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Abstract

In this paper, we study a class of high dimensional moment restriction panel data models with in-
teractive effects, where factors are unobserved and factor loadings are nonparametrically unknown
smooth functions of individual characteristics variables. We allow the dimension of the parame-
ter vector and the number of moment conditions to diverge with sample size. This is a very general
framework and includes many existing linear and nonlinear panel data models as special cases. In or-
der to estimate the unknown parameters, factors and factor loadings, we propose a sieve-based gen-
eralized method of moments estimation method and we show that under a set of simple identification
conditions, all those unknown quantities can be consistently estimated. Further we establish asymp-
totic distributions of the proposed estimators. In addition, we propose tests for over-identification,
specification of factor loading functions, and establish their large sample properties. Moreover, a
number of simulation studies are conducted to examine the performance of the proposed estimators
and test statistics in finite samples. An empirical example on stock return prediction is studied to
demonstrate the usefulness of the proposed framework and corresponding estimation methods and

testing procedures.
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1 Introduction

In this paper, we consider a class of high dimensional moment restriction panel data models with
interactive effects. Here, the high dimension relates to the dimension of regressors and the number
of restrictions; the factors are unobservable and the factor loadings are nonparametrically unknown
functions of individual characteristics. Such a setting is very general and includes many existing models
as special cases, for example, the linear panel data model with interactive effects in Bai (2009), Bai & Li
(2014), Moon & Weidner| (2015)),/Lu & Su/(2016), Bai & Liao|(2017), Moon & Weidner| (2017), nonlinear
panel data models with additive individual and time effects in Fernandez-Val & Weidner| (2016), dynamic
panel Logit models with fixed effects in [Honoré & Weidner| (2020), Kitazawa| (2021)) and nonlinear
panel data models with interactive effects in|Chen et al.| (2021). We propose the generalized method
of moments (GMM) coupled with a sieve approximation to estimate all unknown quantities in a large

dimensional moment vector.

Suppose that

E[m(Wit:X{tﬂ:A(Vi)/ft)] =0 (D
fori=1,---,N,t=1,---,T, where m(-) is a ¢ x 1 vector of known functions, W;, contains the depen-
dent variable and possible instrumental variables, X;, is a p x 1 vector of regressors, f = (81, -, /3p)’

is a p x 1 vector of unknown slope coefficients, f, is a r x 1 vector of unknown factors, and the fac-
tor loadings A(V;) = (A1(Vi1), -+ , A,-(V;,))’ are unknown functions of individual characteristic variables
V; = (Vi1,--+, V), which are time invariant. The setting of factor loadings gives researchers and prac-
titioners the maximal flexibility and, on top of that, we shall discuss in Section 2 the case where the
characteristics are allowed to vary over time. The setting for the loading functions is also proposed in
Connor et al.| (2012), Ma et al.| (2021) and [Dong, Gao & Peng| (2021)) etc. For example, Connor et al.
(2012) allow that factor betas in the Fama—French model to depend on security characteristics, such as
size, value, momentum and own-volatility factors. We follow their work by considering unobservable
factors due to popularity and wide applicability. Here we consider the case where both the dimension
of X;;, p, and the dimension of m(-), g, are large, that is, p = p(N,T) — oo and ¢ = q(N, T) — o0, as
N — oo and T — o©. In addition, we also allow the number of factors r to be large. The dependence

of the dimensionality (q, p and r) on the sample size is suppressed for the sake of simplicity.

We are interested to estimate the unknown parameter 3, unknown function A(-) vector and f, given
(W;, X1, V). To deal with the unknown functions we shall use the sieve method (Chen & Shen||1998,
Chen|2007). Our estimation strategy is to first use the sieve method to approximate the unknown func-
tion A(V;) by a linear combination of basis functions in some suitable function space; in this way, the

unknown quantities in are fully parameterized. Then we are able to estimate 3, A(-) and f, simul-



taneously. It is noteworthy that since factors are unobserved, a set of simple identification conditions
are proposed that is quite weak and general, and enables us to identify the factors and their loadings

from the estimation above.

Moreover, we propose a test for the over-identification in the GMM framework before the proposed

test is utilised for specification testing of loading functions against local deviations.

As is well known, a genesis of moment restrictions is conditional moment restrictions (Ai & Chen
2003| [2007, [Chen & Pouzo|2012). To illustrate the usefulness of model (1)), we give the following

examples, both of which are derived from conditional moment restrictions.

Example 1.1 (Conditional moment restrictions): Suppose that p(W;.,X: B,A(V;)'f,) is a known
J-dimensional vector of generalized residual functions and Z; is a sub-vector of V;. Then the unknown
quantities (3, A, f ) can be determined by a conditional moment restriction E[ o (W;,, X, 8, A(V;) f)|Z;]1 =
0, almost surely. In fact, the GMM estimation in|Arellano & Carrasco| (2003)), Breitung & Lechner| (1995
and Breitung & Lechner (1998) are based on similar conditional moment conditions. Let ®(z) be a se-
quence of vector of functions that can approximate any square integrable function of Z in some sense
arbitrarily as k — oo. Then the conditional restriction implies a set of unconditional moment restric-
tions E[p(W;, X[, B, A(V;) ;) ® ®x(Z;)] = 0, where the symbol “®" denotes the Kronecker product.
Denote m(W;,, Z;, X!, B, A(V;) f.) = p(W;(, X[, B, A(V;) f;) ® ®(Z;). Notice that the dimension of m(-)
is Jk which increases with k. Therefore, (3, A, f) can be solved from the above unconditional moment
conditions by GMM.

Example 1.2 (Binary Response Model): Let Y;; be a binary outcome assuming either 0 or 1. Suppose

we have a binary panel data model of the form,
P(Ylt = 1|Xit"/i’ft) =F(ﬁ/Xit +}'(‘/l)/ft)) l= 15“' 3N3 t= 1:'” JT’ (2)

where f3,X;, € RP, V; € R and F(-) is a known cumulative distribution function, e.g., the standard
normal or standard logistic distribution. Model includes Example 1 in Fernandez-Val & Weidner
(2016)) and Example 2 in|Chen et al.| (2021) as special cases. As mentioned in|[Fernandez-Val & Weidner
(2016), in a labor economics application, Y can be an indicator for female labor force participation and
X can include fertility indicators and other socio-economic characteristics. A sieve-based GMM method
outlined below in Section 2 can be used to estimate the unknown loading function A(v), factor f;, and
the parameter vector 3. Suppose that the function A(v) can be approximated arbitrarily in some sense
by a linear combination of k known functions denoted as $k(v), that is A(v) — $k(v)’ a goes to zero
in some sense as k — ©0. Then under certain identification conditions, we can estimate 3, a and f,
from the first order conditions for maximum likelihood estimation. We will consider this model in our

simulation study:.



The contributions of this paper can be summarized as follows. First, to the best of our knowledge,
this is probably among the first to consider high dimensional moment restriction panel data models
with interactive effects, which substantially generalizes the existing panel data models in the current
literature. Second, we propose sieve-based GMM estimators for unknown parameters, factors and load-
ings. First, we use a sieve method to approximate unknown loading functions and then apply a high—
dimensional GMM procedure. Third, we propose procedures to test the validity of moment conditions
as well as specifications of loading functions. Fourth, under a semiparametric factor structure setting,
our identification conditions fully employ the functional information. Last but not least, simulation and
empirical studies further demonstrate the advantages and usefulness of this new model in comparison

with some natural competitors.

The rest of the paper is organized as follows. Section 2 describes the estimation procedure. Sections
3 and 4 provide the asymptotic theories for the proposed estimators and test statistics. The simulation
results and empirical study are presented in Sections 5 and 6, respectively. Section 7 concludes. Ap-
pendix A lists the necessary lemmas before they are used in the proofs of the main theorems in Appendix
B. The proofs of the lemmas listed in Appendix A and that of Theorem 4.1 are given in an online supple-
mental document. Throughout this paper, || - || denotes Euclidean norm for a vector or Frobenius norm
for a matrix, or the norm in function space that would not arise any ambiguity in the context; I, denotes
an identity matrix of dimension r; the operators —p and —, denote convergence in probability and in

distribution, respectively.

2 Assumptions and estimation

In this section, we first describe a Hilbert function space wherein the unknown loading function
A(v) admits an infinite orthogonal series representation. Then with the help of certain identification
conditions, we develop a sieve-based GMM estimation procedure for unknown parameters and factors

and their loadings.

2.1 Sieve estimation for factor loadings

Let A(v) = (A,(v1),++,A.(v,)) be a vector of unknown functions, where A,(v;), £ = 1,2,---,r,
are univariate functions defined on V, V C R. Let A,(-) belong to a Hilbert space L*(V,n(w)) =
{ gw): fV g2(w)r(w)dw < oo}, where m(w) is a user-chosen density function on V. As usual, we de-
fine the norm ||g||;2 = (fv gz(w)n(w)dw)l/2 and the inner product (g, g,) = fv g1 wm)go(W)(w)dw

for functions in the space. Throughout this study, for the r-vector of functions A(-), its norm is defined
1/2
as |22 = (X I2eliF2)



A sequence {¢;(-),j = 0} in Hilbert space is called orthogonal if (¢;,¢;) = 0 for all i # j, and
further orthonormal if ||¢;|| = 1 for all i. A complete orthonormal sequence forms a basis in Hilbert

space; the theory about Hilbert space can be found in standard textbooks on functional analysis.

Assumption 2.1. Suppose that {¢;(-),j = 0} is a basis for L*(V, (w)), that is, (¢;,¢;) = &;; the Kro-
necker delta and {¢;(-), j = 0} is complete.

The existence of orthonormal basis is guaranteed by the Hilbert theory that enables us to have an
infinite orthogonal series expansion for A,(-) € L2(V, (w)):
o
Ae(vp) = Zagjqu(ve), where ay; = (A4, ¢;), £=1,---,1. 3)
j=0
By the Parsevel equality, ||, (v,)||?, = Z;:O a?j, which implies the attenuation of the coefficients. For
a positive integer k, define the partial sum ),gk)(Vg) = Zi:é
in which a; = (a9, , @y x—1) and @x(v¢) = (Po(vy), - , Pr_1(v))-
Let AR) = AP0, -, APM,)) = &(v) e, where & (v) = diag(@(v1), -, @(v,)) and & =

(af,-+-,al) isa kr x 1 vector, containing all the coefficients in the truncation series. Define y%k)(vf) =

a;Pi(ve) = aé@k(ve) as a truncated series,

Z;:k a9 ;(v¢), the residue after truncation, and y®(v) = (y(lk)(vl), el y&k)(vr))’. It is easy to see that
A() = A0 W) + y®(v). It follows that A (v) - A(v) as k — 0o, in some sense.

2.2 Sieve-based GMM estimation

When factors are unobserved, the lack of identification of factors f, and factor loadings A; is well
known in the literature as they enter the model in a multiplicative way (see for example Bai|[2009), Bai

& Li|2014). In this paper, we impose the following identification conditions (IC):
Identification conditions (IC)

(1) Ay(v), £=1,2,---,r, has unitary norm;
2 If ¢o(v) =1, [ A()po(v)n(v)dv =0for2 <€ <r;
(3) ft[>0for£:1,2’--.’r andt:l)...j']"_

The first IC is common, which is also used by|Connor et al.| (2012) and|Dong, Gao & Peng| (2021). It
is intuitive and reasonable since the unknown function can be rescaled to have unitary norm. The second
IC is employed to normalize the additive terms such that the model can get rid of extra constants, which
is standard in additive model; see Assumption C.2 in Dong & Linton| (2018) and references therein. The
third IC is not as restrictive as it appears, since the positivity of f,, can always be imposed using the
multiplicative factor structure. In contrast to the identifcation condition in Bai| (2009), this set of IC is

simple and utilizes the proposed loading and factor structure to identify the factors and their loadings.



The parameter space for model is defined as
©={(b,g;,s;):beRP; g, € L>(V,t(w)),1<{ <r;s5, €R", 1<t < T},

which contains the true parameter (3, A, F) as an interior point, where F = (f;, -, fr). For b € R” and
g € L%(V, m(w)), we define

(b, )1l = (b1 +11gl12.) .
Assumption 2.2. Suppose that B,y and Boy are two sequences of positive numbers diverging with N, such
that B in model is in ®y = {b € RP : ||b|| < By} and for sufficiently large N, A(k)(v)’ft is included
in O,y = {2, (v)'d, : lld,|l < By}

The assumption above, coupled with the sieve approach, approximates the parameter space © by
O;§y®0O,y as N, T — 00o. The bounds on the parameters facilitate the solution of nonlinear optimization
defined below, while, on the other hand, B, is necessary to take into account the divergency of the
dimension of 3, and B,y may be mild divergent since the vector ®,(-) of basis functions has norm equal

to O(vk). See Dong, Linton & Peng| (2021) for more details on the discussion on ||®;(-)]|.

Recall A(v) = AW () +y®(v) in Section 2.1. Let ft’k(k)(v) = f[’gk(v)’a = & (v)'D,, where &} (v) =
(®x(v1), -+, ®(v,)) and D, = (f1a],- -, fira.)'. Then we rewrite the moment condition (1) as

E[m (Wi, X[ 8,2, (V)Y D, + frO(W))] =0, C)
in which y®(V,) is negligible for large values of k.

Our estimation strategy is that we first estimate 3 and D, simultaneously for each given t, and then
we obtain the estimators of f; and a by virtue of the identification conditions, and finally estimate A(v)

by A(v) = $,(v)'a. Specifically, for each given t, we estimate  and D, by

(ﬁt:ﬁt):arg min ||MNt(b3dt)”2: (5)
beRP,d, Rk

subject to [|Bl| < Byy and [|d,[| < Bay,
where My, (b,d;) = 755 iy m(Wie, X, b, 8(V)) dy).

The reason for including q in the function My,(b,d,) is to take into account the divergence of
the dimension of m(-). Note that the subscript t in ﬁ\t indicates that we only use the information at
time t to estimate 3. This strategy localizes a global parameter. We then define an estimator for 3 by
E = Zthl w, Et, where w, is a chosen weight. Here we simply set w, = 1/T and by simulation study, we
show that this works well numerically. The averaging converts the localized parameter back to global,

and more importantly this accelerates the rate as shown in Theorem[3.2] as if we estimate f3 using global

information.

