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Abstract

Most stock markets are open for 6-8 hours per trading day. The Asian, European
and American stock markets are separated in time by time-zone differences. We
propose a statistical dynamic factor model for a large number of daily returns across
multiple time zones. Our model has a common global factor as well as continental
factors. Under a mild fixed-signs assumption, our model is identified and has a
structural interpretation. We propose several estimators of the model: the maxi-
mum likelihood estimator-one day (MLE-one day), the quasi-maximum likelihood
estimator (QMLE), an improved estimator from QMLE (QMLE-md), the QMLE-
res (similar to MLE-one day), and a Bayesian estimator (Gibbs sampling). We
establish consistency, the rates of convergence and the asymptotic distributions of
the QMLE and the QMLE-md. We next provide a heuristic procedure for conduct-
ing inference for the MLE-one day and the QMLE-res. Monte Carlo simulations
reveal that the MLE-one day, the QMLE-res and the QMLE-md work well. We
then apply our model to two real data sets: (1) equity portfolio returns from Japan,
Europe and the US; (2) MSCI equity indices of 41 developed and emerging markets.
Some new insights about linkages among different markets are drawn.

Keywords: Daily Global Stock Market Returns; Time-Zone Differences; Struc-
tural Dynamic Factor Model; Quasi Maximum Likelihood; Minimum Dis-
tance; Expectation Maximization Algorithm.

JEL classification C55; C58; G15.

1 Introduction

The world’s stock markets are separated in time by substantial time-zone differences, to
the extent that for example the US and Chinese markets do no overlap. Nevertheless, it is
a common belief that they are becoming more and more connected through international

*We thank Matteo Barigozzi, Liang Jiang, Chen Wang, Fa Wang for helpful discussions. Any remain-
ing errors are our own.

tFaculty of Economics, Austin Robinson Building, Sidgwick Avenue, Cambridge, CB3 9DD. Email:
0bl20@cam.ac.uk. Thanks to the ERC for financial support.

tFanhai International School of Finance, Fudan University. 220 Handan Road, Yangpu District,
Shanghai, 200433, China. Email: hhtang@fudan.edu.cn.

$School of Economics, Nanjing Universtiy, Nanjing, 210093, China. Email: wujianbin@nju.edu.cn.



trade and cross border investments. Linkages between different markets were particu-
larly evident during stressful times like the financial crisis in 2008 and the COVID-19
outbreak in 2020. The last three decades have witnessed a heightening interest in mea-
suring and modelling such linkages, whether dubbed as the stock market integration,
international return spillovers, cross-market contagions etc. Gagnon and Karolyi (2006)
and Sharma and Seth (2012) have carefully reviewed the literature and categorized these
studies according to methodologies, data sets and findings.

All the existing studies either examined a small number of entities such as a few
market indices, or ignored the time-zone differences whenever using daily data. The
use of daily closing prices while ignoring the time-zone differences causes the so-called
stale-price problem (Martens and Poon (2001), Connor, Goldberg, and Korajczyk (2010,
p.42-44)). The standard approach is to include the lead and lagged covariances to correct
for the stale pricing effect. This approach does not allow one to identify the source of
variation or its relative impacts.

When studying a large number of entities, it is common practice to aggregate in-
formation. We provide a framework to model the correlations of daily stock returns in
different markets across multiple time zones. The machinery will be a statistical dynamic
factor model (first proposed by Forni, Hallin, Lippi, and Reichlin (2000)), which enables
us to work with a large number of stocks. To make the framework tractable, we make
the following modelling assumption: All the markets belong to one of three continents:
Asia (A), Europe (E) and America (U). Within a calendar day, the Asian markets close
first, followed by the European and then American markets. We suppose that observed
logarithmic 24-hr returns (determined as the close-to-close returns) in each continent fol-
low a dynamic factor model with both global and continental factors. This model reflects
a situation in which new global information represented by the global factor affects all
three continents simultaneously, but is only revealed in the observed returns in the three
continents sequentially as their markets open in turn and trade on the new information
(Koch and Koch (1991, p.235)). New information represented by a continental factor
accumulated since the last closure of that continent’s markets will also have an impact
on the upcoming observed logarithmic 24-hr returns of those markets.

The approach of having global and continental factors, in some respects, resembles
the GVAR modeling approach (Pesaran, Schuermann, and Weiner (2004)), which was
developed to model world low-frequency macroeconomic series. Here we do not have so
many relevant variables beyond the prices themselves and hence our model is in terms of
unobserved factors. Our approach is also closely related to the nowcasting framework (Gi-
annone, Reichlin, and Small (2008), Banbura, Giannone, Modugno, and Reichlin (2013),
Aruoba, Diebold, and Scotti (2009) etc). In the nowcasting literature, researchers use
factor models to extract the information contained in the data at higher frequencies than
the target variable in order to forecast the target variable. Here, if we make additional as-
sumptions on the data generating processes of the unobserved logarithmic 24-hr returns,
we could also obtain their corresponding nowcasts; this is the similarity. The difference is
that, as we shall point out in Section 2, model (2.3) is identified under a mild fixed-signs
assumption (Assumption 2.2) and hence has a structural interpretation, whereas in the
nowcasting literature, identification of factor models is usually not addressed, and factor
models are mere dimension-reducing tools with no structural interpretations. In some
sense, our model belongs to the class of structural dynamic factor models (Stock and
Watson (2016)).

On the theoretical side, research about estimation of large factor models via the



likelihood approach has matured over the last decade. The likelihood approach enjoys
several advantages such as efficiency compared to the principal components method (Ban-
bura et al. (2013, p.204)). Doz, Giannone, and Reichlin (2012) established an average
rate of convergence of the estimated factors using a quasi-maximum likelihood estimator
(QMLE) via the Kalman smoother. However, there is a rotation matrix attached to the
estimated factors as the authors did not address identification of factor models. Also they
did not derive consistency for the estimated factor loadings, or the limiting distributions
of any estimate.

Bai and Li (2012) took a different approach to study large exact factor models. They
treated factors as fixed parameters instead of random vectors. One nice thing about this
approach is that the theoretical results obtained hold for any dynamic pattern of factors.
Bai and Li (2012) obtained consistency, the rates of convergence and the limiting distri-
butions of the maximum likelihood estimators (MLE) of the factor loadings, idiosyncratic
variances, and sample covariance matrix of factors. In fact, Bai and Li (2012) called their
estimators the QMLE instead of the MLE. We decided to re-label them as the MLE
since we shall reserve the phrase QMLE for another purpose to be made specific shortly.
Factors are then estimated via a generalised least squares (GLS) method. Bai and Li
(2016) generalised the results of Bai and Li (2012) to large approximate factor models.

In practice, instead of maximising a likelihood and finding the MLE, people usually
use the EM algorithm together with the Kalman smoother to estimate the model (Watson
and Engle (1983), Quah and Sargent (1992), Doz et al. (2012), Bai and Li (2012), Bai
and Li (2016) etc). Since the EM algorithm runs only for a finite number of iterations,
strictly speaking the estimate obtained by the EM algorithm is only an approximation to
the MLE. However, in a breakthrough study Barigozzi and Luciani (2022) showed that
the estimate obtained by the EM algorithm converges to the MLE sufficiently fast, so it
has the same asymptotic distribution as the MLE.

We propose several estimators of our model (2.3): the MLE-one day, the QMLE-res,
the QMLE, the QMLE-md, and the Bayesian. The MLE-one day estimator is the usual
MLE estimator of our model. The QMLE-res estimator is the MLE estimator of the two-
day representation of our model while maintaining the working independence hypothesis
(see Section 2.2); in this article we shall refer a likelihood-based estimator obtained under
the working independence hypothesis as the QMLE rather than the MLE. The QMLE
estimator differs from the QMLE-res in the sense that only a specific subset of restrictions
implied by our model is imposed. Since the QMLE is inefficient, we propose an improved
estimator, the QMLE-md, which uses the QMLE in the first step and incorporates ad-
ditional finite number of restrictions implied by our model via the minimum distance
method in the second step. Last, the Bayesian estimator uses the Gibbs sampling to
estimate the model (2.3). However, the Gibbs sampling is computationally intensive and
feasible only for a small number of entities.

The large sample results of the aforementioned studies are not directly applicable
to our model because the proofs of these results are identification-scheme dependent.
In particular, Bai and Li (2012), Bai and Li (2016) established their results under five
popular identification schemes, none of which is consistent with our model. In order to
have an identification scheme consistent with our model and at the same time utilise the
theories of Bai and Li (2012), we could only impose some, not all, of the restrictions
implied by our model to derive the first-order conditions (FOC) of the log-likelihood. It
took us a considerable amount of work to derive the corresponding large sample results
of our QMLE estimator. That is, consistency, the rate of convergence and the asymp-



totic distribution of the QMLE are established. Then the asymptotic distribution of the
QMLE-md could be derived as well. The large sample theories of the MLE-one day and
the QMLE-res are beyond the scope of this article, and we leave them for future research.
Nevertheless, we provide a heuristic procedure to approximate the standard errors of the
MLE-one day and the QMLE-res.

We then conduct some Monte Carlo simulations to evaluate the MLE-one day, the
QMLE-res and the QMLE-md in terms of the root mean square errors, average of the
standard errors across the Monte Carlo samples, and the coverage probability of the
constructed confidence interval. Indeed, these three estimators perform well.

Last, we apply our model to two real data sets. The first data set consists of equity
portfolio returns from Japan, Europe and the US; that is, one market per continent.
Our methodology quantifies how much the global factor loaded on the returns during a
particular fraction of a calendar day, as well as the relative importance of the global and
continental factors. We also uncover some interesting time-series patterns. The second
data set is MSCI equity indices of the 41 developed and emerging markets. Taking the
Asian-Pacific continent as an example, we find that Mainland China and Hong Kong
have particularly high loadings on the global factor during the US trading time. Japan
has high loadings on the continental factor but small idiosyncratic variances, while other
Asian-Pacific markets have statistically insignificant loadings on the continental factor.

We contribute to methodology by providing a new modelling framework for daily
global stock market returns. Our framework could easily handle a large number of stocks
and at the same time take into account the time-zone differences. Under a mild fixed-
signs assumption, our model is identified and has a structural interpretation. We also
contribute to theory by deriving the asymptotic results of the QMLE and the QMLE-
md. The machinery is based on the theoretical results of Bai and Li (2012), but we
demonstrate how one could obtain their results for almost any identified dynamic factor
model. This is an important contribution as many dynamic factor models, like ours,
are motivated by different economic theories and might not be compatible with the five
identification schemes of Bai and Li (2012). We last contribute to the applied literature
by proposing several practically usable estimators and validate their performances in the
Monte Carlo simulations. When applying our model to two real data sets, we draw some
new insights about linkages among different stock markets.

The rest of the article is structured as follows. In Section 2 we explain our model and
discuss identification while in Section 3 we introduce our estimators. Section 4 presents
the large sample theories of the QMLE and the QMLE-md. Section 6 conducts the
Monte Carlo simulations to assess those advocated estimators, and Section 7 presents two
empirical applications of our model. Section 8 concludes. Major proofs and explanations

are to be found in Appendix; secondary materials are put in Supplementary Material
(SM in what follows).

1.1 Notation

Let R™ and Z* denote the n-dimensional Euclidean space and set of non-negative integers,
respectively. For z € R, let ||z]|s := />, @7 and ||z]| := maxi<;<n |2;| denote the
Euclidean (¢;) and element-wise maximum (¢,,) norms, respectively. Let A be an m x n
matrix. Let vec A denote the vector obtained by stacking columns of A one underneath
the other. Let unvec denote the reverse operation of vec.

The commutation matriz K,,, is an mn X mn orthogonal matrix which translates



vec A to vec(AT), ie., vec(AT) = K, vec(A). If A is a symmetric n X n matrix, its
n(n — 1)/2 supradiagonal elements are redundant in the sense that they can be deduced
from symmetry. If we eliminate these redundant elements from vec A, we obtain a new
n(n + 1)/2 x 1 vector, denoted vech A. They are related by the full-column-rank, n? x
n(n + 1)/2 duplication matriz D,: vec A = D,, vech A. Conversely, vech A = D, vec A,
where D is n(n +1)/2 x n? and the Moore-Penrose generalized inverse of D,,.

Given a vector v, diag(v) creates a diagonal matrix whose diagonal elements are
elements of v. We use p(-) to denote the (asymptotic) probability density function. |z]
denotes the greatest integer strictly less than € R and [z] denotes the smallest integer
greater than or equal to x € R. Landau (order) notation in this article, unless otherwise
stated, should be interpreted in the sense that N, T — oo jointly, where N and T are
the cross-sectional and temporal dimensions, respectively. We use C' or C' with number
subscripts to denote absolute positive constants (i.e., constants independent of anything
which is a function of N and/or T'); identities of such C's might change from one place to
another.

2 The Model

Our model is based on the closing prices of the stock markets on the three continents,
which occur at different calendar times. We suppose that the closing times are ordered
as follows:

A FE U A FE U A
t=1 2 3 4 5 6 7

Note that the unit of ¢ is not a day, but a fraction of a day. This framework could be
applied to three markets only (i.e., one market in each continent), or to the case where
some continent contains several markets. Let pf, denote the logarithmic closing price
of stock 7 in continent ¢ at time ¢ for ¢ = A, E,U. We shall assume that there are no
weekends as is the prevalent assumption in single market analysis. Nevertheless, we allow
that pf, is not observed in two scenarios:

(i) Missing because of non-synchronized trading. That is, ¢ might not correspond to
the closing times of continent ¢. For example, we do not observe pf3 for any stock
¢ in the European continent.

(ii) Missing because of some specific reasons. The reasons could be continent-specific
(e.g., Chinese New Year, Christmas), market-specific (e.g., national holidays), or
stock-specific (e.g., general meetings of shareholders).

We shall rule out scenario (ii) for the time being and address it to some extent in SM
B.1. We next define our model.

Define the logarithmic 24-hr return yf, = pf, — pf, 5 for ¢ = A, E,U, and Ty =
{1,4,7,...,T = 2}, Tp == {2,5,8,...,T — 1} and Ty := {3,6,9,...,T}, where T is a
multiple of 3. We assume that the observed logarithmic 24-hr returns follow the dynamic
system: For c = A, E, U,

y;t = Zic(L)fg,t+§Z‘C(L)fc,t+€;itg 1= 1,...,Nc, tel, (21)



where f,; and f.; are the scalar unobserved global and continental factors, respectively,
while

H(L) for =Y 2 gumge H(L)fer = fers

JELZT JEZT

for c = A, E,U, where L is the lag operator Lx; = x;_;. The model is dynamic in the
sense that

¢g(L>fg,t+1 = Ng.t; t=0,1,..., T —1
Ge(L) fetr1 = eyt t+1eT.
where
Gg(L) fg 41 := Z By jfoi+1js Ge(L) fori1 = Z Gejfoti1—s;
JeLt jez+

for ¢ = A, E,U. Note that at every t we only observe the logarithmic 24-hr returns for
one continent. The lag polynomials acting on f.; are autoregressive in terms of periods
in T, as we cannot extract f.; for t ¢ T, without additional assumptions.

Although some of the aforementioned studies allow dynamics of factors, say, factors
following an AR(1) process, strictly speaking those factor models are not dynamic factor
models in the sense that the lagged factors are not allowed to enter the equation relating
factors to the observed series (see Bai and Wang (2015)). Exceptions are Forni et al.
(2000) and Barigozzi and Luciani (2022).

2.1 A Particular Form of (2.1) and Its State Space Form

For the rest of the article, we shall focus on a specific form of (2.1) for simplicity: For

c = Aa Ea Ua ZE(L)fg,t - Z?:O Zf,jfg,tfﬁ fng(L)fc,t = 'giofc,t; ¢g(L)fg,t+1 = fg,t+1 - ¢fg,t
(|¢| < 1), and ¢c(L) fers1 = fert1, so that (2.1) becomes

2
c c ~c c s
Yiz = E Ziifot—j + Zofet H €5y i=1,....N;, teT,
=0

fg,t-‘rl — gbfg,t—l'ng,ta |¢| < 1, t:O,]_,...,T_ ]_ (22)
fc,t+1 = Ne,t t+1¢e Tc

Model (2.2) is natural for our framework in the sense that all the new information repre-
sented by the global and continental factors accumulated since the last closure of continent
¢ will have an impact on the upcoming observed logarithmic 24-hr returns of continent c.
For the case of several markets in some continent, the presence of ¢ in (2.2) allows one to
capture the effect caused by the fact that some markets in the same continent might have
different closing times. However, for the case of one market per continent, the efficient
market hypothesis (along with a time invariant risk premium) predicts that ¢ = 0.
Stacking all the stocks in continent ¢, we have

Yy, = Zoy + €], telT,,



where

c c t
Y1 €14t ffg’
c.__ . c.__ . . g,t—1
yt = : s et = : Ozt = f -
g,t—
C C
e
YNt Ne,t feur
C C Cc C
210  *11 Rl2  A13
C .__ . . . . — C C C C
Z° = : : : : = %0 *1 %3 23 |

C Cc Cc C
2N, 0 *N.,1 7#Ne2 #N.3

where fo; == fop it t € T, 2{5 == Zfy, and fy4, fou == 0 for ¢ < 0. We compress
fat, fEt, fus into a "single” continental factor f-, for the purpose of reducing the number
of state variables. Note that y7, ef are N, x 1 vectors, o is 4 X 1, and Z¢is N, x 4. We
make the following assumptions:

Assumption 2.1. (i) The idiosyncratic components are i.i.d. across time: {€$}er, S

N(0,%.), where 3. := diag(o?2,,...,02y.) for ¢ = A,E,U. Moreover, e}, eF, €7,
are mutually independent for all possible i and t. Moreover, E[(efﬁt)‘l] < C for alli,
t and c.

(11) Assume that n, := (g, Now)T VRS N(0,1y) fort =0,1,...,T — 1, where nc = ey
ift € T.. Moreover, {n,}I_' are independent of {€$}ier, forc= A, E,U.

Assumption 2.1(i) is the same as Assumption B of Bai and Li (2012). We make the
assumption of diagonality of X, for simplicity as our model is already quite involved so
we refrain from complicating the model unnecessarily. Assumption 2.1(ii) is a white-noise
assumption on the innovations of the factors.

We now cast model (2.2) in the state space form

Yy, = Zioy + €y, g~ N(0,%,), t=1,...,T, (2.3)
6 00 0 10
Oy = (1) (1] 8 8 oy + 88 n,= Toy+Rn,, t=01,...,7—1,
0000 01

wherey, =yf, 72 = Z° e, = €f, % = 2. if t € T, for c = A, E,U. This is a non-standard
dynamic factor model. The non-standard features are: (1) The factor loading matrix Z;
is switching among three states {Z4, Z¥ ZU}. (2) The column dimensions of y,, Z;, &
are switching among { N4, Ng, Ny}. (3) The covariance matrix of g, is switching among
{¥4,28, %0}

In general for a static factor model, say, ¥y, = Za; + €, further identification re-
strictions are needed in order to separately identify Z and oy from the term Zay;. In
particular, Za,; = Zé&, for any 4 x 4 invertible matrix C' such that Z = ZC-! and
&, := Coy; we need 4% identification restrictions so that the only admissible C' is an
identity matrix. A classical reference on this issue would be Anderson and Rubin (1956).
These restrictions have been ubiquitous in the literature (e.g., Bai and Li (2012), Bai
and Li (2016)). One exception is Bai and Wang (2015); Bai and Wang (2015) pointed

7



out that by relying on the dynamic equation of f,,, such as (2.2), one could use far
less identification restrictions to identify the model. In our case, we shall only make the
following mild fixed-signs assumption to identify the model.

A LA LA _E

Assumption 2.2. Estimators of z{, zi', 24\, 24, 2F 2Y have the same column signs as

A A A A _E U
24, 21,25 ,25,25, 23 .

Bai and Li (2012) have made similar assumption as an implicit part of their identifi-
cation schemes (IC2, IC3 and IC5) (see Bai and Li (2012, p.445, p.463)).

Lemma 2.1. The parameters of the dynamic factor model (2.3) are identified under
Assumption 2.2.

Our model (2.3) has a structural interpretation under Assumption 2.2, because one
could not freely insert a rotation matrix between Z; and «;. In other words, under
Assumption 2.2 we are not estimating the rotations of Z; or ay; we are estimating the
true Z; and ay of the data generating process. This is a novel feature of our model.

2.2 The Two-Day Representation

The representation of the model in state space form is of course not unique. For simplicity,
assume N := Ny = N = Ny hereafter. We re-write our model (2.3) in the following
two-day representation:

~~
6Nx1  ONx14 71451  6Nx1

fort =1,2,...,7/6 =: Ty, where we define ¢ :=6(t — 1) + 1,

v, =N i+ e (2.4)

fg,€+5

fg,£+4

fg,£+3

_ - _ - fg,€+2

y? ef fo.041

yzgrl egrl ffg,e

o | Yuigo — | G2 ._ g9,6—1

Yo= Yits o €lys Je= fou—2

Yira €y feers

yg+5 e£/+5 feuva

i i i i feess

feesa

fees

fou
0 0 0 0 0 z 26 24 0 0 0 0 O =4
0 0 0 0 =2fy =2F 26 0 0 0 0 0 2F o

A—| 0 0 0 zl 2Y 2y o o 0 o o0 zZ¥ 0 O (25)
T 10 0 =z 2z 24 0 0 0 O O =z 0O 0 O |’ '

0 2V 28 2 0 0 0 0 0 2 0 0 0 O
2020 2V 0 0 0 0 0 2/ 0 0 O 0 O




with 2§ being N x 1 for £k =0,1,2,3 and ¢ = A, E, U, while

Yee := Elee]]

o 2 2 2 2 2 2 9 2 2 2 2 2
= diag(04 1, OAN> OB 1> s OB N> OUs - OUN TALs - TAN> OBds s OB N> OU1s -+ OUN)
N 2 2 2 2 2 2 2 2 2 2 2 2

. dla}g(0—171’ .. ’0—17N’ 0—2717 o .. ’0—27N7 0-371’ LIS ’0-37N’ 0—471’ DY ,0-47N’ 0—5,1’ ... ’0—57N’ 0—6717 .. 70—67N)-

Note that A consists of six row blocks of dimension N x 14. Let )\L ; denote the jth row
of the kth row block of A. In other words, AJ ; refers to the factor loadings for the jth
Asian stock in day one, while /\;j refers to the factor loadings for the jth European stock
in day two.

The reason for doing so is that we could rely on the information contained in the
covariance matrix M := E[f,f]] to estimate ¢, while treating {f,} as i.i.d. across
t when setting up the likelihood. Then we are able to use the theoretical results of
Bai and Li (2012) to establish the large-sample theories of the QMLE estimator of this
representation. Treating {f,} as i.i.d. when setting up the likelihood, albeit incorrectly,
will not destroy consistency or the asymptotic normality of the QMLE. This is the idea
of working independence (Pan and Connett (2002)).

3 Estimation

In this section, we shall outline several different estimation methods applicable for our
model (2.3). The estimators start from different formulations of the state space model and
impose different subsets of the available parameter restrictions. The reason we consider
these different estimators is because of the difficulty of deriving the distribution theory
in some cases and the different numerical performance we have uncovered. The different
estimators also provide an understanding of the theoretical issues we face.

MLE-one day. This is the MLE estimator of the likelihood function {y,}L,, where
Y, = Zioy +¢€;. Estimation is done by the EM algorithm (to be explained in Section 3.1).

