 0.089

mfay -1.000 -0.001 0.048 0.048 -0.001 0.048 0.048 -0.001 0.049 0.049 -0.001 0.047 0.047

0.00 0.85 mfxy 0.193 0.001 0.017 0.017 0.003 0.025 0.025 0.004 0.028 0.028 0.001 0.017 0.017
mfxa -0.193 -0.000 0.014 0.014 -0.001 0.025 0.025 -0.002 0.026 0.026 -0.000 0.014 0.014

mfxs 0.722 0.006 0.140 0.140 0.038 0.145 0.149 0.053 0.164 0.172 0.006 0.118 0.118

mfaa -1.000 -0.001 0.072 0.072 -0.001 0.077 0.077 0.000 0.087 0.087 0.000 0.059 0.059

0.40 0.00 mfxi 0.190 -0.001 0.017 0.017 0.001 0.023 0.023 0.002 0.024 0.024 -0.001 0.017 0.017
mfaa -0.190 -0.000 0.016 0.016 -0.002 0.021 0.021 -0.003 0.023 0.023 -0.000 0.016 0.016

mfxs 0.794 -0.002 0.083 0.083 -0.005 0.109 0.109 -0.002 0.091 0.091 -0.000 0.083 0.083

mfxy -1.000 -0.000 0.046 0.046 -0.000 0.047 0.047 -0.000 0.048 0.048 -0.000 0.047 0.047

0.40 0.40 mfxy 0.190 -0.001 0.018 0.018 0.002 0.026 0.026 0.004 0.027 0.027 -0.000 0.018 0.018
mfaa -0.190 -0.000 0.015 0.015 -0.001 0.025 0.025 -0.002 0.027 0.027 -0.000 0.015 0.015

mfxs 0.780 -0.002 0.088 0.088 -0.008 0.097 0.098 -0.003 0.096 0.096 -0.001 0.088 0.088

mfay -1.000 -0.001 0.047 0.047 -0.001 0.048 0.048 -0.001 0.048 0.048 -0.001 0.046 0.046

0.40 0.85 mfxy 0.190 -0.001 0.018 0.018 0.004 0.029 0.029 0.004 0.028 0.029 -0.001 0.018 0.018
mfxa -0.190 0.001 0.016 0.016 -0.000 0.026 0.026 -0.001 0.025 0.025 0.001 0.015 0.015

mfxs 0.700 0.009 0.139 0.140 0.043 0.212 0.216 0.067 0.132 0.148 0.009 0.122 0.122

mfay -1.000 -0.000 0.070 0.070 -0.001 0.074 0.074 -0.001 0.068 0.068 -0.001 0.058 0.058

0.85 0.00 mfxi 0.158 0.001 0.024 0.024 0.001 0.034 0.034 0.001 0.037 0.037 0.001 0.024 0.024
mfaa -0.158 -0.001 0.023 0.023 0.000 0.033 0.033 -0.000 0.034 0.034 -0.001 0.022 0.022

mfxs 0.881 -0.007 0.076 0.077 -0.052 1.551 1.551 -0.003 0.105 0.105 -0.006 0.076 0.076

mfxy -1.000 -0.002 0.047 0.047 0.005 0.240 0.240 -0.002 0.051 0.051 -0.002 0.047 0.047

0.85 0.40 mfxy 0.158 -0.001 0.025 0.025 -0.000 0.039 0.039 0.002 0.038 0.038 -0.001 0.024 0.024
mfaa -0.158 -0.000 0.023 0.023 0.002 0.035 0.035 -0.000 0.034 0.034 -0.000 0.023 0.023

mfxs 0.862 -0.004 0.079 0.079 -0.030 0.855 0.856 -0.005 0.111 0.111 -0.003 0.076 0.076

mfay -1.000 0.002 0.047 0.047 0.007 0.178 0.178 0.001 0.048 0.048 0.002 0.046 0.046

0.85 0.85 mfxy 0.158 0.001 0.025 0.025 0.001 0.041 0.041 0.002 0.042 0.042 0.001 0.024 0.024
mfxa -0.158 -0.000 0.022 0.022 0.002 0.045 0.045 0.001 0.039 0.039 -0.001 0.022 0.022

mfxs 0.764 0.002 0.126 0.126 0.045 0.494 0.496 0.046 0.118 0.127 -0.002 0.112 0.112

mfay -1.000 0.002 0.073 0.073 0.013 0.369 0.369 0.001 0.070 0.070 0.001 0.060 0.060
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Table 6: Biases and standard deviations of parameter estimates in the context of the sample selection model with a spatial lag
in both the selection and outcome equations under misspecification of the distribution of the error terms (2n = 344).

normal t ‘Weibull

A° A° bias s.d. bias s.d. bias s.d.

HMLE PMLE HMLE PMLE | HMLE PMLE HMLE PMLE | HMLE PMLE HMLE PMLE

0.00 0.00 B 0.044 0.043 0.449 0.446 0.061 0.061 0.458 0.458 0.196 0.196 0.545 0.543
B° 0.006 0.005 0.255 0.255 0.003 0.003 0.251 0.251 0.026 0.026 0.292 0.291
s -0.012 -0.014 0.147 0.141 -0.006 -0.006 0.137 0.134 -0.008 -0.010 0.134 0.129
e -0.002 -0.004 0.099 0.092 -0.001 -0.002 0.098 0.091 -0.006 -0.007 0.104 0.096
p -0.004 -0.005 0.204 0.204 -0.013 -0.012 0.214 0.213 0.114 0.114 0.232 0.230
&2 -0.006 -0.005 0.111 0.111 -0.023 -0.022 0.125 0.125 0.128 0.129 0.156 0.155
0.00 0.40 B 0.041 0.040 0.442 0.441 0.063 0.063 0.465 0.462 0.189 0.188 0.523 0.521
B° 0.002 0.001 0.234 0.230 0.001 0.002 0.237 0.232 0.007 0.006 0.272 0.270
s -0.012 -0.012 0.141 0.135 -0.009 -0.009 0.141 0.133 -0.006 -0.006 0.126 0.122
X -0.008 -0.008 0.078 0.070 -0.000 -0.002 0.075 0.069 -0.012 -0.013 0.079 0.070
p -0.014 -0.011 0.224 0.217 -0.010 -0.010 0.220 0.218 0.106 0.104 0.238 0.236
&2 -0.012 -0.008 0.123 0.119 -0.029 -0.025 0.136 0.132 0.117 0.120 0.170 0.166
0.00 0.85 B° 0.045 0.044 0.459 0.452 0.089 0.093 0.475 0.470 0.214 0.215 0.520 0.518
B° 0.009 0.005 0.368 0.284 0.006 0.008 0.417 0.286 0.009 0.004 0.396 0.302
N -0.004 -0.003 0.142 0.131 -0.008 -0.010 0.139 0.133 -0.003 -0.006 0.135 0.128
X -0.004 -0.005 0.086 0.030 -0.008 -0.006 0.127 0.057 -0.007 -0.008 0.088 0.031
p -0.012 -0.011 0.305 0.230 0.001 -0.002 0.301 0.238 0.043 0.035 0.298 0.256
52 -0.109 -0.064 0.280 0.174 -0.106 -0.073 0.343 0.232 -0.019 0.027 0.335 0.210
0.40 0.00 B° 0.048 0.047 0.413 0.411 0.064 0.062 0.426 0.425 0.159 0.159 0.502 0.500
B° 0.003 0.003 0.252 0.252 0.002 0.002 0.243 0.243 0.021 0.020 0.290 0.287
N -0.008 -0.010 0.102 0.097 -0.009 -0.009 0.105 0.100 0.002 0.001 0.097 0.092
X° -0.007 -0.007 0.095 0.089 -0.004 -0.003 0.098 0.090 0.006 0.005 0.103 0.096
p -0.002 -0.001 0.209 0.208 -0.004 -0.004 0.217 0.216 0.118 0.117 0.236 0.233
52 -0.012 -0.010 0.105 0.104 -0.025 -0.024 0.124 0.124 0.123 0.123 0.158 0.158
0.40 0.40 B 0.034 0.034 0.426 0.424 0.071 0.071 0.451 0.447 0.165 0.165 0.505 0.503
B° 0.004 0.006 0.237 0.231 0.003 0.003 0.234 0.227 0.003 0.003 0.269 0.263
A® -0.004 -0.005 0.099 0.092 -0.006 -0.008 0.099 0.096 0.001 -0.000 0.090 0.087
X° -0.003 -0.004 0.074 0.068 -0.002 -0.003 0.073 0.065 -0.004 -0.005 0.077 0.069
p -0.004 -0.002 0.204 0.197 -0.008 -0.003 0.212 0.200 0.105 0.104 0.220 0.214
52 -0.018 -0.014 0.123 0.116 -0.034 -0.031 0.130 0.124 0.100 0.104 0.157 0.150
0.40 0.85 B 0.036 0.038 0.422 0.415 0.062 0.064 0.436 0.428 0.183 0.182 0.499 0.492
B° 0.012 0.004 0.357 0.282 0.004 0.015 0.374 0.288 0.007 0.016 0.397 0.304
s -0.000 -0.004 0.105 0.097 -0.004 -0.009 0.099 0.094 0.007 0.003 0.093 0.089
A° -0.005 -0.005 0.101 0.029 -0.002 -0.004 0.086 0.029 -0.007 -0.008 0.102 0.031
p -0.020 -0.001 0.292 0.207 -0.029 0.002 0.314 0.228 0.050 0.062 0.285 0.222
&2 -0.101 -0.061 0.327 0.171 -0.114 -0.065 0.316 0.175 -0.024 0.033 0.368 0.203
0.85 0.00 B 0.125 0.111 0.693 0.641 0.141 0.128 0.671 0.634 0.176 0.168 0.724 0.685
B° 0.003 0.002 0.229 0.227 0.004 0.004 0.228 0.226 0.019 0.017 0.264 0.259
s -0.002 -0.004 0.053 0.047 -0.002 -0.005 0.051 0.045 -0.004 -0.005 0.050 0.045
e -0.005 -0.005 0.106 0.097 -0.006 -0.006 0.104 0.094 0.004 0.002 0.110 0.097
p 0.037 0.027 0.242 0.226 0.025 0.020 0.256 0.239 0.100 0.090 0.275 0.255
&2 -0.012 -0.011 0.099 0.100 -0.016 -0.015 0.123 0.122 0.082 0.083 0.143 0.142
0.85 0.40 B 0.121 0.108 0.697 0.646 0.142 0.128 0.707 0.668 0.189 0.183 0.759 0.722
B° 0.001 0.000 0.238 0.229 0.002 0.003 0.225 0.219 0.008 0.007 0.256 0.244
s -0.002 -0.004 0.051 0.045 -0.000 -0.003 0.051 0.046 -0.002 -0.004 0.050 0.045
e -0.006 -0.005 0.081 0.072 -0.002 -0.003 0.075 0.067 -0.000 -0.001 0.082 0.071
p 0.009 0.006 0.252 0.231 0.009 0.006 0.252 0.232 0.077 0.073 0.277 0.250
&2 -0.021 -0.019 0.116 0.109 -0.030 -0.027 0.135 0.129 0.075 0.077 0.149 0.142
0.85 0.85 B° 0.117 0.102 0.706 0.625 0.137 0.121 0.701 0.655 0.190 0.181 0.741 0.693
B° 0.013 0.004 0.418 0.273 0.000 0.014 0.399 0.269 0.011 0.010 0.372 0.281
s 0.002 -0.003 0.049 0.044 -0.001 -0.005 0.051 0.045 0.004 -0.000 0.048 0.044
X -0.012 -0.007 0.140 0.028 -0.008 -0.006 0.101 0.031 -0.006 -0.006 0.103 0.030
p -0.075 -0.014 0.322 0.232 -0.053 -0.002 0.320 0.227 -0.000 0.041 0.325 0.240
&2 -0.111 -0.065 0.323 0.155 -0.095 -0.057 0.356 0.173 -0.055 0.002 0.329 0.187
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Table 7: RMSEs of parameter estimates in the context of the sample selection model with a spatial lag in both the selection
and outcome equations under misspecification of the distribution of the error terms (2n = 344).

¢ ¢ normal t Weibull

HMLE PMLE HMLE PMLE HMLE PMLE

0.00 0.00 BS 0.459 0.456 0.483 0.482 0.658 0.656
B° 0.255 0.255 0.251 0.251 0.313 0.312

A3 0.147 0.141 0.137 0.135 0.134 0.130

A° 0.099 0.092 0.098 0.091 0.104 0.097

p 0.204 0.204 0.214 0.213 0.259 0.257

&2 0.112 0.111 0.127 0.127 0.202 0.202

0.00 0.40 BS 0.451 0.449 0.494 0.491 0.632 0.630
B° 0.234 0.230 0.237 0.232 0.285 0.281

A8 0.141 0.135 0.141 0.133 0.126 0.122

A° 0.078 0.071 0.075 0.069 0.080 0.072

p 0.224 0.217 0.221 0.219 0.260 0.258

&2 0.123 0.119 0.139 0.135 0.206 0.205

0.00 0.85 35 0.469 0.462 0.510 0.509 0.679 0.677
B° 0.370 0.284 0.418 0.286 0.397 0.303

A8 0.142 0.131 0.139 0.133 0.135 0.128

A° 0.086 0.031 0.127 0.057 0.088 0.032

p 0.305 0.230 0.301 0.238 0.301 0.258

&2 0.300 0.185 0.359 0.243 0.335 0.212

0.40 0.00 ﬁs 0.427 0.425 0.460 0.457 0.598 0.595
B° 0.252 0.252 0.243 0.244 0.312 0.310

A° 0.102 0.098 0.105 0.100 0.097 0.092

A° 0.095 0.089 0.098 0.090 0.103 0.097

p 0.209 0.208 0.217 0.216 0.264 0.261

&2 0.105 0.105 0.126 0.126 0.200 0.200

0.40 0.40 BS 0.436 0.433 0.482 0.479 0.614 0.612
B° 0.238 0.231 0.234 0.227 0.283 0.277

A8 0.099 0.092 0.099 0.096 0.090 0.087

A° 0.074 0.068 0.073 0.065 0.077 0.069

p 0.204 0.197 0.213 0.200 0.243 0.237

52 0.124 0.117 0.134 0.128 0.186 0.183

0.40 0.85 BS 0.436 0.431 0.466 0.459 0.643 0.637
B° 0.358 0.283 0.375 0.289 0.398 0.307

A3 0.105 0.097 0.099 0.094 0.093 0.089

A° 0.101 0.029 0.086 0.029 0.102 0.031

p 0.292 0.207 0.316 0.228 0.289 0.231

&2 0.342 0.181 0.336 0.187 0.368 0.206

0.85 0.00 63 0.788 0.723 0.768 0.717 0.873 0.825
B° 0.229 0.227 0.228 0.226 0.271 0.265

A3 0.053 0.047 0.051 0.045 0.050 0.045

A° 0.106 0.097 0.104 0.094 0.110 0.097

p 0.244 0.227 0.257 0.240 0.292 0.270

&2 0.100 0.100 0.124 0.123 0.165 0.165

0.85 0.40 BS 0.783 0.721 0.802 0.750 0.905 0.863
B° 0.238 0.230 0.225 0.219 0.258 0.247

A8 0.051 0.045 0.051 0.046 0.050 0.046

A° 0.081 0.072 0.075 0.067 0.082 0.071

p 0.252 0.231 0.252 0.232 0.287 0.260

&2 0.117 0.111 0.138 0.131 0.167 0.162

0.85 0.85 [3’5 0.788 0.692 0.791 0.729 0.905 0.846
B° 0.420 0.274 0.400 0.270 0.373 0.282

A° 0.050 0.044 0.051 0.046 0.048 0.044

A° 0.141 0.029 0.101 0.031 0.104 0.031

p 0.331 0.232 0.324 0.227 0.325 0.244

&2 0.342 0.168 0.369 0.182 0.333 0.187
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Table 8: Standard deviations and standard errors of parameter estimates in the context of the sample selection
model with a spatial lag in both the selection and outcome equations (2n = 344).

A® A° B3 Bs Bs By B B A A° p 52

0.00 0.00 SD 0.190 0.131 0.125 0.116 0.091 0.047 0.141 0.092 0.204 0.111
SE 0.181 0.129 0.123 0.118 0.091 0.047 0.132 0.091 0.205 0.111

0.00 0.40 SD 0.186 0.129 0.125 0.091 0.090 0.049 0.135 0.070 0.217 0.119
SE 0.181 0.129 0.124 0.094 0.093 0.048 0.132 0.068 0.207 0.119

0.00 0.85 SD 0.190 0.132 0.130 0.092 0.127 0.065 0.131 0.030 0.230 0.174
SE 0.182 0.130 0.124 0.088 0.124 0.063 0.134 0.028 0.232 0.179

0.40 0.00 SD 0.155 0.133 0.123 0.116 0.089 0.047 0.097 0.089 0.208 0.104
SE 0.158 0.132 0.125 0.117 0.089 0.047 0.095 0.092 0.205 0.110

0.40 0.40 SD 0.161 0.137 0.125 0.091 0.091 0.050 0.092 0.068 0.197 0.116
SE 0.157 0.132 0.125 0.094 0.090 0.048 0.095 0.067 0.201 0.115

0.40 0.85 SD 0.159 0.133 0.123 0.093 0.121 0.068 0.097 0.029 0.207 0.171
SE 0.161 0.134 0.127 0.090 0.120 0.064 0.095 0.027 0.219 0.176

0.85 0.00 SD 0.215 0.229 0.197 0.105 0.074 0.048 0.047 0.097 0.226 0.100
SE 0.216 0.221 0.198 0.107 0.077 0.048 0.043 0.094 0.242 0.103

0.85 0.40 SD 0.221 0.225 0.200 0.098 0.081 0.051 0.045 0.072 0.231 0.109
SE 0.216 0.221 0.198 0.096 0.081 0.049 0.043 0.070 0.241 0.109

0.85 0.85 SD 0.215 0.214 0.196 0.096 0.109 0.068 0.044 0.028 0.232 0.155
SE 0.219 0.220 0.198 0.092 0.107 0.064 0.043 0.028 0.255 0.164

Table 9: Empirical sizes of the z-tests with the null hypotheses that the parameters are equal to the corresponding
true values in the context of the sample selection model with a spatial lag in both the selection and outcome
equations (2n = 344).

x* A i B3 B3 By B3 B3 Ae Ae p &
0.00 0.00 5.00 5.30 3.80 5.30 6.30 4.80 7.10 5.40 10.30 6.50
0.00 0.40 5.20 5.70 5.50 5.10 5.40 5.30 5.10 5.90 11.00 7.00
0.00 0.85 5.20 6.20 5.60 5.50 5.60 5.30 5.50 7.70 9.50 10.40
0.40 0.00 3.80 4.00 4.50 5.10 6.10 5.60 6.50 4.70 11.20 6.40
0.40 0.40 4.50 5.10 4.90 4.90 5.70 5.60 3.90 5.60 10.30 7.00
0.40 0.85 4.70 4.60 4.10 6.50 6.50 7.40 5.70 6.00 8.10 10.00
0.85 0.00 6.80 5.80 5.70 5.00 4.10 5.40 9.40 5.10 8.00 5.10
0.85 0.40 5.70 4.80 6.00 5.60 4.90 5.80 7.10 5.70 10.50 6.30
0.85 0.85 4.30 4.30 4.10 6.40 5.70 6.60 6.30 5.40 8.30 9.30
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Table 10: Biases and standard deviations of parameter estimates in the context of the sample selection model with a spatial
lag in both the selection and outcome equations and a block diagonal weight matrix (2n = 344).

