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1 Introduction

Randomized experiments have become increasingly popular in economic research. One
commonly used randomization method employed by economists to ensure balance be-
tween treatment and control is covariate-adaptive randomization (CAR) (Bruhn and
McKenzie, 2009), in which subjects are randomly assigned to treatment and control
within strata formed by a few key pretreatment variables. However, subject compliance
with the random assignment is usually imperfect. We survey all publications using ran-
domized experiments in eight leading economics journals from 2015 to 2022 and identify
ten papers that used CARs with imperfect compliance.!

When subjects do not comply with the assignment in CARs, researchers usually esti-
mate the local average treatment effects (LATEs) for the compliers using the two-stage
least squares (TSLS) method with treatment assignment as an instrumental variable and
covariates and strata fixed effects as exogenous controls. Actually, all ten papers men-
tioned above estimate the LATE in this way. We simply denote this estimator as TSLS.
Recently, Ansel, Hong, and Li (2018) proposed an S estimator (denoted as S) which
aggregates IV estimators for strata. Bugni and Gao (2023) proposed a fully saturated
estimator with strata dummies, which we call the unadjusted estimator (NA) as it does
not use covariates. The standard theory for the consistency of TSLS requires both cor-
rect specification of the conditional mean model and homogeneous treatment effect. In
contrast, both S and NA estimators are consistent under CARs without requiring correct
specifications, homogeneous treatment effect, or identical treatment assignment proba-
bility across strata. Ansel et al. (2018) further show the S estimator is the most efficient
among all the estimators discussed in their paper (Proposition 7).

Nevertheless, the existing literature lacks a systematic study or comparison of various
LATE estimators under CARs. TSLS and S estimators assume different linear conditional
mean models, which can be viewed as different types of linear regression adjustments.?

Then, under what conditions the TSLS estimator, like the S estimator, is consistent

1See Section 2.3 for more details.
2We use the plural of the word “adjustment” for an estimator because each estimator consists of
working models for both the first and second stages.



even when the regression adjustments are misspecified? How is the efficiency comparison
among TSLS, S, and NA estimators when all of them are consistent? Is the S estimator
the most efficient among all linearly adjusted LATE estimators? Can other potentially
misspecified nonlinear regression adjustments lead to more efficient LATE estimators?
Last, what is the semiparametric efficiency bound (SEB) for LATE estimation under
(CARs) and how can we achieve it?

In this paper, we provide answers to all these questions. Specifically, we follow the
framework that was recently established by Bugni, Canay, and Shaikh (2018) to study
causal inference under CARs, which allows for heterogeneous assignment probabilities and
treatment effects. We first show that (1) TSLS with both strata dummies and covariates
as exogenous controls is inconsistent if both the assignment probabilities and treatment
effects are heterogeneous across strata; (2) even when TSLS is consistent (especially when
the treatment assignment probabilities are homogeneous), its usual heteroskedasticity
robust standard error is conservative due to the cross-sectional dependence introduced
by CARs;? (3) the correct asymptotic variance of the TSLS estimator may be greater than
that of the NA estimator, which defeats the purpose of using covariates in the regression.

We then propose a general regression-adjusted estimator using the doubly robust mo-
ment for LATE with a consistent estimator of the assignment probability and potentially
misspecified regression adjustments based on covariates. The doubly robust moment for
LATE has been derived by Frolich (2007) and used for estimating LATE by Sloczynski,
Uysal, and Wooldridge (2022) and Heiler (2022). But we are the first to apply it under
CARs and investigate the potential efficiency improvements when the regression adjust-
ments are misspecified. We show that our inference method (1) achieves the exact asymp-
totic size under the null despite the cross-sectional dependence introduced by CARs, (2)
is robust to adjustment misspecification, and (3) achieves the SEB when the adjustments
are correctly specified. The SEB for LATE under CARs is also new to the literature and

complements those bounds derived by Frolich (2007) and Armstrong (2022).%

3This point is consistent with the result in Ansel et al. (2018) for their estimator B5. However,
B, is computed by TSLS with only strata dummies under the assumption of homogeneous assignment
probabilities, but no covariates as exogenous control variables.

4Frolich (2007) derived the SEB for LATE assuming i.i.d. data. However, CARs can introduce cross-
sectional dependence, and thus, violate the independence assumption. Armstrong (2022) derived the



Finally, we compare the efficiency of our LATE estimators with three specific para-
metric forms of regression adjustments: (1) the optimal linear adjustments (denoted as
L), which yield the most efficient estimator among all linearly adjusted estimators, (2)
the nonlinear logistic adjustments (denoted as NL), and (3) a combination of linear and
nonlinear adjustments (denoted as F') which is more efficient than both linear and nonlin-
ear adjustments and new to the literature. We also extend Ansel et al. (2018) by showing
that their S estimator is asymptotically equivalent to our estimator L, and is thus optimal
among the linearly adjusted estimators but less efficient than estimator F. We further give
conditions under which estimators with nonparametric (denoted as NP) and regularized
(denoted as R) regression adjustments achieve the SEB. Figure 1 in Section 2.5 visualizes
the partial order of efficiency of these estimators.

Our paper is related to several lines of research. Hu and Hu (2012); Ma, Hu, and
Zhang (2015); Ma, Qin, Li, and Hu (2020); Olivares (2021); Shao and Yu (2013); Zhang
and Zheng (2020); Ye (2018); Ye and Shao (2020) studied inference of either the av-
erage treatment effect (ATE) or quantile treatment effect (QTE) under CARs without
considering covariates. Bugni et al. (2018); Bugni, Canay, and Shaikh (2019); Bloniarz,
Liu, Zhang, Sekhon, and Yu (2016); Fogarty (2018); Lin (2013); Lu (2016); Lei and Ding
(2021); Li and Ding (2020); Liu, Tu, and Ma (2020); Liu and Yang (2020); Negi and
Wooldridge (2020); Shao, Yu, and Zhong (2010); Ye, Yi, and Shao (2021); Zhao and
Ding (2021) studied the estimation and inference of ATEs using a variety of regression
methods under various randomization schemes. Jiang, Phillips, Tao, and Zhang (2022)
examined regression-adjusted estimation and inference of QTEs under CARs. Based on
pilot experiments, Tabord-Meehan (2021) and Bai (2020) devised optimal randomization
designs that may produce an ATE estimator with the lowest variance. Bugni and Gao
(2023) further examined the optimal design with imperfect compliance. All the above
works, except Bugni and Gao (2023), assumed perfect compliance, while we contribute
to the literature by studying the LATE estimators in the context of CARs and regres-

sion adjustments, which allows imperfect compliance. Ren and Liu (2021) studied the

SEB for average treatment effect under CARs but without covariates. The SEB for LATE under CARs
but without covariates is a byproduct of our result by letting our covariates be an empty set.



regression-adjusted LATE estimator in completely randomized experiments for a binary
outcome using the finite population asymptotics. We differ from their work by consider-
ing the regression-adjusted estimator in covariate-adaptive randomizations for a general
outcome using the superpopulation asymptotics. Finally, our paper also connects to a
vast literature on estimation and inference in randomized experiments, including Hahn,
Hirano, and Karlan (2011); Athey and Imbens (2017); Abadie, Chingos, and West (2018);
Tabord-Meehan (2021); Bai, Shaikh, and Romano (2021); Bai (2020); Jiang, Liu, Phillips,
and Zhang (2021), among many others.

Acronyms. In this paper, we refer to the optimally linearly adjusted, nonlinearly
(logistic) adjusted, and nonparametrically adjusted estimators, introduced in Sections
5.1.1, 5.1.2, and S.C of the Online Supplement, as L, NL, and NP, respectively. We also
use NA and S to denote the fully saturated and S estimators proposed by Bugni and Gao
(2023) and Ansel et al. (2018), respectively. F denotes the estimator with adjustments
that improve upon both optimal linear and nonlinear adjustments (Section 5.1.3), while
R denotes the estimator with regularized adjustments (Section 5.2). We will provide

more details about these estimators below.

2 Setting and Empirical Practice

2.1 Setup

Let Y; denote the observed outcome of interest for individual i; write ¥; = Y;(1)D; +
Yi(0)(1—D;), where Y;(1) and Y;(0) are the potential treated and untreated outcomes for
the individual 7, respectively, and D; is a binary random variable indicating whether the
individual ¢ received treatment (D; = 1) or not (D; = 0) in the actual study. One could
link D; to the treatment assignment A; in the following way: D; = D;(1)A;+D;(0)(1—A4;),
where D;(a) is the individual i’s treatment outcome upon receiving treatment status
A; =afor a=0,1; D;(a) is a binary random variable. Define Y;(D;(a)) := Y;(1)D;(a) +
Y:(0)(1—D;(a)), so we can write Y; = Y;(D;(1))A;+Y:(D;(0))(1—A4;). Individual ¢ belongs

to stratum S; and possesses covariate vector X;, where X; does not include the constant



term. The support of the vectors {X;}?, is denoted Supp(X), while the support of
{S;}%, is S, which is a finite set. Without loss of generality, suppose that S = {1,...,S}
for some integer S > 0.

A researcher can observe the data {Y;, D;, A;, S;, X;}7,. Define [n] := {1,2,..n},
p(s) = P(S; = s), n(s) = Zie[n] {S; = s}, ni(s) = Zie[n] A 1{S; = s}, no(s) ==
n(s) —ni(s), S™ = (S1,...,8,), X" := (X1,...,X,), and A™ := (A},..., A,). We
make the following assumptions on the data generating process (DGP) and the treatment

assignment rule.

Assumption 1. (i) {Yi(1),Y:(0), D;(0), D;(1),S;, X;}I is i.i.d. over i. For each i,

we allow X; and S; to be dependent.
(ii) {Yi(1),Yi(0), D;(0), Di(1), X;}7y AL AM[S™),
(iii) Suppose that p(s) is fixred with respect to n and positive for every s € S.

(iv) Let w(s) denote the propensity score for stratum s (i.e., the targeted assignment

probability for stratum s). Then, ¢ < mings7(s) < maxsesm(s) < 1 — ¢ for some

B = 0,(1) for s € S, where By(s) = Y, (4; -

constant ¢ € (0,0.5) and

7(s))1{S; = s}.
(v) Suppose P(D(1) =0,D(0) =1) =0.
(vi) max,—o1ses E(|Yi(a)|?|S; =s) < C < oo for some q > 4.

Several remarks are in order. First, Assumption 1(i) allows for the treatment assign-
ment A, and thus, the observed outcome {Yi}icp to be cross-sectionally dependent,
which is usually the case for CARs. Second, Assumption 1(ii) implies that the treat-
ment assignment A™ are generated only based on strata indicators. Third, Assumption
1(iii) imposes that the strata sizes are roughly balanced. Fourth, Bugni et al. (2018)
show that Assumption 1(iv) holds under several covariate-adaptive treatment assign-
ment rules such as simple random sampling (SRS), biased-coin design (BCD), adaptive

biased-coin design (WEI) and stratified block randomization (SBR).” Note that we only

5For completeness, we briefly repeat their descriptions in Appendix S.A.



require B,,(s)/n(s) = o0,(1), which is weaker than the assumption imposed by Bugni et al.
(2018) but the same as that imposed by Bugni et al. (2019) and Zhang and Zheng (2020).
Fifth, Assumption 1(v) implies there are no defiers. Last, Assumption 1(vi) is a standard
moment condition.

Throughout the paper, we are interested in estimating the local average treatment

effect (LATE), which is denoted by 7 and defined as

T:=E[Y(1) - Y(0)|D(1) > D(0)] ;

that is, we are interested in the ATE for the compliers (Angrist and Imbens, 1994).

2.2 Examples of Economics Datasets

To motivate our work, we give three examples of prominent economic datasets that use

CARs and have imperfect compliance.

Example 1. Atkin, Khandelwal, and Osman (2017) conducted a randomized experiment
with a CAR design to identify the impact of exporting on firm performance. They had
two samples of firms. In sample 1, they randomized firms into treatment or control with
a target probability of 0.5 in each of the strata named: Goublan, Tups and Duble. In
sample 2, they randomly select firms for the treatment group with a target probability
of 0.25 in stratum Duble. They then combined the two samples together, which makes
the probabilities of assignment into treatment (mw(s)) in their joint sample heterogeneous
across strata. Firms with assignment into treatment were offered an initial opportunity to
sell to high-income markets, but only 62.16% of them managed to secure large and lasting

orders.

Example 2. Dupas, Karlan, Robinson, and Ubfal (2018) studied how rural households

benefit from free bank accounts.”

They randomly assigned 2,160 households to treatment
or control groups within each of the 41 strata. The targeted assignment probability for

treatment for each stratum is 0.5. Households with assignment into treatment received

6The dataset can be found at https://doi.org/10.7910/DVN/QOGMVI.
"The dataset is available at https://www.openicpsr.org/openicpsr/project/116346 /version/V1/view.
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vouchers to open accounts, but only 41.87% of them did so and deposited money within

2 years.

Example 3. Jha and Shayo (2019) examined how financial market participation affects
political views and voting behavior.® They used CAR to randomly assign 1345 participants
to treatment or control groups within each stratum, with a target probability for treatment
of 0.75. Participants with assignment into treatment were offered to trade assets, but only

81.08% of them made a trade.

2.3 Survey of Empirical Practice

[Insert Table 1 here.|

We survey the common practice for analyzing experiments in the empirical economics
literature. Our survey is limited to articles that contain the term “experiment” in their
title or abstract and are published between January 2015 and December 2022 in eight
journals: the American Economic Journal: Applied Economics (AEJ: Applied), Amer-
ican Economic Journal: Economic Policy (AEJ: Policy), American Economic Review,
Econometrica, Journal of Political Economy, Quarterly Journal of Economics (QJE),
Review of Economics and Statistics (ReStat), and Review of Economic Studies. We then
manually select the articles that use CARs and report imperfect compliance. Table 1
tabulates the articles found in our survey. It shows that all the papers in our sample
use TSLS with covariates and strata fixed effects to estimate the LATE. This finding
motivates us to study the statistical properties of this commonly used TSLS estimator in

Section 2.4 before proposing our new estimator.

2.4 TSLS with Covariates and Strata Fixed Effects

Our survey shows that empirical researchers using CARs usually estimate LATE via

TSLS regressions with strata dummies and covariates. The first and second stages of the

8The dataset can be found at https://onlinelibrary.wiley.com/doi/abs/10.3982/ECTA16385.



TSLS regression can be formed as

D; ~~vA; + Z a1{S; = s} + X,'0, Y,~71D;+ Z a,1{S; = s} + X6, (2.1)

SES SES

where {a;}ses and {a;}ses are the strata fixed effects.
Denote the TSLS estimator of 7 by 7rgrs. To study the asymptotic properties of
Trsrs, we follow Bugni et al. (2018) and Ansel et al. (2018) and make the following

additional assumption on the treatment assignment mechanism.

Assumption 2. Suppose 7(s) € (0,1) and

By (s)
{{ \/ﬁ }ses
where By, (s) = Y (A; — w(s))1{S; = s}, Xp = diag(p(s)y(s) : s € S), and 0 < y(s) <
w(s)(1 —m(s)).

{Sz}ze[n]} ~ N<07 23)7

Three remarks are in order. First, Assumption 2 is used to analyze the TSLS estimator
only and is not needed for all the analyses in later sections in the paper. Second, it implies
Assumption 1(iv). Third, we have y(s) = 7(s)(1—mn(s)) for SRS and y(s) < 7(s)(1—m(s))
for the other three randomization designs mentioned after Assumption 1. Specifically, for
BCD and SBR, we have v(s) = 0, which means the assignment rules achieve the strong
balance.

Following empirical researchers, we also consider the usual IV heteroskedasticity-
robust standard error estimator for TSLS estimator 77gy,s, which is denoted as 67515 naive/ vn.?
We compare 7rgrs with Bugni and Gao’s (2023) fully saturated estimator (denoted as
7n4) for 7 under CAR, which does not use any covariates X;. The asymptotic variance
of 7x4 is then denoted as 0% 4, which is given in Bugni and Gao (2023). In Section 3,
we further show that 7y4 is a special case of our general estimator whose asymptotic

variance is derived in the proof of Theorem 3.1.

9The detailed definition of 67g LS,naive can be found in the proof of Theorem 2.1.



Theorem 2.1. Suppose Assumption 1 holds. Then, we have

E (n(S)(1 — 7(5)) [E((DAD)|S) ~ EX(D,(0)]5.)])
E (n(S)(1 - 7(5)) [E(D,(1)IS,) — E(Di(0)[5))] )

A p
TTSLS —

is the same across s € S, then Trsrs —— 7. If

E(Y;(D;(1))|S=s)—E(Y;(D;(0))|S;=s)
If w(s) or E(D;(1)|Si=s)—E(D;(0)]S;=5)

m(s) =m for all s € S and Assumptions 1 and 2 hold, then

A 2 ~2 p 2
\/E(TTSLS - 7—) ~ N(()? JTSLS) and UTSLS,naive UTSLS,naivw

where the definitions of 03g;.g and 0551 g naive €aN be found in the proof, 02.s; ¢ < 05ar s naives

and the inequality is strict if v(s) < w(1 — m). Last, it is possible to have o2g; g > Tar4-

Theorem 2.1 highlights one advantage and three limitations of the commonly used
TSLS estimator under CARs. The advantage is that the TSLS estimator can consistently
estimate the LATE under certain conditions without assuming the linear regression in
(2.1) is correctly specified. Hence, the reason for incorporating covariates in the regression
is to improve estimation efficiency. The first limitation is that the TSLS estimator is
inconsistent when both the treatment effect and the probabilities of treatment assignment
vary across strata. To ensure its consistency, economists should thus keep the target
assignment probability (7(s)) equal across all strata in the experimental design stage,
which may not be the case in practice (see, for example, the first dataset in Section 2.2).
The second limitation is that the heteroskedasticity-robust standard error reported by
standard software such as STATA is conservative and inconsistent unless vy(s) = 7(1—m).
However, this condition is violated when treatment is not assigned independently, such
as BCD and SBR, which are widely used in RCTs. The third limitation is that the
asymptotic variance 024, ¢ may not be smaller than that of the unadjusted estimator,
which goes against the purpose of using covariates in the regression.

In this paper, we develop estimators that have the same advantage as TSLS but avoid
all these limitations. Specifically, our proposed LATE estimators are (1) consistent even
under misspecification of regression models, (2) consistent even when the probabilities of

treatment assignment are heterogeneous across strata, and (3) guaranteed to be weakly

10



more efficient than the unadjusted estimator. We also provide consistent estimators of

the asymptotic variances for our LATE estimators.

2.5 Efficiency Comparison of LATE Estimators: Preview

Before delving into the details of our proposed estimators, we provide a preview of the
efficiency comparison among various LATE estimators mentioned in the paper. Figure 1
illustrates their relationship, with the most efficient on the right and the least efficient on
the left. A dashed circle around an estimator indicates that this estimator is not always
consistent. The least efficient estimator in Figure 1 is the strata fixed effects IV (SFE IV)
estimator, as proposed by Bugni and Gao (2023). Bugni and Gao (2023) showed that
SFE 1V is consistent only when the probability of assignment into treatment is the same
across strata. Even when SFE IV is consistent, they showed that it is no more efficient
than NA. There are no arrows between NA and TSLS because TSLS can be less efficient
than NA even when it is consistent. Ansel et al.’s (2018) S estimator is asymptotically
equivalent to our estimator L (i.e., the optimal linear adjustments). Since both NA and
TSLS (whenever it is consistent) have linear adjustments (NA has linear adjustments with
zero coefficients), they are less efficient than S or L. There is no clear winner between
NL and L because even the optimal linear adjustments can be misspecified and thus
potentially less efficient than some nonlinear adjustments. Theoretically, the logistic
regression adjustments can be even less efficient than NA depending on how severe the
misspecification is. However, the F estimator is guaranteed to be more efficient than both
L and NL by construction. Last, as NP and R achieve the SEB, they are more efficient
than F. Notice that all the comparisons, except for those with the TSLS or SFE IV, are
made under the same set of assumptions (Assumptions 1 and 3 later). As for those with

TSLS or SFE IV, the comparisons are made whenever TSLS or SFE IV is consistent.

[Insert Figure 1 here|
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3 The General Estimator and its Asymptotic Prop-
erties

In this section, we propose a general regression-adjusted LATE estimator for 7. Define
1P (a,s,x) == E[D(a)|S = s, X =z] and p¥(a,s,z) == E[Y(D(a))|S =s,X =] for
a = 0,1 as the true specifications. In practice, these are unknown and empirical re-
searchers employ working models 1" (a, s, ) and Y (a, s,z), which may differ from the
true specifications. We then proceed to estimate the working models with estimators
iP(a,s,r) and ¥ (a,s,x). As the working models are potentially misspecified, their
estimators are potentially inconsistent for the true specifications.

To further differentiate p°(-), #(+), and a°(+) for b € {D, Y}, we consider an example
that 1" (a, s, z) follows a probit model, i.c., u”(a,s,2) = Fy(Gqs + 2" fa.s), where Fy(-)
is the standard normal CDF, and &, and Bw are the regression coefficients which are
allowed to depend on assignment a and stratum s. However, the researcher does not know
the correct specification and instead uses a logit model 1" (a, s, 2) = Maas + 7" Bas) as
the working model, where A(+) is the logistic CDF. Then (aq s, 84,5) are the pseudo true
values that depend on how they are estimated and can be defined as the probability
limits of the chosen estimator (d,s, Ba,s)- For instance, we can estimate the regression
coefficients in the logistic model via logistic quasi MLE or nonlinear least squares. As the
logistic model is misspecified, the two estimation methods lead to two different pseudo
true values. Suppose we estimate (s, Ba.s) by quasi MLE and denote their estimators
as (Qas, Ba,s). The estimator of the working model is then i (a, s,x) = M(dqs + xTﬁa,s).

In CAR, the targeted assignment probability for stratum s, m(s), is usually known or

n1(s)

can be consistently estimated by 7(s) := OR Then our proposed estimator of LATE

based on the doubly robust moments'® is

-1
7= (% Z EHZ) (% Z EGJ) ,  where (3.1)

i€[n] i€[n]

0For reference of doubly robust moments, see Robins, Rotnitzky, and Zhao (1994), Robins and Rot-
nitzky (1995), Scharfstein, Rotnitzky, and Robins (1999), Robins, Rotnitzky, and van der Laan (2000),
Hirano and Imbens (2001), Frolich (2007), Wooldridge (2007), Rothe and Firpo (2019) etc; see Stoczyriski
and Wooldridge (2018) and Seaman and Vansteelandt (2018) for recent reviews.