MLE-two day. This is the MLE estimator of the likelihood function {;&t}tTil, where
Yy, = Af, + e;. All the restrictions implied by A and M, and implied by autocorrelation
between f, and f, ; will be taken into account. This is equivalent to the MLE-one
day. This estimator is not used in this article, but will help readers understand the
relationships among various estimators. Estimation is done by the EM algorithm.

QMLE-res. This is the QMLE estimator of the likelihood of {f/t}ﬁl, where y, =
Af, + e;. All the restrictions implied by A and M are taken into account. However,
autocorrelation between f, and f, ; is ignored, and { ft}tTil are assumed as i.i.d over ¢
when setting up the likelihood. Estimation is done by the EM algorithm (to be explained
in Section 3.4).

QMLE. This is the QMLE estimator of the likelihood of {:&t}tTil, where y, = Af, +e;.
A specific set of 142 restrictions implied by A and M is employed. Autocorrelation
between f, and f,_; is ignored, and { ft}tTi1 are assumed as i.i.d over ¢ when setting up
the likelihood. This estimator is explained in Section 3.2. Estimation is done by the EM
algorithm (see Appendix A.13).



Bai and Li (2012)’s QMLE. These are the QMLE estimators of the likelihood of
{@t}ﬁl, where y, = Af, + e; with five specific sets of 14? restrictions consistent with
the five identification schemes of Bai and Li (2012). Autocorrelation between f, and

fi_q is ignored, and { ft}zil are assumed i.i.d over ¢ when setting up the likelihood.
Unfortunately, our model is not consistent with any one of the five identification schemes.

QMLE-md. Usethe QMLE as the first-step estimator and incorporate additional finite
number of restrictions implied by our model to obtain an improved estimator via the
minimum distance method. This estimator is explained in Section 3.3.

Bayesian. Use the Gibbs sampling to estimate y, = Z;a; + €;. This estimator is
explained in Appendix A.2. This estimator is computationally intensive and feasible only
for not so large N.

3.1 MLE-one day

Define 0 := {¢, Z¢, Y., c = A,E,U}, 2 := (o, ...,ar)T and Yy :={y],...,y5}7. The
log-likelihoods of = and Yi.7|Z are

T—1
((Z;0) = —Tlog(2m) Z (fotr1 — ¢fg,t)2 + f(%itﬂ] (3-1)
t=0

l\')lr—\

T
_ TN | 1 )
((Yir|Z;0) = ==~ log(27) — Zlog 2l = 5 > (e — Ziea) 'S (g, — Ziew).
t=1

t=1

The complete log-likelihood function of model (2.3), i.e., based on an observed state
vector, is hence (omitting constant)

UE, Yir; 0) = ((Yir|Z;0) + ((Z; 0)

1 1 1
__52(10g|2t‘+6;2t_1€t)_§z QZ (s + Loy)
t=1 t=1

t=1

where £y ; := log|%;| + tr (etstZ ) and ly; 1= 773715_1.

The EM algorithm consists of an E-step and an M-step.! In the E-step, we evaluate a
conditional expectation of the complete log-likelihood function given the observed data,
while in the M-step we maximize it with respect to parameters. To give the starting
values of parameters in the EM algorithm, we first use the MLE to estimate a restricted
version of model (2.3). Take the Asian continent as an example. All the elements of
24\, 244, 24! are set to one scalar, all the elements of z4' are set to one scalar, and all the
diagonal elements of ¥4 are set to one scalar. This will give reasonably good starting
values. We do not use the Principal Component (PC) estimator as the starting values

because in finite samples the PC estimator will not ensure that af o = al +1 , for all £,

~ PC -

where &, ~ is the PC estimator of o.

!Motivation of the EM algorithm is reviewed in SM B.2
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3.1.1 E-Step

Let E denote the expectation with respect to the conditional density p(Z|Yi.r; é(z)) at

é(i), where 9(i) is the estimate of @ from the ith iteration of the EM algorithm. Taking
such expectation on both sides of the preceding display, we hence have

T T
E [E(E, Yi.r; 0)] = constant — % (]EZEM + I@ZElt) )
t=1 t=1

This is the so-called "E” step of the EM algorithm. IE'I[] could be computed using the
Kalman smoother (KS; see Section A.3 for formulas of the KS).

3.1.2 M-Step

The M step involves maximising E [E (=, Yi.r; 0)} with respect to 8. This is usually done
by computing .
OE [((Z,Y1.1;0)]
00

and setting the preceding display to zero to obtain the estimate é(iﬂ) of @ for the (i+1)th
iteration of the EM algorithm.

M-Step of Z; and ¥; We now find values of Z; and ¥; to minimize E Zthl (1. Recall
that 7, = Z¢, %, =X, if t € T, for c = A, E,U. Without loss of generality, we shall use
the Asian continent to illustrate the procedure. We now find values of Z4 and ¥, to
minimise EZtGTA (1. Since g; = y, — Zyoy and 1, = RT(owy1 — Toau) (see (2.3)), we
have

T
Z by = 3 log |X 4] + Z tr ([ytyl — 27y} + ZAataIZAT] EZI>

teTy teTy

and hence

5 T . 5
E Z by = 3 log [Xa] + Z tr ([ytytT — 2Z"Elev]y] + ZAE[atatT]ZAT] EAI) (3.2)

teT s teT s

We now consider Z4, and take differential of (3.2) with respect to Z4:

dEY fy=) tr ([—QdZAE[at]yI + 2dZE[oya] ]ZAT} 2;1)

teT 4 teT 4
- 2> u (dZA [fE[at]ytT - E[atag]zAT} z;l) ,
teTy

whence we have

7= 3 ) (3 Blewad)) (3.3

teTy te€Ts

11



We next consider > 4. Define

Cai= > |yl - 22 Blau]y] + 2" Elova]| 2]

teT s

Cai= Y vl —22*Eledly] + Z*Elava]) 27|

teTy
Then (3.2) can be written as

- T _
EY l, = 5 log S 4] + tr(Ca%7Y)

teT s
Take the differential of E ZtGTA (14 with respect to ¥4
N T T
dE Y 6, = 3 tr(X 1 dY ) — tr(2,1Ca 1A ,) = tr (2;11 {52/4 - CA] z;ld2A>
teT 4

whence we have, recognising the diagonality of ¥4,

afE ZtETA elvt
0Xa

T
=33t [gz A CA} Yitoly,

where o denotes the Hadamard product. The first-order condition of X4 is

3 3
Ya= T(CA oly).

M-Step of ¢ We now find value of ¢ to minimize E Zthl ly¢. We have

T

T T
Ez@,t = Zf@ﬁg,t_l = Z (E[ g2,t] - 2¢]E[fg,tfg7t*1] + ¢2E[ gz,t—l]) )
t=1 t=1

t=1
whence the first order condition of ¢ gives

¢ = (ifﬁ[f;t_l]) ;f@[fg,tfg,t_ﬂ. (34)

Remark 3.1. As mentioned before, our model is perfectly geared for the scenario of
missing observations due to non-synchronized trading (scenario (i)). In SM B.1, we
discuss how to alter the EM algorithm if we include the scenario of missing observations
due to continent-specific reasons such as continent-wide public holidays (e.g., Chinese
New Year). That is, both scenario (i) and a specific form of scenario (ii) are present in
the data. We do not consider other forms of scenario (ii) - missing observations due to
market-specific, stock-specific reasons - in this article.

12



3.2 QMLE

We work with the two-day representation (2.4). We define the following quantities:

A
Sw =7 2Bl Y= AMAT 3

where M := E[f,f]] and Ty := T/6. It can be seen that the 14 x 14 matrix M and the
8 x 8 matrix ® are as follows:

Lo ¢ & o &

61 6 &G S
RN

2 0 . T ERERERE

M:[o 16]’ PEITE |0 0 e o 1o ¢ (4:5)

F oS P 1 o

R R

R R R I

Given the assumption of |¢| < 1 in (2.2), we have M = O(1) and M~ = O(1).
Treating {j"t}tT:f1 as 1.i.d over ¢, we can write down the log-likelihood of {yt}tTi1 (scaled

by 1/(NTy)):

1 o 3T 1 _
ﬁg ({yt}tiﬁ 9) =-3 10g(277) log |Eyy| IN (Syygyyl)- (3-6)

2N

We shall only utilise the information that M is symmetric, positive definite and that
Yee is diagonal to derive the generic first-order conditions (FOCs).? In Appendix A.4,
we derive such FOCs and identify the QMLE estimators A, M,3,, after imposing 142
identification restrictions. The QMLE estimators A M, 3., satisfy the equations

/A\Ti_l(syy o zA]yy) =0
diag(2,,) = diag(2,, Sy >y, (3.7)

where 3, := AMAT 4 %,.. Display (3.7) is the same as (2.7) and (2.8) of Bai and
Li (2012). Bai and Li (2012) considered five identification schemes, none of which is
consistent with A and M defined in (2.5) and (3.5), respectively. Actually A and M
imply more than 142 restrictions, but in order to have a solution for the generic FOCs,
we could only impose 142 restrictions on A and M. We call the resulting estimators
the QMLE rather than the MLE because {ft}tTi1 are assumed i.i.d over ¢ when setting
up the likelihood. How to select these 142 restrictions from those implied by A and M
are crucial because we cannot afford imposing a restriction which is not instrumental for
establishing large-sample theories later. We painstakingly explain our procedure in the
proofs of Proposition 4.1 and Theorems 4.1, 4.3. Our procedure is quite ingenious and
does not exist in the proofs of Bai and Li (2012).

2The word generic means that specific forms of A given by (2.5) and of M given by (3.5) are not
utilised to derive the FOCs.
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3.3 QMLE-md

The QMLE estimator we defined above only used 142 restrictions and there are addi-
tional restrictions implied by our model ((2.3), (2.2)). In this subsection, we propose an
improved estimator (the QMLE-md) by including some of these additional restrictions
via the minimum distance method. Recall that )\,Tw denote the jth row of the kth row
block of A, so we can also use {j\k],&k],M ck=1,...,6,j=1,...,N} to denote the
QMLE estimator. Suppose that we take a finite number ¢y of elements of the QMLE to
form a column vector h. Note that the QMLE h is estimating h(6,,), where 6,, C 6 is
of finite-dimension ¢y (c2 < ¢1) and h(-) : R — R,

Example 3.1. As an illustration, one could take

CART ORT ORT RT ar Nr . A2 T
\fﬁ_,— ()‘1,2’>‘4,2>)‘3,5’)‘6,5?M1,1>M2,1701,5> )
59x1
_ (LA LA A _A U U U U 2 \7T
0, = (22,0722,1722,2722,3’Z5,0a25,1725,2725,37¢> Ul,s) )
~—
10x1
_ T T T T 2 \T
h(0,,) = (’\1,27 >‘4,2’ >‘3,5a )‘6,5a My, My, ‘71,5)
——
59x1

The expression of the 59 x 10 derivative matriz Oh(0,,)/00,, is given in SM B.3.

Let W denote a ¢; X ¢; symmetric, positive definite weighting matrix and define the
minimum distance estimator

~ ~ ~

0., :=arg min [h — h(b)]T W [h —h(b)] . (3.8)

beR2

3.4 QMLE-res

In this subsection, we propose to estimate the two-day representation of our model via

the EM algorithm. We shall incorporate all the restrictions implied by A and M defined

in (2.5) and (3.5), respectively, but assume the working independence hypothesis: { ft}tTi1

are assumed as i.i.d. when setting up the likelihood. We call this the QMLE-res estimator.
The log-likelihoods of {@,}2,|{f,};2, and {f,};2, are, respectively,

T

() 00) =~ T sog(om) — Do m, - LS, - aforoz - ap)
Tf14

({ftt1§ ):

1< _
log(2m) — L log M| ~ 23" FIM S,
t=1

The complete log-likelihood function of the two-day representation of our model is hence
(omitting constant)

g({l‘o/t t= 1a{ft}t 1 )—g({?yt} |{ft}t 15 )+£({ft t=11 )

T

Ty

T 1 ) . T 1 _

= —L1og [Secl = 5 D00 = AP, — AL — S log M = 537 FIMS,
t=1

t=1
1 Ty Ty

=73 <Z by + 252,1&) (3.9)
t=1 t=1
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where

Zglt =T}log | Eee| + Ztr [ —Af) (Y, Aft)TEgel]

Z@t —Tf10g|M|+Ztr v
t=1

Let E denote the expectatlon with respect to the conditional density p ({ft}t 1| {yt}t ;0 _’(Z))

at 0 , Where 0 is the estimate of @ from the ¢th iteration of the EM algorithm. Taking
such an expectation on both sides of (3.9), we hence have

B¢ ({90 {fi12:0)] = - ( Zéuﬂﬁzz@t)

This is the E-step. We now find values of Z¢ to minimise E ZtTil ZM. We will illustrate
the procedure using the first row of Z4, denoted (Z4),. Define the 4 x 14 selection
matrices Ly and Ly, so that A]; = (Z%)1Ly and A]; = (Z*);Ls. One can show that

E; i o g [ 1E[fty1 /ot (ZA)lL1E[ftfg}L{(ZA){/g%’l}
22 22 NLE /ot + (LB SN2t

Taking the differential with respect to (Z4);, recognising the derivative and setting that
to zero, we have

-1

Ty Ty
M= |3 (Llﬁ[ftfm n mé[ftm) 3 (Llﬁ[ftiu,l] ; Lﬁ[ft@l,gm)
t=1 t=1

In a similar way, we can obtain the QMLE-res for other factor loadings.
We now find values of ¥.. to minimise E Zﬁl l14. We can show that

Ty
o - Cekge + CesNtksN+k
EY (14 o< Trlog|See| + tr [CeX,,] Tf2210g0k+z o S
t=1 k=1 h=1

where C, := Zgl (9,91 — 2AE[f,9T] + Aﬁ[ftfﬂAT), and the single-index o7 is defined

as op =02 3 Taking the derivative with respect to o7 and setting that to zero,

[ k=N
we have
2 1 Cepr+ Ce AN+R3N+k

T, 2
We provide the formulas for E[ftft} and E[ftyﬂ in Appendix A.12.
Next, we find values of ¢ to minimise E ZtTil ly4. It is difficult to derive the analytical

solution for ¢ so we will obtain ¢ in a numerical way.

3Note that k — ([£],k — [ £|N) is a bijection from {1,...,6N} to {1,...,6} x {1,...,N}.
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4 Large Sample Theories

4.1 QMLE

We now present the large sample theories of the QMLE. The idea of the proof is based
on that of Bai and Li (2012), but is considerably more involved because our identification
scheme is non-standard. Hence, we provide a recipe for obtaining results similar to those
of Bai and Li (2012) for almost any identified dynamic factor model. This does have a
practical importance because many dynamic factor models, like ours, are coming from
different economic theories and might not conform to the five identification schemes of
Bai and Li (2012).

Recall that we could use {j\k7j,6k7j,M ck=1,...,6,j = 1,...,N} to denote the
QMLE. We make the following assumption.

Assumption 4.1. (i) The factor loadings { A ;} satisfy | A jll2 < C for all k and j.

(it) Assume C~' < o < C for all k and j. Also 63 ; is restricted to a compact set
[C~YC) for all k and j.

(111) M s restricted to be in a set consisting of all positive definite matrices with all the
elements bounded in the interval [C~1, C|.

(iv) Suppose that @ = limy_,« %ATZ;A is a positive definite matriz.

Assumption 4.1 is standard in the literature of factor models and has been taken from
the assumptions of Bai and Li (2012).

Proposition 4.1. Suppose that Assumptions 2.1, 4.1 hold. When N, Ty — oo, with
the identification condition outlined in the proof of this proposition (i.e., 14* particular
restrictions imposed on A and M) and the requirement that A and A have the same
column signs, we have

Aej— Akj = 0p(1) (4.1)
w2 2.6 = 0,(1) (4.2)
N — M = o,(1). (4.3)

fork=1,...,6,7=1,...,N.

Display (4.1) and (4.3) establish consistency for the individual loading estimator j‘k,j
and M, respectively, while display (4.2) establishes some average consistency for {(},%J-}.

Theorem 4.1. Under the assumptions of Proposition 4.1, we have

Xk — Ayl = Op(T} 1) (4.4)
| SN
v 2o 2 Gk = aky) = Op(T ) (4.5)
k=1 j=1
M—M = Op(Tf_l/Q)~ (4.6)

16



Theorem 4.1 resembles Theorem 5.1 of Bai and Li (2012) and establishes the rate of
convergence for the QMLE. The only difference is while Bai and Li (2012) only established
an average rate of convergence for {5\;6,]-}, we managed to establish a rate of convergence
for the individual loading estimator 5\;”

Theorem 4.2. Under the assumptions of Proposition J.1, we have, fork =1,...,6,7 =

1.... N,
(i) .
. 1 < —1/2
O = Ohj = Ty Z (e?k—l)Nﬂ‘,t —0ig) + op(T} ),
t=1

where eg—1)n+j¢ 5 the [(k — 1)N + j]th element of e;.
(11) As N, Ty — oo,
. d
VT3 — i) = N(0, 207 ;).

Theorem 4.2(i) gives the asymptotic representation of &3 ;. Theorem 4.2(ii) is the
same as Theorem 5.4 of Bai and Li (2012) and establishes the asymptotic distribution of
)
O i

Theorem 4.3. Suppose that the assumptions of Proposition 4.1 hold.
(i) Fork=1,...,6,j=1,...,N, we have

Ty
iy 1
Ty(Aej — Awg) = (Ap; @ L1)T E el @ f,)+M! > Fret-nneie + 0p(1),
% j j o /—f t @ T T &7 gt T Op

where eI is a 24 X 1 vector consisting of e(y_1\N4qs Jorp=1,...,6 andqg=1,...,4,

and I" is a 196 x 336 matriz, whose elements are known (but complicated) linear
functions of elements of (inverted) submatrices of A and M, satisfying

veeA=Tx =Y (ef @ f,) +0,(T; %), A=(A—A)TSAATS A

(1) As N,Ty — oo, fork=1,...,6, j=5,..., N, we have
\/Tf(xkd' — Akﬂ‘) i> N (O, (Az,j X 114)F(Zle & M)FT(A;C] & 114) + M~ Ok])
and fork=1,...,6, j=1,...,4, we have
\/Tf(j\k,j — Ak,j) i> N (O, (A;j X ]14)F(Eie & M)FT(Ak,j X ]14) + M_lo'z’j + covg; + COULJ') ,

where X1 is a 24 x 24 diagonal matriz whose [4(p — 1) + q]th diagonal element is
012741 forp=1,...,6 andq=1,...,4. The 14 x 14 matriz cov ; is defined as

COV, = (ALJ X [14)F [Lk,j X 114} O'Iz’j,

where vy j is a 24 x 1 zero vector with its [4(k — 1) + j]th element replaced by one.
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Theorem 4.3 presents the asymptotic representation and distribution of the QMLE of
the factor loadings. The idea of the proof is inspired by that for the fourth identification
scheme (i.e., IC4) in Theorem 5.2 of Bai and Li (2012). Note that the asymptotic variance
of A J depends on I and ¥I_. The matrix ¥I_ contains the idiosyncratic variances of the
first four assets in each continent. When computlng I', we often need to invert submatrices
of the factor loadings of the first four assets in each continent (see (A.47) for example).
Thus, ordering assets, with smaller idiosyncratic variances and less multicollinearity of
the factor loadings, as the first four assets in each continent results in a 5\“ with smaller
asymptotic variances.

Theorem 4.4. Suppose that the assumptions of Proposition 4.1 hold.
(i)
/Ty vech(M — M) = —2D7,(I1y ® M)l —

where DY, is defined in Section 1.1.
(i) As N, Ty — oo,
VT vech(M — M) % N (0, M)
where M is 105 x 105 and defined as
M = 4D, (I;4 @ M)T(S!, @ M)TT(I,4 @ M)D;}.

Theorem 4.4 presents the asymptotic representation and distribution of the QMLE of
M; it is similar to Theorem 5.3 of Bai and Li (2012).

We could estimate f, by the generalized least squares (GLS), as Bai and Li (2012)
have done in their Theorem 6.1:

~

7, = (ATSA) T ATS

Theorem 4.5. Suppose that the assumptions of Proposition 4.1 hold and \/N/Tf — 0,
N/Ty — A €]0,00). Then we have

(i)

1 1 _
VT & o) gl

where K414 15 the commutation matriz.
(it)
VN(fo— folfe &N (07 A(f1 @ Na) Kiaaal (55, © M)TTK 404(f, @ 1) + Q_1> ,

where Q) is defined in Assumption 4.1.

\/N(}t —f) = _\/Z(ftT ® I14) K414

Theorem 4.5 gives the asymptotic representation and conditional distribution of the
GLS f,. Unlike Theorem 6.1 of Bai and Li (2012), since we treat f, as random, the
asymptotic normal distribution in Theorem 4.5(ii) is for v/N(f, — f,) conditioning on

fe
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4.2 QMLE-md

We then present the large sample theories of the QMLE-md. Recall that h is a vector of
finite length of the QMLE estimator {A;,65,, M :k=1,...,6,j=1,...,N}. Relying
on the asymptotic representations of the QMLE (Theorems 4.2, 4.3, 4.4), one could easily
establish the asymptotic distribution of ﬁ, say,

VTi(h = h(6,)) % N(0,H).

Since the choice of h varies, we omit the formula for H.

Theorem 4.6. Suppose that the assumptions of Proposition 4.1 hold. Then we have

VT8, — 6,,) % N(0,0),
where

0 [91(On) . On(B:) - 8h(9m)W,HW8h(0m) Oh(O) |, Oh(6:) —1.

00T 90, 00T 00,, | 00T 0.,

In the preceding theorem, choosing W = H~! gives the most efficient minimum dis-

Oh(0:m) 7 /—1 Oh(0) 11
6T, H aem} :

tance estimator. In that case, O is reduced to [

5 Inference Procedures for the MLE-one day and the
QMLE-res

In classical factor analysis (i.e., fixed N large T), the asymptotic variances of the MLE-
one day and the QMLE-res defined in Section 3 could be approximated using the nu-
merical Hessian method as researchers have shown that the MLE of a standard factor
model is asymptotically normal but has very complicated expressions for the asymptotic
covariance matrices (Anderson (2003, p.583)). The large sample theories of the MLE-one
day and the QMLE-res in the large N large T case remain as a formidable, if not impos-
sible, task to be completed in the future research. In this section, we provide a heuristic
procedure to approximate the standard errors of the MLE-one day and the QMLE-res in
the large N large T} case.

5.1 MLE-one day
5.1.1 For ¢

By relying on the first-order condition of the MLE with respect to ¢, we propose a
parametric bootstrap to approximate the sampling distribution of ¢ defined in (3.4). It
can be shown that the first-order condition of the MLE with respect to ¢ is

8#6 ({yt}tTila 0) 1 _ — -
: O o " [AT(3y Sy, — Ty )AK ()]
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where K (¢) is the 14 x 14 derivative matrix dM/0¢. Given the MLE-one day estimator
{Z ¢ S.d:c=AEU }, in each bootstrap replication, simulate {y;} and hence calculate
S,,. Then use the numeric means to find ¢, which solves

1 _
W tr [AT(Zyy bSyy Yy, b Eyyl,b)AbK(gbb)} = 0.

where Ay and iyyﬁb are estimates of A and ¥,, computed using {ZC, Y. :c=A,E, U}
and ¢y. If we have B parametric bootstrap replications, then the standard deviation of
{¢p}2 | could be used as the approximation for the standard error of ¢.