Block size = 4 Block size = 8

A° A° bias s.d. bias s.d.
PMLE FMLE PMLE FMLE ratio ‘ PMLE FMLE PMLE FMLE ratio

0.00 0.00 B° 0.051 0.051 0.437 0.437 1.000 0.059 0.061 0.451 0.449 1.005
B° 0.006 0.005 0.250 0.250 1.003 0.005 0.004 0.252 0.251 1.003
b -0.007 -0.008 0.090 0.083 1.085 -0.019 -0.023 0.151 0.136 1.106
Xe -0.007 -0.008 0.063 0.056 1.128 -0.014 -0.019 0.105 0.089 1.179
b 0.002 0.001 0.214 0.212 1.008 0.001 0.001 0.210 0.208 1.008
52 -0.007 -0.006 0.111 0.111 1.000 -0.009 -0.007 0.111 0.111 1.000
0.00 0.40 B° 0.027 0.027 0.435 0.436 0.998 0.055 0.058 0.449 0.443 1.012
B° 0.005 0.004 0.235 0.217 1.078 0.000 0.000 0.230 0.221 1.041
b -0.008 -0.010 0.092 0.088 1.046 -0.021 -0.028 0.152 0.140 1.086
Se -0.005 -0.005 0.038 0.034 1.105 -0.005 -0.007 0.056 0.048 1.185
b -0.001 0.002 0.207 0.187 1.112 -0.004 -0.002 0.209 0.195 1.074
52 -0.006 -0.006 0.125 0.112 1.119 -0.014 -0.006 0.114 0.105 1.084
0.00 0.85 B° 0.057 0.059 0.430 0.429 1.002 0.051 0.049 0.449 0.445 1.009
B° 0.007 0.009 0.253 0.209 1.212 0.009 0.004 0.283 0.197 1.434
s -0.008 -0.010 0.089 0.084 1.054 -0.027 -0.026 0.156 0.145 1.076
Se -0.001 -0.001 0.011 0.009 1.162 -0.002 -0.002 0.013 0.011 1.148
b 0.004 0.008 0.190 0.152 1.253 -0.002 0.013 0.238 0.167 1.431
52 -0.010 -0.003 0.140 0.111 1.263 -0.025 -0.006 0.166 0.108 1.536
0.40 0.00 B° 0.043 0.041 0.432 0.427 1.012 0.052 0.045 0.430 0.421 1.021
Be 0.007 0.007 0.242 0.239 1.012 0.002 0.003 0.249 0.250 0.997
A° -0.005 -0.007 0.055 0.051 1.073 -0.010 -0.013 0.078 0.067 1.151
fe -0.004 -0.004 0.062 0.055 1.124 -0.010 -0.013 0.104 0.089 1.172
b -0.002 -0.004 0.210 0.202 1.040 0.002 -0.000 0.205 0.202 1.014
52 -0.009 -0.009 0.106 0.106 1.007 -0.010 -0.008 0.108 0.108 0.996
0.40 0.40 B° 0.038 0.035 0.436 0.428 1.019 0.039 0.034 0.437 0.427 1.025
B° 0.002 0.002 0.233 0.215 1.081 0.001 0.000 0.235 0.221 1.062
b -0.004 -0.004 0.054 0.050 1.078 -0.006 -0.010 0.070 0.063 1.112
Xe -0.003 -0.003 0.039 0.036 1.093 -0.005 -0.007 0.056 0.049 1.146
b -0.004 0.005 0.195 0.175 1.115 -0.014 -0.005 0.208 0.193 1.076
52 -0.010 -0.008 0.115 0.104 1.108 -0.017 -0.008 0.115 0.104 1.106
0.40 0.85 B° 0.038 0.035 0.422 0.413 1.021 0.045 0.041 0.433 0.420 1.032
B° 0.002 0.003 0.248 0.201 1.234 0.003 0.000 0.278 0.197 1.411
b -0.004 -0.006 0.055 0.052 1.058 -0.005 -0.010 0.075 0.067 1.120
Xe -0.001 -0.001 0.010 0.009 1.144 -0.002 -0.002 0.013 0.011 1.153
b 0.004 0.007 0.166 0.138 1.201 -0.007 0.000 0.211 0.155 1.366
52 -0.009 -0.007 0.139 0.109 1.277 -0.026 -0.011 0.150 0.103 1.458
0.85 0.00 B° 0.068 0.056 0.646 0.606 1.067 0.142 0.080 0.812 0.618 1.313
B° 0.005 0.003 0.222 0.219 1.013 0.003 0.001 0.217 0.209 1.038
b -0.001 -0.002 0.036 0.034 1.074 -0.001 -0.003 0.032 0.028 1.120
e -0.005 -0.006 0.064 0.055 1.175 -0.012 -0.013 0.105 0.084 1.244
b -0.016 -0.009 0.275 0.243 1.134 0.003 0.010 0.278 0.216 1.285
&2 -0.020 -0.018 0.100 0.100 0.997 -0.015 -0.013 0.096 0.095 1.004
0.85 0.40 B° 0.077 0.064 0.680 0.628 1.084 0.122 0.071 0.788 0.621 1.268
B° 0.000 0.003 0.224 0.214 1.047 0.000 0.002 0.224 0.212 1.056
b -0.002 -0.002 0.037 0.034 1.092 0.000 -0.001 0.032 0.028 1.136
se -0.002 -0.002 0.040 0.037 1.084 -0.007 -0.007 0.059 0.052 1.129
b 0.000 0.015 0.247 0.219 1.125 -0.001 0.016 0.271 0.229 1.186
&2 -0.018 -0.015 0.107 0.095 1.124 -0.014 -0.007 0.104 0.095 1.102
0.85 0.85 B° 0.063 0.052 0.648 0.598 1.083 0.094 0.055 0.755 0.614 1.230
B° 0.007 0.003 0.246 0.211 1.166 0.001 0.001 0.280 0.206 1.364
s -0.003 -0.003 0.036 0.032 1.097 -0.000 -0.002 0.031 0.027 1.129
se -0.002 -0.002 0.011 0.010 1.067 -0.003 -0.002 0.014 0.013 1.094
b 0.006 0.010 0.213 0.189 1.127 -0.006 0.012 0.251 0.202 1.244
52 -0.016 -0.011 0.120 0.099 1.215 -0.020 -0.006 0.140 0.099 1.421

Note. The columns with the label ratio provide ratios of the standard deviations of PMLE and FMLE.
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Table 11: RMSEs of parameter estimates in the context of the sample selection model with a spatial
lag in both the selection and outcome equations and a block diagonal weight matrix (2n = 344).

A° ¢ Block size = 4 Block size = 8

PMLE FMLE ratio | PMLE FMLE ratio

0.00 0.00 B* 0.452 0.451 1.001 0.467 0.465 1.004
B° 0.250 0.250 1.003 0.252 0.251 1.004

\° 0.091 0.084 1.084 0.152 0.138 1.099

X° 0.063 0.056 1.124 0.106 0.091 1.164

) 0.214 0.212 1.008 0.210 0.208 1.008

52 0.111 0.111 1.001 0.111 0.111 1.001

0.00 0.40 B° 0.442 0.443 0.998 0.465 0.460 1.010
B° 0.235 0.218 1.078 0.230 0.221 1.041

e 0.092 0.088 1.043 0.154 0.143 1.074

X° 0.038 0.034 1.104 0.057 0.048 1.175

p 0.207 0.187 1.112 0.209 0.195 1.074

&2 0.125 0.112 1.119 0.115 0.105 1.090

0.00 0.85 B° 0.445 0.445 1.001 0.461 0.456 1.011
B° 0.254 0.209 1.212 0.284 0.198 1.438

e 0.089 0.085 1.051 0.158 0.147 1.074

X 0.011 0.009 1.158 0.013 0.011 1.143

p 0.190 0.152 1.251 0.238 0.167 1.427

&2 0.141 0.111 1.265 0.168 0.108 1.552

0.40 0.00 B° 0.446 0.440 1.013 0.450 0.437 1.029
B° 0.242 0.239 1.012 0.250 0.250 0.998

e 0.055 0.052 1.069 0.078 0.069 1.140

X 0.062 0.056 1.124 0.104 0.090 1.165

p 0.210 0.202 1.040 0.205 0.202 1.014

&2 0.107 0.106 1.008 0.108 0.109 0.998

0.40 0.40 B 0.450 0.440 1.023 0.450 0.436 1.032
B° 0.233 0.216 1.082 0.236 0.222 1.063

e 0.054 0.051 1.077 0.071 0.064 1.102

X 0.039 0.036 1.093 0.056 0.049 1.138

p 0.195 0.175 1.115 0.208 0.193 1.078

&2 0.115 0.104 1.109 0.117 0.105 1.114

0.40 0.85 B° 0.432 0.422 1.025 0.448 0.432 1.035
3° 0.248 0.201 1.234 0.278 0.197 1.412

e 0.055 0.052 1.054 0.075 0.068 1.111

\° 0.010 0.009 1.142 0.013 0.012 1.149

) 0.166 0.138 1.200 0.211 0.155 1.366

&2 0.140 0.109 1.277 0.152 0.104 1.470

0.85 0.00 B* 0.674 0.626 1.075 0.885 0.651 1.361
3° 0.222 0.219 1.013 0.218 0.210 1.038

\° 0.036 0.034 1.073 0.032 0.029 1.116

X° 0.065 0.055 1.172 0.106 0.085 1.237

) 0.276 0.243 1.135 0.278 0.217 1.283

52 0.102 0.102 1.001 0.097 0.096 1.008

0.85 0.40 B* 0.712 0.651 1.093 0.844 0.646 1.308
B° 0.224 0.214 1.047 0.224 0.212 1.055

e 0.037 0.034 1.092 0.032 0.028 1.135

X° 0.040 0.037 1.085 0.059 0.053 1.127

p 0.247 0.220 1.123 0.271 0.229 1.183

52 0.109 0.096 1.125 0.105 0.095 1.110

0.85 0.85 B° 0.672 0.615 1.092 0.803 0.637 1.260
B° 0.247 0.212 1.167 0.281 0.206 1.367

N 0.036 0.033 1.097 0.031 0.027 1.127

X 0.011 0.010 1.068 0.015 0.013 1.096

p 0.213 0.189 1.126 0.251 0.202 1.242

52 0.121 0.099 1.218 0.142 0.099 1.432

Note. The columns with the label ratio provide ratios of the RMSEs of PMLE and FMLE.
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Appendix B Some Additional Notation

If A is a matrix, Diag(A) indicates a square diagonal matrix with the diagonal elements of A on the main
diagonal of Diag(A), while diag(A) denotes a vector of the diagonal elements in A. If a is a vector, then
Diag(a) indicates a square diagonal matrix with the elements of vector a on the main diagonal. If 7y and
T9 are scalars, then Diag{7i, 72} denotes a diagonal matrix with 7y, 72 on the main diagonal. For some
constant k, Diag(-)¥ := (Diag(:))*. For some matrix A, maxeig(A) and mineig(A4) denote the maximum
and minimum eigenvalue of A, respectively. If R and R;}n(ﬁ) are correlation matrices, then for notational
convenience p := Ryy and p;', (0) := R}1,,,(0). For any function f(6), 8f(9)/89’9:90 denotes the derivative

of f(0) evaluated at 8 = 6. We use constants C7,Cy, ..., which can be different in different places.

Appendix C Some Theorems and Technical Lemmas

The appendix contains important theorems as well as several technical lemmas, which will be used later
to prove lemmas and theorems in Appendices D and E. The proofs of Lemmas C.4-C.9 are provided in

supplementary Appendix K.
Theorem C.1 (Follows from Theorem 1 of Jenish and Prucha, 2012). Under Assumption 3, if

(1) {Z4n}geq, is uniformly L1-NED on an a-mizing random field {ng n}gec. ,
(i1) Zgy is Ly-bounded uniformly inn € N and g € G, for some p > 1,
(iii) the a-mizing coefficients of the input process {ngn}qeg, satisfy a(k,m,s) < (k+m)7a(s), 7> 0, with
some &(s) — 0 as s — oo, such that y .o, szJ_ld(s) < 00,

then n=1 degn(zg,n - E[Z,,]) 0.

Theorem C.2 (Follows from Proposition 3 of Jenish and Prucha, 2012). Consider an a-mizing random
field {ng.ntgecc,, Fgn(s) = c({ngntgeg, : dlg,g) < s) for s € N, and random vectors Z,, and their
transformations given by a family of functions hg , : REz — REr. Suppose that, for all (z, 2*) € REz x RKz

and all g € G,, and n € N,
(1) |hgn(2) —hgn(2®)|| < Bgnl(z,2%)||z — 2%, where By n(z, 2°) : REz x REz 5w R,
(ii) sup | B{A|2 < 00, where BE, = By n(Zyn, Z50) and Z§h = ElZy | Fyn(s)],

|

(iii) sup HB‘(??’)‘”ZQ," - Z.«S?T)L

(1) |lhgn(Zgn)ll2 < o0,

‘ < oo for some r > 2,
T
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(v) {Zg.n}geq, is La-NED of size —X on {ng.n}gcg, with scaling factors {ty »}geq., -
Then hg n(Zgp) is Lo-NED of size —X(r —2)/(2r —2) on {ng.n}geq, with scaling factors

r/(2r—2)
r— r— s r—2)/(2r—2 s
12/ sup | BRSO | B 2 - 20

r

Theorem C.3 (Follows from Corollary 1 of Jenish and Prucha, 2012). For K z-dimensional random vectors

Zgns, 9 € Gn, let Sy, = degn Zgn and ¥, = Var (degn Zg’n). Under Assumption 3, if

(1) {Zgn}geg, is a zero mean random field,
(i1) Zg.y is uniformly Loys-bounded, for some § > 0,
(111) {Zgn}geg, is La-NED random field on an o-mizing random field {ng n}tgeg, with NED coefficients
¥ (s) and NED scaling factors {ty »}geq.,
(iv) NED coefficients satisfy > oo, 52(2711/)(8) < 00,
(v) NED scaling factors satisfy sup tgn < 00,
(vi) the a-mizing coefficients of {r]g n}geq, satisfy a(k,m,s) < (k+m)7a(s), for some T >0 and &(s) — 0
as s — 00, such that for some § >0, Y20, 24+ D=155/(4420) (5) < 00, where T, = 07/(2 + 6),

(vii) inf,, +mineig(¥,,) > 0,
then U, /%8, & N(0,Ix,) asn — .

Lemma C.4. Let v :=v(0) be a 2-dimensional vector, R := R() be a 2 x 2 dimensional correlation matriz

with the off-diagonal element p := p(0), |p| < 1, and P(z, R) = 2’ R=1(0)z, where z is a 2-dimensional vector.

Then
0ln @5 (v, R)
—— 0 =& R),
v
Oln®y(v, R v ov 1 /0ln|R OP(V,R)
529( L= R) g+ v )392_2( aeLuEV{ ‘V<D
0% In @5 (v, R) _ 02, 0%v9 Ovy Ova 6'02 ovy
oo~ 10 B ggag T80 R gaag + R, R) <aa o0 a9 59')

- % (A(v, R) + B(v, R) + A'(v, R) + B'(v, R) + Ev[G(V,R)|V < v])

_ 1 8@2(’1}7 R) (9<I>2(v, R)
2(v,R) 00 90

where By denotes expectation taken only with respect to the variable V' in its subscript and (keeping the
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dependence on 6 implicit)

€0, ) = (0, B oo B = | () oom (222)

B0 B) ' (v, R) ’ (C1)
K(v, R) = gz((z ?)7 (C.2)
A, R) = (0, R) (‘91;0',1{+ . W‘%QQD
B(v, R) = &0, 1) 72 (mgj'mv %\w])
oL S (i _orm) (oh o)

V ~N(0,R), Vi ~N(pva,1—p?), Vo~ N(pvi,1—p?).

Lemma C.5. Let v and R be a 2-dimensional vector and a 2 x 2 dimensional correlation matriz with the

off-diagonal element p, |p| < 1, respectively. Then for some constants Cq, Ca, C3 > 0,

) (572
: 1;5?) =G

1= 1) (Ju1] + |va| + C2)® + (1 _ P ((1 _ |p|)*1/2>)_2

7

e < a1 = o)™ (ol +loal + o2+ (1= (1= 1)) ).

©2(0, R) > Cs(1 — |p])"/2.

Lemma C.6. Let 0 be a p x 1 vector, f(0) an n x 1 vector, and F(0) an n x n symmetric matriz. Then

8|gé€)| = |F(0)|K(0) vec F~1(8),
i vec
aa|9zr(*9(99/)| = K(0) vec I~ 1(9)6‘59(,9)‘ +|F(0)] ((vee F71(0)) ® 1) 3@75/{@")
vec F~1

+ |F(0)|K(9)8+9/w)7

a(ﬂ(e)Fa-el(e)f(e)) 2L F1(0)1(0) 1 M(O)(FO) ® £(9)),

“(f - vec vec F1

- (929};39/( VOD _ 5 pio)p-20) Ip)aTef@ +2(f'(0) & L(H))aaLe/w)
O o 1)@ 1) MO
+(2LOFH(0) + M) (K1 ® L)[(1n @ f(8)) + (F(0) @ In)])ag—éfo),
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where

K(9) = (W)l, L) = (agé/e))” M(9) = <5V€C;;/IW))/7

and Ky,, is the commutation matriz.'”

Lemma C.7. Let A and B be m x n and p X q¢ matrices. Then |A® B|| = ||Al|||B]|.

Lemma C.8. Let X ~ N(0,R), where R is a 2 X 2 dimensional correlation matrix with the off-diagonal

element p, |p| < 1. Then for a 2-dimensional vector of constants v = (v1,v2)’,
E[XX'|X <] = R —v1& (v, R)A1(R) — vaba(v, R)As(R) + (1 — p*)r(v, R)A3(R),

where £(v, R) and (v, R) are defined in (C.1) and (C.2), respectively, and
Ai(R) = , Aa2(R) = , A3(R) = . (C4)

Lemma C.9. If for some p > 1, || Xin — E[X; n|Fin()]ll2p < t5,00%(s) and ||Yi, — E[Yin

—= Yi,n

Fin(s)lll2p <
t{n Y(s), then 1 X nYin—E[X; nYin|Fin(s)||lp < tint(s), wheret; , = max{||Xi7n||2pth, ||Y}7n||2ptffn, tffntzn
and Y(s) = X (s) + Y (s) + X ()Y (s). Specifically, if {X;n}7q and {Y; ,}7 are uniformly La,-NED,
then {X; ,Y; o}y is uniformly L,-NED.

Appendix D Some Useful Lemmas

The appendix contains several lemmas that establish the uniform (L,-) bounds and the NED property of
the random variables in the studied sample selection models. The proofs of Lemmas D.1-D.6 are provided

in supplementary Appendix L.

Lemma D.1.

(i) Under Assumptions 1(i1), 2(i), 6, and 7, infein(g|ﬂgn(9)| > 0 and inf ing Qb (6) > 0, where b €
n,g 0c ’

n,i € v
{ss, 00}.

(i) Under Assumptions 1(ii) and 7, ||Qg ,,(0)|| and ||0 vec Qg’n(ﬂ)/aﬁ’H are uniformly bounded in n € N,

g € Gn, and 6 € O, where ¢ € {ss, s0,00}.

17Let A be an m X n matrix. Then there exists a unique mn x mn permutation matrix which transforms vec A into vec A’,
i.e. Kyyn vec A = vec A’.
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(iii) Under Assumptions 1(ii), 6, and 7, |Q5-1(0)]], ||0vec Q571(0)/06'||, and ||0| ,,(0)]/06]| are uniformly

bounded inn € N, g € G,, and 0 € ©, where b € {ss, 00}.

Lemma D.2.

(i) Under Assumption 6, inf inf min 3311 (0) >0 and supsup [p,, ()] < 1.
n.g6e0 j=12" 997" n.g €O

(it) Under Assumptions 1(ii), 6, and 7, | R}, (0)|, ||0|R;", (0)

Ry, (0)/00'

are uniformly

bounded inn € N, g € G,,, and 0 € O.

Lemma D.3. Under Assumptions 1(ii), 2(i), 4(ii) or 9(ii), 6, and 7, sup||Sh ,,(A\")X2B%||, b € {s,0},
e

sup [|2g,n (0), sup [|ugt, ()], and sup |[v},(0)| are Ly-bounded uniformly in n € N and g € G, for any p in

9co 9co 9€0

Assumption 4 (i) or 9(ii).

Lemma D.4. Under Assumptions 1(i), 2(i), 4(it) or 9(ii), 6, and 7, sup ||0z4.,(0)/00’|| and sup ||8U;}n(9)/89’u
0€o 0co

are Ly-bounded uniformly in n € N and g € G,, for any p in Assumption 4(ii) or 9(ii).

Lemma D.5. Under Assumptions 1(ii), 2(i), 4(ii), 5, and 7, {d}", }geq,., {Zgn(0n) }geq.,,, and {v}},(0n)} 4eq.,
are uniformly Lo-NED on random field {ng , = (X},

g-,mn’

X ., us )}geg, with NED coefficients bounded

gm0 g Ugn

by 1/%(s), where 1(s) is defined in Assumption 5 and 0, — 6, 0,,,0 € O.

Lemma D.6. Let sequence 0, € {0 : ||0 — 6] < n='/2M} for some M > 0 and n > ng, ng € N. If
responses Y%, and yg5, follow the data generating process (1) with the parameter vector 0y and with the
parameter vector 0y, respectively, then under Assumptions 1(ii), 2(i), 4(ii), 5, 7, 11, and 13 it holds that
1955, — yisllz = O(n=Y2) as n — oo and {n/?(§%, — y3%5)}geg, is L2-NED on random field {ng, =
(Xgons X§ s Ug s UG ) bgeg, with NED coefficients bounded by max{1)*(s), ¥%(s)}, where 5(s) and ¥*(s)

are defined in Assumptions 5 and 13, respectively.