12



- AZ(DZ _ﬂD(l’Ssz)) (1 _Az‘)(Di _ﬂD(O7 Si7Xi)) ~D ~D
ZHi = ~ - ~ 17 Z'7Xi - ) i?Xi )
H, W(Sz’) 11— (Sz) + ( S ) W (0 S )
(3.2)
= Ap(Y; — a7 (1,8, X)) (1= A)(Y; — 27(0,9, X)) |y -y
Ea, = — 1,8, X;) — 5 X).
Gii 7AT(SZ) 1—7%(51) +[}1 ( 7Sza z) ,u (07527 z)
(3.3)

Given the double robustness and the consistency of 7(s), our estimator 7 is consistent
even when the working models (4P (+), iY(+)) are misspecified. Our analysis also takes
into account the cross-sectional dependence of the treatment statuses caused by the ran-
domization and is therefore different from the double robustness literature that mostly
focuses on the observational data with independent treatment statuses. Furthermore, our
general adjusted estimator is numerically invariant to the stratum-specific location shift

because

—~ [ A [ 1— A4
— 1) 1{S;=s}=0 and ————1)1{S;=s}=0.
> (s 1) s = =0 w32 (g - aesi=
Therefore, using adjustments fi°(a, S;, X;) and i°(a, S;, X;) — E(u’(a, S, X;)|S;) for b €

{D, Y} are numerically equivalent.

Assumption 3. (i) Fora=0,1 and s € S, define I,(s) := {z €n]:Ai=aS; = s},

AY<CL,S,X1-> = IELY(a7 SaXi) _ﬁy<a787Xi)> and

AD(aa SaX’L'> = /ALD(G,S,XZ-) - ﬁD(a757Xi)-

Then, fora=0,1, b= D,Y, we have

Zieh(s) Ab<a7 S, Xl) Zie[o(s) Ab(a’ S, Xz) . ~1/2
max - = o0,(n"77).
m(s) ()

(i) Fora=0,1andb=D,Y, 3" (Ab(a,S;, X;))* = 0,(1).

(iii) Suppose max,—g 1 ses E([°(a, S;, X;)]?|S; = s) < C < oo for b= D,Y and some

constant C'.
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Assumption 3 requires i°(-) to be a consistent estimator of 72°(:) for b = D,Y. For
instance, we can consider a linear working model @Y (a, s, X;) = X, 3, s, where the pseudo
true value f3, s is defined as the probability limit of the OLS estimator Bw from regressing
Y; on X; using observations in I,(s). Then, the estimator ¥ (a, s, X;) can be written as

X, Ba.s, and Assumption 3(i) reduces to

— -1/2
seg,laai((),l Op(n ), (34)

( 1 Z:&‘nigEZXJT@M—mQ

Th(S) i€l (s) i€lp(s)

which holds automatically because by definition, BM L, Ba.s, and we will assume EX? <
oo. This example shows that we do not need to assume the working model ¥ (a, s, X;) =
X, Ba.s is correctly specified. A similar remark applies to Assumption 3(ii) and nonlinear
working models such as the logistic regression mentioned earlier. We verify Assumption
3 for general parametric adjustments in Section 5.1 below.

To state our first main result below, we need to introduce extra notation. Let D; :=
{Yi(1),Yi(0), D;(1), D;(0), X;}, W; = Yi(Dy(1)), Zi := Yi(D;(0)), Wi := W; — E[W;]Si],
Z; = Z; — B[Z|S)], Xi == Xi — E[X;|S,], Di(a) := Ds(a) — E[D;(a)|S;] for a = 0,1, and

i (a, Si, X;) == p"(a, S;, Xi) — E [ (a,S:, X;)|S:], be{D,Y}. (3.5)

Theorem 3.1. (i) Suppose Assumptions 1 and 3 hold, then

i > > _O1+05+03
Vn(7 —71) ~ N(0,0%), where o°:= B(D(1) > D(0))*" (3.6)

o7 =E [r(S;

~—

2Dy, S)] . g =E[(1—a(S)ZHD:, Si)], o3 =E[Z5(5)],

and Z1(D;, S;), Eo(D;, S;), and Z5(S;) are defined as

El<Di, Sz) = [(1 — 71-(181)) ’ay(L SZ,XZ) — I[1Y<07 Sz,X1> + 71_‘(/[;1)]
I T P - 1)
[(1 W(Sﬂ) a- (1,8, X;) — 5o (0,8, X;) + W(Si)] , (3.7)
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_ 1 i N Z;
ol N aros x4 P s x) - D0
- [(1_“&) 1) AP0.5, 0 + 715X - o0 |6
E2(5i) = (E[W; — Zi|Si] - E[W; = Zi]) — 7 (E[D;(1) — D;(0)|Si] — E[D;(1) — D;(0)]) .
(3.9)
(ii) Next, we define 62 as
LAY [AZ(DLS) + (- A)ERD;, S) + Z3(S)]
0= P ,  where
(ﬁzizle:i)
e — ]- —
E1(D;, s) :=Z=1(Dy, s) (o) Z =1(Dj, s),
jEIl(S)
2 _g 1 g
Zo(Di ) 1= Zo(Diss) = s j;)uo(pj,s),
o(s
2= (= 3 0i=7D)) = (= 30 (- 7Dy
—2 S) = nl(S) 1 T (3 no(s) ‘ 1 T 7 Y
i€l1(s) i€lo(s)
R T T W 7
=1(D;, 8) [ 1 70) ot (1,8, X;) — i (O,S,XZ)—I—ﬁ(S)}
_A —_ 1 AD . —_ AD . DZ
7—[(1 ﬁ(s))u (1,8, X;) — [ (0,5,X1)+ﬁ<8):|7 and
1

Y;
— 1) 4Y(0,5, X)) + 2V (1,5, X;) — —}
D

f9 P
Then, we have 6° — o2,

(iii) If the working models are correctly specified, i.e., i°(a,s,z) = pb(a,s,z) for all

(a,b,s,x) € {0,1} x {D,Y} x SX, where SX is the joint support of (S, X), then

the asymptotic variance o achieves the SEB.

Several remarks are in order. First, Theorem 3.1(i) establishes the limiting distribu-
tion of our adjusted LATE estimator, which also implies its consistency. Our estimator

inherits the advantage of the TSLS estimator because it remains consistent even when the
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adjustment 7°(+) is misspecified, but avoids its limitation because our estimator remains
consistent when 7(s) varies across strata. Additionally, the terms o2, o7, and o3 in the
asymptotic variance of our regression-adjusted LATE estimator represent the sampling
variations from the control units within each stratum, the treatment units within each
stratum, and the strata itself, respectively.

Second, Theorem 3.1(ii) gives a consistent estimator of this asymptotic variance, which
depends on the working model i°(a, s, z) for (a,b) € {0,1} x {D,Y}. Different working
models lead to different estimation efficiencies.

Third, Theorem 3.1(iii) further shows that our general regression-adjusted estimator
achieves the semiparametric efficiency bound ¢? derived in Theorem 4.1 below when the

working models are correctly specified.

Fourth, when there are no adjustments so that ¥ (-) and 7z” () are zero, we obtain

s€S m(s) 1—m(s)

P(D(1) > D(0))?

0'2:

S 2OV (W = 7D(1)]S = s) + > ees 28 v ar(Z — 7D(0)|S = s) + o2

In this case, our estimator coincides numerically with Bugni and Gao’s (2023) fully satu-
rated estimator (i.e., NA). Indeed, we can verify that o2 defined above is the same as the

asymptotic variance of the fully saturated estimator derived by Bugni and Gao (2023).

4 Semiparametric Efficiency Bound

Theorem 4.1. Suppose that Assumption 1 and the reqularity conditions in Assump-
tion S.H.1 in the Online Supplement hold. For a = 0,1, define Z,(D;, S;), Z,(D;, S;)
and Z5(5;) as Z1(D;, Si), Zo(D;, Si) and =Z9(S;) in (3.7)~(3.9), respectively, with the
researcher-specified working model 1°(a, s,x) equal to the true specification pb(a,s,)
for all (a,b,s,z) € {0,1} x {D,Y} x SX, where SX is the joint support of (S, X).
Then the SEB for T is o? = %, where g? = E[W(Si)E%(DZ»,Si)}, ok =
E [(1—7(5:))Z5(D;, S:)], and o3 := EZ3(S;).

Several remarks are in order. First, Theorem 4.1 suggests that the asymptotic variance

of any regular root-n consistent and asymptotically normal semiparametric estimator of
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LATE is bounded from below by o¢?. Second, the proof of Theorem 4.1 follows the
arguments of Armstrong (2022), which accounts for the cross-sectional dependence of
{Ai}icp- Third, the efficiency bound here matches the one derived by Frélich (2007)
under uncounfoundedness for observational data if their propensity score depends only
on S;. Fourth, Theorem 4.1 implies that various CARs (with or without achieving strong
balance) lead to the same SEB for LATE estimation. Such a result is consistent with

what Armstrong (2022) found for ATE under general randomization schemes.

5 Specific Adjustment Frameworks

5.1 Parametric Working Model

In this section, we consider estimating 71°(a, s,z) for a = 0,1, s € S, and b = D,Y via
parametric regressions. Note that we do not require 7i%(a, s, ) to be correctly specified.

Suppose that

ﬁy(aa S’HXZ) - Z ]-{Sz = S}Ais(Xia ea,s) and HD(CL7 Sz7Xz) - Z ]-{Sz = S}Ais(Xia 6&,8)7

SES seS

(5.1)

where A? (-) for (a,b,s) € {0,1} x{D,Y} xS is a known function of X; up to some finite-
dimensional parameter (i.e., 8, and (,;). The researchers have the freedom to choose
the functional forms of AZ,S(')7 the parameter values of (,, f,5), and the methods of
estimation. As mentioned above, because the parametric models are potentially misspec-
ified, different estimation methods of the same model can lead to distinctive pseudo true
values. We will discuss several detailed examples in Sections 5.1.1, 5.1.2, and 5.1.3 below.
Here, we first focus on the general setup.

Define the estimators of (0, s, B4.5) as (é%s, Ba,s), and hence the corresponding feasible

parametric regression adjustments as

ﬂY(CL?S?Xi) = Az};s(Xiuéa,S) and ﬂD(a7 S7Xi) = Ac?,s(X“Ba,S)' (52)

17



Assumption 4. (i) Suppose that max,—g 1 ses ||9Aa78—9a78|]2 250 and MaX,—01 58 ||ﬂAa75—

Bas|2 250, where || - ||5 is the Buclidean norm.

(i) There exist a positive random variable L; and a positive constant C > 0 such that

foralla=0,1 and s € S,

8AY X 0,
H N < ALKl < L
2
aAD Xzaﬂa s)
H <L, [IAP(X: Bus)lls < L.
0Ba.s N

almost surely and E(L}|S; = s) < C' for some q > 2.

Assumption 4(i) means that ( 0,50 5a5) are consistent estimators for (0,, 8,5). As-
sumption 4(ii) means that the parametric models are smooth in their parameters, which is
true for many widely used regression models such as linear, logit, and probit regressions.
This restriction can be further relaxed to allow for non-smoothness under less intuitive

entropy conditions.

Theorem 5.1. Suppose Assumption j hold. Then i’(a, s, X;) and i°(a,s, X;) defined in

(5.1) and (5.2), respectively, satisfy Assumption 3.

Theorem 5.1 generalizes the intuition in (3.4) and shows that Assumption 3 holds for

general parametric models as long as the parameters are consistently estimated.

5.1.1 Optimal Linear Adjustments

In this section, we consider working models that are linear in ¥, ¢ where U, , = W (X;)
is a function of X; and its functional form can vary across s € §. Specifically, suppose,
for a = 0,1 and s € S, that ¥ (a,s,X) = ¥/ t,, and 7" (a,s,X) = U] by, where to
and b, s are the regression coefficients whose values are freely chosen by the researchers.
The restriction that the function W4(-) does not depend on a = 0, 1 is innocuous as, if it
does, we can stack them up and denote W;, = (U] (X;), ¥g,(X;))". Similarly, it is also
innocuous to impose that the function W,(-) is the same for modeling 77 (a, s, X) and

i”(a, s, X).
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Given that all values of ¢, ; and b, s lead to consistent estimators of LATE, a natural
question to ask is what values give the most precise estimator. Let the asymptotic variance
of the adjusted LATE estimator 7 be as o2, which depends on (" (a, s, X), 7% (a, s, X)),
and thus, (t4s,bas). Let ©F be the collection of optimal linear coefficients that minimize

the asymptotic variance of 7 over all possible (¢4, bas), 1-€.,

(02,37 B;,S)UL:O,I,SES :

(9;,57 B;s)a:O,l,SES € arg min(tms,ba,s)a:o’l,ses 02((ta,sa ba,s)a:ﬂ,l,seS)-

" =

Assumption 5. Suppose that E(||¥;|[3]S; = s) < C < oo for constants C' and q > 2.
Denote iliys =V, ,—E(V,4|S; = s) fors € S. Then there exist constants 0 < ¢ < C' < 00
such that ¢ < )\minaE(qji,s\ij;;)) < )\max(]E(quS\i/ZTS)) < C, where for a generic symmetric
matriz A, Amin(A) and Apax(A) denote the minimum and mazimum eigenvalues of A,

respectively.

Assumption 5 requires that the regressor ¥; ; does not contain a constant term. In
fact, (3.2) and (3.3) imply that our estimator is numerically invariant to a stratum-specific

location shift. The following theorem characterizes the set of optimal linear coefficients.

Theorem 5.2. Suppose that Assumptions 1 and 5 hold. Then, we have

(0;,57 /8;,8)(1:0,1,868 :

e 1—m(s * % (s . .
0 = 7r(S() ).(91,s - 7'51,3) + 1_;()5) («9073 — Tﬁo,s) . where

= 1;?:9()8) (0{:8 - 7—61[:5) + \/ %(955 - Tﬁés)‘

0F, = [E(V;, U], |S; = 8)] 7 [E(P:,.Yi(Di(a)]S; = )]

S

L = [E({/I/Z,S\i/;r |SZ == S)]_I[E(\ijusDz(a”SZ = S)] (53)

a,s ,S

The optimality result in Theorem 5.2 relies on two key restrictions: (1) the regressor

U, . is the same for treated and control units and (2) both the adjustments ¥ (a, s, X)
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and 7iP(a, s, X) are linear. It is possible to have nonlinear adjustments that are more
efficient. We will come back to this point in Sections 5.1.2, 5.1.3, and S.C.

In view of Theorem 5.2, the optimal linear coefficients are not unique. In order to
achieve the optimality, we only need to consistently estimate one point in ©*. For the rest
of the section, we choose (9(’;3, ﬁis) with the corresponding optimal linear adjustments

i (a,s, X;) =V 0L and 7"(a,s, X;) =V L. (5.4)

4,87 Q,s

We estimate (6%, BL,) by (0L,, BE,), where

a,s’ a,s’

. 1
\Ilias::qjis_— E \D's
)&y ) na(s) Js

J€la(s)
1 AR
éaLS = ( \Pias‘ij;'ras> ( \ilias}/;)
: na($) Z e, na($) Z "
i€l,(s) i€la(s)
1 AR
AL . T .
0.5 = \Ili,a,s\yias> ( \Ili,a,sDi> . (55)
= (g 2 i) (o 2
i€l,(s) i€la(s)

Then, the feasible linear adjustments can be defined as

[j’y(a’7 S, XZ) = ‘IIT éL and ﬂD(av S, Xz) = \I,'Is Ac[L/,s' (56)

4,87 a,s

It is clear that %, and AF, are the OLS-estimated slopes of the following two linear

regressions using observations in /,(s):
Yiya AV 0, and Dy ~AD + W B, (5.7)
Theorem 5.3. Suppose that Assumptions 1 and 5 hold. Then,

{ﬁb(a7 S, Xi)}b:D,Y,azo,l,ses and {ﬂb(aa S, Xi)}b:D,Y,a:O,l,sES

defined in (5.4) and (5.6), respectively, satisfy Assumption 3. Denote the adjusted LATE
estimator with adjustment {fi°(a, 8, X;) }o=p.va=01secs defined in (5.6) as 7z. Then, all

the results in Theorem 3.1(i)-(ii) hold for 7p. In addition, 7, is the most efficient among
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all linearly adjusted LATE estimators, and in particular, weakly more efficient than the
LATE estimator with no adjustments. In the special case that 7w(s) is homogeneous across
strata and V,; = X; so that the TSLS estimator Trsrs is consistent, 7r, is also weakly

more efficient than Trsrs.

The asymptotic variance of the LATE estimator with the optimal linear adjustments
(7) takes the form of (3.6) with {72’(a,s, X;)}s=p va=o01ses in (3.7)-(3.9) defined in
(5.4). It is also guaranteed to be weakly smaller than that of both 754 and 7rsrs, which
addresses the Freedman’s critique (Freedman, 2008a, 2008b). When ¥, = X;, this
asymptotic variance is the same as that of Ansel et al. (2018)’s S estimator, as shown in
Section S.B of the Online Supplement. This implies the S estimator is the most efficient
LATE estimator adjusted by linear functions of X;, and thus, more efficient than 7rg.¢

and Ty 4.

5.1.2 Linear and Logistic Regressions

It is also common to consider a linear model for ¥ (a, s, X;) and a logistic model for

P (a, s, X;), ie.,
i (a,s,X;) = \i/;tw and 7”(a,s,X;) = )\(\i/;ba,s),

where \IJZS = (L))", ;s = U, (X;) and AMu) = exp(u)/(1 4 exp(u)) is the logistic
CDF. As the model for i (a, s, X;) is non-linear, the optimality result established in the
previous section does not apply. We can consider fitting the linear and logistic models
by OLS and (quasi) MLE, respectively, and call this method the nonlinear (logistic)

adjustment. Specifically, define

AY (0,5, X;) = W00 and  iP(a,s, X;) = MU BIEP), (5.8)

4,87 a,s a,s

where

. 1 .. -1 1 ,
0oL = [ —— AR\ — v, Y, d
2= (o X 0edl) (o X wer)

i€la(s) i€la(s)
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~ 1 ° °
MLE _ arg ma > [DilogMBLD) + (1 - Di)log(1 = A(#L)| . (5.9)

b na(s) i€la(s)

It is clear that égés and B%LE are the OLS and ML estimates of the following two

stratum-specific (logistic) regressions using observations in I,(s):
Y~ W 0, and D ~ AN B,.). (5.10)

In the logistic regression, we do allow the regressor \I/ZS to contain the constant term.

- . ~OLS, T - _ , .
Suppose 0915 = (ROLS 9" )T where h9%5 is the intercept. Then, because our adjusted

LATE estimator is invariant to the stratum-specific location shift of the adjustment term,

S . ~OLS
using i (a, s, X;) = 0] 005 = hQL5 1+ 0] 0

4,87 a,s 1,82a,S

and 2 (a, s, X;) = W 4.~

1,82a,S

° produce the
exact same LATE estimator. In addition, we have szs = é(fs by construction. This
means fi¥ (a, s, X;) used here is the same as that for the optimal linear adjustment. In
contrast, because the logistic regression is nonlinear, the non-intercept part of B%LE does

not equal B(fs The limits of égfs and B%LE are defined as

00 = (B, 0TS, = 5))  (B(EY(D@)]S = 5))  and

a,s

MLE — arg maxE ([Di(a) log()\(\ifzsb)) + (1 — Dj(a))log(1 — A(‘I’Lb))} 1S; = s) ,
b
which imply that the working models are

i (a,s,X;) = U 0985 and  7P(a,s, X;) = )\(\I!L MLEY (5.11)

1,87 a,s a,s

Assumption 6. (i) Fora = 0,1 and s € S, suppose ]E(\IIZS‘IJZTS|S@ = ) is invertible
and

B ([Di@) 1ogMPT0) + (1 = Difa) tog(1 = AL 15 =)

has B%SLE

as its unique marimizer.

(i1) There exists a constant C' < 0o such that max,—g1 ses IE||\IIZS||'§ < C < o for some

q > 2.
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Theorem 5.4. Suppose Assumptions 1 and 6 hold. Then,

{ﬁb(av S, Xi)}b:D,Y,a:O,Lses and {ﬂb(a, S, Xi)}b:D,Y,a:O,l,seS

defined in (5.11) and (5.8), respectively, satisfy Assumption 3. Denote the adjusted LATE
estimator with adjustment {i°(a, s, X;)}p=pv.a=0.1.scs defined in (5.8) as Txz. Then, all

the results in Theorem 3.1(i)-(ii) hold for Tnp,.

Several remarks are in order. First, the nonlinear (logistic) adjustment is not opti-
mal in the sense that it does not necessarily minimize the asymptotic variance of the
corresponding LATE estimator over the class of linear/logistic adjustments. Second, the
nonlinear (logistic) adjustment is not necessarily less efficient than the optimal linear
adjustment studied in Section 5.1.1 as the true specification u?(a, s, X;) could be nonlin-
ear. In fact, as Theorem 3.1 shows, if the adjustments are correctly specified, then 7np,
can achieve the semiparametric efficiency bound. Compared with the linear probability
model considered in Section 5.1.1, the logistic model is expected to be less misspeci-
fied, especially when the regressor ¥, ; contains nonlinear transformations of X; such as
interactions and quadratic terms. Third, we will further justify the intuition above in
Section S.C, in which we let ¥, ; be the sieve basis functions with an increasing dimen-
sion and show that the nonlinear (logistic) method can consistently estimate the correct
specification under some regularity conditions. Fourth, one theoretical shortcoming of
the nonlinear (logistic) adjustment is that, unlike the optimal linear adjustment, it is not
guaranteed to be more efficient than no adjustment. We address this issue in Section

5.1.3 below.

5.1.3 Further Efficiency Improvement

Following the lead of Cohen and Fogarty (2023), we can treat the nonlinear (logistic)

adjustments as regressors and obtain the optimal linear coefficients as proposed in Section

5.1.1.1 Let 0915 = (hQLS 695%) be the probability limit of égfs defined in (5.9). If BMLE

a,s Za,s )8

were known, the nonlinear (logistic) adjustment can be viewed as a linear adjustment.