5.1.2 For Z¢

We now approximate the standard errors of Z¢ for ¢ = A, E,U defined in (3.3). The
idea is to use all the restrictions implied by A defined in (2.5) to reduce the standard
error of the QMLE. Since the reduced standard error has incorporated all the information
contained in A, it should approximate that of Z¢. The machinery which we shall employ
is Bayes theorem.

In the proof of Theorem 4.3, we show that (see (A.53))

\/TfO‘k,j_)‘k,j):()‘L,j@[M \/_fz et®ft +M 1\/—th€/% 1N+Jt+0p(1)

=a*+ M thek N4j¢ T 0p(1).

\/_ftl

Repeating the arguments in (A.54), we have for k = 1,2, 3,

Aej — Aij a a* of M~ 0
o M J at S N e kg _ 5.1
! ( Akt3j = Akt ) [ a ] [ 0 oM o
a* % N0, W,) (5.2)
where

Wa = (A]; ® L)T(SL ® M)TT (A ® La).

Define
Sk,z 0
g’is = 0 Sh43,2 ;
24x28 Sk,nz _Sk:+3,nz

where {S.n.}0_; are 4 x 14 with Sy, being the 7 — k,8 — k,9 — k, 15 — kth rows of I 4
for k = 1,...,6, and {Sk.}¢_, are 10 x 14 with Sy, being the submatrix of I, after
deleting its 7 —k,8 —k,9—k, 15 — kth rows for £ = 1,...,6. In other words, S , denotes
the 10 x 14 selection matrix which extracts out the 10 zero elements of Ay ;, while Sy ,,.

denotes the 4 x 14 selection matrix that extracts out the 4 non-zero elements of Ay ;.

Note that Gi(Af;, Af,3,)T = 0. Let



We hence have

*

a

a*

,07:Gr(ly @ M™1G],

de}k,j‘ a* = Gk\/Tf ( 2 )\k’j B Ak’j ) a” i) N | Gi

Akt+3,j — Akt
Recall that p(-) denotes the asymptotic density function. Then we have
* 1 * —1 %
p(a ) occexp | —5a W, a
A * _24) o N A
p(kakJ|a ) = (27T) 2 ’JkJGk(IQ ® M )Gk| X

.
1 . * _ _ - N
exp {_5 (Gka,j — Gy, Z ]> ka [Gi(L ® M~1)G]] 1 <kak’j O

*

* g’;])}.

Note that {Gk@k]}’,jj’gjv are conditionally (given a*) asymptotically independent across
k and j because of the asymptotic normality and uncorrelatedness by Assumption 2.1.

]
]) o2 [Gu(le © MTHG]] ™ (Gk@kva‘ — Gy

a*

1
X exp {—5 (kakd — Gk

Then we have

3

N
p (1Goe iz 1er) = [T r (Gionsla’)

k=1j=1
1 N Il4 *
exp {—5 Z (kak,j — Gy, I, ] a )
=3,j=N .

k.j
Thus the asymptotic posterior distribution of a* given {chbk,j}l,:zl’j:l is

T

i)

02 [Gr(l: @ MG ! (Gkak,j — Gy

. n yk=3j=N ~ k=3 =N| _x «
p (@ {Gr@r i 1=y 2Y) o p (‘{kak,j}k:i;:l la >P (a”)

X exp (——a*TWa_la*> X

i)

.
ha ] a*) Uk_j- [Gk(IQ ® M_l)GL]_l (Gk@k,j — Gy

" Iy
1
X exp (\Ifla* — §a*T\112a*) (5.3)
where
3 N 1 I,
~ —92 1 —
Uy =Y (Grwng) o [Gr(lo @ MTY)GE] ™ Gy o
k=1 j=1
5. N T T 1 ;
Uy = W+ ZZ [ ]i Gza,;j [Gk([g R M—l)GH* en ]ﬁ ]
k=1 j=1

Thus (5.3) implies that a* |{chbk]}l,zj’§jv is asymptotically distributed as N (015", U3 1).

In particular, a*[{Grwy; = O}ijgi\[ is asymptotically distributed as N (0,¥;"). We

21



know that for ¢/ > 4, say, the asymptotic variance of T;/ 2(5%,@ — Age) is the asymp-
totic variance of a* plus o} ,M~'. Conditioning on {Grwy; = O}Zj'jjv, the asymptotic
variance of a* is reduced to W;'. Thus the square roots of the diagonal elements of
Ut 4+ Ui,fM ~1 whose positions correspond to the non-zero elements of A, could be
used as approximations of the standard errors of the MLE-one day estimators of those

loadings.

5.1.3 For 3.

We shall approximate the standard error of 67, by &7 ;1/2/Ty (see Theorem 4.2). This
is because the QMLE of Y. has already incorporated diagonality of X, for c = A, E, U,
so the standard error of the QMLE of aij should approximate that of the corresponding
MLE-one day estimator reasonably well.

5.2 QMLE-res

The standard errors of the QMLE-res are calculated in the same way as those of the
MLE-one day. The idea is that since the QMLE-res has incorporated all the restrictions
implied by A and M, its standard errors should be close to those of the MLE-one day.

6 Monte Carlo Simulations

In this section, we shall conduct Monte Carlo simulations to evaluate the performances of
our proposed estimators. We specify the following values for the parameters: N = 50, 200;
T = 750 (around one year’s trading data), 1500, 2250; ¢ = 0.3. For ¢ = A, E, U, X.;; are
drawn from uniform[0.2,2] for i =1,..., N, and

Zic’j = 0.6ac7i,j + 0.6dc7j —0.2

where {acﬂ,j}iﬂff and {d.;}?_, are all drawn from uniform[0, 1]. For each continent,
we put the assets with the smallest four idiosyncratic variances as the first four assets.
After the logarithmic 24-hr returns are generated, the econometrician only observes those
logarithmic 24-hr returns whose ts correspond to the closing times of their belonging
continents. The econometrician is aware of the structure of the true model (2.3), but
does not know the values of those parameters. In particular, he is aware of diagonality
of X..

We estimate the model using the MLE-one day, the QMLE-res and the QMLE-md.
To initialize the EM algorithm for the MLE-one day and the QMLE-res, the start-
ing values of the parameters are estimated according to the procedure mentioned in
Section 3.1. We now briefly explain how to select h for the QMLE-md. Take the
factor loading of Asia’s jth asset (i.e., zfo,zﬁl,zf2,2f3) as an example: Select h =

ST RT RT RT  RT {7 {7 T T 7}T
(Al’j, A4,j7 A271, A571, A275, A5757 A371, A6,1’ A375, A675)T FOI" ¢: SeleCt
~ QT RT RT RT RT RT
_ T
h = (/\1,17 >‘4,17>‘2,1a A5,1’>‘3,17A6,17 (vech M)T)T.

For o} ;, set its QMLE-md to the QMLE.
The number of the Monte Carlo samples is chosen to be 200. From these 200 Monte
Carlo samples, we calculate the following three quantities for evaluation:
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(i) the root mean square errors (RMSE),
(i) the average of the standard errors (Ave.se) across the Monte Carlo samples.

(iii) the coverage probability (Cove) of the confidence interval formed by the point esti-
mate £ 1.96 xthe standard error. The standard errors differ across the Monte Carlo
samples.

For a particular j and ¢, it is impossible to present a evaluation criterion of z7; for all
i, so we only report the average value for the vector 2. Likewise, we report the average
value for the three diagonals of {3, : ¢ = A, E,U}. Tables 1 and 2 report these results.
To save space, we only present the results for T = 750, 2250 (the results for 7" = 1500
are available upon request). We see that the MLE-one day and QMLE-res estimators are
very similar in terms of the three evaluation criteria. In terms of RMSE, the MLE-one
day and the QMLE-res are better than the QMLE-md, but the gap quickly narrows when
N or T increases. In terms of Ave.se, the QMLE-md has slightly larger standard errors
than those of the MLE-one day or the QMLE-res. This is probably because the QMLE,
the first-step estimator in the QMLE-md, has large standard errors. When N and T
increase, we obtain smaller RMSE, smaller Ave.se, and better coverage in general for all
estimators.

7 Empirical Work

In this section, we present two empirical applications of our model. Section 7.1 is about
modelling equity portfolio returns from Japan, Europe and the US. That is, one market
per continent. Section 7.2 studies MSCI equity indices of the developed and emerging
markets (41 markets across three continents). We first list the trading hours of the
world’s top ten stock exchanges in terms of market capitalisation in Table 3. This shows
the overlaps and lack of overlaps.

7.1 An Empirical Study of Three Markets

We now apply our model to equity portfolios of three continents/markets: Japan, Eu-
rope and the US. Take Japan as an example. First, we consider six equity portfolios
constructed by intersections of 2 size groups (small (S) and big (B)) and 3 book-to-
market equity ratio (B/M) groups (growth (G), neutral (N) and value (V)), in the spirit
of Fama and French (1993); we denote the six portfolios SG, SN, SV, BG, BN and BV.
Second, in a similar manner we consider six equity portfolios constructed by intersections
of 2 size groups (small (S) and big (B)) and 3 momentum groups (loser (L), neutral
(N) and winner (W)); we denote these six portfolios SL, SN, SW, BL, BN and BW.
We downloaded the daily value-weighted portfolio returns (in percentage points) from
Kenneth R. French’s website.* Note that these returns are not logarithmic returns, so
strictly speaking our model does not apply. Moreover we demeaned and standardised the
daily value-weighted portfolio returns so that the returns have sample variances of one.
In SM B.4, we show that our model could still be applied by making some innocuous
approximations. Since we do not have so many assets in this application, we shall use the

“https://mba.tuck.dartmouth.edu/pages/faculty /ken.french/
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N=50, T=750

MLE-one day QMLE-res QMLE-md
RMSE Avese Cove RMSE Avese Cove RMSE Ave.sse Cove
zi 0.0811 0.1072 0.9868 0.0864 0.1062 0.9802 0.2665 0.1532 0.7663
z4 0.0869 0.1078 0.9845 0.0907 0.1073 0.9799 0.3885 0.1641 0.7805
z5 0.0789 0.1016 0.9869 0.0871 0.1020 0.9757 0.3600 0.1396 0.7708
z4 0.0985 0.1010 0.9562 0.1038 0.1011 0.9466 0.2775 0.1204 0.6615
zF 0.0909 0.1052 0.9746 0.0938 0.1052 0.9698 0.2889 0.1440 0.8072
zF0.0946 0.1076 0.9704 0.0998 0.1063 0.9596 0.2999 0.1640 0.7806
zE 0.0855 0.1049 0.9806 0.0879 0.1045 0.9768 0.4058 0.1473 0.7735
zE 0.0833 0.0975 0.9751 0.0848 0.0976 0.9710 0.1820 0.0942 0.7001
z§  0.0881 0.1044 0.9761 0.0985 0.1044 0.9545 0.3451 0.1854 0.7926
2V 0.0981 0.1067 0.9643 0.1040 0.1069 0.9508 0.5039 0.2274 0.8087
2zY 0.0937 0.1067 0.9682 0.1007 0.1049 0.9549 0.3402 0.1980 0.7924
2z 0.0812 0.0960 0.9759 0.0831 0.0959 0.9727 0.2253 0.1368 0.7623
Y. 0.1143 0.1062 0.9114 0.1149 0.1060 0.9070 0.2417 0.1294 0.6342
¢  0.0447 0.0386 0.9400 0.0542 0.0387 0.8750 0.0491 0.0474 0.9500
N=50, T=2250
MLE-one day QMLE-res QMLE-md
RMSE Avese Cove RMSE Avesse Cove RMSE Ave.sse Cove
zi' 0.0465 0.0619 0.9894 0.0484 0.0614 0.9845 0.1244 0.0869 0.8519
z4 0.0495 0.0626 0.9835 0.0514 0.0622 0.9806 0.2010 0.0984 0.8516
z5' 0.0446 0.0595 0.9908 0.0489 0.0595 0.9818 0.1510 0.0852 0.8396
z4 0.0531 0.0589 0.9682 0.0542 0.0589 0.9636 0.1273 0.0767 0.7390
zF 0.0513 0.0623 0.9783 0.0527 0.0619 0.9739 0.1459 0.0916 0.8564
zE 0.0544 0.0633 0.9723 0.0576 0.0627 0.9618 0.1462 0.0952 0.8580
zE 0.0499 0.0614 0.9811 0.0511 0.0609 0.9788 0.2176 0.0834 0.8533
z¥ 0.0467 0.0571 0.9814 0.0473 0.0571 0.9802 0.0850 0.0558 0.8043
z§ 0.0513 0.0610 0.9765 0.0568 0.0605 0.9578 0.1707 0.1215 0.8618
2V 0.0572 0.0636 0.9697 0.0596 0.0630 0.9614 0.2290 0.1386 0.8660
zY  0.0540 0.0625 0.9742 0.0571 0.0617 0.9602 0.1600 0.1069 0.8592
2z 0.0462 0.0560 0.9816 0.0472 0.0559 0.9771 0.1048 0.0804 0.8483
Y. 0.0649 0.0624 0.9215 0.0651 0.0624 0.9189 0.1115 0.0842 0.8253
¢  0.0238 0.0216 0.9100 0.0277 0.0218 0.8450 0.0283 0.0223 0.8900

Table 1: RMSE, Ave.se and Cove stand for the root mean square errors, the average of the

standard errors across the Monte Carlo samples, and the coverage probability of the confidence

interval formed by the point estimate + 1.96 xthe standard error, respectively.
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N=200, T=750

MLE-one day QMLE-res QMLE-md
RMSE Avese Cove RMSE Avese Cove RMSE Avesse Cove
zi' 0.0823 0.0924 0.9635 0.0860 0.0923 0.9538 0.1638 0.1435 0.9278
z4 0.0835 0.0933 0.9660 0.0859 0.0932 0.9592 0.2047 0.2034 0.9291
z5 0.0796 0.0897 0.9672 0.0837 0.0896 0.9561 0.1680 0.1586 0.9325
z4 0.0715 0.0884 0.9807 0.0724 0.0884 0.9791 0.1244 0.1080 0.9120
zF 0.0817 0.0916 0.9637 0.0829 0.0915 0.9604 0.1714 0.1570 0.9322
zE0.0843 0.0925 0.9588 0.0888 0.0924 0.9484 0.1737 0.1749 0.9497
zE 0.0816 0.0916 0.9630 0.0829 0.0916 0.9592 0.1435 0.1322 0.9345
zE 0.0694 0.0872 0.9823 0.0696 0.0872 0.9819 0.1169 0.1043 0.9147
z§  0.0806 0.0957 0.9745 0.0839 0.0955 0.9678 0.1733 0.1646 0.9455
2V 0.0834 0.0964 0.9714 0.0866 0.0964 0.9644 0.2480 0.2438 0.9392
z¥  0.0785 0.0969 0.9812 0.0825 0.0968 0.9734 0.1809 0.2050 0.9569
2y 0.0717 0.0916 0.9852 0.0747 0.0916 0.9798 0.1570 0.1432 0.9232
e 0.0953 0.0924 0.9444 0.0954 0.0924 0.9437 0.1777 0.1173 0.7849
¢  0.0392 0.0322 0.8800 0.0413 0.0321 0.8850 0.0411 0.0419 0.9500
N=200, T'=2250
MLE-one day QMLE-res QMLE-md
RMSE Avese Cove RMSE Avesse Cove RMSE Ave.sse Cove
zi' 0.0465 0.0539 0.9703 0.0502 0.0538 0.9550 0.0874 0.0842 0.9481
z40.0477 0.0545 0.9691 0.0493 0.0543 0.9624 0.1119 0.1177 0.9471
z5' 0.0447 0.0523 0.9723 0.0469 0.0523 0.9656 0.0911 0.0963 0.9508
z4 0.0408 0.0516 0.9836 0.0410 0.0516 0.9831 0.0659 0.0651 0.9377
zF 0.0473 0.0532 0.9660 0.0480 0.0531 0.9613 0.0932 0.0966 0.9517
zE0.0495 0.0539 0.9568 0.0546 0.0538 0.9329 0.0907 0.1026 0.9677
zE 0.0448 0.0533 0.9749 0.0460 0.0531 0.9706 0.0744 0.0806 0.9600
z¥ 0.0405 0.0505 0.9823 0.0406 0.0505 0.9819 0.0620 0.0630 0.9419
z§  0.0451 0.0557 0.9810 0.0471 0.0555 0.9750 0.0914 0.0999 0.9662
2V 0.0482 0.0563 0.9723 0.0502 0.0561 0.9648 0.1352 0.1531 0.9576
2Y  0.0457 0.0564 0.9800 0.0488 0.0562 0.9694 0.0943 0.1131 0.9726
2y 0.0410 0.0532 0.9874 0.0423 0.0532 0.9845 0.0810 0.0845 0.9515
Y. 0.0547 0.0540 0.9523 0.0547 0.0540 0.9519 0.0860 0.0738 0.9088
¢  0.0216 0.0225 0.9650 0.0223 0.0225 0.9450 0.0232 0.0230 0.9550

Table 2: RMSE, Ave.se and Cove stand for the root mean square errors, the average of the

standard errors across the Monte Carlo samples, and the coverage probability of the confidence

interval formed by the point estimate + 1.96 xthe standard error, respectively.
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Market Market Cap  Trading Hours Country
(US trillions) (Beijing Time)

1 New York S.E. $26.91 21:30-04:00 (+1)7 US

2 NASDAQ S.E. $23.46 21:30-04:00 (+1)7 US

3 Shanghai S.E. $7.69 09:30-11:30, 13:00-15:00 China
4  Tokyo S.E. $6.79 08:00-10:30, 11:30-14:00 Japan
5 Hong Kong S.E. $6.02 10:00-12:30, 14:30-16:00 China
6 Shenzhen S.E. $5.74 09:30-11:30, 13:00-15:00 China
7 London S.E. $3.83 15:00-19:00, 19:02-23:307 UK

8 India National S.E. $3.4 11:45-18:00 India

9 Toronto S.E. $3.18 21:30-04:00 (+1)7 Canada
10 Frankfurt S.E. $2.63 15:00-23:307 Germany

Table 3: S.E. stands for Stock Exchange. Market Capitalisations were measured on
October 29th 2021. (+1) indicates +one day. ! means summer time; its corre-
sponding winter trading hours are summer trading hours plus one hour. Data source:
https://www.tradinghours.com/markets.

MLE-one day estimator with its standard errors approximated by the numerical Hessian
method.

We next discuss how to interpret the factor loadings of our model. Let g;; denote the
standardised return of portfolio i of market ¢ on period ¢. Recall that

2
cco_ c c c
Yix = E :Zi,jfg,tfj + Zi,3fC7t + €t
=0

where var(f,;) = (1 — ¢*)~! and var fo;, = 1. Thus an additional standard-deviation
increase in f,; 1 predicts 2f,//1 — ¢? standard-deviation increase in the standardised
return g7, while an additional standard-deviation increase in fc, predicts z{; standard-
deviation increase in the standardised return yy,.

We then give a formula for variance decomposition. Recall (2.3): a1 = T oy + Rny,
n, ~ N(0, ). We first calculate the unconditional variance of ay; it can be shown that

1 ¢ ¢? 0
1—¢2 1—¢2 1—¢2
¢ 1 é 0
var(ay) = unvec {[[16 ~ToT] " (R® R) Vec(fz)} _ 1; 7 17¢¢2 1,1¢2
1—¢? 1—¢2 1—¢2 0
0 0 0 1
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1 S C c Cc C c C
Since yi, = [ Zio %1 Zie Zi3 } a; + €7, we have