Write D, as D, = (D/;,-+-,D/,)’. Then it is easy to see that D, for 1 < £ < r, is the estimator of

6



freay. When the truncation parameter k is large, we have ||f, a,]|?> = ft%(llke(v[)ﬂz +0(1)) = ftzg(l +
0(1)), where the first equality is due to Parseval equality in Hilbert space and the second equality is
due to the identification condition that A,(-) has unitary norm. Thus, by some regular conditions,

1D 112— tze = 0p(1). This implies that we can use ||D;,|| as an estimator for |f,,| (and hence f,, under the
Bté — Slﬁr

IDeell — 1IS¢Dell”
matrix drawing the corresponding sub—vectors from the parent vector. We define this estimator by a,,

third IC). Consequently, we can further estimate a, by &, = where S, denotes a selection

to indicate that it is obtained using the information at time t. Then, the estimators of f,, and A,(v,),

for 1 <{ <r, are given by

N

_ T
Fro=1Deell, Ze(ve) = @) = > e

t=1

Also, we define Xd(ve) = &, (v,) d as the estimator of A,(v,) where the subscript ¢ indicates that we

only use the information at time ¢ to estimate A,(v;).

It should be noted that we can generalize the model by allowing the variable of characteristics V;
to vary with time, that is, each of the factor loading is a function of V;,. We may then use sieve method
to estimate A(V;,) by ®,(V;,) a in a similar way, where a can be estimated using the same method as in
(5). For notational simplicity, we focus on the case where the variable of characteristics is only indexed
by i.

The notation used so far assumes a fully balanced panel data set. It should also be noted that in
applications the set of individuals may be allowed to vary over the time sample. For example, the set
of equities with full records over a reasonably long sample period is a small subset of the full data set.
In this case, we may assume that the observations are unbalanced in the sense that in time period ¢,
we only observe n, individuals. Then we replace the current definition of My,(b,d,) by My.(b,d;) =
%nlt ?;1 m(W;, X/, b,®;(V;)'d,) and the rest of the estimation procedures are similar to the balanced

case.

3 Asymptotic theory

In this section, we will establish the consistency and asymptotic normality for the estimators of 3,

factors f, and factor loading function A(v).

3.1 Consistency

Before establishing the asymptotic theory, we first introduce some necessary assumptions.

Assumption 3.1. Suppose that



(a) Denote W, = (Wy,,-++,Wy,) and X, = (X4, ,Xy.), and suppose that {(W,,X,,f;),1 <t < T}
is strictly stationary and a-mixing; denote similarly W; = (W;q,---, W) and X; = (X1, -+, Xi7)
and suppose that {(W;,X;,V;),1 <i < N} is identically distributed across i.

Denote a;j(|t —s|) as the a-mixing coefficient between (W;,X;., Vi, f) and (Wjs, X, Vj, f).  Let
Z?,:1 Z?[:l > (aij(t))5/(4+5) = O(N) and Zf’zl Z;Vﬂ (aij(O))a/(4+5) = O(N), where & > 0 is
chosen such that E [ [m(W;,,X[.B, A.f)II**9/2] < oo, E[|IX;|I*"5/2] < oo and E[|If,[I>7%/?] <

oQ.

(b) The density fy(v) of V; satisfies cmt(v) < fy,(v) < Cr(v) on the support V of V; for some constants
C = ¢ > 0, where 1t(v) is the density function involved in the Hilbert space at Section 2.1.

(c) The function m(-,-,-) is continuous in the second and third arguments.
(d) q(N,T)—p(N,T) = kr.

Assumption 3.2. Suppose that for each (N, t), there are unique (A(-) f, and 3 € RP such that model
is satisfied. In other words, for any & > 0, there is an € > 0 such that

1
inf ZEm(W;,, X! b, ®L(V,)'d)|* > €.
(b,dt)ee,||(b—/s,4>;(m'dt—zm)'ft)||zaq” (Wi X;: b, & (V) d

Assumption 3.3. Suppose that for each (N, T), there is a measurable positive function A(W,X,V) such
that

g2 Im(W, X by, g1(V)'s1) = m(W, X by, 85(V)'s)Il
<AW, X, V)[lIby = byl +11g1(V)'s1 — g2(V)'s5ll]

for any (b1, g1,51), (by, g2,55) € ©, where (W, X, V) is any realization of (W;;,X;;,V;) and the function A
satisfies that E[A%(W;,,X;,, V:)] < oo.

We have the following comments on the assumptions. Assumption 3.1(a) requires stationarity for
the data along time series dimension and identical distribution over cross sectional dimension. The iden-
tical distribution requirement here simplifies the presentation and some of the calculations, although
it is possible to relax it to allow heterogeneity in the cross section. We use the a-mixing coefficient to
measure the relationship between (W;¢, X, Vi, f;) and (W, X5, V}, f;), which can capture both cross-
sectional dependence and serial dependence. Particularly, a;;(0) only measures the cross-sectional de-
pendence between (W;(, X;, V;, f;) and (Wj, X, Vj, f;). This set-up is in the same spirit as Assumption
A2 of |Chen et al.| (2012) and Assumption C of [Bai (2009), and the entire Assumption (a) is quite
common in the literature, see Dong et al.| (2015) and [Liu| (2020). The rest of the assumptions are simi-

lar to those in|Dong, Gao & Linton| (2021). Assumption (b) is about the relation of the densities of



the variable V and the function space, which is widely used in the literature. For the case of compact
support for V, we can simply set 71(v) = 1 and the density fi,(v) is bounded away from zero and above
from infinity. Here we also allow for unbounded support for V provided that the density 7 is chosen
appropriately. Assumption 3.1(c) imposes continuity condition on the m(-) function and commonly
used moment conditions satisfy this. Assumption (d) allows for possible over-identification of the

parameter vector in the moment conditions.

Moreover, Assumption is necessary as it assumes a uniqueness condition in GMM framework
for all unknown parameters. The involvement of q is due to the same reason as in the formulation
of My,(b,d,), which takes into account the divergent dimension of m(-). Assumption [3.3|is a kind of
Lipschitz condition that guarantees the approximation m(W;, X/, 8, f/®(V;)'a) to m(W;., X/, B, A(V;Y f.)
because

Im(Wee, X, B, f{ 2 (Vi) @) — m(Wye, X, B, A(V) O
< AW, Xi, Vi) [IIAV) = & (Y allll £l ] = 0p(MIIy O WINIFI = 0p(1).
Moreover, since Em(W;,, X! 8, A(V;)' f,) = 0, we have ||]Em(Wit,Xi’t[5,ft@k(vl-)’a)Il =o(1).
With the above assumptions, we establish the following theorem.

Theorem 3.1. (Consistency). Let Assumptions hold and BfN + B%N = o(N). Then we

have

1. As (N,T) - (00,00), [(B—B,A(v)— AW)I =5 0.

2. As N — oo, for any given t, ||ft—ft|| —p 0.

The proof of Theorem [3.1]is given in Appendix B.

3.2 Asymptotic normality

As the dimension of 8 diverges with the sample size (N, T), we may not be able to establish a limit
distribution for 3 directly. Instead, we consider some finite dimensional transformations of 3. See some

examples for the functionals in [Dong, Gao & Linton| (2021)) and the reference therein.
Let ¢ be a transformation from R? — R" with 1 > 1 fixed. Here we consider the limit distributions

of & (B\ )—2(B), }A\(v) and f\t To this end, we impose the following assumptions.

Assumption 3.4. Suppose that each element function m; of the m(:,,-) is differentiable with respect to

its second and third arguments up to the second order. The second derivative functions satisfy a Lipschitz



condition in a neighborhood of the (8, A f):
8@ m;(W,X'B,A(V)'f)— 8™ m;(W,X'b,g(VYs)| < B;(W,X'B,A(VY F)(IIb— Bl + 1A' f — g's|)”

for some T € (0,1], where u is two dimensional multiple index with |u| = 2, ™ stands for the partial
derivative of the function with respect to the second and third arguments and B; are positive functions such
that max, <<, E[B;(W, X', A(V) f)*] < co.

Let %m( -) and 3 ( -) denote the partial derivatives of m(v,u, w) with respect to respectively

its arguments u and w.

Assumption 3.5. Suppose that foranyi=1,2,---,N, t=1,2,---,T,

(@ EllmW;, X[ B, AV,) fOII? = 0(q), ElIX;.|I> = O(p), Ell@x(V)II* = O(k) and El|f|I* = O(r);
(®) Ell Zzm(W;, X[, B, AV;Y fOII? = 0(q), and E|| Z;m(Wi,, X[ B, AV, f)II* = O(q);
(©) EllZzm(Wy, X/, B, A(V;) f)®X |12 = O(pq), and E|| Zm(Wi, X[ B, M(V,) f) @B (V)II* = O(krq);

@ Bl Srm(Wie, X B, AW f,) ® X, X, > = 0(pq), and
E”aa_vjzm(mt,x’ B, A(V,) f,) ® &1 (V))@L(V))I? = 0(k*rq));

(e) Ellauawm( Wi, X!, B, '@ (V) f,) ® X, @L(V,) ||* = O(pkrq).
Assumption 3.6. Suppose that

@ [ly®W)Pp? =0(1), (NT)p%q=o0(1);

® IlyPWPk?r? = 0(1), (NT) k%r?q=o(1).

Assumption 3.7. The partial derivatives of m(v,u, w) satisfy

(@ q 2 ||aum(W X'by,81(V)'sy) — m(W X'bs, 82(VY'so)ll < Ay (W, X, V)[IIby — bsll + [1g1(V)'sy —
g2(V)'s, |1, where E[Al(w,X,V)Z] < oo and E[A;(W, X, V)?|IX|1*] = O(p).

() q 21 Zm(W,X by, g1(V)sy) — Z=m(W,X by, g2(VYsy)ll < Ax(W, X, V)[||by — byll + [|g1(V)'sy —
g2(VY'syll], where E[Ay(W,X,V)*] < 0o and E[Ay(W, X, V)*||®/.(V)[*] = O(kr).

Assumption 3.8. The transformation £ possesses continuous second partial derivatives and the Hessian
matrix of each component £; of £ has uniformly bounded eigenvalues in a neighborhood of 3; moreover,
the first partial derivative of ¥ at 3, d £ (p) has full rank.
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Assumption 3.4 is a standard assumption on the smoothness of moment functions. We impose
the Lipschitz condition for the components of the m function to facilitate the approximation of the
Hessian matrix within a neighbourhood of the true parameter. Assumption imposes conditions on
the second moments of the m(-) function. Since the dimension p of X is diverging and it is reasonable
to allow that the second moment diverges too. Similarly, we assume E||f;||*> = O(r). E||®(V)|? =
O(k) can be satisfied for many orthogonal sequences, such as the orthogonal trigonometric polynomials
and orthogonal algebraic polynomials on bounded interval with uniform density. We impose similar
conditions for the norm of the first partial derivatives of m(-) function. Assumption |3.6/imposes certain
conditions on the relation of truncation parameter k, dimension p of X, sample size N, T and the number
of factors r. This normally ensures that the orthogonal series expansions for the unknown functions of
the factor loading vector converge with certain rates. Assumption is similar to Assumption but
this is for partial derivatives. Assumption guarantees that we can approximate ¥ (ﬁ ) by a linear
form £2(B)+0L(B) (B\ — ). All Assumptions are commonly encountered in the literature, see
Dong, Gao & Linton| (2021)).

Before we present the main theorem of asymptotic normality for our proposed estimators, we in-

troduce the following notation. Define

B = E[m(W,, X[ B, A(V,) fOm(W;, X! B, A(V;)'f,)] forany i=1,2--- N, t =1,2,--

A, = E%m(wﬂ,xi’tﬂ,x(vi)’ft)’ ®X;,, forany i=1,2--- ,N,t=1,2,---,T,

A= E%m(mt,X{tﬁ,A(w)’ft)’ ® 9 (V;), forany i=1,2--- ,N,t=1,2,---,T,

Zijis = B[ m(Wie, X[, B, AVRY foOm(Wis, X1 B, ALV, £, ]
Theorem 3.2. (Asymptotic normality). Let Assumptions [3.1H3.8| hold.

1. As N — oo, for any given t, we have \/ﬁ(.ﬁf(ﬁ\t)—f(ﬁ)) —p N(O, Eﬂo), where
2, =02(B) (A,AL) T AE,AL(AAL) T 0.2(B)
+lim 1% ; 0L(BY (AxAL) " AE 1AL (ML) a2(P).

2. As (N, T) — (00, 00), we obtain «/W(G%(E)—g(ﬁ)) —p, N (0,%4), where

. 1 / 7\ — / 7\
Zp =lim — D102(BY (AAL) T AE AL (AAL) T 2.2(B).

i,j,t,8
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3. As N — oo, for any given t and 1 < { < r, we have \/N(E_ftg) —p N(O, Zﬂ), where

-1, -1
T =a;Sp (A AL) T AERAL(ALAL) T Spay
o1 -1, -1
+h§nﬁZa25e (AcAL) T AE AL (AAL) T S ay.
i#j
4. AsN — oo, for any given t and 1 < { < r, we have WLQ’,)H(XM(V)—M(V)) —p N (0,2, ), where

1

-1, -1
ZW[%(WSZ (8cA) " AERAL (ArAL) TSI (V)
tl

Yo

1 _ _
+lim >, (V)S, (8ka;) T A0 (AcAL) T Si@ (V)]
7

5. As(N,T) — (oco,00)and 1 <{ <r, we have ”%”(Z(V)—M(V)) —p N(0,%,,), where

1 1 -1 -1
Sy =lima > & (V)S, (A AL) AL (AL (AAL) T SI(V).
T 2 o e S5 (k) BB (848

L,J,t,s

The proof of Theorem is given in Appendix B. Note that in the special case where Z;; ;; = 0
for either i # j or t # s, all the terms associated with the weak cross-sectional dependence and serial

correlations of error terms disappear. Thus, the covariance matrices involved in Theorem [3.2|reduce to
-1, - -1
B, =0L(BY (A,AL)  AELAL(AAL)  0L(B), Tp=3,
-1, - -1
S =S (ArAL) T AERAL(ArAL) T Spay,

T
1 -1, -1 .1
Tl S0, (V)Se (AkAL) T AEmA; (AA}) ™ Sj8:(V), Zleh%n?ZEMg.
t=1

lleWIPS

Here the estimators & (Et) and /)\.tg have slow rates because they are constructed using information
only at t (see assertions 1 and 4); while after “globalization” (average over t), they enjoy fast rates (see
assertions 2 and 5). All these are comparable with the parametric and nonparametric literatures. For
example, the covariance matrix Yz has the same form as those in standard GMM framework, except
that here we have transformation ¢, and A, and E;; ;, have diverging dimensions. From Theorem
we can see that the convergence rate of & (E) is (NT)~Y/2, which is consistent with the literature
that ﬁA = Op((N T)~1/2) (Bai (2009)). On the other hand, the convergence rates of ie(V) and ft\g are
|8 (V)II(NT)"'/2 and N~/2, respectively, which are in line with the results from [Dong, Gao & Peng
(2021).