" Cohen and Fogarty (2023)’s setting is different from ours as they consider neither CARs nor LATE.
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Specifically, denote

(I)i75 = (\I/;,rs?/\(\ij;l,—s {\fSLE%)\(\i]IS (J)‘,/{SLE))T

(5.12)
e 095

tNL

0y =0 0 +(1—a) 0 pNE

) a,s =a 1 +(1—Cl> 0
0 0

where dy is the dimension of W;,. Then, the nonlinear (logistic) adjustment can be
written as

i (a,5,X:) = @ tor and m(a,s, X;) = D007

i,s7a,s *

Similarly, we can replicate no adjustments and the optimal linear adjustments with

®, ; defined in (5.12) as regressors by letting

i (a,s,X;) = te, and 7"(a,s,X;) = 0 bus

with (fa,s, bas) = 0 and (e, bas) = (tL,, bL,), respectively, where

01, 0.5 B, Bos
tas:=a| 0 |+A=a)| 0 |, bi;i=al| 0 [+(T—a)| 0
0 0 0 0

Based on Theorem 5.2, we can further improve all three types of adjustments by

setting the linear coefficients of ®; ; as

Fo.
0&,5

(@], |s. = s]>_1 (IE®,.Yi(Di(@))]S: = 5])

5= (BlbBLS = s]>_1 (Ed..Di(a)lS: = 5])

where ®; , = ®; , — E(®;,|S; = 5). The final linear adjustments with 0f, and G}, are

ﬁy(a7 Sin) = CI)ZSG(I;S and ﬁD(a7 S>Xi) = (I);rs 53‘ (513)
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MLE

Because 5,

is unknown, we can replace it by its estimate proposed in Section 5.1.2,

i.e., define

~ o ~ o o v ~ 1 ~
Oy = (T, AT BMEEY N BT and @y = Oy — > D

mal8) e
Then, we define the estimators of 0%, and 3!, as
e (S b)) (< S b,
a,s na(s) A 1,a,8 *'4.a,s na(S) A %,a,s47 |
R 1 L A! y
F T
= (I)ias(pias q)iasDi . 5.14
L= (mw 2 B ) (5w PR ) o4
The corresponding feasible adjustments are
ﬂy(a[7 S, Xl) = (i)z—'l,—sé(is and laD(a’7 S, Xl) = (ADZSB(ZS‘ (515)

Assumption 7. Suppose Assumption 5 holds for ®; s defined in (5.12).

Theorem 5.5. Suppose that Assumptions 1, 6, and 7 hold. Then,

{Eb(aa S, Xi)}b:D,Y,a:O,l,seS and {ﬂb(a, S, Xi)}b:D,Y,azo,l,ses

defined in (5.13) and (5.15), respectively, satisfy Assumption 3. Denote the LATE es-
timator with regression adjustments {i°(a, s, Xi)}b=pv.a=01scs defined in (5.15) as 7p.
Then, all the results in Theorem 3.1(i)-(ii) hold for Tr. In addition, Tr is weakly more

efficient than Tr, Tnr and Tna.

Theorem 5.5 shows that by refitting nonlinear (logistic) adjustment in a linear regres-
sion with optimal linear coefficients, we can further improve the efficiency of the adjusted
LATE estimator. Moreover, 7r is guaranteed to be weakly more efficient than 7, 7y

and Ty 4.
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5.2 Regularized Large Dimensional Regression

We consider the nonparametric regression as the adjustments for our LATE estimator in
Section S.C of the Online Supplement, while in this section, we consider the case where
the regressor \Ifm € RP» has dimension p, that can be much higher than n. In this
case, we can no longer use the nonlinear (logistic) (nonparametric) adjustment method.
Instead, we need to regularize the least squares and logistic regressions. Specifically, let

i (a8, X;) =0 0% and  iP(a,s, X;) = N¥],B5), (5.16)

wn’a,s

and the corresponding adjusted LATE estimator is denoted as 7g, where

S - 000+ 2 avy,

R .
0. =argmin

¢ Na(s) T Na(5)
AR _ T [ 5T 5T n.a(8) 14D
R _ arg min Dilog (A(W] B)) + (1 — D) log(1 — A (¥ b ]+—Qb ,
, gb na(s) Zg;s) g ( ( , )) ( ) g( ( , )) na(s) || ||1
where {0n.q(5)}a—o.1.5es are tuning parameters, Q° = diag(@?, - - - ,wh ) is a diagonal ma-

trix of data-dependent penalty loadings for b= D, Y, and || - ||; is the ¢; norm.'?

We maintain the following assumptions for Lasso and logistic Lasso regressions.

Assumption 8. (i) For a=0,1. Suppose that

E [Yi(Di(a))|X;, S; = s] = W] 0% + RY(a,s,X;) and

wn’a,s

]P)(DZ(CL) = 1|Xza SZ - S) = )\(\ilZn (fs) + RD((Z,S,XZ‘)

such that maxe—,1,ses max(||0F [0, [|85]lo) < hn, where ||allo denotes the number

of nonzero components in a.

(ii) Suppose that for ¢ > 2,

SUp ||Wsnlloo < Cu a.s. and  sup E [|\I/fnh||SZ = 5| < o0,
ic[n] h€[pn] o

12\We provide more details about 2 in Section S.D of the Online Supplement.
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where || - || 18 the o norm.

(i1i) Suppose that

1
max
a=0,1,b=D,Y,s€S8 Ny(8)

Z (R'(a,s,X;))? = Op(hylogp,/n),

1€1,(s)

max E [(R’(a, s, X;))*|S; = 5] = O(h,logpa/n),

a=0,1,b=D,Y,s€S

and

sup |R(a, s, X)| = O(v/(2h2 1og p,/n).

a=0,1,b=D,Y,s€S,xeX

log(pn)¢2h2 0 and 10g2(pn):>g2(")hi 0.

n

(iv) Suppose that

(v) There exists a constant ¢ € (0,0.5) such that

c < inf P(D;(a) = 1|S; = s, X; = x)
a=0,1,5€S,x€ Supp(X)
< sup P(D;(a) =1|S;=s,X;=2)<1—c.
a=0,1,s5€S,x€ Supp(X)

(vi) Let £, be a sequence that diverges to infinity. Then there exist two constants k1 and

ko such that with probability approaching one,

T 1 Rl
v <na(s) Ziela(s) \Ilivn‘lji,n> v

0<r < inf 5
a=0,1,5€8,|[v]|o<hntn l|v||3
N (n_a1(s> 2 i) ‘I’nq’w !
< sup 5 < Rg < 00,
a=0,1,5€8,||v||0<hnln |v]]3
and
T TRV
v E|W,, U |S;,=s|v
0<r < inf (Vi “"2‘ =]
a=0,1,5€S,|[v]|o<hnln l|v||3
T VIRV
v E WU |S;, =s|v
< sup [Yin Z’”Q‘ 0= 3] < Ky < 00.
a=0,1,5€8,||v||o<hntln [[v]]3

(vii) For a = 0,1, let 0n,4(s) = c\/na(s)Fy" (1 =1/ [palog(na(s))]) where Fy(-) is the

standard normal CDF and ¢ > 0 is a constant.
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Assumption 8 is standard in the literature and we refer interested readers to Belloni,

Chernozhukov, Ferndndez-Val, and Hansen (2017) for more discussion.

Theorem 5.6. Suppose Assumptions 1 and 8 hold. Then {ji’(a,s, X;)}v=p va=01.scs
defined in (5.16) and °(a,s, X) = u’(a, s, X) satisfy Assumption 3. All the results in

Theorem 3.1(1)-(ii) hold for 7r. In addition, T achieves the SEB.

Due to the approximate sparsity, the Lasso method consistently estimates the correct

specification, which explains why the corresponding estimator can achieve the SEB.

6 Simulations

6.1 Data Generating Processes

Three data generating processes (DGPs) are used to assess the finite sample performance

of the estimation and inference methods introduced in the paper. Suppose that

Y;(d) = Qgq + Oé(XZ', Zl) + 5d+1,i> d = O, 1, DZ(O) = 1{b0 -+ ’Y(Xl, Zl) > 608371'},

D (1) 1{b1 -+ ’)/(Xz, Z,L) > C184ﬂ'} if DZ(O) = O,
1 otherwise,

D; = D;(1)A; + D;(0)(1 — A;), and Y; = Y;(1)D; + Y;(0)(1 — D;),

where {X;, Z; }icpnps (-, +), {ai, bi, ¢ im0 and {€;,}jepa),icpn) are specified as follows.

(i) Let Z; be ii.d. according to standardized Beta(2,2), S; = Z?:l 1{Z; < g;}, and
(91,92, 93,91) = (—0.251/20,0,0.25v/20,0.5v/20). X; := (X14, X2,)', where Xy
follows a uniform distribution on [—2,2], X5, :== Z;+ N (0, 1), and X;; and X, ; are

independent. Further define
a(Xi, Z;) = 0.7X7, + Xoy +4Z;, (X, Z;) = 0.5X7, — 0.5X5, — 0.527,
ar = 2,a0 = 1,by = 1.3,by = —1,¢1 = ¢y = 3, and (£1,€9.,3,4,644) £ N(0,3),
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where

1 0.5 0.5> 0.5
0.5 1 0.5 0.5?
Y
0.52 0.5 1 0.5
0.5° 0.52 05 1

(ii) Let Z bei.i.d. according to uniform[—2,2], S; = Z?:l 1{Z; <g;},and (g1, g2, g3, g4) =
(=1,0,1,2). Let X; := (X;;, Xo,)", where X, follows a uniform distribution on
[—2,2], Xy, follows a standard normal distribution, and X;; and X5 ; are indepen-

dent. Further, define
(X, Z;) = 08X Xoy+ Z7 + Z; - X1y, v(Xi, Z;) = 0.5X7, — 0.5X3, — 0527,

ay = 2,@0 = 1,b1 = 1,b0 = —1701 = Cy = 3, and (51,i7€2,i763,i754,i)T are defined in

DGP(i).

(iii) Let Z be ii.d. according to standardized Beta(2, 2), S; = 2?:1 {Z < g},

and (g1, g2, g3, 94) = (—0.25+/20, 0, 0.25v/20,0.5v/20). Let X; := (X1, -+, Xa04) ',

where X N (020%1, 2) where Q is the Toeplitz matrix

1 0.5 0.52 0.5
0.5 1 0.5 0.518
Q=105 05 1 0.57
0.519 0.5 057 ... 1

Further define a(X;, Z;) = iozl XiiBr + Ziy, v(X, Z;) =

Br = V6/k* and v, = —2/k%. Moreover, a; = 2,a9 = 1,by = 2,by = —1,¢; = ¢y =

o X — Z;, with

V7, and (1.4, €94, €34,€44) " are defined in DGP(i).

For each data generating process, we consider the four randomization schemes (SRS,
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WEI, BCD, SBR) defined as in Examples 1-4 in Appendix S.A, respectively. Specifically,
for WEI and BCD, we set f(x) = (1 —x)/2 and A = 0.75, respectively.

We compute the true LATE effect 7y using Monte Carlo simulations, with sample size
being 10,000 and the number of Monte Carlo simulations being 1,000. We gauge the size
and power of various tests by testing the hypotheses Hy : 7 = 79 and Hy : 7 = 19 + 1,
respectively. All the tests are carried out at 5% level of significance, and with the number

of Monte Carlo simulations being 10,000.

6.2 Estimators for Comparison

For DGPs(i)-(ii), we consider the following estimators.

(i) NA: the fully saturated estimator by Bugni and Gao (2023), which is equivalent to

setting ji’(a, s,z) = ji’(a,s,2) =0 for b= D,Y, a = 0,1, all s and all x.

(ii) TSLS: 7rsps defined in Section 2.4. We use the usual IV heteroskedasticity-robust

standard error (i.e., 07518 naive/v/n) for inference.

(iii) L: the optimal linear estimator with ¥;; = X; and the pseudo true values being

estimated by égs and Bcfs defined in (5.5).

(iv) S: Ansel et al.’s (2018) S estimator with X; as regressor. We use the standard
error of the S estimator (i.e., 6g/y/n; see Section S.B of the Online Supplement for

details) for inference.

(v) NL: the nonlinear (logistic) estimator with ¥, ; = X, and the pseudo true values

being estimated by égSLS and B(%LE defined in (5.9).

(vi) F: the further efficiency improving estimator with ¥, ; = X;, and the pseudo true

values being estimated by éf s and Bf . defined in (5.14).

(vii) NP: the nonparametric estimator outlined in Section S.C of the Online Supplement.

The following 9 bases of a spline of order 3 are chosen as the sieve regressors:

‘I’zn = (1, X1, X2,i7X12,i7X227i:X1,i1{X1,i >t} Xo i 1{Xs,; > ta}, X1, X0,
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T
Xl,il{Xl,i > tl}XQ’il{Xgﬂ‘ > tg}) s (61)

where ¢; and t, are the sample medians of { X1 ;}ie(n) and {Xo; }iep), respectively.'

The adjustments are computed as in (S.C.1) of the Online Supplement.

(viii) SNP: Ansel et al.’s (2018) S estimator with W;,, defined in (6.1) as regressor. We
use the standard error of the S estimator (i.e., 5/1/n; see Section S.B of the Online

Supplement for details) for inference.

(ix) R:aregularized estimator. The nonparametric estimator outlined in Section S.C of
the Online Supplement might not have a good size when the sample size is small,
so we propose to use Lasso to select the sieve regressors. The sieves regressors
U;, are the same as in (6.1). The adjustments are computed as in (5.16). The
tuning parameter is chosen as: 0,4(s) = 1.1y/n4(s) Fy' (1 — 1/(p, log(na(s)))). We
compute the data-driven penalty loading matrices QY and OP following the iterative

procedure proposed by Belloni et al. (2017).1

For DGP(iii), we consider the estimator with no adjustments (NA), and the lasso
estimators 0%, and Bﬁs defined in (5.16) with \Ifm =(1,v/ )" =(1,X])". The tuning

a,s

parameters are choosing as: 0,.4(8) = 1.1y/n4(s) Fx' (1 — 1/(p, log(na(s)))).

6.3 Simulation Results

Tables 2-4 present the empirical sizes and powers of the true null Hy : 7 = 79 and false
null Hy : 7 = 79 + 1 under DGPs (i)-(iii), respectively. We also report the ratio of
the median length of the confidence intervals of a particular estimator to that of the
NA estimator is in the corresponding bracket. Note that none of the working models
in DGPs (i)-(iii) is correctly specified. Consider DGP (i). When n = 200, both the
NA and TSLS estimators are slightly under-sized. Both the NP and SNP estimators are

oversized because the numbers of sieve regressors are relatively large compared to the

13The formal definition of spline is given in Section S.D of the Online Supplement.
4Matlab code provided by Belloni et al. (2017) and the R package “hdm” provide a built-in option for
this iterative procedure.
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sample size, while the R estimator has the correct size thanks to the Lasso selection of
the sieve regressors. The L estimator performs the same as the S estimator. All other
estimators have sizes close to the nominal level of 5%. This confirms that our estimation

and inference procedures are robust to misspecification.
[Insert Table 2 here.|

In terms of power, the NA estimator has the lowest power, corroborating the belief that
one should carry out the regression adjustment whenever covariates correlate with the
potential outcomes. The powers of the other estimators are much higher. In particular,
the power of the F estimator is higher than those of the NA, TSLS, L., and NL estimators,
which is consistent with our theory that the F estimator is weakly more efficient than those
estimators. The NP, SNP, and R estimators enjoy the highest powers as a nonparametric
model could approximate the true specification very well. The NP and SNP estimators
have more size distortions than the R estimator when the sample size is 200. When
the sample size is increased to 400, virtually all the sizes and powers of the estimators

improve, and all the observations continue to hold.
[Insert Table 3 here.]

We also report the ratio of the median length of the confidence intervals of a partic-
ular estimator to that of the NA estimator in the corresponding parentheses. Generally
speaking, the confidence intervals of the TSLS and adjusted estimators (L, NL, F, NP,
and R) are 20%-30% shorter, in terms of the median, than that of the NA estimator.

Most observations uncovered in DGP (i) carry forward to DGP (ii). Two new patterns
emerge. First, the powers of the L, S, NL, F, NP, SNP, and R estimators are much higher
than those of the NA and TSLS estimators. Second, the ratio of the median length of
the confidence intervals of the TSLS estimator is as wide as that of the NA estimator,
whereas the confidence intervals of the adjusted estimators (L, NL, F, NP, and R) become
25%-40% shorter, in terms of the median, than that of the NA estimator. This is probably
because the true specifications for Y;(a) become more nonlinear.

We now consider DGP (iii). In this setting, only the NA and R estimators are feasible.
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When n = 200, both estimators have the correct sizes but the R estimator has consid-
erably higher power. When n = 400, the sizes of these two estimators remain relatively
unchanged, while their powers improve with a diverging gap. The confidence intervals
of the R estimator are 60%-65% shorter, in terms of the median, than that of the NA

estimator.
[Insert Table 4 here.]

In Section S.R of the Online Supplement, we simulate data with heterogeneous {7 (s)}.
We find that all estimators except TSLS have their empirical rejection rates close to the
nominal size of 5% under the null. TSLS, on the other hand, has around 15% rejection
rate when n = 1200. This indicates the TSLS estimator can be inconsistent when {7 (s)}

are heterogeneous, in line with Theorem 2.1.

6.4 Practical Recommendation

If researchers want to use parametric adjustments without tuning parameters, we recom-
mend the F estimator, which is guaranteed to be weakly more efficient than TSLS, L,
and NL estimators. Regressors W, ; can include linear, quadratic and interaction terms
of the original covariates. If researchers want to achieve the SEB by using sieve bases
and/or the dimension of covariates is high relative to the sample size, we recommend the
R estimator. In general, the F and R estimators tend to have similar size, but the R

estimator tends to have better power.

7 Empirical Application

Banking the unbanked is considered to be the first step toward broader financial inclusion
— the focus of the World Bank’s Universal Financial Access 2020 initiative.!® In a field
experiment with a CAR design, Dupas et al. (2018) examined the impact of expanding

access to basic saving accounts for rural households living in three countries: Uganda,

https:/ /www.worldbank.org/en/topic/financialinclusion /brief/achieving-universal-financial-access-
by-2020
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Malawi, and Chile. In particular, apart from the intent-to-treat effects for the whole
sample, they also studied the local average treatment effects for the households who
actively used the accounts. This section presents an application of our regression adjusted
estimators to the same dataset to examine the LATEs of opening bank accounts on savings
balance— a central outcome of interest in their study.

We focus on the experiment conducted in Uganda. The sample consists of 2,160
households who were randomized with a CAR design. Specifically, within each of 41
strata formed by gender, occupation, and bank branch, half of households were randomly
allocated to the treatment group, the other half to the control one. Households in the
treatment group were then offered a voucher to open bank accounts with no financial
costs. However, not every treated household ever opened and used the saving accounts
for deposit. In fact, among those households with treatment assignment, only 41.87%
of them opened the accounts and made at least one deposit within 2 years. Subject
compliance is therefore imperfect in this experiment.

The randomization design apparently satisfies statements (i), (ii) and (iii) of Assump-

tion 1. The target fraction of treatment assignment is 1/2. Because max,cs |i’zg)\ R

0.056, it is plausible to claim that Assumption 1(iv) is also satisfied. Since households
in the control group need to pay for the fees of opening accounts while the treated ones
bear no financial costs, no-defiers statement in Assumption 1(v) holds plausibly in this
case.

One of the key analyses in Dupas et al. (2018) is to estimate the treatment effects on
savings for active users — households who actually opened the accounts and made at least
one deposit within 2 years. We follow their footprints to estimate the same LATEs at
savings balance.'® To maintain comparability, for each outcome variable, we also keep X

similar to those used in Dupas et al. (2018) for our adjusted estimators.!” Due to the low

16Savings balance includes savings in formal financial intuitions, mobile money, cash at home or in
secret place, savings in ROSCA/VSLA, savings with friends/family, other cash savings, total formal
savings, total informal savings, and total savings (See Dupas et al. (2018) for details). We use data
from the first follow-up survey and exclude other cash savings because only 2% of the households in the
sample reported having it.

1"The description of these estimators is similar to that in Section 6. Except for savings in formal
financial institutions, mobile money, and total formal savings, X; includes baseline value for the outcome
of interest, baseline value of total income, and a dummy for missing observations. For savings in formal
financial institutions, mobile money, and total formal savings, since their baseline values are all zero, we
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dimension of covariates used in the regression adjustments, we focus on the performance
of the methods “NA”, “TSLS”, “L”, “NL”, and “F”.

Table 5 presents the LATE estimates and their standard errors (in parentheses) es-
timated by these methods.'® These results lead to four observations. First, consistent
with the theoretical and simulation results, the standard errors for the LATE estimates
with regression adjustments are lower than those without adjustments. This observation
holds for all the outcome variables and all the regression adjustment methods. Over
the eight outcome variables, the standard errors estimated by regression adjustments are
on average around 8% lower than those without adjustment. In particular, when the
outcome variable is total informal savings, the standard errors obtained via the further
improvement adjustment — “F” method is about 18% lower than those without adjust-
ment. This means that regression adjustments, with the similar covariates used in Dupas

et al. (2018), can achieve sizable efficiency gains in estimating the LATEs.
[Insert Table 5 here.]

Second, the standard errors for the regression-adjusted LATE estimates are mostly
lower than those obtained by the usual TSLS procedure. Especially, when the outcome
variables are mobile money and total informal savings, the standard errors obtained via
“F” method are about 7.1% and 5%, respectively, lower than those by TSLS. When the
outcome variable is savings in friends/family, the standard error estimated by the optimal
linear adjustment — “L” method is around 6.7% lower than that obtained by TSLS.
This means that, compared with our regression-adjusted methods, TSLS is generally less
efficient to estimate the LATEs under CAR.

Third, the standard errors for the LATE estimates with regression adjustments are
similar in terms of magnitude. This implies that all the regression adjustments achieve
similar efficiency gain in this case.

Finally, as in Dupas et al. (2018), for the households who actively use bank accounts,

set X; as the baseline value of total savings, baseline value of total income, and a dummy for missing
observations.