Appendix E Proofs of the Asymptotic Results

In the following proofs of the main theorems, we verify various regularity conditions such as L,-boundedness
of the likelihood function )_, . 4 d5 ,, fs,(0) and its derivatives only for the terms corresponding to a = 11.
The terms corresponding to the other values of a can be verified analogously since they are special cases of
a = 11: the inspection of the likelihood function (4) as well as the verification of the first-order conditions in
Appendix G reveal that the forms of terms with a = 10, a = 01, or a = 00 correspond to the form of a = 11

with the bivariate density function replaced by the corresponding marginal densities or one.
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Proof of Theorem 1: General consistency results are given, for example, in Theorem 2.1 of Newey and
McFadden (1994) or Lemma 3.1 of Pdtscher and Prucha (1997) in the case when Qg (6) = lim,,_, o F[Qn(6)]
exists or not, respectively. By the latter result, it is sufficient to verify that (i) E[Q,(0)] is uniquely maximized
at 0y (at least for a sufficiently large n) and (ii) @,(#) converges uniformly in probability to E[Q,(6)] to
prove the claim of the theorem. Since we have already assumed the first condition in Assumption 8, it thus
remains to show that the last condition is satisfied. In order to prove uniform convergence in (ii), we apply
Theorem 2 of Jenish and Prucha (2009), which requires the uniform L,-boundedness (LB), p > 1, and Lo-
stochastic equicontinuity (SE) of the individual likelihood terms as well as the pointwise convergence (PC) in
probability; see the following paragraphs. As the bounds constructed to verify the uniform L,-boundedness
and Lg-stochastic equicontinuity are uniform in g € G,, n € N, and 6 € O, it follows that the whole likelihood

function @, (0) also satisfies these conditions (once they are verified) and that PMLE is consistent.

p
LB: proof of sup F [sup I acadgn ;n(ﬁ)@ < o0, for some p > 1
n,g 0cO

P P P
Elsup| Yo 0l| <E|Y supldz, ;,nw)ﬂ s4p-1ZE[supd;,n ;,n<e>|]
6ce ac A aEAee@ ac A S (E].)
p
< 4rt E |sup|fS,.(0 ]
> B [supl5.0)

acA
uniformly in n € N and g € G,,, where the first and second inequalities follow by the triangle and Loeve’s
¢r-inequalities, respectively, whereas the last inequality follows by noting that dg ,, € {0,1}.
We will show that sup E[supgeg | f,},(8)]]P < 0o, while the boundedness of the other terms can be proven
n.g

in a similar way. By the definitions of f}1 () in (4) and of the multivariate normal density function,

g,n

P 2p
E {sup | ;}nwn] <47 (|2nf? + sup I |22, (B)]]7 + sup [0 (O)E [sup ||zg,n<9>|}
90 00 9e6 b0 (E.2)

p
B {sup In <1>2<v;}n<0>,R;}n<e>>|} ) ,
0€cO

where the result follows by the triangle and Loeve’s c,-inequalities. The second and third terms are uniformly
bounded by Lemmas D.1 and D.3. Hence, only the last term has to be shown to be uniformly bounded. Let
£(-) be defined in the same way as in (C.1), Lemma C.4, with correlation matrix R}!, (#) and correlation
coefficient p}!, (), which is the off-diagonal element of R}, (f). Then by the elementwise mean value theorem,

there exists o5,(f) with elements between 0 and v,!,(#) and constants Ci,...,Cs > 0 with Cs, C > 1 such
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that

< [In®5(0, Ry, (60))] +

\aln 22000 O BonO) s ()] — | 1m oo, REL(0))] + I (521, (6), B2 (6))021,(6)

o' g,n g,n

< [In®5(0, Ry, (6 HZ@ 0), Ry (0))|vg; n (0)] (E.3)

g1,m
< [In(C1(1 — lpgh (0))/2)]

+Calt = ot @) (380 )]+ 0330001+ Co)* + (1= (1= @) 72)) ) S th @)

§C4+C5 ((|Uq1 n( )‘+|Uq2n( )‘+C3) +CG Z|v9]" I
Jj=1

< Cy+ Cs ([, (0)] + |01, (8)] + C3)® + Ci) Zlvm )l

Jj=1
< €+ 205Co([03 0 (6)] + 023 ()] + C)° = Cs+ 205C (02 (0) s + C)°

< Cy +2°C5Cs(|lvg L (DI + C3) < Cr 4 Csllvg L (0)]1°,

where Lemma C.4 implies the first equality, the third inequality is implied by Lemma C.5, whereas the
fourth inequality follows from Lemma D.2. The conclusion follows by the equivalence of vector norms on

finite dimensional vector spaces. Given this result,

P P 9p
E | sup |10 @, (01 <0>,R;}n<o>>] <E[sup<c7+cs||v <>||9)] <o <C$+O§E [supnv;}n(en] < o0
0cO 1G] €O

(£.4)

uniformly in n € N and g € G,, by Lemma D.3.

SE: proof that ) . 4 dg . fs,(0) is Lo-stochastically equicontinuous

The Ly-stochastic equicontinuity will be verified using Proposition 1 of Jenish and Prucha (2009). To apply it,

we have to show that the individual likelihood terms are Lipschitz functions in parameters: for any 6,60® € O,

Z d;,n ;,n(e) - Z d;, 9. < Z dg n|f;n ;,n(e.)| < Z |f;;1,n(9) - ;,n(e.”

ac A ac A ac A ac A
8f“ . 0fgn(0 .
<y 10— 0<ZsupH 5 H-w—en,
acA
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where we used the elementwise mean value theorem with elements of 6 being between elements of § and
P

¢°. It thus suffices to show that sup, , F |:ZaE.A Stelg l0fs.(0)/00]]] < oo for some p > 1. Similarly to

(E.1), Loeve’s ¢,-inequality implies that it is enough to prove that all individual terms are bounded, that is,

p
sup,, , Lgtelg ||8f;,n(9)/80||] < oo for all a € A. As before, we establish this result for 8f;7,(6)/06, while

the boundedness of the other terms can be proven in a similar way:

o1l () p
E |sup || —&£ 2
peo || 00
_ p
- B sup _1 1 8|Qg?n(9)| + a(z_(/]n(e)gg?n l(e)zg’ﬂ(a)) + dln (PQ(U;,In(e)?Rgl],ln(e))
veo| 2 \190.(0)] 90 00 Bl

(2}, (0)922571(0)20,(0) |||
sup 69
0cO

]) | ®5)

The first term on the right hand side is uniformly bounded by Lemma D.1. To bound the second term on

1 919, (O N°
< (g (e |~ o0 ) *#
<968 Q5. O] | o0

00

+ E |sup

0€O

the right hand side of (E.5), we apply Lemma C.6:

p
=F

FE |sup

sup
0co

8297’”(9) ' oo—1
sup |2 (Z220) 0321)2,0)

dvecoo1(0)
(89> (0 (0) © 2 (0))

024, (0)25% () 24,n ()
00

] (E.6)

_ 00— 0z n 0 ’

<2 (sup g5 0178 [sup (| 222 e, 01|
0coe €O

p

D vec Q2% 1(0)

+ sup By,

0€cO

2p
E [sup ||zg,n<e>|} ) < o0
0cO

uniformly in n € N and g € G,,, where the first inequality is implied by Lemma C.7 and Loéve’s ¢,-inequality.
The conclusion follows by applying the Cauchy-Schwartz inequality to E [supgeg (||024.5(6)/06'||[124.,(0) )"
and observing that E [supycg ||8zgyn(9)/89’||]2p and F [supgece [|2g,n(0) []” are uniformly bounded by Lemmas
D.4 and D.3, respectively, while the norms of Q9%,'(6) and dvec2%,'(#)/06" are uniformly bounded by

Lemma D.1.

Finally, by Lemma C.4, the last term in (E.5) can be bounded (all symbols defined in Lemma C.4 are
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again indexed by the subscripts ¢ and n and superscript 11):

E[ggg OIn1,0). 7 (0) . » il 6 (oph 0), 11, 0 22
= (W”V W!Vw&nw)wp
< qp! JZZE sup Ej(véfn(ﬂ),R;ln(ﬁ))(%%g(e) r
o [t 2 ) g |2 Dy < gy |
(E.7)

uniformly in n € N and g € G,,, where P(v, R}! (0)) = U'Ré},;l (0)v and V ~ N'(0, R}, (0))."®

Now we will prove that each term in (E.7) is uniformly bounded. By the Cauchy-Schwartz inequality,

avit ()| 2 avit ()|
E |sup €j(vé.1n(9),R§1n(9))M < E[Supﬁj(%ln(g),Réln(e))} E |sup M
0co ’ ’ 00 0co ’ ’ 0co 00 (E8)

vt (0)
06’

2p
|

for j = 1,2. In the same way as in (E.3), &(v;1,(0), Ry, (0)) < C1 + Cafv,,(0)]]® for some constants

2
< \/E [Sup @(vé}n(e),R;}n(H))] pE [Sup
(USC]

0co

C1,C5 > 0. Thus for (E.8) to be uniformly bounded, it is enough to show that E[supgcg [lvg}, (0)[]'°P and
Elsupyeg [|0v,},(0)/00'|]]*P are uniformly bounded, which is the case by Lemmas D.3 and D.4, respectively.
The second term on the right hand side of (E.7) is uniformly bounded because inf,, 4 R}, (6)| = inf, (1 —
p;li(ﬁ)) > 0 and sup,, ,supgeg [|9|R,,(0)]/86]| < oo by Lemma D.2. Regarding the last term in (E.7), it is

not difficult to see from Lemma C.6 on the first order derivative of a quadratic form and from Lemma D.2

18We use V instead of V;}L(@) in order to simplify the notation.
19Note that the numbering of constants is renewed for each part of the proof.
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uniformly bounding 8 vec R}, '(6)/06" that

OP(V, R, (6)) dvec BRIV (0)\
v V@) = [Bv || ——5— | (VeV)|[V <v,0)
dvec RLL (6 dvec RLL (6
< ——E%JQ}WMV®WV5@2@W= ——E%JJIWAWWVS@Mwm
< C; HEv[VV’|V < U;}n(e)m (E.9)

+ (- ﬂé}n(ﬁ))ﬁ(vé}n(@, R;,ln(9))As(R§,1n(9))H

< Cu [Cs + [ug1 1 (0)€1 (05, (6), Ry (0))] + uga 1 (0)€2(v15, (6), Ry, (0))] + vy (0), Ryl (6))]

for some constants C3, Cy, C5 > 0, where the last equality follows by Lemma C.8 and its notation: recall that
V ~ N(0,R}},(0)) and 2 x 2 matrices A; (R}, (0)), A2(R}!,(0)), and As(R},(0)) are functions of p}', (0)
defined in the same way as in (C.4) and s(v,%,(0), R}, (0)) = ¢2(v}ih,(0), Ry, (0))/®2(v)k,(0), RSL,(9)). 1t
remains to show that the supremum of the last expression in (E.9) with respect to 6§ € © is uniformly L,-
bounded. By Loeve’s ¢,-inequality, it suffices to show that sup,, , E [supgee |05}, (0)¢;(v3h,(8), RLL,(6))]]" <
00, j = 1,2, which is however implied by results in (E.3) and (E.4), and sup,, , E [supgee £(v}%,(0), REL (0))]" <

oo. For this last term, Lemmas C.5 and D.2 imply there are constants Cg, ..., Cg > 0 such that

E [;gg K(vg(0), Ry, (9))r

< & [sup (Gt = @) ((egha(@)]+ 132,01+ €7+ (1= @ (= g 2)) 7))

0c©

p
< G @m%An+mmmHo#+@}<w

uniformly in n € N and g € G,,, where the conclusion follows from Lemma D.3 in the same way as in (E.3).
This concludes the proof that (E.7) and thus (E.5) are uniformly bounded. The SE property thus follows

from Proposition 1 of Jenish and Prucha (2009).

PC: proof of %degn (Yaealds  f,.(0) — EdS,, fo,.(0)]) 2,0 as n — oo for § € ©

In order to establish the pointwise convergence, we apply Theorem C.1. As before, we will establish the

result only for d nn(@); the remaining terms can be analyzed analogously. We start by proving that the
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individual likelihood terms are L1-NED on {ng » }gecg, with ng, = (X}

g-,mn’

X2 . us ). Note that

g-,ns Ug ns gn
1 O 00—
Bt ) = it (=12 = 5 (01955, )]+ 4,001 0)20,0(6)) + In (0l 0 3R 6)) )

Given that €299, (0) is non-stochastic and its determinant is uniformly bounded away from zero by Lemma D.1,
it suffices to establish the Lo-NED property for {d}', }geg,,, {2} .(0)25% 1 (0)29.n(0) }geg,,, and {In By (vi},(6),
R;'.(0))}4eq, and apply Lemma C.9. In Lemma D.5, we have shown that {d}', }seg, is a uniform Lo-NED
random field. Now we will apply Theorem C.2 to the remaining two random fields.

Let 25(,?%(9) = E[zg.n(0)|Fg,n(s)]. Then by the elementwise mean value theorem, there exists 2;‘2(9) with
elements between zg,,(6) and zéi)z(H) such that

|2, ()25 (0) 20,0 (0) — 252) ()20% 1 (0)2820,(0)] < 12255, ()26 (0) 1129, (6) — 2550 (O)]-

g,m 9 g,n

In order to verify conditions (ii) and (iii) of Theorem C.2, we have to show that sup 12Q95,1(6) 2 255.(0)2 and
sup ||2S2;’f’n’1(0)z£(7 (0))129.0(0) — 25(0)||ll,- are uniformly bounded, for some r > 2. Since the elements of

2y () lie between the elements of z,.,(6) and 2§%(8), let C{?, (6) and C5)

54.n(0) be 2 x 2 diagonal matrices

(6)z5),(0). Given that C*

lg,n

with elements in [0, 1] such that z( °) n(0) = C{;?n(ﬁ)zgm(@) cl)

2g,mn

(8) and C53),, ()
have all elements in [0, 1] irrespectively of s, g, n, and 0, it holds that
sup E1|2€2%, 1 (0) 25, (0) 1> < 4]1Q¢7,1(6) HQSUPEHCHM( )2g.n(0) + CS3),, (0)28),0) 12
< G3[195% 1 (O (E”ng(e)HQ + sup E||Z§‘f7)l(9)||2>
S

2
< 20,227 (0)2El| 20,0 ()2 < 2C5 sup [ 227 1 (0)|2E [sup ||zg,n<9>|] < o0
0€© 0cO

g,n

for some constant C'3 > 0 uniformly in n € N and g € G,, by Lemmas D.1 and D.3, where the third inequality

follows from the conditional Jensen’s inequality. Next,

sup B[20257 (0)22)(6) 129.(0) = =22 O
< 27]1920%  O)11" sup BIl(CL) (0)20.n(8) + Cl) ()250.(0)) 12,0 (0) — 252 (O]

n

< Cal| Qg7 O sup E | [l2.0(0)] + HZ},‘?%W)II} < 2iay Qg O (Ellzgm(@)|2T+SHPEIZ§‘T%(9)|I2’“>

g,n

2r
< 920 ()" E 20 (0)]77 < 227 Cisup [22°7 (0" E [sup ||zg,n<9>|} < o0
0€© 0cO
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for some constant Cy > 0. Since El|z] ,(0)Q5%,1(0)24n (0)|I* < suppee [1295,1(0)|I°E [21618 |zgn(9)||} ' < 00
uniformly in n € N and g € G,, by Lemmas D.1 and D.3, condition (iv) of Theorem C.2 is fulfilled. As
{zg.n(0)}g4eg,, is a uniform Ly-NED random field by Lemma D.5, it follows that {2/ ,,(0)Q9%, " (6)z4,,(6)}geg,
is a uniform Lo-NED random field as well.

Similarly, let 1111(5)((9) = Ev,},(0)|Fgn(s)] and verify the conditions of Theorem C.2 again. By the

elementwise mean value theorem, there exists 17;175 (0) between v,! () and u;}és)(e) such that

d1n @ (09" (0), REL,(6))
o’

|10 @5 (v}, (0), Ry, (0)) — In @2 (v (6), Ry, (0))] < | (Vg1 (8) = 0357 (6))

< Cs (I35 O)F + Cs ) llvga(8) — v (0)]

for some constants Cy,Cg > 0, where the last inequality follows from Lemmas C.4, C.5, and D.2 by the

same argument as in (E.3). To bound ||17;17§g)( 0)||® to verify condition (ii) of Theorem C.2, denote C’7g 2 (0)

and C(s) o(0) the 2 x 2 diagonal matrices with elements in [0, 1] such that vn(s)(ﬁ) = §Z?n(9)v;}n(0) +

Cé;)n( ) ;E&S)(e). Since C7gn( ) and C’S()Z)n( ) have all elements in [0, 1] irrespectively of s,n,g, and 6, it
holds that
sup Bl (0)]]'° = sup B CF;), (0)0;},(0) + C;),, ()03 ) (0)]"°
< sup Cy (Elluh, ()" + vy 0))

16
< 2CoE||vg}, (0)['° < 2CoE [ggg ||v§,1n(9)||}

is bounded uniformly in n € N and g € G,, for some constant Cg > 0 by Lemma D.3. Next, condition (iii) of

Theorem C.2 can be verified for some r > 2 and some constant C1g > 0 by

sup B [ (55571 + s ) [031,(6) = vy 0 @)1)]

= sup B [ (15 (0)031(0) + C& 010 O + Cs) v}, (0) = vg ) @)1]
<sw 2 [(Cuo (I @1+ 1oy @1) + 6 (gt @1+ o) |

< sup2'! (C{OE (o2 @)1+ 1O+ B I3 @) + ol w)n}’”)

< sup 2! 2CT, (Bllugh (0)|” + ElopiO 0)°") +sup 22 72 (Ellog, 0] + Ello i 0)]I")
S S
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< 210 LOn Elfult (9)]1°7 + 22 g Elful, (9) 1"

9r r
< 20-lor {sup IIv;,lnw)I] +27 LR {Sup IUan(e)”] <00
(J<{C] (IS

uniformly in n € N and g € G,, by Lemma D.3, where the second and third inequalities are implied by Loeve’s
¢r-inequality, while the fourth inequality follows by the conditional Jensen’s inequality. Finally, condition (iv)
of Theorem C.2 can be verified in the same way as in (E.4) with the requirement that E [sup,cg [[vgl, (0)]/] P
00, which is the case by Lemma D.3. As we have shown in Lemma D.5 that {v,},(0)}geg, is a uniform Lo-
NED random field, {In ®5(v;},(0), R}, (0))}4cg, is a uniform Ly-NED random field as well. Thus, by Lemma
C.9, it follows that {d_', f,},(0)}¢eg, is a uniform L;-NED random field.

Hence, condition (i) of Theorem C.1 is satisfied, whereas condition (ii) is already verified in the beginning
of the proof; condition (iii) is implied by Assumptions 2(3), 2(ii), and 4(¢). Since convergence in probability

follows from convergence in L;-norm, Theorem C.1 thus implies the pointwise convergence result. O

Proof of Theorem 2: By the elementwise mean value theorem, there exists 0, with elements between

elements of 0y and én such that

_0Qu(0,)  9Qu(0) | 0°Qu(0,)
0=—30 =08 T aeog \On— %)

Assumption 12 now implies that matrices J,,(6p) are non-singular for a sufficiently large n and it holds that

\/ﬁﬁQQn(ﬁn)

aQn (90)
00006’ v

and

9*Qn(6n)

9Qn (6o)
0000’ ‘

fJ 1/2(90) 50

(0, — 80) = —v/nJ,; /% (6o)

To prove the claim of the theorem, we first establish that the term /nJ, 1/ *(60)0Qn(6)/00 converges in

distribution to N(0, 1) as n — oo, and we show later that 02Q,,(6,,)/0080' — H,(6y) 2 0 as n — cc.

Proof of \/ﬁJﬁlm(Ho)aniéeO) 1 1/2(90) > geGn 2oacadgn afgg’e(eo) 4 N(0,I1) asn — o0

We apply Theorem C.3. The individual score components have mean zero because the marginal likelihood
contributions for each group are correctly specified. The remaining assumptions of Theorem C.3 concerning

Lo s-boundedness (6 > 0) and NED properties are verified at a general § € ©, but they are applied at 6 = 6.
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a € A, being an indicator function, the individual score contributions

< sup,, , F [supyee (|03 ,,(0)/00]]]

some § > 0. The result for a = 11 is a special case of the uniform boundedness of (E.5) verified in the proof

By Loeve’s ¢.-inequality and d%

g,n’

246 2+0

are uniformly Ly s-bounded if sup,, , E [||0fg.,(0)/00]] < oo for

of Theorem 1, property SE; the boundedness of the other terms can be proven in a similar way.