To make statistical inference by Theorem [3.2] we need to provide a consistent estimator for each of

the above covariance matrices. Toward this end, let m;, = m(Wit,Xl.’tﬁ, AV D, My = mu(Wit,Xl.’t[/S\, AV Fe

X;y and m,,;, = mW(Wit,Xi’tB\, AV ) ® &, (V;), where m,(---) and m,,(- - -) are the partial derivatives
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of m function m(v,u, w) with respect to respectively its arguments u and w. We propose to estimate A,

Ak, B, Bq1,s(0 = J, t #5), Bij 11 # j, t =), respectively, by

1 N T 1 N T 1 N T
x = NT ult: Ak = NT “ E My, it Sm = NT E : z :mltmltﬂ
i=1t=1 i=1t=1 i=1t=1
N
= 1 = =/ = 1 = =/
S11,ts = ]v E :mitmis’ Sij11 = ? E :mltm][
i=1 t=1

The estimation of & Bo suffers from heteroskedasticity and cross-sectional correlation (HAC), so that
its sample analog is not consistent. We are about to use Assumption (a) to estimate N~ Z# i Zij11-
To this end, we follow the spirit of Ma et al.| (2021) to consider a kernel-based robust estimator that ac-
counts for HAC. Similar ideas have also been used in Phillips| (1998) to accommodate serial correlations
in the residuals when constructing robust t ratios. Specifically, the quantity N ! Z# i Eij,11 18 estimated

by a kernel-based approach, and we thus have the estimator of %, as follows,

S, =02(BY (A, AL) ' AE, AL (BAL) " 0.2(B)

+o (Y (8,5,) &, g Sk ()2 | & 3,5 ox@)
i#j

where M trims the sample autocovariances and acts as a truncation lag, K*(u) is a symmetric kernel
weighting function satisfying K*(0) = 1, and |[K*(u)| < 1. As shown in [Ma et al.| (2021) and Kiefer
& Vogelsang| (2005), the consistency of /Z\:ﬂo can be obtained under the condition that M — oo and
M/N —- 0asN — oo,

Another key quantity to estimate is (NT)™* > which is more complicated than that of

i,j,t, :‘ij ts»

-1 Zl# jZij11- For notational simplicity, welet G = (NT) ™! >’ Following Thompson|(2011)),

l]ts'—‘l]l‘S

we estimate G by
T Ly
G= Vunit + Vtime,O - thite,O + Z(Vtime,T + V[/ime’f) - Z(thite -t thzte T) (6)

where Vunlt == (NT) Z tlme T = (NT) ! Zt H—T’ Whlte T (NT) Z Z l t+T’ z:\1 =
> My ands, = Y my,. Due to the mixing condition imposed in Assumpt1on we use the information

from the observations where 7 (i.e., |t —s|) is small and Ly is a sequence diverging with T but with

a smaller order. It is also easy to see that V,uie0 = 2. TO estimate 3,,, we replace ﬁEU ts DY
, o s
_1 m /\/

ftﬂfsf
We then estimate Xg, X¢y, Xy and Xy, by flﬁ, flfe, il,tb 5,4, respectively, by replacing the

unknown quantities with their corresponding estimators.

Corollary 3.1. UnderA.ssumptions we have 8.,2”(/3) =30%2(B)+o0p(1), ZX = A, +o0p(1), Zk =

13



[11)

Ak + Op(l), Em = Em + OP(]‘)J Ell,ts = Ell,ts + Op(l), and

Consequently, flﬁ =g +op(1), f]fe =g +o0p(1), f];ue =X ¢ t0op(1), and Sy = S +op(2).

ij,11 = Eij,ll + Op(].) as N,T — OQ.
The proof of Corollary[3.1]is given in Appendix B.

4 Hypothesis testing

This section proposes two testing procedures with the first one being on over—identification test-
ing, while the second one on parametric specification testing for loading functions. Both test statistics

proposed make use of the deviation of the moment condition from the null to test against the alternative.

4.1 Test of over-identification

In this section, we aim to test the validity of the following moment conditions, which is crucial and
often called the test of over—identification in the GMM literature. The null and alternative hypotheses

are given as follows:

HOl : ]E[m(vvltﬁxl/tﬁak(‘/l)/ft)] = 0 for some (ﬁala F) € 61
Hyp: E[m(W;, X b,g(V;)'s)]# 0 for any (b,g,5) €O,

where © is define in Section 2.

For beRP,d, e R, d =(d/,--- ,dz)" and any ¢ € R? such that ||c|| = 1, define

T
1
Lyr(b,d;c) = Wi E Ly.(b,d;c),
t=1

where Ly, (b,d,;c) = m Zf’zl ¢'m(W;, X[, b,®;(V;)'d,), in which

N

Dye(b,d;;c) = | > [e/m(Wi, X/, b, &, (VY d,)]2.
i=1

Recall that D, = (f,;a}, -, fira.)’. Under Hy;, we can show that (B, D,) are consistent estimators
of (8,D,) by Theorem Define D = (D},---,D}). Then we can use the statistic Lyr(f,D;c) to
test Hy; against H;; as shown below. To establish an asymptotic distribution for the statistic, we first

introduce some necessary assumptions.

Assumption 4.1. Let ﬁfw(ﬁ, ﬁt; c) =o0p(1) when N — oo, where
Ly
—k / / r /
mNt(bJ dt;c) == ]E[C m(WitJXl'tb: (I)k(‘/l) dt)]
VN &
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for (b,d,) € © and c such that ||c|| = 1.

Assumption 4.2. Let (i) p>q = o(NT) and k*r?q = o(N); and (ii) ||[yY®»)||> = o(q™1).

Due to the moment condition E[m(W;,, X!, 8, A(V;)' f,)]=0and Assumption for large values of
k, E[m(W;., X! B, <I>]:(Vl~)’Dt)] =o0(1). So Assumptionrequires that when (b, d,) approaches (3, D,),
E[m(W;., X[ b,®,(V;)'d,)] goes to zero quickly. This assumption is in the same spirit as Assumption
but this is a sample version and the decay of the expectation needs a certain rate. Assumption
presents some technical requirements. Assumption[4.2| (i) requires a certain relationship between those
diverging parameters and Assumption (i) imposes a decay rate for the norm of residue ||y®W)||?,

which can be easily satisfied given a certain smoothness of loading functions.

Theorem 4.1. Suppose that there is no zero function in the vector m(-,-,-). Let Assumptions
3.1}3. 7 and hold. For any c € RY such that ||c|| = 1, under Hy; we have as (N, T) — (00, 00)

Lyr(B,D;c) —p N(0,1).

Theorem establishes the asymptotic normality of the proposed test statistic which makes the
statistical inference feasible when factors are unobserved. The proof of Theorem4.1]is given in Appendix
B.

Theorem 4.2. Suppose that the eigenvalues of Elm(W;,,X; b, g(V;)'s,)m(W;, X, b, g(V;)'s,)'] are bounded

away from zero and infinity uniformly in N, T and (b, g,S) € ©. Under Hq4, suppose further that there ex-

ists a positive sequence { yr such that inf(y , s)ce IE[m(W;,, X!, b, g(V;Y's )1l = {yr andliminfy 7 ,co VNT 1 =
00. Then for any vectors b and d, there exists some ¢* € R such that ||c*|| =1 and Lyr(b,d;c*) —p o0,

as (N, T) — (00, 00).

This theorem establishes the consistency of the proposed test statistic under very general conditions.
For example, in the special case of {yr = ¢, the condition liminfy ;_,.o VNT{yr = 00 is automatically

1/2 that extends the literature where

satisfied. Here, we allow for {y; — 0 with a rate slower than (NT )~
¢yt = ¢ a constant. Though the theorem only claims the existence of c*, the proof given in Appendix B

shows that how c¢* is constructed.

4.2 Parametric specification for the loading functions

In practice, we are also interested in testing the parametric forms of loading functions. Therefore,
in this section, we consider the following null and alternative hypotheses
ko

Hoyy @ Ag(ve;00) = g¢(vp, 0p) = Z ¢ (ve)6y; 0 such that Efm(W;,, X!, B, A(V;; 60) )] =0,
20
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Hyp: A¢(ve;01) = (v, 01) + Ante(ve) such that E[m(W;,, X, B, A(V;)' f,)] # 0,

/
— / / ko+1 — /s
where 6, = ( 1007 Or’o) € R" oD where 0.0 = (00,0, » O, ,0)" is @ vector of unknown parame-
ters, £ =1,---,r, and k is a fixed positive integer, 0, is defined similarly, ¢ ;(v,) is the same orthonormal
sequence as defined in Section 2.1, Ayr,(v) is an unknown function going to zero for every v when

(N, T) — (o0, 00) for us to study a sequence of local alternatives under Hy,.

It is noteworthy that the formulation of the above parametric form of g,(v,, 6,) is natural because
it belongs to a particular subspace in L2(V, (v)). With this form of g;(v,, 6,), our estimation procedure

can be implemented directly without orthogonal expansion.
For b € R?, § € R"kot1) ft € R’, and any ¢ € R? such that ||c|| = 1, define
- 1 < -
yr(b,6,f5c) = ﬁ;th(b, 0,fi:c),
where f = (fi,-+, fr), Ly (0,0, fi;¢) = +Zi1 'm(W, X!, b, A(V;; 0)'f,), 6 is included in

Dy (b,6,fi5¢)
A(), and Dy, (b, 6, fi;¢) = / or ['m(Wig, X!, b, A(Vi; 6)/F; 12

Under Hy, we estimate (3,0, f;) by (/3 , é\,ft) by the procedure in Section 2.2. We establish an

asymptotic normality under Hy, in Theorem and then establish an asymptotic consistency under
H;,. To show the consistency of the proposed test statistic under H;,, we impose the following assump-

tion on the local deviation Ayr(v) = (Ayr1(v), -+, Anr,(V)).

Assumption 4.3. Let Ay (v) = 7 AW), A(V) = (A1(v), -+, AL(v)), satisfy the following conditions:
(1) Suppose that minﬁ Ay ft || = cmin > O, where A is a compact parameter set including all fr
(ii) Let 657 — 0 and vYNTeyr — 00 as (N, T) — (00, 00), where ey is given by Assumption

corresponding to CoinONT-

In Assumption (i) the quantity c;,, together with &, signifies the strength of signal of the

moment condition under H,, deviated from that under Hy,. c;, can be obtained by further calculating
IAGY Fl? = F f AWAEY T(dVfe 2 Amin(A)IIFe P > Ao &) min Il
€A

Thus, a sufficient condition for the existence of c;, is that the matrix f A(W)A(v) m(v)dv has positive

minimum eigenvalue and the set A deviates from the origin with a certain distance.

Assumption [4.3] (ii) is a consequence of Assumption 3.2} viz., given the deviation of the argument
in moment function, ¢;,0 57, the moment function in norm has infimum €y, and we require this can

not be too small to fulfil the detection.

We then have Theorem below.
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Theorem 4.3. (i) Let Assumptions B.113.7land i) hold. Under Hy,, we have as (N, T) —

(00, 00),

Int(B,6, fr;¢c) =p N(0,1)
for any g-vector c such that ||c|| = 1.

(ii) If, in addition, Assumption is satisfied, then under H,,, for any vectors b, 8 and ft, there exists

some c* € RY, ||c*|| = 1, such that ly(b, Q,ﬁ;c*) —p 00, as (N, T) — (oo, 00).

This theorem justifies the use of the test statistic ZNT(E , é\,ft; c) for the specification testing of the
loading functions. We have now established the asymptotic normality and consistency of the proposed

test statistic under very general conditions. The proof of Theorem are given in Appendix B.

5 Simulation results

In this section, we examine the finite sample performance of our proposed estimation procedure

and test statistics using the following linear and nonlinear examples.

5.1 In-sample estimation evaluation

Example 5.1: Linear model

Suppose that we have the following linear regression model, which is quite general and includes
many existing linear panel data models as special cases, such as the model considered by [Bail (2009),
Moon & Weidner (2015) and Bai & Liao| (2017). Specifically, we consider a model with the form of

Yit :Xlltﬁ + )L(‘/l)/ft + €it»

where X;, are generated from a multivariate standard normal distribution X;, ~ N(0,I,), p is the di-
mension of X;, and e;, ~ N(0,1). Here we set = (0.4,0.5,0,---,0) € RP. Assume that we have
two common factors, f;, for £ = 1,2 and we generate f,, from Uniform(2, 3). The corresponding factor
loadings are A(V) = (A,(V1), A5(V5))" with V;, ~ Uniform(0, 1). For simplicity, we let 1;(v) = A,(v) =
v2cos(mv). It is easy to check that the above data generating process for factors and loadings satisfy
the identification conditions outlined in Section 2.2. Our objective is to estimate 3, A(-) and f, together

with our proposed sieve-based GMM estimation method.