18For each outcome variable, we filter out the observations with missing values of outcome variables
or the strata with less than 10 observations. The total trimmed observations are less than 10% of the
whole sample in Dupas et al. (2018)).
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we find that reducing the cost of opening a bank account can significantly increase their
savings in formal institutions. We also observe the evidence of crowd-out — mainly moving

cash from saving at home to saving in bank.
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Table 1: Empirical Papers Using CARs with Imperfect Compliance

Journal Method Covariates Strata fixed effects
Royer et al. (2015) AEJ: Applied  TSLS Yes Yes
Atkin et al. (2017) QJE TSLS Yes Yes
Dupas et al. (2018) AEJ: Applied  TSLS Yes Yes
Marx and Turner (2019) AEJ: Policy  TSLS Yes Yes
Jha and Shayo (2019) Econometrica ~ TSLS Yes Yes
Himmler et al. (2019) AEJ: Applied  TSLS Yes Yes
Bolhaar et al. (2019) AEJ: Applied  TSLS Yes Yes
Davis and Heller (2020) ReStat TSLS Yes Yes
Beam and Quimbo (2021) ReStat TSLS Yes Yes
Okunogbe and Pouliquen (2022) AEJ: Policy = TSLS Yes Yes

\ TSLS |

~o_-7

’

Figure 1: Efficiency of Various LATE Estimators (from the most efficient to the least).
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Table 2: Size and Power for DGP(i)

n = 200 n = 400
Methods SRS WEI BCD SBR SRS WEI BCD SBR
Size
NA 0.035 0.031 0.031 0.034 0.046 0.043 0.042 0.039
TSLS 0.036 0.034 0.032 0.038 0.045 0.040 0.044 0.042
[77.8%] [78.0%] [77.6%] [77.8%] [78.0%] [77.9%] [77.8%] [78.0%]
L 0.044 0.041 0.041 0.045 0.048 0.044 0.047 0.047
[76.6%] [76.6%] [76.5%] [76.5%] [77.3%] [77.1%] [77.2%)] [77.4%]
S 0.044 0.041 0.041 0.045 0.048 0.044 0.047 0.047
[76.6%] [76.6%] [76.5%] [76.5%] [77.3%] [77.1%] [77.2%)] [77.4%]
NL 0.044 0.042 0.040 0.045 0.049 0.045 0.047 0.047
[77.5%] [77.3%] [77.2%] [77.2%] [77.6%] [77.5%] [77.5%] [77.6%]
F 0.054 0.052 0.049 0.053 0.054 0.048 0.052 0.050
(74.7%])  [74.9%] [74.6%] [74.5%] [75.4%] [75.3%] [75.3%] [75.6%]
NP 0.109 0.094 0.091 0.090 0.073 0.062 0.067 0.062
[81.6%] [80.5%] [79.5%] [79.0%] [69.3%] [69.4%] [69.5%] [69.4%]
SNP 0.100 0.091 0.090 0.085 0.070 0.061 0.063 0.060
(73.2%] [72.3%] [72.0%] [71.8%] [68.0%] [67.9%] [68.1%] [68.0%]
R 0.053 0.050 0.049 0.055 0.057 0.049 0.051 0.047
[70.6%] [70.3%)] [70.1%] [70.1%] [69.5%] [69.5%] [69.5%] [69.6%]
Power

NA 0.170 0.169 0.170 0.170 0.293 0.289 0.291 0.294
TSLS 0.260 0.254 0.260 0.255 0.430 0.433 0.443 0.436
[77.8%] [78.0%] [77.6%] [77.8%] [78.0%] [77.9%] [77.8%] [78.0%]

L 0.274 0.264 0.273 0.268 0.439 0.440 0.447 0.444
[76.6%] [76.6%] [76.5%] [76.5%] [77.3%] [771%] [77.2%)] [77.4%]

S 0.274 0.264 0.273 0.268 0.439 0.440 0.447 0.444
[76.6%] [76.6%] [76.5%] [76.5%] [77.3%] [771%] [77.2%] [77.4%]

NL 0.268 0.257 0.267 0.261 0.434 0.435 0.443 0.439
[77.5%] [77.3%] [77.2%] [77.2%] [77.6%] [77.5%] [77.5%] [77.6%]

F 0.299 0.292 0.296 0.293 0.460 0.454 0.466 0.463
(74.7%])  [74.9%)] [74.6%] [74.5%] [75.4%] [75.3%] [75.3%] [75.6%]

NP 0.299 0.284 0.289 0.280 0.509 0.506 0.510 0.509
[81.6%] [80.5%] [79.5%] [79.0%] [69.3%] [69.4%] [69.5%] [69.4%]

SNP 0.344 0.331 0.340 0.333 0.532 0.526 0.533 0.532
[73.2%] [72.3%] [72.0%] [71.8%] [68.0%] [67.9%] [68.1%] [68.0%]

R 0.325 0.315 0.325 0.321 0.516 0.517 0.514 0.516
[70.6%] [70.3%] [70.1%] [70.1%] [69.5%] [69.5%] [69.5%] [69.6%]
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Table 3: Size and Power for DGP(ii)

n = 200 n = 400

Methods SRS WEI BCD SBR SRS WEI BCD SBR
Size
NA 0.033 0.031 0.029 0.030 0.045 0.042 0.043 0.041
TSLS 0.035 0.033 0.031 0.033 0.045 0.044 0.045 0.040
[99.5%] [99.4%] [99.6%] [99.4%] [99.8%] [99.8%] [99.8%] [99.7%]
L 0.044 0.040 0.044 0.038 0.049 0.047 0.046 0.046
[74.7%] [74.5%] [74.8%] [74.6%] [75.5%] [75.6%] [75.6%] [75.5%]
S 0.044 0.040 0.044 0.038 0.049 0.047 0.046 0.046
(74.7%])  [74.5%] [74.8%] [74.6%] [75.5%] [75.6%] [75.6%] [75.5%]
NL 0.043 0.039 0.042 0.037 0.049 0.047 0.046 0.046
[75.3%] [75.1%)] [75.5%] [75.2%] [75.7%] [75.8%] [75.8%] [75.6%]
F 0.052 0.047 0.048 0.043 0.050 0.049 0.051 0.049
[70.2%] [69.7%)] [70.3%] [70.4%] [70.8%] [70.8%] [70.9%] [70.7%]
NP 0.100 0.084 0.087 0.079 0.062 0.063 0.065 0.062
69.2%] [67.7%] [67.3%] [67.7%] [60.4%] [60.3%] [60.4%] [60.5%]
SNP 0.098 0.084 0.085 0.079 0.061 0.064 0.064 0.063
63.7%] [62.8%] [63.0%] [62.8%] [59.7%] [59.8%] [59.7%]| [59.8%]
R 0.055 0.051 0.049 0.049 0.052 0.051 0.048 0.045
63.3%] [62.8%] [63.2%] [63.0%] [62.1%] [62.1%] [62.2%)] [62.0%]
Power
NA 0.202 0.208 0.208 0.206 0.350 0.351 0.351 0.345
TSLS 0.204 0.212 0.211 0.210 0.353 0.352 0.354 0.346
[99.5%] [99.4%] [99.6%] [99.4%] [99.8%] [99.8%] [99.8%] [99.7%]
L 0.334 0.331 0.342 0.340 0.512 0.526 0.524 0.516
[74.7%])  [74.5%)] [74.8%] [74.6%] [75.5%] [75.6%] [75.6%] [75.5%]
S 0.334 0.331 0.342 0.340 0.512 0.526 0.524 0.516
(74.7%)  [74.5%)] [74.8%] [74.6%] [75.5%] [75.6%] [75.6%] [75.5%]
NL 0.327 0.324 0.335 0.333 0.510 0.523 0.523 0.515
[75.3%] [75.1%)] [75.5%] [75.2%] [75.7%] [75.8%] [75.8%] [75.6%]
F 0.372 0.374 0.379 0.375 0.562 0.568 0.566 0.561
[70.2%] [69.7%)] [70.3%] [70.4%] [70.8%] [70.8%] [70.9%] [70.7%]
NP 0.378 0.381 0.387 0.386 0.649 0.663 0.653 0.655
69.2%] [67.7%] [67.3%] [67.7%] [60.4%] [60.3%] [60.4%] [60.5%]
SNP 0.431 0.443 0.442 0.440 0.663 0.676 0.668 0.668
63.7%] [62.8%] [63.0%] [62.8%] [59.7%] [59.8%] [59.7%]| [59.8%]
R 0.419 0.429 0.431 0.432 0.644 0.661 0.657 0.648
63.3%] [62.8%] [63.2%] [63.0%] [62.1%] [62.1%] [62.2%] [62.0%]
Table 4: Size and Power for DGP (iii)
n = 200 n = 400
Methods SRS WEI BCD SBR SRS WEI BCD SBR
Size
NA 0.046 0.043 0.046 0.048 0.046 0.047 0.045 0.047
R 0.064 0.058 0.061 0.060 0.057 0.061 0.058 0.060
P 37.2%] [36.9%] [36.7%] [36.8%] [34.4%] [34.4%] [34.5%] [34.5%]
ower
NA 0.173 0.170 0.171 0.177 0.233 0.238 0.235 0.239
R 0.516 0.524 0.533 0.534 0.811 0.815 0.817 0.815
[37.2%] [36.9%] [36.7%] [36.8%] [34.4%] [34.4%] [34.5%] [34.5%]
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Table 5: Impacts on Saving Stocks in 2010 US Dollars

Y n NA TSLS L NL F
Formal 1968 20.558 21.154 22.160 22.196 22.743
fin. inst. i3.067f i3.015f i2.965f %2.97(? i2.942f

0.000 0.000 0.000 0.000 0.000
Mobile 1972 -0.208 20.174 20.291 -0.292 20.302
0.223 0.224 0.212 0.213 0.208
0.352 0.439 0.169 0.169 0.147
Total 1966 20.399 21.097 21.924 21.986 22,335
formal &3.089? i3.034f i2.979f &2.994? i2.956f
0.000 0.000 0.000 0.000 0.000
Cash at 1971 -10.826 ~7.456 -9.004 -8.904 -8.373
home 5.003 4.404 4.401 4.355 4.354
io.o:aof io.ogof i0.041f io.ozuf i0.054f
ROSCA/ 1975 -1.933 -2.333 -1.242 -1.255 0.651
VSLA 1.971 1.855? &1'791? %1.812? i1.940f
0.327 0.209 0.489 0.488 0.737
Friends/ 1974 -3.621 -3.346 ~1.428 -1.536 -2.067
family 2.040 1.999f 1.866 2.015 2‘0422
0.076 0.094 0.444 0.446 0.311
Total 1960 17.643  -14317  -15.665  -15.693  -14.137
informal i6.200f i5.351f i5.185f %5.196? i5.082f
0.004 0.007 0.003 0.003 0.005
Total 1952 2.787 7.153 7.169 7.193 8.962
savings 7.290 6.368 6.197 6.218 6.142
%0.702? io.sz io.247f %0.247? io.145f

Notes: The table reports the LATE estimates of opening bank accounts on saving stocks.

NA, TSLS, L, NL, and F stand for the no-adjustment, TSLS, optimal linear, nonlinear

(logistic), and further efficiency improvement, respectively. n is the number of households.
Standard errors are in parentheses. P-values are in square brackets.

45



Online Supplement for “Improving Estimation Efficiency
via Regression-Adjustment in Covariate-Adaptive

Randomizations with Imperfect Compliance”*

Liang Jiang!  Oliver B. Linton! = Haihan Tang®  Yichong Zhang?

October 25, 2023

Abstract

Section S.A contains four commonly used Covariate-adaptive treatment assignment
rules. Section S.B considers the S estimator proposed by Ansel, Hong, and Li (2018).
We then examine the efficiency of 7 in the context of nonparametric adjustments in
Section S.C. Section S.D provides the implementation details for sieve and Lasso regres-
sions. Section S.E briefly discusses the regression adjustment under full compliance.
Sections S.F—S.P prove Theorems 2.1-5.6, and S.B.1, respectively. Section S.Q collects
technical lemmas used in the Proof of Theorem 3.1. Section S.R provides an additional
simulation to demonstrate that when {m(s)} are heterogeneous, the TSLS estimator

could be inconsistent.

*We are grateful to Federico Bugni for his comments. Yichong Zhang acknowledges the financial support
from Singapore Ministry of Education Tier 2 grant under grant MOE2018-T2-2-169, the NSFC under the
grant No. 72133002, and a Lee Kong Chian fellowship. Any and all errors are our own.

tFudan University. E-mail address: jiangliang@fudan.edu.cn.

tUniversity of Cambridge. E-mail address: obl20@cam.ac.uk.

$Fudan University. E-mail address: hhtang@fudan.edu.cn.

ISingapore Management University. E-mail address: yczhang@smu.edu.sg.



S.A Covariate-Adaptive Treatment Assignment Rules

Example 1 (SRS). Let Ay be a Bernoulli random variable, independent of {S;}i_, 4. and
{AZL with success rate w(s) when Sy = s for k=1,...,n. That is,

P <Ak — 1{S}, {A; f;f) = P(Ay = 1|S}) = 7(Si).

Example 2 (WEI). This design was first proposed by Wei (1978). Let ng_1(Sy) = Zf;ll 1{S; =

Sk} Biea(Sk) = i) (As = 5) 1{Si = Sk}, and
(=it 0) = /()

where f(-) : [=1,1] + [0,1] is a pre-specified non-increasing function satisfying f(—x) =
1 — f(x). Here, BO(Sll and By(S1) are understood to be zero.

nO

Example 3 (BCD). The treatment status is determined sequentially for 1 < k <n as

if Br_1(Sk) =0
if Br—1(Sk) <0
— A if Bea(S) > 0,

P (A = 1{SHE, {Ad) =

o > NI

where By,_1(s) is defined as above and 3 < A < 1.

Example 4 (SBR). For each stratum, |mw(s)n(s)| units are assigned to treatment and the

rest are assigned to control.

S.B The S Estimator in Ansel et al. (2018)

Ansel et al. (2018) propose a LATE estimator adjusted with extra covariates. It takes the

form

po e P ses P8) (s — B0 + (01, — 76) T Xy)
S s DGR — 38 + (72— #2)TX,)’

where p(s) = n(s)/n, X, = - S) > ici Xil{Si = s}, and (X, 4L oY 0P) for a = 0,1 are

the estimated coefficients of the four sets of stratum-specific regressions using only the s
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stratum:

(1—A)Yi=(1—A) (e + X v e, AYi= A, + X vl +el)
(1—A)D;i =1 —A)E + X vl +eb)), AiDi= A2+ X[vh 4+ eb).

Interpret (Y2g,,95%.. Vas.. Uy ) for a = 0,1 as the estimated coefficients of the four sets of
stratum-specific regressions using only the .S; stratum.

Under Assumption 1 and Assumption 2 of our paper, Ansel et al. (2018) show that
Tg is a consistent estimator of 7, asymptotically normal, and the most efficient among the
estimators studied in their paper (m(s) can be heterogenous across strata). To define the
explicit expression for the asymptotic variance of 7g, denoted as 0%, we need to introduce
addition notation. For s € S, let X = X; — E(X;|S; = s),

pis; (1) —Y;(Di(l))_f(éj)ﬁ X + X (g —vs))
pis (0) = TPV DO T 2

In addition, define

Y, — DiTg — XTuls

pis; (1) == #(S)) + XT<V1$’ - ﬁéfSD)
R Y, — Dits — X[ g, . 5
Pis; (0) = 1— T(S) . - XT(V%/SD - VSTS’D>



i€[n] € (S:)
1 1 2
5= u—Anham @%@]
" em] no(Si) el
1€n 0(5’1)
X 1 1 ) 1 ) 2
=S (g & D) - s 3 (- 7D)
n - ni(S;) “—~ no(S;)
i€[n] JeI1(Sy) J€Io(S:)
5 0%1 + 050+ 0%
. N N ~ ~ ~ = 2
(Pses P(s) (A = AR + (08 — D) T Xy))
where 0}’ 1= DYg — Tgily for a =0, 1.

Theorem S.B.1. Suppose Assumptions 1 and 2 hold. Then,
(1)

s 0%+ 0%+ 08
7 = B0 - DO (5.8

(i1)
6i 5 ol

It can be shown that o2, > o2 for a = 0,1 and o%, = g3, where the inequalities are
strict except special cases such as E(Y;(D;(a)) — D;(a)7|X;, S; = s) is linear in X;, and o?
for a = 0,1,2 are defined in Theorem 4.1. This implies in general, the S estimator is not

semiparametrically most efficient.

Theorem S.B.2. Suppose that Assumptions 1 and 2 hold. Moreover, suppose that 7(s) is

the same across s € 8. Then Tg is more efficient than Trsrs in the sense that 0% < U%SLS.

Theorem S.B.2 could be deduced from Theorem 5.3. Both 7rgrs and 7g¢ use linear
adjustments of X;, but Theorem S.B.2 states that 7g is more efficient than 7rgrs. In the
discussion following Theorem 5.3, we further show that 7¢ achieves the minimum asymptotic
variance among the class of estimators with linear adjustments. On the other hand, nonlinear

adjustments may be more efficient than the optimal linear adjustment.



S.C Nonparametric Adjustments

In this section, we consider the nonparametric regression as the adjustments for our LATE
estimator. Specifically, we use linear and logistic sieve regressions to estimate the true spec-
ifications u¥ (a, s, X;) and pP(a, s, X;), respectively. For implementation, the nonparametric
adjustments are exactly the same as nonlinear (logistic) adjustments studied in Section 5.1.2.
Theoretically, we will let the regressors \I/ZS in (5.8) be sieve basis functions whose dimensions
will diverge to infinity as the sample size increases. For notational simplicity, we suppress
the subscript s and denote the sieve regressors as \Ifm € " where the dimension h,, can
diverge with the sample size. The corresponding feasible regression adjustments are

i (a5, X;) = ULANY and iP(a,s,X,) = N(B],B07), (5.C.1)

N a,s

where

Z\pm ) ( Z\me,) and

ZEI zeI

éas_(

VP _ arg max 3 S [Ditos(A¥],0) + (1~ D) log(1 — ACE],D)]

a,s

We finally denote the corresponding adjusted LATE estimator as Typ.

Assumption S.C.1. (i) There exist constants 0 < ¢ < C' < oo such that with probability

approaching one,

CS mln( Z\Ijzn )S max(

zel (s)

Z\I/m )SC’ and

ZEI
¢ < Amin (E[quqﬂ 1S, = s]) < Ao (E[\pmqﬁ 1S, = s]> <C.

(i) For a = 0,1, there exist h, x 1 vectors 0)F and B such that for

llS

nnoa,s

Ry(a, z) :=E [Yi(Di(a))|S; = 5, X; = 2] — Ul oNP and
=P (Di(a) = 1|S; = 5, X, = x) — \(¥],BND),



we have Supa:0,17bE{D7Y},SES,:L‘ESupp(X) |Rb(a7 8y JZ)| - Op(]‘)’

sup L Z (Rb(a,s,Xi))2 =0, (hn 10gn) . and

a=0,1,be{D,Y },s€S,z€Supp(X) na(s) i€la(s) n

sup E [(Rb(a,s,Xi))2|Si:s} ~0 (h”bg")

a=0,1,be{D,Y },s€S n

(i1i) For a = 0,1, there exists a constant ¢ € (0,0.5) such that

c< inf P (Di(a) =18 =s,X; = x)
a=0,1,s€S,2€Supp(X)
< sup P(Di(a) =1|S; =5, X, =2) <1—c.

a=0,1,5€S,x€Supp(X)

(iv) Suppose that If_?,[\lffmﬁSZ = s] < C for some constant C > 0, where \I/mk, denotes

the kth element of W, ,,. MAX; ] [ Winllo < C(hn) a.s., where C(-) is a deterministic

increasing function satisfying C*(hy)hn logn = o(n). Also h? log*n = o(n).

Assumption S.C.1 is standard for linear and logistic sieve regressions. We refer to Hirano,
Imbens, and Ridder (2003) and Chen (2007) for more discussions. The quantity ((h,) in
Assumption S.C.1(iv) depends on the choice of basis functions. For example, ((h,) = O(hqlz/ 2)
for splines and ((h,,) = O(h,,) for power series.

Theorem S.C.1. Suppose Assumptions 1 and S.C.1 hold. Then {ji(a, s, X;) }o=D.v.a=01.scs
defined in (S.C.1) with °(a,s,X) = p’(a,s, X) satisfy Assumption 3. All the results in
Theorem 3.1(1)-(ii) hold for Txp. In addition, Txp achieves the SEB.

The nonlinear (logistic) and nonparametric adjustments are numerically identical if the
same set of regressors are used. Theorem S.C.1 then shows that the nonlinear (logistic)
adjustment with technical regressors performs well because it can closely approximate the
correct specification. Under the asymptotic framework that the dimension of the regressors
diverges to infinity and the approximation error converges to zero, the nonlinear (logistic)
adjustment can be viewed as the nonparametric adjustment, which achieves the SEB. In
fact, if we estimate both u¥ (a, s, X) and u”(a, s, X) by linear sieve regressions, under similar
conditions to Assumption S.C.1, we can show that such an adjusted estimator also achieves
the SEB. So does Ansel et al.’s (2018) S estimator when their X; is replaced by sieve bases of

X, because it is asymptotically equivalent to our estimator L with optimal linear adjustment.
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S.D Implementation Details for Sieve and Lasso Re-

gressions

Sieve regressions. We provide more details on the sieve basis. Recall \Ifm = (byn(x), s bp,n(z)7,
where {by (-) }rejn,) are hy, basis functions of a linear sieve space, denoted as B. Given that all
the elements of vector X are continuously distributed, the sieve space B can be constructed

as follows.

1. For each element X® of X, [ =1,---,d,, where d, denotes the dimension of vector
X, let B; be the univariate sieve space of dimension .J,,. One example of B; is the linear

span of the J,, dimensional polynomials given by

JIn
B, = {Z gzt € Supp(X(l)),ak € R};

k=0

Another example is the linear span of r-order splines with J,, nodes given by
r—1 JIn
B = {Z ozt + " bjlmax(z — t;,0)]" ",z € Supp(X D), ay, b, € R},
k=0 j=1

where the grid —oo =1ty < t; < --- < t;, <ty 41 = oo partitions Supp(X(l)) into
Jp + 1 subsets I; = [t;,tj41) NSupp(X D), j =1, J, — 1, Iy = (to,t1) N Supp(X D),
and I, = (ts,,t,+1) N Supp(X?).

2. Let B be the tensor product of {Bl};lip which is defined as a linear space spanned by
the functions Hfil gi, where g, € B;. The dimension of B is then K = d,J, if B; is

spanned by J, dimensional polynomials.

We refer interested readers to Hirano et al. (2003) and Chen (2007) for more details

about the implementation of sieve estimation. Given the sieve basis, we can compute the
{[Lb(a, S, Xi)}a:O,l,b:D,Y,sES fOHOWiIlg (SCl)

Lasso regressions. We follow the estimation procedure and the choice of tuning parameter
proposed by Belloni, Chernozhukov, Fernandez-Val, and Hansen (2017). We provide details
below for completeness. Recall g,,.4(s) = c\/na(s)Fy' (1 —1/(p,log(na(s)))). We set ¢ = 1.1
following Belloni et al. (2017). We then implement the following algorithm to estimate éﬁs

and B[fsz



. Y0 o \2¢8 ~D,(0 =
(i) Let O'h( )= ﬁ(s) Dier s (Yi = Yos)? 07, and 6y, V= Dicra(s(Di = Dys)? ‘I’Zth

na(s)

for h € [p,], where Y, , = #(S) ZZEIE(S) Y; and D, , = #(S) Ziela(s) D;. Estimate

A -1 ] ? o (3) Y,(0)
95’80 = arg min (Yi — \Ifjnt) + =2 510) thl,
? na< ) Z ? na(s) Z

t S) .
1€14(s) he€[pn]
30 —argmin —— ) [Dilog(A(\i/Inb))+(1—Di) log(1 — A(¥; b))
b na(s) i€Ia(s)
Qna(5> ~D,(0)

: Ob,.

) 2 T

he[pn]

(ii) Fork=1,--- , K, obtain 6, * \/ D e (¥ Uy nél W2 where &)™ = y,— \Ifjnéfsk !
and 6" \/% D icm (¥ (008”2 where %) = D, — )\(\I/Tn 3I0k-1). Estimate

A —]_ ° 2 mn ~
Gﬁ,sk:argmin—) Z (Y;—\Iiznt) + @ a(s) Z Y, (k—1) !th!

£ (s i€l (s) 0 h€[pn]
~ -1 - -
f,sk — arg min Z [Di log(A(\I/an)) + (1= D;)log(1 — /\(\IllTnb))
b na(s) i€la(s)
On a(s) ~D,(k—1)
: ’ by |.
Fals) 2 T
h’e[pn]

(iii) Let 0, = 0&K and B, = BIK.