1 o ¢° c
1—¢2 1—2 1—¢2 0 Zi,O
e P) ! 2 ¢ 5 0 Zt':l
SC\ c c c c 1— 1— 1— i, c
var(i,) = [ %0 251 22 %3 ] qf f 2 0 e + var(ej,)
1—¢2 1—¢2 1—¢2 1072
0 0 0 1 “i,3
- 1 c,2 c,2 c,2 20655 ¢ 2h2C . »¢ ) 2 ¢ .C
—1_ 02 [Zi,o T 21t 25+ ¢Zi,12i70 + ¢Zi,1zi,2 +2¢ Zi,QZi,O]
N - 7
variance due to the global factor
c,2 2
+ Zi3 + Oci : (7.1)
~~~ ~~

variance due to the continental factor  variance due to the idiosyncratic error

2;, asmall 27 32 means that the variance of the return is largely
explained by the global factor.

For fixed var(j;,) and o

7.1.1 Two Periods of Five-Year Data

We estimate our model twice using two periods of data (20110103-20151231; 20160104~
20201231). We take care of the missing returns due to the continent-specific reasons using
the technique outlined in Section B.1. The starting values of the parameters for the EM
algorithm are estimated according to Section 3.

The MLE-one day estimates of the factor loading matrices are reported in Table 4. We
first examine the six portfolios constructed by intersections of size and book-to-market
equity ratio (B/M) groups. In 2016-2020 the Japanese standardised returns were more
likely to be affected by the global factor during the US trading time (z{!) and less likely
to be affected by the global factor during the European trading time (z4') than they were
in 2011-2015. Take the Japanese SG portfolio as an example. In 2011-2015, an additional
standard-deviation increase in fy, 1 predicts 0.24/v/1 —0.1654%2 = 0.2424 standard-
deviation increase in the standardised return g ,, while an additional standard-deviation

increase in fa; o predicts 0.51/4/1 —0.16542> = 0.5171 standard-deviation increase in
the standardised return y{;&t. In 2016-2020, an additional standard-deviation increase

in f,,—1 predicts 0.71/4/1 —0.23232 = 0.73 standard-deviation increase in the stan-
dardised return y?c,m while an additional standard-deviation increase in f4, o predicts
0.26/v/1 —0.2323? = 0.2673 standard-deviation increase in the standardised return g ,.
In 2011-2015, an additional standard-deviation increase in fo, predicts 0.75 standard-
deviation increase in the standardised return, while in 2016-2020, an additional standard-
deviation increase in fc; only predicts 0.63 standard-deviation increase in the standard-
ised return.

For the European portfolios, the standardised returns were less likely to be affected
by the global factor during the European and US trading times (2{, 2¥), and more likely
to be affected by the continental factor (z£) than they were in 2011-2015. Because of the
much larger continental loadings in 2016-2020, one could argue that the European portfo-
lios became less integrated into the global market than they were in 2011-2015. Take the
European BG portfolio as an example. In 2011-2015, an additional standard-deviation
increase in f,, predicts 0.47/4/1 — 0.16542 = 0.4766 standard-deviation increase in the
standardised return. In 2016-2020, an additional standard-deviation increase in f,; pre-
dicts 0.18/4/1 — 0.23232 = 0.1851 standard-deviation increase in the standardised return.
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Size and B/M portfolios in 2011-2015

I T T O T . T O T |
SG  0.16 024 051 075 043 0.54 057 048 045 046 049 0.48
SN 0.18 0.30 0.63 0.73 0.44 0.54 057 0.52 047 048 0.52 0.48
SV 0.17 031 066 0.68 0.43 0.53 057 048 047 048 0.52 0.46
BG 020 0.39 085 0.34 047 058 070 0.16 041 056 0.66 0.15
BN 0.18 0.38 0.89 0.31 0.50 0.60 0.71 0.17 041 0.58 0.72 0.09
BV 0.18 0.37 085 0.34 0.51 056 065 020 042 0.55 0.63 0.18

Size and B/M portfolios in 2016-2020

2 ozt ozt 2 2P 2P 2P 2B U 2V U 2Y
SG 030 0.71 0.26 0.63 0.23 0.53 0.26 0.77 0.50 0.29 0.60 0.42
SN 031 0.82 047 055 0.34 054 024 0.78 040 0.50 0.64 0.47
SV 030 0.83 056 046 0.42 055 023 0.73 030 0.62 0.64 0.42
BG 033 0.88 036 0.34 0.18 054 021 0.68 0.55 0.18 0.72 0.01f
BN 035 092 057 020 0.36 058 0.18 0.68 041 0.54 0.74 0.12
BV 033 085 070 0.08 0.52 0.57 0.16 0.60 030 0.71 0.72 0.12

Size and momentum portfolios in 2011-2015

I T T . . T A T |
SL  0.08 0.27 027 089 037 053 0.72 026 0.37 041 0.69 0.42
SN 0.06 025 027 091 042 044 079 0.16 0.39 0.53 0.53 0.46
SW 0.05% 0.22 026 0.87 0.47 0.34 0.80 0.06%* 0.43 0.59 0.35 0.55
BL 0.12 028 0.33 079 0.39 0.57 0.64 0.14 0.30 048 0.74 0.15
BN 008 027 0.36 0.81 049 047 0.71 -0.05" 0.34 0.74 049 0.12
BW 0.05 026 0.36 078 055 031 0.75 -0.24 0.38 0.77 0.25 0.28

Size and momentum portfolios in 2016-2020

P A 7 - L " SR SR T S 4
SL 023 047 0.34 084 063 0.85 0.35 -0.19 0.52 0.75 0.37 0.43
SN 021 047 024 088 041 0.95 044 -0.25 059 0.60 042 047
SW 023 045 0.07 084 024 094 047 -020 0.65 0.34 043 0.44
BL 0.19 046 044 0.73 0.68 0.84 0.28 0.05 0.56 0.83 0.35 0.22
BN 022 050 029 080 044 097 041 0.17 0.71 0.66 0.40 0.16
BW 021 049 0.04" 077 0.14 094 045 0.11 0.87 0.25 0.34 0.01f

Table 4: The MLE-one day of the factor loadings. To save space, we do not report the standard
errors, which are around 0.02, with a minimum 0.0084 and maximum 0.0404. Almost all the
estimates are significant at 1% significance level. Entries with & are significant only at 5%
significance level; entries with | are insignificant at 10%.
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In 2011-2015, an additional standard-deviation increase in fc; predicts 0.16 standard-
deviation increase in the standardised return, while in 2016-2020 an additional standard-
deviation increase in fo,; predicts 0.68 standard-deviation increase in the standardised
return.

For the US portfolios, the standardised returns in 2015-2020 to a large extent be-
came slightly less affected by the global factor during the US trading time (2Y), and
became slightly more affected by the global factor during the Asian trading time (2Y)
than they were in 2011-2015. Take the US SN portfolio as an example. In 2011-2015,
an additional standard-deviation increase in f,; predicts 0.47/v/1 —0.16542 = 0.4766
standard-deviation increase in the standardised return, while an additional standard-
deviation increase in fy; o predicts 0.52/v/1 — 0.16542 = 0.5273 standard-deviation in-
crease in the standardised return. In 2016-2020, an additional standard-deviation in-
crease in fg; predicts 0.40/v/1 —0.23232 = 0.4113 standard-deviation increase in the
standardised return, while an additional standard-deviation increase in f,;— o predicts
0.64/+/1 — 0.2323%? = 0.6580 standard-deviation increase in the standardised return. For
the US portfolios, the loadings for the continental factor have decreased slightly; in par-
ticular the continental loading of the BG portfolio has decreased from 0.15 to something
statistically insignificant.

Over the two periods of five years, a few general patterns emerge. First, within the
same B/M ratio category, the big portfolio has much smaller loadings for the continental
factor but larger loadings for the global factor than the small portfolio. In particular, the
variances of the standardised returns of the US big portfolios could largely be explained
by the global factor in light of (7.1). Second, within the same size category, the value
portfolio is more affected by the global factor during the European trading time than the
growth portfolio across the three continents.

We next examine the six portfolios constructed by intersections of size and momentum
groups. The Japanese portfolios in general were more affected by the global factor during
the Asian trading time (z7') than they were in 2011-2015. The effect of the global
factor during the US trading time on the Japanese portfolios (z{!) has almost doubled
in 2016-2020. For example, in 2011-2015 an additional standard-deviation increase in
fg.t—1 predicts 0.27 standard-deviation increase in the standardised return of the Japanese
BN portfolio, while in 2016-2020, the same increase predicts 0.5/v/1 — 0.30792 = 0.5255
standard-deviation increase in the standardised return.

For the European portfolios, the standardised returns in 2015-2020 became more af-
fected by the global factor during the Asian trading time (z¥), and became less affected by
the global factor during the US trading time (z%) than they were in 2011-2015. Take the
European BW portfolio as an example. In 2011-2015, an additional standard-deviation
increase in f,; 1 predicts 0.31 standard-deviation increase in the standardised return,
while an additional standard-deviation increase in f, ;o predicts 0.75 standard-deviation
increase in the standardised return. In 2016-2020, an additional standard-deviation in-
crease in f,, 1 predicts 0.94/+/1 — 0.30792 = 0.9880 standard-deviation increase in the
standardised return, while an additional standard-deviation increase in f,; o predicts
0.45/4/1 — 0.3079% = 0.4730 standard-deviation increase in the standardised return.

For the US portfolios, the standardised returns in 2015-2020 became more affected
by the global factor during the US trading time (z). Take the US BL portfolio as
an example. In 2011-2015, an additional standard-deviation increase in f,; predicts
0.30 standard-deviation increase in the standardised return, while in 2016-2020 the same
increase predicts 0.56/v/1 — 0.3079% = 0.5886 standard-deviation increase in the stan-
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Size and B/M Size and momentum
2011-2015 2016-2020 2011-2015 2016-2020

$ -0.1654  -0.2323  0.0051  -0.3079
(0.0266)  (0.0219)  (0.0273)  (0.0229)

Table 5: The MLE-one day. The standard errors are in parentheses.

dardised return.

For the size-momentum portfolios, one consistent pattern across the three continents
is that in 2011-2015 within the same size category, the winner (W) portfolio was less
affected by the global factor during the Asian trading time than the loser (L) portfolio.
In 2016-2020, again within the same size category, the winner portfolio was less affected
by the global factor during the European trading time than the loser portfolio.

The ¢ in the application of size-B /M portfolios is significantly negative in both five-
year periods. The value is -0.1654 with a standard error of 0.0266 in 2011-2015, and
-0.2323 with a standard error of 0.0219 in 2016-2020. The ¢ in the application of size-
momentum portfolios is statistically insignificant with a point estimate of 0.0051 in 2011-
2015, and significantly negative in 2016-2020, with a value of -0.3079 and a standard error
of 0.0229.

7.1.2 Time Series Patterns

In this subsection, we estimate the model using twenty periods of one-year data (1991-
2020). For simplicity, we only consider the size-B/M portfolios. The detailed point
estimates and their standard errors are available upon request; here we only discuss the
main findings.

First, across the three continents, the big portfolios tended to have smaller loadings for
the continental factor but larger loadings for the global factor than the small portfolios.
The Japanese idiosyncratic variances are in general larger than those of the US and Eu-
rope. This is especially so in 1999-2001 and 2019-2020. These observations are consistent
with the observations based on five-year data reported in the previous subsection.

Second, we discuss some year-specific patterns:

(i) In 1998, the Japanese portfolios have particularly large loadings for the global factor
during the Asian trading time, but small loadings for the global factor during the
US trading time. This could be interpreted as the effect of the Asian financial crisis.

(ii) During the 2007-2008 financial crisis, the Japanese portfolios have large loadings for
the global factors during the European trading time. The European portfolios have
small loadings for the continental factor but large loadings for the global factor
during the US trading time. This could be interpreted as the spread of the US
subprime mortgage crisis.

(iii) In 2017-2018, the Japanese portfolios have large loadings for the global factor during
the US trading time but small loadings for the continental factor. The US portfolios
have large loadings for the global factor during the Asian trading time. The Euro-
pean portfolios have large loadings for the continental factor but small loadings for
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Figure 1: Variance decomposition.

the global factor during the Asian and US trading times. This could be interpreted
as Japan and US markets being more integrated during this period but not so for
the Europe. This could be due to the Sino-US trade war.

(iv) In 2020, the European portfolios have quite small loadings for the continental fac-
tor. Compared with the Japanese and European portfolios, the US portfolios have
relatively constant loadings for the global factor during the three trading periods of
a day.

Last, we re-estimate the model using fifteen periods of two-year data (1991-2020)
and compute the variance decomposition using (7.1). The decompositions are plotted in
Figure 1. The blue solid and red dashed lines depict the variance proportions of the global
and continental factors, respectively. The magenta dotted lines represent the realized
volatilities computed using the standardised portfolio returns (divided by two for a better
layout). We find that the continental factor accounts for a decreasing share of variance
of the US BV standardised portfolio returns in the past 30 years. In the 1990s, the
global factor only accounted for small shares of variances of the US standardized portfolio
returns. During the turbulent years such as the 2008 financial crisis, the global factor
tended to account for larger shares of variances of the European and US standardized
portfolio returns.

7.2 An Empirical Study of Many Markets

We now apply our model to MSCI equity indices of the developed and emerging markets
(41 markets in total). The daily indices are obtained from https://www.msci.com /end-
of-day-data-search. There are 6 indices for each market: Large-Growth, Mid-Growth,
Small-Growth, Large-Value, Mid-Value, and Small-Value, all in USD currency. According
to the closing time of each market, we categorize these markets into 3 continents: Asia-
Pacific, Europe and America. Since the closing time of the Israeli market is both far
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away from Asia-Pacific and Europe, we exclude it from our sample. We use the data of
the period from January 1st 2018 to February 21st 2022. Indices starting after January
1st 2018 are excluded. We estimate the model using the QMLE-md, with choices of h
similar to those mentioned in Section 6. The estimated ¢ is 0.338 with a standard error
0.0262.

Table 6 reports the estimates of the factor loadings and idiosyncratic variances for the
Asian-Pacific continent. We present all the indices for Mainland China, Hong Kong and
Japan, but only Middle-Value and Middle-Growth indices for other Asian-Pacific markets
in the interest of space. There are several findings. First, Mainland China and Hong Kong
have particularly high loadings on the global factors during the US trading time (i.e, z{}).
Second, Japan has high loadings on the continental factor (i.e, %) but small idiosyncratic
variances. Third, the growth indices in general have larger idiosyncratic variances than
the value indices. Fourth, most other Asian-Pacific markets have large loadings on the
global factor during the US trading time (i.e, 2%'), but small and insignificant loadings
on the continental factor (i.e, z4)

Table 7 reports the estimates of the factor loadings and idiosyncratic variances for
the European continent. We present all the indices for the UK, but only Mid-Value and
Mid-Growth indices for other European markets in the interest of space. Most European
markets have the largest loadings on the global factor during the Asian trading time (i.e.,
z¥). The developed European markets have large and positive loadings on the continental
factor (i.e., 2¥), but the emerging European markets have small or negative loadings on
the continental factor (i.e., %)

Table 8 reports the estimates of the factor loadings and idiosyncratic variance for the
American continent. The US and Canada have statistically insignificant factor loadings on
the continental factor (i.e., z¥), while Brazil has large factor loadings on the continental
factor (i.e., 2§ with point estimates greater than 1). Moreover, some emerging American
markets (e.g., Mexico) have higher loadings on the global factor during the Asian trading
time (i.e., 2Y) but small (and possibly insignificant) loadings on the global factor during
the American and European trading times (i.e., 2, 2{'), while this pattern does not hold
for the US market.

8 Conclusion

In this article we propose a new framework of using a statistical dynamic factor model
to model a large number of daily stock returns across different time zones. The presence
of global and continental factors describes a situation in which all the new information
represented by the global and continental factors accumulated since the last closure of a
continent will have an impact on the upcoming observed logarithmic 24-hr returns of that
continent. Our model is identified under a mild fixed-signs assumption and hence has a
structural interpretation. Several estimator are outlined: the MLE-one day, the QMLE-
res, the QMLE, the QMLE-md and the Bayesian. The asymptotic theories of the QMLE
and the QMLE-md are carefully derived. In addition, we propose a way to approximate
the standard errors of the MLE-one day and the QMLE-res. Monte Carlo simulations
show good performance of the MLE-one day, the QMLE-res and the QMLE-md. Last,

We also estimate the model using the MLE-one day (results available upon request). Its point
estimates are close to those of the QMLE-md; its standard errors are slightly smaller than those of the
QMLE-md.
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JAPAN LG 0.167 (0.118) 0.658 (0.216) 0.179 (0.125)  0.620 (0.054) 0.119 (0 010)
JAPAN LV 0.037 (0.075) 0.520 (0.198) 0.107 (0.103)  0.724 (0.032) 0.086 (0.008)
JAPAN MG 0.133 (0.121) 0.689 (0.232) 0.204 (0.130)  0.725 (0.051) 0.089 (0.008)
JAPAN MV 0.070 (0.084) 0.495 (0.206) 0.125 (0.109)  0.740 (0.034) 0.042 (0.004)
JAPAN SG 0.099 (0.118)  0.699 (0.239) 0.248 (0.132)  0.776 (0.050) 0.121 (0.011)
JAPAN SV 0.039 (0.077)  0.502 (0.209) 0.154 (0.109)  0.789 (0.031) 0.048 (0.004)