Now we establish that {d;',8f;7,(6)/00}geg, is a uniform Ly-NED random field on the a-mixing random

field {ngn = (Xg. s XJ. s Ug s ug. n)}gegn Recall that
PN P WU B YR C AR Ol O S A AR O )
00 2 Qe (0) 00 27 9n 00 gm 00 '

(E.10)

It thus suffices to show that each term of the summation is uniformly Lo-NED and to find their NED
coefficients. We have already established in Lemma D.5 that {d,!,}4cg, is a uniform Lo-NED random field
with NED coefficients bounded by 1'/6(s), where 1(s) is defined in Assumption 5. Since [©299,(6)| is uniformly
bounded away from zero and the norm of 9|27,(0)|/9¢ is uniformly bounded by Lemma D.1, the first term
in (E.10) is uniformly Ly-NED with NED coefficients bounded by 1'/%(s). For the second and third terms
n (E.10), we apply Theorem C.2. Let du ) = Eld}, | Fg.n(s)] and zéST)L(H) = Elzgn(0)|Fyn(s)]. Then

. 2un 095 200 0) _ oo Xesin (0)955: 1 0)z5a(0)
g.n 00 00
(5)/ 00— (5) 00— ( ) 00— (5)
S d11 + 6zg,n (Q)Qq,n 1(9)’29»"(9) ‘dll _ dll(s)‘ + 8 g;n(e)Qg,n 1<9)ZQ7TL(€) 82 (H)Qg,n 1(0)297 (9)
g 90 g Ton 90 a0
(=50 (0)92251(0) 255 ( D225 ()25 1(0)25:0(0))
< , g,n N 11 11() 95 g,n 9 _ ()
< (1 + - |diL, — dl)| + i 129.0(8) — 2520

— 4]+ [z (0) = 500

8982

(S)/ oo—1 () 2 00— 1 (9)
. <1+ a(zg,nwmgge (0)250.(0 H) (H D2(Z5 ()20 (0) 2% H) | d
(s)

where the second inequality follows by the elementwise mean value theorem with elements of Z47;, () being
between elements of zg,, () and 2(8) ().

By the Cauchy-Schwartz, Minkowski’s, and Liapunov’s inequalities, conditions (ii) and (iii) of Theorem
C.2 are fulfilled if [|0(={% (0)25% 1 (0)250.(6)) /0] 7, 10 (26 (0)92% ™ (0)26:0(8)) /000 ||, || 5L, — g |2
and ||zg,n(0) — z,(])( 0)||2r are uniformly bounded for some r > 2. The boundedness of the first term can be
proven in the same way as in (E.6) with an additional application of the conditional Jensen’s inequal-

ity. Given the second order derivative of a quadratic form in Lemma C.6, it is not difficult to prove that
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’

8% (350 ()220, (8)25°0.(6)) /0002 is uniformly Ly -bounded. Trivially, d1%, —dy'" is uniformly Lo,-bounded
as well, while the Ly,-boundedness of z, ,(0) — zéf%(&) follows from Minkowski’s and the conditional Jensen’s
inequalities and Lemma D.3. Since the uniform Ly-boundedness of (] ,,(0)9% 1 (8)z,.n(0))/06 follows in
the same way as in (E.6), condition (iv) of Theorem C.2 is fulfilled. Furthermore, since {d}', }4eg, and
{25n(0)}geg,, are uniform Lo-NED random fields with NED coefficients bounded by 1!/%(s) by Lemma D.5,
Theorem C.2 implies that the second term in (E.10) is uniformly Lo-NED with NED coefficients bounded by
Pp(r=2)/(2r=12) (5 for some 7 > 2.

Regarding the last term in (E.10), it follows similarly with v;}ygs)(ﬂ) = E[v}},(0)|Fg.n(s)] that

i Oln &, (v},}n(a), R_(l,,ln(e))

11(s
g,n 90 - dgﬂ(l

11(s)

with elements of 6;,17$S)(9) lying between elements of v;}n(H) and vg, ' (6). Analogously to the previous case,

06

| 0In @y (v (6), BRI, (6)) |

|+ g1 (8) — vgh™ (O)11)

00

3 d1n @y (vgn (0), R, (6))
<1+ a0 o

8%1n @2(6;,1758)(9)aR11n(0)) 11 11(s
g (|dg,n —d ()

applying Theorem C.2 requires us to check that 9 1In @2(’0;},&8) (0), R}, (0))/96, 0% In @, (@:}%S) (0), R}, (0))/000v'
and d}!, — dsl,},(ls)7 vt (0) — v;}és)(e) are uniformly L4,- and Lo,-bounded, respectively. Given Lemmas C.4
and C.5, the boundedness of the first term has been established in the proof of Theorem 1, property SE, and
the boundedness of the second term can be established analogously. The third term is obviously uniformly
Lo,.-bounded, while the uniform Ls,.-boundedness of the fourth term again follows from Minkowski’s and the
conditional Jensen’s inequalities and Lemma D.3. Given that {dy,}4ecg, and {v;,(0)}geg, are uniformly
Ly-NED with NED coefficients bounded by 1'/%(s) by Lemma D.5, {d}} d1In ®5(v}! (6), R1. (0))/06} eq,,
is a uniform Ly-NED random field with NED coefficients bounded by ("=2)/(12r=12)(s) by Theorem C.2 for
some r > 2, and consequently, {d},0f2} (0)/80}4cg, is a uniform Ly-NED random field with NED coeffi-
cients bounded by ¢("=2)/(12r=12)(5) " Hence, conditions (iii) and (v) of Theorem C.3 are fulfilled, whereas
conditions (iv) and (vi) are satisfied by Assumptions 10 and 2(z), 2(4), and 9(7), respectively; condition (vii)
is assumed in Assumption 12(4i). The asymptotic normality result follows from Theorem C.3.

0%Qu (0, o 0215, (0n) .
Proof of aQea(a/ ) — H,(6) = %deg“ Y aendgn—s5557— — Hn(00) 2y 0asn — oo

We can establish this result by showing that, for n — oo,

82Qn(én) aan(GO) P
a000  ~ oeoe

2 2
5[] o
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For the first claim, we apply Theorem C.1. As before, we establish the results for the part of the objective
function term corresponding to index a = 11 and a general § € © and apply it at 6 = 6y; the results for the

other terms can be proven in a similar way.

Note that
an, P fan(0) T IR 919252, (0)] 91252, (0)] L1 910290, (0)]
9" 06006 2 |Q°0 QlE 00 0o’ |Qg°n(9)| 0000’
82( 2 (0)9295,1(0)24.1(0)) N 92 In ®y(v, !, (0), Ry, (0))
06006’ 0000’

We start by showing that d',0%f;7,(0)/0006" is uniformly L,-bounded for some p > 1. Note that d;',
an indicator function, whereas €299, (¢)] is uniformly bounded away from zero and the norm of 9|Q25¢,(0)|/00
is uniformly bounded by Lemma D.1. It can be shown using the second order derivative of a determinant
in Lemma C.6 that the norm of 9%|Q99,(6)|/8096’ is uniformly bounded as well. Given the second order
derivative of a quadratic form calculated in Lemma C.6, it is not difficult to see that the uniform L,-
boundedness of 9%(z] ,(0)Q295,1(0)2,n(0))/8000" can be easily established with the help of Lemmas D.1,
D.3, and D.4 (analogously to the L,-boundedness of the first derivative in (E.6)). Given the third result of
Lemma C.4 and Lemma C.5, it can be also shown that 9% In®,(v,!, (), R}, (0))/0006" is L,-bounded in a
similar way as it was done for the first order derivative in the proof of Theorem 1, property SE.

In order to show that {d}',0°f,! (0)/0006'} cg, is a uniform L;-NED random field on the a-mixing

random field {ng, = (X,

g-,n’

X nsUg nsUg ) }geg,, We have to establish the uniform Lo-NED property for
{d}!. }geq.,, as is already done in Lemma D.5, and for the second order derivatives {0? (2], ,,(0)Q5%, " (0)z4,,.(0))/
9000'} geg, and {9% In @y (vt (0), R, (0))/0000'} e, and apply Lemma C.9. It can be done in a similar
way as is done for {z} ,,(0)Q9%,1(0)2g.n(0)}geg, and {In®y(v}},(0), R}, (0))}geg, in the proof of Theorem 1.

Finally, condition (iii) of Theorem C.1 is fulfilled by Assumptions 2(7), 2(i), and 9(¢). The convergence
of the second order derivative of @, (6) at 6y to H(6p) follows from Theorem C.1 and Assumption 12(¢) and

the fact that convergence in Li-norm implies convergence in probability.

We continue by proving that, for n — oo,

62Qn(én) 82@71(90) P
2000~ oeoe

We apply the strategy used in the proof of Theorem 2 by Xu and Lee (2015a) and show that {9%Q,,(0)/0000'} 4eg.,

is Lg-stochastically equicontinuous because the claim then follows directly from the proposition concerning
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the Lg-stochastic equicontinuity given in Andrews (1994). Since the objective function @, (0) as well as its
second order derivative are continuously differentiable, the stochastic equicontinuity of 02Q,(6)/0000" at
6 = 6y can however be established in a similar way as we have verified it for Q,,(0) in the proof of Theorem

1, property SE, which thus concludes the proof. O

Proof of Theorem 3: Let us recall and define the following notation. For each bootstrap sample b =
1,...,B, T"0) = 0@ (0)/96 and TV (9) = 0@ (0)/96 — E aQS”e')(e)/ae}, where 6 in the
parentheses denotes the parameter vector at which the objective function @, and its derivatives are evalu-
ated and where ¢’ in the superscripts indicates the parameter vector used to generate the bootstrap sam-
ple data. Next, P’ denotes the probability measure induced by the bootstrap conditional on the orig-
inal sample and thus conditional on the estimates 0,. Since it was shown in the proof of Theorem 2
that /nJy(00) V2T (6) % N(0,11) and /n(f, — 6)) = O,(1) as n — oo, the claims of the theo-
rem follow for example by the Cramer-Wold device and Cavaliere and Georgiev (2017, Theorem 1) once
we prove \/ﬁJn(GO)_lmI‘S”é")(én) < N(0,1L) conditional on X3, X2, and any sequence of estimates
0,, = 0, = 0 + A,n~1/2 such that ALl < M if n > ng, A, € RE, for any large M > 0 and ng € N.2°

0 ug%) from N(0, 1),

i, in

that is, (us(b’g") uQ(b’e"))’ = 2(0,)Y?(uz%,ug0)" and yé(b’e”') and yz(::’e") defined as in Section 4.3. If the

Furthermore, consider a particular bootstrap sample based on the n draws (u

i,m » i i, i,n i,m
bootstrap sample is based on the same n draws (us% u2 )" but relies on the true parameter 6y instead of

S(b,eo)
7,n

7% (8g) =T, (60) = 8Qn(60)/08, and T'V"") () = T'u(60) = 0Q.(60)/90 — E[0Qn(60)/06]. Then by the
proof of Theorem 2, \/ﬁJn(ao)*lﬂrﬁf”@“)(ao) = /gy (00) /2T, (6y) converges in distribution to N'(0, I1) as

0., the bootstrap data y and yz(:’e‘)) follow the same data generating process as the original data,

n — 0o. By Assumption 12, the claims of the theorem thus follow if we prove for n — oo that \/E{FS”Q") (0n)—
F%b’e")(ﬁo)} = \/ﬁ{f%b’en)(ﬂn) - f‘%b’e")(t%)} 2, 0. To verify this claim, the following decomposition is used

(noting T""%) (9) = T,,(0)):

VDO (0,) = TP%)(00)) = Va{TP)(6,) — TP (6,)} (E.11)

The last term (E.12) can be shown to be asymptotically negligible in probability by proving that the

20To simplify the notation, we will keep this conditioning implicit.
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difference

. gz 3f“ ( n) o 0fgn(60) o gn(0n) . Ofgn(b0)
\/E{Fn(an)_ Z Z { g,n dg,n (99 -FK dg,nT - dg,naa:| }
gegn acA
converges to zero for any sequence 6, € U(fy,n~'/2M), where U(6y,8) = {0 : |0 — 6] < }. Since the
log-likelihood scores are differentiable, the (1 + §) moments of the scores as well as their derivatives are
bounded (see the proof of Theorem 2), and even have the integrable majorants (see the proof of Theorem 1,

part SE), the mean value theorem implies for some convex combination &, of 8,, and 6, that

2 a 2 a
VAT - Talt)}) = =3 z{ i) g gy |, i), —eo>]}
gegn acA
o \fe _90 de 82 a (gn) a 62 a (Sn)
- g_; ;{ m 8989’ —E|dgn aeae/
= n(6, — ) ( (%8(96' ) _ E [ 5398(06’ )D <n'2.n72M - 0,(1) = 0,(1),

where the inequality follows by the definition of 6,, and the last part of the proof of Theorem 2 showing that
9%Q,.(0)/0000" — E[0%Q,(0)/0000'] £ 0 for any 0 € O.

To analyze the other term (E.11), we decompose (E.11) futher as

VR0 - 6]
a(b,0n) (g a(b,00)
= Z Z {da(b9 ) g™ (0n) i (0n) da(beo)af o (On) _E

a(b,0, a(b,0,
11600 055 00)  aih.00) O Wm]}
ag,n

\f o ier=y 00 00 gmn 00
a(b 9n) a(b 90)
— a(b 0,) a(b,00) a(b,0,) fg ( ) a(b 0o) f97 ( ’ﬂ) E.1
i 20 X e o) (s PG o OB 2
a a(b,0, a(b,0p a(b,0,) a(b,00)
—E |n ]l(dg,(n ) 7£ dg,(n )) <dg,(n T - dg,(n T
a(b 971) a(b,eo)
9 n n an
n Z Z a(0:00) — go(b.00)) go(b.00) Ofgn " (0n)  Ofgn " (6n) (B.14)
geg = 00 00
a(b,0, a(b,0
-E ]l(da(b,en) _ da(bﬁo))da(b,eo) 8f 7(n )(en) af (b, 0)( )
g gnJn a0 a6 '

To show that (E.13) is asymptotically negligible in probability, we will first verify that the triangular
array of elements in (E.13) satisfies the assumptions of the central limit Theorem C.3. Then we can employ

the Chebyshev inequality along with the result shown in the proof of Theorem C.3 that variance of the sum
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in (E.13) is bounded by Cy -n, C; > 0, under Assumptions (i)—(vi) of Theorem C.3 (see the proof of Theorem
2, part 3, of Jenish and Prucha (2012)). To prove the convergence of (E.13) to zero in probability, we thus
have to make sure that the elements of the sum (E.13) are Lo-NED on {1y, = (Xg. ,,, XJ. ., ug o, ug ) }eeq.,
with some NED coefficients v(s) satisfying > oo | 52‘2*11/1(5) < 0o and uniformly bounded scaling coefficients,
supty, < co. We also have to prove that the elements of the sum (E.13) are uniformly Lo s-bounded for
s:)’ine 0 > 0. The remaining assumptions (i) and (vi) follow by definition and by Assumption 4(¢). Before
verifying these conditions, let us recall that data following the sample-selection data generating process with
some parameter 6 € U(6, ) satisfy Assumptions 1-11 for a sufficiently small §, and therefore, the previously
derived results assuming that 6y represents the true parameter vector apply to the data generating process
based on the parameter vector 8 = 6y, 0 € U(6p,0), as well. Therefore, we will assume from now on that ng
is sufficiently large so that n, Y2M < 6 and 0,, € U(fg,n~'/2M).

Similarly to the previous analysis, we will establish the Lo-NED property for a = 11; the remaining terms
can be analyzed similarly. Let ¢(s) = max{t*(s),*(s),¥°(s)} and note that we have already verified in the
proof of Theorem 2 the Lo-NED property of {dll 0 11 2(0)/00} geg,, - The Lo-NED property for (E.13) can be

verified analogously once we show that {n®1( dn(b O ) + dn(l7 o) )d;lnbe Ygeg,, 0 € {00,0,}, is uniform Lo-

NED and find its NED coefficients. As délnb 9 9c {0n,00}, is Ly-NED with the NED coefficients bounded

by 1'/%(s) by the proof of Lemma D.5 for any 6,, € U(6y, n~'/2M), the product rule in Lemma C.9 implies we

only have to show that the indicator functions in (E.13) are Ly-NED on {ny ., = (X;. ,, X7 ., uj ,,uf ) }eeq,

with the NED scaling factors ¢4, = O(n™%) to compensate the multiplication by n® in (E.13). To analyze

the indicators, we split them first as

]l(d;},gb’e") ?éd_},}rﬁb’eo)) :]l( 11(b9 )7éd11(b90)) ( 11(b9 ) #dll(be‘))) (dll(b,an) #d;,(g%))]l( 11(b9 )#dll(bﬁo))'

gl,n 92,n gl,n 92,n

(E.15)
We will establish the L;-NED property for {1(dg\"?" # dj"?)},cq, by showing that {1(d}}*) »

gnn

11(b,00)
gi,n

)}tgeg., @ € {1,2}, is Lg-NED, applying the triangle inequality and the product rule in Lemma C.9,
and noting that the Lg-NED property implies the Ls,~-NED property. Note that each indicator equals to the

sum of two indicators:

11 b,60, 11(b,00) *5(b,0n b,0, *5(b,0rn b,0,
1( gln ) 7é dgl(n ) ) = I[(ygl,(n ) >0> ygl( 0)) + I[(ygl,(n ) <0< ygl( 0)) (E16)
*5(b,05,) *5(b,00)

We will thus verify the Lg-NED property for {]l(yq1 " >0>y )}geg,., noting that the other term

gl,n

can be analyzed analogously. Since |1(X) — E[1(X)|F]|® < |1(X) — E[L(X)|F])?, [|L(X) — E[L(X)|F]||s <
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I1(X) — E[1(X )|]—']||1/4. Therefore, it is sufficient to establish that {]l(y;f(s )50 > y;ffZ’GO))}gegn is

Lo-NED.
We now proceed similarly to the proof of Proposition 2 by Xu and Lee (2015a). Due to the uniform

boundedness of the indicator functions, the triangle inequality implies that

*5(b,0, *5(b,0 *5(b,0p, (b,00)
1L(y;; 00 > 0> 500y — By > 0> g 00 Fy ()]l

gl,n gl,n
< S > e > —e> 0% — EL 0" > e > —e > 0% Fy (9]l
HILO <y <o) = B0 <y 0™ < )| Fyn(s)]]l2
20 > 530" > —e) = B[1(0 > 50" > —€)| Fyn(5)]l2
< et > e > —e > i) — B0 > e > —e >y 00 Fy ()]l
+2<\/P0<y1“’><e +\/P0>y*s(b0°)> ))
< st > e > —e > 00 — By 00 > € > —e > 5100 Fy n(9)]ll2 + (C2 + Ca) e,

where the second inequality follows by the conditional Jensen’s and Minkowski’s inequalities. The existence

of finite constants Co > 0 and C3 > 0 follows from the uniform boundedness of the density function of

y;f(z RNRS {0n,00}: Lemma D.1 guarantees the uniform lower and upper bounds of the variances of the

latent variables. Considering € > 0 and a sufficiently large n such that lim sup;_, E[1 (y;f(z ) > e>—e>
;i(zﬁ”)ﬂ}"@)] < lim supg_,ooE[]l(y;f(Z(9 n) _ y;i(s’eo) > 2¢)|F(5)] < 1/2, the last expression can be bounded
by

*s(b,0n, *s(b,0 *5(b,0, *s(b,0
(Y500 > e > —e > g2 OO0 — By 0% > 6> —e >yl C%NF, u(s)]llz + (Co + Cs) Ve,

<y 0 96y — B[ (yn 00—y 00 5 26)|F, u(8)]ll2 + (Ca + Ca)Ve,

— gl n gln gln

where the inequality follows by noting that ||[1(X) — E[1(X)|F]||? = E[Var(1(X)|F)] = E[L(X)|F](1 —
E[1(X)|F]) is monotonically increasing in E[1(X)|F] on the interval (0,1/2). Let us now denote events B, =
{y;ffzﬁ =) yzs(z -bo) (6,36),E[y;f(20 ) _ ;f20°)|]—' n(8)] € (€,3€)} for any € > 0 and BY its complement.