S.E Regression Adjustment under Full Compliance

In this section, we briefly discuss the regression adjustment under full compliance. We aim to
construct consistent and efficient estimators for the average treatment effect (ATE). Under
full compliance, we have D(a) = a for a = 0, 1 so that D = A. The estimator i”(a, s,z) = a

is correctly specified. Then, our proposed estimator of ATE is

1 Ai(Yi — 71,85, X)) (1 — A)(Yi — 27 (0,5, Xi))

- AV (1.8 X)) — oY X
(S) 1_7/%(52) +H’ ( 7S’L7 ’L) IUJ (07517 Z)

(S.E.1)



where [i¥ (a, s,2) is an estimator of the working model " (a, s, z).

The optimal linear adjustment is 2¥ (a, s, X;) = U] 06X where

4,87 a,s)

. 1 . . -1 1 )
L . T
ea,s = (na(s) Z \Ili,a,sq]i,a,s> (m Z \Di,ansy;) .
1€14(s) i€la(s)
We can show that such an adjustment achieves the minimal variance of the ATE estimator
that is adjusted by linear functions of W, ;.
Let \I/m contains sieve bases of X;. Then, the nonparametric adjustment can be written

as @Y (a, s, X;) = U NP where

iwn’a,s

A 1 .\ '/ 1 .
(a2 ) (5 )

1€l (s i€l4(s

Last, suppose \Ilm contains high-dimensional regressors of X;. Then, the regularized

adjustment can be written as 2 (a, s, X;) = UJ 8  where

in’a,s’

S (- 07+ 2 avy,

r R
0, =argmin ——

¢ na(s) T Na(5)
{0n.a(5)}azo,1,5es are tuning parameters, QY = diag(®], -+, @} ) is a diagonal matrix of

data-dependent penalty loadings as defined in Section S.D. Under similar conditions as in
Assumptions S.C.1 and 8, we can show that the ATE estimator with both the nonparametric

and regularized adjustments achieves the semiparametric efficiency bound.

S.F Proof of Theorem 2.1

52
We define 677 5 4ive 8

2 _ TraT o1 o 1-1|aT a-1
0TSLSnaive — €1 [SZ,XSZ,ZszvX] SZa ¢S )



where X; = (D;, {1{Si = s} }ses, X;' )" Zi = (A, {1{Si = s} }ses, Xi') T, S22 = %Zie[n] VAR
Szx = % Zie[n] Z; X" e is a vector Wlth its first element being one and the rest being zero,
& =Y, —TrspsDi — ) o Gsrsrs1{Si = s} — X, 0rsps, and (rsLs, s 1sLs, OrsLs) are the
usual TSLS estimators.

Next, we define 03575 and 07976 paive- Let X; = (X, {1{S; = 5} }ses) T,

2 2 2 2
Orsrso T 0rsnsy T 0rsrse T 0rsLs3

oTsLs = (E(D,(1) — Di(0)))? |

) E [Y;(D;(1)) — Di(1)7 — X A" — E[Yi(Di(1)) — Dy(1)7 — X] \*|S1]]°
OrsSrs,1 = -

) E [Y;(D;(0)) — Di(0)7 — X[ A* — E[Y;(D;(0)) — D;(0)7 — X A*| S]]
078LS,0 = 11— )

Fhsuse = E [E[Y(D(1) ~ Y (D(0)) — (D(1) - DO))rs]]

2grgs = E {m) (]E {Yf(Di(l)) = Di()r =X\ | Yi(Di(0) — Di(0)7 — X[X*

™ 11— SZ}) } ’
3 = (BXX]) X, [#(%(Di(1)) ~ Dy()7) + (1~ m)(¥(Di(0) — Di(0)7)]

Furthermore, define

2 2 2 ~2
0rsLso T 0rsnsy T 0rsrse + 018183

Trsiswee = T E® DM - DO)E
a:zr’SLs3 =E {7?(1 — ) (E {Y;(Di(l)) — 17):0)7 — &N + Yi(Di(0)) _11}5?)7— RS Sz:|) } )

By definition, 07, < 07915 paive- Lhe inequality is strict if y(s) < 7(1 — 7).
Define A; as the residual from the regression of A; on X; and {1{S; = s}}scs. Then, we

have

TSLS — = - 5
> i AiD; > icin) (A; = 7(S:) D; + D ictn D

where R; = A; — (A; — (S;)). We first suppose that

1
=S Ry = d § RiD; = S.F.1
- op(1) an 0p(1 ( )

i€ln] ze [n]

10



In addition, we note that

! = =3 A = RSYUDAD) — — S (1= A(S)Vi(Di(0)).

’LG [n] n i€n] " i€[n]

For the first term on the RHS of the above display, we have

= % Z Ai(1 = 7(5:)(Yi(Ds(1)) — E(Yi(Di(1))[55)) + L Z Ai(1 = 7m(5:)E(Y;(D5(1))]5:)

= 0y(1)+ + 3 w(S)(1 — w(SNEV(D ZB )1~ 7()EVADAD)IS: = 5)
1€[n] SES
= En(8)(1 - (S)EV(D(1)IS) +0,(1), (5F2)

where the second equality is by conditional Chebyshev’s inequality using the facts that

B |3 41 = w(S)0D0) ~ BOUDW)IS (s bt = 0

B | (5 3 A0 - mSNWGD) - EGOMISN ) [(AnS e

<y ni(s)(1 — 7 (s))*E(Y*(D(1))]S; = )

nQ = OP(1)7

and the third equality is by Assumption 1(iv) and the usual LLN. For the same reason, we

have

LS (1 AJR(S)YD4(0)) 2 En(S:)(1 — m(S))E(Y:(Di(0))]S)),

11



and

trsrs o En(S;)(1 - W(Si»(E(Yi(Di(li”Si) — E(Yi(Di(0))|S)

Therefore, it is only left to show (S.F.1). Let X; = (X7, {1{S; = s}}ses)", 0 be the OLS
coefficient of regressing A; on X;, and 0 = (0, , {7 (s)}ses)", where d, is the dimension of
X;. Then, we have R; = —XZT(QA — 6). In order to show (S.F.1), it suffices to show 6 L5 0,
or equivalently, %Zie[n] X;(A; — 7(S;)) %+ 0. We note that

SN XA - m(S)) = - 30 (K~ BIKUS)) (A - m(S0) + - 37 E(KIS) (4 — n(S)
i€[n] i€ln] i€ln]
= % D (X — E(X418:)) Ai(1 — () — % D (X — E(X18:)) (1 — A (Sy) + %ZE(XiISi = 5)By(s)
i€[n] i€[n) €S
= 0,(1), (S.F.3)

where the last equality holds following the similar argument in (S.F.2). This concludes the
proof of the first statement.
For the second statement, let X; = (X", {1{S; = s} }ses) ',

- () ()

i€[n] i€[n]

A=A — XI@A, and 6 = (0}1771', ---,m)". Then, we have

\/Lﬁ Zie[n] Ay(Yi — D7)

Vn(frsps — 7) = =
& e AiDi

By the same argument in the proof of the first statement of Theorem 2.1, we have

% S AD; s w(1 - mE(D(1) — D(0)).

1€[n]

Next, we turn to the numerator. We have

2= 3 A= D) = = 3 (A~ X0 =X (6= 0)) (%~ Dy7)

i€[n] i€[n]

12



\FZ )(Y; — D7) ——ZXTY D;7) (%inxj)_l<%ZXi(Ai—w)>.

i€[n] i€[n] i€[n] i€[n]

where the second equality uses the facts that X6 = 7 and

-1

é-@:(%ZXpQ) (ZXA XTH) (ZXXT> (%ieZMXi(AFW))

i€[n] i€n] i€[n]

We first consider the joint convergence of \/iﬁ > ici)(Ai—m)(Yi—D;7) and —= L Tr Qe Ki( A
7). Let A; be a scalar and Ay € R Then, it suffices to consider the weak conver-
gence of \%Ziem (A; — m)M(Y; = DiT) + A X)), Let @p = M(Y; — DiT) + Ay X; and
wi(a) = M (Yi(Ds(a)) — Di(a)T) + Ay X;. Note that w; = A;wm;(1) + (1 — A4;)w;(0). We have

% S (A, — m)om; = % S [Ai1 = m)mi(1) — (1 = A)memi(0)]

i€[n] i€[n]
_ % 3[4 = m)(@i(1) — B(mi(1)]S0) — (1 — A)r(:(0) — E(wi(0)[S,))]
1€[n]
1
+ — [Ai(l — m)E(w;(1)]S;) — (1 — Ai)ﬂE(wi(OﬂSi)}
Vi 2
- % S A1 = m) (@3(1) — B(m(1)[S5) — (1 — Ag)r(e:(0) — E(ewi(0)]5:))]
i€[n]
1 (1l —m)
+ =5 Bu(s) [(1 = ME(@i()]S: = 5) + 7E(=:(0)[Si = 5)] + Y E(w@i(1) - @i(0)[S))
\/ﬁ €S \/ﬁ i€[n]
_ % S A1 = m)(@3(1) — B(m(1)[S5) — (1 — Ag)r(e:(0) — E(wi(0)]5:))]
i€[n]
1
+—— S Bu(s) [(1 = ME(@i(1)]S; = 5) + 7E(w:(0)[S; = 5)
VL] |
ML) S (B (1) — m:(0)]S0) — E(=i(1) — m4(0)
Vo
~ N(0,%7), (S.F.4)

where

22 = (1= m)r (1= mE (1) - E(wi(1)|S)]” + 7E [:(0) — E(@:(0)|50)]’]

13



+E {fy(Si) (E [(1 —mw;(1) + ﬂwi(O)‘SiDT +72(1 — 7)*E <]E [wi(l) — wi(O)\Si}y’

the last convergence in distribution is by a similar argument in the proof of Bugni, Canay,
and Shaikh (2018, Lemma B.2) and the fact that

E(@i(1) — @i(0)) = ME(Yi(Di(1)) = Yi(Di(1)) = (Di(1) = Di(0))7) = 0.

Thus (S.F.4) implies both f > icn(Ai = m)(Yi — Di7) and \/iﬁ D icn Xi(A; — m) are Op(1).
-1
In addition, let A = (; D icin XiX; ) %Zie[n] Xi(Y; — D;7). We can show

~ -1
A o= (BEXX]) EX, [7(G(Di(1) = Di(1)7) + (1 = m)(Yi(Di(0)) — Di(0)7)] .
Therefore, by letting A\; = 1 and Ay = \*, we have

\/ﬁﬁ'TSLS - T) ~ N(07 O-%SLS>7

where
2 _ 7 Fs1s0 T Orsps1 + Orsrse + 0Fsrss
Teks (E(Di(1) — Di(0)))? ’
* " 2
. E[Y(Di(0) - Di(0)r — X] X ~ E[Yi(Di(0)) — Di(0)r — X V|5,
0TsLs,0 = 1—r )
* * 2
2 ~ EYi(Di(1)) — Di(1)7 — XX = E[Yi(Dy(1)) — Di(1)7 — X X*|S}]]
OrsSLs,1 = )

™

Frspsa = E [E [Y(D(1) ~ Y(D(0)) ~ (D) - DO))rls] |

U%SLS?):E{y(Si) (E [Y;(Di(l)) D;(1)r — X[\ Y(DZ(O)) Dy (0)7 — X \*

T l1—m

2
To see the second result, we note that X; = (D;,X])T and Z; = (A;,X)"T. Denote
Z; = (4;,X1)T. Then, we have

€1 [SX ZS- -5 ]
= [5)2,255,252,)2]_

14



elT{ Zie[n] D;A;/n Zie[n] DX[/n Zie[n] A/n 0
0 > icin] XX/ /n 0 2 ieln) XX /n

Zie[n] DzAz/n 0 }_1
Dicn DX/ P XX /1
(27, n DiAi/n)2 —1
2ietn) DiXi/m Y iem XX /n
L [r(1 =) (EB(D() = DO (1 —7h).

(> icim) Dilez‘/”)(zie[n] A2/n)! (> icin) Din‘T/”)(Zie[n] XX fn)~! (Az
0 1 X

where vp = (EX;X] ) 'E(X;(7D;(1) + (1 — 7)D;(0))). Further note that

(Zie[n] DiAi/”)(Zie[n] A?/”)fl (Zie[n] DiXI/”)(zie[n] XX /n)~! P, (E(D<1) — D(0))

0 I 0
and
Q1751
Arsps= | = (O XX /m) ' (O Xi(Y; — Didrsis)/n)
Qs TSLS i€[n] i€[n]
OrsLs

=2+ QXX /) XiDi/n) (1 — Frsns) = A"
i€[n]

i€[n]

15
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Then, we have
é = e; — Di(Prsps — 7) — X! (Arsps — A7),

where e; = Y, — D;7 — X;-r/\*. In addition, as shown above, we have flz =A,—7— XI(@A —0)
and 6 -5 0. This implies,

1 [ A2 AX/
e
n AX; Xx7T

i€[n]

L (A —m)? (A —m)X] 0
B nz i ((Ai_7T>Xi X, X[ >+ r(1)

1€[n]

Ab

(D)7 —=XTA2 (1= m)(Yi(Ds(1)) — Ds(1)1 — XTA)2X]
)T — XA (Y;(D;(1)) — Dy(1)T — X A\*)2XX]

ﬁl\’)
=
S
"=
b

+-3 - 4) ( : O o) O ) +op(1)
n o R OADA0) ~ DO — XX, (YAD(0) — D0} ~ XA PKE,

Ly (1= m2(Yi(Dy(1)) = DA(1)T — KT A2 (1= m)(Yi(Dy(1)) — Dy(1)7 — K] A*)2X]
\( ) = Di(1)r = XTI, (Vi(Di(1)) — Dy(1)r — XTA2XXT

ZEZA'{CI_W)WDI'“)_Dz(” ~ XX (L= m(i(Di(1)) ()T—XTA*)QXT>
W\ =M 0UDI) = DT = XNV (W(D:(1) = Dif1)r — X XPKX]

] }

— DT~ XA (1= m)(Y(Di(1)) - Di(1)r — XTN)2K]
L= m)(Y(D,(1) = D)7 —XIN2K, (Vi(Dy(1)) — Dy(1)7 — XJA2XX]

+ % Z 7k [( (1= m)2(Yi(Di(1)) = Di(1)7 = X[\ ) (1 =m)(Ya(Di(1)) — Di(1)7 — XZT)\*)QXZT> Si]

L <<1—w>2m<Di<l>> Di(1)r — X ) <1—w><Y@-<Di<1>>—DW—XJA*VX?)
(1 = MOUD(1) = D)7 = XINPK (U(Di(1) = D17 = XA PKX]

1
(1= m)(Yi(Di(1)) = Dy()7 = XT XK (Yi(Di(1)) — Di(1)r — XA )PKX]

16



5y | 07 PPOUDD) = DT KX (L= MDA = D)y — KT X 7R]
( (7 = XNV (%(Di(1) = Di()r — XX PKX]

N { ( (1~ 7r>2< B(Di(1) = Dill)yr X2 (1= m((Di(L) - Diflyr — XT >2xT>
LA (1) = Di()r = XTA2X, (Vi(Di(1)) — Di(1)r — X7 AKX

. ((1—@2(3@(02-(1» Di(1)r = X[ X)? (1= m)(Yi(Di(1)) = Dif1)r = X[\ >2xz)
(1 =m)(YiDi(1) = D)7 = XTA)K, (Vi(Di(1)) = Du(1)r — X[ A)PEXT

Si] }

is independent and conditionally mean zero given (A™, S(™) . Therefore, by the conditional

Chebyshev’s inequality, we have

—Z {( (1 —m)P(Yi(Di(1)) = Dy(1)7 — K] A" <1—w><m<Di<l>>—D@-<1>T—XIA*>2XJ>
(1= m)(Yi(Di(1) = Di(1)r = XTA)2K,  (Vi(Du(1) = Di(L)7 — K] A )2KX]
]}

. { ( (1 = MPAY(Di(D) = Di(1)r = XTA)? (1= m)(Yi(Di(1)) = Di(1)7 = XXX )
( )~

(D7 =XINPK (Yi(Di(1)) = Di(1)7 = X7 )PKX]

Also, by Assumption 2, we have

1 S (A4 - MR (1= mP(Yi(Di(1) = D)7 = X[ W) (1= m)((Du(1) = Di(L)7 = X[APX] |
l (1 -m)YiDi(1)) = Dy()7 = XTN)?’K; (Yi(Di(1)) — Di(1)7 — XN )P°KXT |

i€[n]

= Op(l).

Last, by the usual Law of Large numbers for i.i.d. data, we have

L | (0= PP0ED) = Dby —XIN (1= MDD = D)7 = K NPx]
( (1) = D)y = XTAPK: (Vi(Du() = Dill)r — X AKX

:
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Similarly, we have

- Z(l — A ( Yi(D;(0)) — Di(0)T — X,'T)\*)Q —7(Y;(D;(0)) — D;(0)7 — XIA*)%&T)
n D e ((DA0) = DO = XTXPK, (VA(Di(0) - Di(0)r — XTAPK KT

1€[n]

D;(0)) — Ds(0)7 — XIA*)Q —m(Yi(Di(0)) — Dy(0)T — X:A*)QXZT>]

2 (1—-7)E ( :
(K( D;(0)) = Di(0)7 — XXX (Yi(Di(0)) — Di(0)7 — X AKX

= Qo.

Consequently, we have

(1 —op) (BP0 -DO) 9B) g o) (BOW - DO) 23 e
) 7D 0 I ! 0 0 I —D

Trstsnane = [x(1— mPED(D) — DO)F
T E(Yi(Di(1) = Di()7 = XA + (1 =) 'E(Yi(Di(1)) — Di(1)7 — X[ \*)?
E(D(1) - DO)P

B 0Fsrso + OrsLsy + Orsnse T Orsiss
(E(Di(1) — D;(0)))?

For the last result, by the proof Theorem 3.1 with 7i%(a, s,7) = 0fora = 0,1and b = D,Y

and 7(s) = m, we have

2 uses E2Var(Y(D(1)) = TD(1)|S = ) + L yes £ Var(Y (D(0) = 7D(0)[S = 5)
v P(D(1) > D(0))?
Var(B[W; — Zi|$] — 7 (E[Di(1) — Di(0)|5]))
P(D(1) > D(0))?
~ EXVar(Y(D(1)) - 7D(1)]8) + = Var(Y(D(0)) — 7D(0)[S) N OTsLs2
N P(D(1) > D(0))? P(D(1) > D(0))*

Then, we have 0% 4 < 044, if and only if

1 1
B | 2V ar(Y (D) = rD(VIS) + = Var(Y (D(0) - 7DO)IS)| < shsssytobsiss +hsiss

which is equivalent to

EVar(X;] \*|9) 9
(=7 + 075153

Ecou(Yi(Di(1) = DT X XIS) | Ecou(%(Di(0)) = Di(0)7, I X'IS)

T 1—m

2
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S.G Proof of Theorem 3.1

Y8 X)) (=AY — i47(0, 55, X5))

( ! ~Y ~Y
- 1,55, X;) — x
(Sz) 1_7?(-(51) + p ( 7517 z) % (O,SZ, z) ,

Let
G:=E
H =E
A 1 _A1<Y;l _ :[L
G:=—
i€[n] L
. 1
H:=—
n
i€[n] L

A(D; — pP(1,S;, X; 1— AND, — iP e
(D ;:(,sz, ) _ (L= A)D = 0.5, X0) oy g, x) - 20,5, Xi)]_

H H
L G
= V(G- G) = <Al )
_ % {\/ﬁ(@ —G)— ra(f )|, (S.G.1)

Next, we divide the proof into three steps. In the first step, we obtain the linear expansion of
V(G —@). Based on the same argument, we can obtain the linear expansion of \/n(H —H).
In the second step, we obtain the linear expansion of y/n(7—7) and then prove the asymptotic

normality. In the third step, we show the consistency of 6. The second result in the Theorem

is obvious given the semiparametric efficiency bound derived in Theorem 4.1.

Step 1. We have

1 A(Y; — (1,8, X5)) (1= A)(Y: = 27(0,S;, X))
Z{ (5 = #(5)
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S Zl—w(&) Ve

= le + Rn,? + Rn,?n

where

A (1, 8;, X,
Rn,l Eal— |:,ELY(]~757,7XZ) - ’U/ A< 7 ] >:| )
" ()
1 (=AY (0,8, X;)
_ X
me= w3 [ (050
1 < AY; I < (1-A4)Y;
=— - — —/nG.
Fns n 2 7(S) Ve 1-7(S) Vi

Ly 1 1S X S A (LS X 4o
RM:%;(l—m) Ayt (1,SZ,XZ)+\/E;(1 AN (1,85, X3) + 0,(1),
\/_Z<1—7r 1) (1= A0 (0,5, ) fZAzu (0,5, %0) + 0, (1),

Ros = IZ i - \/152;14(;@) +ﬁ§;(E[m—Zi|Si]—E[Vm—Zi]).

~ 1 - 1 ~Y ~Y WZ
- - = T o 1 i)Xi - 7Si7Xi AZ
il - &) = { - [(1 ) LS X0 — 7 (0,5,X) + ol
1< 1 Z;
— — — 1) [t X;) V(1,8 X;) — ————| (1 — A,
! o [<1_7T(Si) 1)M (0, 8, Xo) + & 5o Xe) = 1 —7(5;) ( )}
i=1
Similarly, we can show that
N 1 n 1 ~D ~D DZ<1)
- =93 - —a~ 1,5, X;) — 090, Xi) + — 5 | A
Vit~ = {53 [(1 ) PO X) 0.5, X) + A
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M%QS“X0+ﬁDG¢%A®—-1?i2”](1—AQ}

n

1 n
2
+ { (
where D;(a) = D

s).

1
T—n(5) 1)
D.(1) - Di(

E

Si-

1zmwmgmpmm}+mm, (S.G.3)

i=1

Combining (S.G.1), (S.G.2), and (S.G.3), we obtain the linear expansion for 7 as

Vi = 1) = = |[Va(G = G) = rv/n(H ~ H)|

EIH EIH

1 « 1
E}qps 4 Xpo — A+ —= EM&1+MM
~ —

(1 — 717'(Sz> - 1) 'aD(Oﬂ SMXZ) + ﬂD(l’S%Xi) - DZ(O)Z ] 7
Ea(Si) = (E[W; — Zi|Si] = E[W; — Z]) — 7 [E[Di(1) — Di(0)[Si] — E[D;(1) — D;(0)]] -

Step 2. Lemma S.Q.2 implies that

n

21

i(a)=E(D;(a)|S;) fora = 0,1 and i”(0, s, X;) = " (0, 5, X;) =E(5" (0, Si, X;)|S; =



and the three terms are asymptotically independent, where
o} = En(S)=2(D;, Si), o5 =E(1 —m(S))=5(Ds,S:), and o3 = EZ3(S;).