CHINA (Mainland) L 0.486 (0.612) 1.014 (0.229) -0.362 (0.234) -0.406 (0.277) 0.592 (0.052)
CHINA (Mainland) LV 0.300 (0.595) 0.984 (0.222) -0.586 (0.218) -0.249 (0.252) 0.188 (0.016)
CHINA (Mainland) M 0.294 (0.676) 1.229 (0.254) -0.452 (0.254) -0.305 (0.304) 1.060 (0.093)
CHINA (Mainland) M 0.664 (0.688) 0.993 (0.253) -0.269 (0.273) 0.003 (0.317) 0.343 (0.030)
CHINA (Mainland) S 0.426 (0.578)  0.943 (0.212) -0.359 (0.215) -0.203 (0.249) 0.280 (0.025)
CHINA (Mainland) SV 0.491 (0.539) 0.816 (0.198) -0.231 (0.213) -0.007 (0.245) 0.156 (0.014)
HONG KONG LG 0.435 (0.706)  1.049 (0.258) -0.282 (0.267) 0.008 (0.325) 0.423 (0.037)
HONG KONG LV 0.336 (0.444) 0.730 (0.167) -0.420 (0.163) -0.120 (0.192) 0.283 (0.025)
HONG KONG MG 0.408 (0.551)  0.872 (0.206) -0.453 (0.220) -0.008 (0.263) 0.508 (0.044)
HONG KONG MV 0.214 (0.422)  0.695 (0.159) -0.345 (0.158) 0.006 (0.183) 0.274 (0.024)
HONG KONG SG 0.518 (0.582) 0.836 (0.216) -0.196 (0.224) 0.052 (0.259) 0.256 (0.022)
HONG KONG SV 0.359 (0.441) 0.640 (0.162) -0.101 (0.173) 0.038 (0.201) 0.163 (0.014)
AUSTRALIA MG 0.501 (0.102) 0.174 (0.105) 0.086 (0.102)  0.080 (0.072)  0.450 (0.039)
NEW ZEALAND MG 0.434 (0.185) 0.314 (0.120) 0.152 (0.126) -0.099 (0.106) 1.101 (0.096)
SINGAPORE MG 0.450 (0.299)  0.474 (0.119) -0.221 (0.143) -0.056 (0.155) 0.484 (0.042)
INDIA MG -0.055 (0.107) 0.168 (0.082) 0.035 (0.089) 0.164 (0.092) 2.322 (0.203)
INDONESIA MG 0.217 (0.137)  0.057 (0.128) 0.140 (0.131) -0.381 (0.130) 6.538 (0.572)
KOREA MG 0.181 (0.156) 0.081 (0.102) -0.010 (0.112) 0.109 (0.120) 3.503 (0.307)
MALAYSIA MG 0.023 (0.126)  0.200 (0.083) 0.078 (0.087)  0.066 (0.085) 1.460 (0.128)
PHILIPPINES MG 0.245 (0.280)  0.437 (0.126) -0.120 (0.131) -0.131 (0.137) 2.259 (0.198)
TAIWAN MG 0.500 (0.457) 0.840 (0.190) 0.046 (0.213)  0.004 (0.220) 0.737 (0.065)
THAILAND MG 0.323 (0.163) 0.213 (0.078) -0.169 (0.093) 0.033 (0.103) 0.855 (0.075)
AUSTRALIA MV 0.411 (0.107)  0.226 (0.090) -0.025 (0.095) 0.059 (0.076) 0.550 (0.048)
NEW ZEALAND MV 0.296 (0.056) 0.065 (0.060) 0.102 (0.060) -0.026 (0.052) 0.886 (0.078)
SINGAPORE MV 0.413 (0.210)  0.403 (0.091) -0.217 (0.107) -0.124 (0.110) 0.307 (0.027)
INDIA MV 0.456 (0.221) 0.309 (0.114) -0.199 (0.126) 0.103 (0.141) 1.651 (0.145)
INDONESIA MV 0.447 (0.368) 0.718 (0.164) -0.537 (0.185) -0.110 (0.195) 1.854 (0.162)
KOREA MV 0.398 (0.405) 0.810 (0.181) -0.433 (0.178) 0.099 (0.189) 0.817 (0.072)
MALAYSIA MV 0.296 (0.241) 0.373 (0.111) -0.067 (0.125) 0.163 (0.125) 0.729 (0.064)
PHILIPPINES MV 0.224 (0.237) 0.388 (0.104) 0.018 (0.105) -0.168 (0.106) 1.338 (0.117)
TAIWAN MV 0.366 (0.346) 0.651 (0.141) 0.019 (0.154) -0.050 (0.159) 0.254 (0.022)
THAILAND MV 0.325 (0.163)  0.270 (0.076) -0.231 (0.093) 0.020 (0.099) 0.620 (0.054)
Table 6: Selected QMLE-md estimates of the factor loadings and idiosyncratic variances. LV, LG,

MV, MG, SV, SG stand for Large-Value, Large-Growth, Middle-Value, Middle-Growth, Small-Value

and Small-Growth, respectively. The standard errors are in parentheses. The z(‘)“, 2! and 23 stand for

the factor loadings on the global factor during the Asian-Pacific, American, and European trading times,

respectively. The z? stands for the factor loadings on the Asian-Pacific continental factor.
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2t Gt 2 2 0h
UK. LG 0.100 (0.039)  0.264 (0.091)  0.218 (0.055)  0.308 (0.031)  0.277 (0.024)
UK. LV 0.101 (0.046)  0.251 (0.128)  0.101 (0.080)  0.357 (0.045)  0.222 (0.019)
UK. MG 0.218 (0.055)  0.486 (0.158)  0.269 (0.085)  0.508 (0.034) 0.173 (0.015)
UK. MV 0.040 (0.057)  0.477 (0.131)  0.176 (0.079)  0.552 (0.042)  0.441 (0.039)
UK. SG 0.171 (0.054)  0.479 (0.161)  0.255 (0.086)  0.472 (0.035)  0.310 (0.027)
UK. SV 0.055 (0.054)  0.519 (0.124)  0.138 (0.074)  0.494 (0.039)  0.357 (0.031)
AUSTRIA MG 0.142 (0.074)  0.661 (0.103)  0.083 (0.084)  0.373 (0.065) 1.512 (0.132)
BELGIUM MG 0.222 (0.079)  0.905 (0.105) -0.138 (0.089) 0.395 (0.067)  0.890 (0.078)
DENMARK MG 0.238 (0.056)  0.452 (0.109)  0.140 (0.069)  0.369 (0.041)  0.487 (0.043)
FINLAND MG 0.228 (0.072)  0.699 (0.130)  0.048 (0.088)  0.417 (0.055) 0.668 (0.058)
FRANCE MG 0.293 (0.057)  0.579 (0.143)  0.162 (0.079)  0.499 (0.033)  0.113 (0.010)
GERMANY MG 0.280 (0.061)  0.640 (0.125)  0.082 (0.075)  0.501 (0.039) 0.173 (0.015)
IRELAND MG 0.158 (0.059)  0.521 (0.111)  0.099 (0.074)  0.223 (0.050)  0.753 (0.066)
ITALY MG 0.228 (0.077)  0.782 (0.154)  0.088 (0.092)  0.548 (0.049)  0.461 (0.040)
NETHERLANDS MG 0.059 (0.047)  0.460 (0.071)  0.120 (0.054)  0.323 (0.038)  0.360 (0.032)
NORWAY MG 0.142 (0.060)  0.791 (0.097)  0.037 (0.078)  0.236 (0.056)  0.605 (0.053)
PORTUGAL MG 0.043 (0.060)  0.823 (0.082) -0.120 (0.075)  0.250 (0.059)  0.745 (0.065)
SPAIN MG 0.227 (0.066)  0.471 (0.121)  0.173 (0.078)  0.495 (0.050)  0.893 (0.078)
SWEDEN MG 0.195 (0.062)  0.736 (0.167)  0.234 (0.096)  0.471 (0.045) 0.337 (0.030)
SWITZERLAND MG 0.216 (0.048)  0.454 (0.128)  0.239 (0.072)  0.378 (0.032) 0.157 (0.014)
GREECE MG -0.022 (0.081)  0.894 (0.139) -0.061 (0.101)  0.086 (0.083) 1.971 (0.173)
POLAND MG 0.060 (0.066)  1.116 (0.162)  0.151 (0.097) -0.082 (0.073) 1.132 (0.099)
RUSSIA MG -0.128 (0.063)  0.860 (0.071) -0.091 (0.073) -0.264 (0.070) 1.096 (0.096)
SOUTH AFRICA MG -0.192 (0.095) 1.557 (0.117)  0.128 (0.114) -0.367 (0.106) 1.140 (0.100)
TURKEY MG -0.229 (0.107)  1.465 (0.157) -0.510 (0.123) -0.635 (0.116) 2.982 (0.261)
AUSTRIA MV 0.058 (0.073)  1.002 (0.114) -0.114 (0.093)  0.362 (0.068) 0.975 (0.085)
BELGIUM MV -0.030 (0.047)  0.519 (0.091)  0.044 (0.062)  0.391 (0.039)  0.284 (0.025)
DENMARK MV -0.037 (0.094)  0.588 (0.109) -0.084 (0.099)  0.280 (0.090)  3.513 (0.308)
FINLAND MV 0.161 (0.067)  0.700 (0.143)  0.101 (0.091)  0.399 (0.055)  1.007 (0.088)
FRANCE MV 0.049 (0.049)  0.587 (0.092) -0.022 (0.062) 0.397 (0.037)  0.234 (0.020)
GERMANY MV 0.110 (0.051)  0.520 (0.086)  0.034 (0.060)  0.438 (0.037)  0.204 (0.018)
IRELAND MV 0.003 (0.087)  0.619 (0.112) -0.036 (0.089) 0.746 (0.068)  1.823 (0.160)
ITALY MV -0.021 (0.067) 0.685 (0.081) -0.056 (0.069) 0.582 (0.051)  0.489 (0.043)
NETHERLANDS MV 0.157 (0.061)  0.593 (0.117)  0.072 (0.075)  0.454 (0.043)  0.256 (0.022)
NORWAY MV 0.103 (0.062)  0.800 (0.085) -0.063 (0.075) 0.256 (0.058) 0.807 (0.071)
SPAIN MV -0.057 (0.058)  0.686 (0.075) -0.097 (0.062) 0.534 (0.043)  0.272 (0.024)
SWEDEN MV 0.132 (0.059)  0.573 (0.122)  0.126 (0.077)  0.467 (0.045)  0.457 (0.040)
SWITZERLAND MV 0.024 (0.042)  0.387 (0.099)  0.191 (0.060)  0.442 (0.031) 0.212 (0.019)
CZECH MV -0.093 (0.048)  0.456 (0.069)  0.080 (0.057)  0.059 (0.050)  0.796 (0.070)
EGYPT MV 0.176 (0.083) -0.244 (0.168)  0.380 (0.097)  0.121 (0.083)  2.634 (0.231)
GREECE MV -0.091 (0.085)  0.867 (0.158) -0.036 (0.110)  0.329 (0.083)  2.448 (0.214)
POLAND MV -0.077 (0.070)  0.907 (0.094) -0.002 (0.083) -0.095 (0.076) 1.366 (0.120)
RUSSIA MV -0.199 (0.067) 0.862 (0.074) -0.111 (0.075) -0.227 (0.072) 1.329 (0.116)
SOUTH AFRICA MV -0.130 (0.076)  1.430 (0.105)  0.234 (0.098) -0.293 (0.090) 0.709 (0.062)
TURKEY MV -0.474 (0.148)  1.894 (0.243) -0.863 (0.169) -0.835 (0.156) 5.356 (0.469)

Table 7: Selected QMLE-md estimates of the factor loadings and idiosyncratic variances. LV, LG,
MV, MG, SV, SG stand for Large-Value, Large-Growth, Middle-Value, Middle-Growth, Small-Value

and Small-Growth, respectively. The standard errors are in parentheses. The z&, 2 and 2% stand for

the factor loadings on the global factor during the European, Asian-Pacific and American trading times,

respectively. The zZ stands for the factor loadings on the European continental factor.
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USA LG 0.117 (0.231)  0.809 (0.131) 0.174 (0.097) 0.051 (0.136) 0.135 (0.012)
USA LV -0.232 (0.165)  0.380 (0.093)  0.348 (0.085) -0.186 (0.116) 0.079 (0.007)
USA MG 0.238 (0.182)  0.780 (0.121)  0.141 (0.090) 0.082 (0.131) 0.060 (0.005)
USA MV -0.083 (0.166)  0.496 (0.099)  0.297 (0.076) -0.125 (0.106) 0.066 (0.006)
USA SG -0.154 (0.225)  0.673 (0.148)  0.550 (0.189) -0.271 (0.217) 0.080 (0.007)
USA SV 0.084 (0.150)  0.374 (0.114) 0.367 (0.146) -0.177 (0.174) 0.101 (0.009)
CANADA LG -0.133 (0.104) 0.312 (0.060) 0.474 (0.074) 0.001 (0.116) 0.192 (0.017)
CANADA LV -0.122 (0.094) 0.208 (0.062) 0.517 (0.085) -0.032 (0.087) 0.175 (0.015)
CANADA MG 0.002 (0.121)  0.369 (0.075) 0.370 (0.075) 0.193 (0.107) 0.271 (0.024)
CANADA MV -0.081 (0.128) 0.333 (0.080) 0.602 (0.095) 0.148 (0.140) 0.364 (0.032)
CANADA SG  -0.051 (0.097) 0.248 (0.064) 0.406 (0.075) 0.102 (0.105) 0.334 (0.029)
CANADA SV -0.162 (0.078) 0.186 (0.051) 0.483 (0.066) 0.177 (0.093) 0.264 (0.023)
BRAZIL SG -0.138 (0.130)  0.502 (0.269)  0.364 (0.180) 1.480 (0.108) 0.333 (0.029)
BRAZIL SV -0.161 (0.141)  0.542 (0.273)  0.421 (0.175) 1.374 (0.126)  0.131 (0.011)
BRAZIL MV -0.072 (0.124)  0.241 (0.224) 0.311 (0.166) 1.512 (0.105)  0.413 (0.036)
BRAZIL MG -0.011 (0.110)  0.227 (0.202)  0.369 (0.152)  1.327 (0.094) 0.256 (0.022)
BRAZIL LG -0.000 (0.121)  0.333 (0.215) 0.451 (0.159) 1.348 (0.107) 0.354 (0.031)
BRAZIL LV -0.050 (0.151)  0.335 (0.262) 0.521 (0.182) 1.538 (0.135) 0.731 (0.064)
MEXICO SG 0.039 (0.105)  0.211 (0.096) 0.571 (0.082) 0.426 (0.110) 0.696 (0.061)
MEXICO SV 0.083 (0.116)  0.317 (0.106)  0.564 (0.087) 0.355 (0.112) 0.726 (0.064)
MEXICO MV 0.038 (0.106)  0.223 (0.101) 0.664 (0.086) 0.421 (0.115) 0.726 (0.064)
MEXICO MG 0.047 (0.097) -0.151 (0.096) 0.169 (0.092) 0.213 (0.105) 3.153 (0.276)
MEXICO LG -0.013 (0.118)  0.248 (0.108) 0.678 (0.091) 0.414 (0.120) 0.815 (0.071)
MEXICO LV -0.021 (0.125)  0.268 (0.115)  0.781 (0.099)  0.349 (0.133)  0.866 (0.076)
CHILE SG -0.125 (0.097) -0.031 (0.087) 0.875 (0.099) 0.319 (0.151) 0.864 (0.076)
CHILE SV -0.122 (0.116)  0.065 (0.097)  0.918 (0.102)  0.300 (0.157) 1.058 (0.093)
CHILE MV -0.051 (0.101)  0.043 (0.092) 0.842 (0.089) 0.233 (0.137)  0.799 (0.070)
CHILE MG -0.010 (0.110)  0.188 (0.104)  0.759 (0.093)  0.112 (0.138)  1.478 (0.129)
CHILE LG 0.072 (0.122)  0.319 (0.111)  0.767 (0.097) 0.301 (0.136) 0.984 (0.086)
CHILE LV 0.042 (0.114)  0.249 (0.102)  0.697 (0.091) 0.204 (0.129) 0.822 (0.072)
COLOMBIA SG  -0.027 (0.119)  0.416 (0.110)  0.418 (0.090)  0.179 (0.115) 1.551 (0.136)
COLOMBIA SV -0.065 (0.126)  0.200 (0.106) 0.480 (0.089) 0.138 (0.124)  1.653 (0.145)
COLOMBIA LG -0.482 (0.158) 0.267 (0.104) 0.691 (0.129)  0.617 (0.175)  1.800 (0.158)
COLOMBIA LV -0.095 (0.134)  0.359 (0.104) 0.716 (0.093) 0.257 (0.136)  0.873 (0.076)

Table 8: Selected QMLE-md estimates of the factor loadings and idiosyncratic variances. LV, LG,
MV, MG, SV, SG stand for Large-Value, Large-Growth, Middle-Value, Middle-Growth, Small-Value
and Small-Growth, respectively. The standard errors are in parentheses. The z§, 2{ and 25 stand for
the factor loadings on the global factor during the American, European and Asian-Pacific trading times,

respectively. The z§ stands for the factor loadings on the American continental factor.
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we present two empirical applications of our model. One future research direction is to
work out the asymptotic theories of the MLE-one day and the QMLE-res in the large N
large T’y case. Perhaps one could try to adapt the results of Barigozzi and Luciani (2022).

A Appendix

Al

Proof of Lemma 2.1

Proof of Lemma 2.1. This proof is inspired by that of Bai and Wang (2015). Suppose
that Assumption 2.2 hold. Fiz a particular ¢. Recall (2.3):

for
fg,t—l
fg,t—?

fou

Y, = Zy

Note that

fot = ¢3fg,t73 + ¢2779,t73 + OnNgr—2 + Ngr—1
fot-1= ¢2fg,t—3 + ONgt—3 + Ngi—2
fg,t—2 = ¢fg,t—3 + Ngt—3-

+ &

Jotr1 = Of gt + Mgt

fc,t+1 =TNc-

Since Z, assumes one of {Z4, Z¥, ZU}, we need to consider three 4 x 4 rotation matrices

represented by:

Al Bl Cl

| D Bv R

A= G, H I

R, S Ty
Consider

,AQ =
By ¢4
Ey By
Hy L
S Ty
By Cj
Es Iy
Hy I3
SS TS
By, (5
Ey, Iy
H, I,
SQ T2

Q2
W,

Considering (A.1) and (A.2), we have

B,
Es
Hy I
S2

fg,t
fg,tfl
fg,t72

fou

fg,t—l
fg,t—Q
fg,t—S

fei—1

fg,t72
fg,t73
fg,t—4

fei—2

~fg,t
Friet
ng,t—Z
L

.]ig,t—l
Jig,t—Q
Jfg,th
| fC,tfl

Jigvt72
Jig7t73
-]f:g7t_4

| o

Bs
Es
Hj
S3

O3
Ps

OF
W3

(A.1)

(A.2)

fg,t—l =Difor +Erfgio1+ Fifgi—o+ Pifor = Asfgio1 + Bsfgi—o + Csfgi—3 + Osfoi1
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whence we have

0= [D1¢® + (B1 — A3)¢* + (F1 — B3)d — C3] fou—s + [D1¢”> + (BE1 — A3)¢ + (Fy — Bs)| g3
+ [D1¢ + (B4 — AS)] Ngt—2 + Dingr—1 + Pinci—1 — Osnei—o.

Note that each of 7y:—1,7c—1,mc—2 is uncorrelated with any other term on the right
hand side of the preceding display. We necessarily have D11 = 0, Pincs—1 = 0 and
Osne—2 = 0 because of the non-zero variance. Equivalently, we have Dy = P, = O3 = 0.
Likewise, we deduce that F; = Az, F; = By and C3 = 0. Next, note that

f~g,t72 =Gifgr +Hifgr1+Lifgr—o+Qifcr = Dafgi1+ Esfgr—o+ F3fgi—3+ Psfeia

whence we have

0=[G1¢’ + (H1 — D3)¢* + (I — E3)¢ — F3| fyr3+ [G1¢* + (Hi1 — D3)¢ + (I1 — E3)] 1943
[G1¢ + (Hy — D3)} Ngt—2 + Ginge—1 + Qinos—1 — Psne,—a-

Using a similar trick, we deduce that
G1:Q1:P3:O7 H1:D3:07 [1:E37 F3:0

The rotation matrices Ay, Az are deduced to

A B G O

Ay = 8 f_,ll ]Zl 8 (A.4)
R S Tn W
B, R0 0 ]

Applying the trick to (A.2) and (A.3), we deduce

Ay By Gy Oy

N o
Ry Sy Ty Wy
By B 0 0 ]

M=o ol o (A7)

R2 SQ T2 WQ
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Applying the trick to (A.3) and (A.1), we deduce

Ay By Cy O,
o B R o
M=o E (A.8)

RQ Sz TQ WQ

Al = Gl Hl ].1 Ql . (Ag)

Rl 51 T1 W1

Comparing (A.4) and (A.9), we have
Ai=FE,, Bi=F, Hy=0, IL=F, G =0 F =0
Comparing (A.5) and (A.6), we have
H =0, Fy=0, I[y=FE,=A,.
Comparing (A.7) and (A.8), we have
Ay=Ey=1,, By=F3=0, Ey=A, Ib=FE, Hy=0 Fy=0.

Thus the rotation matrices Ay, Ay, Az are reduced to

A, 0 0 0 I, 0 0 0 E, 0 0 0
o E 0 0 0o A4 0 o0 o 5 o o
Ay = 0 0 I O ) Rg = 0 0 FE, 0 Az = 0 0 A, 0
R 1 S 1 T1 W1 R2 S 2 T2 W2 R 3 S 3 T3 W3

Note that

Rifor +Sifor-1 + T fgr—o+Wifcr = fc,ta
whence we have
(R1¢3 + 519 + T1¢) Joi—3+ (R1§Z52 + 510 + TI) Ngt—3 + (R1d 4+ S1)Ngi—2 + Ringr—1 + Wince—1
= ﬁc,tfl'

Since 7, and 7¢, are uncorrelated, we have R; = S; =T} = 0. Then A, is reduced to

A 0 0 O

0 E 0 0

A= g I 0

0O 0 0 Wy

Applying the similar trick, we have

I, 0 0 0 E, 0 0 0
10 4 0 o0 _ 0 L, 0 0
Rai=1 g E, 0 |’ Bsi=1 g A 0
0 0 0 Wy 0O 0 0 W5
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We have

fg,t = Aifgr = A(Dfgr1 +Mgi1) = Ardfgr 1 + Aingia var(Ange-1) =1
fg,t—l = Eifoi-1 = E1(Ofgi—2 + Ngp—2) = Er1d fgi—2 + E1ngs—2 var(Eyng,—o) =1
fg,t o= Difgr2=TN(fg1-3+ g3 = L1dfge3+ Iings var(l1ny-3) = 1
fct = WlfCt W1770t 1 Var(WlnC,tfl) =1
fc,t—l = W3fc,t—1 = W3770,t—2 Vaf(W3770,t—2) =1
fermo = Wafcr o= Waney_s var(Wane—3) =1

We hence deduce that Ay = 1, £y = £1, I = 1 and W; = +£1 for i = 1,2,3.

Requiring that estimators of z{}, 22!, 22!, 24, ng ,2J have the same column signs as those

of 23!, 2% 25, 24, 2P 2¥ ensures that Ay =1, By =1, [} =1 and W; = 1 fori = 1,2, 3.

Thus Ay, Ay, Ag are reduced to identity matrices. Note that the proof works for both
¢ =0 and ¢ # 0. m

A.2 Bayesian Estimation Using the Gibbs Sampling

In this subsection, we outline a Bayesian procedure (i.e., the Gibbs sampling) to estimate
the factor model (2.3). The Gibbs sampling consists of the following steps:

1. Get the starting values of the model parameters for the Gibbs sampling.

2. Conditional on the model parameters and the observed data, draw the factors.
3. Conditional on the factors and the observed data, draw the model parameters.
4. Return to step 2.

After a large number of steps, the collection of drawn factors will give the posterior
distribution of the factors given the data, while the collection of drawn parameters will
give the posterior distribution of the parameters given the data. We shall now explain
steps 2-3 in detail.

A.2.1 Step 2
Let Y1 :={y],...,y]}T and Yy = 0. For

fg,t fg,t+1
fg t—1 fg t
oy = ’ Q= ’
t fg,t—Q ) t+1 fg,t—l )
fou Jei

only the last 2 elements of o, are unknown, i.e., f;, 2, fcs, once oy is given. We want
to sample a; from the joint distribution

p(OéT, ar_1, ... 7041|Y1:T)
= plag|Yir)p(ar_i|og, Yir)p(ar—s|ar—1, ar, Yi.r) - - - plog|as, . .., ar, Yir)
T-1 T-1
plarYir) [ | plaulassy, .., ar, Vi) = plazYiz) [ ] plowlowsr, Vi)
t=1 t=1
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where the last equality is due to the Markov structure of the state space system (Carter
and Kohn (1994) Lemma 2.1).
We first sample

aTD/l:T ~ N(GT\T7 PT\T)

where arir := E[oep|Yi.r| and Pryr := var(ap|Yi.r). These are obtained from Kalman fil-
ter (please refer to Section A.3 for details). Then we may sample a; from p(oy|ay1, Y1),
t=T-1,...,3. Given a1, only the last 2 elements of oy, i.e., fo;—9, fc, are random,
which can be drawn from p(f;;—2, fot|aii1, Y1) for t =T —1,...,3. The conditional
density p(fyi—2, forlout, Y1) can be written as

p(fg,t—Zv fC’,t|at+17 }/i:t) = p(fg,t—?a fC’,t|fg,t+17 fg7ta fg,t—lv fC’,t—i—la }/i:t)
= p(fot—2lfor for1s fors fomts fopst, Yio)p(foul foists fors foi—1s foprr, Yie).  (A.10)

We consider the first term of (A.10).

(fg,t727 fg,t+1 ’fC,b fg,t7 fg,t717 fC,t+17 1/’1:25)

p
pf,—2fC,7f, 7f,7f,—7fC, 7Y1 =
( 9t | gt Jat Tt o 1t> p(fg,t+1’f0,t:fg,tafg,tflafC,tJrlale:t)

X p(fg,t—?a fg,t+1|fc’,ta fg,ta fg,t—la fC,t—i—la Yl:t)
= p(fout1lfot—2, fou, fors foats fousn, Yi)p(foi—alfor, fous Foimt1, fout, Yia)  (A11)

Consider the second term of (A.11) first.

p(fg,t—2|f0,ta fg,tv fg,t—la fC,t+17 Yl:t) = p(fg,t—2|fC,t> fg,ta fg,t—la Yl:t)'

Note that we can obtain the distribution ay|Y7,; via Kalman filter:

fg,t Qi|t,1 Pt\t,n Pt|t,12 Pt\t,13 Pt|t,14

fg,tfl . Y. N Pu) = N Qi|t,2 Pt\t,zl Pt|t,22 Pt\t,23 Pt|t,24
- at| 1:t ™~ (a’t|t7 t|t) - P P P P

fg,t—z Q)3 t[t,31 t|t,32 t[t,33 t[t,34

fc,t Qt|t,4 Pt\t,41 Pt|t,42 Pt\t743 Pt|t,44

1:t

fort =T —1,...,3. Reshuffle the elements of a; a little bit:

fC,t Q¢4 Pt|t,44 Pt|t,41 Pt\t,42 Pt|t,43
a P, P, P, P,
fg,t ~ N(Pea,t‘t, PePt|tPeT) — N tlt,l t|t,14 tlt,ll t‘t712 tlt,lg
foi-1 Ay, Pyios Prior P2z Pieos
fg,t—2 v Q|3 Pt|t,34 Pt|t,31 Pt\t,32 Pt|t,33
1:t
(A.12)

where P, is a permutation matrix

P, =

O O = O
O = O O
_ o O O
S O O
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Partition (A.12) accordingly:

fou
fg,t N Qi|¢a Pt\t,aa Pt|t,ab
~Y
fg,t—l Qi|t,b Pt\t ba Pt|t,bb
fg,t—2
1:t
where Ai|t,a ‘= ((lt|t,4, Qt|t,1, Gt|t,2)T, Qjtb = Agt,3, Ptlt,bb = Ptlt,33a Ptltﬁab = (PtltA?n Pt\t,13a Pt|t723)T’