Suppose that E[e;[V;] = 0. Let ¢o(v) = 1, and for all j > 0, ¢;(v) = v2cos(mjv). Then
{¢;(v)} is an orthonormal basis in the Hilbert space L?[0,1]. Let m(W;, X[ B, A(V;)'f) = (Yi, —
X{ B — MV;) f)@q(V;) where W;, = (Y, V;) and &4(V;) = (¢o(V;), $1(V;),*++, $¢-1(V;))’. Then by
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law of iterated expectations, we have E[m(W;,, X! 8,A'(V;)f,)] = 0. Note that the dimension of m
function is q which is diverging. Thus the parameters (3, A(-), f;) can be solved from the above uncon-
ditional moment restrictions using the estimation procedure outlined in Section 2. Specifically, define
(B,D,) = argmin ||My,(b,d,)||?, where My,(b,d,) = Zl ,m(W;,, X! b,®(V;)d,). Then by the
identification conditions outlined in Section 2.2, we can get ft and @ separately from D,. Further,
21(V)) = &(V,)@, and A,(V,) = &,(V,)'d,, where @ is the first k elements in @ and @, are the

remaining k elements in @.

We consider different combinations of (N, T) and for each pair of (N, T), M = 100 replications
are executed. In this study, we assume the truncation parameter k = (NT)Y/>, p = (NT)Y/>, v = 2,
q = p + kr + v. Note that the choices of these parameters may not be the optimal ones, but they satisfy

all the requirements of our assumptions.
To examine the performance of the estimator 3 (recall that f = %Z;l B:), we compute bias and
median which are defined as follows.

—% —1 —M
Bias(f) = | — B Il, Med(f) = median(||[ —p ||,--- ||/5—/5 I, 7

—x
where the superscript s indicates the sth replication, ﬂ is the average of /3 fors =1,2,--- ,M over

Monte Carlo replications.

To examine the performance of the estimators of loading functions, ig(vg) (recall that Xz (vp) =

& (vp) % Zthl d.s), we compute bias, standard deviation (Std), root mean squared errors (RMSE) as

follows.
] M 1 M — 2\ /2
Blas(xe)=m;;(x (=%, Std(m=(m;;(mm—mm))
Lo 2\ 1/2
RMSE(M)—(WSZII;(A (V) — AS(V))) , (8)

=* =
where 4,(V;) is the average of A,(V;) over Monte Carlo replications.

Similarly, to examine the performance of ﬁ, ¢ =1,2, we compute
. ~ LM o 1/2
Bias(f) = >, > (Fir = £4). Std(fe)=(m > ;[—fd))
L ML , 1/2
RMSE(f,) = (WZZ( s —f5) ) , (9)

~ . As . .
where f, is the average of f;, over Monte Carlo replications.

The results are presented in Table|l} We can find that (1) the bias and median of E are reasonably
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small for all sample sizes. Note that due to the divergence of the dimension, it might not make sense
to compare the bias and median of ﬁ for different sample sizes; (2) with the increase of N, standard
deviations and root mean squared errors of ﬁg decreases while it does not change much with the increase
of T. This is consistent with our theory that the convergence rate of ﬂ isO(N -1/ 2); (3) with the increase
of N and T, root mean squared errors of X(v) decreases. However, we notice that root mean squared
errors of i(v) decrease much faster with the increase of N than with the increase of T. This is probably
due to the fact that the function A(V;) varies with i rather than t, so the increase of N could provide

more information for the estimation.
Example 5.2: Nonlinear model
In this example, we consider a nonlinear panel data model below.

Let ¢;, satisfy Y;, =1 [Xl.’tﬁ + A(V;)'f, —&; > 0]. We then define a binary panel data model of the
form:
P(let = ]‘|Xit7‘/iift) = F(Xl/[/j +A’(‘/l)/ft)> = 17' o ,N, t= 19' ) T, (10)

where f8,X;, € RP, V; € R?, and F(u) = exp(u)/(1 + exp(v)) is the cumulative distribution function
of €;,. We assume that regressors X;, are generated from a standard multivariate normal distribution,
that is, X;, ~ N(0,I,). Here we set § = (0.4,0.5,0,---,0) € RP. Assume that we have two common
factors f;, for £ = 1,2 and we generate f,, from Uniform(0.5,1.5). The corresponding factor loadings
are A(V) = (A,(V1), A5(V5)) with V; ~i.i.d.N(0,,1,) and r = 2. For simplicity, we set A;(v) = A,(v) =
%v exp(—v2/2). We can see that the generation of loadings and factors satisfies the identification
conditions in Section 2.2. The sieve-based GMM method outlined in Section 2 can be used to estimate

the unknown function A(V'), unknown factor f, and the parameter vector f3.
Based on model (10), we can get the log likelihood function

1-Y;
]_[]_[Fy"(ﬂ Xic + MV £) (1= F(B'X;e + AV;) £.)
i=1 t=1
Let &, (v) = (po(¥), -+, px—1(v))’, where {p;(x), j > 0} is the sequence of Hermite functions that forms
an orthonormal basis in L2(R). By the sieve estimation of A(v), we can approximate the log likelihood

function by the following quantity Qyr defined as

Qur =In] [[ TP L8 + 58V ) (1~ PGB + £/8, 7Y @) "
i=1 t=1
T

lnl_”_[FY“(X B+3 (VYD) (1—F(X] B +®[(V)D,)) ™ ZQN[,

i=1 t=1

where Qy, = YL, In[ FYe(x/, + & (VYD) (1 — F(X[, B + (VYD) ]
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At each given t, to maximize Qy,, we derive the first order conditions as follows.

3Qu: i —F(X[.p +2,(V)YDY)FOX] B + 2, (V)'D,)
ap = FX[ B+ (V\YD)1—FX]B+2(V;)D,))
3Qu i i« —F(X[,B + @ (V;YD)FD X/ B + & (V) D, D ervy =0
oD, & F(X[ B+, (V,YD)A—FX/ B+ (VYD) 7 7
where F(D(u) = aF(”) . It is easy to see that the above first order conditions are equivalent as ]}, a;gg t=0
and 137 aan;“ =0. ThlS can be regarded as the sample version of the following moment conditions with

m() = (m (), m)())':

Y —F(X!.B +® (V.Y D)FD(X!  + &L (V,)'D
L, (Yie, X/, B, (V1) D) = [( (X[,B + B[ (VY DOFD(, B+ 2[(V)D,) ] .

F(X /3 + &7 (V)’D )1 — F(X /5 + 7 (V)’D ))
(Y. — F(X].B + @} (V;) D)FD(X!, B + & (V;)'D,)
F(X!, +®L(V;YD,)(1—F(X/,B + ®.(V;)'D,))

E[my(Y;e, X B, 2, (V) D] =]E[ Z(Vi)] =0.

/ -~ A~
Accordingly, define My,(8,D,) = (%%Q—ﬂ]if, ]%aaQ[;Vf) and (f3,D,) = argmin ||My,(b,d,)||*>. Then by the
identification conditions outlined in Section 2.2, we can get ft and a. Further, il(Vl) =&, (V1) a; and

Ao (Vy) = @,(V,) @5, where @; is the first k elements in @ and @, are the remaining k elements in @.

We explore different values of (N, T) and for each pair of (N, T), we do M = 100 replications.
In this study, we assume the truncation parameter k = (NT)/%, p = (NT)'/®, q = p + kr (exactly
identified). To examine the performance of our estimators, we compute the bias and median for the
estimator of 8 given by (7). We also compute the bias, standard deviation, root mean squared errors

for the estimator of A(V) and f; given by and (9), respectively.

The results are presented in Table [2| that reveals quite similar findings as Example 5.1. Namely, (1)
the bias and median of E are reasonably small for all sample sizes. Note that due to the divergence of
the dimension, it might not make sense to compare the bias and median of [3 for different sample sizes;
(2) with the increase of N, standard deviations and root mean squared errors of ﬁ; decreases while it
does not change much with the increase of T, which is consistent with our theory that the convergence
rate of fg is O(N~1/2); (3) with the increase of N and T, root mean squared errors of i(v) decreases.
However, we notice that root mean squared errors of /i(v) decrease much faster with the increase of N

than with the increase of T.

20



1C

Table 1: Simulation results in Example 5.1.

(T,N)

B

-~

A

-~

A

-~

fi

-~

f2

Bias

Med

Bias

Std

RMSE

Bias

Std RMSE

Bias Std

RMSE

Bias Std

RMSE

(50,50)
(50,100)
(50,200)

0.0027
0.0028
0.0020

0.0344
0.0234
0.0156

-0.0000
-0.0000
0.0001

0.0089
0.0058
0.0043

0.0091
0.0059
0.0044

0.0002
0.0002
0.0000

0.0099 0.0101
0.0070 0.0071
0.0040 0.0040

0.0044 0.1528
0.0038 0.1039
0.0038 0.0738

0.1535
0.1045
0.0743

0.0068 0.1448
0.0052 0.1083
0.0015 0.0736

0.1454
0.1091
0.0740

(100,50)
(100,100)
(100,200)

0.0025
0.0008
0.0008

0.0256
0.0165
0.0117

-0.0000
0.0001
0.0000

0.0055
0.0041
0.0028

0.0059
0.0042
0.0028

0.0002
0.0002
0.0000

0.0063 0.0066
0.0042 0.0044
0.0027 0.0028

0.0047 0.1536
0.0010 0.1030
0.0008 0.0748

0.1546
0.1035
0.0751

0.0067 0.1438
0.0024 0.1062
0.0011 0.0749

0.1448
0.1068
0.0752

(200,50)
(200,100)
(200,200)

0.0015
0.0011
0.0009

0.0168
0.0122
0.0083

-0.0000
0.0000
0.0001

0.0040
0.0030
0.0021

0.0044
0.0032
0.0022

0.0001
0.0002
0.0000

0.0044 0.0048
0.0027 0.0030
0.0020 0.0020

0.0038 0.1521
0.0017 0.1031
0.0012 0.0741

0.1529
0.1036
0.0745

0.0037 0.1418
0.0028 0.1078
0.0002 0.0748

0.1426
0.1084
0.0752

(50,50)
(100,50)
(200,50)

0.0027
0.0025
0.0015

0.0344
0.0256
0.0168

-0.0000
-0.0000
-0.0000

0.0089
0.0055
0.0040

0.0091
0.0059
0.0044

0.0002
0.0002
0.0001

0.0099 0.0101
0.0063 0.0066
0.0044 0.0048

0.0044 0.1528
0.0047 0.1536
0.0038 0.1521

0.1535
0.1546
0.1529

0.0068 0.1448
0.0067 0.1438
0.0037 0.1418

0.1454
0.1448
0.1426

(50,100)
(100,100)
(200,100)

0.0028
0.0008
0.0011

0.0234
0.0165
0.0122

-0.0000
0.0001
0.0000

0.0058
0.0041
0.0030

0.0059
0.0042
0.0032

0.0002
0.0002
0.0002

0.0070 0.0071
0.0042 0.0044
0.0027 0.0030

0.0038 0.1039
0.0010 0.1030
0.0017 0.1031

0.1045
0.1035
0.1036

0.0052 0.1083
0.0024 0.1062
0.0028 0.1078

0.1091
0.1068
0.1084

(50,200)
(100,200)
(200,200)

0.0020
0.0008
0.0009

0.0156
0.0117
0.0083

0.0001
0.0000
0.0001

0.0043
0.0028
0.0021

0.0044
0.0028
0.0022

0.0000
0.0000
0.0000

0.0040 0.0040
0.0027 0.0028
0.0020 0.0020

0.0038 0.0738
0.0008 0.0748
0.0012 0.0741

0.0743
0.0751
0.0745

0.0015 0.0736
0.0011 0.0749
0.0002 0.0748

0.0740
0.0752
0.0752
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Table 2: Simulation results in Example 5.2.

(T,N)

B

-~

A

-~

A

-~

fi

-~

f2

Bias

Med

Bias

Std RMSE

Bias

Std RMSE

Bias Std

RMSE

Bias

Std RMSE

(50,50)
(50,100)
(50,200)

0.1232
0.0778
0.0447

0.1386
0.0894
0.0557

0.0062
0.0125
0.0189

0.0441 0.1232
0.0362 0.1013
0.0263 0.0583

-0.0515
-0.0272
-0.0192

0.0355 0.1300
0.0305 0.0720
0.0244 0.0612

0.4992 0.6095
0.2924 0.4445
0.1829 0.3420

0.7900
0.5352
0.3901

0.4933
0.3066
0.1670

0.5744 0.7597
0.4778 0.5695
0.3392 0.3806

(100,50)
(100,100)
(100,200)

0.1245
0.0759
0.0429

0.1378
0.0820
0.0477

0.0039
0.0149
0.0211

0.0328 0.1286
0.0244 0.0951
0.0205 0.0587

-0.0487
-0.0289
-0.0189

0.0260 0.1183
0.0237 0.0772
0.0190 0.0603

0.4959 0.5865
0.2882 0.4516
0.1893 0.3473

0.7710
0.5391
0.3978

0.4711
0.3133
0.1618

0.5810 0.7506
0.4737 0.5705
0.3355 0.3752

(200,50)
(200,100)
(200,200)

0.1257
0.0802
0.0417

0.1307
0.0845
0.0443

0.0058
0.0138
0.0206

0.0217 0.1227
0.0185 0.0914
0.0140 0.0560

-0.0491
-0.0287
-0.0191

0.0178 0.1203
0.0156 0.0726
0.0128 0.0580

0.4977 0.5904
0.2904 0.4475
0.1881 0.3452

0.7750
0.5366
0.3955

0.4725
0.3136
0.1610

0.5693 0.7423
0.4728 0.5695
0.3416 0.3803

(50,50)
(100,50)
(200,50)

0.1232
0.1245
0.1257

0.1386
0.1378
0.1307

0.0062
0.0039
0.0058

0.0441 0.1232
0.0328 0.1286
0.0217 0.1227

-0.0515
-0.0487
-0.0491

0.0355 0.1300
0.0260 0.1183
0.0178 0.1203

0.4992 0.6095
0.4959 0.5865
0.4977 0.5904

0.7900
0.7710
0.7750

0.4933
0.4711
0.4725

0.5744 0.7597
0.5810 0.7506
0.5693 0.7423

(50,100)
(100,100)
(200,100)

0.0778
0.0759
0.0802

0.0894
0.0820
0.0845

0.0125
0.0149
0.0138

0.0362 0.1013
0.0244 0.0951
0.0185 0.0914

-0.0272
-0.0289
-0.0287

0.0305 0.0720
0.0237 0.0772
0.0156 0.0726

0.2924 0.4445
0.2882 0.4516
0.2904 0.4475

0.5352
0.5391
0.5366

0.3066
0.3133
0.3136

0.4778 0.5695
0.4737 0.5705
0.4728 0.5695

(50,200)
(100,200)
(200,200)

0.0447
0.0429
0.0417

0.0557
0.0477
0.0443

0.0189
0.0211
0.0206

0.0263 0.0583
0.0205 0.0587
0.0140 0.0560

-0.0192
-0.0189
-0.0191

0.0244 0.0612
0.0190 0.0603
0.0128 0.0580

0.1829 0.3420
0.1893 0.3473
0.1881 0.3452

0.3901
0.3978
0.3955

0.1670
0.1618
0.1610

0.3392 0.3806
0.3355 0.3752
0.3416 0.3803




5.2 Finite sample evaluation of specification testing

Next, we examine the performance of the test statistic [y for specification testing of loading func-

tions. We consider the following two examples that correspond to Examples 5.1 and 5.2, respectively.
Example 5.3: Linear model

We consider a model with the form of
Y :Xi/tﬂ + A(Vi)/ft + €,

where X;, are generated from a multivariate standard normal distribution X;, ~ N(0,1,), p = 3 is the
dimension of X;, and e;, ~ N(0,1). Here we set 3 = (0.4,0.5,0.3)’. Assume that we have two common
factors, f;, for £ = 1,2 and we generate f,, from Uniform(2, 3). The corresponding factor loadings are
A(V) = (A1(V}), A5(V,)) with V, ~ Uniform(0, 1). We use the same moment conditions as Example 5.1

to estimate the unknown quantities.