By Theorem 10.12 in Davidson (1994), the last expression can be further bounded as in Proposition 2 in Xu
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and Lee (2015a) by

#5(b,0p, *5s(b,0, *5(b,0,, *5(b,00)
[L(y 00—y 00 5 96y — 1 (B[yzi 00—y 00| F, L (5)] > 2€)l2 + (Co + Cs) Ve

1/2
+5(b,0, *5(b,0, *5(b,0,, *s b,0
< { /B (i =i = Blygi ) = i1 Fy (s >]>2dP/e2+P<BE>} +(Ca + Ca)Ve
< [t = = Bl = g N ]| fe + (Cat Ca+ CoE

for some constant Cy > 0, where the first inequality follows from |1(y; > 2¢) —1(y2 > 2¢)| < |y1 —ya|/el(y1 &

(€,3€) or yz & (€,3¢)) +1(y1 € (€,3€) and ys € (€, 3€)) and the second inequality from va + b < v/a++/b and

from P(B.) < P(yzs(z fn) _ y;f(zﬁo) € (€, 3¢)) < Cye, which follows again as above from Lemma D.1.

#5(b 6'") #5(b,00) o E[ x5(b,05,) y*s (b 90)

Ygin ol oln oln | Fgn H and Lemma D.6 imply for

Finally, setting € = ‘

uniformly bounded NED scaling factors

ggn

05, (\%) . . .
Xg n |2(1+ Hﬁ0||)+sup||ug,n||2
n,g

=2y 3 H 415,01 (sup
n,g

n,g 96@

(derived in the proof of Lemma D.6) that

||]l( #5(b,0p,) S0> y*s(b,é‘o)) . E[]l(y*s(b,en) S>0> *S(b790))|fg,n(s)]||2

gl n gln gln gl n

*5(b,0,, *5(b,0, *5(b,0, x5(b,00)
’yi( )_yS( 0)_E[ygi(n ) ygin0| gn H 1_|'02_|'C3_|'C4)

gl,n gl,n
< O(n~VO)y 1 (s)

IN

for any s € N. It follows that {]l(y*f(za oS0 > y;ffg’eo))}geg7l is Lg-NED with the NED coefficients

bounded by ©'/'2(s) and the scaling factors O(n’1/24)t;,/;2. The product rule in Lemma C.9 then im-
plies that {n*1(dy 11(1)0 ) # dn(b 90))}96% is Ly-NED with NED coefficients bounded by ¢'/!2(s) and uni-
formly bounded NED scaling factors provided that a < 1/24. Given that {ds\""}seq., 0 € {60,060},
is uniformly L4-NED with NED coefficients bounded by 4/6(s) as is shown in the proof of Theorem 2,
(o (dyt 00 £ dpt PPN al DY o 6 € {66,60,}, is uniformly Lo-NED with NED coefficients bounded
by ¢/12(s). Similarly to the verification of the NED property in the proof of Theorem 2, we can show
that {na]l(d;,lrgb’e") # dé},ﬁ”"’o )dg 11(6.6) (9f11(b 9)( 0,)/00} 4eg, is uniformly Lo-NED with NED coefficients
(r=2)/(24r=24) () The result then follows by the triangle inequality.

To verify the Loy s-boundedness, 6 > 0, of the elements of (E.13) with a = 11, note that the likelihood

scores have been shown to have finite pth moments in the proof of Theorem 1 (property SE) for p > 4. By the
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Cauchy-Schwartz and Loéve’s ¢.-inequalities, it is thus sufficient to verify that n®? E[1 (dll(b On) + dll(b 00))]

is bounded uniformly in g and n for some o > 0 and p > 4. The decomposition in (E.15) and the Cauchy-
Schwartz inequality imply that

BL(dg ") # d )] < BL(dgy' " # diy ")) + E[L(dgly ™) # dga'n ™))

gl,n g2,n 92,n

+\/E[]l(d11(b,0n) #dll(b,eg))]E[]l( 11(b,0x) ;édn boo))].

gln gl,n g2 n g2,n

L0 )#dn(b,ao))

Similarly to (E.16), we can decompose 1(d;", i

, j € {1,2}, into a summation of two terms and
#5(b,0p,)

calculate the expectation for each of them separately. For example for ]l(yg1 " >0 > y*s(b"%)

i ), We can

again write for any ¢ > 0 that

E[]l(y*s(b79n) > O > y*s(b,eo))]

gl,n gl,n

< BA@EEG™ > > —e >y 0N + B0 <y 0" < o) + B0 > 50" > —e)]
= Bly0" > e> —e >y 00+ PO <y 00 <o)+ PO > 40" > o)

< BA0" > 6> —e >y i) + (Cs + Co)e

< Elly; S —yi0®/d + (Cs + Co)e,

where the existence of finite constants C5 > 0 and Cg > 0 follows from Lemma D.1, which guarantees the

uniform lower and upper bounds of the variances of the latent variables. After setting e = {E |y;f20 n)
*S(b 00)|}1/2 the last term is bounded by {E|y2ff§’6") — ;f(z 0“)|}1/2(1 + C5 + Cg). Lemma D.6 along with

Liapunov’s inequality implies that E|y*S (5:6n) y;f(rbl’eo)\ = O(n~1/?) and thus E[1 (y*;(ze "> 0> y;f(z 0“))]
O(n=1/%). It can be shown that n®? E[1(d, LbOn) dn(b 60))] =n?0(n~Y*) =0(1) as n — oo if ap < 1/4
and thus o < 1/(4p).

For p > 4, we have thus verified that (E.13) satisfies the Lo-NED property and the L,,/o-boundedness con-
ditions in Theorem C.3 if 0 < v < min{1/24,1/(4p)}. The proof of Theorem C.3, that is, of Corrolary 1 and
Theorem 2 of Jenish and Prucha (2012) thus implies that the variance of (E.13) behaves as n=2*n~10(n) =
O(n=2%) as n — co. By the Chebyshev inequality, P(|(E.13)| > €) < var((E.13))/e> = O(n=2%)/€? for any
e > 0, and therefore, (E.13) in asymptotically negligible in probability.

Finally, the second term (E.14) is a difference of two score functions continuous and differentiable in data

yi5, and y;9 generated using 6, € U (6o, n~1/2M) and 6y (see the proof of Lemma D.6), and it can therefore

be shown to be asymptotically negligible in probability similarly to (E.12).
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Hence, it follows that J(()o)*l/?FS”é”)(én) converges in distribution to M (0,11) as n — oo, which con-

cludes the proof. O
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This supplementary material provides the derivations of the likelihood function and marginal effects, the ver-
ification of the first-order conditions, an example of sufficient conditions for Assumptions 1(iz), 5, and 10, two
additional graphs, two additional technical lemmas and their proofs as well as proofs of Lemmas C.4-C.9 and

D.1-D.6 in Appendices C and D, respectively.

Appendix G The Likelihood Function, First-order Conditions, and

Marginal Effects

G.1 The likelihood function

There are four scenarios: yg,,, = 1 and ygo,, = 0, Y51, = 0 and ygo ., = 1, Yg1,, = Ygo,, = 1, and ygy ,, =
Ygo.n = 0. We derive the log-likelihood contribution based on the third scenario, while for the other scenarios
it can be done in a similar way. Let f(-) without any index denote a generic density function. Then the Bayes
rule and Assumption 2(i) imply that d_(lhlnf(y;n = 12,y .| X5, X3) = d_}]}nf(y;n = 12,y;5|1X5, X3) = Plys,, =
021y X X1 - dg f(y5,|1X7). By Assumption 2, yp6, [ X7 ~ N(S7.,,(A°)X75°,90%,(0)), thus dg,, f(y5%,1X7) =

n’ ag,m n g-,n ag,m g,m
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Ayt d2(ysS, — 5., (A)X58°,90,(0)) = dil,da(yg . — Sg. n(N) X35, 95%(6)). Next,
Plyg.n = t2lygmn. X, Xol = Plygh, > 0lyg5,, X5, X;]
= P[S;_,n()\S)XfLBS + e;’n()\s) > O\QZ?mew X2

= P[—¢; ,(\°) < S

g-,n

(N*) X5 5%eg,n (A7), X5, X7]

= Ple; n(\*) < 55 (M) X3 8%leg n (M), X;0, X7,

where S;n()\) is defined in Section 3 with (;, = to in this case. Given the definitions of ngn(e), Q;?n(e), and

Q99,(0) in Section 3 with (y4 , = t2, note that

—es (A Qss.(0) Q20.(0
120 s o | o [o, [ @ )
(V) CHONAD

Thus, —&; , (A*)[eg , (A°), X5, X7 ~ N(Q52,(0)25571 (0)eg . (A°), Bg1, (0)), where X7, (0) = 5%, (0)— 52, (0) Q%71 (0)€237, (6).

Substituting for 7 ,,(A°) from model (3) and interchanging y;, and yg ,, as before, the likelihood contribution equals

g,n
Ayt Plyg = 2lyso X X021 F (50,1 X57) = dyh @2 (S5, (M) X5 8° =11, (0), 254.(8)) 62 (yg. — S (N X128, 20%,(6)),
where pll (0) = Q°,(0)Q9%1(0) (Y5, — SS..(A)X3B°). The result in (4) follows by noting that zy,(0) =
Yo, — 89 ,(A)X2B° and v}l (0) = Diag(SL%,(0))7Y2(S5. ,,(A)X38°— ptl,(8)). The log-likelihood contributions
based on the other scenarios can be obtained similarly, see (4).

It is interesting to note that this likelihood function becomes identical to the HMLE likelihood function if the

pairs g of observations are selected in such a way that the observations in the pair are independent of each other,

that is, Qs = Q%9 — Q;Sl,n — (o0

g12.n o12.n 912,n = 0. Then the bivariate density and distribution functions ¢, and @, are

just the products of the corresponding marginal density and distribution functions such as ® (v99,(6), RJ%,(0)) =
D (0)) - ©(v93 ,,(0)), and the logarithms of these products are just sums of the logarithms of the univariate

gln g2,n

density and distribution functions.

G.2 First-order conditions

Although (4) does not represent the full MLE, the likelihood function is correctly specified for each grouped pair
of observations, and therefore, is maximized at the true value of the parameters 6y by the information inequality.

Therefore, we can show that the population first-order conditions hold at 6y for any pair g € G,,. For a given g,



consider first the conditional expectation of the first-order conditions

0 s s 1 Zg1, n(e) 10 10
Ed — =19, =0)In 3 (vg,n(0), Ry, (0
{86 < ]l(ygLn L, ygo, 0) [\/Qg‘ﬁ n(0)¢ <\/ng1 n(@)) 2 ( (9), ( ))]

1 Zgo.n (0
(g = 0.5, = 1)n o | 22200 ) g, (01 (0), R (0))
0050 0) \ (/002 (0) (@)

+ ]l(ygl,n =1, y;Z,n = 1) In [¢2 (Zg’n(9)7 Qg?n(e)) 5] (vgll,ln(e)’ Rgly,ln(a))]

+ ]l(yZI,n = 0) y;Q,n = O) In I:(PQ (Ug?n(0)7R2,On(9)):| ) ‘XZ’X’Z}a

which should equal to zero at the true parameter values. Since E[1(y; ,, = a)0In(-)/00| X, X7] = E[0In(:)/00]y; ,,
a, Xy, X3 Ply; ., = alX;, X;], where a = (ai,a2)’, we can rewrite this first-order derivative using notation

E10a1+a2 [] — E[|y;,n = ayXysz'g] as

— - —1
¢<z91n(e> ) - 15 e x
29710 n s, =1, s X0
Elo q—() Q 1 (b <91, (0) (132 (,Ulo (9) RlO (9)) [yg, ( ) | ]
89 g,n g,n (p 10 9 RIO 9
Q;(fl n(g) L Qg(fl,n(a) QZ(IJI n(a) ] 2 (Ug,n( )a g,n( ))
- -4 —1
o(7%)] o1 - ,
g32n n P Sn = Oa]- erng
+E01 g—() g 1 d) 292 (9) (1)2 (1)01 (9) ROl (0)) [yg, ( ) | ]
Q8,,(0) | 901 /9258,,,0) \/28..(0) PO @y (0),(0), RYL(9))
g«4,n L g22,n g22,n ) s

Ply:,, = (1,1)]X:, X2
+EH{[¢2 (0.2, 0)] " 2 [0 (2,(0).252,9) @3 (u11,0), 2L (0))] Dot — LD ]}

@3 (vgh(0), Ry, (9))

Y {aae 0 (u0,(0), R, (0))] o (0’0)/'X’§’X3]}

@5 (095, (0), B3, (0))

Next, the product rule applied to the partial derivatives in the above expression results in a sum of two parts. The

first part contains the derivatives of the logarithm of the bivariate normal distribution functions:

20 o0 B0 Pl = (0.0/133.33
= { o0 %, (10,(0), R, () } (©2)
{002 04000 1,0) Pl = 01713
+E° { 5 2, (s9L.(0), ROL(0)) } (G.3)
o 29 0300, R 0) Pl = 1 01 ]
o { 96 %, (011.(0), RIL () } G4



e {acbz (059 (0), B36.(9)) Plys. = (0,0)'1X5, X7] } | ©5)

90 @5 (v9,(0), R, (6))

see Lemma C.4 for the form of the derivatives in the above expression. The second part contains the partial

derivatives of the univariate and bivariate normal densities:

- - —1
¢< Zgl,n(g) ) r T
Qgi)l,n(e) (9 ]- z n 0 S s o
god | AT 0 L[ @ e~ oyixg X)) (@)
lel,n(e) L lel,n(e) Qgcl)l,n(e)
] -1
()| o ® |
Qggz,n(e) 8 1 Zag2 6 . N
+EM |~ 2 = o g Plys ., = (0,1)'|X;, X7 (G.7)
0%, ,(0) | 991 /928,,(0) \ \/Q85,.(0)
0o -1 a 0o S S o
+E11 {[¢2 (Zgan(o)’ Qg,n(e))] % [¢2 (Zgan(g)’ Qg,n(a))] P[yg,n = (17 1),|Xn7Xn]} . (GS)

We have to show now that the sum of the two parts, that is the sum of (G.2)—(G.8), equals zero. Given that
the verification can be done in a similar though not identical way for each parameter in 6 and that the proof is
analogous in the univariate and bivariate cases, we verify the conditions first in a simple case of parameters 3°
in (G.2) and (G.6) and then provide a more general example of o in (G.4) and (G.8); the remaining terms and
parameters can be handled analogously to show the validity of the first-order conditions.

First, consider the sum of (G.2) and (G.6) and its derivatives with respect to 5° evaluated at 6p:

-1
9% (vl0, (0),RL, (0)) ’ é (Zgln(f’o)> 92g1,0(8)
=0,

A 5%, (00) 555 o Zg1.n(00) :
10 9B s B2 0=b0 y(1) | 2ot 0] ) S plys = (1,0)]X2, X7,
P, (U;,On(eo),Ré?n(ao)) Qg(ljl,n(eo) Qgtljl,n(e()) Qg?lﬁn(ao) g,

where ¢(1) is the first-order derivative of the standard normal density function. This conditional expectation can
be expressed as an integral with respect to the dependent variable yg, ,, using its conditional density f (y;n =
(1,0)",yg1,01X5, X52)/ Plyg. . = (1,0)'| X, X 7], where the denominator was derived earlier in this appendix (see also

Section 3):

Zgl,ni,(eo) 0zg1,1(0)
¢( szg‘{l,n(ew) 5 loan g0y (_zn(f0)

0=0, Q931 ., (60) 2571, (%) 0931, (60)

/ 00 ) 02 (vgn (6), Ry ()

oo 860 (1)2 (U;,On (60)’ R_(ly?n(eo)) dy

Let u(6) = zg1,0(8)//Q31,,(8) with u = u(6p). Then v, (o) = (Diag(5%, (60))) "2 [dg,n(60) =1 (B0)u/ /81 1 (60)]



and

9%, (v12,(6), RL0, (9))
ap°

1 0P, (U;,On(go)’ R;?n(go)) azgl,n(e)
0=0¢ QZ‘fl,n(90) Ou op° 0=0¢

Substituting u = zg1,,(00)/1/2931 ,(6o) , the integral above can be rewritten as

9z41,n(0) 0241,n(0)
[ g, pal®)|
7 L 0 00, 0) oz g — o 0, (0 2, 00) =
—eo M Q511,,(60) Q0310 (60)

where the result is obtained by applying integration by parts.
Next, we can apply a similar argument to the parameter ¢ in the sum of (G.4) and (G.8):

9%2 vy, (0), Ry, (6) 992(29.n(0),25%,

OB O D05 0)|
o - =0, - =00\ plys = (1,1)]X3, X7,
B (o (60), L (00)) G2 (2o (00), 2 (B0)) [ Vo ]

We can again write this conditional expectation as an integral with respect to the dependent variable yg ,, using its
conditional density f(y5, = (1,1),y7,1X5, X7)/Ply; . = (1,1)'|X;;, X7], where the denominator was derived in

the beginning of this appendix:

oo

0=0, 0=00

oo 11 11 . 00
// {8(1)2 (Ug,nif(37Rg,n(9)) b (ng(go)’ﬂg?n(oo)) n O ( g,n(e),ﬂgm(@)) o, (U;}n(90)7R£1771n(90))} dyrdys.
(G.9)

Let us first note that ngn(ﬁ) and 99, () are linearly and quadratically proportional to o, respectively, and z; . (6)
does not depend on o. Using w(f) = [ng’n(e)]—l/?zg,n(e) with w = w(6y), Ow(d)/0oc = —w()/o. Then the

derivative

2 103 (20n0), 25 0)] = A 1055 (01205 (1055 0] 24,0(0))) =~ [|052, ()26 (w(6))]

g

evaluated at 6y can be written as

0|9299,(60)[*/2

0o - afb? (w) aw(e)
+ 1255, (00)] 1/2T 90

_1/20¢2(w) w
_|Ooo 1/2 Bl
|Qg,n(90)| G 0_0'

_ —2- ¢2 (’Uj)
00[25°%, (60)['/?

0=00

Similarly, the fact that gy (6), 25", (6), and Qs ,.(6) [Q99, (6)]~1/2 do not depend on ¢ and vl (0) = (Diaug(Z;}n((9)))_1/2 X

g-1,n



(49,1 (0) — 35, (0)[259,(6)]~/?w(6)] imply that

0P (vyl,(0), Ry, (0))
oo

9®2 (V400 (00), Ryl (00)) w

ow’ 00

ow(0)’ 0o

9, (v]1,(6), R1L (6)) aw(f))]

6=06q 6=6q

The integral (G.9) can be thus rewritten using ¢ (24,,(0),€2%,(0)) = [229%,(6)|~/%¢2 ([229,(0)]7/224,,(0)) and
substitution w = [ngn(ﬂo)]_l/ 224n(00) as the sum of two integrals, one for each partial derivative with respect to

Wg, k= 1,2:

0P (vy! 90) Rl (60)) Ao (w)wr] L N
JO\Q 90 ) //{ wi2(w) + 7(1)2 ( w(00), R, (90))}dw1dw2.

Wi Owy,

Using Fubini’s theorem and integration by parts, this integral is again equal to zero for £k = 1,2 and thus the
first-order condition is satisfied.

The above expressions demonstrate that the first-order conditions can be verified for the parameters of the
sample selection model. It is also interesting to note that the above strategy would be also applicable under other

elliptically contoured distributions.

G.3 Marginal effects
Spatial lag model. Let Ply* = 1|X;3] = (P[y;,, = 1|X3],..., P[ys,.,. = I\XfL]),. Then OP[y® = 1|X;";]/6X_§lm =
Diag(xn(600))S5 ()55, is a matrix of marginal effects associated with a regressor [, where

!

¢(bl,n(00)) ¢(b2n n(‘90

Xn(ao) = PR
Qiin(eo) ngﬂn n
with ’
S5 (A S (N X2
bn(eo) _ 1-,n O) 50 2n- n ) BO

\/Qiin 00 \/ 2n2nn 00

LeSage and Pace (2009) propose to use three types of marginal effects for a spatial lag model: total ((OP[y® =
1X5]/0X7, ' Vign), direct (diag(9P[y* = 1|XfL]/8X,Sl:n)), and indirect that is equal to the difference of the first two
marginal effects; 19, denotes here the 2n-dimensional vector of ones. The average total, average direct, and average

indirect effects are obtained by calculating the averages of these vectors.



Next, note that

Elyinlyi, =1, Xg, Xo] = ES7 (A0 X765 + 2, (A7 = 1, X5, X7

n’
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) g0

ii,n

= 57, (A0) X755 +

where the third equality follows by Theorem 24.5 of Greene (2008), which states that if y and z have a bivariate
normal distribution with means p, and p., standard deviations o, and o., and correlation coefficient p, then
Elylz > a] = py+poy¢(a.)/(1-®(a,)) with o, = (a—p)/o.. Thus, the marginal effect of E[y;¢ |ys,, =1, X, X7]
with respect to X7, depends on whether the explanatory variable is present in both the selection and outcome
equations or only in one. Without loss of generality, let the first L, explanatory variables be the same in both the
selection and outcome equations and ordered in the same way, while the remaining L — L; variables be different.