_ pT
Ptltvba - Pt|t,ab and
Pyias Ppar Preao
Pytaa = Pytaa Py Piae
Pyios Pior Pieoo
Then
fg,th‘fC,ta fg,t7 fg,tfla le:t ~ N(Ct7 Ct) t=T— 17 cee 73
where
Jeu
-1
Ct = Qyjep + Pt|t7baPt|t,aa ot — Qijta
fg,t—l
—1
Ct = Bijrop — Poitpa Py 00 Liit ab-

We now consider the first term of (A.11). Note that fy ;11 = ¢ fgr+0g1, Ngr ~ N(0,1).
We hence have fy 1| fgi—2, foir, fot o1y four1, Y1 ~ N(@fy4, 1), which is independent
of fg+—2. We hence have

P(foi—alfor, farrts fots For—1s forrrs Yiie) o< N(ct, Cy). (A.13)

Consider the second term of (A.10).

fg,t-i—lu fg,t7 fg,t—la Yl:t) = p(fC,t|fg,t7 fg,t—la Yl:t)-

p(foilforets fors Foi—1s forrr, Yie) = p(for

Using (A.12), we have

fc,t Q|4 Pt|t,44 Pt\t,41 Pt|t,42 P P
N P P P N Qt|t,c t|t,cc t|t,cd
fg,t ~ Qi)t,1 t)t,14 t[t,11 t[t,12 = P P
P P P Qylt.d tit,de Lt)t,dd
fg,t—l v Q)2 t[t,24 t[¢,21 t[t,22
1:t

where Atjt,c = Gtft,4y Qilt,d = (at\t,h at|t,2>T7 Pytce = Pyt aa, Phjtcd = (Pt|t,417 Rﬁ|t,42>> Pyt ac =
Pr . and
= | Py Py
t|t,dd +— P P .
tlt,21  Lt)t,22

tlt,cd?
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Then
fC,tIfg,tafg,t—laYi:tNN(dtth) t:T_1773 (A14)

where

fg,t—l

-1
Dy = Rf|t,cc - Pt|t,cht|t7dde|t,dc-

_ -1 fg,t
dy = Qyjp.c + Pt|t,cht|t’dd ( ) — Qyjt 4

In sum, conditional on the model’s parameters, the following recursion describes how
to draw from p(ar, ar_1, ..., 0q|Y11):

(a) We first sample
OéT\leT ~ N(aT|T> PT|T)
where arr = Elap|Yi.r] and Py = var(oer|Yir).

(b) Consider t =T —1,...,3. For each fixed ¢, first draw fc, from N(d;, D;) as in (A.14),
and then draw f,, o from N(¢;, Cy) as in (A.13).

(c) For t =2, draw fc o from N(dy, Ds) as in (A.14).

(d) For ¢t =1, note that
fc,l ~N 11,4
fg,l aijia

fC,1|fg,17 fg,(]?}/i = fC,l‘fg,in ~ N(dla Dl)a

Piiaa P
Piijaa P

whence we have

where

_ —1

di = ayja + Pina Py g (for — arpn)
_ —1

Dy = Pijias — Pipan Py 1 Piniae

1)1,11

Thus draw fc; from N(dy, Dy).

Steps (a)-(d) finish one round of sampling from p(ar, ar_1,...,01|Y1.r).

A.2.2 Step 3

In this subsubsection, we consider how to draw model parameters conditional on the
factors and observed data. We first provide two auxiliary results.

Lemma A.1.
t(ZTBZC') = (vecZ)T(CT @ B)vecZ.
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Proposition A.1. If a positive random variable X has a density that is proportional to
:17_“_16_%,
then X ~ inverse-gamma(a,b) and Y :=1/X ~ gamma(a,b). The matlab syntax is
y = random(’Gamma’,a,b)

T =1/y

Draw Z4,Z% 7V ¥4, %, Yy We first consider how to draw Z4, ZF, ZV . ¥4, Y5, Sy.
Consider
’yiA = Ztoct + 624 = ZAozt + 624 te TA (A15)
~—
Nax1
yl = Ziow+ef =78, +ef teTy
y'=Zio, +el =72+ teTy.
We shall use (A.15) to illustrate the procedure. We assume that little is known a priori
about Z4 and ¥ 4. We hence use Jeffrey’s priors:
p(Z*) = constant p(X4) oc [Za| 7
Moreover, we assume that Z4 and X4 are independent, so

p(Z4,54) = p(Z*)p(Sa) o< [Sa| ™

p(Z4|%4) x 1.
Stacking (A.15), we have
S ) ) S
y114T a{ e114T
yjqu al ef‘;
A _ T | ol At AT | . A7

Y y.7 '7 5T + 7 D EA LT+ By (A.16)
%XNA : . : Ty 4xX Ny TXNA

AT T AT s ’

Y12 | Q72 | | €72 |

Suppose that we observe {a;}~_,. How do we estimate Z4T? The OLS estimate would

be
24T = (Z atag> 3y = (B2 ELYA

teTy teTy

We can calculate

— 1 1 _
p(Y42a, 24, 54) = [] , OXP [—i(yf‘ — Z%a) TSy — ZAat):|
teTy ( |ZA|1/
= (27)” At |2A| © exp [——tr ( — 7)) (yf — ZAat)TEgl)]
tETA
1 .. ..
— (27)" 6|24 F exp {—étr ( — Z%y)(y — ZAat)TEZI)]
tGTA

1
- exp {—§tr ((Z — ZMENEA(Z4 — ZA)TZA1>]
1 1 . .
= (ZW)—ANA‘QT,|EA|_% exp [—5 tr (SAZZI)] - exp [—5 tr ((ZA — ZMHENEN(Z4 — ZA)TZP)} 7
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where
SA = Z<y? - ZAat)(yf — ZAat)T = EI‘EA = (YA - EAZAT)T(YA — EAZAT).
teT 4
We can hence calculate the posterior
p(Z4,BalY 4, 20) o p(Z74, 24, YAEL) = p(Z27, 2a|Z2)p(Y | Z4, 24, B)
o p(Z4,5a)p(YA|Z4, 54, Ea)

ENZEA(Z4 — ZA)TE;J)} ,

R
™M
=
|
~
vl
=
o)
I
o]
|
|
-+
~
©n
N
g
N
AN
SN—
_ 1
o
4
o]
|
|
-+
~
//\\
N:
N
|
N
=

where the second o is due to that knowing =4 does not shed any information on Z4, % 4.
Viewing the preceding display as a prior probability density function (pdf), we see
that it factors into a normal part for Z4 given ¥4 and a marginal pdf for ¥ 4:

_ 4 1 . e B
P(ZASA, YA E4) o 842 exp {—5 tr ((ZA — ZHENEA(Z4 — ZA)TEA1>]

4 1 . ..
= |X4| 72 exp [—5 [vec(Z4T — ZAT)]T (3 ® ELZ4) [vec(Z4T — ZAT)]}

via Lemma A.1 and

2— 1
p(EAlYH E4) |2A|_T/3J2r : exp [—5 tr (SAEAl)} = H(Ui,i)_ * exXp [_5 o2,

Na
_T/3-4_4

=1[@h) 7 e [—m}

1=1

whence we have

vec(ZAT) |24, Y4, 24 ~ N (vec(Z4T), 24 ® (E,Z4)7Y)
_T/3-4_4

1
2 A — 2
Y4 = ; 2 T2 (970
p(O’AJ‘ ) A) X (UA,z) exXp [ 0124,1‘(2/8‘4’“)}

fori=1,..., N4. Thus,

T/3—-4 2
0124’1,|YA, =4 ~ inverse-gamma (/T’ Sa )

T/3—4 2
UZ§|YA,EA ~ gamma </T, ) ) :

via Proposition A.1.

6To see why the exponent of |X 4| in p(Z4|X4,Y4,Z4) is —4/2: The covariance matrix of vec(Z4T)
is ¥4 ® (EZ4)~%. When calculating p(Z4|54,Y 4, Z4), we have a term:

1 1
S e EE N it
AR EAEA -
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Draw ¢ We now consider how to draw ¢ conditional on the factors and observed data.
Recall (2.2): fy141 = ¢fy1 + g Define

174

T-1
?B = (Z fg2,t> Z fotSgts1-
t=1 t=1

Recalling (3.1), we have

=]l vl [ s Wgﬂ (om)% [ S } { R }
pl= X eXp | — = (27 exp |—=Sry|exp |—= . 2|
o : ’ 2 =0
where Sy, = thBl(fg,tH — &f,+)%, and the last equality is due to the identity:
T—1 . -

(fors1 — Bfgr)? = Z(fg,t—l-l —Ofg)?+ Y (d— )13,
0

Il
o

Assume that p(¢) = constant. We can calculate

zx¢z>a4xzw>a<%w—€am[—%sm]em{—§«%—¢f§if&]

o [_1. (0 — o) }
lysn el

whence we have

) 1
P[E~N (¢, _—> :
Yo fis

We will discard the draw if the stationarity condition |¢| < 1 is not satisfied and re-draw
from the preceding display until we obtain a draw satisfying the stationarity condition.

A.2.3 An Application

The Bayesian approach is computationally intensive and feasible only for small N.. In
some unreported Monte Carlo simulations, we found that the proposed Bayesian estimator
works well for N, = 20 but not so well for N. = 200 for c= A, E,U.

Here we use the proposed Bayesian estimator to re-estimate the model for the em-
pirical study in Section 7.1. The starting values of the model parameters for the Gibbs
sampling are set to those of the EM algorithm. The length of the Markov chain is chosen
to be 50,000 with a burn-in period of 40,000. After the burn-in period, we store the every
10th draw; the posterior distributions are formed based on these stored 1000 draws. The
results are reported in Tables 9 and 10. One can see that these results are similar to
those obtained by the MLE-one day in Section 7.1. The only major difference is that
the Bayesian estimator gives a significant -0.1495 for ¢ for size-momentum portfolios in
2011-2015 (see Table 10). However, it is important to stress that two valid estimation
procedures cannot produce identical results in the finite samples.
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Size and B/M portfolios in 2011-2015

zy ozt 24 T N A - 2y
SG 026 0.23 058 073 053 0.73 025 045 0.56 045 0.59 0.50
SN 029 027 0.69 0.71 054 074 024 049 057 048 0.63 0.49
SV 028 028 073 065 053 0.73 023 045 0.57 048 0.62 0.48
BG 031 035 089 031 0.60 0.83 0.30 0.11 0.65 0.53 0.64 0.16
BN 028 034 094 027 063 08 028 0.12 0.69 0.53 0.68 0.10
BvV 028 033 090 030 0.63 079 024 0.16 062 0.52 0.64 0.19

Size and B/M portfolios in 2016-2020

T SR (R SR (7 N S 2y
SG 0.22 047 012 076 0.22 0.62 0.20 074 0.16 026 084 0.33
SN 024 056 033 075 034 0.61 020 0.75 0.08 049 0.85 0.35
SV 023 056 042 069 043 059 0.20 0.71 0.02* 0.62 0.80 0.31
BG 026 0.74 022 049 0.17 0.65 0.18 0.63 021 0.14 0.89 -0.06
BN 029 080 046 039 0.36 068 0.16 0.63 0.11 049 0.89 -0.01*
BV 027 067 060 036 053 0.62 015 056 0.05 068 0.81 0.01%

Size and momentum portfolios in 2011-2015

zd 2t 24 28 2F 2E 2D 2F 2y 2V 2 zY
SL 0.09 0.16 035 089 054 053 048 045 026 0.78 048 0.40
SN 0.07 0.16 033 092 054 042 052 053 0.28 0.83 032 043
SW 0.04* 0.13 0.30 0.89 0.57 029 0.51 049 0.29 0.84 0.13 0.47
BL 012 020 042 0.78 057 058 0.56 0.20 024 081 0.57 0.11
BN 008 020 042 0.81 0.62 045 0.67 0.17 029 094 0.29 0.08
BW 0.03* 0.18 040 079 0.63 024 0.62 023 029 0.92 0.01* 0.17

Size and momentum portfolios in 2016-2020

z ozt oz 2y 2 2B 2P 2P 2V 20 2T 2y
SL 023 039 029 086 065 083 0.32 -0.20 0.58 0.74 0.40 0.27
SN 022 039 018 090 043 094 039 -026 0.65 0.59 0.48 0.25
SW 0.24 037 0.02* 086 024 095 041 -023 0.64 031 053 0.31
BL 019 037 039 076 0.70 0.82 0.27 0.04 0.56 0.79 041 0.02*%
BN 023 041 023 082 044 097 037 0.16 068 0.59 050 -0.12
BW 022 0.38 -0.04* 080 0.13 096 0.39 0.08 065 0.15 052 -0.07

Table 9: The factor loadings estimated by the Bayesian posterior means. To save space, we

do not report the standard deviations of the posterior distributions, with a mean 0.0151, a

minimum 2.0699 x 107% and a maximum 0.0359. An entry with superscript & means that zero

is within the interval of this entry (i.e., the posterior mean) +1.96xthe standard deviation of

the posterior distribution.
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Size and B/M Size and momentum
2011-2015 2016-2020 2011-2015 2016-2020

¢ -0.1599  -0.1492  -0.1495  -0.2399
(0.0178)  (0.0238)  (0.0367)  (0.0209)

Table 10: Parameter ¢ estimated by the Bayesian posterior means. The standard deviations
of the posterior distributions are in parentheses.

A.3 Formulas for the Kalman Filter and Smoother

In this subsection, we shall give the recursive formulas for the Kalman filter and smoother,
which will be used in the Bayesian estimation and EM algorithm, respectively.

A.3.1 The Kalman Filter
Recall the model (2.3). Let Y14 :={y],...,y]}" and Yy = 0. Define

Qijp—1 = IE1[041:|Y1:t—1] Pt|t71 = Var(at|Y1:t—1)
Qg - = Elo|Y:4] Py = var(o|Yi.).

Given that ag = 0, it can be calculated that
ap=0 Py = RRT.
Define
v =y, — By, |Yiu1] =y, — Zioyu—1 = Zy(oy — oyp—1) + €4

That is, v, is the one-step ahead forecast error of y, given Y;.,—1. When Y;.,_; and v, are
fixed, then Yi.; is fixed. When Y7 is fixed, then Y;.;_; and v; are fixed. Thus

Ay = ]E[at|y1:t] = ]E[at|Y1:t—1, ’Ut]
At = E[at+1|yrlztfla ’Ut]
Elv|Y14-1] = E [Zt(at — at|t—1) + €t|Y1:t71] =0.

We have

~ N Q-1 Py COV(Oét, ’Ut|Y1:t—1)
0 ’ COV(au Ut‘leztfly Fy
Yiie—1

where
Fy o= var(v,|Yiy 1) = var (Zi(eu — e ) + &|Yiu) = ZPZ0 + %
cov(ay,vy|Yi4 1) = E [atvﬂYu,l} =FE [at (Zt(at —oyp-1) + st)T \Yu,l] = PRZ].
Thus invoking a lemma on multivariate normal, we have
Qe = Oyp—1 + PZIF ',

Py =P, — BZF, ' Z,P, (A.17)
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We now develop the recursions for oy, and Pry;.

Qi) = E[Oét+1|Y1:t] = E[Tat + PLTlt|Y1:t] = TOét\t
Pt+1 = Var(at+1|Y1;t) = Var('Tat + Rnt|Yi:t> = TPt|tTT + RRT

fort=1,...,7 — 1.

A.3.2 The Kalman Smoother

We present the formulas for the Kalman smoother here. For the derivations, see Durbin
and Koopman (2012).

Li:=T - (TRZ]F71)Z,
Sio1 = Z F oy + L
Ny :=Z]F7 ' Z, + L] N, L,
oy ‘= Elo|Yi.r] = a1 + BiSi1
Pt|T = Var(“t’YLT) =P, — PN P,
COV(at, at+1|Y1:T) = PtLtT(I4 - NtPt+1)§

fort =T,...,1, initialised with ¢7 = 0 and Ny = 0.

A.4 First-Order Conditions of (3.6)

In this subsection, we derive (3.7). Note that we only utilise information that M is
symmetric, positive definite and that Y., is diagonal to derive the first-order conditions;
no specific knowledge of A or M is utilised to derive the first-order conditions. Cholesky
decompose M: M = LLT, where L is the unique lower triangular matrix with positive
diagonal entries. Thus

Sy = AMAT + %, = ALLTAT + 5, = BBT + 5., (A.18)
where B := AL. Recall the log-likelihood function (3.6) omitting the constant:

1 1 1 1 1
_W IOg |Eyy| — W tr(Snyyy) = _ﬁ log |BBT + 28€| — Wtr
Take the derivatives of the preceding display with respect to B and Y... The FOC of X,
is:

(Syy [BBT + Eee] 71) .

diag(3,)) = diag(2,, Sy, 2,0, (A.19)
where i]yy .= BBT + 3,.. The FOC of B is
BT, 1Sy, — Xyy) = 0. (A.20)

Note that (A.19, A.20) has 6N (14+1) equations, while B, ¥, has 6/N(14+ 1) parameters.
Thus B , S can be uniquely solved. Then we need identification conditions to kick in.
Even though we could uniquely determine B, we cannot uniquely determine A, M. This
is because

BBT = AMAT = AMAT = ACC™'M(C~)TCTAT
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where A == AC and M = C~'M(C~)T for any 14 x 14 invertible C.” We hence
need to impose 142 identification restrictions on the estimates of A and M to rule out
the rotational indeterminacy. After imposing the 142 restrictions, we obtain the unique
estimates, say, A, M (and hence L). Substituting B = AL into (A 20), we have

A

]\Ti};yl (Syy = Xyy) = 0.

A.5 Proof of Proposition 4.1

As Bai and Li (2012) did, we use a superscript ”*” to denote the true parameters,
A" XE, M* etc. The parameters without the superscript ”*” denote the generic pa-
rameters in the likelihood function. Note that the proof of (4.2) is exactly the same as
that of Bai and Li (2012), so we omit the details here.

Define
= ATy
A=A —-A)SAH (A.21)
K :=MYMA—ATMA).

Our assumptions satisfy those of Bai and Li (2012), so (A17) of Bai and Li (2012) still
holds (in our notation):

X = Apy = KXp + 0,(1), (A.22)

fork=1,...,6 and j = 1,...,N. As mentioned before, A* (i.e., {A;;: k=1,...,6,j =
1,...,N}) defined (2.5) gives more than 14 restrictions, but in order to utilise the theo-
ries of Bai and Li (2012) we shall only impose 142 restrictions on {)A\k] ck=1,...,6,j =
1,...,N}. How to select these 14? restrictions from those implied by {Ak;} are crucial
because we cannot afford imposing a restriction which is not instrumental for the proofs
later. The idea is that one restriction should pin down one free parameter in K. We shall
now explain our procedure. Write (A.22) in matrix form:

A — A; = KAL + 0,(1), (A.23)

where Ay == (Ag1, ... ,S\kw) and A; := (A, ..., A y) are 14 x N matrices. For a generic
matrix C, let C,, denote the matrix obtained by intersecting the rows and columns whose
indices are in x and y, respectively; let C; o denote the matrix obtained by extracting
the rows whose indices are in x while C, , denote the matrix obtained by extracting the
columns whose indices are in y.

A.5.1 Step I Impose Some Zero Restrictions in {A}}%_,

Let a € {1,2,...,14} and ¢ C {1,..., N} be two vectors of indices, whose identities vary
from place to place. From (A.23), we have

(A — AR o = Kooliae +0p(1) = KapAjy o + Ko pDf o+ 0p(1) = KapAfy . + 0p(1)
= Kap, Nppy o T KapyNipye +0p(1) (A.24)

"Note that we could find at least one pair (A, M) satisfying BBT = AMAT: A = B and M = I,,.
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Step k ¢ a by ba

1 1 {1234} {123450910,11,12,13} @ {6,7,8,14}
12 6 {1,234} {4,5,6,78,10,11,12,13,14} 0 {1,2,3,9}
13 4 {123} {6,7.8,10,12,13,14} 3 {4,511}
14 4 {1234} {1,2,9} 0 {3.4,5,11}
15 3 {123} 3 6 {4,512}
16 3 {12} {7.8,14} {45}  {6,12}
L7 2 {12} {4,11} {6,7}  {5,13}
18 2 {12} {8,14} {56} {713}
19 5 {12} {1,9} {34} {2,100}
110 5 {12} {5} {23} {4,10}
111 5 {12} {11} {23} {4,10}
112 5 1 {6,7,8,12,13,14} {234} 10

113 3 1 {1,2,9,10,11,13} {456} 12

114 2 1 {1,2,3,9,10,12} {56,7} 13

Table 11: Step I.

where b C {1,2,..., 14} is chosen in such a way such that A; _, . = 0 for each of the steps
below, —b denotes the complement of b, and by U by = b with the cardinality of by equal
to the cardinality of c.

In each of the sub-step of step I, we shall impose Ak,a,c = 0. Step I is detailed in Table
11, and we shall use step 1.1 to illustrate. For step 1.1, _/A\k&C = 0 means

AL 00000 ———-00000 —
A.| 00000 - - —~00000 —
Al; | {00000 -~ ~=00000 -
AT 00000 ———00000 —
1.4

This means (A.24) holds with LHS being (Ak —A;), =0, where

k=1, c={1,2,3,4}, a=1{1,2,3,4,509,10,11,12,13}, b =0, b, ={6,7,8,14}.
Note that ¢ = {1, 2, 3,4} is arbitrary and could be replaced with any other ¢ C {1,..., N}
with cardinality being 4. The crucial point is that ¢ needs to be chosen such that Ay, .
is invertible. This is an innocuous requirement given large N, so we shall make this
assumption implicitly for the rest of the article. Solving (A.24) gives K, p, = 0,(1).
A.5.2 Step II Impose Some Equality Restrictions in {A;}S_,
(I1.1) Note that (A.23) implies
Aooe— Moo= Koul, .+ 0p(1) = KorA§, . + Kooljg, +0p(1) @ ={1,2,3,9}
Asaze — N5 1o = KiayAj, o+ 0p(1) = Ki21203 15, +0,(1)  y = {4,5,6,12}.
We then impose /A\6,97C = /A\3,12,C for ¢ = {1,2}. The preceding display implies
KoiMg 1+ (Kog — Kiz12) Mg = 0p(1)
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whence we have Kg1 = 0,(1) and Kgg — K1212 = 0,(1).

(I1.2) We impose /A\471LC = A1,14,c for ¢ = {1,2}. Repeating the procedure in step II.1,
we have Kj48 = 0,(1) and Kjq11 — Kq4,14 = 0p(1) in the same way.

(II.3) We impose AG,LC = A3’47C for c = {]., 2}, and have Kl’l—K4,4 = Op(l), Kl’g—K4?12
op(1).

(II.4) We impose A6,2,c = A3’57C for ¢ = {1,273}, and have K271 = Op<1), KQ’Q - K5’5
Op(]-)u K279 - K5’12 = 0p<1).

(I1.5) We impose /A\6,3,c = /A\3,67C for ¢ = {1,2,3,4}, and have K31 = 0,(1), K32 =
OP(]')7 Kg’g - K6,6 = Op(]_), K379 - K6’12 = Op(]_>.
(II6) We impose /A\L&C = /A\4’57C for ¢ = {1,2}, and have Kg,g — K575 = Op(l),K8’14 —

K5711 = 0}7(1)'

(I1.7) We impose A1,7,c = /A\4,47C for ¢ = {1,2,3}, and have Krg = 0,(1), K7.7 — K4
0p(1), K714 — Ky11 = 0p(1).

(I1.8) We impose /A\Lﬁ,c = /A\4,37C for ¢
Op<1)7 Ke14 — K311 = Op(l)-

{1,2,3}, and have K6,7 = Op(l),KG,g

A.5.3 Step III Impose Some Restrictions in M*
After steps I and II, K is reduced to

K K
K [ 0 ?22 + Op<]-)7
where
(K., 0 0 0 0 0 0 0 |
0 Kys O 0 0 0 0 0
0 0 Kzz O 0 0 0 0
— 0 0 0 Kii1 O 0 0 0
Ku=1"9 "9 0 0 K, 0 0 0 (A.25)
0 0 0 0 0 Ksz3 0 0
0 0 0 0 0 0 Ki; O
0 0 0 0 0 0 0  Kio
[ Ky12 O 0 0 0 0 ]
Ksi2 Ksio 0 0 0 0 Kiniz 0 0 0 0
Kei12 K310 K31 0 0 0 0 Kio,10 0 0 0
Koo — 0 Kii0 Kin Kiao 0 0 o 0 0 K111 0 0
2 0 0 Ks11 Ksi12 Ksi3 0 22 0 0 0 Ki2.12 0
0 0 0 KG’IQ K6’13 K3’11 0 0 0 0 Klg}
0 0 0 0  Kris Kin 0 0 0 0 0
0 0 0 0 0 Ksi |
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In the paragraph above (A16) of Bai and Li (2012), they showed A = O,(1). Given
Assumption 4.1(iii), we have K = O,(1). Next, (A16) of Bai and Li (2012) still holds
and could be written as

~

M — (Iiy — AM* (Iy — A) = 0,(1). (A.26)

Since M* and M* are of full rank (Assumption 4.1(iii)), (A.26) implies that I, — A is of
full rank. Write (A.26) as

~

M(K + ]14) — (114 — AT)M* = Op(]-)-