In order to examine the size and power of the proposed statistic [ for specification of loading
functions, we consider the following situations. For each situation, we calculate the percentage (or
rejecting frequency) for which the proposed test statistic [, rejected the corresponding null hypothesis

at 1%, 5% and 10% nominal levels among 100 Monte Carlo simulations.

In Situation I, the null hypothesis is Hy : A;(v) = A,(v) = 0, and the alternative is H; : A;(v) =
Ao(v) =14/ log(NT)/x/NT% with 7 taking values of 0.04,0.05 and 0.1, respectively.

+v2
In Situation II, the null hypothesis is Hy : A;(v) = A4(v) = 6, cos(nv) with 6, = v2; and the
alternative is Hy : A;(v) = A,(v) = 6; cos(mv) + T\/log(NT)/\/NTHlﬁ with ; = +/2 and 7 taking
values of 0.04,0.05 and 0.1, respectively.

The sizes and power values for Situation I are reported in Table [3] From the first three columns
containing the size values, it is readily seen that almost all the sizes fluctuate reasonably around the
given significance levels. Overall, the actual sizes are quite close to the nominal sizes. From the rest
nine columns in the right, we can see that although the local departure function Ay (v) = oy A(V) is
asymptotically negligible as 6y approaches zero, the power values are quite satisfactory. It is clear that
in most cases the power increases as the sample size increases. Also as we expected, with the increase
of T, the power increases rapidly. The sizes and power values for Situation II are reported in Table

The observations are similar as those in Table [3l
Example 5.4 : Nonlinear model

In this example, we consider the same binary panel data model as Example 5.2, that is,

P(Yy = 11X, Vi, f) = F(X[ B+ A(V))'f), i=1,--- N, t=1,---,T. (1D
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Table 3: Rejecting frequency in Situation I of Example 5.3 for testing the specification of loading func-
tions at 1%, 5% and 10% nominal levels.

Size Power
T =0.04 7 =0.05 7=0.1
(N,T) 10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 5% 1%

(50,50) 0.10 0.07 0.01 0.48 0.31 0.13 0.55 0.48 0.24 0.99 0.98 0.85
(50,100) 0.11 0.09 0.00 0.53 0.46 0.23 0.72 0.55 0.42 1.00 1.00 0.96
(50,200) 0.07 0.03 0.00 0.78 0.71 0.45 0.91 0.85 0.68 1.00 1.00 1.00
(100, 50) 0.08 0.04 0.01 0.55 0.39 0.15 0.71 0.59 0.34 1.00 0.99 0.98
(100, 100) 0.11 0.03 0.01 0.70 0.61 0.41 0.84 0.78 0.59 1.00 1.00 1.00
(100, 200) 0.12 0.03 0.00 0.84 0.76 0.51 0.97 0.93 0.78 1.00 1.00 1.00
(200, 50) 0.11 0.05 0.02 0.71 0.52 0.32 0.86 0.72 0.47 1.00 1.00 0.99
(200, 100) 0.08 0.06 0.02 0.73 0.58 0.37 0.93 0.84 0.55 1.00 1.00 1.00
(200, 200) 0.11 0.03 0.00 0.91 0.85 0.61 0.98 0.96 0.86 1.00 1.00 1.00

Table 4: Rejecting frequency in Situation II of Example 5.3 for testing the specification of loading func-
tions at 1%, 5% and 10% nominal levels.

Size Power
7=0.04 7 =0.05 7=0.1
(N,T) 10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 5% 1%
(50,50) 0.07 0.02 0.01 0.36 0.23 0.10 0.55 0.38 0.16 0.99 0.96 0.86
(50,100) 0.05 0.02 0.00 0.60 0.41 0.18 0.71 0.66 0.32 1.00 1.00 0.99
(50,200) 0.03 0.00 0.00 0.75 0.62 0.37 0.88 0.85 0.57 1.00 1.00 1.00
(100,50) 0.03 0.01 0.00 0.54 0.43 0.17 0.71 0.59 0.37 1.00 1.00 0.99
(100,100) 0.08 0.03 0.00 0.77 0.65 0.42 0.91 0.85 0.63 1.00 1.00 1.00
(100,200) 0.02 0.01 0.00 0.86 0.76 0.56 1.00 0.97 0.78 1.00 1.00 1.00
(200,50) 0.09 0.04 0.00 0.78 0.63 0.30 0.92 0.84 0.56 1.00 1.00 1.00
(200,100) 0.07 0.05 0.00 0.87 0.74 0.47 0.95 0.92 0.75 1.00 1.00 1.00
(200,200) 0.07 0.01 0.00 0.96 0.91 0.78 1.00 1.00 0.94 1.00 1.00 1.00
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We assume that regressors X;, are generated from a standard multivariate normal distribution, that is,
X;e ~ N(0,I,). Here we set 3 = (0.4,0.5,0.3)". Assume that we have two common factors f;, for
¢ = 1,2 and we generate f;, from Uniform(0.5,1.5). The corresponding factor loadings are A(V) =
(A1(Vy), A5(V,)) with V; ~i.i.d.N(O,,I,) and r = 2. We estimate the unknown quantities based on the
same set of moment conditions as those in Example 5.2. In order to examine the size and power of the
proposed statistic [y for specification of loading functions, we consider the following situations. For
each situation, we calculate the percentage (or rejecting frequency) for which the proposed test statistic
[yT rejected the corresponding null hypothesis at 1%, 5% and 10% nominal levels among 100 Monte

Carlo simulations.

In Situation I, the null hypothesis is Hy : A;(v) = A,(v) = 0, and the alternative is H; : A;(v) =
Ao(v) =714/ log(NT)/«/NTﬁ with 7 taking values of 0.15,0.20 and 0.25, respectively.

In Situation II, the null hypothesis is Hy : 1;(v) = A,(v) = 6,v exp(—v?/2) with 6, = v27~'/4; and
the alternative is Hy : A;(v) = A,(v) = 6;vexp(—v?/2) + T\/log(NT)/\/NTHlﬁ with 6, = Va4
and 1 taking values of 0.15,0.20 and 0.25, respectively.

The sizes and power values for Situation I are reported in Table 5, while the corresponding results
for Situation II are presented in Table [(] We can find that for both situations, almost all the sizes
fluctuate reasonably around the given significance levels. Overall, the power increases as the sample
size increases. Also, consistent with our expectation, the power becomes larger when 7 gets larger,

which indicates that power increases with the increase of local departures.

Table 5: Rejecting frequency in Situation I of Example 5.4 for testing the specification of loading func-
tions at 1%, 5% and 10% nominal levels.

Size Power
7=0.15 7=0.20 7=0.25
(N,T) 10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 5% 1%
(50,50) 0.09 0.08 0.03 0.52 0.38 0.14 0.71 0.64 0.38 0.82 0.77 0.57
(50,100) 0.06 0.03 0.00 0.60 0.49 0.22 0.82 0.73 0.51 0.95 0.94 0.74
(50,200) 0.04 0.03 0.01 0.87 0.80 0.58 0.98 0.96 0.88 1.00 1.00 0.98
(100,50) 0.10 0.03 0.00 0.69 0.56 0.34 0.95 0.84 0.61 0.98 0.95 0.92
(100,100) 0.11 0.03 0.00 0.87 0.80 0.49 0.99 0.95 0.83 1.00 0.99 0.99
(100,200) 0.06 0.02 0.00 0.96 0.91 0.76 1.00 0.99 0.96 1.00 1.00 1.00
(200,50) 0.08 0.05 0.02 0.89 0.84 0.63 0.97 0.95 0.89 1.00 1.00 0.98
(200,100) 0.14 0.06 0.01 0.94 0.89 0.82 1.00 0.99 0.95 1.00 1.00 1.00
(200,200) 0.08 0.04 0.01 0.99 0.99 0.95 1.00 1.00 1.00 1.00 1.00 1.00
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Table 6: Rejecting frequency in Situation II of Example 5.4 for testing the specification of loading func-
tions at 1%, 5% and 10% nominal levels.

Size Power
7 =0.15 7=0.20 T =0.25
(N,T) 10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 5% 1%
(50,50) 0.15 0.06 0.01 0.40 0.34 0.10 0.66 0.52 0.29 0.79 0.68 0.47
(50,100) 0.12 0.04 0.02 0.53 0.43 0.13 0.78 0.64 0.40 0.91 0.84 0.61
(50,200) 0.37 0.13 0.01 0.80 0.64 0.41 0.97 0.86 0.66 1.00 1.00 0.88
(100,50) 0.07 0.05 0.00 0.72 0.57 0.33 0.86 0.82 0.61 0.99 0.95 0.82
(100,100) 0.18 0.07 0.01 0.80 0.72 0.50 0.94 0.88 0.77 1.00 0.99 0.94
(100,200) 0.18 0.11 0.02 0.95 0.90 0.75 1.00 0.98 0.92 1.00 1.00 1.00
(200,50) 0.09 0.04 0.00 0.84 0.72 0.44 0.97 0.95 0.82 1.00 0.99 0.98
(200,100) 0.15 0.07 0.00 0.93 0.87 0.68 0.98 0.96 0.94 1.00 1.00 0.99
(200,200) 0.15 0.08 0.01 0.99 0.97 0.90 1.00 1.00 0.99 1.00 1.00 1.00

6 Empirical study on stock return prediction

In this section, we apply our proposed sieve-based GMM estimation method to predict excess stock
return in U.S. In what follows, we first describe the data and then present the in-sample and out-of-

sample results.

6.1 Data and model

During the last three decades, a lot of researc}ﬂ has been done on studying the relationship between

individual stock returns and security characteristics since the seminal studies of Fama & French| (1992,

'We acknowledge that there is an emerging line of research using machine learning methods in asset pricing. To mention
a few, [Fan et al.| (2022) develop new structural nonparametric methods for estimating conditional asset pricing models using
deep neural networks. |Gu et al.| (2020) employ a comprehensive set of machine learning tools to predict monthly individual
stock returns using firm specific and common predictors. |Chen et al.| (2019) apply deep neural networks to estimate a nonlinear
asset pricing model for U.S. equity data. More relevant studies can also be found in|Rossi| (2018), |Gu et al.| (2021), [Feng et al.
(2018), and [Leippold et al.| (2021)). Here we do not attempt to beat those associated with machine learning methods in stock
return prediction. Instead, we show the empirical applicability and relevance of our proposed sieve-based GMM procedure in

real data.
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1993), who first use size and value factors to model excess stock returns. In addition to the Fama-
French size and value characteristics, |[Connor et al.| (2012) and following-up studies (see [Fan et al.
2016, Ma et al.|2021}, for example) found that momentum and own-volatility characteristics are at least
as important as size and value in explaining equity return co-movements. Therefore, in this study, we
consider four characteristic variables, which are size, value, momentum and own-volatility. We use the
same method as described in Section 5.1 in|Connor et al.| (2012) to construct size, value, momentum
and own-volatility and following their paper, all four characteristics are standardized each month to
have zero mean and unit variance. Meanwhile, we follow Ando & Bai (2017) to include lagged returns

as regressors.

The data used in this section are from the Center for Research in Security Prices (CRSP), which
includes the complete monthly return records for 164 non-financial S&P 500 companies from 2000 to
2018. Throughout the empirical analysis, we use returns in excess of the risk-free return, treating the

monthly Treasury bill return from CRSP as the risk-free return.

Suppose that we have the following linear regression model
Yvit :Xl/t[j +A’(‘/i)/ft+eit: (12)

where Y;, denotes the excess return, X;, = (Y; ,_1,-+,¥;;—5), V; = (V;1, -+, Vi4)’ denotes the time series
average of size, value, momentum and own-volatility characteristics. The loading function A(V;) =
(A1 (Viq), - -+, A4(Viy)) and factors f, are unknown. The set up of factors and loading functions A(V;)’ f,
follows (Connor et al.| (2012). Here we assume that the loading function A,(v) € L2(R), for 1 < ¢ < 4.
Denote &, (v) = (po(v), -, px_1(v))’, where {p;j(v),j = 0} be the sequence of Hermite functions that

forms an orthonormal basis in L2(R), which can be used to approximate the unknown loading functions.