Moreover, denote Ely*°|y® =1, X5, X2] = (E[yfon\yfn =1,X5X°],... ,E[ygfm Yonm = 1,X;§,Xﬁ])/.

Case 1. 1 < Lq:

Let m,(00) = (¢(b1,n(00))/@(b1,0(60)). - -, 3(b2n,n(00)) /@ (b2, (00))) and 7 (B0) = (259,.(00)/253 . (60), - -,
QS’IO’LQ’I’L,R(QO)/ Q§i2n,n(90))/- Then

OE[y*°ly* =1, Xz, X?]
8Xf;’)n

= 5(A5)B8 — Diag(vs(60)) (Diag(bn (o)) Diag(m, (6o)) + Diag(m,(60))?) S5 (A5)B5-
Case 2. 1 > Lq:

Now the exogenous variable is present only in the outcome equation, thus the formula simplifies:

OE[y*ly® =1, X, X7]
8Xf}:n

= 55(A5) 55

The total, direct, and indirect marginal effects for both cases are obtained analogously to P[y® = 1|X2]/0X? .

Spatial error model. In the spatial error case, the indirect marginal effects are equal to zero. It is thus enough



to consider the marginal effects with respect to “own” exogenous variables:

aP[yfn = 1|X;,7L] _ be (O /681
5 (0 (60)
il n QZZ n(eo)
fori=1,...,2n, where bf, (00) = X}, 55/1/;,,(00). As before, the marginal effect of E[y;9,|y;,, =1, X, X7 ]

with respect to Xj, , depends on whether the explanatory variable is in both equations or only in one.
Case 1. 1 < Ly:

a [yzn|yzn 1 X’L n7X’LO TL]
00X}

il,n

= B3t = i (00) (b5, (B0) 5. (00) + 7, (00) ) By
with 7., (00) = B(55,,(00)) /(55 (60)).
Case 2. 1 > Lq:

8X° = Bo;-

il,n

Appendix H Example of sufficient conditions for Assumptions 1(i%),

5, and 10

Let us provide an example of sufficient conditions for Assumptions 1(7), 5, and 10 based on the distances between
the locations I; and [; of observations i and j: d(4,7) = ||l; — [;||. Note that this distance between two observations
is closely connected to the distance between two pairs of observations g = {g1,¢2} and ¢ = {g1, g2} since d(g, g) =
min{ (|15, 15,)" — (15, 16,)" I, 125, . 15,)" — (tg,. 13,)'l|} and thus d*(g,9) = min{d®(g1,91) + d*(g2,92),d*(g1, 92) +
d*(g2, G1)}-

As in Qu and Lee (2015), let us now assume that the spatial weight matrix W2, b € {s, 0}, satisfies Assumption 3
and the following constraint: 0 < Wlbj n < Ced(d,4)” @d for some C, > 0, Cp > 2, and ¢ # j. Moreover, the number
of columns with their column sums exceeding C¥%, = sup,, [W?||o < oo is assumed to be bounded. Furthermore, let
sup, [A|CY, < 1. This assumption guarantees that I, — AW} is invertible for all values of A satisfying || < 1/C%,.
This is not a restrictive assumption because in empirical applications the weight matrices are typically normalized

in such a way that the sum of each row is equal to 1 — implying that C€V =1 — and the parameter space is chosen

to be (—1,1). Finally, it has to hold that d(g,¢) > s = min{d(¢1,¢1),d(g1,g2),d(g2, d1),d(g2, g2)} > Cys for any



s > Sp, any two pairs g € G, and ¢ € G,, and some Cy > 0 and so > 0. For example, this condition holds if
d(g1,92) < g < oo for each pair g = {g1,92} € G,. Given that the pairs are chosen by the user, this is not a
restrictive assumption.

We will show that these assumptions imply Assumptions 1(ii), 5, and 10. We have already assumed above that
the row sum matrix norm of W is bounded. Claim C.1.1 of Qu and Lee (2015) implies that the column sum matrix
norm is also bounded. Under the above stated assumptions, Qu and Lee (2015) proved in their Lemma C.1.6,

equation (C.1), that for any m,n,s ¢ Nandi=1,...,2n,

D (W™ < Ca(Cly)mm v stmend, (1.1)
j:d(i,5)>s
where C7 > 0.
Using this result, let us now consider all |A| < C? for some 0 < C? < 1/C¥, and analyze S%(\) = (Iy,, — AW.) ™1
Since S5(A) = Y2 AW, it follows that [|SE(A)]lee < Yopoo(CRCH)! < oo uniformly in n and A and thus
sup,, ; SUP|\| <t |Sfj,n()\)| < oo. Hence, Assumption 1(4#) holds. Similarly for any ¢ = 1,...,2n and n,s € N, it

follows from (H.1) that

Z ”n | _ Z Z |A‘ Wb i >\| C Cb lC d+2 (1 C'P)d < Zol C)\Cb ) ZC d+28(1 C )

7:d(i,7)>s 1=0 j:d4(¢,5)>s =0 =0

and given the independence of the right-hand side on n and A, that

sup sup Z | ”n( )| < Cpst=Cr)d
ISR (i g)>s

for some Cy > 0.

Proceeding now to Assumption 5, the equivalence of the matrix norms — [|Sgg.n|| < 2[[Sgg,nllec — implies that

1/\[<Sllp sup Z ||Sggn || < sup sup Z 2H‘S’ggn( )||00<OO7

™9 N<CY seg, 9 [A<CY seg.

where the lower bound is obtained for A = 0, and for all [A| < C% and s > s, that

sup Z | ggn( )| <2< sup Z | gun( )| + sup Z \ gzjn( )| b < AC,(Cys)E=Cw)d,

9 gid(g,9)>s 9 j:d(g1,4)>Cas 9 j:d(g2.§)>Cas

Hence, Assumption 5 is satisfied since Cp, > 2.



Finally, let us note that the above result implies that ¥(s) = max{y*(s),¥°(s)} < C’w(Cds)(l_Cp)‘i. Assumption
10 requires that > .-, szd’l[w(s)]o" < o0, where C, = (r—2)/(12r — 12) for some r > 2. This sum can be bounded
by
S (] € 30 IOy (Cas) O EH,
s=1

s=1

which is finite if C}, > 1+ 2/C,.

Appendix I Some Additional Graphs

In Tables 1 and 2 (Appendix A), the bias, standard deviation, and RMSE of BZ obtained by both HMLE and
PMLE when A\* = \° = 0.85 and 2n = 158 are very high. Figures 1 and 2 show that these results are mainly driven
by one Monte Carlo iteration: Figure 1 reports the estimates of 5° obtained in all the iterations, whereas Figure 2
shows exactly the same estimates but after excluding the Monte Carlo iteration with the most prominent estimates

in Figure 1.
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Figure 1: The estimates of 3° obtained in all the Monte Carlo iterations used to construct the bias, standard deviation, and RMSE

in Tables 1 and 2 in Appendix A when A* = A\° = 0.85 and 2n = 158.
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Figure 2: The estimates of 8° obtained in all the Monte Carlo iterations used to construct the bias, standard deviation, and RMSE
in Tables 1 and 2 in Appendix A when A = A\° = 0.85 and 2n = 158 excluding the most prominent iteration in Figure 1.

12



Appendix J Some Additional Technical Lemmas

Lemma J.1. Let X ~ N(0,1). Then for any given v € N, there is some constant Cy > 0 such that for any c € R,
E[X]"|X < ] < eI to(c)/®(c) + (r — V)E[|X|"72|X < ] for v > 2 with E[|X||X < ] < ¢(c)/®(c) + C1 and
E|X|Y)X < =1.

Proof.
Case 1. ¢ < 0:

Consider r = 0. Then E[|X|°|X < ¢ = [ ¢(2)/®(c)dz = ®(c)/®(c) = 1. If r = 1, then E[|X[|X < ] =
[ (—x)p(x)/®(c)dz = [ ¢'(x)/®(c)dz = ¢(c)/®(c), where the second equality follows by observing that
¢'(x) = —xp(x). If 7 > 2, then by integration by parts,

= (-1)"! (c"—lig —(r— 1)/:><> x"_2q)(($3dx>

- |c|r-1§;((?) +o-n) [ ;<—x>“2qf8dx = e fff(i (- VXX < d

Case 2. ¢ > 0:

Asin Case 1, E[|X|°|X <] =1. If r = 1, then

B c x@a:: 0 _me C$M$: 0 ¢/(1') . c¢/(x)x
pixix<d= [ pigcar= [ cngges [ehe= [ Ghew- [ G0

9 | 26(0) _ o(c) | 26(0) _ o(c)
=00 T (0 S0 ) S o T

Consider r > 2. Then by integration by parts, it holds that

c T 0 x © T
E[|X|T‘|X§C] :/_Oo |xri((cid$:-/_oo(_$)TZ((C§dx+/o xri((cidl'

_(_q1yr—1 0 xr—1¢/($) — er—1¢/(33) -
=D /_oo (o) / B(c)

0 (&
= (=1)"2(r— 1)/_ 96T_2Z((33d$ — CT_lfIé((Z)) + (r— 1)/0 3:7"_2q)((ac;§dx

= —c’"_lﬁ? +(r—1) /_Coo |x|”“_22((i;d:v < |c|’"_1£((z)) +(r—=1D)E[X|"?|X < d.

13



Lemma J.2. Let Yy, = (Yypn)X | be a K-dimensional random vector. Then for some p > 1, {Y, . }geq, is a
uniform L,-NED random field with NED coefficients ¢(s) if and only if for each k = 1,..., K, {Yykn}geg, s a
uniform L,-NED random field with NED coefficients 1)(s).

Proof. We start with the ‘if’ part. By Loeve’s ¢,-inequality, it follows that

Yy = Byl Fon(3)lllp = (EllYgn = E[Yynl Fon(s)]IP)!"

1/p

K p/2
E Z Yok — E[ngm}—g,n(s)”z]
=1

K 1/p
<y ( E|Y9k‘,n - E[qumu:. 7n(5)]p>

k=1

K
< CrY 1 Ygkn = Elgnl Fon()]llp
k=1
K
<Y(s)Ch Y th
k=1
where {t’;’n}gegn is the NED scaling factor for an element k with sup Z,[f:l t’;’n < 0o because foreach k =1, ..., K,

n.g
{Yykn}tgeg, is a uniform random field.

We continue with the ‘only if’ part:

Hng,n - E[ng,n|fg,n(5)]”p < HYg,n - E[Y7

gyn(s)] Hp < tg,nlp(s)v

where {t, ,}4eg, is the NED scaling factor for random field {Y} ,, }4eg, with supt, , < oo because {Y, ,}4eg, is a
n.g
uniform random field. 0

Appendix K Proof of Technical Lemmas in Appendix C

Proof of Lemma C.J. Noting that 9In ®(v, R)/0v = ®3(v, R)~10®3(v, R)/Ov and 9 In @5 (v, R) /00 = ®(v, R) ™!

0Dy (v, R)/00, we apply differentiation under the integral sign twice to compute 0Py (v, R)/dv and 0P4(v, R)/06:
0Ps(v, R U2 ov v
2(0.R) _ / pa((v1,22), R d2271 + / $2((z1,v2)', R)dz1

v o
(/ (Z)Q Ul,Zg de,/ ¢2 Zl,’l)g) R)d21>

(K.1)

14



and

8@2 / $o((v1, 22), dz2%+/ ¢2((z1,v2)’ dz1%+/ / 3(;52 (2, R dZQle (K.2)
Note that
) 1 29 — puy
’ 7R = T - — .
¢2((v1,22)", R) 1_p2¢(v1)¢< 1—p2>
Thus,
2 ’ V2 — pU1
) 7Rd = (I) e . K3
[ ealtwn.z2) Rz = (o) ( ﬂ) (K.3)
Similarly,
" o) R)der = (o) [ P2 K4
| enlterm) Rz = (e ( e (K.4)

The first claim now follows from (K.1), (K.3), and (K.4). Further, it is easy to show that

Op2(z,R) 1 dln|R| aP(z,R)
Hence,
VL2 96, (2, R) 1 dIn|R| aP( V R)

where V' ~ N(0, R). The second conclusion follows by combining (K.2) with (K.3), (K.4), and (K.6). For the last

claim of the lemma, note that

82 h’l‘bg(?),R) o 1 82<I>2(U,R) 1 8<I>2(U,R) 8<I>2(U,R)

= — K.
0600 Do(v, R) 0006 ®2(v,R) 00 o6’ (K.7)
Based on the results (K.2)-(K.4) and the definition of £(v, R), it follows
1 P0y(w,R) 1 9u 07 da((v1,22) R)dz e r) L 9%vy
®y(v,R) 9000  Da(v,R) 90 o0’ ! 9000’
1 0y 07 ¢2((21,02)', R)dz 0%y
— = K.8
. R) 90 90’ &0 B) Gaa (K.8)
L9, e,
Dy (v, R) 0y’ '

15



By applying differentiation under the integral sign, it follows as in (K.5)—(K.6) that

8fi); ¢2((U1,Z2)/,R)d22 3’1}2 8¢2 1)1,2’2 )
a0’ = 020, R) 500 + — oy =
B 37 1 vy — pU1 Oln|R| - AP ((v1, Vg
= ¢2( ) 90’ ¢( ) ( /;1 — p2> ( o0’ + EV‘Z oo’
Then by definition of x(v, R), (v, R), and A(v, R),
1 ovy afi’zoo ¢2((U1,ZQ)I,R)d22 . Ovy Ovg 1
@y(v, R) 90 o0’ o B) 5g 55— A B)
Symmetrically, /
1 O0vy 8fjloo ¢2((21,®2)/,R)d21 Ovy Ovq 1
Yy = K(vv )7 Y (UvR)'
Dy(v, R) 00 o0’ o0 90’ 2

We proceed with the last term in (K.8). By applying differentiation under the integral sign twice,

1 8111100 ff2 8¢72(z R) d2’2d2’1

@, (v, R) 39'
_ 1 /’U2 a¢2((vl, 22)/a R) dz arUl + /v1 a(ZSQ((Zlv UQ)/7 R av?
T 00, R) \J o a0 o000 ) a0 o0

1 Oln|R|
- _561(UaR) < 90 + EV2

8P((’U1, ‘/2 ‘V Ovy
90 2= o0’

(K.9)
(K.10)

(K.11)

v2 52 R
/ / ((Z;Z(;Q’ dZQle)

1 Oln|R| OP((Vi,v2), 81}2 Y2 9%z, R
_Z SO I A VAR Ry <
22 B) ( oo tEw 26 ‘Vl v ) ae T / / oo 2
1, 1, "2 9¢a(z, R) R
AR = B B+ 50 R / / “ogop 020
(K.12)
where the second equality follows in the same way as in (K.9). It can easily be shown that
32¢2(2, R) 1
W = —§¢2(Z, R)G(Z, R),
where G is defined (C.3). Thus,
vz 82¢2 Z R 1
=——F <. K.1
s || T dsada = S BGVRIV <o (K.13)
The conclusion follows by combining (K.7) with (K.8), (K.10), (K.11), (K.12), and (K.13). O
Proof of Lemma C.5. We will start with the first claim by deriving the bounds when (vq,v2) € (—1,+00) X
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(—1,400) and (v1,v2) ¢ (—1,+00) X

Case 1. (v1,v2) € (—1,400) X (—1,+00):

(—1,+00) and afterwards we will combine the results.

where ¢9 is a 2-dimensional vector of ones. Thus, we need to derive the lower bound for ®5(—t2, R).

a symmetric matrix, there exists an orthogonal matrix O such that R = ODiag{r, 72 }O’

eigenvalues of R. Thus, R~ = ODiag{r; ',

1
< )
- vV 27T<I)2(—L2, R)

for any symmetric matrix A that 2’ Az < maxeig(A)z'z. Hence,

7Rz = 2/ODiag{r; !, 7, 1}0'2 <

and

s /A/Aszz (
:/ / 2vrm (
[ e (G
SN

-2 ()

Ve )

_ (1_2“")1/2 (1-2(C

Hence,

oo (e
Cbg('l}, R)

Case 2. (v1,v2) € (—1,400) x (—1,400):

. . . V2 —pu1
First of all, we will derive the bound for ¢(v;)® (ﬂ

17

e

1 Z1 2 z9 2
zOO’z—zz-( ) —|—< )
T1 V71 VTl

1

5 / )dZdel

1

5 ) dZQle

1 Z9 2

e

1)),

where the last inequality follows by noticing that 7y = min{l — p,1+ p} =1 — |p| and 7

= max{l —

Since R is

, where 71 < 19 are the

7, 1}0’. From Exercise 12.39 of Abadir and Magnus (2005), it holds

(K.14)

(K.15)

p,1+p} <2

)sauﬁm*“@—@m—mrwn2§auwm”@—®m—mrwh2me

>; afterwards we will derive the bound for the entire



expression. Let o = 2* R™12* with 2* = (2}, 25)/ = argmin 2/ R~ 'z, such that z < v. Then
z

¢(Ul)¢’< pm) /(/52 vy, 22)', R)dzo
/ / d2(z, R) - p22 ledZQ

" exp(—z 2/2) pzo —
:/ / 17 2)1/2 T, dz 1dzs
2 v1 , =
= W /_OO /_OO €xXp (_22 R Z> (l21] + [22])d21d 22

1 e 1\ max{6,a}?
= m/ / exp <_O‘> R (Al [zldadz

< exp(—a/2) max{6, a}3/ /”1 |z1] + |22\
T 2m(l—fpl)P Rz

dz1 dzo,

where the second inequality follows from the following observation: the derivative of exp(—a/2)(max{6,a}/t)3/
exp(—t/2) indicates that the minimum of this function for ¢ > « is attained at ¢ = max{6, a}; the minimum of this

function is at least 1. The double integral will be now proved to be bounded by a constant.

Case (i). v1 < —1 and vy < —1:

If 2; < —land 25 < —1, then 2’R712 = ((21 —22)2 +2(1—p)2122) /(1 — p?) > 2(1—p)2122/(1—p?) = 22122/ (14 p) >

z129 > 0. Hence,

V1 1
A Ty L e d21dzs
(z’R—12)3 (2122)3 zlz2 2322
1 1 1
:/ <+ >d22 <+2)<1
oo \v125 20§22 2 \viv vy

Case (ii). —1 <v; <1 and vy < —1:

|Zl\+|22| - |Zl|+| 2| o |21\+|22|
/ / R, g deide = Rz g dzdee + R1: iz dzdze (K.17)
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The first double integral is bounded by a constant as it is shown in Case (i). Note that if —1 < z; < 1 and 23 < —1,

then 2’ R71z = ((21 — p22)2 + (1 — p?)22) /(1 — p?) > 22 > 0. Thus,

YUz ]+ |z 1+ |z V]
[T Etigpanaes [ [ it [ [ elana
1 1 1
<“1“>/_oo(zs+zs>dz2§2/_m<zs+ZQ)%
=2 1+ Ly <o(lil)y oy
T \Bvy  4vd) T\ 4 '

It concludes the proof that the integral in (K.17) is bounded by a constant.