This further implies H -2 H and

. o2 4+ 02 + o2
\/E(T - T) ~ N (07 - HOQ 2 )

Step 3. We aim to show the consistency of 2. First note that

In addition, Lemma S.Q.3 shows.
1< . 1<
— ZAZHI D;, S;) - o2, - Z(l — A)EAD;, S;) 25 02, and - Z:g(Di,Si) 25 02,

=1 =1

This implies 62 -+ o2.

S.H Proof of Theorem 4.1

Without loss of generality, we assume A; = ¢;({S;}icpm), U), where ¢;(-) is a deterministic
function and U is a random variable (vector) with density Py(:) and is independent of
everything else in the data. Further denote Yi(a) = {Y;(D;(a)), Di(a), X;}. We consider
parametric submodels indexed by a generic parameter 6. The likelihoods of S; evaluated at
s and Y;(a) given S; = s evaluated at ¥ are written as fs(s;0) and fyqys(yls; ) for a = 0,1,
respectively. The density of U does not depend on 6. Let 6,, = 6* + h/y/n, where 6* indexes
the true underlying DGP.
By Assumption 1, the joint likelihood of {Y;, X;, S;, A;}icjn) under 6 can be written as

PU (U)H’Le[n} [fs(sz, Q)Haqufy(a)'S(gz(a) |S7,7 0)1{¢L(517 78n,U):a}:|

where (z;,y;(d;(a)), d;(a), u, s;) are the realizations (X;, Y;(D;(a)), D;(a),U, S;) for i € [n] and
gi(a) = {yi(d;(a)),d;(a),z;}. We make the following regularity assumptions with respect to
the submodel.
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Assumption S.H.1. (i) Suppose fs(s;0) and fyw)s(7ls;0) for a = 0,1 are differentiable
in quadratic mean at 0* with score functions gs(S;) and g.(Yi(a)|S;) for a = 0,1,
respectively, such that

: 01 ols(Yl]s: 0 ' a1 0
Fyayis(@ls: 0) = Og(fy(gy)es(y‘s ) mw%,

Poa@is(Vi(@)[Si:0%) = gu(Vi(a)[S;),  and  fs(Si;:6%) = g(S).

(ii) Suppose fy(a)|s@|s;9) and fs(s;0) are continuous at 0* so that there exist a sequence
tn, = o(1) and a function L,(Y;(a),S;) such that

| Fotns(Vi(a)| S 0F + h/v/n) = ga(Vi(a)|Si)] + [ f5(Si: 0 + h/v/n) = gs(Si)| < taLa(Vi(a), S;)

and E|Y;(D;(a))La(Vi(a), Si)| < oo fora=0,1.

(iii) Suppose there ezists a constant C > 0 such that

maxE [|Z,(Ds, S 0:(1)150)] +[Za(Ds, S) (D010 5 = 5] < €

maxE | Z,(D;, $)° + Eo(Dr, $)°] i = 5] < €.

where 2,(D;, S;), Z¢(D;, S;) and Z4(S;) are defined as =Z1(D;, S;), Zo(D;, S;) and Z5(S;)
in (3.7)-(3.9), respectively, with the researcher-specified working model i°(a, s, ) equal
to the true specification u®(a,s,z) for all (a,b,s,z) € {0,1} x {D,Y} x SX.

We denote 7(60) = Ep(Y;(1) — Y;(0)|D;(1) > D;(0)), where Ey(-) means the expectation is
taken with the parametric submodel indexed by 6. We further denote E(-) = Eg-(-), which
is the expectation with respect to the true DGP.

Proof of Theorem 4.1. Following the same argument in Armstrong (2022), in order
to show the semiparametric efficiency bound, we only need to show (1) local asymptotic
normality of the log likelihood ratio for the parametric submodel with tangent set of the

form

U(Dy, S Ai) = g5(Si) + Aigr(Vi(1)[S:) + (1 — Ai)go(Yi(0)[S:) -
T=| E[6(S)+ X u019:Vi(a)|S)] < 00,Egs(S;) = 0,E(ga(Vi(a)[Si)]S:) = 0,
E(g1(Vi(1)]5:)] X3, Si) = E(go(Yi(0)].5:) Xi, Si)
(S.H.1)
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and (2) /n(r(0* 4+ h/y/n) — 7(6%)) = (¥, W)sh + o(1), where ¥(D;, S;, A;) is the efficient

score defined as
U(Ds, Si, Ai) = [Ea(Sh) + A, (s, $) + (1 — A)E(Dy, $)] [EIDA(1) = Di(0)]  (S.H.2)

and (U, U)p = %Zie[n] BV (D, S;, A;)¥(D;, S;, A;) is the inner product w.r.t. measure P :=
%Zie[n] P;,. We establish these two results in two steps.

Step 1. Denote 6, = 6* + h/\/n where 0* is fixed and P, ;, as the joint distribution of
{Yi, X5, Si, Ai }iepn) under 6,,. The log likelihood ratio for 6, against * is given by

En,h - Z gs(Sz; Qn) + Z Z ]-{Az = G}Ey(a)|s(yz|5u 971)7

i€[n] a=0,1 i€[n]

] Si;0n 0 . fy(a)s(VilSi;0n)
where V; = (Y3, D, X;), £5(S5;0,,) = log <§2ESQ§>, and Ly a) s (Vi| Si; 0,) = log (W)

for a = 0,1. Then, Armstrong (2022, Corollary 3.1) shows ¢, ;, converges in distribution to
a N(=h'T*h/2, W' I*h) law under §* where I* is the limit of

Eo-g2(5) + 30 S 1A = a}Es. [Z0(@)S)IS].

i€[n] a=0,1

and the score for this parametric submodel can be written as
U(D;, Si, Ai) = gs(Si) + Aigr (Vi(1)157) + (1 = Ai)go(Vi(0)[55). (S.H.3)
We note that by definition, we have
Egs(S;) =0 and E(g.(Vi(a)]S;)]S;) = 0.

In addition, we have the equality that, for an arbitrary function h(-) of X such that ER?(X) <

oo,

Ey(h(X)|S) = / h(z) fxis(2]S; 0)da

T

h(x) {/ fy(p@).p(a)x,5(y(d(a)),d(a)|z, S; 0)dy(d(a))dd(a) | fxs(z]S;0)dz
y(d(a)),d(a)

/ W) fyays(u(d(@)), d(a), 21S; 6)dy(d(a))dd(a)dz (S1.4)

(d(a)),d(a)x
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for a = 0,1, where fyq)s(y(d(a)),d(a),z|s; @) is the joint likelihood of (Y (D(a)), D(a), X)
given S for a = 0,1. We note that, for a =0, 1,

0 fy(a)s(y(d(a)),d(a), z|S;07)
00

= Iyays(y(d(a)), d(a), 2|5;60%)ga(Y(a)]5).
Therefore, taking derivatives of # in (S.H.4) and evaluating the derivatives at *, we have
E [2(X)g1(Y(1)|9)IS] = E [2(X)g0(Y(0)|9)]S] ,

which implies E [g1(Y(1)[S) — go(Y(0)[S)|X,S] = 0. Therefore, the tangent set can be
written in (S.H.1).

Step 2. We have

By the mean-value theorem, we have

w0+ ) () = 50
~or(0) h ot (0) or(0) h
00 6=0* % i 90 g 00 6=0* %

Let G(0) = Eo [Y(D(1)) —Y/(D(0))], H(0) = Eo [D(1) — D(0)], G = G(¢"), and H =
H(6*). Note that 7(0) = G(0)/H(#) and 7 = G/H. Then, we have

ag—g“ = Eo [Y (D) (fys(V(1)]S:0) + f5(S:0)] = Eg [Y (D(0))(fyoys(V(0)]S;0) + f5(5;0))]
8}8[—? = By [D()(fyansV(D)]850) + f5(5:0))] = Eg [DO)(f(0s(P(0)|S:6) + f5(:0))] -

Therefore by Assumption S.H.1 we can find a constant L such that

or(0)
00

_or(0)
0—i o0

_ N a0 a0
H2(0) H2(6")

:‘H(é)%@) G(G)2O  p(pr) 0G0 _ () 2H0")

6=+
<t,L.
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This implies

(0 + h/v/n) — 7(6%)) = a;(:) hero(u) (S.H.5)

In addition, following the calculation by Frolich (2007), we have

[m _ T@H_w)}
37_<(9) B 00 00 oo
00 g H
_E[Y(DM) - D) (g:(YA)[S) +9:(5)]  E[(Y(D(0)) — 7D(0))(g0(V(0)IS) + g:(5))]
H H ’

where for notation simplicity, we write Eg- as E. Let
N(X,5) = [w<s><E<Z|X, S) —E(218)) + (1 = n(S)) (E(W|X, $) — E(W]S))

— 7 (R(S)EDO)IX, 5) ~ E(DO)|9)) + (1 - (S)) B(D)]X, S) - E(Da)rs»)] .
Then, we have

Y(D(1)) —mD(1) =n(S)Z,(D, S) + E(W — tD(1)|S) + I'(X, 5),
Y (D(0)) —7D(0) = —(1 — n(9))Z,(D, S) + E(Z — 7D(0)|5) + '(X, S).

This implies

E(Y(D(1)) = 7D(1))(9:1(V(1)]S) + 95(5))
= En(9)Z1(D, 5)g1(Y(1)]5) + ET(X, 5)g1(V(1)]S) + E(EW — 7D(1)]5)g.(5)),

E(Y/(D(0)) = 7D(0))(90(V(0)[S) + g5(5))
= —E(1 = 7(5))Z0(D, 5)g0(V(0)[5) + EI'(X, 5)go(V(0)[5) + E(E(Z — 7D(0)[5)gs(5)),

where we have used E[Z,(D, S)|S] = 0, E[I'(X,5)|S] = 0 and E[g.(Y(a)|5)|S] = 0 for
a=0,1. Then

0r(0)|  _ En(S)E(D. 9)gi(YMIS) | E(Q = 7(5)5(D, $)g0(V(0)|5) | Ega(S)=,(5)

00 |,y H H H
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EL(X, 5)(91 (YD) = 90(Y(0)]5))

H
Er(S)Z,(D, S)g:1(Y(1)]5) N E(1 —(5))Z0(D, 5)go(Y(0)|5) N Egs(5)Z,(5)
H H H ’
(S.H.6)

where the last equality is due to (S.H.1).
On the other hand, we note that

_|_

E [9s(5:)Z5(55)]
H

E [AE,(D;, Si)g1(Vi(1)]5)] N E [(1 - A)Zy(D;, Si)go(yz‘(oﬂsi)}]
H H

1
+EZ

i€[n]

90 |,_,. H H

m(S))E1(Di, i) (Vi(D)IS)]  E [(Ai — 7(Si))Eo(Ds, Si)go(yi(0)|51~)]] .

In addition, by Assumption S.H.1, we have, for some constant C' > 0, that

H H

1€[n]

1 3 [E(Ai —7(5:))2:1(Di, 8i)g1(Vi(1)[S:) — E(A;i — 7(5:))Z,(D;, Si)QO(yi(ONSi)} l

<—ZE|B )| = o(1),

seS

where the inequality is by law of iterated expectation and Assumption S.H.1(iii) and the last
equality is due to E|B,(s)|/n = o(1).! This implies

- 87—(0)
m ‘P 1
< ) >IF’ 99 g

+o(1). (S.H.7)

Combining (S.H.5), (S.H.6) and (S.H.7), we obtained the desired result for Step 2. Last, it

is obvious from the previous calculation that

(U, U)p — o’

'Since |B,(s)/n| < 1, {B,(s)/n} is uniformly integrable. Then from B,(s)/n = o,(1), we have
E|B,(s)|/n = o(1).
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S.I Proof of Theorem 5.1

The proof is divided into two steps. In the first step, we show Assumption 3(i). In the

second step, we establish Assumptions 3(ii) and 3(iii).

Step 1. Recall
AY(a,8,X;) = (¥ (a8, X;) — 1Y (a, 8, X;) = AY (X, 0a) — AL (Xi, 0a),

and {X?}icp is generated independently from the distribution of X; given S; = s, and so
is independent of {Azasz}ze[n] Let Ma,s(é’l,QQ) = E[AY (XZ,Hl) AaY’s(XZ,QQHSz = 8] =
E[AZS(Xf, 0,) — A};S(Xf, 63)]. We have

‘ Zzeh (a 5, Xi ) Zielo(s) Ay<a7 S, XZ)

n1(s) no(s)
< Zieh(s) [AY (a, 5, X;) — Mas(0as, 0a,s)] ‘ +‘Zielo(s) [AY (a, 8, X;) = Mas(0us, Oas)]
B ny(s) no(s)
= 0,(n"?). (S.I.1)

To see the last equality, we note that, for any € > 0, with probability approaching one

(w.p.a.l), we have

IEG%XHQA(J,S - 9a,s||2 S g.

Therefore, on the event A, (¢) := {max.es |[fa.s — Ous||2 < &, minges ni(s) > en} we have

AYG’SX Mas éas; as
22611 ( ) ) ( {A“ S }Ze[n]
ni(s)
(8)+N1 8) Y s
d Zz N [A (CL S X) Ma,s(ea,sa a,s
o ( nl(s) {Az; Sz}le[n] S ||]P)n1(5) — PH/—. {A27 SZ}ZG[TL]?
where

F={A)(X7,00) — A) (X7,05) — My s(61,65) - |61 — ba]]2 < €}
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Therefore, for any § > 0 we have

v A
P <’ Zieh(s) [A (G, S, Xz) - Ma,s(ea,sa 90,,5)] ‘ > (5721/2)

ni(s)

. AY 5 ,XZ' _Mas éasaeas
n(s)
. AY y ,Xi _Mas éasaeas
<E [IP’ Dien (A (a sn (i) s(0a,s, ba, )]’ > 60 Y2, A, (e) {Ai,Si}iG[n])l + P(A°(¢))
1

<) E|P (lmbm(s) — Pl > o2

seS

{Aiasi}ie[n]> H{ni(s) = ne}| +P(A5 ()

e {WE o =Pl Sic] () 2 ”8}} FP(AS ().

seS
By Assumption 4, F is a VC-class with a fixed VC index and envelope L; such that
E(L{|{A;, Si}iep)) < C < oco. This implies E maxep, (5 L7 < Cnf/q(s). In addition,

supPf? <ELI (0, — 6,)* < C&”.
fer

Invoke Chernozhukov, Chetverikov, and Kato (2014, Corollary 5.1) with A and v being fixed

constants, and o2, F', M being Ce2, L, maxi<;<n, (s) Li, respectively, in our setting. We have

n'’E [||]P’n1(5) — P||#[{4;, Si}ie[n]} H{ni(s) > ne}

<C (\/ D c2log(1/e) + nl/2nl/e(s) log(l/e)) 1{n1(s) > ne}

ni(s)

< C(eY?10g?(1/e) + n'/a=12 1" og(1 /¢)).

Therefore,

. {nqu [Hpm(s) — P||#|{A;, Si}ig[nﬂ 1{ni(s) > ne}

; } < CE (51/2 log'/2(1/e) + nl/a=1/2c1/a=1 og(1 /5)) /

By letting n — oo followed by ¢ — 0, we have

lim P

n—oo

Y ) — )
(’ Zieh(é’) [A (av S, XZ) Mays(ea’s’ ea,S)] ‘ = 5711/2> = 07

ni(s)
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Therefore,

‘ Zie[l(s) [Ay<a7 S, XZ) - Ma,s(éa,sy ea,s)]

") =o'

For the same reason, we have

‘ Zielo(s) [AY((L S, X’L) - Ma,s(éa,sa ‘ga,s)]

- = o)

and (S.I.1) holds.
Step 2. We have

l - Y2 ) . 71 - o Y ) Y ' 9
H;A (a5 X0) = — 30D 1S = sHAL(Xi ) — AL (X0, 60))

i=1 s€S
1< 5
S (E ; L?) CI?EaSX Hea,s - ea,ng = 010(1)'

This verifies Assumption 3(ii). Assumption 3(iii) holds by Assumption 4(ii).

S.J Proof of Theorem 5.2

Let

V' (a, Si, Xi) = E(Y;(Di(a))|Si, Xi) — E(Yi(D;(a))[S;) and
VP (a, Si, X;) = B(Di(a)|Ss, X:) — E(Di(a)|S)). (S..1)

Also recall that VVZ = Y;(Dz(l)), ZZ = YZ(DZ(O)), /LY((I, Squz) = E(}/@(DZ(CL)”S“XZ) Then,

we have

EW(S')E%(D- S) =E { (VVz - My(l, Si, Xi) — 7(D;(1) — /LD(L .S'Z-,)(Z-)))2 }

m(5%)

vY (1,8, X:) — @Yy (1,8, X;) — 7(vP(1, S;, X;) — pP(1, S, X3))

2
+ lay(la SlaXl) - /JY(O,SZ?Xl) - T(/JD<17 SZaXZ> - /JD(Oa S’HXZ))‘| }
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Similarly, we have

E(1 — 7(S:)Z2(Ds, 5y) { " (0,5, Xi) 1 —T(WIZZSS) — 1P(0,5;, X;))) }
vY (0,8, X;) — @Yy (0, S, Xi) — 7(vP(0, S;, X;) — @P(0, Si, X3))
+E{(1—7T [ -

2
( i 1 SzaX Y(Oa Sia Xl) - T(ﬂD(1> SiaXi) - ﬁD(Oa SHXl))>:| }
Last, we have

EE%(Sl) = E(luy(17 Si? XZ) - ILLY<O7 S’i7 X’L) - T(/'LD(17 SZ7XZ) - MD(07 SZ7X1)>)2
- E(Vy(lv Siv X’L) - UY<Oa Sia X’L) - T(VD(17 S’MXZ) - VD(O7 S’L7Xz)))2

Let
NP o [W = Y (1,85, X)) = 7(Di(1) - pP(1,5:, X))
o = (P(D(D) > D) {E | e ]
(Zi — 1" (0,8:, X;) — 7[Di(0) — pP(0, 8, X))
E { 1 —7(Ss) ]

2
+E (My(lasi,Xi) — 170,85, Xi) — 7[p” (1, 85, X;) — u" (0, Squ‘)]) }7

which does not depend on the working models 72°(a, S;, X;) for a = 0,1 and b = D,Y. Then,

we have

0-3 + V((ta,s; ba,s)a:O,l,sGS)
P(Di(1) > Di(0))>

02 ( (ta,sa ba,s)a:ﬂ,l,sES) =

where 02 does not depend on (ta.s, bas)a=0.1ses and

V((ta,saba s)a 01568 H 1 —’/T ) AO SzaX “ Al SzyX

ol T

seS
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where for a =0, 1,

Ay(s,z) =v¥(a,s,2) — i (a,s,2) —7(v"(a,s,2) — iP(a, s, 1))

— (yy(a, S, x) — TI/D(a, s,x)) — @Zs(tw — Thys),

and (¥ (a,s,x), i’ (a,s,z)) and (v¥(a,s,z),v"(a,s,x)) are defined in (3.5) and (S.J.1),

respectively. Specifically, we have

i (a,s,1) = \I/T tas, BP(a,s,z) = @ZSba,S, and \i/i,s =V, —E(¥,4|S; = s).

In order to minimize V' ((ta.s, ba.s)a=0.1ses), it suffices to minimize

1—7T AO \/

for each s € §. In addition, we have
7(s) 1 —7(s)
Ao(s, X; A
1—m(s) o, Xi) + V' 7(s) !
where
T, = L— () (Y (1, 8, X;) — P (1,8, X)) + () (1¥(0,8,X;) — 17(0, 5, X))
1,8 ﬂ'(s) ) ) Y ) 1 _ (S) ) ) Y Y

and
1 —=7(s) . ) .
,75 - ’ﬂ'(S) (tl,s bl,S) + 1 - 7'['(8) (tO,S bO,S)‘

By solving the first order condition, we find that

(82 ,87 6;:5)0« 0,1,5€S -

0" = [1—7(s * " / (s "
171-(5())(91,3 - Tﬁl,s) + #()3)(903 TﬁO s) (‘Ijl S‘IIT ’S - S) E( lsyz 8|S = S)

32



( as?ﬂzs)a 0,1,5€S *
= ) {67, — 7B + 1W§f<)s (06, —765) |,

l,rzs()s) 91Ls TBL,) + \/W(%s TB5.s)-

where

0L, = [E(T; /| = 8)] ' [E(T 0" (a, 5, X;)|S; = s)]
[]E(\IJ”\I;T 1S; = )] E(W; E(Y;(Ds(a))[Si, X:)|Si = s)]
[E(\Ijl S\I’T |S = )] 1[E<\Pz s}/;( ( ))'S - S)]

Similarly, we have

L =B, 0] ,|S; = 8)] T E(W;sD;(a)|S; = )]

a,s

This concludes the proof.

S.K Proof of Theorem 5.3

In order to verify Assumption 3, by Theorem 5.1, it suffices to show that %, —» 6%
and BGLS RN BE,. We focus on the former with a = 1. Let {W}, X }icin) be generated
independently from the joint distribution of (Y;(D;(1)), X;) given S; = s and denote W7,

s Ty s s s s s N(s)+ni(s s s
WL (X7), Uy, = WL(X7) — B, (X7), 03, = Wo(X7) — s SV 0, (X7), and Wy, =

i,1,s 2,0,s
U, (X7) — = SoNEns) g (X$). Then, we have

i=N(s)+n1(s)+1

no(s)

-1

. 1 s)+ni(s 1 N(s)+ni(s
gL 4 q; Nl \IJ We .
1,s <7”L1(S) Z i,1,8 zls) (nl(s) Z i,1,s z)

i=N(s)+1

As oSO w2y B3 = E(W,(X})) = E(U,(X;)[S; = s) by the standard LLN,

ni(s)

we have

1 N(s)+ni(s) 1 N(s)+ni(s
\Ijz s\Ijzs Ts) = ( \IJ:S\DSJ) +0,(1),
<n1(8> ' Z 1 1 nl(s) Z p( )

i=N(s)+1
1 N(s)tni(s) 1 N(S)+nl(5)~
\ij SWis == \IIfsWis +o 1).
(n1(8> i]%-i—l " ) <n1(s) il%ﬂ 7 ) 0



In addition, by the standard LLN,

N(s)+ni(s)
oo U Uy R =E(8 08 =),

1,8 * 1,8 1,8 1,8
n1(8> = N(s+1

1

+n1 s
Z s Wi - BV W7 = E(,,Yi(D;(1))]S; = s).
nl(s) i=N(s)+1

Last, Assumption 5 implies E(¥;, S\IIT |S; = s) is invertible, this means

-1

0, 2 (B, 0]15 = )] B(FYi(Di(1)]S: = ) = L,
Similarly, we can show that 0f, - 6% and 8L, -+ BE, for a = 0,1 and s € S. Therefore,
Assumption 3 holds, and thus, all the results in Theorem 3.1 hold for 7;,. Then, the optimality
result in the second half of Theorem 5.3 is a direct consequence of Theorem 5.2.