It is easy to see that (3, A, f ) can be determined by a conditional moment restriction that E[e;,|V;] =
0. By Example 1.1 in the introduction section and Example 5.1 in the simulation study, we know that

this conditional moment restriction implies that
E[m(Y;, X}, B, A'(V))f )] =0, (13)

where m(Y;,, X/, B, A(V;) f) = (Yie — X[, B — MV;) f)%,(V;) and W, (V;) is a basis vector of multivariate
functions whose combinations can approximate any square integrable functions of V in some sense
arbitrarily as ¢ — ©o. Precisely, as V; is a 4-dimensional vector, we construct ¥ (V;) by the tensor
product {p; (V;1)pj,(Vi2)pj,(Vis)pj,(Via)} for jy, jo, j3,ja = 0, -+, qo, which is an orthogonal basis system
to expand any square integrable functions of V. In this study, we simply set g, = 2 and consequently
q = (go + 1)* = 81, which is a large number of moment conditions. Note that the choice of g satisfies
the theoretical requirement in preceding sections and it works satisfactorily well as shown by the in-

sample and out-of-sample forecasting results below. Therefore, by the estimation procedure in Section
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2.2, (B, A, f) can be estimated from E[m(Y;,, X/ B,A'(V;)f)]=0fori=1,---,Nand t =1,---,T.

Specifically, for each given t, we first obtain estimates of (3, D,) by minimizing the objective function
11
My(b,d) = = ; m(Yi, X[, b, ®L(V,)'d,),

Then by our proposed identification conditions that loading functions have unit norm and factors are
assumed to be positive, we can get & and f[ separately from D,. Further we regard [3 , X(Vi) =3, (V.)a

and ft as the estimates of 3, A(:) and f,, respectively.

For comparison purposes, we consider the following models:

* Traditional linear regression given by
/
Yit :Xit[jols +eit: (14)
where we use ordinary least squares estimation method to estimate unknown parameters ;.

e Fama-French three factor modelsE]
Yie = a; + B1;MKT, + Bo;SMB; + B3;HM L, + e, (15)

where MKT,,SMB,,HML, denote the Fama-French three factors, which are the Market excess
return (MKT) factor, the Small-Minus-Big (SMB) size factor and the High-Minus-Low (HML) value

factor at time t, respectively.

We will evaluate the in-sample and out-of-sample performance of our method and these two com-

petitors below.

6.2 In-sample estimation and specification testing

In this section, we use the whole sample covering 2000:01-2018:12 to evaluate the in-sample per-
formance of (13), and in terms of mean squared errors given by

L
= 32
MSE = — "> (¥ — )",
NT 4
i=1t=1
where y;, is the observed excess return for stock i at time t and yj;, is the corresponding estimate.

Before presenting the main results, a key issue for the implementation of the estimation procedure

is the determination of the truncation parameters in the orthogonal expansions. However, in practice,

ZWe also consider Fama-French-Carhart four factor model and the results are qualitatively similar. We omit the results for

brevity.
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there is no universal guide for the choice of such parameters. In this study, we shall choose the truncation
parameters by minimizing the commonly used leave-one-unit-out mean squared errors (MSE) criterion

defined below over a candidate set [2, 8].
L 1 N T -
— - G 2
MSE() = D vy 2 20— ),
i=1 j=1,j#i t=1
where y}t‘”(k) is the prediction for y;, without using the information of stock i and with truncation

parameter being k. The results of MSE(k) are summarized in the following table, from which we can

find that the best choice is k = 4.

Table 7: The results of MSE(k) when k is over the set [2, 8].

k 2 3 4 5 6 7 8

MSE(x100) 0.5342 0.5264 0.5177 0.5262 0.5715 1.4380 1.5739

We further obtain the mean squared errors of models (13)), and (15)), which are 0.0048, 0.0070
and 0.0050, respectively. We can see that the performance of and are similar, and both models
outperform the traditional linear regression (14)). For example, by using our proposed sieve-based GMM
method, the accuracy has increased by almost 31% (i.e. (0.0070—0.0048)/0.0070) compared with
in terms of the mean squared errors. The parameter estimates and the corresponding standard errors
are reported in Table [8}°| in which we find that the parameter estimates in models and are
quite different. This suggests that including loading functions and unobserved factors in the model is

very influential.

Table 8: Parameter estimates in models (13) and (14). The corresponding standard errors are shown
in parentheses.

Parameter estimates E in (13

—0.0193 —0.0092 —0.0215 —0.0125 —0.0027
(0.0013) (0.0012) (0.0009) (0.0014) (0.0014)

Parameter estimates f3,;; in (14

0.0079 —0.0269 0.0290 0.0349 0.0039
(0.0052) (0.0052) (0.0052) (0.0051) (0.0051)

We plot the estimated loading functions Xe(v), 1 < { <4, along with the 95% confidence intervals

3Since the parameter estimates in Fama-French three factor model varies with stocks, so we did not report the results here.
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in Figure [1, where the intervals are constructed based on the asymptotic variance in assertion 5 in
Theorem and we replace the unknown quantities by corresponding estimators. We can see that the
loading functions or characteristic-beta functions of size and volatility show strong nonlinear pattern
while the characteristic-beta functions of value and momentum are close to linear. This illustrates the

advantage of the semiparametric approach we adopted.

Figure 1: The estimated loading functions and 95% confidence intervals. In each plot, the solid line
displays the estimated loading function and the dashed lines display the corresponding 95% confidence
interval.
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Moreover, we conduct the following tests for the specification of loading functions A(v) using the
test statistic lNT(E ,0 ,ﬁ ;¢) in Section 4.2. We first test whether all the four loading functions are jointly

zero, that is, we consider the null hypothesis
Hy: A{(»)=2A,(v) = A3(v) =A4(v) =0, for v e V.

Under Hy,, our model (12)) becomes a fully parametric model and the unknown parameter 3 can be
estimated by OLS. Then based on moment conditions (13]), we obtain the test statistic, which is 5.4080.
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This indicates that at least one of the loading functions is significantly different with zero under 5%

level of significance.

Further, we consider the following four tests to separately check whether a given loading function
is zero.
Hy : Ay(v)=0, for veV, versus Hy, : Ay(v) #0, for veV,

where £ = 1,2, 3, 4. For illustration, suppose that £ = 1, then under Hy;, we have A;(v) = 0 and there
is no restrictions on the rest three loading functions. We employ the estimation procedure outlined in
Section 2.2 to estimate f3, A,(v), A3(v), A4(v) and the corresponding factors f,, f3 and f4. Then based
on moment conditions (13]), we obtain the test statistic 2.3497. Similarly, following the same procedure,
under Hyy, £ = 2, 3,4, the test statistics are respectively, 2.1126, 2.0251 and 1.9941. The results suggest

that all the loading functions are significantly different with zero under 5% level of significance.

6.3 Out-of-sample prediction performance

In this study, we employ an expansive window scheme to conduct the out-of-sample evaluation
of (13), (14) and (15). The estimation sample always starts from the first observation and additional

observations are used as they become available. Specifically, for the first window, we estimate model

N n
i=1¢t=1"

denoted as {j/\i,nﬂ}]i\’: ,- Then we expand the first window to include observations {y;,}

At the point x,, we predict { yi’nﬂ}?’: , with the estimated value

N ntl
i=1t=1

{ yi’n+2}1i\’: 1- Repeat the above procedure until the forecast for all the stocks at the last period (2018

based on the observations {y;,}

to predict

December) is made. As the selection of out-of-sample period is always somewhat arbitrary, in this study;,

we consider three out-of-sample periods,

* Period 1: 2005 June - 2018 December (a long out-of-sample period)
* Period 2: 2008 February - 2009 March (Global Financial Crisis).

* Period 3: 2010 June - 2018 December (a more recent out-of-sample period).

Regarding the choice of truncation parameters, we use the same criterion (i.e. leave-one-unit-out
mse) as that used in the above in-sample estimation. One may select the truncation parameters for each
expanding sample (because it may differ across different periods) to gain higher forecast accuracy, but
will be at the cost of a significant increase in computation time. We then evaluate the out-of-sample
performance of (13), (14) and (15 by computing the out-of-sample mean squared forecasting errors
defined as

R N
1 = 2
MSFE = N_R Z Z(yi,n+r - yi,n+r)
r=1i=1

where ¥; ., is the predicted return for stock i in the r-th window, y; ., is the corresponding observed
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return, n is the initial window size and R is the total number of expansive windows.

Let MSFE,,,, MSFE,;; and MSFEgy3 denote the mean squared forecasting errors produced by
(13), and (I5), respectively. The results are presented in Table 9] Consistent with the in-sample
estimation results, models and have similar performance while in all three out-of-sample
periods, the mean squared forecasting errors produced by those two models are much smaller than
model by ordinary least squares method.

To show the advantages of our model under this particular structure, we further compute the rela-
tive accuracy of our method against model , which we call “Efficiency,,, /05" as follows.
MSFE,;; — MSFEg
MSFE,;,

Efficiency g /o1s =

Table 9: Prediction results for three out-of-sample periods

00s MSFE,,,, MSFE,; MSFEpps Efficiency, /ol
Period 1 0.0057 0.0060  0.0057 0.0483
Period 2 0.0148 0.0157  0.0127 0.0604
Period 3 0.0038 0.0045 0.0042 0.1569

7 Conclusions

In this paper, we have considered a class of high dimensional moment restriction panel data models
with interactive effects, where the dimension of parameter vector and the number of moment conditions
are diverging with sample size. We assume that the common factors are unobserved and the factor
loadings are unknown smooth functions of individual characteristic variables. Such model framework
is very general and includes many existing linear and nonlinear panel data models as special cases, such
as the linear panel data model with interactive effect and binary panel data models. We have proposed
a sieve-based generalized method of moments estimation to estimate the unknown parameters, factors

and loading functions. In addition, we have established asymptotic theory for the proposed estimators.

Moreover, we have proposed two test statistics for the over-identification, specification of loading
functions and established their large sample properties, respectively. Our simulation results further
showed that the proposed estimation methods and test procedures perform very well in finite samples.
Finally, we have demonstrated the advantages of the proposed method by applying it to forecast stock

return prediction.
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Appendix A: Lemmas

This section provides all technical lemmas and some notation used for the theoretical derivations,

while the proofs of these lemmas are postponed to the supplementary material of the paper.

Lemma A.1. Under Assumptions 3.3] for each given t, we have

(D) My (B, D)II* = Op(Ily O (MII*) + 0p(NTH);

(2) Given By + B3y = 0(N), SUD|pj\<B, d,[|<Bys.|(—B.d,—D)1>5 IMn (B, d)||7> = Op(1) for each & > 0,
when N is large.

Denote m(v,u,w) = (m;(v,u,w),---,my(v,u, w))’. To investigate the limiting distributions, we

denote the Score and Hessian functions as follows.

Sine(b,d,) % )
Sne(b,d,) = = |My (b, d)II%,
N (Sm(b,dt) &)

a2 82

H,,(b.d,) Hy,(b.d,) LN L

Hyo(b,d) = 11 202 e e O S0t My (b, I
Hy(b,d;) Hyy(b,d,) 74,00 34,00

Denote hy,(8,A'f,) = %‘I’Nt‘p;vt and sy, (B, A f,) = %‘I’Nt%ZL m(Wiin/tﬁ; A(V;)' f;), where

U —F %m(witﬁxi/tﬂ:l(‘/i)/ft)/®Xit
Nt = .
oo AR 9900 )
Lemma A.2. Under Assumption and[3.5/3.7] (1) Hy (B, D,) is asymptotically almost
surely positive definite; (2) as N — oo, we have ||[Hy,(8,D,) —hy (B, A" f )|l = 0p(1).
Lemma A.3. Under Assumptions 3.1]3.3] [3.5/3.7} as N — oo, we have

||SNt(/3:Dt)_5Nt(/5:7uft)” =op(1).
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Appendix B: Proofs of the main results

Proof of Theorem By Lemma A.1, we have shown that

My (B, DII* = 0p(1) (16)

sup |My.(b,d,)|| ™2 = 0p(1), for each § >0 a7
1blI<Byy.lld;: I<Bon,|Ib—p,d:—D; ||>6

Fix e > 0 and 0 > 0. Equation means that there exists a large but fixed M such that

lirnsupP( sup ||MNt(b,d[)||_2>M) <e,
Ibll<Byn,lld; I <Bay,llb—p,d;—D, [I>6

and equation (16) implies that || My (B, D)II? = infp<p,, jd. <8y My (b, dI? < My (B, D)II? =
op(1), which gives P(||[My(B,, D)2 > M) — 1.

It follows that, with probability of at least 1 —2¢ for N large enough,

1My (Be, DOIIT2 > M = sup My (b, d)II
1Bl <Bay, I, 1<Boy, I —f,d,—D; 16

Therefore, the event (8;,D,) € {(b,d,) : ||bll < Byx, lld;|l < Bon,llb—B,d, — D;|| > &} holds with
probability at most 2¢, lim supP(Il(//j\t —B,D,—D,)|| > 8) < 2e. As € and § are arbitrarily chosen, we
have ||(Et —B,D, —D,)|| —p 0. Since Et — 3 = o0p(1) for any given ¢, it is straightforward to get that

1o 1<
?;ﬁt_ﬁ“:?;‘

Meanwhile, we have, for 1 <{ <r,

Bo—B| = or(1) (18)

B.—Bll <
po—b < max

¢l

frel = Ifeel = 18Dl = IS¢ DIl < 11S¢(D; — DIl = 0p(1)

~ Slﬁt SeDt

Qg — Ay = P
”SZDt“ ||S€Dt||

=o0p(1).
Therefore, IIf\t —f,]I> —=p 0 and
12(v) = 2, (WII? = f 12(v) = AP (v)dv = f 19 () (@ — arg) + O MIPr(v)dy

~ k
= llay — P+ 1YW —p 0,

as N ,k — 00, by the orthogonality of the basis sequence. Thus it is straightforward to show that
12,(v) = A,()||? = 0p(1). The proof is finished.

Proof of Theorem [3.2
(1) Write

VN (2(B)—2(8))
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=VNoZ(B) (B, —B)
=—VNIZL(BYhy1 (B, A ) syn (B, A'f) +0p(2)

:_maz(ﬂyGAxA ) ( Zm( lt,xztﬁ,x(vi)’ft))+op(1)

——02(B) (ML) A Zm( Wie, X[, B, A(V2Y fo) + 0p(1)

2N (o, Zp,)

where the first equality is obtained by the linearity of Fréchet derivative and ignoring the higher order
term; second equality is based on the first order Taylor expansion and ignoring higher order terms and
further apply the results in Lemma A.2 and Lemma A.3; the last step follows from the standard central

limit theorem and
-1 -1
%6, =8.§€(ﬁ)’(A ALY AERAL (AAL) T 02(B)

+lim Zaz(/s) (A AL) 7 AE AL (AL a.2(B).
l#]

(2) Following similar procedure, we can obtain the asymptotic distribution for EA by
NT (2(B)-2(8))
=VNT2£(B)' (B —p)

T
=~ VNTo2(BY 7 > (B~ )
t=1

T
—— Maz(ﬁ)’%Zhn(ﬁ,x’ff)—lsm(/s,A’ft)+op(1)

T

M=

=—VNT32(B) (A, A’ )

2.