Case (iii). v1 > 1 and v < —1:

o |21\+|22| |Zl|+\22| o |21\+|22|
/ / SR 1 dz;dz 27/ / S R-12 led 2+/ / SR 1 dz1dzs (KlS)

We have already shown in Case (ii) that the first double integral is bounded by a constant. For the second integral,
note that, if 27 > 1 and 29 < —1, then 2’R™2 = ((21 + 22)% — 2(1 + p)z122)/(1 — p?) > =2(1 + p)z122/(1 — p?) =

—2z129/(1 — p) > —z122 > 0. Hence,

U1 v1 1
/ / |Z}| +1‘22| dzleQ / / ‘z1| * |Z2| 1d zZ9 = / / ( 2> dzleQ
R —2129)3 2122 2322
1 —1 1 1/-1/1 1 1
= —[— -1 ——1)des==—(——-1 — = -1

<1

It concludes the proof that the integral in (K.18) is bounded by a constant. Cases when v; < —1 and —1 < vy <1

or vy > 1 can be proven analogously. Thus for some constant Cy > 0,

oo () _ Call— |o)~2 exp(—a/2) max{6, o}
O,(0,R) = ®5(v, R) ’

(K.19)
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if (v1,v9) ¢ (—1,400) x (=1, +00). First, we will establish the bound for exp(—«/2)/®2(v, R). The proof is similar

to the proof of Proposition 3.2 of Hashorva and Hiisler (2003). Let t = (¢1,t2) = R~2*. Then

(Z+Z*)/R71(Z+Z*) _ Z/R712+22/R712* _‘_Z*’Rflz*
1 ,
< 2002+ 2R+ 2 RT1x*
1

1
— 224+ 2R 4«
T1

_ 1 / !
= —zz422t+«
T1

2 2
z 2
(S evAn) + (224 van) - van - (An® o
where the inequality follows in the same way as in (K.14). Thus,

(I)Q(vvR) _ v 1 1, , 4
exp(—a/2) 7/700 [m 27| R[1/2 eXp( Q(ZR z—a) | dzadzy

/_:ZI /_U:O b %\/1772 exp (—; (z+ 2Rz +2%) - a)) dzodzy
> /OO z;/:z;%;ﬁexp < % ((f + \/TTm) <\j% + \/Etg)Q— (Vit)*— (\/Etg)2>> dzadz
-/

[ oo (3 () (2 ) - vt ) e

_ 1 [me(ymt) @ (Vite)
(viit) ¢ (v7ite)

1 [T Jp @ (VAt) @ (/Fits)
=3V T2 G(/Ah) o (vik)

It follows from the proof of Lemma A.9 by Xu and Lee (2015) that ¢(x)/®(z) < 2(|z| + C3). Thus,

SR < 8VER(1~ o) (At + Ca) (W/Aita] + C) < ColL = o)/ 10l + Co) (el + Co).

for some constant C5 > 0, since |71| < 1.

It is not difficult to see that the solution to minz’R™'z s.t. z < v with (v1,v2) ¢ (—1,+00) X (—1,+00) is

z

unique and takes one of the three values (vy,vs2)’, (v, pv1)’, or (pve,v2)’ depending on the values of vy, v, and p

(similarly to Example 1 in Hashorva and Hiisler, 2003). If 2* = (v1,v2)’, then t = (v; — pva, v2 — pv1)’ /(1 —p?) and

<) 5

exp(—a/2)

ety <o

V1 — pU2
1— p?

pv1
]_ _

+c2> < Cs5(1 = [p|) ™2 (Jv1] + |va| + C2)%. (K.20)
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If 2* = (vy, pv1)’, then t = (v1, 0)" and

exp(—oa/2 _ _
) < Co(1 = 1pl) 2|+ Ca)Ca < Ca1 = o)/ (Ju] + ua] + C? (K.21)

The bound when z* = (pva,v3)" can be derived analogously. Next, we calculate the bound for o

a® < (1= p*) (v} = 2pv1v2 +03)° < (1= p*) 2 (Jor]? + 2Jvi[[va| + [v2]*)?

= (1= ") (Joa] + 02])® < (X = 1)) 7 (Jor] + [v2])°

Hence,

max{6, a}® < (1= |p) 7 (Jo] + [v2] + C2)°. (K.22)

It follows from combining (K.19), (K.20), (K.21), and (K.22) that

oo (2222
<I>2 (’U, R)

) < C1(1 = |p) ™ (jv1| + [va] + C2)7, (K.23)

if (v1,v2) ¢ (—1,400) x (—1,400). The conclusion is obtained by combining (K.16) with (K.23).

We continue with the second claim of the lemma. If (vi,v2) € (—1,400) X (—1,400), then clearly

¢2(U,R) 1 1 _ _ -
Dy (v, R) = 21(1 — p2)1/2®5(—13, R) S 27(1 — |p|)/2®o(—12, R) < Ci(1—1pl) ! (1 - ((1 —lpl) 1/2))

<ol (1-o (1o 2)) .

(K.24)

where the second inequality follows from (K.15). If (vy,v2) & (—1,400) x (=1, +00),

¢2(v,R) exp(—v'R™1v/2) < exp(—a/2)

= < _ -3 2 )
(0, )~ 2n(1— PPy (0, ) ~ 21— | P(o, ) 1T D il el G (.29)

where the result follows from (K.20) and (K.21). The conclusion is obtained by combining (K.24) and (K.25).
The third claim follows in the same way as in (K.15) with —¢o replaced with the 2-dimensional vector of zeros.

Thus,

(1— oD

2(0,R) > ——F

> C3(1—|p)"/2.
O

Proof of Lemma C.6. Given a matrix function F' and a matrix X, we proceed as follows: (i) compute the differ-
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ential of F'(X), (ii) vectorize to obtain d vec F/(X) = A(X)dvec X, and (iii) conclude that dvec F(X)/9(vec X)' =
A(X) (see Magnus and Neudecker, 1999, for more details). The differential of the first function is given by d|F(0)| =
|F(0)|Tr (F~1(0)dF(8)) = |F(0)] (vec F~1(8))" dvec F(§) = |F(8)|(vec F~1(8)) (3 vec F(0)/d8")d8, where we used

that Tr(A’B) = (vec A)' vec B and F(f) is symmetric implying that F~1(6) is symmetric as well. Hence,

O|F(6)] _ r dvec F(0)
50 |F(0)| (VecF 1(6)) —0
Thus given the definition of K (6),
a|1;ée)| — |F(0)|K(6) vec F1(8).

In order to obtain the second order derivative, we calculate the differential once more:

d (8'229)') = d|F(0)| K (0) vec F~(0) + | F(0)|dK () vec F~1(0) + |F(0)|K (0)d vec F~(6)
= K(0) vec F~'(0)d|F(0)| + |F(0)| ((vec F~1(0)) ® I,) dvec K () + |F(0)| K (0)d vec F~' ()

= (K(g) vec Ffl(a)w +|FO)] ((vec F~1(0)) ® I,,) a"%;,{(e)

dvec F~1(0)
= PO ) a0,

o6’
where the second equality follows from vec(ABC) = (C’ ® A) vec B. The result follows.

Next,

d(f(O)F~1(0)£(0)) = 2f"(O)F~H()df () + f(O)AF () f(6)
=21/ (0)FH(0)df(0) + (f'(0) ® f'(8)) dvec F~*(0)

= (2/'(6)F1(0)0£(6)/06' + (f'(8) ® f'(8)) D vec F~(9) /06') 6,

where the second equality follows from vec(ABC) = (C' ® A) vec B. Thus,

0f(0)
0"

dvec F~1(0)

= 2f(6)F'(0) -

+(f(0) @ £(9))

22



The result is obtained by taking a transpose of this expression. We continue with the second differential:

of'()F
(M

(9)f(9))> _ 2dL(9)F71(9)f(9) + 2L(0)dF71(9)f(9) + 2L(9)F71(9)df(0)

+dM(6) (f(8) @ f(0)) + M(0)d (f(8) © f(6))

F(OF10) ® 1) dvec L(0) + 2 (f'(0) ® L(0)) d vec ' (0) + 2L(0)F~"(0)df(0)

F10) @ f'(0) ® Ip) dvec M(0) + M(0)(Kin ® 1) [(In ® £(0))df(0) + (f(0) @ I,)df(0)]
FO)F1(0) ® I,) dvec L(0) + 2 (f/() ® L(8)) dvec F~1(8) + (f'(8) ® f'(0) @ I,) d vec M (0)

2LOFH(0) + M(0)(Kin ® 1) [(In @ £(0)) + (f(6) ® L,)]) df (6)

dvec L(0) dvec F~1(0)

B <2 (Ot en) T v20 e 1) TG0 (o) e o o h) g
+

06’

LOF0) 4 MO © 1) (10 50) + (502 1) 20 ) a0,

where the second equality follows from vec(ABC) = (€' ® A) vec B and for X and Y being n x g and p X r matrices,
dvec(X QYY) = (I, @ Ky ® 1) [(Ing @ vecY)d vec X + (vec X ® I, )dvecY] as derived in Magnus and Neudecker
(1999, p. 185). The conclusion follows. O

Proof of Lemma C.7.

NE
NgE
M’E

q m n p q
[A® B = Z A;jBi)? \IZZA?;ZZB%@

1 1 k=1

.
Il
N
o~
Il

J

Il
HMg
HM:

E

0

=
E]
;
S
]

Proof of Lemma C.8. Based on equation (9) in Muthén (1990),

BIX?X <] =1 ¢(vlz(§2§%) B p%f(%;i(gi;ﬁi) - p2¢(v2;i((1g)%)
) )

=1- U1£1(07 R) - P2U2€2('Ua R) + p(l - pZ)H(’U7R)7

where the second equality follows by observing that ¢(va)d((v1 — pv2)/v/1 — p2)/\/1 — p? = ¢a(v, R), whereas the
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last equality follows by the definitions of £(v, R) and x(v, R) in (C.1) and (C.2), respectively. Symmetrically,

BIXF|IX <v] =1-0(v,R) — p*v1&1(v, R) + p(1 = p*)(v, R).

From equation (11) in Muthén (1990),

=
4
=
SN—
KA
N
<
™
=11
i
(2
(M|
N~
=
4
no
SN~—
KA
7 N
<
=11
[
< [
(MM
N~~~

E[X1 X5 X <v]=p—puy +4/1—p?

B(e2)o (ﬁ)
Dy (v, R)

= p— pvi&1(v, R) — pua&a(v, R) + (1 — p*)k(v, R).

The conclusion follows by noticing that E[XX'|X < o] = (E[X}X < v] E[X;X2|X < v]; B[ X1 X|X <
v] B[X2]X <v)). O

Proof of Lemma C.9. The proof closely follows the proof of Theorem 17.9 of Davidson (1994). Let Xf‘?f =
E[Xiu|Fin(s)] and Y% = E[Y; | Fin(s)]. Then

HXi,n}/i,n - E[Xz,nifz,nL/rz,n(S)]Hp
— (X .V — X, Y(S) X, Y(S) _X(S)Y(S) _El(X, _X(s) v, _ Y(s) £
||( LN ,Mn i,n)—’_( LNtin i,mn i,n) [( ,n i,n)( N i,n)| 1,71(8)]”?
<X i Vi = YN+ 1Y (X = XED |+ 1EL(Xi = XD Vi = YD) Fion ()]
<X mllzp Vi = Y l2p + 1Y 2p | X — X5 l2p + 1 EL(Xi = XD Yin = YD) Fin(3)]

< X ll2p 1 Yin = Vi lop + Vi l2pll X — X 2p + 1(Xi — X)) (Vi — YD)l

<N Xinll2plYin — Y llzp + 1 Yinllzp | Xin — X l2p + 1 Xim — X l2p Yo — Y1 12

sn \n
<X mll2pty Y (5) + [ Yimlloptin ™ (s) + 35,07 (), ()

S ti,n¢(3)»

where the first and second inequalities are implied by the Minkowski’s and Cauchy-Schwartz inequalities, respec-
tively, whereas the third inequality follows by the conditional Jensen’s inequality and law of iterated expectations;
the fourth inequality again follows by the Cauchy-Schwartz inequality. The final claim of the lemma follows from

Definition 2. O]
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Appendix L Proof of Lemmas in Appendix D

Proof of Lemma D.1. (i) Let T{’g’n(Q) < Tngyn(G) be the eigenvalues of Qg’n(Q). Then

b
glgelgg\ﬁ n(0)] = inf elg(f)(Tlgn(t‘))ng,n(@)) inf ;g(f)ﬁgn(@)>0

by Assumption 6.

In the same way as in the proof of Lemma 2 by Xu and Lee (2015), it follows that 1751Zf all’lf Qb ,.(0) > irﬁf(”b" -
AW oo [ Ion — AWP||1 - min{1,02})~! > 0 by Assumptions 1(i), 2(7), and 7.

(ii) Next, let d,e € {s,o}. Then uniformly in n € N, g € G,, and 0 € O, [|Qg () < C1[|Q,, ()l <
I, (0) oo < CLCa|[(Ton = XW) T (T2 = AW ) Moo < C1Cal|(Tan = AW ™ Hloo | (Tan — A“W5) 1 < oo for
some constants C7, Cs > 0. The first inequality is implied by the equivalence of matrix norms on finite dimensional
matrix spaces, whereas the third inequality follows by compactness of the parameter space. The conclusion is
implied by Assumption 1(4).

Next, note that

0 vec Q"’ 8(20
89’ 8)\5

We will show that |09 ,,(0)/0A*[| is uniformly bounded, while the boundedness of the other terms can be established

2

2 C
H o0 . (0)

2 C
o0, (0)
%

21o9e,(0)
op +

Oo?

in a similar way. For some constant C3 > 0, uniformly inn € N, g € G,, and § € ©

ONs ONs
00¢ (0)
<
o)
_ ydyrdy—1 _yemre' \—1
< 0,0 |t =208t 20w

< o (|| (Tzn = XW) T Wil (T = XW ™ (Tan = XWE) o
I (Fan = XMW (T = XWe )T W (T = AW ) oo ) < 0.
The first inequality follows by the equivalence of matrix norms on finite dimensional matrix spaces. The result is

implied by sub-multiplicity of matrix norms and Assumption 1().

(iii) Note that [|Q0-H(0)]| = |25 ,,(0)] 7|9, ()] < oo uniformly inn € N, g € G,,, and 0 € © by parts (i) and

25



(ii).

Consequently, by Lemma C.7,

H@vecgg/ml(e) _ (Q;nl(e)®sz1(0))8vecaﬁegn(0)
<oz | 20O
Lemma C.6 implies that
|0k, (0)] , ovec )\
—5g H = HQg’n(9)| (6‘9’ ) vec Q. (0)
<108,0) | 2250 ygr-a 9y < oo

b
g,n

125, (O)]]- O

uniformly in n € N, g € G,, and § € O, where the boundedness of | ()| is implied by the boundedness of

Proof of Lemma D.2. (i) From Exercise 12.39 in Abadir and Magnus (2005), for any symmetric matrix A and
compatible vector z, &’ Az > mineig(A)z’x, where mineig(A) is the minimum eigenvalue of A. Let 7, . (0) < 73, ,,(0)
be the eigenvalues of ¥)! (#) and consider vectors z = (1,0)" and = (0,1)’ for j = 1 and j = 2, respectively. Then
. . 11 . > i . 11 .
111715912(2 Yiiin(0) > %ngelg(g Tig.n(0) > 0 by Assumption 6.

Next, note that

290 ()] = Sgi1 n(0)5g0 1 (0) = Bg12.0(0) = Tgiy 0 (0) g2, (0)(1 = pgn (9))-

Thus,

N1l (g 11 (9711 (g 112 0
nglyln(e)| — 1 - g,n(11)| _ 1— 71}g,n( )7-21gl,n( ) < \/1 S— Tlg,n(ﬂ) <1
' by (9)2g22,n(6) X (e)ngZ,n(e) Egll,n(e)zg22,n(9)

gll,n glln

uniformly in g € G,,, n € N, and 6 € © by Assumption 6 and the fact that inf inf min X1} (0) > 0.
n,g 0€0 j=1,2 91"
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i) Let M () = Diag(X! (6))~/2. Then
g,n

g,n

1R (0)] = 1M, (0)31,(0) M, L, (6)]
< ML O3 0]
= M3, O)P1€255,(0) = 232, (0)2%0, " (0)27,(0)] (L.1)
<[5 O (1955, O] + 125% @) 121255 9)]])

<0

uniformly in n € N, g € G,,, and 6 € © because of Lemma D.1 and the first part of this lemma, which guarantees

that [|M,},(6)]| is uniformly bounded. By Lemma C.6,

IRIL (0)] dvec R (6)' )
Héwz%;@|a;’ vec RLL, ' (0)
I dvec Ry (0) 111 (-2
< Ry, (0)] 50 Ry (O

The uniform boundedness of || R}!, (6)[| implies that |R}",(#)] is uniformly bounded as well. By the first part of the
proof, inf, ;infgeo [RS},(0)] = inf, 4 infpce (1 — p;)n(e)) > 0. Thus, the last term in (L.2) is uniformly bounded by
noticing that || Ry}, (0)I| = |Rg% (0)| 7 | R, (O)].

It remains to show that the second term in (L.2) is uniformly bounded:

dvecRIL(0) | |[0vec(M} (0)5LL, (0) M2, (6))
o0’ o0’
dvec M1 (0) dvec XL (9)
- H (M0 (0)%45(0) @ I2) + (I ® M3, (0)340,(0))] ——557— + (Mg (6) ® My,(0)) —— 2"
dvec ML (9)
< (1M, (0)55%,(0) @ Lo|| + || 12 ® M2, (0) 54", (0)]]) Ha@,g
" I dvecxl (0)
1M 5 (60) © My 3 (O)] || ——55——
dvec M (0) dvecxl! (0)
< 2v2(| M, ()24 (0) Haef’ + ([ My, (0)]1? —

The norm of M, () is uniformly bounded due to the first part of this lemma, whereas the boundedness of |3}, (0) ]|
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is implied by the proof of the boundedness of ||R}!, ()|| in (L.1). Note that

OM1L (
-7

We will show that the first term is uniformly bounded, while the uniform boundedness of the other terms can be

2
0 vec M11

89’ o2

2 MU
o

2
R

established in a similar way:

The first term on the right hand side is uniformly bounded due to the first part of the lemma. Regarding the

oM, !,(0)
OAs

oxi.(0)

< [[Diag(=1L, (0) 72 | =2

OAs

oxIt (9
- e 00 (25

second term, note that [[OXLL, (0)/0X%]| = [|0(Q22,(0) — Q22 (0)Q251(0)259,(6)) /ON®||; it is uniformly bounded by

g,n

the triangle inequality, the product rule, sub-multiplicity of matrix norms, and Lemma D.1. The boundedness of

|0 vec X5, (6)/00"|| can be established similarly. It concludes the proof that the second term in (L.2) is uniformly

bounded.
Finally,
dvec R11(6) 1 1 dvec RLL (0) 1 dvec RLL (0)
g.n _ 11 11 g, < ||R\ 2 g.n
H - (R% O @ R 0)) — 1B O | —5
is uniformly bounded in n € N, g € G,,, and 6 € © by the previous results of this proof. O

Proof of Lemma D.3. The proof holds under Assumption 4(i) or Assumption 9(ii). For the sake of simplicity,
we will refer to Assumption 4(i) only.
Employing the equivalence of vector norms on finite dimensional vector spaces and Loeve’s c.-inequality, it

follows for some constant C; > 0 that uniformly in n € N and g € G,

P P
E [sup ||Ss.,n<xb>xm”||} <oE [sup|szli,nub>xzﬁb|+sup552.,n<v>x:;/3b|}
60cO 6cO 0cO

= 2p_101 ( |:Sup |Sq1 n(/\b)XZﬁb|:| " |:Sup ‘SQQ n()\b)XZBb|:| p> (L.3)

TL’L

<2 Crsup B [sup s? <Ab>Xﬁﬂb|}
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We proceed with the last term in (L.3): uniformly in n € N and i € {1,2,...,2n},

r p

p
B [suplst00x25l| = & sup|Z (X2 )
Jj=1

0co
i 2n P
<F bupZ|SU, )\b |||Xb ||||ﬁ |
P P
S 1SE L DXLl
<sup 5 ”sup Sl n FE |sup J,
16°Il Z| Js 0co Z |ljn( )l (L.4)
bp Z | i, n()‘b)lE” b~,n||p
< sup |5°]” sup ZI sup
0€0 Z L 188, (A0)]

< sup [|8°[|P sup sup [|Sp (A°) || sup B[ X7, |7
0co n 0€O nyi
< o0,
where the third inequality follows by Jensen’s inequality for convex functions. The conclusion is implied by As-
sumptions 1(4¢), 4(), and 7.