Last, we compare the asymptotic variances of TSLS estimator and the estimator with
the optimal linear adjustment with 7(s) = 7 for s € S and ¥, ; = X;. In this special case, we
first note that the asymptotic variance of the estimator with the optimal linear adjustment
is

0%+ o0k + 03

[E(D(1) = D(0))]*’

where

with



S

oo = [EEXTIS = 9] [EED(@IS = )], a=0.1 (S.K.1)

Observe that 07,6, + 075160 can also be written as

E [r(S)Z1(Ds, Si)2 + (1 — 7(S:)Z0(D;, Si)?] | (S-K.2)
where
=4(D;, Si) = [(1 - ﬂ%&-)) X[ 01— X o, + WZ)]
. [(1 - ) K= K+ 2
2(D..5) = [(1_;7@) 1) Kbt X0 s

with 015 = Oos, B1s = Pos and 015 — 71 = A;, where X} is the first d, coefficients of \*
defined in Theorem 2.1 where d, is the dimension of X;. By Theorem 5.2, we achieve the

optimal linear adjustment when 6, s and 5, s satisfy (S.K.1), which implies
2 | 2 2 2
o1 + 04 < 0rsrsa + 0rsLso-

In addition, we have 05 = 07,5, and 0 < 07,6, g4, Which implies the desired result.

S.LL. Proof of Theorem 5.4

Let {D;(1), X7 }icpn be generated independently from the joint distribution of (D;(1), X;)
given S; = s, U7 = W (X7), and \ilf’s = (1, \Ilfs—r)T Then, we have, pointwise in b,

1 o o
m (8) i€ (s)
.1 N(s)+ni(s)

= ) > [Df(l)lOg()\(‘i’f,’Jb))Jr(l—Df(l))log(l—)\(\iff;;rb))]
i=N(s)+1
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3 E | D} (1) log(A( ) + (1 = D (1)) log(1 = A(¥;,70))]

= E [Di(1) Iog(A(],5)) + (1 — Dy(1)) log(1 ~ A(E[)]S; = 5]

As the logistic likelihood function is concave in b, the pointwise convergence in b implies

uniform convergence, i.e.,

sup Z [D log(AM(W; b)) + (1 — D;)log(1 — )\(\Ifjsb))]
zEI (s)
~E [Di(l) log(A( b)) + (1 = Di(1))log(1 = A(L0)IS; = 5] | > 0.

Then, by the standard proof for the extremum estimation, we have MLE SR BMLE Sim-

ilarly, we can show that 6’255 =N 0945 The verifies Assumption 4( ) Assumptions 4(ii)

and 4(iii) follow from Assumption 6(ii). Then, the desired results hold due to Theorem 5.1.

S.M Proof of Theorem 5.5

We note that the adjustments proposed in Theorem 5.5 are still parametric. Specifically, we

have
ﬁy(aasti) = (XM{BMLE’ (%LE?QC};S})»
i (a,s, X;) = AP (X {BYFR, BiEP, B,
/]’Y((% S, Xl) — g s(XZv {BMLE MLE7 955} ’ and
i (a, s, X;) = AD (X, {BYEE, BYEE BELY),
where
T T
\IIZTS \IJZTS
AY (X {brbo 2}) = | AT |t and AL (X {bi,bo, b3}) = | A(BL0) | 05
)\(\ij;l,—sbo) )\(\ij;;bo)

Therefore, in view of Theorem 5.1, to verify Assumption 3, it suffices to show that éF NELN oF,

MLE

and Bf s LN 55 <, as we have already shown the consistency of in the proof of Theorem
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5.4. We focus on 058. Define ®; ,  := ®; ; — ﬁ(s) Ziela(s) ®; 5, where

W7/ sS
cbi,s = )\(\I/T MLE)
)\(\I,T MLE)
We first show that
. .
105 i,a,s TL(Z(S Z ¢i,a75®i’a75 +0p(1) (SMl)
ZEI{L zG]a(s)
Let v,u € R%*2 be two arbitrary vectors such that ||u|| = ||v||2 = 1. Then, we have
1
T ( T T
v By Py — <1>m<1>m)}
o
1 TE TE T4 T4
na(s) Z [(U q)i,a,s)(u (I)Z',a,s) — (U CDiya,S)(u (1)1.7&75)}
1 o . o . o .
Z |:UT<(I)i,a,s - qu,a,s)(uTq)i,a,s) + (UT(I)i,a,s>uT<cI)i,a,s - q)i,a,s>i| ’
na( )ZEI
1 . o .
5 2 B = Pl islla & [[$asll2) (3M.2)
N el (s)

where the first inequality is due to Cauchy-Schwarz inequality. We now show (S.M.2) is
0p(1). First note that

Héi,a,s_ zas“2 Z HB HZ

a’'=0,1
where
B, = )\(\IJT MLE) )\(\IJT MLE Z MLE)_/\(\IJT MLE)}.
a I ’
Note that
ON(W] MLEY
)\\I]T MLE )\\I,T MLE‘ _ i,sPa’ s MLE _ gMLE
(BLAYER) — NELAER) = g e (B = B1P)
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MLE )\(\i;T ]\//[LE) _ 1 Z ak(qj;,rsﬁc]l\’/{é:E) (A]\//[LE . Z\IJLE>
i,s7a’,s na(5> aﬁa’,s a’,s a’,s

zGIa(s) i€la(s)

where MLE is a mid-point of MLE and BMLE Hence

8)\(\PT 6MLE) 1 6MLE
||Ba/||2 :H 8ﬂ , o n (S) Z 85 ‘ || MLE MLEH2.
a’,s a i€la(s) o
Since O\ (u)/0u < 1,
ON(U], BMLE i I
H(—BH :H OA(u) SN NN
OBas iy Il Ou |y_gy gyre 2

Thus,

||Ba’||2§<||‘1’zs||2+ Z T )||ﬁz}“E UL

< (2+||\1u-,s|| Z ||\ms||2) |BMLE _ guLE|,
ZGI
o . 1
\|<I>i,a,s—¢>z-,a,st§<2+H\Pas|z+n(s > vl )Z |BYEE — BYEP],. (S.M.3)
@ i€14(s) '=0,1

Moreover, we can show

[Binsllo + [ Braslls < 2 (4 .,

1
AN e, (s)

Substituting (S.M.3), (S.M.4) and the fact that ||3MF — BMEE||, = 0,(1) into (S.M.2), we
show that (S.M.2) is 0,(1). As it holds for arbitrary wu,v, it implies (S.M.1). Similarly, we

can show that

D DYt 0p(1). (S.M.5)

1€la(s)
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Following the same argument in the proof of Theorem 5.3, we can show that

1
|:T(3) Z (I)zasq);ras:| |: Z q)zasyz:| i)&(is,

In addition, by Assumption 7, with probability approaching one, there exists a constant
¢ > 0 such that

mln( Z (I)zas(b@aLg) > cC. (SM6)
1€14(s)

Combining (S.M.1), (S.M.5), and (S.M.6), we can show that

~ 1 o - 1
0552 |:na(5) Z q)“lsq);ras:| |:7’La(8 Z cI)zas}/z:|

i€14(s) i€14(s)

1 T B 1 i P, gF
{na(s > @ZQSQM} { > @i,avsyi] +o,(1) 2 08

1€14(s) TLQ(S) 1€14(s)

AF

s which implies all the results in Theorem 3.1 hold for 7g.

Similarly, we have SN BE,

The optimality result in the second half of the theorem is a direct consequence of Theorem

5.2.

S.N Proof of Theorem S.C.1

We focus on verifying Assumption 3 for i (a,s, X;). The proof for i¥ (a, s, X;) is similar
and hence omitted. Following the proof of Theorem 5.4, we note that, for each a = 0,1 and
s € S, the data in cell I,(s), denoted {D}(a), X?}icn), can be viewed as i.i.d. following the
joint distribution of (D;(a), X;) given S; = s conditionally on {A;, S;}icpn). Then following
the standard logistic sieve regression in Hirano et al. (2003), we have

max (|3 = 8271l = O, (V/hu/na(5))

a=0,1,s€S

Then we have

ZiEI1(S) AD(ay S, X'L) ZiEIU(S) AD(CL, S, XZ)

ni(s) no(s)
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‘Zzgl o (MWL, BNP) — \(U], BNT)) - Lien) (M, BYF) = AT, BNT))
ni(s) no(s)
1

n1 s)

Z (RD(a, 5, Xi) — B[R (a, 5, X,)|S; = 5]

i€l (

(
1
no(s)

R 5., Z (RD(a, 5, X;) —E[R"(a, s, X;)[S; = s]) ' = [+ 11+ 1II. (S.N.1)

To bound term [ in (S.N.1), we define M, (51,52) = E [)\(\Iljnﬁl) - )\(\ifznﬁgﬂsi =s| =
ENTS, B1) — A(T5, )], where W, = U(X7). Then we have

1< [Boota DRI = ML) = o G5
B nl(s)
‘Ziejo(s) [ (\IITn NP) )‘(\I]Tn ) - Ma,s( NP NP)} ‘

a,s ’1”a,s
no(s)

= Il + IQ.

Following the argument in the proof of Theorem 5.1, in order to show I; = o,(n~'/2), we

only need to show
n'”’E [H]Pnl(s) — Pl #[{A;, Sz'}ie[n]] {ni(s) = ne, no(s) = ne} = o(1),

where ¢ is an arbitrary but fixed constant, and

Fi= {MWL80) = MULBED) B € R (18 = B3| < CV/hfna(s)

for some constant C' > 0. Furthermore, we note that F has a bounded envelope, is of the
VC-type with VC-index upper bounded by Ch,,,? and has

Ch,
a(s)

Invoking Chernozhukov et al. (2014, Corollary 5.1) with A being a constant, v = Ch,,
02 = Chy/n.(s), and F and M being 2h,,, we have

supE LF2H{Ai, Sitiem)] <

n'/’E [HPM(S) — Pl|#[{4, Si}ie[n]} 1{n1(s) > ne,no(s) > ne}

2See van der Vaart and Wellner (1996, Section 2.6.5) for the calculation of the VC index.
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< c\/T(S) (1 / hil?f)” + ’z;:l_z;) 1{n1(s) > ne,no(s) > nel
SC\@( /h?l;()egn+ h\l/o%n) Lo,

Similarly, we can show I = 0,(n/2). In addition, we note that

as n — o0.

1 N(S)+n1(s)
7L Z (RD(a,s,Xf) - E[RD(a,s,Xf)])’ = 0,(n"1/?)
n(s) i=N(s)+1

by the Chebyshev’s inequality as ERP?(a, s, X?) = E[RP?(a, s, X;)|S; = s] = o(1) by As-
sumption S.C.1(ii). Similarly we have ITI = 0,(n~'/?). Combining the bounds of I, I, IT]
with (S.N.1), we have

ZZ'611(8) AD(a, s, Xi) Zielo(s) AD(aa s, Xi)

= o,(n"'/?
ni(s) no(s) bl )

which verifies Assumption 3(i).

To verify Assumption 3(ii), we note that

n

Ly~ v )< 2 BT ANPY T 8PN 1 2 RP2(a. S, X
n;A (a,S,Xz) S nZ()\(\Ijz7n a,s) )\(\Ijz,n a,s )) ‘l’n;R (CI,,S“XZ)

=1
n

2 o e . 2
<D IalBIALT - BITIE+ 2 RP(a, S5 X))
i=1

=1

AT R . R
EZII\I&-,nH%II s — Bas 15+ 0p(1) < 2max |0y ][5 max [| 377 — B3 + 0,(1)
=1

Op (C(hn)ha/1a(s)) + 0,(1) = 0,(1)

where the first equality is due to Assumption S.C.1(ii), and the second equality is due to
Assumption S.C.1(iv).

Last, Assumption 3(iii) is implied by Assumption 1(vi) via Jensen’s inequality.
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S.O Proof of Theorem 5.6

We focus on verifying Assumption 3 for i”(a,s, X;). The proof for i¥ (a, s, X;) is similar
and hence omitted. Following the proof of Theorem 5.4, we note that, for each a = 0,1 and
s € S, the data in cell I,(s), denoted {D}(a), X?}icjn), can be viewed as i.i.d. following the
joint distribution of (D;(a), X;) given S; = s conditionally on {A;, Si}icpn). Then following

the standard logistic Lasso regression in Belloni et al. (2017), we have

max |82, = 8112 = Oy (Vinlogpa/na(s)) and  max I3]0 = Op(ha).

a=0,1,s€8 a=0,1,s€S8

Then, we have

‘ Zze]l(s (CL S, Xi ) Zie[o(s) AD(aa S, Xz)
ni(s) no($)
< ‘Eieh(s) )\(\I[’In cﬁs) - )\(\Ij;,rn f,s)) Zie[o(s) (A(‘Il;l,—n CIL%,S) - A(‘Il;l,—n f,s))

ni(s) no(s)

! Z <RD(a,S,X¢) —E[R"(a, 5, X;)[9 = SD‘

n1 3)

(
1
no(s)

no s)

Z (RD(@ 5, X;) — E[RP(a, s, X;)|S; = s]) ‘ =I+II+1II. (S.0.1)

i€lo(s)

To bound term [ in (S.N.1), we define M, (61, B2) == E [A(¥],61) — N(¥],53)|S; = 5] =
EN(PS,) B1) — M5, B)], where 3, = W(X?). Then we have

I < ’Zie[l(s)[ (‘Ian 55) A(‘I!Tn 55) Ma,S(Af,s? tfs)]
B na(s)
+ ‘Zie[o(s) |: (\IlTn C]L%S) )\(\Ian 55) MCL,S( c}js’ (fs)] ’
no(s)

Following the argument in the proof of Theorems 5.1 and S.C.1, in order to show I} =

= Il + ]2.

0,(n"1/%), we only need to show

n1/2E [HPnl(s) - IP)H]:HAM Sz}ze[n}] 1{”1(5) > ng,no(s) > n€} = 0(1)7
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where ¢ is an arbitrary but fixed constant, and

F o= MU, B0) — ML) < B € R (18— 6L 1o < O/ Tog(p) o), 1Billo < Cha}

for some constant C' > 0. Furthermore, we note that F has a bounded envelope and

cp cohn
sup N(F el Fllga) < (222)

where ¢y, ¢y are two fixed constants, N(-) is the covering number, eq(f,g9) = V/Q|f — g/%,
and the supremum is taken over all discrete probability measures (). Last, we have

Chylogp,

E [ f2{A:, Si}iem] <
sup 112 Viet] 7o(5)

Invoking Chernozhukov et al. (2014, Corollary 5.1) with A = Cp,, v = Ch,, 0® =
Chylog(pn)/na(s), and F and M being 2, we have

n'/?E U|IP’n1(S) —Pl|#{Ai, Si}ie[n}] {n1(s) > ne,nop(s) > ne}

n h, log pn Dn h, P,
=Y |y O\ o log { —== ) | 1{m(s) > ne,no(s) >
N nl(s) na(s) 08 ( hn lo(g)pn) - ™ (S) 0g ( o To o {nl(S) Z ne 710(8) n{-j}

na(s)

<C ( nn ) < fin 108 (pn) ) 1{n1(s) > ne,ng(s) > ne} — 0.

1(s) ni(s) Ang(s)

The bounds for I, I1 and III can be established following the same argument as in the
proof of Theorem S.C.1. We omit the detail for brevity. This leads to Assumption 3(i).

To verify Assumption 3(ii), we note that

n n

Ly 2 S ° 2 2
E;AD,Z(G,S,XZ') < 5;0(% 2= AW],81)) +E;RD,2(G, 5. X))

2 — S . 2
= =D (MWL) = AELAL)) +0,(1) = 0,(1),
=1

where the first equality is due to Assumption 8(iii) and the second equality is by Assumption
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8(vi) and the fact that

2 T AR T AR \)\2 (AR
S AWLAL) — MELAL)) S

i=1

n
s~ o) Z\Ifm —BR) SIBE = BE |2 = 0,(1),

where the first probability inequality is due to the fact that A(-) is Lipschitz continuous with
Lipschitz constant 1. Last, Assumption 3(iii) is implied by Assumption 1(vi) via Jensen’s

inequality.

S.P Proof of Theorem S.B.1

Some part of the proof of part (i) is due to Ansel et al. (2018) while some part of the proof
is original. Let U; := (1, X,)T and Ay := (52,,0%7)7 for a = 0,1 and b = Y, D. Consider

S\ODS as an example; note that

—1 n

i=1 =1

Consider the denominator of 5\(])35:

n

— Z (1 — A)1{S; = s}U,U," = Tll Z(W(s) — A)US; = s}UU + % i(l — m(s))1{S; = s}UU

_1 Z A)L(S, = s} (UUT —E[UUT|S)) + % S (n(s) — AUS: = SYEIUU] |

i=1

+ = Z (1 —7(s))1{S; = s}U;U, . (S.P.1)
Consider the first term of (S.P.1). Note that

E [— Zn:(W(S) — A)U{S; = s} (DU — E[UU]|S)]) |[A™), 5(n>] _o

=1

Invoking the conditional Chebyshev’s inequality, we have, for any a > 0, 1 < k, ¢ < dim(U;),
1 n
P (|2 Yo tr(s) - A0S, = o} (Uislie - BTl

n-
=1

> a|A<n>75<n>>
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1
< v ( ANI(S, = 5} (UnUie — EULUIS]) |A<”>7s<”>>
:1

_ >ijem)(m(s) — Ai)(m(s) — A;)1{S; = s}1{S; = s}E {( UinUie — E[UUi| Si]) (UjUje — E[U;U;e|S5]) |A(n)’5(n)}
_ a2n2

| Diep(m(s) = A)PHS = s}E [( UinUie — E| ikUie\Si])Q‘A(n)’S(n)}

= a2n2

) Y e (7(s) — Ai)?1{S; = s}E [Ukafngi} . Liem B [Ukaf@'Si - 3} (1) (S.P.2)

a?n? a?n?

where the second equality is due to
[ kuzﬁ [ kuzf|S]) ( ijjﬁ E[U]k’U]AS]]) |A(n)’ S(n)}

(
E (Ukuzf [ kuz£|S])( ijjf E[UijJAS]]) ’S(n)]

E [UaUs — EIUUxlS1S™] B [Unlse — B[UpUl ;)15 ]
E

Uil ~ E[UaUilS1S:] B [UsUse — E[UU,1S,)15;] = 0

for i # j, where the second equality is due to that UyU; — E[UyUy|S;| and U Uje —
E[U;1U;¢|S;] are independent conditional on S™. From (S.P.2), we deduce that the first
term of (S.P.1) is 0,(1). Consider the second term of (S.P.1).

—Z AL(S, = SJEUUT]S] = EUUTIS = o) - 3 ((s) — A)1(S, = s)

=1

s

1
=R[UU'|S = s]an(s) = 0,(1).
Consider the third term of (S.P.1).

n
n(s) 1

_Zl_ﬂ NIS; = sUUT = (1= w(s)—— —— > _1{S; = s}U;U;

nonls) £

~—

Ly (1 —7(s))p(s)E[UUT|S = 3.
We hence have

—Z (1 — A){S; = sYU,U" L (1 — 7(s))p(s)E[UUT|S = s].
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Similarly, we have

n

L ANS; = sYUD; B (1 — 7()p(s)E[UD(0)[S = s]

3

/\ODS ﬁ> (E[UUWS — s])l E[UD(0)|S = s]

AD 2y (E[UUT\S - s]>_1 E[UD(1)|S = s].

Thus, we have

. . LS 1S = s}
D TX /\D . )\D T n Zze[n] ¢
Zp 715 /703 (Vls VOs) ) Z( 1s Os) ( %Zle[n} le{sz — 8}

seS seS

—ZL%ZHS — SUT(D - 58)
SES
LS p(EUT]S = o] (EWUTIS = 5]) ' [0 (D(1) ~ D(O) |5 = 5|

eln)

seS
=Y " p(s)E [D(1) — D(0)|S = 5] = E [D(1) — D(0)]

SES

where the second last equality is due to E[UT]S = s] (E[UUT|S = s])fl = (1,0,...,0)
(Ansel et al. (2018) p290). Thus, the denominator of y/n(7s — 7) converges in probability to

E[D(1) — D(0)].

We now consider the numerator of \/n(7s — 7). Relying on a similar argument, we have

A = ( ZAl{S—s}UUT> zn:Ail{Si:s}UiYi(D,-(l))

5 (BUUTIS = 5)) EDY(D)IS = o

—1 n

A = (% > (1= A)I{S: = S}UiUZT> % > (1= A)I{S; = s}UYi(Di(0))

i=1

% (BUT|S = 5]>_1 E[UY (D(0))|S = s

e = AV, — AP By (E[UUT]S - s]> E [U [Y(D(1)) — rD(1)] |S = s} — s
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flos = AL — 7AD 7y (E[UUT|S - s]) E [U [ (D(0)) — 7D(0)] |S = s} -
The numerator of y/n(7s — 7) could be written as

VS B — A+ (0, — 2 TX) — v Y p(s)3E — A2 + (08— 02) X

seS seS

=y p(s) ( Z 1S = s30T [\, = 7AD = (b = 7A)]

seS i€[n]
=1 ()0 (e = ms) = vV Y p(s)U] (s — m0s) + v > ()T, (15 — 10s)
sES seS sES

(S.P.3)
where U, := ﬁ > i WS = stU; 2, E[U]S = s]. Consider the first term of (S.P.3).