As Bai and Li (2012) did in their (A20), we could premultiply the preceding display by
(114 — AT)M"] ! to arrive at (after some algebra and relying on (A.26)):

([1a — A) (K + I14) — L1a = 0,(1). (A.27)
Likewise, partition A into 8 x 8, 8 X 6, 6 x 8 and 6 x 6 submatrices:

All A12

A pu—
A21 A22

Then (A.27) could be written into

(Is — Ap) (K1 + I3) — Is = 0,(1) (A.28)

(Is — A1) K1y — App(Kog + Ig) = 0,(1) (A.29)

— A (K11 + Ig) = 0,(1) (A.30)

— A Ko+ (Is — Ag) (Koo + Ig) — I = 0,(1). (A.31)

ConsideL (A.28) first. Since Ig + K1; is diagonal, we deduce that the diagonal elements
of Is + K11 could not converge to 0, and Ay converges to a diagonal matrix. Using the
fact that the diagonal elements of Is + K1, could not converge to 0, (A.30) implies

A = 0p(1),
and Ay K13 = 0,(1)0,(1) = 0,(1). Then (A.31) is reduced to
(16 — AQQ)(FQQ + ]6) — ]6 = Op(]_).

Since Koy + Ig is diagonal, we deduce that the diagonal elements of K4y + I could not
converge to 0, and A, should converge to a diagonal matrix as well. To sum up

Is+ K Iy — Ay Is + K Is — Ao

are diagonal or diagonal in the limit, and invertible in the limit (i.e., none of the diagonal
elements is zero in the limit). Moreover, (A.28) implies

(]8 + FH)_I = ([g - Au) + 0p<1). (A32)
Via (A.27), (A.26) implies

~

(l1a+ KT)M (14 + K) — M* = 0,(1). (A.33)
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Partition M into 8 x 8,8 x 6,6 x 8 and 6 x 6 submatrices:

~ My Mo

M = ~
Moy Mo
Then (A.33) could be written as
(IS + Ku)Mu([g + FH) — Q* = Op(l) (A34)
(Ig + FH)MHFH + (Ig + Kll)Mlg(lﬁ —+ FQQ) = Op(l) (A35)
[FIQMII + ([6 + ?22>M21] (711 + [8) = Op(l) (A36)
FIQ (MIQ([G + Kp) + Mn?u) + (Is + K2) (Mzz(lﬁ + Ky) + M21F12) — Is = 0p(1).

(A.37)
Step III.1 Considering (A.34), we have

(1 + K373)2M676 = 1——925*’2 + Op(l)
- 1

(U4 K0P Maa = 17— 55 + 0p(1)
- 1

(U4 Koo)' My = 17— 55 + 0p(1)

Imposing My = Mg, we have
Mg [(1+ Ki1)? = (14 K33)*] = 0,(1).

Since (A.34) implies that My, # 0,(1). The preceding display implies

K33 =K1+ 0,(1), or 1+ Ks3=—(1+ K1)+ o,(1).
Likewise, imposing M474 = M5v5, we have

Ko = K1+ 0p(1), or 14+ Ky =—(1+ Ki1) + 0p(1).
Thus, there are four cases:
(a) Koo = K11+ 0,(1) and K335 = K1 + 0,(1)
(b) Koo =Ki1+o0,(1)and 14+ K33 = —(1+ K1) + 0,(1)
(¢) 1+ Kyp=—(14 K1)+ 0,(1) and K33 = K11 + 0,(1)
(d) 1+ Koo=—(1+ K1) +o0,(1)and 1+ K33 = —(1+ K1) + 0,(1).

Irrespective of case, (A.34) is reduced to (1+ Kl,l)Qﬁn = ®*+0,(1), whence we have

N 1
(1+ Ky1)* Mg = Tz T oll)
*,2
(1 + K171)2M674 = 1——¢*72 + Op(l)_
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Imposing M474 — M6,4 = 1, we have
(1+ K11)> =1+ 0,(1)

whence we have K ; = 0,(1) or 1+ K; 1 = —140,(1). Suppose that 1+ K, ; = —1+0,(1).
Then (A.32) implies (A11)11 = 2+ 0,(1). Note that the identification scheme which we
employ in Proposition 4.1 only identifies A* up to a column sign change. Thus by assuming
that A and A* have the same column signs, we can rule out the case (A11)11 = 2+ 0,(1)
(Bai and Li (2012, p.445, p.463)). Thus we have K;; = 0,(1) and hence rule out cases
(b)-(d). To sum up, we have
Kl,l = Op(1)7 ?11 = Op(l), Mll = o + Op(1>, A11 = Op(l).
Step II1.2 Now (A.35) is reduced to

Mu([(a + 722) = —0"Kyy + 0p(1)

Impose three more restrictions: Assume the 4th-6th elements of the fourth column of

M5 are zero; that is_]\lm = M5712 = M&lg = 0. This implies that the corresponding
three elements of ®},K are o,(1):

1 Kyio+ 90" K512 + ¢*2K6,12
1= " Kap2 + K512+ 0" Koz | = 0p(1)
¢ Ky12 + ¢" K10 + Koo

whence we have Ky 12 = K512 = Kg12 = 0,(1). Similarly, assuming the 2nd-4th elements
of the second column of M, are zero, we could deduce that K10 = K310 = Kq10 = 0,(1);

assuming the 3rd-5th elements of the third column of M 12 are zero, we could deduce that
K311 = Ky = K511 = 0p(1); assuming M5 13 = M6 13 = M7 13 = 0,we could deduce that
K513 = Kg13 = K713 = 0,(1). We hence obtain

Flg = Op(l).
Step II1.3 With K15 = 0,(1), (A.37) is reduced to
(Is + FQQ)MQQ(IG + FQQ) —Ig = Op(l)'
Since s + Ko is diagonal, ﬁm is asymptotically diagonal. Imposing that the 2nd-5th

diagonal elements of M, are 1 (i.e. M]] =1 for j = 10,11,12,13), we have

(i
(
(1+ Kn 11
(
(

whence we have K ; = 0,(1) or 1+ K;; = —140,(1) for j = 10, 11,12, 13. Likewise, the
case 1 + K ; = —1 4 0,(1) is ruled out. Thus

Ko = 0,(1), Ass=0,(1), M = I+ 0,(1).
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Then (A.35) and (A.36) imply ﬁlg = 0,(1) and My = 0,(1), respectively. Also (A.29)
implies Aj3 = 0,(1). To sum up, we have

K =o0,(1), A = 0,(1), M = M* + o,(1).

Substituting K = 0,(1) into (A.22), we have

~

Ak’J - Az,j = Op(l)v

fork=1,...,6 and j=1,..., N.

A.6 Proof of Theorem 4.1

Given consistency, we can drop the superscript from the true parameters for simplicity.
The proof of Theorem 4.1 resembles that of Theorem 5.1 of Bai and Li (2012). Most of
the proof of Theorem 5.1 of Bai and Li (2012) is insensitive to the identification condition;
the only exception is their Lemma B5. Thus we only need to prove the result of their
Lemma B5 under our identification condition. That is, we want to prove

6 N 1/2

MA = 0,(T; %) + 0, ({GLN S (67, - ag,j)ﬂ ) =: 0,(0). (A.38)

k=1 j=1

Following the approach of Bai and Li (2012) and using their Lemmas B1, B2, B3, one
could show that

~

Ak — Ak = K+ O0,(0).

Using the same approach we adopted in the proof of Proposition 4.1, we arrive at

K K
K= [ 0 FQQ + Op(<>>7
where K1, K19, Ko are defined in (A.25), and
M — (Iiy — AYM (L, — A) = 0,(0) (A.39)
(Iiy = A)(K 4 Iy) — iy = O,(0) (A.40)

Note that /14 0,(0) =14 0,(0) and (1 + O,(0))™' =1+ O0,(0) because of the gen-
eralised Binomial theorem and that O,(¢) = 0,(1). Then one could repeat the argument
in the proof of Proposition 4.1 to arrive at

K=0,00), A=0,0), M=DM+0,9) (A.41)
Aej—Arj = 0,(0), MA=0,(0) (A.42)

fork=1,...,6 and j=1,..., N.

95



A.7 Proof of Theorem 4.2

Equation (C4) of the supplement of Bai and Li (2012) still holds in our case since its
derivation does not involve identification conditions (page 17 of the supplement of Bai
and Li (2012)); in our notation it is

Ty
1
A2 2 _ 2 2 —-1/2
Om = Om = T (em,t - Um) + OP<Tf )
=
t=1
_ - : 2 2 . 2 s
for m =1,...,6N, where the single-index o, is defined as o, := Tfm | me 2N interpret

&fn, em,+ similarly. Thus theorem 4.2 follows.

A.8 Proof of Theorem 4.3
Pre-multiply M to (Al14) of Bai and Li (2012) and write in our notation:
M (kaj — Ak,]) - M(A — A)Ti;elj\]f[)\k,j
— HATSZHA — MM(A = A)TSEAR N,
1 <
— HATS'A (Tf > fiel ) SIAHMN
t=1
1
_ fAts (? S e, f;) ATSTA R A,
T

Ty

A A
—H (Z Z 52 a.? Am)\g?f Z [em,teé,t - E(em,teé,t)}) H>\k,j

t=1

6N
. 1« <« .
+H (Z = Am Al (62 — o—?n)> HApj
Ty

Ty
NP 1 A A A 1
+ HATS,) (Tf Z etftT) Aej+HATES A (Tf Z fte(k—1)N+j,t>
=1 =1

6N Ty
. 1. 1 o1
+H (§ :_62 Am?f ) [emsem-1)nii — E(em,te(k—l)zvﬂ,t)]) — HApjmo (6% — Trj)s
i=1 m t=1 k.j

(A.43)

where e; ; denotes the ith element of e;, the single-index A, is defined as A, := )‘f%Lm—L% IN;
interpret A, 02, 62, similarly.

Consider the right hand side of (A.43). The third and fourth terms are o,(7; Y %)
by Lemma Cl(e) of Bai and Li (2012). The fifth term is op(Tf_l/Q) by Lemma C1(d)
of Bai and Li (2012). The six term is op(Tf_l/2) by Lemma C1(f) of Bai and Li (2012).
The seventh term is op(Tf_l/z) by Lemma Cl(e) of Bai and Li (2012). The ninth term is

op(Tf_l/2) by Lemma C1(c) of Bai and Li (2012). The tenth term is op(Tf_l/Q) by Theorem
4.2. Thus (A.43) becomes

Ty
_ - 1 _
M (Akj = Arg) = MAX,; — ATM AN + HATS A (Tf y fte(k,_l)Nﬂ,t) +0,(T;1?).
t=1
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Substituting (4.5) into (A.38), we have O,(0) = Op(ijl/Q). Thus A = Op(TJfl/Q) via
(A.42). The preceding display hence becomes

T
Sy — Ay = MM AN, + 3TV TATS A (Tif 3 fte(kl)Nﬂ-,t) b o, (T; ),
- (A.44)
Note that
ARATSIA = (ATSTA)ATS A = (ATSIA) ! [ATSA + ATSHA — A)]
=Ly + (ASA)TTATS N A = A) = Ly + HATS N (A — A) = Iy + O,(T; ')

where the last equality is due to Lemma Cl(a) of Bai and Li (2012). Substituting the
preceding display into (A.44), we have

~

Akj — Ak

Ty

Ty
N ~ 1 N _ 1 _
= M"MAN; + M~ (Tf ) fte(kl)Nﬂ',t) + MLO,(T; %) (Tf ) fte(k1>N+j,t) +0,(T; 7%
t=1 t=1

Ty
. 1
— AN+ (M7= MYMAN,; + M7} (Tf > fte(kl)Nﬂ,t)
t=1

Ty
1 O (T -
L - MY (fv 2 fteocl)zvﬂ»t) + MHO,(T ) + 0,(T; ).
t=1

Given M~' = O(1) and M — M = O,(T;""*), we have M~ — M~' = O,(T;"/?) and
M = O,(1) (Lemma B4 of Linton and Tang (2021)). Hence the preceding display
becomes

Ty
N\ — 1 —1/2
>\k,j — Ak,j = A)‘k,j + M 1 (_Tf tgl fte(kl)NJrj,t) + Op(Tf / )

Write in matrix form:
Ap — Ay = ANy + Fy + 0,(T; %), (A.45)
where A, = (S\k,l, . ,5\k,N>7 Ap = (Mg, Akn) and
1
F, = M_lfc Z I [6(1@71)N+1,t, Ck—1)N42,t> - - - ekN,t]

are 14 x N matrices. We are going to solve (A.45) for A in terms of known elements.
The idea is exactly the same as that of the proof of Proposition 4.1.

A.8.1 Step I Impose Some Zero Restrictions in {A;}%_,

Let a C {1,2,...,14} and ¢ C {1,..., N} be two vectors of indices, whose identities vary
from place to place. From (A.45), we have

(Ak - Ak) - Aa,oAk,o,c + Fk,a,c + Op(Tf_l/Q) - Aa,bAk,b,c + Aa,—bAk,—b,c + Fk,a,c + Op(Tf_l/2>

a,c

- Aa,bAk,b,c + Fk,a,c + Op(Tf_l/Q) - Aa,b1 Ak,bl,c + Aa,bgAk,bg,C + Fk,a,c + 0p<Tf_1/2> (A46)
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where b C {1,2,...,14} is chosen in such a way such that A, _,. = 0 for each of the
sub-steps of Step I, —b denotes the complement of b, and b; U by = b with the cardinality
of by equal to the cardinality of ¢ and A,;, containing solved elements for each of the
sub-steps of Step I. Step I is again detailed in Table 11. Imposing (Ak)
(A.46) gives

= (0 and solving

a,c

Agpy = — (Aa,blAk,bl,c + Fk> Mgk o+ o, (T ). (A.47)

A.8.2 Step II Impose M;; =1 for j = 10,11,12,13
Consider (A13) of Bai and Li (2012) and write in our notation:
M—M=—HASHA =AM - MA—ATS AR
+ HATS MA — A)MA = A)TS AR

SIS 1 PN
+ HATY A (— > fteZ) SAH
E -
1 &
+ IA{ATEG_; (— Z eth) ATEe—elAH
f t=1
6N 6N 1 I
+H (Z Z 52,62 Am}‘}?f Z [emyt‘e&t - E(em,t€€7t)]) H
m=1 (=1 t=1
6N 1
—H (Z P U?n)> H. (A.48)
m=1 ™M

In the paragraph following (A.43), we already showed that the last four terms of the
right hand side of the preceding display are op(Tf_l/Q). Since A = Op(Tf_l/Q), ATMA =
op(Tf_l/Q). Thus, (A.48) becomes

M — M+ AT + MA = o,(T; /%), (A.49)

Imposing Mw,lo =1, the (10, 10)th element of the preceding display satisfies
Op(Tf_l/Q) = MlO,lO — 1+ MipeAero+ (A.,10)T M, 10 = 2A10,10

~1/2 o . . ~ ~ -
whence Ajg10 = op(Tf / ). In the similar way, imposing My 11, Mis12, M1z = 1, we

could deduce that Ajq 11, Ai212, A1313 = op(Tf_l/Q),

A.8.3 Step III Impose Some Equality Restrictions in {A;}S_,
(ITI.1) Note that (A.45) implies

Agoc— Noge = Agolsoe+ Fooc+ Op(Tf_l/Q) r={1,2,3,9}
= Ag 1,9N6,11.9).c + Ao,2.3 6,23 T Fb9.c T Op(Tfl/Q)
Asize — Azazc = Ar2yNsyc+ Faaa,c + Op(Tf_l/2) y={4,5,6,12}.
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We then impose AG,Q’C = /A\37127c for ¢ = {1, 2}; that is, the loadings of the continent factor
on day one and day two are the same for the first two American assets. The preceding
display implies

Ag 1906 1,91,c = Ar2yN3y.c + F3120c — Agj23M62,3,c — Fo9,c + Op(Tfl/z)
whence we have

Ag 1,0 = (A12,yA3,y,c + F312,0 — Ao 2.31M6,2,3),c — F6,9,c) Aah’g] + Op<T 1/2)-

(ITI.2) Note that (A.45) implies

(A = A)ge = Augphige + Fy e+ op(Ty V3 2 =1{6,7,8,14}
= A A 14),c + Ara e, A, [67]C+F114c+0p(T_1/2)
(A — Ad)ire = An oyt Faine+op(Ty 1/2) y=1{3,4,5,11}.

We then impose /A\1714,c = /A\47117c for ¢ = {1,2}; that is, the loadings of the continent
factor on day one and day two are the same for the first two Asian assets. The preceding
display implies

Ag g giae = ArigAaye + Fuie — Aiae e ne — Fiiae + 0p<Tf_1/2>
whence we have
Ajgs14) = (A11,yA4,y,c + Fyi1e — Ava s, n,e — F1,14,c) /\1_[8 14, + OP(Tf_l/2)

A.8.4 Step IV Impose Some Restrictions in M

Impose M4,12 = ]\2/5712 = M&lg = 0. Considering the (4,12)th, (5,12)th and (6,12)th
elements of the left hand side of (A.49), we have

MyoAerz + Aigq = Op(Tf_l/Q)
My oA 12+ A125 = 0p<T;1/2)
Mg oAe12 + A2 = Op(Tf_l/2)

with the only unknown elements Ay 12, A512 and Ag12. The preceding display could be
written as
~1/2
Ma,aAa,IQ + Ma,bAbJQ + (A12,a)T - Op(Tf / )a

where a := {4,5,6},b:={1,2,3,7,8,9,10,11,12,13,14}. Thus, we obtain
Aa712 = _(Ma,a)_l (Ma7bAb,12 + (A12,a>T)

Slmllarly, 1mposmg MQ 10 = M3 10 = M4 10 = 0, we could solve A[234] 10- Imposmg

M3 11 — M4 11 — M5 11 — 0 we could solve A[345] 11- Imposmg M5 13 — M6 13 — M7 13 — 0
we could solve Ajs 6713
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A.8.5 Step V Impose Some Restrictions in M
(V.1) Consider the (4,4)th and (6, 6)th elements of (A.49):

M474 —1/(1 - ¢*) + My g Aga +2My 4 A4y = Op(Tj;l/Q)

Mg —1/(1 — ¢%) + 2Mg 6 As g + 2Ms _6A_g6 = Op(Tf_l/z)
Imposing M4y4 = M.s,g, we could arrange the preceding display into
MygAyg + My_4A 4y = MsgAss + Ms_sA_g6 + 0,(T; ?). (A.50)
Next, consider the (4,4)th and (6,4)th elements of (A.49):

Mys—1/(1 = ¢%) + 2MyqAgq + 2My 4 A 44 = Op(Tf_l/Q)
M674 - ¢2/(1 - ¢2) + MG,GAOA + (Ao,6)TM-,4 = Op(Tf_l/Q)'

Imposing M474 — M6,4 = 1, we could arrange the preceding display into
2My 4 Ayg +2My 4 A 44 = Mg oAes + (Aag) T Me s+ Op(Tfl/Q). (A.51)

Since there are only two unknown elements in (A.50) and (A.51) (i.e., Ag4 and Agg), we
could thus solve them. Write (A.50) and (A.51) in matrix

My 4 —Ms 6 Ay _ Mg _6A_66 — My_4A_44
2Mys — Mss —Myg Ag g M,y _6A_¢6 — (2M4,74 — M6,74) Aya |

That is,
-1
Ay _ My, —Me ¢ Mg, 6A 66 — My _4A 44
Ag 2Myq— Moy —Myg My, 6A 66— (2M4,74 - M6,74) A gs |

(V.2) Consider the (4,4)th and (5,5)th elements of (A.49):

M4’4 — 1/(1 — 9252) + 2M4,0A0,4 - Op(Tf_l/Q)
]\}[5,5 —1/(1—¢*) + 2Ms55As55 + 2Ms _5A_55 = Op(Tf_l/Q)

Imposing M4,4 = M5,5, we could solve the preceding display for Aj s5:
~1/2
Ass = (M4,.A.,4 — M5,—5A—5,5) /M55 + 0p(T; ")
A.8.6 Step VI Impose Some Equality Restrictions in {A;}$_,
(VI.1) Note that (A.45) implies

(A6 — Ao)1c = Arulooe + Fope+ Op(Tf_l/z) r=1{1,2,3,9}
= Ao e 191c + Ar s Nea)e T Fore +0p(T) %)
(As = As)ae = Agyhyye + Frac+0,(T77%)  y=1{4,5,6,12}.
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We then impose /A\6717c = /A\3,4’c for ¢ = {1, 2}; that is, the loadings of the continent factor
on day one and day two are the same for the first two American assets. The preceding
display implies

Ao pane = AsyNsye + Frae — ArpaNepse — Fore + op(Ty 12y
whence we have

Aig = (A4,yA3,y,c + F34.0— A1 p3 N 2,3, — F6,1,c) Ag [11 gt op(Ty 1/2)-

(VI.2) Note that (A.45) implies

(Aﬁ — A6)2 AQ QjA6.TC + F62c + OP(T_I/Q) Tr = {]. 2 3 9}
= Ao 12,9 06,[1,2,9),c +A23A63C+F62c+0p(T_1/2)
(Ag—Ag)g) _A5yA3yc+F350+Op<T 1/2) y: {475,6,12}

We then impose /AX6,276 = /A\3,57C for ¢ = {1,2,3}; that is, the first lagged loadings of the
global factor on day one and day two are the same for the first two American assets. The
preceding display implies

Ag 112,91 M6,1,2,9],c —AsyA3yc+F35c—A23A63c—F62c+0p(T_1/2)
whence we have

As 29 = (AsyAsye+ Fise— Asshese — Fooe) Ay [11 29c T Op(Tf_l/2)-

(VI.3) Note that (A.45) implies

(A6_A6)2 —A22A6mc+F62c+Op(T 1/2> .T:{l 39}
= Az 12,9 M6,[1,2,9),c +A23A630+F620+0p(T_1/2>
(/A\g — A3)5 = A5 yASyc + F3 5,c —|— Op(T 1/2) Y = {4, 5, 6, 12}
We then impose f\6,2,c = /A\3,57C for ¢ = {1,2,3}; that is, the first lagged loadings of the
global factor on day one and day two are the same for the first three American assets.
The preceding display implies
As 2906 n29,c = AsyN3y e+ F5c— Asghese — Foapc +0p(T_1/2)

whence we have

Asfio9 = (AsyAsye+ Fise — Aoghese — Fooe) Ay [11 20)c T op(Tf_l/Q).

(VI.4) Note that (A.45) implies

([\6 - A6)3,c = A3,IA6,x,c + F6,3,c + Op(Tj;l/Q) T = {17 27 37 9}
(As = As)oe = AsyMsye + Fage + 0, (T %) y=1{4,5,6,12}.
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We then impose A6737C = /A\3’67c for ¢ = {1,2,3,4}; that is, the second lagged loadings of
the global factor on day one and day two are the same for the first four American assets.
The preceding display implies

A3,:EA6,:E,C = A6,yA3,y,c + F3,6,c - F6,3,c + Op(Tf_l/2>
whence we have

Asp = (Asylsyec+ Froe — Fo3.c) Aai,c + Op(Tf_l/Q)

(VI.5) Note that (A.45) implies

(A1 = A)se = Asalige + Fise +0)(T; %) 2 =1{6,7,8,14}
= Ags,141A1,8,14),c + Ag 6,711,617, T+ Fig.c+ Op(Tfl/Q)
(Ay = A)se = AsyAaye + Fase+0,(T7 ) y={3,4,5,11}.

We then impose Ajg. = Ays, for ¢ = {1,2}; that is, the second lagged loadings of the
global factor on day one and day two are the same for the first two Asian assets. The
preceding display implies

As,[8,14]/\1,[8,14],c = A5y Ny e+ Fise— A8,[6,7]A1,[6,7]76 — Fige + OP(Tf_I/2)
whence we have

Ass1a) = (AsyMaye + Fuse — AsfoAer,c — Flse) Ai[ls,m],c + op(Tf_l/Q).

(VI.6) Note that (A.45) implies

(Al —MN)re=Ar Mg+ Fioc+ Op(Tf_l/Q) r ={6,7,8,14}
= A7 rg14M 78,14, + AreAi6c+ Fire+ Op(Tfl/Q)
(A= Ao = Agyhaye + Frac+0,(T77%)  y={3,4,5,11}.

We then impose /AXN,C = /A\4,47C for ¢ = {1,2,3}; that is, the first lagged loadings of the
global factor on day one and day two are the same for the first three Asian assets. The
preceding display implies

Az rsaa g i4),e = Asyhaye+ Frae — Arehige — Frze + Op(Tf_l/2)
whence we have

Azjrsia = (A47yA4,y,c + Fyae— AreMig,e — F1,7,c) Ai[17,8,14],c + Op(Tf_l/2)-

(VI.7) Note that (A.45) implies

(At = A)oe = Asalige + Froe +0)(T7 %) 2 ={6,7,8,14}
= Ag 7,814\ 1,[7,8,14,c + As M1 6c+ Fiee+ Op(Tfl/Q)
(Ay = Ad)se = As Ay + Fane+ 0, (T %) y={3,4,5,11}.
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We then impose ]\1,6,.: = /A\4737C for ¢ = {1, 2, 3}; that is, the contemporaneous loadings of
the global factor on day one and day two are the same for the first three Asian assets.
The preceding display implies

Aﬁ,[7,8714]A1,[7,8,14]7c = AB,yA4,y,c + F4,3,c - A6,6A1,6,c - Fl,G,c + Op(T;1/2)
whence we have

A6,[7,8,14] = (AS,yA4,y,c + F4,3,c - A6,6A1,6,c - F1,6,c) Al [17 8,14],c -+ Op(T 1/2)

A.8.7 To Sum Up
Recall that (A.45) implies that for k=1,...,6,j=1,..., N,

Ty
R 1
A/ Tf()\kJ - )\k,j) =V TfA)\k,j + M_l—\/T E fte(kfl)NJrj,t + Op(l)' (A52)
fe=1

We have just shown that each element of the 14 x 14 matrix A could be expressed into
some known (but complicated) linear function involving elements of the following six

matrices:

Ty

1

T E ft [e(k—l)N—‘rl,t,6(k—1)N+2,t;e(k—l)N+3,t,€(k—1)N+4,t}
t=1

M—l

fork=1,...,6, plus op(ijl/z). That is, there exists a 196 x 336 matrix [', whose elements