Next,
P p
E [sup ||zg,n<e>] _E [sup G — S;.,nu‘))mon]
[I=XC] 0cO

<2t (

where the inequality follows by the triangle and Loeve’s c,-inequalities. Given that we have already shown that the

(L.5)

P
[sup S;,M)Xzﬁon} ) 7
I

second term in (L.5) is uniformly bounded, it is enough to establish that sup,, ; Ely7,, [P < co:

Bly? P < E[lyi5 P |yin = 1] = B [I1S7 ,(\) X765 + €2 AP [y, = 1]

<2 (E[IS7 (M) X281 vin = 1] + E [l , ()P |wi =1]) -
Now we show that each term is bounded. In a similar way as in (L.4),
E (18 n ()X 28817 |yin = 1] < 185117 sup S5 (Ao)ll5e sup B X2 lPlyin = 1] < o0
by Assumptions 1(4), 4(i7), and 7. By the law of iterated expectations,

E(lef )P [yin =1] = E[E [l OO |yin = L X3] |98, = 1] - (L.6)
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Firstly, we will find the inner expectation by applying the law of iterated expectations once more:

n

B2 P |y = 1.X2] = BE( 0O 5), X2l = 1.X2) = E [E (I8, )Pt )] [ = 1.X21
(L.7)
where the last equality follows by Assumption 2().
Note that (=2, (A8), £8,,(3))' ~ N0, (222, (B0) 222, (803 232, (60) 55,1 (60)]). Thus, =2, (AF)[e2,,(A) ~ N (i (0),

57 (00)) with fi; n(60) = \/an (60)/9252,,(00) 35, (B0)e3,, (A5) and 62, (60) = (1 = p5, (60))€267,, (o), where p35,(6o)

is the correlation coefficient of &7, (\j) and £7,,(\§). Hence, the inner expectation in (L.7) can be bounded by

B0, ()P 60 (O8] = B 10 (0) = 1 (00) + i B0) 7|25, (D]
< 2 (B (|0, (08) = i (B0) |25, 5)] + B [ (80) |25, A0)])
= (e, 002 (L) R oo

< Oy + Csleg , (M)

for some constants Cy,C3 > 0, where I'(+) is the Gamma function. The second equality is implied by the following
fact: if X ~ N(0,02), then for any p € (—1,+00), E[|X|P] = oP2P/?T'((p + 1)/2)//7 (Kamat, 1953). The

conclusion follows by noticing that Lemma D.1 implies the uniform boundedness from zero of Qf7, (6y) and the
uniform boundedness of €2¢7,, (fy) which is implied by the uniform boundedness of [[€279,(6o)||. Thus, the expectation

,Nn

n (L.7) becomes

Elle? s (A)IPlyin =1, X3] < Co + C3Ele7 ,(AD) 7] = €7 1 (A5) < S 1 (AG)X 585, X;]
S AS Ss ) X538
_ 02 + C3(Q:,an(90>>p/2E Z n( ) ‘ ( ) < . ( ) nﬁO ,XZ
Qs (60) Wz:n(eo) w:fn(eo)
T p/r
;i n(AG i n(A0 Sia(A)X5,
B o | I > AL - J0%) /ao .
v im0 Qi ( Qi

= Ca + C3(957,,(00))P 298/ (mi 1 (60))

,mn

< Oy + Cy92" (i 0 (00))

for some constant Cy > 0, where 7 is the smallest integer at least as large as p, m; »(60) = S}, (A\5) X585/1/25; . (6o),

,mn

and ﬂr(mivn(%)) S |mi7n(90)\T’1¢(mi77,,(00))/(I)(mi7n(90)) + (T‘ — 1)197«_2(7711‘7”(00)) fOI‘ T Z 2 Wlth ﬁl(mln(ﬂo)) S

d(m; n(00))/P(m; n(60)) + C5 and ¥g = 1, for some constant Cs > 0. The second inequality is implied by Hélder’s
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inequality, the second equality follows by Lemma J.1, whereas the last inequality follows from the uniform bound-

edness of Q77

,m

r > 2. It follows from (L.6) that

(6o), which is implied by the uniform boundedness of [25°,(0)]| established in Lemma D.1. Consider

Ellef A)Ply = 1] < Co + CaE[02" (i (60))1y5 = 1]

e p/r
<Ot CuE [|m¢,n<0o)|”m (= 1)0s—a(min(60))|yi = 1}
s p/r
<yt Ch (E [mi,nwo)r-lm v = 1} (= VP E[D, (i (B0)) = 11?”) |

(L.8)
From the proof of Lemma A.9 by Xu and Lee (2015), it follows that ¢(x)/®(z) < 2(|z| + Cs), for some constant
Cs > 0. Hence,

(mi,n(ao))

r— ¢ s »/7 r r— s /T
E ||m;.n(6o)] 1(1)(m ) Yin = 1} <oP/"E (1m0 (60)" " (Imi,n (80)] + Co)lys ., = 1]p

< 2 (Bllmin(00)"1y3, = 1]+ CE/" Ellmin(00)"" /"y, = 1])

where the last inequality follows by Loéve’s ¢,-inequality. In order to show that the first term in (L.8) is uniformly
bounded, by Holder’s inequality it is enough to establish that E[|m; (60)[?|y;,, = 1] is uniformly bounded. In the

same way as in (L.4),

p
83 n(A0) X085
Q32,.(0o)

i%,m

‘ 1,774

—p/2
<sup Q37" (00) 15517 sup |15 (A5) [ sup B |
n n,i

n,t

X5 Py = 1] < oo,

where the conclusion is implied by Assumptions 1(4), 4(ii), and 7 and Lemma D.1.

It is easy to show using recursion and Hoélder’s inequality that the second term in (L.8) is uniformly bounded
if E[|lmin(00)|”ly;,, = 1] is uniformly bounded. This condition is sufficient for the case when r = 1 as well. It
completes the proof that supycg ||2g,» ()] is uniformly L,-bounded.

We continue by showing that supgeg |15, (0)| is uniformly L,-bounded:

P R P
E [sup ||u;}n<0>||} _E [sup ||Q;?n<0>szg?n1<0>zg,n<e>|}
0cO 0cO

p
< sup([|252, (O [ 1255 (O )" E [Sup ||Zg,n(9)|:| <o
0€© 0coO
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uniformly in n € N and g € G,,, where the conclusion is implied by Lemma D.1 and the previous results of this

proof.

11

- (0)] is uniformly bounded for
gj,n( y

In the same way as in (L.3), sup ||v;,(0)]| is uniformly L,-bounded if sup |v
€6 €6

j=12:

& p
g S5 (AHXEBS — ull (0
E [SUP |U;JI' n(@)@ =F |sup gj""( ) X358 “gy,n( ) ‘
co ’ co E}]%j n(g)

p P
< 2T gup BT 4) (E [supw;j.,nmxms] B [supm;},n(e)@ ) < o0
0O 0ce (XS]

uniformly in n € N and g € G,,, where the conclusion follows by the previous results of this proof and Lemma

D.2. O

Proof of Lemma D.J. The proof holds under Assumption 4(ii) or Assumption 9(4i). For the sake of simplicity,
we will refer to Assumption 4(i7) only.

Applying Loeve’s c¢,.-inequality twice leads to the following bound:

0240 17 _ T || 0o = S50 () X25°) 17
E lsup | Z2 N = E s gn__“g.n -
S T %
19688 (X8 |1
=F e o ]
- p
8(5’0. ()\O)Xoﬁo) 2 Ha(so (AO)XOIBO) 2
—E|s g.n n e L9
P e
) a(S2_,(\*)X25°) ]p [ NS5 (A) X55°) D
<1 (p gn” on +E BT
<2t (m [ [T 2
98°. . (A ¢ ’
=21 (B [sup | Ze x|+ 2 s 5.1 x2]| ).
hcO 8)\0 (USC] o

The uniform boundedness of the second term can be proven in the same way as the uniform boundedness of
Elsup ||Sb.,,(A") X5 5°]]P in Lemma D.3. In the same way as in (L.3) and (L.4), we can show that the first term is
0co

uniformly bounded if
P
sup E[| X7, ||P < oo. (L.10)

oo Mt

052 (\°)
oANe

sup |77 sup sup H
€O n 0€O

The first and the last terms in (L.10) are bounded by Assumptions 7 and 4(4), respectively. The second term in

(L.10) is uniformly bounded because

= [[(T2n = A°W2) T W (T2 = A°W) ™o < o0, (L.11)

H 95,(A%)

O(Izn — A°W2)~2
|l

- N

o0
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where the result follows from the sub-multiplicativity of matrix norms and Assumption 1(4).

— D -1/2
Next, let M}! (6) = Diag(X1},(6)) /2. Then

ovll () |[1° A(MM (0)(qyn(0) — ull (0 b
E sup vgﬂll( ) — F sup ( g,n( )(q.% (/) :u‘g,n( )))
0cO 00 0o 06
dvec M (0) qgn(0)  Ouyt,(0) P
_ / g,n 11 g,n _ g,n
=E sup ((gg.n(0) — p3,(0)) @ L) ——ar— + Mg, (0) | =55 o
avecMun(G) P p
<2 sup |0 s a0 (6) ~ i1 (6)) @ 1) (L.12)
0o 00 0co
p
. 11 P dg,n 9) 6:”57,7;( )
Foup ML) |sup (H O] 4| Pr

uniformly in n € N and g € G,,. We have already shown in the proof of Lemma D.2 that the norms of

dvec M} (0)/06" and M} (0) are uniformly bounded. By Lemma C.7,

p

P
E [sup [(gon (6) — 121, (0)) © fzn} _E [sup gy (6) — u;}n<9>||||12]
0cO 6cO

P p
<2 (8 [swp @1+ 5 s st o] )
(<C] 6eO

< 0

uniformly in n € N and g € G,, by Lemma D.3 because ||¢q,»(8)|| = |\§;_7n(AS)XfLBS|| = |IS;. n(A*) X5, 8| Tt remains

to show that the last term in (L.12) is uniformly bounded. By Loeéve’s ¢,-inequality,

11 P P 11 p
dg, 'rL aIu’g,n (9) < 1 8qq,n(0) 8 g n(@)
2p E — E .
o = (H o0 H o0 = pir (| Il A 3

We can show that the first term is uniformly bounded in the same way as we proved earlier in this proof that

sup,, , E[supgee [0(S;. ,(A°) X}8°)/00'||]P < oo. For the second term, note that

11 p )so oo—1 P
FE |su - = F |su : :
veo|| 00" b o0
dvec(Q2° ()00 () - 9z, n(0) 1"
_ / T g,n g,m Qso Qoo—l g,n
lslelg (Zg,n(9)® 2) 00 + g,n(e) g,n (©) o0’
P

9 vec(€2:9,(0)Q25%1(0))
o0’

p
2/ p [sup ||zg,n<0>|]
0cO

/)

< or—l sup
6ce

+sup(1925, (0) 1577 6) )7 B [228‘ P

06’
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is uniformly bounded. The conclusion then follows by Lemmas D.1 and D.3, the previous results of this lemma,

and by noticing that

13} vec(QSf’n (0)259,1(9)) o dvec Qs‘fn (0) ~ dvec Q0,1 (0)
|| ! o0’ I = (Qg,n 1(9) ® 12)87; + (IQ ® Qg,n(o))a—z/
O vec 2 (0) dvecQo°o-1(0)
< 00— 1 so g,n
<2 (ua o | =52 + e con Hf"‘)’
<0
uniformly in n € N and ¢g € G,, by Lemma D.1. O

Proof of Lemma D.5. We start with establishing the uniform L,-NED, p € {2,4}, property for {y;.}scq,
b € {s,0}, which will be needed later in the proof. Since the bounds derived in this proof are uniform on ©, we
write for the sake of simplicity 6 instead of ,,. Using now the definition of NED and the conditional Jensen’s

inequality, it follows

Izt — Bl Fom()]llp = 196, ,(A0) (Xﬁﬁé’ +up, — BIX2 80+ ul | Fy n(s)]) llp
=11 Y Span(N) (X4 080+l = BIXS 056 + ol Fyn(9)]) [l
9€Gn
g:d(9,9)>
< Dl ggn(AS)II (1% 80 + ugnllp + I BIX. 85 + 1 ol Fon(s)]n)
g:d(g,9)>s
<23 1S OO (IXF allp 1B + N1 al)
9:d(g,9)>s
< 2supsup 15552 A - { sup X7 111551 + sup [lug .|
99, g-nllp gnllp
n,g 6€© 4€Gn n,g n,g

sup Slelp Zg d(g,9)>s ||Sgg n(>‘b)”
n,9 0

Supsungeg ||Sqq, ( )”

n7

<t Pl (s),

*b .
where 0" = 25upsu g, 184, (0 (sup XL ll 1381+ sup ) and %(s) < 1 for 0 € {s.0) with
n,g

n,9 6

b b
S) = Supsu - . . A sup su .
7/) ( ) 7£9€p Zg,d(g,g)>s || gg,n( )”/ n,g@ ngegn

, b€ {s,0;5. e first and second inequalities
ggn()\b)H b € {s,0}. The fi d d inequaliti

follow by Minkowski’s and the conditional Jensen’s inequalities, respectively. Given Assumption 7, V" is bounded

provided that E| X?

o allP, Ellub [P, and Y- (A%)|| are uniformly bounded. Since p € {2, 4}, by Liapunov’s

9E€EGn ” gg,n
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inequality it is enough to establish the results for p = 4. Notice that E|| X} [|* = E[|| X}, ,|I* + || X}, n||2]2 <

sup4E|| X} [* < oo by Assumption 4(ii). Because a normal distribution has infinitely many moments and
n,i

sup,, , El[u} ,|I* < sup,, ;4Eu?  |*, Assumption 2(i) implies that sup Ellu ,,[|*
.9

< 00, whereas equivalence of matrix

norms on finite dimensional matrix spaces implies that uniformly in n € N, g € G,, and 0 € ©

Z H ggn )‘b || < Z || ggn )‘b ”00 < Z (”Sglg,n()‘b)HOO + ||S§29,n(>‘b)”00)

9EGn 9EGn 9EGn (L.13)
< 201185, (X")lloo < 2C1]1S7(N) |0 < 00

for some constant C; > 0 by Assumption 1(ii). Note that by Assumption 5, lim,_,o 9°(s) = 0. Thus, {y3%, }geq,
is a uniform L,- and Ly-NED random field with NED coefficients 1°(s).
Recall that d)}, = 1(ys,,, = 1,4, = 1) = L(y;5 , > 0) - L(y}5,, > 0). From the proof of Proposition 2 by Xu

and Lee (2015), it follows that for some constants Cy,C3 > 0 and j = 1,2,

1550 > 0) = B35 > Ol Fgn(s)lll2 < (14 Co)llyzsn = BlysalFon @l < (14 C2)C30/(s),

where the last inequality follows by Lemma J.2 and the fact that {y;%, }seg, is uniformly Lo-NED with NED
coefficients °(s). Since [1(y;;, > 0) — E[l(y;;, > 0)| Fyn(s)* < L(yy5, > 0) — E[L(y;5,, > 0)|Fy.n(s)]?

*S *8 *8 *S 1/2
ygj,n > O) - E[]l(yg],n > O)|}-g,n(3)“|4 S ||1(ygj,n > O) - E[ﬂ(ygj,n > O)|]:g,n( )H| / {1(yg]n
0)}geg, is a uniform Ls;-NED random field with NED coefficients [1)*(s)]'/. Given that {1(y}5, > 0)}geg, is

implies that ||1(

uniformly Ls-bounded, Lemma C.9 implies that {d;}n}gegn is a uniform Lo-NED random field with NED coefficients
YA ()0 + ()10 4+ ()18 < B[y ()]

From the definition, z, ,(0) = yg ,,—S5. ,,(\?) X} 8°, and we will now establish the uniform NED property for each
term of this summation and find their NED coefficients. Note that y2,, = (L1(yy5,, > 0)y¢ ., L(yss,, > O)y’;g’n)/.

Since by Lemma J.2 and the previous results of this proof, {y;?,}seg, and 1(y;5, > 0), j = 1,2, are uniformly

Ygjn

L4-NED with NED coefficients 1°(s) and [1)*(s)]"/°, respectively, Lemma C.9 implies that {1(y}$, > 0)y:2,,}geq,

is a uniform Lo-NED random field with NED coefficients [1)*(s)]*/6 41°(s) +°(s)[1*(5)]*/6 < 3'/0(s). By Lemma

J.2, the same property is transfered to {yy ,}sec,- It is easy to see from the proof of {y;9,}4eg, being an Lo-NED

random field that {S7. , (A\°) X} 3%} geg, is a uniform Lo-NED random field with NED coefficients 1°(s). Hence,
{24.n(0)}geg, is a uniform Lo-NED random field with NED coefficients [1/°(s)]/¢ + 1°(s) < 2[1°(s)]*/C.

Finally, since v}! () = Diag(Z;}n(G))_1/2(qg,n(9) — pg',(6)) and HDiag(E;}n(H))_lmH is uniformly bounded

by Lemma D.2, it suffices to establish the uniform NED property for g4, (#) and p}',(f) and find their NED

INote that in this case we can treat [7,[)5(5)}1/6 as the NED coefficient because 3 can be treated as a part of the NED scaling factor.

35



coefficients. Recall that g, ., (0) = S’;,m()\s)XfLBS, thus it is a uniform Lo-NED random field with NED coefficients
¥*(s). Moreover, pll (0) = Q29,(0)Q991(0) 2y, (0). Given that the norms of 59, (6) and Q29,1(6) are uniformly
bounded by Lemma D.1, {si}!,(6)}4eg, is a uniform Ly-NED random field with NED coefficients [¢)°(s)]'/6. The

conclusion follows by setting ¥ (s) = max{*(s),¥°(s)}. O

Proof of Lemma D.6. Let us denote 0y = (55, 53, A5, A3, po, 02) and 6,y = (82, 8%, A5, X%, pn,02). Then by

the elementwise mean value theorem, there exists &, with elements between \$ and \§ such that?

A% S

Jgin = Ygin = Sg.n(A0) (X585 +up) — S5, (A6) (X565 + uy)

= SgnN)X5 (85 = B0) + (S5.n(A3) = 8.0 (A5)) (X035 + uy)

855, (&n
= 5300 X208 - 55) + &) e ) (x5 )
n gn s s s s s
= 3 S XL (B - B+ S g‘?T()(An A (XE 85 +ul) - (L.14)
9€Gn 9€Gn

95, (&n)
22

Recall that = S5(En)WSSE(€n), see (L.11), which together with S7(A$) has row and column sums bounded

uniformly in n, §,, and A* by Assumption 1(77). As in (L.13),

aSs. (&) ass, (&) 521: () 0555 (&)
— g9g,n >/ < g9,n < glg,n g2g,n
gzeg o\ ‘ <G gzeg ’ o\ LO <G gzeg (H 22 L H O\ OO) ( )
n n n L.15
S5 (&n s (&,
<204 79'6*”;5 ) ‘ <204 LSB(A& ) ‘ < 00

for some constant C; > 0 uniformly in ,,g, and n. We have also verified in the proof of Lemma D.5 that

sup B|| X3, ,[|* < oo and sup El[u] ,[|* < co. Hence as &, € [min{\§, A3}, max{\§, A3 }],
ng n.g
X (&n)
1355 = ygiallz < 185 = B3Il Y 1855, N IXG llz2 + A5 = AF] Z ggn =X 21831+ N ll2)
9EGn 9€Gn
<185 — Bl sup [| Xg n||SuPSUP > 859
™9 gegn
s s s 85;977«( S) —-1/2
0= 261 (0 15 51+ sl ) supsup 3 | 250 = 0172
n.g 0€6 S5

as n — oQ.

Next, we establish the Ly-NED property for {g*, — y;‘;}geg”. Using the definition of NED and the conditional

2The mean value theorem is applied for each element of S;,m()\i) 5-n(AG) separately, and therefore, §n might differ for each
element of 9Sj3. ,, /0.
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Jensen’s and Minkowski’s inequalities, it follows from (L.14) that

(99 = Ygin — Ellgim — YginlFan(s)]ll2
<D Sein ) (X5 (Bs = BS) = EIX5. (85 — B3)| Fon(s)])

9€Gn 2

aSS' n(gn) s s s s s s 5 S

+ Z giT(An - )‘0) (Xg 7nBO + ug,n - E[Xg 7nﬂO + ug,n|f97n(3)])

9€EGn 2
=S S50 (X (85— 8) — BIXG (85 — B8)| Founls)])

g:d(g,9)>s 2

gg n(gn) s s s s s s s s

+H2o T(A = X0) (X585 + U — BIXG 05 + 145 0| Fo.n (5)))

g:d(g,9)>s 2
<1881 > IS5l (1X5.., (X5 | Fon(s)]ll2)

g:d(g,9)>s

s s 955 ”(En) s s s s s s

+[An — Adl Z giT ’ (”Xg'»,nBO +ug e + (|1 E[XG. .5 + ug,n‘]:g,n(s)”b)
g:d(g,9)>s
s s s s s s aS;Qan(gn) s s s
g:d(g,9)>s g:d(g,9)>s
Sup sup 2 id(g.9)>s 1959 AT
< 2|8y — B |bupsup 1594, (A - sup [|Xg. ,[]2 % PR
gg: 99, ng 0 Sup sup 20 1955 (Al
8559 n(A?
055, , (A SUDSUD D gia(g.g)>s || R
o = agfsupsup 3 | L (sup 13 a5+ sup ) o
™9 0€0 4eg, ™9 ™9 Supsup > . g HWT
n,g 0€O
<O V2 Y max{yi(s), 9 (s)},
s as aSe, .
where t¥ ~Y = 2sup gug > 9eG. [H e Ssa. n()\S)H} (sup X5, nll2(1 +[[B5]]) + sup ||u;n||2> Since we
n,g e n,g n,9

have shown that t9°°—¥"°

Ly-NED property of \/n(g;5, —
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