VY ()T (s = ms)

sES
seS n =1 n =1

=> P(S)E[UT|S = g (w( )B(s)E[UUT|S = s]) % 3" AS; = sYU; [Yi(Di(1)) — mDi(1) — U ] + 0p(1)
=1

seS

-3 (i) UTlS = 4] (E[UUTIS — s]) % S A(S: = s}Us [Yi(Da(1)) — 7Di(1) — U us] + 0p(1)
i=1

Z L)771 ZAil{Si = s} [Yi(Di(1)) — 7D;(1) — U;"mis] + 0p(1) (S.P.4)
s i=1

where the second equality is based on that
’1/2214 1S, = s}U; [Yi(Dy(1)) = 7Di(1) = U ms] = Oy(1),

which is implied by the asymptotic normality of (S.P.7), which we will prove shortly, and
the last equality is due to E[UT|S = s] (E[UUT|S = s])fl = (1,0,...,0) (Ansel et al. (2018)
p290). Likewise, the second term of (S.P.3)

\/ﬁZﬁ(S)Uj(ﬁos — 7os)

seS

T fZ AVS, = 5} (VD)) = 7D1(0) = U] +0,(1). (SP5)
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Note that

YD
Vas

s = ( E [Y(D(a)) — 7D(@)]S = 5] ~ EXTvP|S = )

for a = 0,1 via the Frisch-Waugh Theorem. Hence

U'nes = E [Y(D(a)) — 7D(a)|S = s] + X v}l —E[X 1) .P|S = s]. (S.P.6)

3 (IS

Substituting (S.P.4), (S.P.5) and (S.P.6) into (S.P.3), we could write the numerator of
Vn(7s — 1) as

11
sez;sﬂ(s)fz [ ol

- ﬁ Z A)USi = s} [Yi(Di(0)) = 7Di(0) — U;' nos ] (S.P.7)

seS

+ Z % Z 1{S: = s}U;' (ms — mos) + 0p(1)

sES 16[ ]
_Z \fZA i1{S; = s} [Yz( i(1)) = 7D;(1) —E [Y(D(1)) — 7D(1)|S = 5] — (X 1.2 —E[X Tv)P|S = o)
21—7r \fz Ai)1{Si —3}[ A(D;(0)) — 7D;(0) — E [Y (D(0)) — 7D(0)|S = 5] — (X &P — E[X T1EP|S =
+Z =D s —S}E[ (D(1)) - Y(D(O))—T(D(l)—D(O))\S:S}

seES 1€[n]

+Z = > 1S = s} (X 012 = P) —EIXT (0P = P)IS = s]) + 0,(1)

seS zE[n]
L D) — D)~ XL B [Y(D(L) — 7D(1) - XTUEPIS = 5]
_SEZS\FZAHS - 73 |

+3 szl{s = s} (X 01P = P) ~EIXT (1P — )18 = 5))

seS i€[n]

-y = Z ANS; _S}[ #(Di(0)) — 7D;(0) — X" vg.P E[Y(D(O))TD(O)XTVMDSS]]
\f

= 1—7(s)

+>° IZ ADILS: = s} (XT (1P = ) P) — BIXT (1P = n)P)IS = o]

s€S 1€[n]

+ ﬁ S E {Y(D(l)) —Y/(D(0)) — 7(D(1) - D(o))|5} +0,(1). (S.P.8)
ien)
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Define

Y;(D;(1)) — 7D;(1) — X.Tv¥P
pis(1) = (Di(1)) 77;(8)( ) i Vis _}_XT(V%;D . Vé/SD)
o Yi(D;(0)) — 7D;(0) — Xz‘TVé;D T/ YD YD
pZS(O) T ].-7'('(8) _Xz (Vls — Vs )

Then the first four terms of (S.P.8) could be written compactly as

Ry = Z\/—ZAl{S s} [pis(1) — Elpis(1)]S; = s]]

seS

- IZ AJLS: = 5} [p(0) ~ Elpu(0)]5; = 5]
seS
Define R, » 1= f > icin E [Y(D(1)) = Y(D(0)) — 7(D(1) — D(0))]S]. To establish the asymp-
totic distribution of (S.P.8), we first argue that

(Rn 15Rn2) (R;bRn,?) +0P<1)

for a random variable R}, | that satisfies R, I R, . Conditional on {S™  A®™} the distri-
bution of R, ; is the same as the distribution of the same quantity where units are ordered
by strata and then ordered by A; = 1 first and A; = 0 second within strata. To this end,
define N(s) := 3" | 1{S; < s} and F(s) := P(S; < s). Furthermore, independently for each
s € S and independently of {S™, A} let {V;(1)%,Y;(0)%, D;(1)*, D;(0)%, X7 : 1 <i < n}
be i.i.d. over ¢ with distribution equal to that of (Y (1),Y(0), D(1), D(0), X)|S = s. Define

pis(a) := pis(a) — Elpis(a)|S; = s, pis(a) == pi(a) — E[pi,(a)|S; = s],

where
YA(D;(1)) —7D; (1) el %/D $T/ YD YD
s (] i i i i s XS .
pzs( ) 7T(S) + 7 ( 1s V()s )
s V(D5 (0) = 7D;(0) = X gl
pzs(()) 1 7T<S) . - XzJ—(VleD - é;D)
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Then we have

Rpyi=y le{s = s} [Aipis(1) = (1= A)pis0)] -

seS

Define

seS i=n N( )+1 n(N(g)+n1(s))+1
[n(F(s)+m(s)p(s))] [n(F(s)+p(s))]

R, :=Z% 3 ﬁ;(l)—%_ 3 ﬁ;m)]

seS - i=|nF(s)]+1

Thus R, |S™, A™ 4 Rn71|8(”),A(”) (and as a by-product R, 4 Rnl) Since R, is a
function of {S™, A™} we have, arguing along the line of a joint distribution being the
product of a conditional distribution and a marginal distribution, (R, 1, R,2) 4 (RM, R,5).

Define the following partial sum process

Lnu)

gn(u) = \/_szs

Under our assumptions, g,(u) converges weakly to a suitably scaled Brownian motion. Next,

by elementary properties of Brownian motion, we have that

[n(F(s)+m(s)p(s))]

gn (F'(s) +7(s)p(s)) — gn (F(s)) = % > Pis(1) > N (O,W(S)p(S)Var( s(D]S = S))
i=|nF(s)]+1
(S.P.9)

Furthermore, since

it follows that

In (M> — Gn (%‘Q’)) — {gn (F(s)+7(s)p(s)) — gu (F(s))| =0 (S.P.10)

n
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where the convergence follows from the stochastic equicontinuity of the partial sum process.

Using (S.P.9) and (S.P.10), we have:

(Ru1s Ruz) = (Ru, Rug) = (Riy, Rus) + 0,(1) (S.P.11)
Ry~ N (O, Z [W(s)p(s) var (ps(1)|S = s) + [1 — 7(s)] p(s) var (ps(0)[S = s)])
seS

=7 (0. [#(5) (1) ~ Elps(DIS])” + (1 = 7(5)) (ps(0) ~ Elps(0)3])"]
=G

where the convergence in distribution is due to an analogous argument for pf,(0) and the
independence of {Y;(1)%,Y;(0)%, D;(1)%, D;(0)*, X7 :1<i <n,s €S} across both i and s.
Moreover, since R}, is a function of {Y;(1)%,Y;(0)%, D;(1)*,D;(0)*, X;:1<i<n,s €S}
AL S™ A™ and R, is a function of {S™, AM™}, we see that R, 1. R,,. Thus (S.P.11)

implies
(Rus Ru2) < (B0, Ru) 4 0p(1) = (G1,62)
where (; and (» are independent, with
Gi=N (o, E [(E [Y(D(1)) - Y(D(0) — 7(D(1) — D(O))|s]>2D .
We hence show that the asymptotic distribution of the numerator of v/n(7s — 7) is (1 + (.

This completes the proof of part (i). The proof of part (ii), available upon request, is omitted

in the interest of space as it is quite similar to that of part (ii) of Theorem 3.1.

S.QQ Technical Lemmas Used in the Proof of Theorem
3.1

Lemma S.Q.1. Suppose assumptions in Theorem 3.1 hold. Then, we have

1 <& 1 1 <
R, :_E 1— —— | ApY (1,8, Xi) + — E 1— A" (1,8, Xi) + 0,(1),
! \/ﬁ“( w(Sz-)) ( ) \/ﬁ“< e )+l

o1



Ry = % inl (1—;%9) 1) (1— Ay)ia¥ (0,8, Xy) IZA (0, S;, Xi) + 0,(1),
Rz = ii L WA - Lil_—AiZi—l— —Z (E[W; — Z|S;] — E[W; — Zi]) + 0,(1)
T Ve w(S) Vvn = 1-m(S;) Vn &= e
where for a =0,1,
( S ) (a SZaX) ﬁ (CL, 52)7 ﬁy(aasi) =K [ﬁy(a’ SZaXZ)|Sz] )

= Yi(1)Ds(1) + Yi(0)(1 = Di(1)),  Z; :=Y;(1)Di(0) + Yi(0)(1 — D;(0)),
Wi, — E[W;i|S,], and Z;:= Z; — E[Z]S)].

Sl

Proof. We have

vne=  7(S)
1 - A — 7 ; 1 n A 1 n
- _% Z Zﬁ-(ggSZ)AY(l’SMXz) - _n ﬁ'(é )ﬁY(LSz;Xi) + _7’L Hy(l, SZ,XI)
i=1 g =1 i —
]. - Az - 7%(52) Y ]. - Az Y ]_ n Y
=T A (1 l?X’L - = N 1,5’“)(Z e 1, “X,L ,

where the last equality is due to

i=1
Consider the first term of (S.Q.1).

‘L Z AiA_(—W(Si)AY(l, S, X))
™

Ai = 7(8) \v iy .
7 SN ( AY (1,5, X;)1{S; = s}

1
‘\/ﬁ se$ i=1 m S)




>

GS seS i=1

ZZAylanSS) Y Y AWsX)

SES 2611(5) ) sES 7,6[0 Ull( )

% ZAAyl,s,X)l{S—s} ZZAYISX)l{S—s}
1

\/ﬁ

1 Y nos y
:%ZZA 15Xn1(3) ZZA
R

NG

b

s€S i€l (s) SES ielp(s)
_ Zn (s) {Zieh(s Ay(l’S’X) Z31‘610(8) ATl XZ)H
= 0
ses ny(s) no(s)
Zzel AY(]'7 S, Xl) Zie[ (s) Ay(lv S, Xl)
< n (s)‘ i — - = 0,(1
2 () 7o) (1)
where the last equality is due to Assumption 3. Thus
Rny = Y(1,8:, X;) Z (1,5, X;) + 0,(1)
1SZ,X Alu (1,S;, X;) + 1Sl,X + 0,(1
\/— Z NP Z )+ 0p(1)
= — ]_ _—— AiNY ]_ Sz X 3 NY 1 7 X 1

(5.Q.2)

In addition, we note that

1 < 1 1 < 1
pp— 1—— Ai~Y 1 1X1 _ —= 1— Ai~Y1 i i

s)\/‘ZA (1,5, X;)1{S; = s}.

Note that under Assumption 1(i), conditional on {S™ A} the distribution of

\/_ZA (1,5, X;)1{S; = s}

is the same as the distribution of the same quantity where units are ordered by strata
and then ordered by A; = 1 first and A; = 0 second within strata. To this end, define
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N(s):=> ", 1{S; < s} and F(s) :=P(S; < s). Furthermore, independently for each s € S
and independently of {S™, A} let {X7:1 <4< n} beiid with marginal distribution
equal to the distribution of X;|S = s. Define

i(a, s, X7) :==1"(a,s,X;) — E [@’(a, s, X})|S; = s]

Then, we have, for s € S,

N(s)+ni(s)
A (1,5, X)1{S; = s} = — iy (1,8, X;).
3 oy
In addition, we have
1 N(s)+ni(s) 2 n1($>
E||— 1,8, X? S A | — E [7Y2 X5)|8m
ﬁ‘_%ﬂu (1,5 X;) E [17%(a, 5, X7) (5]

which implies

1 N(s)+na(s)
max|—— Z A (1,8, X7)| = 0,(1)
s |vn i=N(s)+1

Combining this with the facts that maxses |7(s) — 7(s)| = 0,(1) and minges 7(s) > ¢ > 0 for

some constant ¢, we have

Z(% - )\/_ZA (1,5, X)1{S; = s} = 0,(1)

seS
%Z(l—m) V1,5, X)) = fz( ) A (LX) + o)

Therefore, we have

1 n
le:%;(l—

n

% 2(1 — A)NiY (1,8, X;) + 0p(1).

1
AifiY (1,85, X3) +
<si>> (L. 55 X)

o4



The linear expansion of R, » can be established in the same manner. For ?, 3, note that

Y = Yi(1) [Di(1)A4; + Di(0)(1 — A)] + Y;(0) [1

— Di(1)A; — D;(0)(1 — Ay)]
[Yi(1)D;(1) = Y;(0)Di(1)] A; + [Yi(1)D;(0) — Y;(0)D;(0)] (1 — A;) + Y3(0).

Then

1 «— 1
1 77 2 sy
L~ (1-4)Y; 1 = [Y)Di(0) +Yi(0)(1 = Di0)] (1= A) 1 = Zi(1 - A
ﬁ; L—#(S) n; 1—#(S;) _ﬁ; 1—7(5)

- gy Ve
I — 1 "1 — A -
{ﬁﬁmmﬁz—wwﬂ}

1 < 1 1 1—
+{\/ﬁ;w(&) [W;]5] A \/ﬁzl W( E[Zi|S;] — \/ﬁa}. (S.Q.3)

=1

We now consider the second term on the RHS of (S.Q.3). First note that

fz E[W;]S;]A \/_Z E[W;|S;]A \FZ ) E[W;|S;]A;
TZ E[W;|S] 4 = Z;ﬁzﬁ(ls Wi[S: = 5] A1{S; = s}

%)

se

EWS—S
nz ' —n( 1{s—s}+zfz

E[Wi|S; = sm(s)1{5: = s}
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-y HRS DL CICEREDY RSy >o1si=s)

B E[W|S = s] . E[WI[S = S]n s
_ SZ—W(S)\/H By (s) + ; NG (s), (S.Q.4)

E[W;|S;] A 25}21 7(8) = T prypris, = 5]AALS; = 5)

7(s)m(s)

Similarly, we have

Then, we have

\/_Z E[W;]5;] A \}5211wé (Z;]5i] — v/nG

- [W|S—s]n8 CEZS=s
= S (M ) ) BV - 215 = 5]+ 3 VA EI - 215 =] - Vi

:2%(@—]@) E[W — IS = s] + VRE[W — Z] - VG

o6



M e 718 = 5| — RE[W — 7]

n
% S0 (148 = SYEWs = Z1Si = 5)) = VAW - 7
- LS - zis) - vAEW - 2
1
n

> (BW; — 2|8 — E[W; — Zi]).

—+ {% szl: (E[Wz — Zz|Sz] - E[sz - Zz])} + Op<1)7

where the second equality holds because

(% _ %) % Zn:WiAﬂ{si — s} —o,(1) and

5-m )\/_ZZ VLS. = 5} = 0y(1)

due to the same argument used in the proofs of R, ;.

Lemma S.Q.2. Under the assumptions in Theorem 3.1, we have
1 n
—= Y Ei(Di, 8)Ai ~ N (0,Ex(S)ZL(D;, S5))
vn i=1
1 — - —2
Vil Z Zo(Di, Si)(1 — A;) ~ N (0,E(1 — 7(S))Z2(Dy, Si)),  and
IZ_Q )~ N(0,EZ3(S))),

o7

(S.Q.5)



and the three terms are asymptotically independent.

Proof. Note that under Assumption 1(i), conditional on {S™, A} the distribution of

Zo(Di, Si)(1 — Aj)

a 1
El (DZ7 S?,)Ala
Vn —

1
is the same as the distribution of the same quantity where units are ordered by strata
and then ordered by A; = 1 first and A; = 0 second within strata. To this end, define
N(s) =", 1{S; < s} and F(s) :=P(S; < s). Furthermore, independently for each s € S
and independently of {S™, A™} let {Df:1<i<n} beiid with marginal distribution
equal to the distribution of D|S = s. Then, we have

1 & I &
— > Ei(D;, S)Ai, —= > Eo(Di, Si)(1 — A) ‘SW,AW
\/ﬁ =1 \/ﬁ =1

N(s)+ni(s N(s)+n(s)
< Z0(D5, 5) ‘SW A,
\/_ SGZS i= st)—f—l \/_ SEZS N s)—;ﬂs -

In addition, since Z,(S;) is a function of {S™ A} we have, arguing along the line of a

joint distribution being the product of a conditional distribution and a marginal distribution,

1 — 1 — 1 —
\/ﬁ; 1 ) \/ﬁ; of )( ) \/ﬁ; o

N(s)+ni(s s)+n(s) 1 n
< Z Z Ea( Z Z Eo0(D;,s), —= ) Ea(S)
\/_ s€S i=N(s \/_ s€S N(s)+ni(s)+1 " i=1
Define I'y (u, s) = ZLW{ E.(D;,s) for a=0,1,s € S. We have
N(s)+ni(s
N(s) 4+ ni(s) N(s)
\/—Z Z Z lrl,n <T,S —Tin — %)
s€S i=N(s) s€ES
N(s)+n(s)
s N(s) +n(s N(s) +mni(s
L5 " g [ (Mt ), (M) )]
sES N(s)+ni(s)+1 sES n n

o8



In addition, the partial sum process (w.r.t. u € [0,1]) is stochastic equicontinuous and

(% ”7§>) 2 (F(s). m()p(s))

Therefore,

+ni(s 1 n
Eg Df,s), —— Eg(sl
(#5820 55, & mero 5me)
e [Tin (Fls) +p()n(s),5) = T, (F<s>, 9]
= | s [Ton (F(s) + p(5), 5) = Lo (F(s) + wls)pls). ) |, | +0p(1)
\/LEZ?:I 52(Si>

and by construction,

S [T (F(s) + p(5)7(s), ) = Tan (F(5), )]

seS

are independent. Last, we have

S [P (F() + p()7(5), 5) = i (F(9),5) | ~ N (0, (502D, 50)

seS

> [ro,n (F(s) +p(s),s) = Ton (F(s) + p(s)m(s), s)] ~ N (0,E(1 — 7(S5:))E5(D;, Si))

seS

IZ_Q )~ N (0,EZ3(S))) .

This implies the desired result.

Lemma S.Q.3. Suppose assumptions in Theorem 3.1 hold. Then,

n n

1 . 1<
— ZAM D;,Si) o1, =Y (1= A)Z(D:,S) o5, and —» E3(D;, S;) = 03,
n n

i=1 i=1
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Proof. To derive the limit of £ 3" | AZ2(D;, S;), we first define
Y;

=Z5(Dy,5) = [(1 - %) (L5, Xo) = (0,5, X0) +
T [(1 — %) P (1,5, X;) — 12(0, 8, X;) + <;)] and
= (D;, s) [(1 - ﬁ(ls) (1,8, X;) =17 (0,s,X;) + ﬁ(;)
3 [(1 — 7%(15)) P (1,5, X;) — 12(0, 5, X;) + ﬁ(;)]
Then, we have
nll( ) i;s)(gl(p“s) Z,(D,, 5))° N
< |- 15 > (EH(Dr,s) — E1(Dy, ))? : + |- 13 > (Ei(Di,s) —Ei(Di, 9)) )
1(8) A 1(8) 40
#(s) — (s - ks )]
= | S%()s)w s) )|{[n11(5) idzl(s)ﬁ (1’S’Xi)] i [ 11( )iele(s) Wil }
+ (lT — 7|+ 'Tﬁf()sj;(s)l) { {nll(s) g(:) a2 (1, s,XZ-)} T {ml(s) g(:) D?(l)] 1/2}
e { 1 )iems)ﬁD’Q(O’S’Xi)} )
(g Wl 2 0] o[ 8 amnsn]
Ay aroa ] =0,

1 1/2
+ | — A2 O,s,Xi] + |7 {
o 2 s o
i€l (s) i€l1(s)
where the second inequality holds by the triangle inequality and the fact that when i € I (s),
A;=1,Y;, =W,;, and D; = D;(1), and the last equality is due to Assumption 3(ii) and the
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facts that #(s) == m(s) and 7 <= 7. This further implies

p

1 = =
> (Ei(Di,s) = E1(Dy, 5)) == 0,
m (S) i€l (s)

by the Cauchy-Schwarz inequality and thus,
o1 1/2

1/2
[ 1 3 él(Di,s)] < ml(S) > (é;(pi,s)—nil > é’{(Di,s)) + 0p(1).

m (S) i€l (s) 1€l (s) 1€l (s)

Next, following the same argument in the proof of Lemma S.Q.2, we have

N(s)+n1(s)
1 ~ da 1 1 _ _ Wws
ET(IDi?S): [ 1 - NY(LS?XS)_MY(QS?X;)—’_ :
e 2 (o) %{ () =)
I T R W -t}
[(1 ) s X0 < E0 X0+ ST ]}
p 1 =Y . N Y ) . WZ
—>]E{ (1—7T(Si)>u (1,S;, X;) — 1 (O,SZ,X1)+7T(Si>]
D R S e D D;(1) .
[(1 W(Si)>“ (1,8, X;) — 1 (O’S“XZ)—{—W(Si)] |S; },
This implies
57 1/2
RS (:T(D“S>ni 2 5’5@“5))
i€y (s) i€ (s)
1 =k 1 —=Y —=Y VVZ
- am 2 (B0 -5{ | (1- 755 ) 705030 -7 <O’S"’Xi>+w<si>]

[ s e 2

5= )T it

i

1 Y . L) — oY . . PR
(1 e 7 08020 = 8 0.5 + 5

)} R

_T[(l— : )ﬂD<1,si,Xi>—ﬂD<0»5in>+ f<(51§

61



Last, following the same argument in the proof of Lemma S.QQ.2, we have

{”11(8) Z)<[(1 - n(i%}-)) AR 50 X = 70,5, X0 + WI(/E)]

1€l (s

- [(1 i W(gi)) AP (1,8, Xi) = (0, 8, Xo) + f(g] )2] 1/2

4 {ml(S) ]\.[(S)Jrnl(S)([(l N %) A (L8, X7) = @7 (0,8, X7) + 7:/28)

i=N(s)+1

where W7 = W5 — E(W;|S; = s) and D3(1) = D3(1) — E(Dy(1)|S; = s) and the last
convergence is due to the fact that conditionally on S, A™ X5 W# Ds(1)}ier (s is a
sequence of i.i.d. random variables so that the standard LLN is applicable. Combining all

the results above, we have shown that

1 N
> END:, 8) B E(EN(D:, S)|S: = s)

na(s) ieh( )

_ZAH (D, Si) = an)< Ly é?(Di,Si))

ses na(s) i€ (s)
255 p(s)m(s)E(E(Di, S)IS; = 5) = E [w(Si)]E(Ef(Di,S,»HSi) _—
seS

For the same reason, we can show that
—Zl— =2(D;, S;) £ o2,
Last, by the similar argument, we have
! Z =y Wy
=> T>(]E(m —7D;(1)[S; = 5) — E(Z; — 7D;(0)|S; = 5))? + 0,(1)

seS
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=3 M=) 1o, 1)

n
seS

L33 p(s)=3(s) = () = o},

sES

S.R An Additional Simulation

In this section, we use an additional simulation to demonstrate that when probabilities of
treatment assignment {m(s)} are heterogeneous across strata, the TSLS estimator could be
inconsistent. The data generating process we consider here, denoted DGP(iv), is almost the

same as DGP(i) in Section 6; the only difference is in Y;(a):

Yi(1) =2+ 57 + 0.7X7, + Xo; +4Z; + &1,
Yi(0) =14 0.7X7, + Xo; + 4Z; + €2,

The rationale for specifying this DGP is to allow a difference between the probabilistic limit of
Trsrs and 7. We consider randomization schemes SRS and SBR with (7 (1), 7(2), 7(3),7(4)) =
(0.2,0.2,0.2,0.5). We do not consider randomization scheme WEI or BCD because for these
two, m(s) = 0.5 for all s € S. The rest of the simulation setting is the same as DGP(i)
in Section 6. Table 1 presents the empirical sizes. We see that all estimators, except the
TSLS estimator, have the empirical sizes converging to 0.05 as sample size increases. The
size distortion of TSLS becomes larger as sample size increases due to its inconsistency in

this setting.
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