N
D (Wi, X1 B, AVY f2) + 0p(1)

i=1

m(Wie, X; B, A(V)) ) + 0p(1)

,.,
—
.
Il
—_

Mﬂ 2l

=—8$(/3)’(AXA;) T

t

Il
-
-

N (0,%),

. -1
where 5 = limy 7 77 2 ;s 0L(BY (A,AL) AXHIJBA;(AXA;) 2<(B).

1,),t,8

(3) We have
‘/ﬁ (ft\lz - fté)

JN
ftlj +ftl (ft@ _fd)
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=———(IIDII>~f2)

tl tl
VN _
:A+f (||Dt€||2+2D;g (Dte_Dte)_ftfz)"‘OP(l)
tl tl
VN

=== 2ft£azse (D\t_Dt)+OP(1)
ftl +ftl

zmazSg (E\t—Dt)+op(1)
_ 1 <
= ;8¢ (L) A D m(Wie, X;, B, AVEY F) + 0p(1)
i=1
2N (0,%5,),

where the last equality is obtained by using the first order Taylor expansion with ignoring higher order
terms and applying the results in Lemma A.2 and Lemma A.3; the last step follows from the standard

central limit theorem and

T =Sy (i) DB (AkAy) Sjotg +lim Zafse MDY AE 1AL (AkAL) T Sk

l#J
(4) Write
g
||<I>k(V)||(A“(V) H(V)
N o
=m¢k(v)(atl_af)+oP(1)

S

S,D, S,D
=—4>§<(V)( S )+op(1)
[[@ (VI 1S¢D,||  1IS¢Dell

VN ( D, S¢D, S¢D, S[Dt)
- — — — 1
[|@ (V) V) 1S, D, | ||seDt||+||s£Df|| |1S¢ Dy +op(1)
VN — VN . S;D,(|IS;D.||—S¢D;Il)
= . —D, — 1
[EXG] Bl )|u D, || SuP D)+|I<I> G 1S De111S¢ D, | +or(l)
1
= Sy ALA A lf’Xi/t 1A’ ‘/l ! t + 1
NI (V) (AraL)™ k;nﬂ B, AV f) +0p(1)
iN(o,zw)

where the second equality we use the identification condition, the rest steps are obtained by similar

procedure as those in (2) of this theorem and the covariance can be obtained by

T = S & (VS (ArA )lAkEmA (aa ) S, @ (V)

||<I>k(V)||2f
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1 1 -1 -1
Hlim— > —————& (V)S; (ArAL) AEij11A; (AkAL) S;@r(V).
N Z ||q)k(V)||2 2 k i, k k {

(5) By similar procedure, we obtain the asymptotic distribution for X[(V) =&, (V) (% Zthl aw).

Wﬂv)”wm (V)
Wﬂvm TV Zaw—ae)‘i‘op(l)

VNT l t S¢Dy )
G Y )TZ(IISngl IS¢ Dl +or)

T
VN 1 D, S;D S,D
&, (v )—2( De _ 5D | SiBe “)+op(1>
||<1>k(V)|| T <\ ||S,D,| ||seDt|| 1S¢D.l|  11S¢Dxll

; JNT S(D,(1IS:Dill - 11Dyl
ll‘I’k(V)ll "7 ZM 5 PP a7 Zl isoisod
1 N T 1
=T 5 (88 m;;f—e Wi, X B, AVEY £2) + 0p(1)
2N (0,%50),

. -1 . -1
where ZA€ = th)T ﬁ Zi,j,t,s m@;{(‘/).ge (AkA;() Ak‘:ij,tsA; (AkA;) Séq)k(V)
The proof is now finished.
Proof of Corollary Since the dimension of 6 .¢ (/3 )—3%(p) is fixed, the elementwise consistency

ensures the consistency of the vector. Observe that Assumption stipulates the linearity of Z(:).
Thus, it follows immediately from Theorem E that 0. (ﬁ )=02(B)+ o0p(1).

Similarly, due to Assumptions , A = A, +0p(1), Ak = A+ op(l), =, =2, +0p(1),
11,65 = 211,65 T 0p(1), and gij,ll =Ejj11top(1l) as N, T — oo. We can also show the consistency of G

following the steps outlined in Appendix A in Thompson, (2011).
ThllS, /2\1/5 = Zﬁ + Op(].), /z\:fe = fo +OP(1), f]we = Zl,t@ + Op(l), and /z\:)w = Zlf + Op(].). holds
immediately.

Proof of Theorem We will prove Theorem in two steps. In the first step, we show that
LNt(ﬁ, D,;c) —p N(0,1) for a given t. In the second step, we show LNT(B\,B;C) —p N(0,1) by con-

ventional central limit theorem.

By conventional central limit theorem, we have

NI

N

y .
(Z[c m( m,X{tﬂ,Mvi)’ft)]z) D 'm(We, X[, B, AV, £.) —p N(0, 1),

i=1 i=1
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as N — oo for any ¢ € RY such that ||c|| = 1.

Thus, to prove Theorem 4.1}, it is sufficient to show

_ N -3 N
Ly:(B. Dy ¢) = (Z[e’m(wﬁ,xlftﬂ,A(vi)’ff)P) > m(Wi, X[ B AV £ + 0,(1).

i=1 i=1

To this end, we will show

~Dye(B, D5y ——;[c (Wi, Xy, AV £ = 0,(1),
N

1
77 20 Wi X . A 1) = 0,1

The proof is lengthy and we leave the detailed proof in the supplementary material of the paper.

N
1 = —~
T 2 mWies X BL (V) DO) -
i=1

Proof of Theorem It is easy to see that for any (b, d,) and ¢ with ||c|| =1,

1

= Dne(b,dis ) = (B m(Wip, X, b, &V d,)] 2)1/2

+0p(1)
= ('B[m(W;,, X[, b, ®L(V,)'d. Jm(Wi,, X[, b, - (V;)'d, ) 1c) "> + 0p(1),

which is bounded away from zero and infinity in probability by our condition.

Therefore, to prove this theorem, it suffices to show that there exists some c* with ||c*|| = 1 such

that

N T
1
ﬁzz m(W;,,X;,b,®;(V;)'d,) =p 00

as N, T — oo for any b € R? and d, € R*".

By the law of large numbers, we have

FZZC*’m(Wlt,X b, ®1(V,)d )—«/_—ch*’m(wlt,x b, ®1(V,)d,)

i=1t=1 i=1t=1

= VNT (E[c*'m(W,;,X],b,®}(V;)'d)]+ 0p(1)).

Let ¢* = E[m(W;,, X, b, ®(V;)'d)1/|E[m(W;,, X| b, ®}(V;)'d.)]||. Then

—ZZc*’m(wmx b, ®}(V;)'d,) = VNT (IE[m(W;,, X/, b, ®}(V;) d)]ll +0p(1))

lltl

zm—( inf_IELm(W,. X, bsg(vm||+op(1))
(b,g,s)

> VNT({y7 +0p(1)) —p 00

as N, T — oo. Then we finish the proof of this theorem.
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Proof of Theorem ﬁ The asymptotic normality of ZNT(EA, ) ,ﬁ; ¢) in the first part follows similarly
from the proof of Theorem[4.1] The reason is straightforward. Here the null hypothesis is Hy, : A(v) =
g(v,0y) = ®,.(v)'6,. Thus, without orthogonal expansion, we have the parametric form of g(v, 6,) as a
combination of basis functions that allows to directly apply the estimation procedure outlined in Section

2.2 to estimate f3, 6, and f;.

Now, let’s prove the second part. Under Hq,, A(V;) = g(V;, 6;) + Ayr(V;). Notice that

Z{[c m(W;, X/, b, g(V;, 60 F; + Mg (Vi) FOT = [/ m(Wye, X, b, gV, 6, F)T?)

SZ{IC’[m(Wn,X{tb, g(Vi, 01) fe + Ayr (V) fo) = m(Wi, X[ b, g (V;, 61)' f)|
i=1

x |c'[m(Wi, X, b, g(Vi, 01) fe + Ay (V) fo) + m(Wy, X[, b, g(V;, 61 ) FO

N
<q2 > AW, Xt VI AN (VY Fil % [20m(Wi, X[, b, 8(Vi, 61 FOll + ¢ 2AW; 0, X, VOl Ay (Vi) il
i=1

N
=28y > AW, Xie, VDI AWV Fol x [2llm(Wie, X, b, §(Vi, 01 FOll + a6y r AW, X, VO AV Fol]
i=1

N

=2¢"25 1 > AW, X0, VOIlm(Wie, X1, b, g(V;, 0,) F AWV Fi | + 467 ZA(%,XH,V)%A(V)J‘AZ
i=1 i=1

=0(qoNTN),

uniformly in t by Assumptions [3.1] and Thus,
N

N

1 ~ ~ 1 ~

Ng E [c'm(W;e, X[, b, g(V;, 01 fe + Ayr(V)f)T = Ng E [c'm(W, X, b, §(V;, 61) f) T +0p(1),
=

i=1
uniformly in ¢, in view of 6+ = 0(1). This further gives Dy, = Op(4/Nq) uniformly in t.

Accordingly, to fulfill the proof, we need to show ieq ¢ m(W,, X, b, A(Vi)’ﬁ) —p 00

\/WZ[‘ 12
for some ¢* : ||c*|| = 1 given any b € RP, 6 € O, ﬁ eR.
Notice that

T N _
NTq Do cm(Wie, X[ b, AVY fo) =

t=1i=1

T N
1 ~
NT z : z C/ lt) {tbak(‘/l)/ff)

t=1i=1

[¢'Em(W;,, X, b, A(V,)'f) + 0p(1)].

£ sfsafs

Let c* = Em(W;,, X[ b, A(V;)' f )/ I[Em(W;,, X[, b, A(V;) fll. Then,

JNT -
* t: b A t) =7 — it> {tb,l i ! t
Fﬁ;;}c m(W, V.Y f2) 7 LIEm(Wee X{.b, AGEY ) + 0p(1)]
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Moreover, under Hy, and by Assumption[4.3] Ayr(v) = 6y A(v) where 6y — 0as N, T — oo.
Then by Assumption we have

1

V4

=B (W, X, b, £V, 6, o+ 5 A PO

IE[m(W,, X7, b, AV F1I

: 1 S
Z_ inf _ —IE[m(W;,. X}, b, A(V,)' f)]ll
FAlZ -2 Fliz6wr A Tl VG

1
> inf —_—

> . N IE[m(W;¢, X7, b, AV f)1
b.fe:llb=BI+INANV)=AV)Y fll= 6N T Cimin Vva

ZENT-

Thus, under H;, we have

T N
1 ~
T 22 MO Kb AT
t=1 i=
VvNT

=7[||Em(wit,xftb, g(Vi, 01 o + Snr ALY fOIl + 0p(1)]
>VNT[eyr +0p(q_1/2)] —p OO,

when N, T — oo. Then we finish the proof of this theorem.
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Appendix C

This supplementary material contains the proofs of Lemmas A.1-A.3 and Theorem 4.1 in Appendix
C below.

Proof of Lemma A.1
(1) We have
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Then we finish the proof of Lemma A.1.
Proof of Lemma A.2

Write Hy,(B,D,) = Hy,(B,D,) + Ax.(B,D,), where Hy,(B,D,) is a symmetric 2-by-2 block matrix
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and Ay (B,D,) = A2(B,D,).

To prove that Hy,(f,D,) is almost surely positive definite, we shall show that (i) Hy,(8,D,) is
almost surely positive definite; (ii) ||A(B, D,)|| = op(1).
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which is almost surely positive. Hence, Hy,(f, D,) is almost surely positive definite.

To prove (ii), it suffices to prove the result for each block.

By the triangle inequality and Cauchy-Schwarz inequality, we have
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The last equality is obtained by the same procedure as combined with E||X1;]|?> = O(p) in Assump-
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Op(lY®W)II>pkr) = 0p(1). We then have Hy,(8, D) —h15(B, A’ f;) = 0p(1).

Hyy(B,D,) —hay(B, X' f,)

=—Z( Z Zo W, X;t/ssb;(vj)'Dt)@;(vj) (%Zj—wml(wit,x;t/s,¢;(W)’Dt)¢;(\4))

i=1
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S (om0, 50,8, 208 £ 000 ) (O X1, Y 000 |
an 11> 11> 1 1% V1 an 11,411 1 1% V1

N

I 3 3
== ( e 253 WX P21 DIV —E%ml(wu,xglﬁ,A(vl)'fl)cb,:(vl))
Jj=

1352 e )
ﬁzla_wml( 1t:X tﬁ:(bi(vx) Dt)q)k(‘é))

g ad
Z(E 2 Wiy X 1/s,x(v1)'fl)<r>;(v1))

N
Zimz( X5, @V, D,)B(V,) —~ B
ow

ow ml(Wll’ 11[5 A’(Vl)fl)cb (Vl))

Similar to I;, we have ||I5]|? = 0p(N"'k%r2) + Op(|ly O (v)||2k%r2) = 0p(1) and ||Ig]|? = Op(N ' k%r2) +
Op(lly®()I*k?r?) = 0p(1) by Assumption 3.6 We then have Hy,(8, D) —has(B, A'f,) = 0p(1).

This finishes the proof of Lemma A.2.