are known (but complicated) linear functions of elements of (inverted) submatrices of A
and M, satisfying

Ty
1
vecA =T x TZ (ei @ f,) + 0o(T; 2,
Fi=1
where eI is a 24 x 1 vector consisting of e(,_)nyyq: forp=1,...,6 and g =1,...,4. Thus

(A.52) could be written as
VT (Aej = Aig)
= VT AL; ® Iu) vec A+ M~ —— Z Ffreg-nnie + 0p(1)
V Ty

t=1
= (AL, ® Iyl et®ft +M1 Fre-1)N1jt + 0p(1). (A.53)
J \/_fz \/_Z J p
In SM B.5, we show that

1 Z[ Ak]®114 (e} ® f,) kN

fte(k 1)N+j,t

N [ 0 ] [ (AL,j ® Il4)F(ZJ(£e ® M)FT()\’CJ ® [14) COV,j (A54)

COVy, Mﬁlal%j
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where XI_ := E[e]e]T] and covy; is an 14 x 14 matrix defined as

COV j = COV (()\Ld- ® 114)F(el ® f,), e(k,l)NH,tftT]\/[_l) )
By Assumption 2.1, we have covy; = 0 for j > 4, and

covg; = (A}; ® [14)IE [eze(k—l)Nﬂ',t @ ffl| M7 = (Mg ® La)T [k g © MM
= (AL, ® L)L [ty ® L] 07,

for j <4, where ¢} ; is a 24 x 1 zero vector with its [4(k — 1) + j|th element replaced by
one. Thus for j > 4, we have

VIr(ig = Aks) S N (0, (AL @ Lu)D(EL, @ M)TT (A @ L) + M~'of)
For 7 < 4, we have

VT Ak — M) 4 N (O, (AL ® LTS, @ M)TT( A, @ Tg) + Mo} + covy + COVLj) :

A.9 Proof of Theorem 4.4
From (A.49), we have

VTHM — M) = /T (ATM + MA) + 0,(1).
whence we have

VT vech(M — M) = —/Tj vech (ATM + MA) + 0,(1) = —\/Ty Dy vec (ATM + M A) + 0,(1)
= —/Ty DY, [(M & I4) vec(AT) + (114 ® M) vec A] + op( )
= —\/Tfo4 [(M ® I4)K1414 vec A + (114 ® M) vec A} + 0,(1)
= —\/YTfo4 [Ki1414(11a ® M) vec A+ (14 ® M) vec A] + o,(1)
—/Ty D (K414 + ]142)(]14 ® M) vec A+ 0,(1) = —24/T; D, D14 D7, (114 ® M) vec A+ 0,(1)

= —2D{,(Iiy ® M)T el ®ft + 0p(1)
hf Z

where the second equality is due to symmetry of ATM + M A, and the fifth and seventh
equalities are due to properties of K4 14. Thus we have

Ty vech(M — M) % N (0, M)
where M is 105 x 105 and defined
M = 4D, (I, @ M)T(Z!, @ M)TT(14 ® M)D{].

A.10 Proof of Theorem 4.5
VN(f,— f,)=—-VN ([\Ti};j/&)*l ASHA =N Ff,+ VN (/A\Ti;;[\)*l AT e,

N 1w 2\ 11 e
Y T AT AT
1/Tf\/TfA f.+VN (NA S A) AT e (A.55)

64



Lemma D1 of Bai and Li (2012) still holds in our setting and it reads, in our notation:

| PP 1 _ _ - -
FATE e = SATS e + 0, (N VRT2) 1 O0,(T7). (A.56)
T
(NATZG‘;A> =Q ' +0,(1). (A.57)
Substituting (A.56) and (A.57) into (A.55), we have

VN(F, - 1)
) _\/Tifﬁwft FVE Q1 40 (1) | gATS e+ 0, (VT ) 4 0,1

_\/Tif\/?fATft‘F(Q_l‘f‘Op(l)) L/—NATE Ye, + 0, (T;') + O,(VNT; )}
= VAT ATF, + (Q7' +0,(1)) L/_ATZ e, + O, (T 1/2)+op(1)]

VAT AT, + QAT ey + 0,(1)

\/_

1
= —VA(F] ® L14) Kia 1l —= Z (el @ f,) + Q' ——=ATS e, + 0,(1) (A.58)

\/_f p VN
where the third equality is due to VN /Ty — 0, N/T; — A and /Ty ATf, = O,(1), and
the fourth equality uses the fact that Q~! = O,(1) and N~Y2ATY e, = O,(1) by the
central limit theorem.

The first two terms on the right side of (A.58), conditioning on f,, are asymptotically
normal and asymptotically independent. The former uses the central limit theorem over
the time dimension (only depends on the first 4 assets in each continent) and the latter
uses the central limit theorem over the cross-sectional dimension. In particular,

—VA(fl® [14)K14,14Fﬁ 2 (el ® f,) P 0 “ 0
QT FATE e t ojlo @
where
o= A(fl ® [14)K14,14F(2;[e Q@ M)TTK 414(f; ® I14).

Then the result of the theorem follows.

A.11 Proof of Theorem 4.6
Proof of Theorem 4.6. Recall (3.8)

~ ~ ~

0,, = arg min [h — h(b)]" W [h — h(b)] .

bERC2
The minimum distance estimator 8,, satisfies the first-order condition:

Oh(6,n)
007,

W [h — h(8.,)] = 0. (A.59)
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Do a Taylor expansion

oh(0,,)

h(0,,) = h(6,,) + 6.,

(ém - 9m)7

where 0,, is a mid-point between 0,, and 6,,. Substituting the preceding display into
(A.59), we have

Oh(0,,) .. [; On(0,,) -
507 W [h—h(em) - 50 (em—em)] =0

whence we have

V0 on= g 0] e .

¢ [0h(0,,). Oh(6,)] " Oh(8,,)
_{ 207 " oo, 967,

N (0,H),

where the convergence in distribution follows from consistency of 0,, (i.e., 0, > 0,,).
The proof of consistency of 0,, is given in SM B.6. Then we have

VT8, — 6,,) % N (0,0).

A.12 Formulas for E[ftfg] and E[ftyg]

In this subsection, we give the formulas for E[f,f7] and E[f,§]] defined in Section 3.4.

We know that
' N 0 M  MAT
Y, 0 AM %,

Recall that in Section 3.4 we treat { ft}tTi1 as 1.i.d. Thus, according to the conditional
distribution of the multivariate normal, we have

[.ftl{yt}t ;0 ] MATEyyyt
Var[ftl{@t}tzl; )] M — MATE 1AM E[ftft‘{yt}t 13_'2] [ft’{yt}t ;0 ] fil{y 2 1?ﬁ

We then can show that

(@)

].

Ty

1 .

?f ]E[ytft] Sny TAM
t=1

1 <

T E[f f]] = M — MATSJAM + MATS, 'S, S TAM. (A.60)
t=1
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A.13 Computation of the QMLE

In this subsection, we provide a way to compute the QMLE defined in Section 3.2. Again
we will rely on the EM algorithm.

(i) In the E step, calculate T} S K[y, £1] and Tt S E[£, 7] as in (A.60).

(ii) In the M step, obtain the factor loading estimates similar to those of the QMLE-res
by imposing the factor loading restrictions within the 142 restrictions. We only have
to change the selection matrices, say, L; and L, defined in Section 3.4, accordingly.

(iii) Iterate steps (i) and (ii) until the estimates A, 3., M satisfy (3.7) reasonably well.

(iv) Rotate the converged A and M so that the rotated A and M satisfy all the 142
restrictions. This could only be done numerically. In particular, we define a distance
function which measures the distance between the restricted elements in A and M
and the corresponding elements in the rotated A and M.

B Supplementary Materials

B.1 Missing Because of Continent-Specific Reasons

In this subsection, we discuss how to alter the EM algorithm if we include the scenario
of missing observations due to continent-specific reasons such as continent-wide public
holidays (e.g., Chinese New Year).

Suppose that continent ¢ last traded at t = t; — 3, did not open for trading at
t =ty,t1+3,...,t1 + 3(r — 1), and re-opened for trading at ¢; + 37, where 7 is some
integer > 1. There are actually four statuses for this continent at a particular t: Trade,
NA, Closure and Re-open. Status Trade means that the stock market opens normally
(e.g., t =t; — 3), while status NA means that it is a time when the stock market closes
because of non-synchronised trading (e.g., t = t; — 2); status Closure means that the
stock market does not open for trading because of public holidays (e.g., ¢ = ¢;), while
status Re-open means the stock market re-opens after public holidays (e.g., t = t; + 37).
Define y; such that

Y, if Status, = Trade or NA
(TR €} if Status, = Closure (B.1)
Yoo Yiiasi if Status; = Re-open

where € is to be defined shortly. The idea is that yj 5. is the actual observed returns on
t = t1+37. We now give a concrete example to illustrate this. Suppose that the Furopean
continent did not open for trading on t = 32,35 because of some public holiday. Then
the values of y; are given in Table 12.

Recall (2.3):

Y, = Ztat + ¢, Ep N(O, Zt)
Qi = Tat + Rntv e~ N(07 IQ)
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E U A E U A E U A E
t= 29 30 31 32 33 34 35 36 37 38
Status; Trade NA NA Closure NA NA Closure NA NA Re-open

Yy, = Yag Yo Yai €39 Ysz  Ysu €35 Yss  Ysr  Yso T+ Yss T Ysg

U
39
NA

Yso

Table 12: Letters A, E,U denote the times when we should theoretically observe the closing
prices of stocks of in the Asian continent (A), European continent (E), and American continent
(U), respectively. Status Trade means that the stock market opens normally, while status NA
means that it is a time when the stock market closes because of non-synchronised trading; status
Closure means that the stock market does not open for trading because of public holidays, while
status Re-open means the stock market re-opens after public holidays.

We now write down the sate space model for yj.
Y =Zjaj +e, e~ N(0X)
a;‘,k+1 = ﬁ*a: + R;fklr,ta nt ~ N<07 [2) (BQ)

Parameters Z;, o, 37, 7, R; should be chosen in such a way that (B.2) is consistent
with (B.1). In our example, Z}, o, X7, T,*, R} take the following values:

al=a, t=29,30,31,32,39

Q33 Q34 Qi35
* 04><1 * 04><1 * 04><1
% Qs y Qgq = as, |97 | as
04><1 04><1 04><1
Q36 Q37 Q3g
ot — O4x1 ot — 0451 s 0451
36 aszptaz |07 Q3o + Qg3 38 Qa3 + Qg5
04><1 04><1 04><1
(
Zy t =29,30,31,39
Onpyxa t =32
Z* _ ONE><16 t - 35
=
[ 7 Ognro } t = 33,34,36,37
[ Zy Ouxa Zp Oyxq ] t =38
\
[T T 00 0
. |0 . | 0 Iy 00 B
2= | T = 0 0 I 0] t = 33,34, 36,37
0 0O 0 0 I
(7 0 0 0
. | 0 Iy 0 O .
7;)5_ 14 OI4 0 ) 38—[T000]
0O 0 0 I
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Y, t¢{32,35,38) R t¢{32,33,...,37}

S =4{ 001 te {3235 R = R
3, A 0., | tE€132:33,....37T}

The main idea of the sate space representation for y; is to extend the state variable
from dimension 4 to dimension 16 when needed. The first 4 elements of a; are o, while
the other elements of o are used to store the states that accumulated during the public
holiday.®

We are now ready to write down the general formulas for Z;, o, X7, T,*, Rf. Define
the dummy variable w, = 1 if Status; = Closure and w,; = 0 if otherwise. In addition,
define

(1 00) teTy
ve=4 (0 1 0) teTg
(00 1) tely

We shall write Z; = Z;A;, where

[04X4 04X122?:1m_j] if Status, = Closure
A, = [1'4 v, ® 1'4] if Status; = Re-open
[Zt 04X12] if Status; = NA and (wt_l =1lorwig= 1)
1 otherwise

\
Similarly, we have
Y, Status, € {NA, Trade}

0.01 Status; = Closure
3%, Status; = Re-open

;=

N\

[ N } if Status, = Closure

01254
R} = [ R

01254
R otherwise

} if Status; = NA and (wt,l =1or wig= 1)

T - [ T 04x12-23”f:1wt_j

LT
Wt Uy ® I4‘Z?:0 Wt—j [4‘232':0 Wi—j X 12'2?:1 Wt—j

The EM algorithm outlined before could then be applied to the state space model of
y;. The principle remains unchanged. Again we use the European continent to illustrate

8The three continents in our model may have different but overlapping periods of public holidays.
One alternative way is to set the dimension of o to 16 for all t. We could then use the 5th -8th, 9th
- 12th, 13th - 16th elements of aj to store the Asian, European, and American accumulated states,
respectively for the whole sample. The disadvantage of this treatment is that the KF and KS will be
inefficient since the last 12 elements of aj would often be zero. Hence, instead of keeping the dimension
of af to be 16 for all ¢, we only extend the dimension to 16 when needed.
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and suppose that its stock market does not open for 7 4+ 1 days because of some public
holiday. Equation (3.2) takes the following form:

B 6= Y toslsil+ Y o ([vivi - 22Bladlyl” + ZiBlaalTz7] 5

teTy teTy teTp

w=0 w=0 we=0
- - ol

= > Qlog[Si(n+ )]+t ([y:er ~ 22, ARyl + ZARlej e ATZ]| )

teTy Tt )

w=0

* @) ~ o (1 — ) (1 — ) -1

= t f T Y 9z ARty T L 7 AR ATZT— by

tz r({ytyt (m+1) ARl ]y; (m+ 1) + Zy Ay [atat ] (m+ 1) ¢

€Ty

+ (Z(l — ;) log |Et|) + constant,
teTy

where 7, = 7 if Status; = Re-open and 7; = 0 if otherwise, and 7 is the number of days of
the closure due to the public holiday. That is, the terms y,y;, E[at]yt, E[atat] T/3 in

(3.2) are replaced by y;y;" ((lﬁff) , AE[ac]y)T ((1 =) and AE[aa)T) AT thff 2 rery (1

w;) respectively. Hence, we have

-1
- w
e (ot 2) (5 s
teTy teTy
~ 1l—w % = * 7
Cg = Z T+ 1t {y:ytT - 2ZEAtE[at]ytT + 2" AtE[at tT]AgZET}
teTy ¢
3 1 3
EE (CE © INE)'

N ZtGTE(l — @)

The formula of ¢ in (3.4) remains unchanged, since E Y"1 #5, remains unchanged.

B.2 Motivation of the EM Algorithm

In this subsection, we shall review the motivation of the EM algorithm. The log-likelihood
of le:T is

((Y1.7;0) = logp(Yi.1;0) = 10g/p(Y1:T\E; 0)p(E;0)d=.

Given é(i), we could compute

}/1T|‘—‘7 ) (E 0)
p(E[Vir, 0"

(Y 0) — £(¥ap: 8) = log / (p<a|m, R )du log p(Viep: 87

Yi.r|Z;0)p(=; 0 ~ (i ~ Yi.r|Z;0)p(=; 0 ~ ~ (i
—tog e | PEMIZ OO g p(vi0i8) = togte | PET= OO g g v )
( |}/1:Ta0 ) p(*:’}/i:T70 )
>E [log p(Mir|E O)Zi((j’ 0)] — E[logp(Vir;8”)] = E {log (Ylﬂu(j) IS 2 . }
p(‘*|le:T>0 ) ( |1/1T7 ) (}/1:/1,0 )
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whence we have
p(Yi.r|Z; 0)p(E; 0)
i ~(4)

A (8)
- — . =:B(6,0 ).
p(H|Y1:T70 )p(}/l:T70 )

((Y1.r;0) > L(Y1ir; é(i)) +E log

We see that B(O,é(i)) is a lower bound for £<Y1:T30)7 and é(Yl:T;é(i)) - B(é(i)7é(i)).
Thus we would like to choose 8 to maximise B(6, é(l)):

~(i+1)

0 = argmax B(6, é(i)) = arg meaxfE (Y17, Z;0)] .

B.3 The Expression for 0h(6,,)/00,,

Let 0, denote an a x 1 zero vector.

05 05 05 05 05 05 O5 05 Of 05
1 0 0 0 0O O O 0 O 0
o 1 0 o O O o0 0 0 0
o 0 1 0o 0 O o0 0 0 0
05 05 05 05 O O5 O5 05 Of 05
o 0 o 1 0 0 o0 o0 o0 0
0y, 0 05 0Oy 0y 05 0Oy 0y 09 0,
1 0 0 0 O O O 0 o 0
o 1 0 o O O o0 0 0 0
o 0 1 0o 0 O o0 o0 o0 0
O 05 05 O5 05 05 O5 05 O 05
o 0 o 1 0 0 O o0 O 0
O Og O 0O 05 O Og O Og O¢
ohe,) [0 0 0 0 1 0 0 0 0 0
%6, —|0 0 00 0 1 0 0 0 0
O 0 0 o o0 o 1 o0 O 0
59%10
05 05 05 05 Os 05 05 05 Os 05
o 0 0 O O O 0 1 o0 0
0, 0, 05 0Oy 0, 0, 0Oy 0y 0 0,
o 0 0 o 1 0 o0 0 O 0
O 0 0 O o0 1 0 o0 O 0
O 0 0 o o o 1 o0 0 0
05 05 05 05 O 05 O5 05 Of 05
o 0 0 o o0 O o 1 0 0
05 05 05 O5 O O5 O5 05 Of 05
0 —2 0
(02
0 oy 0
o 0 0 0 O O O o0 O 1

B.4 Validity of Applying Our Model to Standardised Portfolio
Returns

In this subsection, we discuss the validity of applying our model to standardised portfolio
returns. The daily value-weighted portfolio return R; on day t is calculated using the
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following formula:
z t z t—1 H?:l Piu;i’t_l
2, ~ (2 1 ]‘ —’l’b’
E Wit—1—"—7 Pt . E Wi t—1 Og og (H?l Pi,tffl

= log (H Pﬁ”l) — log (H P;”?_tll) ~ log (H Pﬁ”l) — log (ﬁ Pﬁff)
i=1 i=1 i=1 i=1

where P;; denotes the closing price of stock ¢ on day ¢, w;+—1 denotes the market capital-
isation of stock i divided by the market capitalisation of the portfolio on day ¢t — 1, and n
denotes the number of the stocks in the portfolio. The first approximation sign will hold
on the assumption that daily returns are often small, and the second approximation sign
will hold on the assumption that weights do not change much over a day. The preceding
display shows that log ([T'_, P/;""") could be interpreted as the log closing price of the
portfolio on day ¢, and we could hence fit R; with our model:
2

Ry = p+ szfg,t—j +23fer ey

=0
where z; are scalars, and e, is a random variable. Let R := T—'3./_| R, and se(R) :=

(7! ZtT:l(Rt — R)? 2 Thus
2 2

Rt ) ) *
Rt NZS@ gt ] ( )fCt+ (Rt) 'szfg7t_j+z3f67t+et-

J=0

We hence see that our model could be applied to standardised portfolio returns in practice
by relying a few innocuous approximations.

B.5 Proof of (A.54)

We first state a central limit theorem for the martingale difference array.

Theorem B.1 (McLeish (1974)). Let {X,.;,i = 1, ..., k,} be a martingale difference array
with respect to the triangular array of o-algebras {F i = 0, ...k, } (ie., Xpi is Fri-
measurable and E[X,, ;| Fni—1] = 0 almost surely for all n and i) satisfying Fpi-1 C Fni
for alln > 1. Assume,

(1) max;<g, | Xni| is uniformly (in n) bounded in Ly norm,
(i) maxi<y, | Xnil 20, and
(iii) S5 X2, 5.
Then, S,, = Zf;l X 4 N(0,1) as n — oo.

We now show (A.54). Note that (A.54) is equivalent to

1ft6 1)N+j,t

zf: [ )‘k:g®[14) (et®ft> 4,
=1

)\k,j ® [14)F(Z;[e & M)FT()\]QJ’ &® [14) COVg, 4
COVy j Mflgi,j

=: N(0,p"V,p) (B.3)

i
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where p is a 24 x 1 non-zero vector with ||p|s = 1. Define

T T
uy = Tf—l/QpT ()‘k,jf? L)l (e; ® fy) I\ pTVap.
M ft@(k:—1)N+j,t

Define the filtration F; := o(f,, e, fi_1,€i-1,---, f1,e1) and Fy := {0,0°}. It is easy
to show that u; is F;-measurable. We now show that {u;, F;} is a martingale difference
sequence (i.e., E[us|F;—1] = 0). It suffices to show Ele; ® f,|Fi-1] = 0. Write f, =
Tifi1 + 771, where 71 is a 14 x 14 matrix consisting of ¢, and 171 is a 14 x 1 vector
consisting of {n,}. Then we have

Ele; ® f,|Fi1] =E[e.® (T f,_y + )| Fiei] =0 +E [e, @ 0| Fii
=E [et|-7:;t—1] ®E [”71|-7:t—1} =0.

where we have used Assumption 2.1. We now check conditions (i)-(iii) of Theorem B.1.
We first investigate at what rate the denominator \/pTV,p goes to zero. Since

PV > Ana(Va) > 0,

where the last inequality is due to Assumption 4.1, we have 1/y/pTV,p = O(1). Hence, it
is easy to show that

1 1 1
lus| = O <\/—T_f) lef ® £,lls + O <\/—T_f) | fre—1)ntjellz = O (\/—T_f) le: @ fill2

1
0 (ﬁ) ler® £l

We now verify (i) and (ii) of Theorem B.1. We shall use Orlicz norms as defined
in van der Vaart and Wellner (1996): Let ¢» : R™ — RT be a non-decreasing, convex
function with ¢(0) = 0 and lim,_,,, ¥ (z) = oo, where R* denotes the set of nonnegative
real numbers. Then, the Orlicz norm of a random variable X is given by

11, = mf{c > 0: By (|X|/C) < 1} ,

where inf ) = co. We shall use Orlicz norms for ¢(z) = 1, (z) = e*" — 1 for p = 1 in this
article. Consider

[lle:® Filloll,, :HH%%in,t[ft]jw < Cmax leselfljlv,
% 1 b2
where e;, is the ith element of e;, [f,]; is the jth element of f,, and the inequality is
due to Lemma 2.2.2 in van der Vaart and Wellner (1996). Since e;, [f,]; are normal, it
follows from Lemma 2.2.1 in van der Vaart and Wellner (1996) that |le; ([ f,];lls = O(1)
for all 7, j,t. Thus

log T
VT VT

Since [|U]|., < r!||U]|y, for any random variable U (van der Vaart and Wellner (1996),
p95), we conclude that (i) and (ii) of Theorem B.1 are satisfied. We now verify condition

g ] < 081+ 75 mp s, =
¥ ¢
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(iii) of Theorem B.1. Since we have already shown that pTV,p is bounded away from zero
by an absolute constant, it suffices to show

1 & AL @ L)T(e]
o7 ( kj @ 12)'(e; @ f)

_ —p"Vap =o0,(1).
Tf —1 M_lfte(k—l)N-i—j,t prrab p( )

This just follows from Ergodic theorem (Theorem 3.34 of White (2001)) by recognising
that {u,} is strictly stationary and ergodic because {e;} and {n,} are strictly stationary
and ergodic (Theorem 3.35 of White (2001)). Thus, condition (iii) of Theorem B.1 is
verified and (B.3) is proved.

B.6 Proof of Consistency of ,,

In this subsection, we give a proof for 0,, 2 8,,. Define

OBr,(b) := — [h — h(b)]" W [h — h(b)]
OB(b) := — [h(8,,) — h(B)]" W [1(6,,) — h(b)] .

It is easy to see that
s%p‘OBTf(b) - OB(b)’ = 0,(1)

sup OB(b) < OB(6,,)
b:||b—0p,||2>€

for every € > 0. By Theorem 5.7 of van der Vaart (1998), we have 6,, = ,,.
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