Denote sy (B, A'f) = (sine(B, A'f) s son¢ (B, Af,)), where

sive(B, Aft)———ZZmz( Wie, X[ B, A(V)ft)E —my(Wye, X, B, AV FOXe

=1i=1

0

=[1E(£m( lt,Xl.’t/s,A(V;)’ft)’@XitH Zm( Wie: X, B, AV) fo)s

szm(mft)———ZZmz( lt,X{t/s,A(vi)’ft)Ea my(Wie, X, B, M(V;Y f)@1(V;)

= | eB(omwi X200 £ 0% )| 3 Zm( X[ B AV £,

Hence, we have sy, (8, A'f;) = ¥y, 5 2iey (Wi, X[, B, A(V;)'f,), where

e / VY
Fam(Wi, X;, B, AV, ®X;
xpNtz]E( 2um Wity X o, AV e @ X ) : (6)
(p+kr)xq

L m(Wy, X! B, AV f) ® ®L(V;)

Proof of Lemma A.3

To prove the Lemma A.3, it is sufficient to show that [|S;y.(8,D;) — sin¢(B, A f)ll = 0p(1) and
1Sane (B> D) —sane (B, A f)ll = 0p(1).

Sine(B, Do) =1y (B, Afr)

12



q N
%ZZ[mz(VVit,X{tﬂ,‘PZ(Vi)/Dt)—ml(Mfit,X{tﬁ,l(Vi)’ft)]
Yo
25 mWie, X, B, 2L (V) D)X

q
W WA ARNCTS

N
1 0 d
e D (W X5, B, 90 D) = oWy, X, AR 1) ) X
j=1
11 &
oy DU (Wi, X, B, AV o)
1=1i=1
L8 W, X: B, A(V;) f)X Ea W.., X! B, AV;) f)X
x5 2\ 3 Wien X8 ACVY FOX o~ B my Wy, X B AV FOX o
j=1
=Il +12+13,
where
1< ’
”Illl2 Z(NZ ml(VVitJXi/t/j’(bZ(Vi)/Dt)_ml(vvit’Xi/tﬁ’A(Vi)/ft)])
l= i=1
2
1 . / r /
a Z ml( ]t)th[jJ(bk(‘/j) Dt)X]f
=IH><112. (7)

Following the procedure of deriving (2), we can observe that I;; has the same order in probability as
1< X
5ZE([ml(m,X{tﬁ,@;(VJ’DJ— my (Wi, X, B, AV, f)])

= 1
2
= —E [ (Wi, X[ B, (VYD) — my(Wie, X1, B, AV £ |

< IE|A(W11,X11, V1)|2||y(k)(V1)||2||f1||2
= 0(lly™w)IP).

Similarly, I, has the same order in probability as

2

=0(p).

1 5}
H m(W]tJX;tﬂaq)Z(%)/Dt)@X]t

_]E R
g ||9u
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Hence, I; = 0p(1) by Assumption [3.6]

For I,, we have

q

N 2
111 < iz (%Zmz(vvmxztﬂ,x(vn’ft))
i=1

11
xa;ﬁ

=1Ip1 X Ipo.

j=1

By Assumption [3.1]and moment condition (I)), we have

2
EllLy )l = ~ ZE( Zmz(wmxlt/s A(V)ft))

E [ my(Wie, X[, 8, AV £), mu(Wie, X o B, ACV,Y £

cov | my (Wi, X1, B, ACVY £), my(Wje, X, B, A(V)) £, |

where the last equality is obtained by the same procedure as (IJ).
Meanwhile, by , we have I, = O(|ly®(V;)||%p). Therefore I, = 0p(1).
By (5) and (8), it is obvious that

q N 2
11 < Z(%Zml(m,xgﬁ,z(vyﬂ))
i=1

N

D (W, X, AR F X — B

] 1

= OP(N_I)OP(N_lp) =op(1).

This finished the proof of ||S1y(8,D,) —s1n:(B, A f)ll = 0p(1).

Next, we show that ||Sox (8, D) —san:(B, A/ f)ll = 0p(1).

Sone(B,De) —san (B, A fr)

14

N
d - d
Z %ml(vvjt’xj'tﬁ’ (I)k(vj)/Dt)th - %ml(vvjuxj{tﬁs A(W)/ft)th)

d
By (W X, AR X )

2

2

(8)



q N
DU (Wi, X, 8, 25(V:) D)

=1 i=

»-er—l
2|,_.
N

-

o
ow

FZZ

my(Wje, X, B, 21 (V;) D)@ (V;)

.
I
—

(W0, X4, VY £y (W, X1, B, 20V £91CV;)

Q| =
Il
—
I
—

2=
MQ
M=

(m (Wi, X[, B, 91 (V) D) — my (Wi, X[, B, A(V)' )

I
Q| =
3~
M@
M=

I
—
-
Il
—

d
(Wi, X B, SV DI®L(V))

qu

.
i
L
[~

q N
D> my(Wie, XY, B, AV f)

1i=1

d 1%}
(a—wml(wﬂ,xﬁﬂ BV D)~ (W, X],B, 20 ) ) (1)

Q| =
2
N

= =1

.
Il
—

1

q N
NZZmz(Wthﬁ AV FO
N

v-QII—*

( Wy, X}, AV, IRV, — By (W, X, A(V)ft)cbk(V))
=I4+15 +I6'

By Cauchy-Schwarz inequality, we have

2

141w

||I4||2 S EZ (NZ(ml(mfltixl/tﬂzq)]r;(‘/l)/Dt)_ml(vvltJXl/tﬁJA'(‘/l)/ft)))
=1 i=1

N

=1

q 2

=

713

1 q
3252

a r r
225 Wie X[, 6,2 (V) DY)

q 2

1

J

1 2
(NZ(mz(WmX”ﬂ &(VY'D) = my (Wi, X[, B, A(V)ft)))
1

N
=
1

N

(D 3
D (oW ) B 8L0VYD = (W, X AV ) ) 81)

J

1
X =
113
q
2.

=1

+2 —
N

i=

N 2
% (1 Z Tnl(Wlf’let/“3 <I>k(V)D) ml( lt’Xi/tﬁ’A’(‘/i)/ft)))
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N 2

Vol , )
NZ Wy X}, A0 )2V

1q
xaz

=1

which by Assumption 3.7} the second term is the leading term and following the procedure of deriving
(), it has the same order as
q

éZ(E(mz(WmX{tM;(vi)’Dt)—mz(Wit,X{tﬂ,MVi)’ff)))z

=1
i
=1

q(E(m( Wi, X! B, ®L(V;)' D) — m(Wi, X1, B, A(V,)' £.)) )

2
S (We X B, AV, FOR](V)

1. 2 P
o R AR AT

< |[ELAW 1, X 11, VDY ()] 0(kr) < 0p(Ily P (V)IPkr) = 0p(1),

by Assumptions[3.6|and[3.7]as N — oo.

It is straightforward to see that I5 = 0p(1) by Assumptions[3.6/and [3.7] Next, we have

q 2
gl < 32( Zmz(wmxnﬁ A(V)ft))
=1 i=1

l 1

2

Z Wy, X3y, A FIRV,) — B (W, X A FIRLCY,)

= Ig1 X Iy,

where Is; =I,; = O(N~!) and

N 2

(W, X, B A SRV~ By (W X, AV FIV)

j=1

ZZCOV[—T"Z( Wi X[ B, AV f )2V, ml( Jt,xﬂﬁ,x(vj)’ft)é;(vj)]

L

»-an—l
M-Q
%IH

1j=1

where the last equality is obtained by the same procedure as combined with E||®,(V;)]|?> = 0(k)
and E||f;||?> = O(r) in Assumptlonm 3.5 Then by Assumptlon ||I6||2 = 0p(N71kr) = 0p(1).

This finished the proof of Lemma A.3.

Proof of Theorem

16



We will prove Theoremin two steps. In the first step, we show that Ly, (8, D,;c) —p N(0, 1) for

a given t. In the second step, we show Ly1(,D;c) —p N(0,1) by conventional central limit theorem.
By conventional central limit theorem, we have

N _% N
(Z[a’m(wit,xgtﬁ, A(vi)’ft)lz) D m(Wie, X1, B, AV.) ) —p N(0, 1),
i=1 i=1

as N — oo for any ¢ € RY such that ||c|| = 1.

Thus, to prove Theorem |4.1], it is sufficient to show

_ N _% N
Ly(B.Dyic) = (Z[a’m(wit,x{tﬂ,A(vl-)’ff)lz) D m(Wie, X[ B, AV £) + 0,(1).
i=1

i=1

To this end, we will show

N
1 = 1
~Dne(B. Dz — ;[c’m(wit,xgtﬂ, AV f)T = 0,(1), and

1 N , J= = 1 , , ,
‘/—N;c m(W,, X!, B, ®1(V;) Dt)—ﬁzc m(W;, X!, B, AV, fo) = 0,(1).

i=1

N

Notice that

N
1 = ~ 1 = ~
DB D5 ©0* = 5 2 e/ m(Wie, X3 B, 2 (v BOT

I
Z| -
M=

[C/m(Wit’Xi/tﬁ) A'(Vl)/ft):lz

1=

—_

2|~

{1/ m(Wie, X[ B, &V DOP = [¢/m(Wee, X[, B, AV £}
i=1

We will show that the second term is op(1).

From Theorem it is easy to see that ||//3\—[3||2 = O0p(p/NT) and ||D, — D,||* = Op(kr/N).

By the first order Taylor expansion, Cauchy-Schwarz inequality, Assumption and Assumption
we have that

N —
]% > \[c’m(wit,X{t/?, (V) DI — [ m(Wie, X[, B, ALY f)?
i=1
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IC’[m(WmX{ﬁ, ®;(V;)'D,) — m(Wy, X;, B, A(V) f)II?

IA
Z|=
‘MZ

,..
I
—

IC’[m(WinX{ﬁ, L (V,)' D) — m(Wie, X[, B, AV, FOllle m(Wie, X[, B, AV;) £

_+_

N
2
M=

.2 i :,am(meéf M) 5o |
+ ]%2 c’am(W“’Xétf 20T 4y vy, - 20w 1) 2
+§i o WX P AT Gy, [ememe i p. 207 )
+ ]%il o S KB 2O 4 vyD, — iy 10| e Wi .20 £
snﬁ—mﬁ%i UBSE Y |
+||5t—Dt||2%i: 3m(%’X(,;£’MWft) ® &1 (V) 2
%i: o Kb AV o e

Nl=

3m(WmX’ ﬁ MV )

_ 1 N 2
+2||/’5—/5||(— it )
)
N
(/ Z ltJXlt/j A(V)ft)m(( 1t:Xitﬁ)A(Vi)/ft)/C)
1 N
(Z

= 1B — BII20,(qp) + 1D, — D, 70, (gkr) + sup [y ()II20,(q)
v

1
2

,om(Wi, X!, B, A(V,) £
ow

C

1/2
(‘I’IZ(Vi)/ﬁt - A(Vi)/ft)z)

1
2

N
Z ((Wit,X{tﬁ,A(vl-)'fam((wit,xztﬁ,A(vi)'ft)'c)

Zlv—'

+ IIE—ﬁIIOP(@) + (1D, — D 10,(+/qkr) + sup [[YF(1)10,(+/7) = 0,(1).

Define vy(b, g,s;¢) = %NZL C/(m(VVmX/ b, g(vi)/st)_E[m(VVmX/ b, g(V;)'s.)]) for any c € R
such that ||c|| =1 and (b, g,s) € ©.

Given Theorern we will show that th(E, X,f; c)— (B, A, f;¢)=o0p(1).
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By the first order Taylor expansion, we have that

m(Wi, X, b, g(V})'s) — m(W, X[, B, A(V;)' f)

_ am(vvll”Xa[jJA’(‘/i) ft)(b—ﬂ)/Xit om( mXitﬁ:A(Vi) fe)
u ow

(8(V)'se = AV £) 9
for all (b, g,s) in the neighborhood of (3, A, f ), where g has the form $k(V)’a.

Therefore,

P( sup |th(b’g:S;C)_th(ﬂ)A';f;C)l>n)
I(b,g.s)—(B,A.fll<d

sp( sup b= Yy ~E (b~ /s)xu]
II(b,g,s)—(B, lf)||<5

[ ’7)
2

om /
[ (g(Vo)'se = AV fi) — Eo— (g(V)St A(Vi)ft)] >

=1
2)

a
1 om om
e Z[C ﬁ@i(vl) - EC/%‘I’Z(VJ]/(dt —D,)

N3
~

(Il(b 8:5)— (/5 A<

IA

N
1 Z[c/a—mx _]cha_mx, T(b—pB)
- u it u it

p(
lI(b,g.5)— (ﬁ A<

_+_

-1
4)
>

4)

IVB(b—B)Il > g)

P(
lI(b,g,s)— (l3 lf)ll<5

+

N
1 N ,om am
P [/ =—f/y®W) —Ec' =—f/y® ()]
(Il(bgs) G Af)||<5 N ; ow™! ow’t

N
am am
/ /
‘—N Z[C Sy i —Ee EX“]
,0m
ow

IA

P(
lI(b,g,s)— (/5 APII<8 bix

+

N
1
P [ 5—2.(V;) —Ec'——@(V;)]
(n(bgs) (ﬁ A< Nkr;

‘n«/_(d —D)lI >~ )

>0
4)

~

lI(b,g.5)—(B,A.f)lI<b

N
om om
+P ( sup |- Zj[c’a—wf;y(“(vi) —Ec/——fyP ]

= Iint + Ione + Iang-

By central limit theorem, we have

Lﬁ: ,3_mX _]E/a_mX =0,(1)
. C u it ¢ 1T R e

Np i=1 8
N
1 om om
V.)—Ec'—&(V;) | = 0,(1).
Nkr;[ca B0~ B¢ S| = 0,1)
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If || /p(b — )|l and ||vVkr(d, — D,)|| are sufficiently small, then I;y, < 5 and Iy, < 5. Meanwhile, by
Assumption we have ,/qsup, ||}f(k)(v)|| = 0(1), we have I3y, < 3.

Therefore, when N are large, for a given t, we have P(|th(E, i,f; c)—vne(B, A, f;¢)l>n) < e for
any given ¢, > 0. Recall that A(V;)f, = ®.(V;)'D,, thus m(W;,, X, B, 2(V))f,) = m(W;., X/, B, ®(V;)'D,).

Furthermore,

=z

i=1

:vNT(E\)i:]?;C)_ vNT(ﬁ)A:f;C) +m§]T(E’ﬁt;c)-

By Assumption we have

N

N
1 = -~ 1
—= D m(Wi, X, B, @ (Vi) D) — 7= D m(Wie, X1, B, AV £.) = 0,(1).
i=1 i=1

Then we finish the proof.
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